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1. Introduction.

Let M be a compact complex Kéhler manifold. If ¢; (M) = 0 or if ¢1(M) < 0,
then it is known by the work of Yau [Y78] and Yau, Aubin [Y78], [A78] that
M has a Kéhler-Einstein metric. If ¢;(M) > 0, then there are obstructions
to the existence of such a metric, and here the guiding conjecture is that
formulated by Yau in [Y93], which says that M has a Kéhler-Einstein metric
if and only if M is stable in the sense of geometric invariant theory.

An important obstruction to the existence of Kahler-Einstein metric is
the invariant of Futaki [F83], which is a map F' : n(M) — C with the
following properties: F' is a Lie algebra character on the space n(M) of
holomorphic vector fields, which depends only on the cohomology class [w] €
H?(M). The vanishing of F' is a necessary condition for the existence of a
Kéhler-Einstein metric on M. However, it is not a sufficient condition: in
[T97], Tian gives an example of a manifold with n(M) = 0 (so that the
Futaki invariant vanishes trivially) with the property that M has no Kahler-
Einstein metric.

In [DT], a generalized Futaki invariant is defined for Q-Fano varieties,
which are certain singular varieties arising naturally as degenerations of
smooth Fano manifolds. In [T97], a manifold M is defined to be K-stable
if the Futaki invariant of every non-trivial Q-Fano degeneration of M has
positive real part. It is proved there that if M has a Kéahler-Einstein metric,
then M is K-stable, and the converse is conjectured to be true as well.

In general, it is rather difficult to check the K-stability of a given man-
ifold. Recent progress has been made by Lu [Lu01] in the case where M is
a hypersurface: Using a delicate analytic argument, he provides, in the case
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where M is a hypersurface, an explicit formula for the Futaki invariant of a
degeneration of M. This represents a non-linear generalization in the special
case of hypersurfaces of Lu’s earlier formula [Lu99] for the Futaki invariant
of a normal complete intersection.

In this paper we shall study the Futaki invariant and the Mabuchi K-
energy using the Deligne pairing technique. The Deligne pairing technique
was introduced by Zhang [Z] and developed in [PS1] and [PS2]. Our main
result is a formula (Theorem 6) for the Mabuchi energy on the orbits of
SL(N + 1) which provides a non-linear version of Lu’s Futaki invariant for-
mula for a complete intersection. A similar formula is also established for
the Aubin-Yau functional. We also give a simple characterization of the gen-
eralized Futaki invariant and a new construction of the generalized Futaki
character as well. A basic idea in our approach is to associate to each smooth
projective variety M the one-dimensional vector space

F=(K' .. K™Y (1.1)

Here K is the canonical bundle of M, (- --) is the Deligne intersection pairing,
and K1 occurs n+1 times in the pairing. The point is that this construction
is completely canonical, and hence the action of n(M) on M lifts to a group
action on F, which turns out to be precisely the Futaki character. A slightly
modified version works in the Q-Fano case as well.

A more detailed description of the results and organization of the paper
is as follows. Section 2 is devoted to establishing the simple characterization
of the Futaki invariant: F'(X) is the eigenvalue of the infinitesimal action
of X on Chow(M), the Chow point of M. Moreover, the Futaki character
F(X) is the eigenvalue of the action of Aut(M) on Chow(M) (see Theorem 1
and its corollary, stated in §2.1 and proved in §2.4). The background needed
on Deligne pairings is provided in §2.2. Energy functionals in K&hler geom-
etry originate from many sources. A unifying theme is that of Bott-Chern
secondary classes (see e.g. [Do|, [FMS], [T00] and references therein). In this
paper, we rely on another unifying theme discussed in §2.3, namely energy
functionals as variations of metrics in suitable Deligne pairings (Theorem 2),
e.g.

Moo = My O(0u(9)) (1.2)

Next, in Section 3, we show how one can use this characterization to give
a new proof of Lu’s formula [Lu99] on the generalized Futaki invariant of
a complete intersection (Theorem 3). Section 4 begins with Theorem 4,
which provides a general “adjunction formula with metrics”. This theorem
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is closely related to a corresponding result of Lu, although the formulation
in [Lu99] is rather different. Finally, we apply the adjunction formula with
metrics in Theorems 5 and 6 to prove the desired formulas for the Aubin-Yau
and the Mabuchi energy functionals for complete intersections. As stated
earlier, these can be viewed as a non-linear version of Lu’s formula for the
Futaki invariant of complete intersections. They can also be viewed as a
generalization to the case of complete intersections of formulas for hypersur-
faces obtained earlier in [T94] and [PS1] for the Mabuchi functional, and in
[Z] and [PS1] for the Aubin-Yau functional: in particular, we show that the
K-energy of a complete intersection may be expressed as a degenerate norm
on the space of defining polynomials.

2. Lifting the Futaki character.
2.1. Statement.

Let M be an irreducible normal projective variety and M., C M the open
subset consisting of all smooth points. We say M is Q-Fano if there exists

k > 0 and a very ample line bundle L on M such that L|y,,., = K]T/[ﬁeg.

A Kaébhler form w on M, is admissible if there exists ¢pm : M — PV, an
embedding of M defined by some power of L, and a Kihler form & on PV
representing c; (P?V), such that

0 = T $in(@) (2.1)

If b is a metric on O(1) such that & = Ric(h) = —%855, then we define
a metric h on L as follows:

b= 6in(h) (2.2)

A vector field X on M, is admissible if there exists an embedding as
above, and a holomorphic vector field £ on P such that ¢ is tangent to Mg
with £|s,., = X. The space of all admissible vector fields will be denoted
n(M). It is the Lie algebra of the algebraic group G = Aut(M) consisting
of all invertible algebraic maps from M to itself.

Suppose w is an admissible Kahler form on M,¢, and X € n(M). Define

PO = (1) | X(f)" (2.3)
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where f is a smooth function on M,.., chosen so that

Ric(w) —w = E@éf
27

If M is smooth, then Futaki [F83] has shown that (2.3) is well defined,
independent of the choice of w, and F' : n(M) — C is a Lie algebra character.
For arbitrary Q-Fano M, this was proved, using resolution of singularities,
by Ding-Tian [DT]. When M is smooth, it is known, through the work of
Futaki, Mabuchi and Morita (see [F87], [Ma], [F-Mo]) that F' has a lift to
a group character F.G— C~ They show, using the theory of Chern-
Simons invariants, that F may be constructed as the fiber integral of the
Godbillon-Vey class of a certain locally trivial M bundle over the classifying
space BG. Yotov [Yo99] was able to construct F in the general case of Q-
Fano varieties by combining the techniques of the previous authors with the
Edidin-Graham [EG] theory of equivariant Chow cohomology groups.

Our first theorem gives an alternate construction of F' in terms of the
Deligne pairing (for background on Deligne pairings, see §2.3): Let M be a
Q-Fano variety and let L be the extension of K —k from M, ey to M. Then
the action of G on M lifts canonically to an action on K~! and thus G acts
on the pairing F = (L, L, ..., L), the Deligne pairing of L with itself n + 1
times. Since F is a one dimensional vector space, the action of G on F
defines a group character

F: G — Aut(F)=C*

Thus, if 4y, ..., £, are rational sections of L with div(¢y) N---Ndiv(¢,) = 0,
and o € G, then F(0) = (0o, ..., 0:ln) [/ (Lo, ..., by) € C*.

Theorem 1. The character F : G — Aut(F) = C* is a lifting of the Futaki
character. More precisely, if X € h(M) and if Xgr = X + X is the real part
of X, then

F(exp(tXRr)) = exp(tk"T F(X))

As a corollary, we find that F(X) is the eigenvalue of the Chow point of
M: More, precisely, there is a natural action of G on H O(Lk), inducing an
action on Gr(N —n — 1,PV) and H°(Gr,O(d)), where d is the degree of
M C PM and Gr = Gr(N —n — 1,P?) is the Grassmannian manifold
consisting of all N —n — 1 planes in PV. Let Chowy(M) € H°(Gr,O(d)) be
a representative of the Chow point. Since the Chow point is unique up to
scalar multiplication, we have, for each o € G,

o - Chowy(M) = Chowy(M)oo™! = C(o)Chowg(M)
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for some C(c) € C*. The corollary states that C(c) = F(a)¥"":

Corollary 1. The Futaki group character F(J) s characterized by
o - Chowy (M) = F(0)"" Chow(M)
and the Futaki invariant F(X) by
X - Chow, (M) = k"™ F(X) Chowy (M)
for alloc € G C GL(N + 1,C), and for all X € Lie(G).

2.2. The Deligne pairing.

We recall some of the basic definitions and properties in [De] and [Z] : Let
m: X — S be a flat projective morphism of integral schemes of relative
dimension n. Thus for every s € S, the fiber X; is a projective variety in
PV of dimension n. Let Ly, L1, ..., £, be line bundles on X. The Deligne
pairing is a line bundle on S, denoted (Ly, L1, ..., £,)(X/S), and defined as
follows: Let U C S be a small open set and let I; be a rational section of L;
over 7 'U. Thus l; : 771(U) — L; is a rational function with the property
piol; =1,-1y, where p; : L; — X is the projection map of £;. Assume that
the [; are chosen in “general position”: This means N; div(l;) = () and for
each s and ¢ with s € U and 0 < i < N, the fiber X is not contained in
div(l;). Then for every k, the map (ﬂ#k div(li)) — S is finite: For every s,
(ﬂ#k div(li)) NXs C Xy is a zero cycle > n(s)P(s). This means that the
n(s) are integers and the points P(s) are a finite set of points in Xj.

Now we define (Lo, L1, ..., L,)(X/S). Over a small U C S, this line
bundle is trivial and generated by the symbol (ly, ..., 1) where the [; are
chosen to be in general position. If I} is another set of rational sections in
general position, then (I{, ..., I},) = ¢(s)(lo, ..., l,) for some nowhere vanishing
function ¢ on U which we must specify. We do this one section at a time:
Assume that [; = [} for all i # k. Assume as well that the rational function
fr = 1}./1); is well defined and non-zero on (ﬂ#k div(li)). Then ¥(s) =
[1f(P(s))™®). The Deligne pairing is obviously multilinear in the bundles
Loy, -+, L,. Applied to a family X consisting of a single irreducible normal
variety (i.e. S consists of a single point), it produces a one-dimensional
vector space.

LAt the December 2002 Complex Geometry conference in Tokyo, Professors T.
Mabuchi and L. Weng informed us that they have also been aware for some time of
potential applications of Deligne pairings to Kéhler geometry.
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Let w: X — S and Ly, ..., L, as above. Let [ be a rational section of L.
Assume all components of div(l) are flat over S. Then we have the following
induction formula:

(Loy..., L)(X)S) = (Loyery Ln—1)(div(l)/S) (2.4)
where (Lo, ..., Ln—1)(Z/8S) = [[;(Lo, s Ln—1)(Y3/S)™ if Z = 3. n;Y; is a
cycle on S.

Assume now that X, .S are defined over C, and that £; is endowed with
a smooth hermitian metric (that is, for any holomorphic map from a smooth
variety Y to X, the pull back metric on f*£ is smooth on Y'). We now define
a hermitian metric on (Lo, ..., £,)(X/S): Let

=1 _
C/I(Ei) = —2—8510gWH2

s

be the normalized curvature of £; where [ is a local invertible section of £;.
Then ¢|(£;) is a (1,1) form on X,¢y. The metric on (Lo, ..., L,)(X/S) is
defined by induction: When n =0, (£)s = ®pcr-1(s) £p 50 we define

1olls =TT o)l (2.5)

pem—1(s)

In general, we define
log [[{lo, - In)|| = 1og[[{lo, ..., ln—1) (div(ln) /S)|| + /X/SlongnHA?_OICi(ﬁi)

where the integral is the fiber integral over S, so both sides are functions on
the base manifold S.

If we combine the induction formula with the definition of the metric, we
immediately get the following isometry:

(Loy ..., L)(X)S) =

(L0s s L1} (div(1)/S) © O (— /X . 1ogwnHA?-&ca<ai>> (2.6)

where O(f) denotes the trivial line bundle with metric ||1|| = exp(—f). In
particular,

(Lo, s Ln1, L0 @ O(9))(X/S) = (Lo, Ln)(X/S) @ O(E)  (2.7)
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where

E = ¢ I i(cw) (2.8)

X/S k<n

Using induction we get the following change of metric formula:
(L0 OG0), s L0 ® O62))(X/S) = (Lo, £2)(X/S) @ O(E)  (2.9)

where .
E = / S [[dcoow) [[dcy (210
X/S j=0 k<j k>j

Let ¢ : X — ) be a morphism of projective flat integral schemes over S and
let m = dim(X/Y) and n = dim(Y/S). If Ko, ..., K, are line bundles on X
and L1, .., L, are line bundles on ) then we have a canonical isometry:

<IC07 ceey lcmv ¢*£17 S ¢*£7’L>(X/S) =

((Koy eors Kei)(X/V), L1y ooy L) (V]S) (2.11)

Now if A/ and N are hermitian line bundles on S, then it follows easily from
the definition of the Deligne pairing that we have the following isometries

<£1’ e Lo, W*N>(y/S) _ Ndeg[m(ﬁm)...m(ﬁnn)] (2'12)

and

(L1, .es L1, TN, TN Y/S) = Og (2.13)

Here L, is the restriction of £; to a generic point of S. In particular, if o =
¢*Lo in (2.11), then the right side reduces to (Lo, ..., £,,)deslc1(Kin)-c1(Kmn)]
where K, is the restriction of K; to the fiber at a generic point of V.

2.3. Energy Functionals and the Deligne Pairing.

The change of metric formula (2.10) can be used to show that various impor-
tant functionals have a natural interpretation as metrics on certain Deligne
pairings. This point of view is rather useful (cf. [PS1] and [PS2] ) and will
be adopted as well in the proofs of the theorems in this paper. In this section
we recall some of the key functionals and give their metric interpretation:
Let M be a Kéahler manifold with Kéahler form w. Denote by

P(M,w) = {¢ € C>°(M,R) :w¢—w—|—\/2—_:185q5>0}
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the space of Kéahler potentials, and recall that Ric(w) = \/_8&0 is the
Ricci curvature form of w. The Aubin-Yau functional is deﬁned by

AY.( S gk, (214)

% M —o
the Futaki functional is defined by
Fut,(¢) = 7] Zqﬁch )" K Ric(wg)® (2.15)

L —

and the Mabuchi K-energy is defined by

ney (M)[w]™ 1

T Dl (n+1)w]” Z/ Puwgw"” ] (2.16)

(With a different normalization, the Aubin—Yau functional appears in the
literature as the functional F9(¢) = n+1 ——AY,(¢).) Now suppose that L —

M is a holomorphic line bundle with metric h and w = Ric(h) = \/_88h
(so in particular, w € ¢1(L)). Corresponding to the three funct1ons (2 14),
(2.15) and (2.16), we define the metrized Q line bundles:

1
Ay = (L,...,Lya®"  F,= (K1 K. K™Y

. er(M)eg ()"t

1
My = (K,L,..,Lya@" (L, . L)™ a@m? (2.17)
Then a direct calculation from the change of metric formula (2.10) gives

Theorem 2. The Aubin-Yau, Futaki, and Mabuchi energy functionals arise
as changes of metrics in the corresponding Deligne pairings

Ahe—¢ = Ah & O(AYw(¢))v Fhe—ﬂﬁ = Fh ® O(Futw(¢))

Mo = Mp @ O(vu(d)) (2.18)
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2.4. Proof of Theorem 1.

For notational simplicity, we give the proof in the case k = 1.

Fix h, a smooth metric on L = K~!. If ¢ is a smooth function on M,
then L(¢) is the bundle L equipped with the metric he™?. If o € G, then
o: L — L(¢y) is an isometry for a uniquely defined smooth function ¢,.
Here “smooth” means that for every holomorphic map f from a complex
manifold Y to M, the pull back metric f*h is a smooth metric on f*L and
the pull back function ¢, o f is a smooth function on Y. For example, one
can construct such an h via formula (2.2).

Now F(o¢) : (Ly...; Ly — (L(¢4), ..., L(¢r)) = (L, ..., LY(E(t)) is an isom-
etry, where oy = exp(tXr). Thus by (2.10)

Et) =Y Gl (2.19)

j=0 " Mreg

Here w; = w + %85@ and ¢; = @, .

Now let s € (L,...,L). Then F(oy)(s) = F(oy) - s so |F(oy)] - |s| =
|F'(o¢)(s)] = |s|exp(E(t)). Since F'(o¢) is a homomorphism R — C*, we
have F(oy) = exp(tG(X)) with G(X) € C, so

E(t) = log|F(o1)| = tRe(G(X))

In other words, Re(G(X)) = E'(t). On the other hand, differentiating
both sides of (2.19):

° i om ° VI a0 il i
I S B D S B
=0/ Mreg =0

Myreg m

Integrating by parts in the second integral, we obtain

E'(t) = y diw"™ = Re(F(X))

The last equality is proved using integration by parts (see p. 23 of [FMS]
for the proof for smooth manifolds, and [Yo99] for the general case). We
conclude that Re(F(X)) = Re(G(X)). Thus —Im(F (X)) = Re(iF(X)) =
Re(F(iX)) = Re(G(iX)). To prove Theorem 1, we must show that G(iX) =
iG(X), that is, we must show that F' : G — C* is a holomorphic function.
This follows from the following:
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Lemma. The function F : G — C* is an algebraic map, that is, F is locally
defined by rational functions.

Proof. We may assume that G is an infinite group. Let (¢, ..., £,) be a section
of (L, ..., L). Thus N7_ydiv(¢;) = ). Let o € G be in a small neighborhood
of 1, the identity element of G. Define

o) = H div(olp) H div(¢ ank o)yjk(o

p<j p>J

with n;,(0) € Z and y;, (o) points in M. Then

_ oly, .. ,J€ -
o)™ = <<eg H

where

fit0) =TI [”f ] (y1(0))"+)

We claim that each fj(o) is rational and defined in a neighborhood of o =
1g. To see this, let 7 : G x M — M be the projection map, and let
p: G x M — M be the map (o, m) — o(m). Let Z; C G x M be defined
by Zj = [1,<; div(p*lp) I ], ; div(7*l,). Then m restricted to Z; induces a

map 7; : Z; — G. It has the property 7rj_1(a) = Zj(o). The map 7 is
generically finite and f;(o) = Normy, /¢ [%} is therefore rational, which
implies that F'(o) is rational. Since F' is a homomorphism, we conclude that

F'is everywhere defined, and is therefore regular at every point ¢ € G. This
proves the lemma.

Finally, the corollary follows from the theorem of Zhang [Z], which states
that (L, ..., L* = (L, ..., L)*""" is canonically isomorphic to the Chow line
bundle.

3. The Futaki invariant of a complete intersection.

The Futaki invariant of a complete intersection has been computed by Lu
[Lu99] (see as well the paper of Yotov [Y099]) and is given as follows:

Theorem 3. (Lu) Let M be the N — s dimensional normal Fano variety in
PV defined by F; = = F; =0, where F1, -, Fs are homogeneous polyno-

mials of degrees dl, ey ds. Let X = Z aijzi% be a holomorphic vector

4,7=0
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field on PN, normalized so that the matriz (a;;) has trace zero. Assume

XF, = kFy, 1=1,...,s

for complex constants k1, ..., ks. Then
S S m S K
F(X) = (N—=s+1) |mN]]di| - [ - )
) | el zl_[l z] < z‘zlm—I_N_s—i_lil di)

where m=N+4+1—d; —---—ds.

We wish to show how Theorem 1 can be used to give a proof of Theorem 3.
To do this, it is useful to view M as a fiber in the family of all complete
intersections:

Let R4 be the space of homogeneous polynomials of degree d, and let
Z = P(Rg,) x---xP(Rq,)
where s = N — n. Let
X = {(z,x):2=(F,...,F)eZ 2PN F(z)=-- = F,(x) =0}

Then X C Z x PV is a smooth variety and dim(X) = dim(Z) + n. Let
L — X be the pull back of the hyperplane bundle on PV equipped with
the Fubini-Study metric, and let L — X be the relative canonical bundle of
X/Z. Let

Zy = {#z€ Z:7m7'2 has dimension n }

where 7w : X — Z is the natural projection. Then Zy C Z is Zariski open,
and the restricted map 7 : Xy — Zp is flat (where Xy = 771(Zp)). We want
to compute the Deligne pairing

F o= (KUK K (X Z)

which is a line bundle on Zj.

Note that F}(z), when viewed as a function of (F}, z), is homogeneous of
degree one in F; and homogeneous of degree d; in z. Thus it represents a
global section o of H; QLY = H jﬁdf. The simultaneous vanishing of the o
defines the subvariety Xy C Zy. Thus we have, applying (2.4) successively s
times,

(K™Y KW (X/Zy) = (Hi LY., HL% K7L KDY (2o x PY) /Z)
(3.1)
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where Hj, is the pullback of the hyperplane bundle on P(Rg,). Next we
recall that the relative canonical bundle of Zy x PV — Z; is £N*!. Since
X is a complete intersection, defined by the sections o1 = -+ = g4 = 0,
and since o; is a global section of L% H j» applying the adjunction formula s
times yields

/C_l — EmHl_l . 'Hs_l

where m = N +1—d; —-- - — ds. Expanding (3.1) using the multi-linearity
of the Deligne pairing, we get the main term, (L, ...£>d1"'ds'mn+1, which is
the trivial line bundle: Indeed, (zp, 21, ..., 2n) is a global nowhere vanishing
section of (£, ..., £). As for the other terms in the expansion of (3.1): If two or
more of the H; appear, say H; and H;, we get the trivial bundle, by applying
(2.13), with V' = H; and N = H;. Thus the only terms which contribute are
those with one H. There are two ways this can happen: Either the H; comes
from the i*" position in (3.1), with 1 < i < s, and then it is paired with £%
with k # ¢, as well asn+1 = N —s+1 copies of L. Or H; comes from any
one of the last n+1 positions and then it is paired with £%,1 < r < s as well
asn = N —s copies of L™. In the first case we apply (2.12) with N/ = H; and
{L1,..., L} = {£h, .. Lhi-r Ll £ds £m L™ with L™ repeated
N — s+ 1 times. In the second case we apply (2.12) N —s+1=n+1 times
with N = H; ' and {L£1,...,L,} = {LN, ..., L% L™, .. L™} where L™ is
repeated N — s times. Thus we obtain

S
(HiLh, . H L% crHS - I LmHS - Y = [[HE (32)
i=1

where
a; = (1)(n+1)mNSdidy---ds + mN 5t (didy -+ -ds) /i (3.3)

Combining (3.1) and (3.2) we obtain F(X) = > a;k; and this, together
with formula (3.3) yields Theorem 3.

4. Energy functionals for a complete intersection.
4.1. The adjunction formula with metrics.
We wish to prove a non-linear version of Theorem 3 in which the Mabuchi

K-energy is expressed in terms of certain norms on the polynomials defining
M. To do this, we first prove a metrized version of the adjunction formula:
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Let X be a smooth variety and Y C X a smooth subvariety. The ad-
junction formula says

Ky = (Kx®O(Y))|y (4.1)

where O(Y') is the line bundle associated to the divisor Y.

The isomorphism is easy to describe in local coordinates: Let y € Y.
Choose local coordinates (z1, ..., z,) in such a way that y is the origin, and
Y is the set z; = 0. Then a local section of Kx ® O(Y') is meromorphic
differential form of the type

g(z)dzy Ndza A -+~ Ndzy,
21

’r]:

where g(z) = g(z1, ..., z) is a holomorphic function. The isomorphism (4.1)
is n — 6 where
0 = g(0,29,...,2p)dza A\ -+ -dz

that is, 0 is the residue of 1. Note that the map n — 6 does not depend

on the choice of coordinates: If z; = uz] where u is a nowhere vanish-
. . / Ndzi AdzgA--Adzn
ing function, then dz% = d% + d(logu) and thus n = 9(=)dz e =4
1 1
/ /
1 Adzn
9= d( Oguz)/AdZQA A I other words,
1
91
[9(2) + =1 da‘;%"]dzi Ndzag A -+ Ndzy
n = ]
1

where 2/ = (Z],22,...,2,). But ziaéo% vanishes on Y. This shows the

isomorphism (4.1) is well defined.

An equivalent way of formulating (4.1) is
Ky @ O(=Y)ly = (Kx)ly (4.2)

Again, this is easy to describe in local coordinates: Let y € Y, let U C X
be an open set containing y, and let W = U NY C Y. As before, we assume
that Y is locally given by the equation z; = 0. Then a section of Kx over U
is a differential form 7 = g(2)dz; A - - - A dz,, with g holomorphic on U. We
say n is equivalent to zero if ¢(0, 29, ..., 2,) = 0. If  and 1’ are sections of
Kx over U and U’ respectively, where U NY = U' NY = W, we say that
n ~n'if n —n' is equivalent to zero. A section of (Kx)|y over W is then an
equivalence class [n]. Similarly, a section of O(—Y") is a holomorphic function
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f on U such that f(0, z, ..., z,) = 0, in other words, f is divisible by z;. We
say that f is equivalent to zero if it is divisible by 27. A section of O(=Y)|y
is then an equivalence class [f]. Finally a section of Ky @ O(=Y)|y is locally
given by an expression of the form [f]dze A---Adz,. And now (4.2) is given
by [n] — [f]ldze A -+ A dz,, where f = zg.

Now we want prove the adjunction formula with metrics: Let w be a
Kéahler metric on X. Then w™ is a metric on K)_(l, and w""! is a metric on
Ky. We want to construct a metric || - [[o¢ on O(Y')|y in such a way that
(4.1) becomes an isometry. In other words, for every y € Y, we want || - ||44

to have the property
1

<1

=1 (4.3)
ad

at the origin, if (z1,...,2,) are local coordinates on U C X, centered at
y € Y, satisfying

a) YNU ={z:2 =0}

b)w= % > dzj A\ dz; at the origin.

This is equivalent to constructing a metric || - ||oq on O(=Y)|y such that
l|21]l,4 = 1 at the origin, if (z1,..., z,) satisfy a) and b). We do this as
follows:

Let t be a section of O(—Y') over some open set W C Y. Thus t is
represented by a holomorphic function 7'on U C X, with U NX = W, with
the property: T vanishes on Y. Here two holomorphic functions on U are
“equivalent” if their difference vanishes to order at least two on Y. Define

12, = (”n_lAgaé(‘Tﬂ)

w?’b

= (VDI = [10T)], |2
Y

where VT is the gradient of T" with respect to the metric w. This makes
sense since |T'|? is a smooth function on X. Thus ||T|2, is a smooth function
onY.

The following theorem is closely related to Proposition 3.1 of [Lu99],
although the statement there looks rather different:

Theorem 4. Let (X,w) be a Kdihler manifold andY C X a smooth subman-
ifold of codimension one. Lett be a section of O(=Y)|y over some open set
W CY. Thust is an equivalence class represented by a holomorphic func-
tionT on U C X, withUNX =W, and T|y = 0 (here two holomorphic
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functions on U are “equivalent” if their difference vanishes to order at least
two on'Y ). Define

wnl E@é 2
1412, = ( N 599 (1T )> = IR = DL (1)

w?’b

where V,T is the gradient of T with respect to the Kdhler form w. Then
[|  ||lad is a well defined metric on O(=Y )|y and

Ky @ O(=Y)ly = (Kx)ly (4.5)

s an tsometry with respect to this metric.

Note that (4.4) makes sense since |T|? is a smooth function on X. Thus
||T||?, is a smooth function on Y.

Proof. First observe that the norm || - ||4q has a very simple description in
local coordinates: Let y € Y and let (21, ..., z,) be local coordinates centered
at y satisfying a) and b). We write 7' = z; F' where F' is holomorphic on U.
Then

(1tllz) () = (IFF) () (4.6)
Note that (4.6) holds only at the point y, whereas (4.4) holds on all of W.

To establish Theorem 4 we must prove the following:

1) ||t||qq depends only on the equivalence class of .

2) If f is a holomorphic function on W C Y, then ||ft||ea = |f| - ||t|]ad-

3) ||tl|laa > 0 with equality if and only if ¢ = 0.

4) If (z, ..., z,) are coordinates centered at a point y € Y satisfying a)
and b), and if Y is defined by z; = 0, then ||21||qq = 1 (or, more precisely,
||t|laa = 1 where t is the section of O(—Y") represented by z1).

Property 1) says that || - ||4q is well defined. Properties 2) and 3) say that
|| - |lad is a genuine metric on O(—Y)|y. And property 4) says that (4.5) is
an isomorphism.

Property 1) can be seen as follows: Assume t ~ /. Then t =t + 22F
where F' is holomorphic on U, and Y is defined by z; = 0. Then 0t =
ot' + O(z1), so Otly = dt'|y. Alternatively, property 1) follows from (4.6)
since if t = 21 F and t' = 21 F’ then t ~ t’ if and only if F' — F” is divisible by
z1. Since z; vanishes at y, property 1) follows.

To prove 2), we note that in calculating d(ft), the derivatives can land
on t or f. But when we restrict to Y, ¢ vanishes. Thus, for the purposes
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of calculating ||ft||?;, both derivatives land on ¢ and |f|? factors out. Al-
ternatively, property 2) follows immediately from (4.6): If ¢ = 2 F then
ft = z1fF, where f is any holomorphic extension of f from W C Y to
UCX.

To prove 3), we work in local coordinates: If t = 21 F, where F is a
holomorphic function on U, ||t||eq = |F(y)|?. On the other hand, ¢ vanishes
at y if and only if F(y) = 0. This proves 3).

Finally, 4) follows immediately from (4.6), and Theorem 4 is proved.

Remark: We also have the following relative version of Theorem 4: Let S be
a complex manifold and 7 : X — S a smooth family of complex manifolds of
relative dimension n. Let w be a (1,1) form on X such that the restriction
of w to each fiber X; is a Kahler form. Let Y C X be a smooth submanifold
of codimension one such that Vs, = Y N X, is smooth of codimension one.
Let Ky and Ky be the relative canonical bundles of Y — S and X — §,
and endow K3' with the metric w™. Let t be a section of O(—Y)|y over
some open set W C Y. Thus, as before, t is represented by a holomorphic
function T on U C X, with U N X = W, with the property: T vanishes on
Y. Define |[t||?, by (4.4). Then Ky ® O(=Y)|y = (Kx)|y is an isometry
with respect to this metric.

4.2. The Aubin-Yau functional as a norm.

The Aubin-Yau functional AY,(¢) on the space P(M,w) of Kéhler potentials
was defined in subsection §2.3. In this subsection, we shall show that, for
complete intersections, it can be written explicitly in terms of a norm on
the space of defining polynomials. Let (M,w) be a compact n-dimensional
Kéhler manifold, and (L,h) — M a holomorphic line bundle with metric
h satisfying Ric(h) = w. The key property which we exploit is the close
relation of AY,(¢) with the Deligne pairing

1

Ap=(L,---,L)ya®@" (4.7)
described in Theorem 2, which we reproduce here for convenience
Ape-s = Ap ® O(AY4(9))

We wish to calculate Aj in the case where M is a complete intersection.
First we recall our previous notation: Let N > n > 0 be positive integers,
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let Ry C Clz, ..., zn] be the space of homogeneous polynomials of degree d,
and let Z = P(Rg,) x -+ x P(Rg,) where s = N —n. Let

X = {(z,x):2=(F,..F) e Z v PV F(z)=---= Fy(z) =0}

Then X C Z x P¥ is a smooth variety and dim(X) = dim(Z) + n. Let
£ — X be the pull back of the hyperplane bundle on P¥ equipped with the
Fubini-Study metric. Let

Zo = {#€Z:7 'z has dimension n }

where 7w : X — Z is the natural projection. Then Zy C Z is Zariski open
and the restricted map 7 : Xy — Z is flat (where Xy = 771(Zp)). Then the
Deligne pairing

S = (L,...,L)(X/ 20)

is a line bundle on Z; with a continuous hermitian metric.

Let H be the hyperplane bundle on the projective space P(Rg), en-
dowed with the Fubini-Study metric. A global section of H is a linear map
Rgq — C. Similarly, a global section of £¢ is a polynomial map CVN*! — C,
homogeneous of degree d. And a global section of H ® £% is a polyno-
mial map Rq x CV*! — C which is homogeneous of degree one in the first
variable, and degree d in the second variable. As before, we observe that
H®L% = HLY which is a line bundle on P(Ry) x PV, has a canonical global
section o4 given by the map (F, z) — f(z). The norm of this section is

|F(2)|
ol = T e
where |F(z)| and |z| are the norms of vectors in C* and in C"*! respectively,
and |F| is the norm of (Fi, - -, Fy), viewed as an element of Rg, X --- X Ry, .
We also observe that the curvature ¢} (H£L?) is given by ¢} (H) + dc(L).

Now we consider the bundle
U = (Hi L% . HLY L, ..., L) (Zo x PN/ Z)

We evaluate I' in two different ways: First we use the multi-linearity of the
Deligne pairing to write I' as a product of various terms: There is one term
that involves none of the Hy: As in the proof of Theorem 2, this term gives
the trivial line bundle over Zj equipped with a constant metric. The terms
that involve two Hj, are also trivial, by (2.13) . Thus
S
r o= [J™, . Hy, ..o £%)
k=1
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But now, applying (2.12), we get
S
r = [[a>
k=1

where pr =[], d;.

On the other hand, we can evaluate I' in a different way, applying (2.6)
s times, using o1, ...0s successively:

I = (£,...£)® O(—E)

where F is the function on Zj defined by

E(F F,) = lz log M (dpgr - -dy) - L)V TR
15 s Fg 22 [y, |2 | 2|2 k1 %t 21

and X, ={z€ PV : Fi(z) == F(z) = 0}. Since Vj, = ka A(L)NF =
(di -+ -di) we conclude that (£, ..., £) is the line bundle [];_; H¢* equipped
with the metric

° 1 ‘Fk(Z)P —
e, = S [ o (B e s

where F' = (F1, ..., Fs). Note that if we replace Fj, by AFj, then the right
side is transformed by adding py log A (which shows that the right side does
indeed define a norm on [[;_, H*).

We thus obtain the following:

Theorem 5. Let M C PV be a complete intersection defined by the
equations F = 0, where F' = (Fy,...,Fs) and Fy, is a homogeneous poly-
nomial of degree dy,. Let w be the Fubini-Study metric on M. Then for all
o € GL(N + 1) we have

10 25|

AYW(¢O') = [W]n log HFHE\

(4.9)

where ¢, = log ozl 4nd || - ||, is the norm on [[;_; Hy* defined by (4.8).

||
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4.3. The Mabuchi K-energy as a degenerate norm.

In this section we show that the Mabuchi K-energy of a complete intersec-
tion can be expressed in terms of a certain degenerate norm on the space
of defining polynomials for M. This may be viewed as a non-linear general-
ization of Lu’s formula. It also generalizes expressions for the K-energy in
[T94] and in [PS1].

The Mabuchi K-energy was defined in §2.3. With the same notation as
in there and in §4.2, we recall that it is closely related with the following
Deligne pairing

. cr(M)ey ()t

1
My = (K,L,..,LYa@" (L, .. L™ ")’ (4.10)

where K is endowed with the metric w™".

Theorem 2, we have

More precisely, as stated in

Mpe—s = Mp @ O0(v,(9)) (4.11)

Next consider the family Xy — Zg C Zg x PV, where Zg = {F € Z : F =
0 is a normal variety of dimension n}. : As before, let £ — X)) be the pull
back of the hyperplane bundle on P to the manifold Xy, and let X~ — Aj
be the relative anti-canonical bundle, endowed with the metric wjy. Now
let

n_e1(M)eg (D)™t

M = <IC,£, .,,’£>c1(1L)n <£’ ’£>n_+1 le1 (L)"]2

Let F € Zy and let f € Mg, where Mp is the fiber of M above F. The
change of metrics formula (4.11) implies, for all 0 € GL(N + 1)

o,
M
We wish to calculate the norm || - || ,,. The adjunction formula says
K™= LN'0(-Y1)ag - - O(=Ys)ad (4.13)

where Y; C X)) is the hypersurface defined by F;(z) = 0 and O(—Y;)ad

is the bundle O(-Y;) endowed with the metric of Theorem 4. Here we are
using the fact that

Kpx = Opn(N+1) (4.14)

Note that the isometry in (4.14) is equivariant with respect to the action
of SL(N + 1), and not with respect to the action of GL(N + 1). It is for
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this reason that, unlike the transformation formula (4.8) for the Aubin-Yau
functional, which holds for all ¢ € GL(N + 1), our transformation formula
for the K-energy will only hold for o € SL(N + 1).

Since F;(z) is a global section of £% H;, we have a canonical isomorphism
(L% H;)qq = O(—Y;)aq for some uniquely defined metric || - ||oq on (L% H;).
Thus K~! = £NH(chH) - - (£%H,),}. On the other hand, (4.4)
implies that

|22 F'|?

LWl A g LB
(LH).; = (£LH) 20 —§log< )

w?’b
Thus
(K=Y L,...,L) = (LNTYLehH) (L% H) T L, L, LY®0(—G) (4.15)

where G is the function on P(Rg,) X - -+ x P(Rg,) given by

n—1 V=1 55 |F(2)|?
1< W' N 00T ma e

G(F) =GP F) = 33 [ 1os( i DU

i=1

Here M is the variety F' = 0 and w = wpg is the Fubini-Study metric on
PV, Let

o m
o dr(n+1)
where m = N +1—dy — -+ - — ds. One sees easily that g > 0 with equality

if and only if d; = 1 for all i. Then (4.15) implies

- T
=0

equipped with the singular metric

° 1 ‘Fk(Z)P —
logllF|2 = ™ E ._/1 LY N—k+1

w1 p YL ggIaG)?

5 2d;
+ Z/M log< 0 12 ) W (4.16)
i=1

where F' = (FY, ..., Fs). Applying (4.12) we deduce the following :




The Futaki Invariant and the Mabuchi Energy 341

Theorem 6. Let M C PN be a smooth complete intersection defined by
Fy =...=F; =0, where F; is homogeneous of degree d; . For o € SL(N +
1) let ¢po = log %, with z € PN, Let d = dy---ds and py, = d/dy. Let
||F|| , be the degenerate metric defined by (4.16). Then for alloc € SL(N+1)
we have )
L1,
1FI13,

Vy (¢(7) = log

Remark. The Aubin-Yau functional and the Mabuchi energy functional were
written respectively in [Z] and [PS1] in terms of suitable norms of the Chow
point of M. When M is a hypersurface, the Chow point of M coincides with
M, and the norms || - ||, and || - |[,, coincide with the norms || - || in [Z]
and || - ||# in [PS1]. Of course, when M has higher codimension, no such
direct comparison is possible, since the space of Chow points and the space
of defining polynomials are then quite different. An exact expression for the
Mabuchi functional on hypersurfaces and an asymptotic expression in the
general case in terms of Quillen metrics can be found in [T94] and [T97].
See also [P] for an asymptotic expression for the Aubin-Yau functional.

Remark. The approach in the present paper can be extended to the case of
irreducible normal projective varieties. This together with applications to
stability will be reported elsewhere.

Dedication. This paper is dedicated to Professor Peter Li, former editor-
in-chief of the Communications in Analysis and Geometry, on the occasion
of his fiftieth birthday.
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