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Convex Hypersurfaces of Prescribed Weingarten
Curvatures

WEIMIN SHENG, NEIL TRUDINGER, AND XU-JiA WANG

In this paper we study the existence of closed convex hypersur-
faces in the Euclidean space R™*! with a Weingarten curvature
prescribed as a function of their unit normal.

1. Introduction.

In this paper we study the existence of closed convex hypersurfaces in the
Euclidean space R"*! such that a Weingarten curvature, regarded as a func-
tion of their unit normal, is equal to a given positive function on the unit
sphere S™. Two classical problems of this type, namely the Christoffel prob-
lem [6] and the Minkowski problem [16], which address respectively the
cases of harmonic and Gauss curvature, were completely solved in the 1970’s
[7,9,17]. Besides the harmonic and Gauss curvatures, the most interesting
Weingarten curvatures are probably the mean curvature, or more generally
the k-curvatures (1 < k < n)

f(k) =0or(k) = Z Kiy = Kigs (1.1)
11 <<l
and the norm of the second fundamental form
FR) = (KF 4 4 w2 (1.2)
where K = (K1, -, k) denotes the principal curvatures of the hypersurface

M. We will prove

Theorem 1.1. Let f be the Weingarten curvatures given in (1.1) or (1.2).
Then for any positive function ¢ € C?(S™), there exists a linear function a
on S™ such that the equation

Flw) = et (1.3)
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has a smooth, uniformly convex solution M C R™1,

Theorem 1.1 extends a recent existence result in [13], where the existence
was proved for the k-curvature (1.1) under the assumption that ¢ is invariant
under an automorphic group on S™ without fixed point. One can choose the
linear function a = 0 under this assumption. Theorem 1.1 holds for more
general Weingarten curvatures, see Remarks 2.2 and 2.3. The existence
of convex hypersurfaces with prescribed curvatures is an area of extensive
study. We refer reader to [10,11,13,14] and the references therein.

The problem of prescribing the norm of the second fundamental form can
be viewed in some sense as an extension of the isometric embedding problem
(prescribing the first fundamental form), of which a typical problem is the
Weyl problem [3], which asks whether the unit sphere S? with a metric of
positive Gauss curvature can be isometrically embedded as a closed convex
surface in R3.

The function e in (1.3) can be interpreted as a balance condition for the
Weingarten curvature f(x). Indeed a solution of (1.3) is a soliton to the flow

X =log(f(k)/®)- (1.4)

When f(k) = o,(k) is the Gauss curvature, (1.4) is the logarithmic Gauss
curvature flow studied in [5]. It was proved there that for any convex hyper-
surface N, there is a unique constant # > 0 and a unique vector a € R™**!
such that M; — ta converges to a convex hypersurface, which is a solution
of (1.3) with a(z) = (a,x), where My is the solution of (1.4) with initial
condition Mi—o = ON.
To prove Theorem 1.1 we will use as in [17] the support function of M,
given by
h(z) = sup{(x,p): pe M} zeS", (1.5)

and reduce the problem to an elliptic equation for A on S™. We extend h to
R™! such that it is a homogeneous function of degree 1. Then h is convex
and M can be recovered from h by

M = {Dh(z): z € S"}. (1.6)

Direct computation [17,18] shows that the eigenvalues of the matrix {V2h +
hI} are the principal radii of M, where V is the covariant derivative on
S™ (under a local orthonormal frame), and I is the unit matrix. Denote
by A = (A1, -+, \n) the eigenvalues of {V2h + hI}. Then equation (1.3) is
equivalent to

FOMV?h+hI)(2)) =(x) on S (1.7)
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with ¢ = (pe?) !, where

FO) =T ,A—nﬂ‘l- (1.8)

Another special class of Weingarten curvatures occurs when f(k) =
or(N\), the k' elementary symmetric polynomial of A\, where 1 < k < n,
A=A, A\, and A\ = /@;1 (i =1,---,n) are the principal radii of M.
The intermediate Christoffel-Minkowski problem is to find closed convex hy-
persurfaces satisfying

ok (A) = ¢, (1.9)

where ¢ is a given positive function on the unit sphere S”. When k£ = 1 and
k =n, (1.9) is respectively the Christoffel and the Minkowski problem, and
has been resolved in [7,9,17]. For the intermediate Christoffel-Minkowski
problem, we have the following result.

Theorem 1.2, Let ¢ be a smooth, positive function on the unit sphere S™.
Suppose oV is convex and ¢ satisfies

/ rip(r)de=0, V i=1,---,n+1. (1.10)

Then there is a smooth, uniformly convex hypersurface M satisfying (1.9).
Theorem 1.2 was proved in [14] under the following additional condition.

Condition (A). There is a family of smooth, positive functions {¢ : t €
[0, 1]}, which depends continuously on t, such that po =1, p1 = ¢, and for

all t € 10,1], <pt_1/k is convexr and p; satisfies (1.10).

Condition (A) was removed by a curvature flow method [2], which uses
the a priori estimates and the analysis of asymptotic behavior of solutions.
In this paper we verify this condition directly.

The operator in (1.9) is of divergence form and its linearized operator
is self-adjoint. By the Aleksandrov-Fenchel inequality [18], its kernel is the
linear space spanned by the linear functions {z1, -+, 41}, which is inde-
pendent of the support function h. Hence (1.10) is a necessary condition for
the solvability of the Christoffel-Minkowski problem. From the Aleksandrov-
Fenchel inequality one also obtains the uniqueness of solutions to (1.9).

It follows that when & = n, the linear function a in Theorem 1.1 is
uniquely determined by

/S"de—o 'L:177n+1 (111)
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A~

For other Weingarten curvatures in (1.1) and (1.2), the operator f is not in
divergence form and the linear functions {z1, - -+ , 5,41} are in general not in
the kernel of the adjoint linearized operator. Hence (1.11) is not a necessary
condition for equation (1.3) anymore. See also discussions in [13]. We remark
that the uniqueness of solutions for general Weingarten curvatures is open
in general, except in dimension two [1].

This paper is organized as follows. In Section 2 we use a priori estimates
and a degree theory, which was used in [13], to prove Theorem 1.1. The
main new estimate of the paper is that for supgn |a|, which will be given in
Section 3. In section 4, we verify condition (A).

2. Proof of Theorem 1.1.

In this section we use the degree theory to prove Theorem 1.1. We will
consider the equation

fw)=¢ (2.1)
for more general Weingarten curvatures. We assume that f is defined on
the positive cone ' = {k € R" : k; > 0 fori=1,---,n}, and satisfies the

following conditions.

[F1] f(k+p) > f(k),forallk € T and p € I'T.

[F2] f is invariant under any permutation of (K1, - -, Kp).
[F3] f(0) =0 and for any x € I'",

f(ki, -+ Kp+t) = +00 as t — +oo.

[F4] The function f()) given in (1.8) is concave on the positive cone T't.

The norm of the second fundamental form satisfies [F1]-[F4] [10]. For
the k-curvature (1.1), we redefine

(k) = lon(w)]VE (2.2)

so that it also satisfies [F1]-[F4]. Other Weingarten curvatures satisfying the
above assumptions are, for example,

Fr) =[S wgr o mg )V, (2.3)

where the sum is taken over all nonnegative integers ai,---,q, with
Y a; = k, see [10]. Note that the curvature (2.3) is also a function of
the k-curvatures, given by (2.2).
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For any t € [0, 1], we denote
F[V2h 4 hI] = (1 — t)ol/™(\) + tf (N, (2.4)

where A = A\(V2h + hI) are the eigenvalues of the matrix {V2h + hl}.
Denote by ® the set of positive, uniformly convex, C® smooth functions
on S™. For any positive constant R > 1, let &p C ® be given by

Op={uecC*S"): u>R" (Vu+ul) >R I |ullcssny < R}

We also denote by ®° (@Y%, resp.) the set of functions u € ® (u € ®g, resp.)
which satisfy

zu(z)=0 V i=1,---,n+1 (2.5)
Sn

Note that if u € C?(S™) satisfies (V2u + ul) > 0, then u is convex on S™
and it is a support function of a convex hypersurface M given by (1.6).

Remark 2.1. For any u € C?(S™), there is a unique linear function a defined
in R"*! with a(0) = 0, such that u + a satisfies (2.5). Obviously the func-
tion a depends continuously on w. If u is the support function of a convex
hypersurface M and it satisfies (2.5), one easily verifies that the origin is
located in the interior of M.

Lemma 2.1. For any positive functions 1,v € C?(S™), and for each t €
[0,1], there is a unique solution h € C3*(S™) (o € (0,1)) to the equation

F[V?h 4 vl] = %) (2.6)

such that the matriz {V?h +vI} > 0, where F[V?h +vl] = F,[V?h + vl]
and

FIV2h +ol] = (1 =)o/ (MV2h + 0I)) + tf(A(V?h + o).

Proof. The proof is similar to that in [13], where the case F[VZh + vI] =

Ji/k(A(VQh +vI)) is considered (with "~ replaced by h/v). We sketch the
proof and indicate some minor changes.
First we prove that there is a positive constant C' > 0 such that

—-C<h<C. (2.7)
Indeed, suppose h attains a maximum at zg. Then at z,

" = F[V2h +ol] < Ful],
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which yields the second inequality in (2.7). Similarly we obtain the first
inequality.
Next we prove

sup{\(V*h +ol)(z): 2 € S™i=1,---,n} <C, (2.8)

Suppose the supremum in (2.8) is attained at zp and ¢ = 1. By choosing
a proper local orthonormal frame we may suppose that the matrix {h;;} =
{ViV;h} is diagonal at zo, where V; = V., denotes the covariant derivative.
Denote F'J = %F[wzj]. By [F1], {F¥} is positive definite. Hence by
exchanging derivatives we have

0> FV2(hyy + ) (2.9)
= FV3(hi; +v) — 2F%(hy; 4 v) + (2h11 + 20 — v11 + vg) F™.

By the concavity of F' we have

F"V3(hi; +v) = Vi[e" "y,
FUi(hii +v) < F[V2h +ol] = " 9.

We claim that for any constant b > 0, there exists a constant § > 0, such
that

Y N =0 ¥ AeTDy, (2.10)
where f;(\) = ?\Zf()\) and Ty = {\ € ' : f(\) = b}. Indeed, denote
dp = sup{|A = N|: XA € T,,\ € 9U'"}. Then it suffices to prove do, < C.
But this follows from the facts that I'" is a convex cone and that f =0 on
oT* by [F3].

By (2.10) we have > F% > §. Therefore if h11 + 2v — v11 + vy > 0, we
have

0> V3" V] — " Vep + Ghyy

and so (2.8) holds. If hy1 + 2v — v11 + v < 0, we also obtain (2.8).

By assumption [F3], we have f(\) = 0 on dT't. By (2.7), F[V2h + vI]
has a positive lower bound. By (2.8), \; are upper bounded. Hence by the
continuity of the function (1 — t)a}z/ "+tf, there is a positive constant C' > 0
such that

inf{\;(VZh +vl)(z): 2 € S™i=1,---,n}>C. (2.11)

Namely the principal curvatures of the corresponding convex hypersurfaces
are bounded.
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With estimates (2.8) and (2.11), equation (2.6) becomes a uniformly el-
liptic equation. Hence by the Evans-Krylov regularity theory [12], we obtain

hllcssm) < C. (2.12)

The existence of solutions to (2.6) then follows from the continuity
method. Indeed, write (2.6) in the form

log F[V2h +vI] = h — v + log .

The linearized operator is

L[u] = Zaijuij — U. (2.13)

The coefficient before u is negative. Hence the comparison principle holds
and the operator L is invertible. Hence the continuity method applies and
also the solution is unique. O

By Lemma 2.1 we introduce a mapping 7; (¢ € [0, 1]) as follows. For any
positive function v € C%(S™), by Lemma 2.1 there is a unique solution A to

F[V2h +ol] = eV, (2.14)

where 1y = (1 —t) 4+ t¢b. By Remark 2.1, there is a unique linear function a
with a(0) = 0 such that h — a satisfies (2.5). We define T;(v) = h — a.

This mapping is similar to that in [13], where u/v is used instead of e*~".
Obviously T; is continuous in t. If A is a fixed point of T3, it satisfies the
equation

Fj[V?h+ hI] = e* on S™. (2.15)

To prove that the fixed points of T} (¢ € [0, 1]) are uniformly bounded, we
need to restrict to curvature functions (2.2) or (1.2).

Lemma 2.2. Suppose the curvature function f is given by (2.2) or (1.2).
Then there exists R > 0 depending only on n, infgn ¢ and supgn V22|, such
that if h is a solution of (2.15) and h satisfies (2.5), then h € ®%.

Proof. In Section 3 we will prove supgn |a| < C for some constant C' > 0
depending only on n, infgn ¢ and supgn |V?4|. Once this is established, we
can derive estimates (2.8) and (2.11), with v replaced by h, in a similar way
as above. Indeed, when v is replaced by h, (2.9) becomes

0> F”V%(hii +h) — F”(h” + h) + (h11 + h)Fii
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and so one obtains (2.8). Note that by (2.5) and (2.8) we have h > 1/R for
some R > 0 depending on the constant C' in (2.8). We omit the details here.
O

By Lemmas 2.1 and 2.2, the mapping 7} has no fixed points on the
boundary of @% when R is sufficiently large. Hence the degree deg(I —
T3, @%, 0) is well defined if R is large enough, and is independent of ¢ € [0, 1],
where I is the identity mapping.

When t = 0, a fixed point of T{ satisfies the equation

[on(A(V2h 4+ hI))]Y™ =e*  on S™ (2.16)

By the necessary condition (1.11), we see that if (2.16) has a solution, then
the linear function a is a constant. Recall that a(0) = 0. We have a = 0.
By (2.5) and the uniqueness of solutions to the Minkowski problem, we have
h = 1. Hence Tj has a unique fixed point.

Similarly as in [13], see also [15], one can prove that the degree deg(I —
Ty, ©%,0) = —1. Hence deg(I — Ty, ®%,0) = —1. Namely Theorem 1.1 holds.

Remark 2.2. Although Theorem 1.1 treats the k-curvature and the norm of
second fundamental form only, it is also true for some other Weingarten cur-
vatures, such as (2.3). Indeed Theorem 1.1 holds for any curvature function
satisfying [F'1]-[F4], provided one can prove an upper bound for supg» |a| for
any solution h of (2.15).

Remark 2.3. If ¢ is an even function, we can restrict ourself to the set of
even functions. Then automatically a = 0 in (2.15) and so Lemma 2.2 holds.
Hence Theorem 1.1 holds for all Weingarten curvatures satisfying [F1]-[F4]
if ¢ is even.

3. Proof of Lemma 2.2.

We have two different proofs for Lemma 2.2. One is based on the maxi-
mum principle and the other reduces to estimation on the Gauss curvature
equation. We will give a detailed proof for the first case and sketch the
second.

For any given t € [0, 1], we denote

G =@ =)oy () +tf (V)

and F[V2h + hI] = §(\), where A = A(V2h + hI) = (A1, -, A,) are the
eigenvalues of {V2h + hI}. We will always assume that A\; > --- > \,. To
prove Lemma 2.2 we need only to prove
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Lemma 3.1. Suppose the curvature function f is given by (2.2) or (1.2).
Suppose 1 € C%(S™) is a positive function. If the equation

FINV?h 4 hl] = e“(z) on S™ (3.1)
admits a convex solution, then

sup |a(z)| < C (3.2)
resn

for some C > 0 depending only on n, infgn ¢ and supg. |V21|.

To prove Lemma 3.1, we choose a proper coordinate system such that
a(x) = arpyr, o >0. (3.3)

Then it suffices to prove o < C.
Let M be the corresponding hypersurface. Let 2 be the projection of
M on {z,41 = 0}. We divide

M=MtUM UM,

such that the Gauss mapping image of M™T and M~ are respectively the
upper and lower hemispheres, and M = OM™ (= dM ™). Then M™ satisfies

g(k) = p e hmnl (3.4)

where ¢ = 1!, 7,,1 is the component of the unit outer normal of M in
ZTp+1 direction,

1 1.,
g(k) = [9(H1, : Fm)] :
Similarly, M~ satisfies
g(k)=¢ elmtal, (3.5)

Lemma 3.2. Let gy = % For any large constant \g > 0, there exists a

constant ag > 0 such that if « > «q, the least eigenvalue A\, of the matriz
{V2h + hI} satisfies
An =X Vr€eSE, (3.6)

where S5, = S" N {41 > 1 — g0}

Proof. We denote by L = F% V?j the linearized operator of F, and denote
wij = hij + hdjj, W = > w. At any fixed point, by choosing a proper
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coordinate system, we may assume w;; is diagonal. Then we have by the
Ricci identity,
Wi = (ijjj)ii = A(w”) — nw;; + W.
L(W) = F"W; = F”A(w”) —nwu F* + WE". (37)
Taking two covariant derivatives of equation (3.1) and using the concavity
of F', we have

FA(wi) > 5;V3 (™).
Also by the concavity of F,
F'wy < F[V?h + hI] = ep(z).
We thus obtain
LW) =Y Vi(e™)) —nep + W > F¥
> —Cae® +W > F", (3.8)

where we assume o > 1. We claim that there exists 8 > 0 such that

i < g9\
Y F > 952 (3.9)

Indeed, denote h(A) = [A;---Ap]/™ and h(k) = [h(x)]~!, where r; = 1/A;,
i=1,---,n. By definition,
9O = )+ (1= h() = =+ 7
f(r) ~ h(r)
We have
In ) =t f (8)8F + (1= t)h ™2 B, (R)RT.
Note that F" = g,,. Hence (3.9) holds if

D ikl = O (x),
Zhi(/ﬂ)/ﬂ? > Okph(k).

The first inequality holds as the curvature is given by (2.2) or (1.2). The
second one holds with @ = 1/n as h(x) = [k - - - k,]'/™. Hence (3.9) holds.
From (3.9) it follows that

L(W) > —Cae” + C, %e“. (3.10)

n
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Now let us suppose that W attains its maximum at some point zg. Then
L(W) <0 at xy. Hence we have :\\—jl < Ca at zg, i.e.,

Ay > A1

> o (3.11)

Noting that ¢ is homogeneous of degree 1, we have, at any point on S™,
Ap = ‘(A]()\n7 RN ,)\n)/g(l, e 1) < Cg()\l’ RN 7)‘n) = Cype®nt1,

Hence at zp we have \; < Cae®. We obtain sup > w;; < Cae® on S™. It
follows that
A < Cae® on S™. (3.12)

Noting also that at any point in S7

€0’

CG(I_EO)Q < g()\) < g()‘lv e 7)‘1) - )\1@(1, B 1)7

we have
A1 > Cell—=0)e, (3.13)
On Sg), we have the eigenvalues A\; > --- > A, and the corresponding
principal curvatures k1 = )\1_1 < <Ry = A, L In order to prove \, is

large, we only need to prove ki, is small on MZ = {p e MT: G(p) € SI},
where G is the Gauss mapping.
From (3.12), for any point py € ./\/l;fo, we have \; < Cae®, hence

C
K1 > e=: —e ¢ (3.14)
o

If k, is not sufficient small at pg, we may assume for simplicity that k, =1
at pp. Hence by (3.4) and the estimate (3.14),

g(g’ e 757 1) S g(’%la e 7’%71—17 HTL) — (pe_al'yn-‘rl' S Ce_a(l_EO)' (315)

We have
ey | ATt t 17 fwed"(w)
g(k1, s Kn) = [J}z/n(/@) + f(“)] - (1—t)f(x) —I—ta}z/”(/@).

Hence by (3.15),

f(r)oy/" (k) < Cem 00 [(1 = 1) f(r) + to,,/" ()]

n
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If the curvature function f is given by (2.2), we obtain

n—1 k— kE—1 n—1

" e T < Ceqe®™ (1=t F +ten |,

or equivalently
C < ae*™|(1- tet/m 4 tsl/k].

C

Since g9 = % and € = Ze @

, we obtain
C < ae™ /%",

This is a contradiction when « is sufficiently large.
If the curvature function f is given by (1.2),then we have

n—1

en < Ceae™[(1—1t)+ tenT_l],

or equivalently
C < ae®[(1- tet/m 4+ te].

We also reach a contradiction if « is sufficiently large. |

For the curvatures given in (2.2) and (1.2), one has Y F% > C' > 0 and
the estimate (3.12) follows from (3.8). Our proof of (3.12) applies to other
curvature functions.

Proof of Lemma 3.1. By Lemma 3.2, if « is sufficiently large, so is the the
least eigenvalue of the matrix {V2h + hI} on the set S%, where g = 7.
Namely all of the principal radii of M™ are large, and so the principal
curvatures of M™ are small. It follows that the inscribed ball Bg(zg) of €,
where Q is the projection of M™ on {x,4+1 = 0}, is large.

On the other hand, consider the part M ™, which is a graph of a convex
function wuy defined on , and satisfies equation (3.5). Let us consider the

equation

{gm) = in Bpa(xo),

3.16

u = max{ug(z) : ¥ € Brja(x0)}  on JdBg/a(x0), (3.16)
where ¢ > 0 is a constant, and g is as in (3.4). Obviously (3.16) has unique
solution us which is rotationally symmetric (with center at z). Hence the
graph of ugs is a piece of sphere. Let Jy be the largest constant such that
(3.16) admits a solution. Then the graph of us, is a hemisphere. Obviously
0o — 0 as R — oo.
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By equation (3.5), the function wg satisfies g(k) > inft¢) > 0. Let R be
sufficiently large such that dp < inf+. By the boundary condition in (3.16),
we have us, > ug on dBg/s(w0) and there is a point yo € dBpr/2(w0) such
that us,(yo) = uo(yo). By the comparison principle, we have us, > wug. It
follows that 0yuo(yo) > 0 us,(yo) = oo, where v is the unit outer normal.
We reach a contradiction. O

We sketch our second proof of Lemma 3.1. Let us first consider the
k-curvature (1.1). Let M™*, M~ and Q be as before. Let

E={zcR": Z(mi/ai)2 =1} (3.17)

be the minimum ellipsoid of Q with 0 < a; < --- < a,. Then we have, when
choosing the origin properly, %E C Q C E. Let M’ be the projection of

M on the subspace {11 =--- =z, = 0}. Then we have
F(E (M) < f(w(MT)) (3.18)
where ' = (K1, -+, k) are the principal curvatures of M’. Since f(x') =

)
o (k') is the Gauss curvature of M’, if the linear function a is given by (3.3)
for some sufficiently large o > 0, we have

ai---ap >> 1. (3.19)

Namely a;, ---a;, >>1forany 1 <3 <--- < < n.

Next we consider the piece M ~, which satisfies equation (3.5) with a > 0.
Let M~ be the graph of a convex function ug. For any 1 < i1 < --- < i <
n, let K;..;, denote the Gauss curvature of the restriction of M™ on the

subspace determined by the {x;,,- -, z;, }-axes. Then
> Kipedy = ok(K) > . (3.20)
11 < <lg
Hence there exists an index set {1 < i3 < -+ < 4 < n} such

that k.., > infe/Chp on a set G C %E with Lebesgue measure
|G| > |E|/(n"Cy k), where Cpjp = k,(nnilk),
erality in assuming that {iy,---,ix} = {1,---,k}. Then there exists a
point y = (0,---,0,Yk41, " ,Yn) € %E such that the Gauss curvature
of M' = M~ N P is larger than inf¢/Cy, ) on a set G' C QN P with
Lebesgue measure |G| > dpay - - -ax for some §y > 0, where P is the hy-
perplane {Zx+1 = Yk+1, "+, Tn = Yn}. Let M’ be the graph of a convex

There is no loss of gen-
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function v'. Then

det Di/u’
(1 4 ‘Dul‘Z)(k‘—l—Z)/Z

>infe/Chr in G,

where ' = (z1,-- -, x). Taking integration we find that |G’| < C, which is
in contradiction with (3.19).
For the curvature (1.2), we have

%[01(/@)]2 <KLty < o (R))?.

As we need to prove (3.2) uniformly for any ¢ € [0, 1], we need to replace the
operator in (2.4) by

E[V2h + hI] = (1 — t)h(A) + tf (N, (3.21)

where h()\) = 1/01(k). For the operator in (3.21), the argument in §2 is still
valid.

We remark that for the estimate (3.2), both proofs above may be ex-
tended to other Weingarten curvatures. But whether (3.2) holds for any
curvature satisfying [F1]-[F4] is still unknown.

4. Verification of condition (A).

Lemma 4.1. For any smooth, positive function @ on S™, there erists a
unique vector y € R™1 such that

/ zip(x)e?der =0 YVi=1,--- ,n+1. (4.1)

Lemma 4.1 follows from Theorem A in [5]. It can also be proved directly
as follows.

Proof. Let Ty : R"*1 — B1(0) be a mapping such that Tp(0) = 0 and V z # 0,

2
To(z) = =L arctg|x|.

||

Next we define a mapping 7} : R**! — R"*! such that V y € R**1,

Ti) = (@) &) &)= [ wip(@)er.
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Then there exists a constant B > 0 such that
(v, Ti(y)) >0 if [y > R, (4.2)

where (x,y) = z -y is the inner product. We modify T} by letting 71 (y) =
T (y) if |y| < R and

Ty(y) = %m(m + (1= O)Ti(y)

if |[y| > R, where t = 2arctg(|y| — R). Then we have

T1(y)

—= —e if \y\ﬁooandi—wa (4.3)
T2 (y)] ]

for any unit vector e € S™.

Denote T' = Ty Ty - To_l. Then T is a mapping from B; to B;. By
(4.3) we can extend T to S™ = 0B continuously such that 7" is the identity
mapping on S™. Hence we must have T'(B;) = By and so there is a point y
such that T'(y) = 0, namely 71 (y) = 0. By (4.2), T1(z) # 0 if |z| > R. Hence
ly| < R and so (4.1) holds at y.

For the uniqueness, we compute the Jacobi matrix

0y &i(y) = /S zizip(x)ed ™. (4.4)
The Jacobi matrix is symmetric. We claim it is positive definite. Indeed, let
A = {ai;} be an orthogonal matrix such that A{9,,&;(y)}A’ is diagonal at a
given point y. Denote y = Ay and

@) = | Fip(AF) V7.
Sn
Then
O.5@) = { [ 7304 T)e7)
= {/S TiTjp(x)e’™} = A{0y,&;(y) A’

Hence it is positively definite. If yo and y; are two points such that &;(yp) =
&G(yr))=0fori=1,--- ,n+1,let yy = (1 —t)yo + ty1. Then

1
E() — E(o) = /0 (00,65 (u0) 1t (31 — o) £ 0.
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We reach a contradiction. O

We will first show that there exists a family of continuous, positive func-
tions {¢; : t € [0, 1]} verifying Condition (A).
Let ¢ be a function on R!, given by

() = t if t>0,
=30 if t<0.

For any z € R**! denote

ho(x) = g(z - ). (4.5)

Let ¢ be a smooth positive function on the unit sphere S™ such that
@~ 1/¥ is convex. Denote 1) = =% and 1), = ¢ + h,. Then 1), is convex.
Denote ¢, = 1#;’“ and

&i(z) = /n rip (x)dr i=1,---,n+1. (4.6)

Lemma 4.2. There exists a unique z € B1(0) such that §(z) =0V i =
1, ,n+l.

Proof. First we prove the existence. Let Ty be the mapping given in the
proof of Lemma 4.1. We define a mapping 77 : R"*! — R+ such that for
any z € R"* y = Ty(z) is the unique point such that Jon Tipo(x)e?® =0
foralli=1,--- ,n+1. Denote T'=Ty- 1T} -To_l. Then T is a mapping from
By to Bj.

We claim that T" can be extended continuously to dBj such that it is
the identity mapping on 0By, from which the existence part of Lemma 4.2
follows. Indeed, let zy € 0B; be a boundary point. Choosing a proper
coordinate system we may suppose that zp = (1,0,---,0). Let {zx} be
a sequence in Bj converging to zp, and denote Zp = To_l(zk) and y* =
(y¥, -+ yk, ) = T1(%). Then at any point x in the hemisphere S™ N {z; >
0}, ¢z, (z) — oo and ¢z, (z) — 0 as k — oo. On the other hand, for any
d > 0, there is a kg > 1 such that ¢;, () > infgn ¢ on S" N {x; < =6} for
all k > ko. It follows that |y¥| < C for any i = 2,--- ,n+ 1 and k > ko, and
y¥ — 0o as k — oo. Hence T(z) — (1,0,---,0).

Next we prove the uniqueness. Suppose to the contrary that there exist
29 # z1 such that &(z9) = &(z1) =0 for alli =1,--- ,n+ 1. If the origin
lies on the line segment zpz1, namely if z; = azy for some constant «, we
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may suppose by choosing a proper coordinate system that z; = (a;,0,---,0)
with ag < a;. Denote z; = tz; + (1 — t)z9. Then

d 1., d ke
%fl(zt) = —k /5’" x1¢ztk ! (%h%) = _k/S x%¢ztk 17

n
2t

where ST = {x € S™: -2z > 0}. Hence & (z;) is strictly decreasing in t,
which is in contradiction with &;(z0) = &1(21) = 0.

If the origin is not on the line segment zyz;, then as in the proof of
Lemma 1, the Jacobi matrix

0.6() =~k [ w20, (4.7)

Sz

is symmetric and negative definitive, and

1
€)= o) = [ (0.8}t (21— 20) 20
We also reach a contradiction. O

Lemma 4.3. Let ¢ be a function as in Theorem 1.2. Then there exists a
family of continuous positive functions verifying condition (A).

Proof. Denote %(z) = |z| and ¥!(z) = (1 — t)y°(x) + t1(z). Denote 1! =
Yt + h, and ¢! = (PL)7F. Let

) = [ mpl@)s il

By Lemma 4.2, for any ¢ € (0, 1), there is a unique z; such that & (z) =0
foralli=1,---,n4 1. The uniqueness in Lemma 4.2 also implies that z; is
continuous in ¢. This is because if there are two sequences ¢, — to € [0, 1]
and f;, — tg, then by the uniqueness, both 2y, and Z; converge to the
same limit. Denote ¢ = ¢% . Then {¢;} is a family of continuous positive
functions verifying condition (A). O

Verification of Condition (A). In Lemma 4.3 we have proved the existence
of continuous ¢; such that ¢, /¥ is convex and (1.10) holds. To prove the ex-
istence of smooth ¢, satisfying these conditions, we need some modifications
of the definition of the function h, in (4.5).
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Let {g¢(x1) : 1 € [-1,1],¢ > 0} be a family of smooth, nonnegative
functions satisfying the following conditions:
(i) go = 0, g is increasing in ¢, and ¢g; = &, + tz; when z; > 0, where
g; < min(t?, ¢*) for some sufficiently small £* > 0.
(ii) g; is increasing in x1, and is convex in the sense that §;(z) = g¢(x1) is
convex as a function on S™. Note that the convexity of g; is equivalent to
that %gt(cos 0) + g > 0.
(iii) %gt(:):l) < &* when z; <0.

Denote
z

h.(z) = 9|z|(m - T). (4.8)

The function h, in (4.8) is a small perturbation of that in (4.5). Indeed, if
gr = 0, then (4.5) and (4.8) are the same. Note that the smoothness of g;
implies that ¢, > 0 if ¢ > 0.

Define v, and ¢, as in Lemma 4.2. With h, given in (4.8), the existence
part in Lemma 4.2 can be proved in the same way. By assumptions (i)-(iii),
the uniqueness part in the proof of Lemma 4.2 is also valid. Hence from

the proof of Lemma 4.3, we obtain a family of smooth ¢; which verifies
Condition (A). O
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