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1. Introduction.

The use of non-linear parabolic equations (the heat flow method) to find
solutions of corresponding elliptic equations goes back to Eells-Sampson in
1964. In their seminal paper [ES], Eells and Sampson introduced the heat
flow for harmonic maps to establish the existence of smooth harmonic maps
from a compact Riemmanian manifold into a Riemmanian manifold having
non-positive section curvature. In general, the heat flow for harmonic maps
even on two dimensional manifolds may develop singularity at finite time (cf.
[CDY]). Struwe [St1] established the existence of the unique global weak
solution, which is smooth with exception of at most finitely many points, to
the heat flow for harmonic maps in two dimensions. The harmonic map flow
in two dimensions is very similar to the Yang-Mills flow in four dimensions.
It is desirable to have a similar picture for Yang-Mills flow.

In this paper, we consider the Yang-Mills flow in a vector bundle over
four dimensional manifolds. Let X be a compact 4-dimensional Riemannian
manifold and let ¥ — X be a vector bundle with a compact Lie group G.
Let A be a connection on E. The Yang-Mills functional is

YM(A) = / |Fal?dvx,
X

where Fy =d A+ AN A is the curvature of A in F.
A connection A is said to be a solution to the Yang-Mills (heat) flow if
it satisfies the following equation:

9A
57 = —DiFa. (1.1)

The study of the Yang-Mills flow (1.1) has been of great interests. Don-
aldson [D] first introduced the Yang-Mills flow to study the existence of
Hermitian Yang-Mills metrics of holomorphic vector bundles and proved the
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global existence of the regular solution to the Yang-Mills flow over a Her-
mitian holomorphic vector bundle on a Kéhler surface X assuming that the
initial unitary connection Ay has curvature Fu, of type (1,1). Rade [R] es-
tablished the global existence of the Yang-Mills flow in a vector bundle on
three dimension compact Riemannian manifolds. Struwe [St3] (also [Scl])
proved the global existence of the unique weak solution to the Yang-Mills
flow in vector bundles on four dimension manifolds, where the weak solution
is regular always from finite singularities. It remains a challenging question
whether the Yang-Mills flow in four dimensional manifolds develop singu-
larity at finite time. Schlatter, Struwe and Tahvildar-Zadeh [SST] proved
the global existence of the SO(4)-equivariant Yang-Mills flow on R*, which
provides some evidences that the Yang-Mills flow in four dimensions may
not blow up in finite time. In this paper, we will prove the global existence
of the m-equivariant Yang-Mills flow on R* (see Theorem 4.1).

The motivation of this paper is based on the fundamental relationship
between m-equivariant gauge fields on S* and monopoles on the hyperbolic
3-space H?, described by Atiyah [A]. To study the m-equivariant connections
on S, the Yang-Mills functional over S* can be reduced to the Yang-Mills-
Higgs functional in hyperbolic 3-space H?. Using m-equivariant connections
over S%, L.M. Sibner, R. J. Sibner and K. Uhlenbeck [SSU] proved the ex-
istence of non-self dual Yang-Mills connections over S%. Braam [B] studied
the magnetic monopoles on complete three manifolds. Based on these ideas,
we also reduce the Yang-Mills flow to the Yang-Mills-Higgs flows in the H?.

In this paper, we investigate the Yang-Mills flow in a vector bundle over
three dimensional complete manifolds, which include hyperbolic 3-space H?.

Now, let (M, g) be a complete 3-dimensional Riemannian manifold with
curvature bounded by K > 0 and we assume that

inf |By(z)| > 0,
xeM

where |Bj(x)| stands for the volume of the unit geodesic ball B;(x) with
respect to g. Let E — M be a vector bundle with a compact Lie group G.
In the sequel we take G to be SU(2) or SO(3) for simplicity. Let A be a
connection on E and let ® be a Higgs field, i.e. a section of Q°(adE). The
Yang-Mills Higgs functional is

YMH(A, ®) = / |Fa|? + | DA®|*dvyy,
M

where F4 is the curvature of A, D, denotes the covariant derivative on
sections associate to A and dvys denotes the volume form of M.
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A solution of the Yang-Mills-Higgs flow consists of a connection A and a
section @ satisfying

0A

o DNF4— J;
ot AA T
(1.2)
0P
— =—D%Dy®
ot AZAT
where
J = J(Dy,®) = —[Da®, ®].
Initial conditions for the flow (1.2) are given by
A(z,0) = Ap(x), P(z,0) = Po(x) forx e M, (1.3)

where Ag and ®( are a given connection and a section respectively.

The study of the Yang-Mills-Higgs flow on a complete manifold is of inde-
pendent interests, as the study of the harmonic map flow from on complete
manifolds (cf. [LT]). Not much is known for the Yang-Mills-Higgs flow (1.2)
in a general noncompact 3-manifold M. Only in the case of M = R3, Hassell
in [Ha] proved the global existence of the Yang-Mills-Higgs flow assuming
that the initial values are sufficiently small.

In this paper, we first establish the global existence of the Yang-Mills-
Higgs flow (1.2) over a complete three-manifold (see Theorem 3.7). To prove
the local existence for (1.2), we use a trick of De Turck [De]. We consider the
gauge equivalent heat flow corresponding to (1.2) through gauge transforma-
tions. We also improve the idea of Struwe [St3] to deal with the initial value
(Ag, ®g) € H'? by considering a background connection B and section ¥,
which are solutions of linear parabolic equations (see (2.3) and (2.9)). We
would like to point out that the Weizenbock formula plays an important
role. To prove the global existence of (1.2), we use a covering argument
to obtain a global estimate (see Lemma 3.5), which is used to extend the
smooth solution of (1.2) to any finite time without any singularity. Finally,
we apply these results to M = H? and obtain the global existence of smooth
solutions to the m-equivariant Yang-Mills flow on R?* (see Theorem 4.1).
Our proof also yields non-self dual Yang-Mills connections on S* by the heat
flow method (see Theorem 4.2). The existence of such connections were
previously constructed in [SSU] by the elliptic method.

The paper is organized as follows. In section 2, we prove the local exis-
tence of the Yang-Mills-Higgs flow (1.2) in complete three dimensional man-
ifolds. In section 3, we establish the global existence of the Yang-Mills-Higgs
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flow (1.2) in complete three dimensional manifolds. In section 4, we prove
the global existence of smooth solutions to the m-Yang-Mills flow over R%.

Acknowledgment. Most of the work was carried out when the first author
was an ARC fellow at the Australian National University. Partial work was
also done when the first author visited the MIT in May 2001 and in Nov.
2002. The first author gratefully acknowledges the hospitality and support
of the MIT.

2. Local existence.

In this section, we will establish the local existence of the Yang-Mills-Higgs
flow (1.2) with initial value (1.3).

We recall from [He, Chapter 3, Theorem 3.2 and Proposition 3.7] the
following property of the Sobolev space in a complete manifold:

Let M be a smooth, complete Riemannian n-manifold with Ricci curva-
ture bounded from below. Assuming that

inf |By(z)| > 0,
xeM

where |Bj(x)| stands for the volume of Bj(z) with respect to the metric g.
Then the Sobolev embedding is true, i.e. for u € HYP(M), there exists a

constant A > 0 such that
1/p 1/p
(/ |VulP de) + (/ |u|P de) ,
M M

1/q
( / |ul? dv M) <A
M
for all p < ¢ < 2.

Moreover, let {DM , g) be a smooth, complete Riemannian n-manifold with
positive injective radius, and we assume that the set of smooth functions with
compact support in M is dense in HP(M) for any p > 1.

The space of the connection on E is an affine space

D={A= A +a; acQ'(adBE)},

where A,y is a given smooth connection such that
‘Aref‘ <C, ‘VAref‘ <C, / ‘Fref‘2d’UM <C, / ‘VFref‘2de <C,
M M

where C'is a fixed constant.
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A connection A on F is related to a covariant derivative A4. Let ad E
be the adjoint bundle whose sections s € QY(adE) locally can be represented
by the map s € U, — g, the Lie algebra of G, where {U,} is a cover of M.

The Sobolev space of H'P(Q¥(adE)) consists of the g-valued i-forms ¢ in
the adjoint bundle adF with measure coefficients such that

1 1/p
”qb”Hl’P(Qi(E)) = <Z ”vfef¢”:l[),p(gi(E))> .
k=0

We denote by (-, ) the pointwise inner product. Since A is compatible
with the metric, for any ¢, € Q'(adE) we have

d <¢7 ¢> = <VA¢7 ¢> + <¢7 VA'¢> :

It implies the Kato inequality |d|¢|| < |[Va¢|. Then for any ¢ € H'P(QY),

we have
1/q 1/p 1/p
(fore) <[ warae) " (o)
M M M

forp<g< %.
From now on, let n = 3.

We recall a covering result for a complete manifold (cf. [He, Chapter 1,
Lemma 1.1] in the following:

Lemma 2.1. Let (M, g) be a smooth, complete Riemannian 3-manifold with
curvature bounded by some constant K > 0, and let p > 0 be given. There
exists a set {z;} of points in M such that for any r > p,

(i) the family {By(z;)} is a uniformly locally finite covering of M, with
the property that at any point x € M at most N of the balls B, (x;) meet
where N < (8771)36_4@71.

(i) for any i # j, Bya(xi) N Bya(x;) = 0.

In the sequel, we also assume that the Riemannian curvature Rm of M
is bounded, i.e., |Rm| < K for some positive constant K.

For each connection D4, we have the Hodge Laplacian Ay = D% Dy +
D 4 D% and another crude Laplacian V%V 4 on Qi(adFE). We recall the well-
known Weizenbock formula (cf. [La]) as follows: for any ¢ € Qi(adFE), we
have

VaVag = Aad + Fa#é + Rm#o, (2.1)
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where we do not need the explicit formula of the two terms F#¢ and Rm#¢,
which are multi-linear combination of smooth coefficients satisfying

[F#¢l < ClF[|¢],  [Rm#¢| < C[Rml[g]

for some constant C' > 0.
As a consequence of the Weizenbock formula (2.1), the same proof as in
[St3] yields the following:

Lemma 2.2. Let Dy = Dyep+ A, where A € CH(QY(adE)) and || Al o1y <
K for some positive constant Ky. There exist constants C1 = C1(n) and
Co = Oy(K, K1) such that for any ¢ € H*?(Q(adE)),

191177220 (aamyy < C1l Da Dl 720 (aamyy) + CollON 720 (adi))-

For any T' > 0, we consider the space
Vr = Vp (Q'(adE)) = L* ([0, T]; H**(Q'(adE))NH"? ([0, T]; L* (Q'(adE)))

and employ the standard notation of LP-L%-norm,

1/q
(omaguroriassn = (| 10150ucaamy )

for 1 < p, ¢ < oo. Moreover, we denote by the norm of the space Vp

161, = 156120000z + 11320120ty
As in [St3], Vr is continuously embedded in
L= ([0,T]; H* (Q(ad E)))
and as pointed in [St3], with

sup (|60 )1 F (i aary) < 19O 20 mary + 21017, (2:2)
0<t<T

Moreover, as in [St3], we have

Lemma 2.3. Let Dy = D+ A, A € CH(QY(adE)) with ||Allcr(ay < Ki
for some K1 > 0. Then there exist a constant C3 = C3(K, K1), depending
on K and K1, and a finite number T1 = T1(||Allc1(ary, E) > 0, depending on
| Allct(ary, such that for any ¢ € Vr

613, < Cs H( +AA)¢”L22([OT] i(adr)) + 1P 1201 (adi))
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Let us assume that in (1.3), A9 and @ are smooth, 4y € H2(Q!(adF))
and ®y €¢ H%?(Q%adF)) is bounded. By the density result of the Sobolev
space, there exists a connection A;, which has compact support in M, such
that || A1 — Aol| g1.2(01 (adr)) 1s sufficiently small.

In order to prove the local existence of the heat flow (1.2) with (1.3), we
consider the following initial value problem:

0B .
E:_AA1B7 IDMX(0,00)
B(0) = By, in M, (2.3)

where By = Ag — A; with Dy, = Dyey + Aj.
Then we have

Lemma 2.4. Let D1 = D,.; + A1 be a smooth connection satisfying above
conditions and assume that By is smooth and also in H2. Then the initial
problem (2.3) has a unique, global solution B(x,t) where B(z,t) is smooth
in M x (0,00), B(x,t) € L*([0,T], H**(adE)) N C°([0,T]; HY*(adE)) N
HY2([0,T); L*(adE)) for any T < oo. Moreover, there exits a constant C(T)
such that for any t € [0,T]

B ) 201 (aar)) < CDBoll 1201 (adE))- (2.4)

Proof. Let us first consider the problem (2.3) in M x [0, T'] with initial B(0) =
By, where By is smooth, |B(0)| and |VBy| are bounded by some positive
constant. By the Weizenbock formula (2.1), we obtain

A B =V%Va,B+Rm#B+ Fp,#B+ Ai#VB
= V*VB + f(A1, VA, B,VB),

where the term f(A;, VA1, B,VB) := Rm#B + VA1 #B + A1#VB +
A1#A1# B is multi-linear. Due to the assumption on A; and the curva-
ture Rm, we have

|f(A1,VA1, B,VB)| < C(|B|+ |VB|).

Let H(z,y,t) be the heat kernel of M as in [LT]|. Through the heat kernel,
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equation (2.3) becomes

Bla,t) = — /Ot /M H(z,y,t—5) [AM _ %] Bly, s) dvas(y)ds

_— / t / H(z,y,t — 5)f(Ar, VAL, B,VB)(y, ) dvai(y)ds,
0 M

where Ajs is the Laplacian-Beltrami operator on M. A similar iteration
argument to one in [LT, Theorem 3.3] yields the local existence of the unique
smooth solution B of the problem (2.3) with initial value By.

Now, we prove the global existence of the unique solution to equation
(2.3) with B(0) = By. Let T' > 0 be the maximum time such that B is a
smooth solution to equation (2.3) in M x [0, 7T) with initial value B(0) = By.

Let ¢ € C5°(Bagr) be a cut-off function with 0 < ¢ < 1, |d¢| < CR™1,
and ¢ = 1 in Br. Using the Weizenbock formula (2.1), we have

d B

—/ ¢2\B\2de_2/ P> 8—,B de_—Q/ $* (A, B, B) duyy

__2/ ¢* (V% Va,B,B) de+/ ¢* (Rm# B + Fa, #B, B) dvy
M M

3—2/ qbQ\VAlB\deM—I—/ <VA1B,¢dq§B>de+C/ |6?| B|? dvay.
M M M

for any ¢ < T. This implies that for any ¢ < T,

t
/ \B(t)Pdeg/ \B0\2de—// |V 4, B|?dvyy dr
Br Baor 0 JBgr
t
+c// |B(7)|2 dvas dr-
0 JBsgr

By Lemma 2.1, for any 2R € (0, Ro), there exists a cover { Br(x;)}32; of
M with the property that at any point © € M at most N of the balls Bag(z;)
meet where Ry > 0 is sufficiently small and N is a constant depending on
K. By a covering argument, we have

t
/\B(t)\2de§C/ \BOPde—// |V 4, B|*dvyy dr
M M 0 JM

t
+cl// |B(r)[2 dvas dr-
0 JM

By Gronwall’s inequality, we obtain

/ | B2 dvyy gceclt/ | Bo|? dvps (2.5)
M M
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for all t < T. Let ¢ be again the above cut-off function in Bsg. Then we
apply the Weizenbock formula (2.1) again to obtain

d OB

—/ ¢2\VA1B\2de—2/ $* (Va,—,Va,B) doy

dt Jus M ot

__2/ ¢? (A4, B, V%, Va,B) de—/ ¢ (A, B,V ¢V 4, B) dup
M M

__2/ qbQ\V:ZlVAlB\deM—I—/ (Rm#B + Fa,#B,V% Va,B) dvy
M M

— / ¢ (V% Va,B+ Rm#B + Fa,#B,V¢Va,B) duy

M

g—/ V¥, Va,B|* dvy + C |B]? dvys + C |V 4, B|? dvyy.
Br

Bar Bar

Integrating (2.6) from [0, ¢] with ¢ < T', one obtains from (2.5) that

t
/ \VAIB(t)\deMg/ \VA1B0\2de+C// (1B + |V 4, B2 dva,
BR BQR 0 B2R

(2.6)
for t < T. By a covering argument, we have

t
/ \VAIB(t)\deMgC/ \VAIBO\deM+C/ / (B2 + |V 4, B2) dvas.
M M 0 M

(2.7)
Combining (2.5) with (2.7), we apply Gronwall’s inequality again to obtain

IB(t)|[ 112 < CllBoll g2, (2.8)

for any t < T. By Lemma 2.3, there exists a constant uniform constant C
such that for any ¢t < T,

|Bllvi < CllBollg129t (adE)):

so the solution of B can be extended to in the space Vr and B is smooth
of (2.3) at t = T. By the local existence at ¢t = T', there exists a solution of
(2.3) in M x [T, T+ ¢). This implies that T' = +o0.

Since By € H'2, there exists a smooth sequence B(()m

)

with compact

support in M such that B(()m) converges strongly to By in H"2. By the above
result, there exists a global unique smooth solution B(™) of the problem (2.3)
)

with initial values B(()m
constant Cy such that

. By Lemma 2.3, there exists a uniform 77 > 0 and

1B vz, < Coll B™ 12031 (aiy
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Letting m — oo, there exists a local solution B of (2.3) in the space Vi, for
some Ty > 0 with B(0) = By in H%2.

This yields the global existence of the unique solution to (2.3) in Vr for
any finite time 7" > 0, i.e.

BeC’([0,T); HY*(Q' (ad E))) N L* ([0,T); H**(Q' (ad E))),

which are smooth for ¢ > 0 since By is smooth. (2.4) follows (2.2). This
proves our claim. O

Let ¥ be a section in Q°(adE) such that

ov
— 4+ AV =0 2.9
ot o (2.9)
with initial value ¥(0) = ®¢. For all T > 0, the similar proof as in Lemma 3
yields the global existence of a solution ¥ € Vr of equation (2.9) in M x [0, T
with initial value ¥(0) = ®y. Using (2.9), we easily obtain
ov

%\\m? +d*d| U =2 <E + A0, \11> —2|Dy¥|? < 0.

Then we apply the maximum principle to obtain
sup [ ()| < sup [W(0)] = sup [ ).
M M M

Let B be solutions to (2.3) with initial value By = Ag — A; and let ¥ be
a solution to (2.9) with initial value ®y. Following De Turck [De], we make
the trick
Di=Di+B+a,®=U+o,

where Dy = D,y + A and A; is a smooth connection with compact support
in M in (2.3) so that || Ay — Aol| g1.2(1 (adpy) 18 sufficiently small.

Let us consider a gauge equivalent flow for Yang-Mills-Higgs equations
as in [D]:

0A _0(B+a) ., .

S = S = —DiFa+J + Da(~Dja), (2.10)
oo I(V +v)
— = = _D* ) A1
5 5 D3 Da® + [D}a, D] (2.11)

with initial conditions

Then we have
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Theorem 2.5. Let M be a complete noncompact Riemannian 3-manifold
with curvature bounded by K > 0 and let E — M be a vector bun-
dle with compact Lie group G. Assume that the initial connection Ag €
HY2(QY(adE)) is smooth and the section ®q € H'*(Q%(adE)) is smooth
and bounded in M. Then there exists Ty > 0 such that the Cauchy problem
(2.10)-(2.11) has a unique reqular solution on M x [0, Tp).

Proof. Let B = A; + B, where B is the solution of (2.3). Note
Fao = Fz+ Daa+ a#a.

Then
D% Fq = D3Daa+ D*BFE + a#Fy + D (a#a).

We compute

Aga = AN1a—x(B+a)x(Dia+ (B+a)Aa)+ Di[(B+C)Aadl
+(B+a)xDyxa+ (B+a)Aa)+ Di[x(B+ a) xal, (2.11)

where Aja = DiDya + DiDja. Similarly, we have
ApP = AP+ A1 BHO+A1PH#B+A1aH#P+BHBHP+ BHaH#HP+aHa#D.

By the above notations, equations (2.10)-(2.11) are equivalent to the follow-
ing System:

a—a =
{ g£+A1a fi+ fa (2.12)
ot tO1v =91+ 92
with initial values a(0) = 0 and v(0) = 0, where
OB .
fi:= " DiFp + B#Fg + Dy U#U + B#U#U,

g1 := A\ B#Y + D1 U#B + B#B#V,

fa(a, v, Ara, Viv) := Fa#a + B#Ara + Ay B#a + B# B#ta
+ Aqa#ta + B#Ha#Ha + a#a#a + Ao#Y + A UHv
+ AvH#v + a#EVHY + aH#ov#V + B#VHv + aHv#v,

and

g2(a,v, Ara, V1v) := Ay B#v + D1v# B + Dia#v + B#B#v
+ B#a#(V 4+ v) + a#a# (v + V) + D1 #a#(V + v) + B#a#(V +v).
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Using Lemma 2.3 with the fact that a(0) = 0 and v(0) = 0, it follows from
(2.2) that
oa
lall oo o, r1; 11202 (aa ) = 2llallve < Cligy + Daallpz2 o rp01(aamy), (2:13)
ov
1l oo o, 1: 1200 (aa ) = 2MVllvee < Cligy + Bavllp22 (o 100(am)), (2:14)

for all T with 0 < T < T, where T7 is fixed in Lemma 2.3 depending on
[Axllco)-

Note that ||By| g2 is sufficiently small. Thus, letting 77 > 0 small
enough, we apply Lemma 2.3 to obtain that || B||g12 is sufficiently small.

Now we will find a small T' to obtain a-priori bounds of solution (a,v) €
VT X VT.

Firstly we estimate terms in fo and gs. By the Sobolev inequality, we
have

| F'g#tall 220,001y < CllF gl grzllall poe (1.2
< C(T\|Fpyllgrz + 1Bl L2 (az2y)llallvy < ellallvy

for T' < Ts, where T5 is a very small constant depending only on D; and
”BOHHLQ and e.

Note that |¥| is bounded by some constant C. Therefore for a sufficiently
small To > 0, we apply Sobolev’s inequality to obtain

la#W# Y| 22 < Cllallpecal| ¥ L2(m12) < CT (Yol 12 < ellallvy

where we use the fact a(0) =0 if T < Th.
By a similar argument as in [St3], there exists a very small 75 depending
only g, D1 and ”AOHHLQ

Ifallez2 < e(llallve + llollve)  llg2llzzz < e(llallvy + llvllve),

if ||allv, < e and ||v]v, <e.
We can select a sufficiently small 73 = T3(¢) > 0 depending on T and
| Bol| gr1.2 such that for all T' < Tj,

(3
£l 2220, 7300y + I fill 22210, 73008) < 55

Therefore, we have

da
— + A
0 + Aqa

Mm<0'

< Cllfalzze + Ce (lallve + vl
L2
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dv
— + A < Cllg1llz22 + Ce (llallvy + llvllvy) -

dt 2.2

For a small T' < Ty = min{T},T», T3} and a sufficiently small ¢ with
Ce < 1/2, we obtain a-priori estimate of a and v in Vr.
Let

lollvy < 01

Ul = {(a,v) € Vp x Vr | llallvy + [[ollvy < e} (2.15)
Given any (a,v) € UZ, there is a unique weak solution (b, w) to the
equations

8

B pb o = fi+ fala,v, Ara, Viv),
ot + Alw =01 + 92(a7 v, Alaa Dl’l)),

with initial values b(0) = 0 and w(0) = 0. Write (b,w) = L(a,v). Then
(2.13), (2.14), and (2.15) give us that

1bllve + lwllve = 1L(a, v)[lvyxvy < e

Thus L: U — UT.
Moreover, there exists a number 6 with 0 < 6 < 1 such that for two

1L(a, v) = L(d, 2) [vpxvy < Oll(a = ds v = 2) vy

Using the contraction mapping theorem on Ul C Vi x Vi, there exists a
unique weak solution (a,v) € Vp x V of (2.12). By the general theory of
quasi-linear parabolic equations, the solution (a, v) is smooth for ¢ > 0 since
f1 and g1 are smooth for ¢ > 0, for example, see [LSU]. O

As a consequence of Theorem 2.5, we establish the local existence of the
heat flow (1.2) with initial value (1.3):

Theorem 2.6. Let M be a complete non-compact Riemannian 3-manifold
with curvature bounded by K > 0 and let E — M be a vector bun-
dle with compact Lie group G. Assume that the initial connection Ag €
HY2(QY(adE)) and the section ®g € HY2(Q°(adE)) are smooth. Moreover,
|Do| is bounded in M. Then there exists a number Ty > 0, such that the
heat flow (1.2) with initial value (1.3) has the unique regular solution on
M x [O,To)

Proof. By Theorem 2.4, let (A, ®) be a solution to (2.10)-(2.11) in M x [0, Tp),
ie.

0A " *
E = —DAFA + J(DA7 (I)) + DA(_DAG)’
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0P
ot
with initial value A(0) = Ay and ®(0) = &g, where A = A1 + B + a, A is
chosen before (2.3) and B is a solution to the Cauchy problem (2.3).
Let S(t) be a family of gauge transformations and consider the initial
value problem for S(t):

= —D%D4® + [Da, ®]

i So(=Daa), S(0)=1. (2.16)
The initial problem (2.16) can easily be solved uniquely for small time 0 <
t < Ty. Let S(t) be a family of gauge transformations which is a smooth
solution of (2.16), i.e.
oS
S™lo— =-Dia.
T A¢
Then Dj = S™'"D4 and ® = S~ o & satisfy the heat flow (1.2), i.e.

0 )
0% o
This proves our claim. O

3. Global existence of Yang-Mills-Higgs flow in 3 manifolds.

In this section, we establish the global existence of the Yang-Mills-Higgs
flow in three dimensional manifolds M. In the sequel, we denote by (-, -) the
L?-product in E.

We easily have (cf. [Hol)

Lemma 3.1.
DaJ = DA[DA®, D] = [FA®, ®] — 2D 4D A DD, (3.1)
D4 J = [Aa®, 9], (3.2)
where J = J(Dy, ®) = —[Da®, D]
Using the heat flow (1.2), we have

dF(Da(t) dF(Da+edD/0t)| 94 .
I = e —o —DAE——DA(DAFA—I—J). (3.3)
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Then we have the following energy estimate:

Lemma 3.2. Let (A, ®) be a smooth solution to the Yang-Mills-Higgs flow
(1.2) on M x [0, T] and the solution (A, ®) is gauge-equivalent to (A, ®) with
AecVy, ® €Vy. Then forty < T, we have

ty
v a2 [ (

— YMH(Dy, ®). (3.4)

+ | D% Fa + J\2> dvyy dt

Proof. Since (A, ®) is gauge-equivalent to ( ) € Vp, it follows from (3.3)

A, D)
that
th/ \FARde_(DA ) ( DAF)

For any a € Q'(adE), we have
Do® = dd + [a, ).

Then we have
(a(®), Da®) = (a,J). (3.5)

Using the heat flow (1.2), one obtains from (3.5) that

O(D 4®)
2
th/ |D4®|? duyy (7& ,DA<I>)

0D 4 0P
o®+Dygo—,Ds®
(81& —I-AOa A)

a¢>‘2

—(D;FA+J,J)—/ | == |2 dus.
M

Therefore
1 . 0P
5/ \FA\2+\DA<I>\2de_—/ (\DAFA+J\2+\8—\2) dvpy.
M M 13

For each t; < T, the desired energy estimate follows from integrating the
above identity with respect to ¢ from 0 to t;. U

Lemma 3.3. (Mazimum Principle) Let (A, ®) be a smooth solution to (1.2)
on M x [0, T) with initial value (1.3). Then fort <T

sup [(z, )] < sup |#o()]. (3.6)
zeM
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Proof. Since (A, ®) is a smooth solution to the heat flow (1.2), we easily
obtain

0
(5 + V*V)|®]2 = —2|DA®|*> < 0.
The desired result follows from the standard maximum principle. O

In order to prove the existence of global regular solution to the heat flow
(1.2), we need a local estimate in the following:

Lemma 3.4. Let Dy = D,cf + A with the curvature Fy. Then there exists
a small Ry such that for a € QP(adE), a geodesic ball Br of radius R < Ry
with center 0, we have

Ha”%fS(BR/Q) + HVAGH%Q(BR/Q) <C(|Daalli2(p,y + | Daalliz s,)
+C(1+ R7?)||all72(py, (3.7)

for some constant C > 0.

Proof. Let ¢ € C5°(Bg) be a cut-off function with 0 < ¢ <1, |d¢| < CR™1,
and ¢ = 1 inside Br/;. Then we apply the Weintzenbdke formula (2.1) to
find

IV aalizgs,, ,) < Va(da)ll7: = (ViVa(da), da)
= [[Da(¢a) |72+ D% (¢a) |72+ (Fatda, pa)+(Rm#¢a, da) .

By Holder’s and Sobolev’s inequalities, we obtain

(Fa#tda, pa) < Ca| Bp|"®|| Fall 12, dall e
< C4R'Y?Y M H(uo, Do) (|[V a(¢a) |32 + [|6a|132) ,

where Cy is a constant depending on the Sobolev constant and E, the last
inequality comes from energy inequality Lemma 3.1. Thus

| Va(ga) ”%%BR/Q) SC(”DAGH%Q(BR)+”D;k4a”%2(BR)+(1 + R_Q)”a”%Q(BR)) ;

by choosing a sufficiently small R with R < Rg = WMDO)' U
4 5

Next lemma is a key to establish a global solutions of the heat flow.
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Lemma 3.5. Let (A, ®) be a smooth solution to (1.2) on M x [0,T) with
initial condition (1.3). Then

%FA = —Du(DyFa+J) € L* ([, T]; L* (' (adE)))
and 9%
Dar = —DaDiDa® € L* ([e, T7; L* (Q°(adE)))

for any small constant € > 0.

Proof. For simplicity, let D = Dy, F'= F4 and D® = D .
Using (1.2), we have

8J 0P 0P
D*F +.J)o +[D—,®]+ [DP, —].
Let ¢ € C5°(B2r) be a cut-off function with ¢ = 1 in Bp.
Using the equation (3.3) and Lemma 3.3, one obtains from (1.2) that

2 oF oF
_ 2 * * *
, _—<¢ (D*F+J), D (815 ))+2<¢d¢(p F+1J), 815)

[ 42 * Q * a_D _a_J % oF
_ <¢ (DF+7), 5 (D*F+J) = o4 F 815) <¢d¢(D FJ), 815)

<t LoD F )2+ / ¢2 (IF|+|D2]) (\D*F+J‘2+| | ) o

I

2dt

O (D" F4-) 2+ Hqs Ol gl (D" F 4.0

il

(3.8)
Using the heat flow (1.2), we obtain from (3.9) that

0P oD i , [0(D®) 0D i
HqﬁDE <¢ D~ ~DD D@)) <¢ [ Tk E‘I’] -DD D@)
— <¢2D*a(g¢’) D*D<I>) + 2 ( )HD*D@\ dvp

+c/ $*|D*F + J| |¢D— dvyr

§———|]¢D*D<I>HL2—|—C/ 0] \D*F—I—J\‘ —| dvy
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(qs %D Do, D*D@)w / 1611d (\D(“’)\H H@\) DD duys

g——|y¢D*D¢>|y§2+— qu— +C/¢2\D¢>\(\D*F+J\2+\D*D¢>\2) dvy
dt 4 ot Ju

+C||¢(D*F + J)|72 + Cl|¢D*D| 72 + C|||dg|(D*F + J)||72
+ C|||d¢| D*D®||2.. (3.9)

Combining (3.9) with (3.8), we find

0P ||
Hqﬁ%

a 2
—F| +
a7l
d * *
ST (l¢D*D®| 72 + [|p(D*F + J)|72)
2 * 2 * 2 0P 2
+C [ G(FI+ D8] (1D°F + J12 4+ D Do + |2 doas
M
+C||¢(D*F + J)|7. + C|6D* D3| 7
+ C|||dg|(D*F + J)||32 + C|||d| D*D®||% .. (3.10)
By Lemmas 3.1 and 3.3, we have
|D*J|* < C|D*D®|*|®|* < C|D* D).
Thus, applying Holder’s inequality, we obtain

/ ¢*(|F| +|D®|) (|D*F + J|* + |D*D®|?) dvn
M

< / (|F|+|D®|) (|D*F + J|* + |D*D®|?) dvm

Bar

1
<CYMH(®, D)"/? R'/? (/ (ID*F + J|° + |D*D®|°) de) ’

Bar

Note that D*D*F = 0. Then applying Lemma 3.4 to the above inequality,
we obtain

/ ¢*(|F| +|D®|) (|D*F + J|* + |D*D®|?) dvp

M

SCRW/ (ID(D*F + J)|2 +|D*J|2 + |DD*D&|?) dvy
Byr

- CR1/2/ (14 R™?) (|D*F + J|* + |D*D®|?) doy
Byr
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< R (|D(DF + )% + DD D %a(,,) )

+ CR2 (14 R72) (IDF + T2y + 1D DO, ) - (3:11)

Combining (3.10) with (3.11), we have

(H o)

<—— (H¢D*D<I>HL2 +[|¢(D*F + J)|132)

ol

L*(Br)

o (ID(D"F + )2 + | DD DO, )

+ 001+ B2 (ID°F + Jlla(y + 1D D22a,) - (312)

For a given 7 > 0, we can find ¢y € (0, 7] such that

. T
ID*F + Jatte) < 2070 [T ID"F 4 e <207 [ 1DE 4 1 i
0 0

P |2
|D*D®||2,(ty) < 27~ / |D*D®|)3, dt < 27—1/ / ( dvyy dt.
By Lemma 3.2, we have

T oD
/ <HD*F + T2 + IDD2s + H
; ot

+ HFHig) dt < oo.
L2

By Lemma 2.1, for any 4R € (0, Ro), there exists a cover { Br(x;)}32, of
M with the property that at any point x € M at most N of the balls Byr(z;)
meet where Ry > 0 is sufficiently small and N is a constant depending on
K.

Integrating both sides of (3.12) from ¢y to T in each ball Br(z;) and
putting all estimates in all balls Br(x;) together, we choose R to be suffi-
ciently small (e.g. R/?2CN < 1/8) to obtain

2

L2

/T <”D(D*F-|-J)H%2+HD88—(§) > dt < C(r,T).

Since 7 is arbitrarily small, together with Lemma 3.2 the last inequality
proves our claim. O
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Lemma 3.6. Let (A, ®) be a smooth solution of (1.2) on M x [0,T). Then
(A, @) extends to the space C([7,T); HY2(Q'(ad E)) x HY2(Q%(ad E))) for
any T > 0.

Proof. Let 7 > 0 be any small constant. By Lemma 3.2, we have

T
OA 1
/ /\E\dedt§§YMH(DO,<I>O),
0 M

which implies A € C°([0,T]; L?). By Lemmas 3.4 and 3.5, we apply the
second Bianchi identity D% D% F = 0 to obtain

//\ Sduvy dt

<0 [ [ (DADIEs+ D+ ID3DEs + )P + 2 dun
T M
r * 2 2 8‘42

<C |DA(D3Fa+ J)|"+| L4 9 —HE‘ dvpyp dt < C(,T).
T M

Then we have A € C°([r,T]; LY) for any g € [2, 6]. Moreover, we have

d d d
T7(DrefA) = —Fa+ 2 A#A € L*([r,T); L?)

which implies D,.fA € C°([r,T]; L?). Then we employ Lemma 3.6 to find

d d * *
dt( refA) ref(dt ) - A#DA(F + J) + DAJ € L2([7_7 T];L2)a

where we use the second Bianchi identity D% D% F4 = 0. By Lemmas 3.4-3.5,
we have

[A(t1) = A(t2) || 2 SCUIDres[A(E) — Alt2)ll| 2 + |1 Dref[A(t1) — A(t2)]l] 2
+1A(t) — A(t2) [l ),

which implies that A € C°([r, T]; H*(Q!(adE)) for any 7 > 0. Similarly,
by Lemma 3.6, ® € C°([0, T]; L?).

ODAD DA 0P ,
= —&+Dy— € L*([r,T)], L
o ot agp €T LY
since ® is bounded. Using Lemmas 3.4-3.5 again, ® € CY([r, T]; H2Q° @d F)))
for any 7 > 0. This proves our claim. O
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Theorem 3.7. Let M be a complete noncompact Riemannian 3-manifold
with curvature bounded by K > 0 and let E — M be a vector bun-
dle with compact Lie group G. Assume that the initial connection Ag €
HY2(QY(adE)) is smooth, the section &y € HY?(Q(adE)) is smooth and
bounded in M. Then for any finite time T > 0, the heat flow (1.2) with
initial value (1.3) has a regular solution on M x [0,T].

Proof. By the local existence, there exists a finite 1" < co such that the heat
flow (1.2) with initial value (1.3) has a smooth solution D4 (t) = Dy + A(t)
and ®(t) in M x [0,T). By Lemma 3.7, there exists a connection D4(T) =
Dyes + A(T) with A(T) € HY2(Q(adE)) such that

lim A(t) = A(T),  lim ®(t) = ©(T),

in H%2. Letting t; < T be sufficiently close to T. By the local existence
(Theorem 2.5) at the time ¢ = ¢;, there exists a Ty such that the heat flow
(1.2) with initial value at ¢t = ¢; has a smooth solution in M x (¢, t1 + Tp).
We know that Tp depends only on ||A(t1)| g2 and Dy. As t; is closed
to T enough, [|A(t1) — A(T)| g2 is sufficiently small. We choose Dy =
Dyer+ Ay by A(T') such that ||Ay — A(T)|| g1.2 is sufficiently small and find a
Ty depending on Dy and A(T) with ¢; + Ty > T such that the heat flow has
a smooth solution in M X [t1, 1 + Tp|. Therefore we can extend the solution
(D4, ¢) to any finite T' < co. This proves our claim. O

At the end of this section, we analyze the asymptotical behavior of solu-
tions of the Yang-Mills-Higgs flow (1.2) as ¢t — oo.

Theorem 3.8. Let (A, ®) be a smooth solution of the Yang-Mills-Higgs
flow in M x [0,00). Then there exists a suitable sequence {t;} such that
as ty — oo, (A(-,tg), ®(-,tx)) strongly converges in HY2, up to a gauge
transformation, to (Ao, Poo) which is a solution of the Yang-Mills-Higgs
equations

—DYFa=J, inM,;
(3.13)
—D4Da® =0, in M.

Proof. By the energy estimate, there exists a suitable sequence tj such that
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as ty — 09,
—(-,t — (-, tr)|?d 0.
[ 1Tt Gt doss —
Moreover, we know
/M |Fa? + 1D aq,) @1 doayr < YMH(Dy,, @), (3.14)
/ \D;FA(.,tk)\deM+/ | Aa ®2dvy < C (3.15)
M M

for some constant C' independently of k.

Let r be a positive number to be fixed in the sequel. By Lemma 2.1, there
exists a sequence {z;} of points of M such that { B, (x;)} is a uniformly locally
covering of M, with property that at any point x € M at most N of the balls
meets, where N is a finite number depending on r and B, 5(z;)NB, jo(;) = 0
for any @ # j.

Note D4 F4 = 0. Using Lemma 3.4, we obtain

|DYFa)? + C(1 +r_2)/ | Fa|? duay,

/ ‘VAFAPd’UMSC
B2 (xs) Br(z;)

Br(ﬂfi)

for r < Ry. By a covering argument, it follows from (3.14)-(3.15) that

/ ‘VAFA‘Q(',tk) d’UM—l—/ ‘Vi‘I’P(',tk) doy < C.
M M
By Holder’s inequality, we have

/ ‘FA(tk)‘3/2 d’UM < CT3/4YMH(DAO, (1)0)3/4 = &9,
Br(x;

choosing r < (%1)4/3YMH(DAO, ®g)~! for a very small gg. It follows from
Theorem 3.6 in [U] that there exists a gauge tranformation o such that
or(A(ty)) weakly converges to Ao, in H*? and oy (®(1,)) weakly converges to
®o, in H%2. Therefore (o (A(tg)), o(P(tx)) converges to (Aso, Poo) strongly
in H2. Moreover, (Au, ®oo) is a smooth solution of Yang-Mills-Higgs equa-
tions (3.13). O

Remark. Actually, (o (A(tk)), o(®(tr)) converges to (Aso, Poo) in C (cf.
[HT]). One can expect to prove uniqueness of the limit solution (Aso, Poo)
(cf. [R], [Si]). The space of solutions of Yang-Mills-Higgs equations (3.13)
18 path connected.
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4. The m-equivariant Yang-Mills flow on R%.

In this section, we will discuss the m-equivariant Yang-Mills flow on R%.

Following the descriptions of Atiyah [A], we introduce m-equivariant con-
nection on S* below as in [SSU]. Since Yang-Mills equations in four man-
ifolds are conformally invariant, we can change the conformal structure on
S* = R*U {oo}. If we consider R* = R? x R?, introduce poplar coordinates
in the first factor, we have

RY = {(r,a, (y1,32)) : 7 >0, € [0,27), (y1,52) € R?}.
The metric in R? is
ds? = dr? + r2da® + dy? + dy3.
The action of U(1) is

q(t)(r, o, y1,12) = (2,  + t(mod2m), y1, y2).

This implies the conformal equivalence
U(1l)=R* - {r=0} =R* - R? = 5% - 52,

The S? is precisely the fixed point set of the action of U(1) on S*.
To define a U(1) invariant connection on S* with structure group SU(2),
a representation s : U(1) — G gives the gauge transformations of connec-
tions, i.e.
q(t)*Dp = s(t)"t o D o s(t).

We trivialize on R* and assume s(t) = ™ some integer m. Here {i,7,k}

are a standard basis for su(2). In some gauge, we can write
D=d+ B,

where ) . ) .
B =e " (¢pda + A)e"™?.

here ¢(t)*A = A and b o q(t) = é. The Higgs filed ¢ must be asymptotic
to zero as r — 0 and the integer m describes the representation of class of
U(1) — SO(3) of the symmetry group in the fibre of the gauge group over the
fixed point set. We call such connections on S* m-equivariant connections.

The usual gauge change by s = ¢ takes the connection d + B to the
connection d + B, where B = ®da + A, which is singular along the entire
plane r = 0. Here ® = qg — ma.
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The Yang-Mills functional Dg = d + B on R* (or S%) is reduced to the
Yang-Mills-Higgs functional on H3, i.e.

YM(B) —/ \FB\deldxgdyldyg
R4
o0
—2n [ [T UlEAP 4 IDABRr dr dyndye
R2 J0
_27r/ |DA®|%s + | Falfs dugs = 2n YMH(A, ). (4.1)
H3

The Yang-Mills equation on R*
—DpFp =0 (4.2)
is reduced to the following Yang-Mills-Higgs equations on H3:
—D3Fa—J=0;

(4.3)
— D%D,® = 0.

with |®(z)| — m as |r| — 0.
The corresponding heat flow (1.1) on R* is also reduced to the heat flow
on H3

9A .
E :_DAFA_ J7
(4.4)
o .
5 = DaDa®,

with smooth initial value Dy = D, + Ay and ®¢ where Ay € HY2(H?) and
g € HY2(H?). Let (D4, ®) be a global solution to the heat flow (4.4). For
the integer m, let ® = ® 4+ mi. Since D& = D®, (D4, ®) is also solution
of (4.4) with initial value (Dg, ®g + mi) where (Ag, ®g) € HY2.

Since H? is a complete three manifold which has constant curvature, by
Theorem 3 we have a global existence of the Yang-Mills-Higgs flow (4.4) on
H3, so we have also a global existence of the Yang-Mills flow (1.1).

Theorem 4.1. Let By = Ay + ®oda be a given m-equivariant connection in
R* with (Ao, Do — im) € H2 and &y — im asr — 0 for some integer m.
Then there exists a global solution to the Yang-Mills flow (1.1) on R* with
mitial value By.
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Proof. Applying Theorem 3.8 to the case M = H?, there exists a global
smooth solution (A4, ®) of the heat flow (4.4) in H? x (0, o) satisfying

(A, ® —mi) € CO([0, 00); HYA(H?)) N HY2([0, 00); L2(H?)).

At each finite time t > 0, we apply Lemma 3.2 for M = H? to obtain
/4 \FB\deldxgdyldyg = 27T/ ‘DA(I)‘%IB + ‘FA‘]%Ig d'UH3 < +00.
R H3

Let B = A+ ®da. Then B(t) is the solution of (1.1) in R*\R? x (0, 00). We
will extend B from R*\R? to R*.
For each R > 0, we have

T T R
9B , / / / L[ 04, 0%, ] drdyidys
“2 20 < 2 ke 2, | T2
/0 /R‘lﬂBR‘ ot ‘ L > am o Jr2Jo r ‘ ot ‘H3 +‘ ot ‘H3 ?”3 +00

for any 1" > 0. This implies that

0B
E = L2([07 OO), LIQOC(R4))'

Since B satisfies the Yang-Mills flow (1.1) on R?*, a local energy estimate
yields

T oB 2 2 2
0 JBgr(z) Bag(z) Bag(z)

for every x and a fixed R > 0. A simple covering argument on R* gives us

T
OB
/ / \a—\2da:dtgc/ \FBO\2da:+C/ |Fp(r|? dz < +oc.
0o Jra OF R4 R4

It follows from Theorem 4.1 of [SS] that there exists a limit holonomy of ®,
ie., d — imasr — 0, where m is the integer due to the assumption of ®q.
Using Theorems 5.1-5.2 of [SS], B(t) can be extended from H“2?(R*\R?)
to H%?(R*) since m is an integer. Therefore we get a solution B of the
Yang-Mills flow (1.1) in R* x (0, 00) such that B is smooth in R*\R? and
B € 00, 00), HY2(RY) N HY2([0, 00), LA(R*)). We claim the singular set
R? = {(r, o, (y1,2)) € R* : 7 = 0} of the weak solution is removable by the
heat flow (1.1) in R*. Since B = A + ®da is gauge-equivalent to a smooth
solution B = A + ®da in R*\R? x [0, T] such that (A, ®) € Vy-(H?) satisfies
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equations (2.10)-(2.11) in H® x [0, T for some T < co. For each R > 0, we
find

T
/ / (|B* + |V2B|?) dx1dzody, dys
0 R‘H’WBR
T R
~ - N - drdy,d
§2w/ / / 7 [\A\fmﬁ\@\I%Hng\v?A\ﬁpﬂv?@@p Y2 i’; P2 < oo,
0 R2 Jo

This means that for any ball By C R* and T > 0, (4, ®) € Vip(Bj x [0,T))
satisfy equations (2.10)-(2.11). Since equations (2.10)-(2.11) are parabolic,
(A, ®) is smooth across the singular set R? = {(r, o, (y1,92)) € R* : r = 0}
(see [LSU] or [St3]). This proves our claim. O

Next, we apply Theorem 4.1 to study the non-self dual Yang-Mills con-
nection. On S*, the self-dual Yang-Mills (instanton) equations are

*FB = FB. (45)
On H3, the magnetic monopole equations are
DA(I’ = *FA. (4.6)

If (A, ®) is a magnetic monopole, then

/ ‘FA‘E]IB + ‘DA(I"%Igd’UHs = 2/ ‘FA‘%gd'I}HS = 4km,
H3 H3

where k is the winding number of ®, or the number of zeros of ®. The
integer number m, the mass of the monopole, is the asymptotic value of \@\2
at infinity.

Now we prove the existence of non self-dual connection by obtaining a
sequence connections B(t;) of the Yang-Mills flow (1.2) over R* with t; — oo
instead of obtaining a sequence B; by the Ljusternik-Schnirelmann theory.

Theorem 4.2. (Sibner-Sinber-Uhlenbeck) There exists a nontrivial, non-
self dual m-equivariant Yang-Mill connection B in the trivial bundle over
S,

Proof. There exists a non-contractible loop in U/G of H* connections
By = A} + ®}da , v € [0,27], on a trivial bundle (see [SSU, Lemma 2]),
satisfying

YM(B]) < 8rm.
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Moreover, B] is smooth in H? except the sphere R = ¢, and also Lipshitz
continuous across the sphere R = ¢ where R = \/r? + |y|?, ®] is bounded
and has no zero point in H®. By an argument of regularization, we can
assume that Bj = AJ + ®Jda are smooth in H?. We set (AJ, ®}) as initial
values for the heat flow (4.4). Then there exist global smooth solutions
(A7, ®7) of the heat flow (4.4) in H? x [0, 00) with initial values (4], ®]). By
the energy inequality, there exists a suitable sequence of ¢ — oo such that
(A7, ®7)(-, tx), up to a gauge transformation, strongly converges to (A, )
in H%2, where (A, %) are solutions of (4.3) in H®. For each v, we claim
that (Ao, P& ) must not be any non-trivial monopole, i.e. self-dual solution
of (4.6). If (A, ®L) is a non-trivial monopole, the number k of zeros of
the Higgs field ®J must be great than 2 since ®] has no zero point. Then
YMH(AZL, &) = 4kmm contradicts to the fact that YHM(A], ®]) < 8mm.

We assume that for every v and for any sequence ti, (AY,®7)(,tx)
strongly converges in H'? to the trivial monopole (i.e. k = 0). Then for
every v, (AY, ®7)(-,t) strongly converges to the trivial monopole in H? as
t — oo. It implies that loops (A7, ®7)(-,t) shrink to the trivial monopole.
This contradicts to the fact that the loops are not contractible in U /G.
Therefore there exists a nontrivial non-self-dual solution of (4.3) in H3. Us-
ing the removable codimension two singularity theorem of [SS], B = A+ ®da
can be extended to a smooth solution, which is neither self-dual nor antiself-
dual, of the Yang-Mills equation (4.2). O
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