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Brownian Motion on a Submanifold

DANIEL W. STROOCK

Given a submanifold M of a Riemannian manifold N, we give two
different constructions of Brownian motion on M: one by “projec-
tion” onto M of the Brownian motion on N and the other by a
more intrinsic approach. The two procedures lead to very different
ways in which vectors are transported along Brownian paths.

Introduction.

Throughout this note N will denote a complete, connected n-dimensional
Riemannian manifold and M will be a closed m-dimensional, imbedded sub-
manifold of NV which is given the Riemannian structure which it inherits
from N. In addition, we will be using V¥ to denote the Levi-Civita on N,
and VM to denote the inherited Levi-Civita on M. Finally, given a piece-
wise smooth path p : [0,¢t] — N, we will use 7;N € Hom (T}, N; Tp(t)) to
denote parallel transport along p. Similarly, if p takes its values in M, then
’Z;M € Hom (T p(0)yM; Ty M ) will be parallel transport along p as a path in
M.

Our goal is to examine various relations between the Brownian motion
on N and the Brownian motion on M. This sort of analysis was carried out
in Chapters 4 and 5 of [3] when N = R". However, even in that case, the
analysis given there is less complete than the one given here.

1. The Shape Operator.

Given x € M, define the shape operator S, € Hom(TxM; Hom(7,N; TxN))
so that if X, € T, M, then

d -1
S2(Xz) _(%]F][O,t]) OHp(t)O%]F[[Qt]Xx

== , (1.1)

t=0
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where p € Cl([(), 0); M) with p(0) = z and p(0) = X,. To see that S;(X,)
is well-defined (i.e., independent of the choice of p), observe that if Y € TN
is any vector field on N, then

1 -1
v @y) = (( piog) © My O%r[&ﬂ) (To1t0.0) Y})(t)‘tzo
Se(X,)Yy + 1L, VY Y,
and so
S:(Xa)Y, = VA, (1Y) ~ T, VY, Y. (1.2)

In particular,

YIMeTM = S,(X,)Y, =1I;VY Y
=VAY -VYY =-H(X,Y,), (13)

where H is the second fundumental form; and
YIM1LTM = S,(X,)Y: HVX (1.4)

Thus, by choosing Y € T'N so that either Y | M € TM orY | M 1L TM,
we see that

ITE 0 S,(X,) = Su(Xy) o I, and TI, 0 Sp(X,) = Sp(Xy) o IIE. (1.5)

T

In addition, if Y, € T,,M, then we can choose X,Y € T'N which agree with
X, and Y, at z and satisfy X [ M,Y | M € TM. Hence, by (1.3),

SJC(XJC)YLU - S(Yac)Xac = Hi[X, Y]ac =0,
since VY and VM are torsion free and [X, Y], € T, M. In other words,

Xp Yo € ToM = 8,(X,)Ys = S(Yy) X, (1.6)

Lemma 1.7. Given x € M, define a, € Hom (T, M; Hom(T,N;T,N)) so
that
g (Xz) = Se(X,) o (I, — IIF). (1.8)

Then a,(Xy) is skew symmetric on T,N for each X, € T,M. Next, for
pE Cl([(), 0); M), determine

€ [0,00) — Oy(t) € Hom(T}y0)N; Ty N)
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by

dci (ZNo0.) ™ o0,(t) = (ZNo0.) ™ "oy (1) 0 Op(t)  with O,(0) =

Then, for each t € [0,00), Oy(t) is unitary from TpgyN onto T, N
1) 0 Op(t) = Op(t) o Iy and 1_I;(t) ° Op(t) = Op(t) o Hj(o)

In fact,
Op(t) T TyoyM = [0 iR

Proof. Clearly the skew symmetry follows from (1.5).
Next set « = p(0), let Y, € Ty be given, and set Y (t) = Op(t)Y,. Then

=Y (0) =Ty = (Tow) ™ Y (0) = ayn (P() Y (1),

where Z—iv denotes N-covariant differentiation along p. Hence, t € [0, 00) —
Y (t) € TN is characterized as the solution to

— =Y (t) = a0 (B(1) Y (1) with Y(0) = Y. (+)
In particular, because of the skew symmetry of a,)(p(t)),

vl =2( 2y .y m) = o

and so O,(t) is unitary. Now set Y (t) = I, Y (t). Then

DN

th() S

p(t) (p(t)) Y(t) + 1_Ip(t) Qp(t) (p(t)) Y(t) — Up(t) (p(t)) ?(t)a

where, in the last step, we have again applied (1;5). Thus, by the charac-
terization given in (*), we see that Y (t) = O,(¢)Y (0). From this it follows
immediately that I1,;) o Op(t) = Op(t) o Il;, and, obviously, II (t) 0 Op(t) =
O,(t) oI} comes along for free. Finally, to prove that Y (t) = [0 4 Yz when
Y, € T, M, simple observe that, because Y (t) € Tp,;)M

——Y (1) = ap) (p(t)) Y (t) L TpyyM



168 D. W. Stroock

follows from (1.5). In other words,

DM DY
and this proves that Y (t) = %ﬁo,t]yﬁ' O

Finally, we close this section with the observation that if ¢ € C?(N;R)
and x € M, then

X, Y, eT,M =
(X, hessY ©Y,) = (Xu, hess) oVy) + Su(Xa) Yoo (1.9)

To see this, simply recall that, for any extension Y of Y, to N withY [ M €
TM,

(X, hess) V) = X, Yo — VY Yo = X, Yo — VX Yo+ S (X,)Yap
= (X,, hessY ©Y,) + 8o (X,) Y.

As a consequence of (1.9) and the representation of Laplacian as the trace
of the Hessian, we obtain

AMp = TraceM (hessivgo)w — By, (1.10)

where, for each z € M and orthonormal basis ((El)m, cee (En)m) in T, N,

B = - 25 (o (B3)o ) T, (i) = EH(HAE% Io(E)a)  (111)

is (apart from normalization) the mean curvature vector (cf. page 49 in [2]).
2. Moving to the Orthonormal Frame Bundle.

In this section we will interpret the results of §1 in terms of the orthonormal
frame bundle (cf. Chapter 8 of [3] for a treatment using the notation adopted
here or [1] for a thorough treatment) O(N) over N. That is, elements f of
O(N) are frames (z,e;), where z € N and ¢, = ((El)x, . (En)m) is an
orthonormal basis in T, N. We use 7 : O(N) — N to denote the fiber map
mf = x, and, for convenience, we identify f with the isometry from R™ onto
T, N given by

f€ = Zfi(Ez‘)x for &£ = (&1,...,&,) € R".
=1
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Next, recall that O(V) is a principle bundle over N with fiber the orthogonal
group O(R"), and, for O € O(R"), let Rp : O(N) — O(N) be the map
defined so that (Rof) = f(O€) for f € O(N) and € € R". Further, given
a € o(R™), define the vertical vector field A(a) on O(N) so that

d
Ma)y = - R

and, given & € R", define the canonical horizontal vector field (&) on O(N)
so that &(§)j is the horizontal lift to § of f§ € T,M. Finally, the solder form
¢ and connection 1-from w are defined (cf. page 181 in [3]) on T3O(N) into
R™ and o(R"™), respectively, so that

X5 = €(A(Xp); + A(w(Xy)),

gives the resolution of X into its horizontal and vertical components.

Define IT : 771(M) — Hom(R™; R") so that ﬂf = f oIy of. Clearly,
for each § € 771(M), ﬂf is the orthogonal projection onto the subspace of
€ € R" such that f§ € Ts M. By using the fact (cf. (8.22) in [3]) that, for
any vector field Y on N,

FHVRY) = €(€)Ey, where Sy (f) = 'Yay, (2.1)
we see that, for f§ € T M,

FVEIY) = (€)M f Yoy + I (F' VEY).
Hence, by (1.2),

Si(€) =1 1oSxi(1€) o f = €(€)f1l
for f € 71 (M) and & € {1 (T M). (2.2)

Next, observe that 771(M) is a submanifold of O(N). In fact, for f €
7~ H(M) and X; € TIO(N), ¥; € Ty(w~'(M)) if and only if I (X5) = 0.
Thus, for each & € R™,

~

fen N (M) — &&= e(ﬂfg)f € T;O(N)

is a vector field on 7~1(M). Furthermore, if ¢ € C?(N;R), then, by (2.2),

A N

E(&)jo E(n)(pom) = E(IE)jo E(Im) (o) + E(SiE)n) (¢ o m).
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At the same time, because an alternative way to describe hessiv p is to say
that

hessi,V@Yx = Vy, grad™ o,
(2.1) leads to

(fTI5¢, hessNofllm) = E(TIE)s o €(Tjm)(p o 7).

Hence, after combining this with the preceding, (1.9) says that

A~

(1€, hess{ofllm) = €(&)jo E(n)(pom), fex '(M)  (23)

In particular, this means that for any orthonormal basis (eq,...,e,) in R",
n

(AMp)or = Z(’E(ei)2<po7r on w1(M). (2.4)
i=1

3. Brownian Motion, an Extrinsic Approach.

The formula (2.4) provides the basis for a construction of Brownian motion
on M via “projection” of the Brownian motion on N.

To see what we have in mind, recall (cf. §8.2 in [3]), one way to construct
the Brownian motion on NN starting at a point x is to roll a Euclidean
Brownian motion (i.e., a Wiener process) on T, N onto N. That is, if w is a
“piecewise smooth” Wiener path in R” and f € 7=!(z), then we determine

pN( ¥, W) by
bN(tv f, W) - G(W)pN(t,f,w) with pN(Ov f, W) =f

and set pV(t,f,w) = mo pV(t,f,w). If almost every Wiener path were
actually piecewise smooth, the distribution of w ~ p¥ (-, §, w) under Wiener
measure would be the distribution of Brownian motion on M starting at x.
Because almost no Wiener is anywhere smooth, the preceding has to be
interpretted by an appropriate limit procedure in which paths w are first
replaced by polygononal approximations. The result of this procedure is
equivalent to saying that we want to take w ~» p~ (-, f, w) to be the solution
to the Stratonovich stochastic differential equation

de(ta f, W) = Z G(ei)pN(t,f,w) © d(eia W(t)) with pN(Ov f, W) = f.
=1
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Indeed, if one ignores problems coming from possible explosion, [t6’s formula
for Stratonovich calculus says that, for any ® € C? ((’)(N ); ]R),

(I’(pN(',f,W))—/O <%Z€(ei)§N(r,ﬁw)¢)> dr
1

is a martingale under Wiener measure. Thus, since, by another application
of (2.1),

(ANp)om =" €(e)*(pom),
i=1
it is clear that

(PN (t,§,w)) - /0 (3A%0) (p" (7.1, w)) dr

is a martingale for each ¢ € C2(N;R). In other words, w ~» p™ (-, f, w) un-
der Wiener measure has the distribution of a Brownian motion on IV starting
at x. Moreover, because p™ (-, f, w) is the horizontal lift of p™V (-, w) to §
when w is piecewise smooth, it is reasonable to say that horizontal transport
along the Brownian curve p™ (-, f,w) | [0,t] is given by p¥ (¢, §, w)o§~! even
when w is a generic Wiener path.

With the preceding in mind, we now suppose that z € M and consider
the Stratonovich stochastic differential equation

da™ (t,§,w) =) €(e) g (1.5.w) © d(ei, W(1)). (3.1)
=1

By precisely the same arguement as above, only this time using (2.4), we
see that w ~ ¢M (- f,w) = 7o gM(-,f,w) is distributed under Wiener
measure like a Brownian motion on M starting at . Furthermore, it is again
reasonable to think of g™ (-, f, w) as the horizontal lift to f of ¢™V(-,f, w).
Thus, g™ (t,f,w) o §~! gives parallel transport along ¢ (-,f,w) | [0,1] as a
path in N. However, it does not give parallel transport along ¢ (-, w) as a
path in M. Indeed, it will seldom even take Tp M into Tn 5wy M.

A Remark about Explosion: In the preceding discussion, we ignored the
question of explosion. Because we are assuming that M is imbedded in N,
we can (cf. Theorem 3.64 in [3]) show that explosion never occurs if we can
check that, in the sense of distributions, AMp < C(1 + p) on M for some
C < oo, where p(y) = dist™ (x,y)? and dist? (z,y) denotes the Riemannian
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distance in N between z and y. In view of (1.10), this is tantamount to
testing whether
Trace™ (hess™ p) — Bp < C(1 + p)

in the sense of distributions. By the arguement in §8.4 of [3], the first term
on the left can be handled if there exists an o > 0 such that

S (RN (Y () (B V) = —a(L+ p(y) 1Y

fory € M and Y, € TN,

where ((E1)y, ..., (Em)y) is used to denote an orthonormal basis in T, M.
Thus, if such an « exists, then non-explosion is guaranteed by the existence
of a 3> 0 such that (B, grad” p) > —3(1 + p).

4. A Second, and More Geometrically Sound, Appraoch.

As we pointed out, although the ¢ (-, f,w) is indeed Brownian motion on
M starting at 7f, ¢ (-, w) is the wrong lift of ¢ (-,§,w) to f if one is
interested in parallel transport in M, as opposed to N. In addition, because
our construction of the m-dimensional Brownian path ¢™ (-, f,w) used the
n-dimensional Wiener path w, one suspects that there should be a tighter
construction of Brownian motion on M: a construction which involves only
an m-dimensional Wiener path.

Motivated by the preceding comments, we will now take a different tack.
To understand the origins of this new approach, set (cf. (2.2))

af(€) = Sy(Tg) o (I — 1) = §' 0 ary(Ingf€) of  for f € 77" (M). (4.1)
Using (1.9), it is a straight-forward matter to check that

(€(©) +(@r(&)), o (€ +Aa(m) ) (o m)
= (f¢&, hessﬁ/f[gofm for f € 7T_1(M) and €,m € f_l(TﬁfM). (4.2)

Indeed, all that one needs to do is remember that vertical vectors kill ¢ o 7,
observe that

A(a5(8)) 0 €(n) = €(ag(§)nm); + €(&)o A(as(m)),

and note that, because ﬂfls =0= ﬂfln, ag(§)n = 5’(5)17. In particular, if
(e1,...,ey) is an orthonormal basis for {1 (T;M), then

m

(Basp) () = 3 (€l + Malen) (o). (43)

=1
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In order to base a construction of Brownian motion on (4.3), we will
make use of the information contained in the following simple lemmas.

Lemma 4.4. Given a piecewise continuously differentiable, continuous q :
[0, 00) — 7Y M), determine t € [0, 00) — Oq4(t) € Hom(R"; R™) by

D 0q(t) = gy (Ba(8)) Olt)  with O4(0) = 1T. (4.5)

dt
Then, Oq(t) is an element of the orthognal group O(R™) for each t € [0, 00).
Moreover, if q is horizontal (i.e., w(q(t)) =0), then (cf. Lemma 1.7)

N

q(t) © Oq(t) 0 q(0) ™" = Oroq(t), ¢ € [0,00), (4.6)

and so

A N N

Mgr) 0 Oq(t) = Og(t) o Ty, t € [0, 00). (4.7)

Proof. Without loss in generality, we will assume that q is continuous differ-
entiable everywhere.

Because (cf. the first part of Lemma 1.7) the values of a are always in
the Lie algebra o(R™) of skew symmetric operators, it is trivial to check
that O4(t) € O(R") for all t > 0. To check (4 6) when q is horizontal, let
€ € R" be given, and set X (t) = q(t)Oq(t)§ € TrqyM. Then, because q is
horizontal,

DN d - .

— X (8) = a(t) 2 04(1)€ = a(t)aq(r) (#(a(2)) Oa(t)€ = a((w o ) (1)) X (1).

Since this means that X (t) = Oxroq(t)q(0)€, (4.6) follows. Finally, (4.7) is
immediate from (4.6) and the corresponding fact (cf. the last part of Lemma
1.7) for Oroq(t). O

Lemma 4.8. Let p € C([0,00); 7~ 1(M)) be a piecewise continuously differ-
entiable, set p=mop, and let q be the horizontal lift of p to p(0). Then the
following are equivalent:

(1) w(p(t)) = Qp(t) (p(p(t))) for allt >0 at which p is continuously differ-
entiable,

(2) p(t) = Rp_ya(t),
(3) Op(t) = p(t)p(0)~1.
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In particular, any one of these implies that ﬂp(t) = ﬂp(o) for all t € [0, 00).

Proof. Again we may and will assume that p is continuously differentiable
everywhere.

The equivalence of (2) and (3) just a restatement of (4.6), and the final
conclusion is simply a restatement of (3). To prove the equivalence of (1)
and (2), first note that

(1) = B(H) = €(p(1)P(1) ) + A (a0 (b 'P(1))

Thus, it suffices to show that if v(¢) = Re 19 q(t), then

But t(¢) is equal to
(Ro,) €050 g + A(Oal®) e ()5 Oalt)

= €(e(0)"19(0) g + A (a0 ()15

(1)

(1) '
O

In order to bring out the goemetric content of the preceding lemmas,
we think of R™ as the subspace of & = (&1,...,&,) € R™ such that & =0
for m < i < n, take I1° to be orthogonal projection from R™ onto R™, and
introduce the space

ON(M)={fent(M): II; =11°}.

It should be clear that O (M) is submanifold of O(N). In fact, it is sub-
bundle whose base is M and fiber is

O¥(R™) ={0€ OR"): 100 =00T11°}.

To see this, let x € M be given and note that there exists an open neigh-
borhood U of x in N on which there exist vector fields F;, 1 < ¢ < n, such
that ((E1)y, ..., (En)y) is an orthonormal basis in Ty(N) for all y € U and
(Ei)y € TyM for ally e UNM and 1 < i < m. Now set

fo = (4 (B, ().
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and observe that
(y,0) € U x O(R™) — (y, Rofy) € 7~ 1(U)
(y,0) € (UNM) x O (R™) — (y, Rofy) € 7 1(U) N ON (M)
are homeomorphic. Finally, let 08" (R™) denote the Lie algebra of a € o(R"™)
such that 1% = alI°, and note that o®" (R™) is the Lie algebra for the Lie
group OF"(R™).

Lemma 4.9. If§ € OY(M) and a € o(R"), then X(a); € T;ON (M) if and
only if a € o®" (R™). Moreover, if

eM(€); = €(€); + A(@;(8)); for fe OV (M) and & € R™,

then €M (&); € TYON(M). Finally, for f € ON(M) and X; € T;O(N),
Xj € TON (M) if and only if

qb(%f) eR™ and wM(:ff) =w (.’ff) — af( (:ff)) S o (Rm),

in which case & = ¢(X) and a = w™ (Xy) are the unique elements of R™ and
o®" (R™), respectively, such that X; = €M (&); + A(a)s.

Proof. Let f € ON(M). The fact that a € o(R") is an element of o H(Rm) if
and only if A(a); € T;ON (M) is just a restatement of the fact that 0" (R™)
is the Lie algebra for O®"(R™). Next let £ € R™. To see that ¢ (€); €
T;ON (M), we need only find a continuously differentiable p : [0,00) —
ON(M) such that p(0) = f and p(0) = €M (&);. To this end, determine
p:[0,00) — W_I(M) by

B(t) = €(E)p(r) + Map(n) (§))

)
Clearly p(0) = ¢M(¢);. In addition, w( t))
and so, by the last part of Lemma 4.8, Hp(t) =
p(t) € ON(M) for all t > 0.

To complete the proof from here, let X; € TjO(N) be given. Then
€ = ¢(X5) and b = w(X;) are the unique elements of R™ and o(R") such that
X = €(&);+ A(a)s. Obviously, X; € Tir~ (M) if and only if £ € R™. Hence,
if X; € T;0N (M), and we write

X5 = M (€)5+ A(b)s,

then a = b—aj(€) = w™(X;), and, because A(a); = X;— M (&); € TON (M),
a € o®"(R™). Conversely, if X; = €M (&); + A(a); for some & € R™ and
a € o®"(R™), then X; € T;ON (M), & = ¢(X;), and a = wM(X;). O

with p(0) = f.

= Gy (¢(p(t)) for all £ > 0,
I, o) = I1° fora11t>0 Thus
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We are now in a position to achieve both the goals set at the opening of
the section. Namely, let w(-) be an R"-valued Wiener process, and choose
(e1,...,€,) to be an orthonormal basis in R” with ¢; € R™ for 1 < i < m.
Given f € ON(M), determine p*(-,f,w) by the Stratonovich stochastic
differential equation

m
M(ta f, W) = Z QEM(ei)pM(t,f,w) © d(eia W(t)) with pM(Ov f, W) =f.
i=1
(4.10)
(Notice that, although w is R"-valued, only the R™-component [I°w enters
(4.10).) By the first part of Lemma 4.9, so long as it has not exploded,
t ~ pM(t,§, w) takes its values in O (M). Furthermore, if p™(-,f, w) =
7o pM(-,f,w), then, by (4.3), w ~ p™(-,f,w) is a Brownian motion on
M starting at = 7f; and the fact that pM (¢, f,w) € ON (M) becomes the
statement that

1I pM(¢,f,w) O P (t f, w )_pM(t’ﬁw)oﬂ
In fact, by (3) in Lemma 4.8, we know that

M(tv f, W)f_l = OpM(~,f,w)(t) (411)

for piecewise smooth w’s, and so, even when w is a generic Wiener
path, we can use (4.11) to define Op(. jw)(t), in which case it is clear
that OpM(,vaw)(t) | TriM gives us a notion of parallel transport along
pM(- f,w)[[0,t] as a path in M.

5. The Relationship between the Constructions in §3 and §4.

It may be useful to point out how p*(-,f,w) and g™ (-, w) are related.
The idea is that because (cf. Lemma 4.8) ¢ ~» RO (1) converts the horizontal
lift q to O(N) of a path p : [0,00) — M into its horizontal lift to O (M),
the same ought to be true for Brownian paths.

Thus, choose an orthonormal basis (ei,...,e,) in R” so that e; € R™
when 1 < i < m. Next, given f € OY (M), determine g™ (-, f, w) relative to
(e1,...,e,) by (3.1). At the same time, consider the Stratonovich stochastic
differential equation

t f, w Z AgM (¢ f,w) eZ (tv f, W) © d(eia W(t))

Wlth 0(0,f,w) =
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Obviously, O(t, f, w) plays the role of OAqM(tvaw) for generic Wiener paths w.
Thus, by Lemma 4.8, we should expect that

WWt('vaw)ERO(.7f7W)qM('7f7W) (51)

should have the same distribution as w ~» pM (. f,w). (Indeed, at first,
one might have guessed that t(-,f, w) would be even equal to pM (- f, w).
However, as we are about to see, that guess ignores a required rotation of
w.) To test this expectation, first note that, as a consequence of (2) <= (3)
in Lemma 4.8, we know that t( -, f, w) is a path in O™ (M). Second, by It6’s
formula for Stratonovich calculus,

de(t,f, w) = Z (é(é(t, f, w)Tei)th)

=1

+ MO, F, W) Tag 1.5 (€1)O(1, . w))) od(e;, w(t)).

(t,f,w)
Next observe that
O(t, f, W)quM(t,f,w)(ei)O(tv f, W) = Gyt 5,w) (O(tv f,w)'e;).
Further, observe that ﬂr(t,f,w) = I1° is equivalent to
11 1wy Ot F W) = O(t, f, w)II’. (5.2)

Hence, we have now shown that

dt(ta f, W) = Z QEM (O(tv f, W)Tei)t(tﬁw) o d(eia W(t))

where
n

Wi(t) = Z/o (O(T, f, W)Tei,ej) o d(ei,w(T)).

=1

Hence, if we can check that [I°W = II°W where W is an R"-valued Wiener
process, we will know that

RO(~,f,w)qM('7f7W):pM('vfaw)a (53)
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and therefore that w ~~ Ro(. jw)q M (. 5, w) does indeed have the same
distribution as w ~ pM (. §, w).
To see that II°W is an R™-valued Wiener path, note that

d(II°W) =I1°0(t, f, w) " dw(t)

— = <ZHO (t, 5, W) Tagr 1 5.w)(€:) Z) dt,

where the first term on the left is an It6 differential. Second, by (5.2),

—ZHO (t,f,w aqM(tfw (ei)e;

= 3001 g

Finally, because, for each ¢t and w, the expressions in the preceding
are independent of the choice of the orthonormal basis (ey,...,e,), by
choosing the basis so that each element is either orthogonal to or in
gM (¢, f, w)_quM(t7f7w)M, we see that the right hand side must vanishes iden-
tically. In other words,

W =11 when w(t) = / t O(r,§,w) dw(r). (5.4)
0

Because O( -, f, w) takes its values in O(R") and the preceding integral is
taken in the sense of It6, w is an R™-valued Wiener process.

Remark: It is amusing to recognize that the difference between w(t) and
W () is precisely

1 [t _
§ /0 0(7_7 f, W)TqM(Tv f, W) quM(T,f,w) dr
I .
=3 ; t(7, f, w) By (7 5,w) AT,
where (cf. (1.11)) B is the mean curvature vector.

6. A Technical Addendum about Cartan’s Structural
Equations and Gauss’s Formula.

Use O(M) to denote the bundle of orthonormal frames over M, and define
the solder form ¢ and connection 1-form w accordingly (cf. page 181 of
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[3]). Next, let (e1,...,e,) be an orthonormal basis in R" with e; € R™
for 1 < i < m. It should be apparent that the map F : ON(M) —
O(M) which takes f € ON (M) into (7§, (fer, ..., fe)) € O(M) is a smooth
surjection which preserves the bundle structure. In addition, one sees that
oM = ¢ | ON(M) and wM = TI° o w o IT are, respectively, the pullbacks
under F' of the solder form ¢ and connection 1-form w on O(M). Similarly,
for each € € R™, F,&M (£); is the horizontal lift to F(f) € O(M) of F(f)& €
TrM. In other words, F &M (¢) is not only well-defined, it is the canonical
horizontal vector field on O(M) corresponding to (&1, ..., &y). In particular,
—w(F.[eM(¢), &M (n)]) is the curvature 2-form (cf. (8.44) in [3]) on O(M)
at F'(f).

All the above considerations should make one suspect that ¢ and w™
might satisfy the Cartan Structural equations (cf. page 194 in [3]), and that
the computation of [¢M (&), € (n)] ought to lead to an interesting form of
Gauss’s formula (cf. (3.27) in [2]). The key to verifying these suspicions is
contained in the following lemma.

Lemma 6.1. There ts a map
fe ON(M)— Q} € Hom(R™ x R™; 0" (R™))
such that, for each (&,m) € R™ x R™
€ (e), )], = M@ (Em), feO¥OD.  (62)

Moreover, for each & € R™ and a € o(R"™),

Aa)ga(€) = [a5(€), a] + as(a), §e ON(M) (6.3)
Finally, if § € R™ and a € oX" (R™), then
[A(@), €()], = € (ag),. (6.4

Proof. Proving the existence of QM with the required properties is equivalent
to checking that [€M(¢), (’EM(T/)]f is vertical. But, by (4.2), we know that

eM(&)ro €M (n)(pom) = (§€ hessh{pfn),

which, because the connection on M is Levi-Civita’s, means that
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To check (6.3), simply note that

Ma)ja(€) = —e *aj(e*€) e

ds = [a(€), a] + as(al).

s=0

To prove (6.4), let a € o8 (R™) be given, and use (8.5) and (8.15) in [3]
together with (6.2) above to justify

[Ma), €¥(&)] = €(ag)s + [Ma), A(a(8))]
= € (a8); + A([0,05(8)] + Ma)a(€) — o)) = € (at);
U

To see that Cartan’s structural equations hold for ¢ and w™, one can
now use exactly the same procedure as was used on page 194 of [3]. That
is, one calculates dpM (X,9)) and dw™ (X,9) at f € ON(M) by considering
what happens when X and ) are either &M (), for some £ € R™. or A(a), for
some a € o (R™). By using (8.5) in [3] together with (6.2) and (6.4) above,
these computations lead immediately to the Cartan structural equations:

dpM = —wM A M and  dw™ = WM AWM + QMo M| (6.5)
where QM o ¢M (X, ) = QM (¢M (%), ™(D)).
Finally, we want to find an expression for QM in terms of the curvature

2-form Q for O(N). To this end, observe that

(&M (&), e (n)] f[ (¢ >, ¢(n)] + [€(&), Aa(n))]
By definition,

By (8.5) in [3],

Notice that, because €, fn € Tr;M, (1.6) implies that

a(&)n — ag(m)€ = £ (S(5€)in — S(fm)i€) = 0.
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At the same time, by (2.2),

¢(&)aln) - €(ma(e) = ([€(€), €m)]IT) o (11— 11+ +2[S(n), S(¢)]
= — [l m)] o (I - 11") - 2[S(8), S(m)].-
Thus,
[€(&). AMa(m)] + [\(a(©), ¢(n)]
= ([ Q& m o (- 119] +2[8(€).8m)]). ()
Finally, by (6.3),
A(@(©), A(m)] = A([a(€), a(m)] + A(@(€)a(n) - A(a(m)a(e))
= —A([a(8),a(n)]) = A([S(&), S(m)])-

Hence, when we put this together with (a) and (b) and plug them into (*),
we conclude that

(&M (&), e (n)]
- —)\<Q(£,n) + [ﬂ, Q(E, 17)] o (fI — ﬂl) + [3(5)73(77)]>
— ~A(TTo (€, m) o T+ 1T 0 Q(&,m) o I+ + [S(€), S(m)] )

This not only give another proof that [¢Y (&), €M (n)] is vertical, it shows
that

QM(&.m) =T o Q& n) o LI+ IT" 0 (€, ) o IT" + [S(€),S(m)].  (6.6)

To see that (6.6) gives the Gauss formula relating the Riemann curvature
RM on M to the Riemann curvature RY on N, recall (cf. (8.54) in [3]) that
the Cartan structural equations lead to

RN (Xog, Yap) = fo Q™ Xy, 1 Vap) 0f
for all f € O(N) and Xrg, Yz € TrsN. In the same way, (6.5) shows that
RM(Xﬂ—f, Yﬂ—f) =fo ﬂf o OM (f_IXﬂ—f, f_lYﬁf) o ﬂf o f_l

for all f € ON(M) and Xrf, Va5 € TrjM. Hence, (6.6) leads to Gauss’s
formula

RM (X, Y,) =T 0 (RY (X, Ya) + [S:(X0), SOR)] ) I oM (6.7)

for all x € M and X,,Y, € T, M.
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