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Kahler-Ricci Flow and the Poincaré-Lelong
Equation
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Introduction.

In [M-S-Y], Mok-Siu-Yau studied complete Ké&hler manifolds with nonnega-
tive holomorphic bisectional curvature by solving the Poincaré-Lelong equa-
tion

vV —190u = Ric (0.1)

where Ric is the Ricci form of the manifold. In [M-S-Y], the authors solved
(0.1) under the assumptions that the manifold is of maximal volume growth

and the scalar curvature decays quadratically. On the other hand, in a series
of papers of W.-X. Shi [Sh2-4], K&hler-Ricci flow

0

5908 = ~Rap (0.2)

has been studied extensively and important applications were given. In
[N1] and [N-S-TJ, the Poincaré-Lelong equation has been solved under more
general conditions than in [M-S-Y]. The conditions in [N-S-T] are more in
line with the conditions in [Sh2-4]. Since a solution of (0.1) is a potential
for the Ricci tensor, it is interesting to see if one can apply (0.1) to study
solutions of (0.2).

In this work, on the one hand we shall study the Ka&hler-Ricci flows
by using solutions of the Poincaré-Lelong equation. On the other hand,
we will also refine some of the results in [Sh3, C-Z, C-T-Z] and give new
applications. The hinge between the equations (0.1) and (0.2) is that by
solving (0.1) one can then construct a function u(x,t) which satisfies the
time-dependent heat equation (a% — A)u(x,t) = 0 and the time-dependent
Poincaré-Lelong equation /—100u = Ricgy(;) simultaneously. It then can
simplify the study of (0.2) quite a bit. It also suggests some of the refined

'Research partially supported by NSF grant DMS 0196405 and DMS-0203023, USA.
2Research partially supported by Earmarked Grant of Hong Kong #CUHK4217/99P.
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112 L. Ni and L.-F. Tam

estimates in the second part of this paper. We should point out here that
the simplification in this paper is that |Vu|? helps to obtain a sharp uniform
curvature estimates (Cf. Theorem 1.3), which holds as an equality for the
Kaéhler-Ricci soliton. It is different from the compact case as in [Col], where
one restricts the deformation of the metric within a fixed cohomology class
and can then appeal to Yau’s solution to the Monge-Amperé equation by
reducing (0.2) to a single equation.

Let (M™,g,5(z)) be a complete noncompact Kéhler manifold with
bounded and nonnegative holomorphic bisectional curvature. Let Rg be
the scalar curvature of M. In [Sh3], it was proved that (0.2) has long time
solution with initial metric g,5(z) satisfying the assumption that

E(z,r) < C(147r)"0 (0.3)

for some constants C' and 6 > 0 for all z and r. Here k(x,r) denotes the
average of Ry on B(z, ), the geodesic ball of radius r with center at . The
idea of the proof of the long time existence in [Sh3] is to use the parabolic
version of the third derivative estimate for the Monge-Amperé equation to-
gether with a careful estimate of the volume element. The computation is
rather tedious. In this work, we will use the solution to (0.1) constructed in
[N-S-T] (more precisely the uniform curvature estimate (1.24) in Theorem
1.3) to give an alternate (and much simpler, we believe) proof for the long
time existence under the assumption that

/OO k(z,r)dr <C (0.4)
0

for some C' independent of x. Our proof uses a maximum principle which
is a generalization of that in [K-L], and an idea similar to those in [Cw].
Our assumption here is different from but somewhat stronger than Shi’s
(0.3). However it has covered the interesting cases in [Sh2-3], namely the
cases k(z,7) < C(1 +r)~17% on which interesting geometric results could
be obtained. On the other hand we also can prove a long time existence
result under a more flexible condition. Namely, we show that there exists
long time solution to (0.2) if

k(xz,r) < e(r) (0.5)

for all x (with some fixed function €(r)) with e(r) — 0 as r — co. Recently
in [C-T-Z], it is proved that if the complex dimension of M is m = 2 and
M has maximal volume growth, then (0.2) has long time solution if (0.5)
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holds for some z and for some function €(r) which tends to zero as r —
00. The proof there is an indirect blow-up argument. It also used some
special features in dimension 2, such as the Guass-Bonnet formula for the
four dimensional Riemannian manifolds. In order to prove the long time
existence under the assumption (0.5), we need a more precise estimate for the
volume element F'(z,t) = log [det(gag(x, t))/ det(g,5(z, 0))], where 9oz, t)
is the solution of (0.2). In fact, we prove the following results, see Theorem
2.1 and Corollary 2.1:

Theorem. Suppose (0.2) has a solution on M x [0,T). Then we have the
following:

(a) There exists a constant C > 0 depending only on m such that for
0<t<T,

Vit
—F(xp,t) > C/ sk(xo, s)ds.
0

(b) If in addition, k(x,r) < k(r) for some function k(r) for all x, then

Cm(t) < C / * k(s)ds
0

where R? = at(1 —m(t)), C and a are constants depending only on m. Here
m(t) = infyep F(x,t).

From the two-sidedness of the above estimates on F'(x,t) one can see that
they are almost optimal. By comparing with previous estimates obtained
in [N-S-T] and [N2] for the Poisson equation and the linear heat equation,
the refined estimates here are sharp in certain cases and fit into the theory
for the linear equation. The above mentioned estimates will be proved by
using, the by-now standard estimates on the heat kernels of Li-Yau in [L-Y].
There is no need to construct special exhaustion functions as in [Sh2-3,
C-Z, C-T-Z]. As a consequence, a gap theorem, which is a little bit more
general than those in [C-Z], is obtained, see Corollary 2.3. In particular,
we show that any bounded solution to the Poisson equation Au = Ry(x)
1s a constant, provided M has bounded nonnegative bisectional curvature.
In other words, if M is nonflat, Au = Ry(x) has no bounded solution.
This answers a question asked by R. Hamilton. Namely, solving Poisson for
Ro(x) is different from arbitrary f(x) since one can easily construct bounded
solution to Au = f(z) for nonzero compact supportted f(x). This is also
related to the gradient estimates of Chow in [Cw]. In [Y], it was proved that,
on a complete Riemannian manifold with nonnegative Ricci curvature, any
negative (positive) harmonic function is a constant. We prove that a similar
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result holds for Au = Ro(x). Namely, Au = Ro(x) has no nonconstant
negative solution, provided M has bounded nonnegative bisectional curvature
and (0.2) has long time solution.

When (M, g,5(,0)) has the maximum volume growth, using the esti-
mates mentioned above the results in [C-Z] on the Steinness and the topology
of M can be refined. Namely we show that if (M, g,5(x,0)) is of maximum
volume growth and [ sk(z,s)ds < ¢(r) with ¢(r) — 0 as 7 — oo, M is
Stein and diffeomorphic to R?™ for m > 3, homeomorphic to R* for m = 2.

Another application of the estimates of F' and (0.1) is that one can prove
the preservation of the decay rate of Rg in a certain sense. For example, we
will prove in Theorem 2.3 that if [ sk(z,s)ds < C'log(1+7) (or C(1 +1)),
where k(z,r) is the average of the scalar curvature at ¢ = 0, then we still
have [ sk;(x,s)ds < C'log(1+7) (C'(1+7), respectively), where k;(x,r) is
the average of the scalar curvature at time ¢. Note that the constant C’ is
independent of t. This might be useful in analyzing the singularity models
obtained by the blow-up procedure as in [H3].

From the methods of proof of the estimates of F, we can show that,
under a rather weak decay condition on Rg, the volume growth is preserved
in the sense that for any ¢ > 0,

Vi(o,r)

r—20 Vo(0,7)

where Vi(o, ) is the volume of the geodesic ball with center at o and radius
r with respect to g,(z,t). This generalizes the results of [H3, Sh2, C-Z,
C-T-Z].

In [Sh2], under the assumption that # = 2 in (0.3) and that M has posi-
tive holomorphic bisectional curvature, Shi proved that the rescaled metric
90i(7,1) = go5(7,1)/gus(wo,t) subconverges to a flat Kihler metric on M,
where zq is a fixed point and v is a fixed nonzero (1,0) vector at xq 3. If M
has maximal volume growth and if the limit metric is complete, then one
can conclude that M is biholomorphic to C™. It is pointed out in [C-Z]
that from [Sh2] it is unclear why the property of completeness is true. In
Proposition 3.1, we will prove that if the scalar curvature Ry has pointwise
quadratic decay, then the largest eigenvalue of the limit metric with respect
to the initial metric grows at least like r{(z) for some a > 0, where ro(z) is
the distance function to a fixed point with respect to the initial metric. This
is a consequence of the result that volume elements of the rescaled metrics

3Added in proof: There is a gap in the proof of the convergence in [Sh2]. See
[C-T] for details.
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converge to the solution of the Poincaré-Lelong equation constructed in [N-
S-T], see Theorem 3.1. We believe that this new piece of information will be
helpful in studying the completeness of the limiting metric.

Here is how we organize this paper. In §1, we will give an alternate proof
of long time existence for (0.2). In §2, we will give more refined estimates for
F(z,t) together with some applications. In §3, we will study the asymptotic
behavior of F'(z,1).

We shall use the differential inequalities for Kéahler-Ricci flow of Cao
[Co02-3] from time to time, which is also called Harnack inequality for the
Ricci flow (Cf. [H4]) since it implies a Harnack type estimate. Since this
and similar results originate from the fundamental work of Li-Yau [L-Y] and
Hamilton [H4], it seems to be more appropriate to call them Li-Yau-Hamilton
type inequalities. We shall adopt this terminology in this work.

The second author would like to thank Shing-Tung Yau for useful con-
versations.

1. Long time existence via Poincaré-Lelong equation.

Let (M™, g, 5(:):)) be a complete noncompact Kahler manifold with bounded
nonnegative holomorphic bisectional curvature. Consider the Kéhler-Ricci
flow:

5¢98(%: 1) = —Rqp(z,1) (1.1)

such that g,5(7,0) = g,5().
In [Sh1-3], short time existence of (1.1) was established, and the long
time existence was also proved under the assumption that

][ RodV < Cr~? (1.2)
B(z,r)

for some constants C and 8 > 0 for all x and r. Here R is the scalar
curvature of the initial metric and JCB,C(T) RodV is the average of Ry on the
geodesic ball B(z,r) with center at z and radius r. The proof of the long
time existence in [Sh2, Sh3] is rather complicated. In this section, with the
help of solutions of the Poincaré-Lelong equation we shall give a simple proof
of the long time existence by using a maximum principle. Our assumption
on Ry is a little bit different from (1.2).
Let us recall the result on short time existence of Shi [Sh3].

Theorem 1.1. Let (Mm,gag(x)) be a complete noncompact Kdhler mani-
fold with nonnegative holomorphic bisectional curvature such that the scalar
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curvature R is bounded by Cy. Then (1.1) has a solution on M x [0,T) for
some T > 0 depending only m and Cy such that the following are true.

(i) (M, g,5(z, 1)) is a Kdhler metric with nonnegative holomorphic bisec-
tional curvature for 0 <t < T.

(ii) There exists C > 0 such that

C™905(x,0) < go5(z, 1) < g,5(x,0), (1.3)

and
0 < R(z,t) <C (1.4)

for all (xz,t) € M x [0,T).

Before we give our proof on the long time existence, let us fix the no-
tations. For any smooth function f, let Af = gaﬂ(x,t)%, IVf? =
9P (2, 1) fa f3- Summation convention is understood. We also use A and
V to denote the Laplacian and the gradient with respect to a fixed metric
9o5(x) or the initial metric g,5(z,0) of the solution of (1.1). Bi(z,r) is the
geodesic ball of radius 7 with respect to the metric g,5(z,t) and Vi(z,r) be
the volume of Bi(x,r) with respect to g,(x,t). We may also use the ones
without ¢ to denote the balls and volumes for a fixed metric. The same con-
vention applies to the distance function r(x, y) between two points z,y € M
as well as the volume element dV;. As in [Sh2], throughout this work, let

det (gaﬁ (z,t))
det(g,5(2,0)) |-

F(z,t) =log <

Then for the solution of (1.1)
dv, = e’'av, (1.5)

Flz,t) _—/0 Rz, 7)dr (1.6)

where R(z,t) is the scalar curvature of the metric g,5(z, ). For the solution
of (1.1), we have the following maximum principle, which is of independent
interest. The proof follows the idea in [K-L] (see also Li’s lecture notes [Li]).

Let g;j(x,t) be a smooth family of complete Riemannian metrics defined
on M with 0 < t < Ty for some 77 > 0 satisfying the following properties:
There exists a constant C7 > 0 such that for any 77 > t5 >t >0

Chgij(z, t1) < gij(x, t2) < gij(z, t1) (1.7)
for all z € M.
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Theorem 1.2. With the above assumptions and notations, let f(z,t) be a

smooth function such that (A — g)f(x, t) > 0 whenever f(xz,t) > 0. Assume
that

Ty
/ / exp(—arg(z)) fi(z,s) dVods < 0o (1.8)
0o Jm

for some a > 0, where ro(x) is the distance function to a fized point o € M
with respect to g;j(x,0). Suppose f(x,0) <0 forallxz € M. Then f(x,t) <0
for all (z,t) € M x [0,T1].

Proof. Let F(z,t) be such that dV; = e’ (x,t)dVy. By (1.7), we have

0
—F <0. 1.9
o~ (19)

Let 0 < T < T7 which will be specified later and let
2

g(x,t) = 4(—27"%(_:1:1)’ on M x [0,T].

Here rr(x) is the distance function to o € M with respect to g,5(x,T). It
is easy to check that

Jg

2

=2 _9
|Vrgl” + ot

Here Vr is the gradient with respect to g,z(x,T). By (1.7), gi; is nonin-
creasing in ¢, hence we have

dg dg
2 — << 2 — = 1.10
Vgl +at_WT9\ 5 =0, (1.10)

for t € [0,T7]. Let ¢(x) be a cut-off function which we will specify later. We
have

T 0
OS/ / eI f (A——)desds

T - 5
_/0 /M<p2egf+(Af)stds—§/o /M¢26g§(fi)d%ds. (1.11)

Here fi := max{0, f}. Now we calculate the last two terms in the above
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inequality.
/ ©*eIfL(Af)dV, = —/ ©*eI|V fi |2 dV, — 2/ wed <V, V> firdVs
M M M
—/ eI fr < Vg,V > dVy
M
1
<2[ ap|Velav,+ 3 [ PefivgPav. (L1
M 2 /m

On the other hand,

——/ / f+ dVds-%[—/@egf+dV
/ /@eggsf+dVds+/ /<pegf+ (y,s )dVds]

32[—/M egf+dV / /@eggsf+dVds] (1.13)

where we have used (1.8). Combining (1.10)—(1.13), we have that

T

T
| #@et e navesa [ [ @pvepa.is
M 0 M

Now using (1.7) we have

T ~
/ @2(:1:)eg(x’T)f.2F(:B, T)dVy < Cs / / egfi\V@Q dVyds (1.14)
M 0 JM

for some constant C3 depending on C; in (1.7). Here V is the gradient with
respect the initial metric g;;(x,0). For R > 0, let ¢ be the function with
compact support such that

=1, for z € By(o,R);
<p( )=0, for € M)\ By(o,2R);
2

Letting R — oo in (1.14) we have that

T (ac)
/ eg(x’T)f (z,T)dVp < hm mf—/ / e ar f dVy ds
M By(0,2R)\Bo(o,R)
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for some constant Cy > 0 depending only on C; in (1.7). Now if T' < (1174,
by (1.9), we will have

/M 9@ D) 2 (2, T) dVp < 0.

This implies that f(x,7) < 0. Since C4 depends only on C}, iterating this
procedure we complete the proof of the theorem. O

Let g,5(z,t) be a solution of (1.1) on M x [0, T), which is Kéhler for all
t. We have the following easy lemma.

Lemma 1.1. Suppose there is a function uy(x) such that

vV —=100ug = Ric(g(-,0)) (1.15)

where Ric(g(0)) is the Ricci form of the initial metric g(0). Let F be the
ratio of the volume element as in (1.5) and let u(z,t) = ug(z) — F(z,t).
Then

V—100u = Ric(g(t)), (1.16)
0

A — = = 1.1

( 815) u(z,t) =0, (1.17)

A9 vu2 = 2 12 1.18

) 190l = Juasll® + g, (1.18)

0 9 1
T (IVul*+1)2 >0, (1.19)
and 5 5

— I R=(A == )u = —|juz|> 1.2
(2-5)R=(8-5)u =l (1.20
Here ”ua,@”_2(xvt) = gafg(x,t)g”g(x,t)uag(x,t)uyg(x,t), ”ua,@”2(xvt) =

9% (2, t) g0 (@, 1) Uan (2, t) ugs(z, ).

Proof. (1.16) and (1.17) follow from the fact that g,5(x,t) is a solution of
(1.1) which is Kéhler, and the definition of F' and wy.

To prove (1.18), after choosing a normal coordinates with respect to
9o5(2,t) near any fixed point

¥
= UarUay + UayUay + (AU)atia + Ua(Au)a + Uy 5uatig,

AIVuf? = g (uaue?)
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where we have used (1.1) and (1.16). Using (1.1), we have
0
ot IVul> = (u)atia + ua(ue)a + UqgUatl G-

Combining this with (1.17), we have (1.18). (1.19) follows from (1.18) by
direct computations.
To prove (1.20), differentiate (1.17) with respect to ¢. Using (1.16) we

have
0 0
(A_E);Z_@_%)ut

= _ggﬂua,@

= 099" gy 1103
= —¢P47R i
= 009" Uzt
= —Jugll*.

This completes the proof of the lemma. O

We are ready to prove the long time existence.

Theorem 1.3. Let (M™, g,5(z,t)) be a complete noncompact Kihler man-
ifold with nonnegative holomorphic bisectional curvature such that its scalar
curvature Ro is bounded and satisfies

/OO k(z,s)ds < Cy (1.21)
0

for some constant Cy for all x and r, where
k(x,s) = 7[ RodV.
B(z,s)

Then (1.1) has long time existence. Moreover, there is a function u(x,t)

such that -
VvV —190u(-,t) = Ric(g(t)), (1.22)
Vul < C(m)C, (1.23)

and
R(z, 1)+ |Vul*(z,1) < sup (Ro(x) + [Vuo[*(x)) < sup Ro(x) + (C(m)Ch)?
zeM zeM

(1.24)
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for some constant positive C(m) depending only on m and for all (x,t).
Moreover, the equality holds for some (xg,ty), with ty > 0 if and only if
9oz, t) is a Kdhler-Ricci soliton.

Proof. By Theorem 1.1, there is a maximal co > Ty,ax > 0 such that (1.1)
has a solution g,5(z, ) which satisfies condition (i) in Theorem 1.1 for 0 <
t < Tmax, and satisfies the following condition: For any 0 < T' < Tax, there
is a constant C' > 0 such that (1.3) and (1.4) are true on M x [0,T]. By
(1.21) and the results in [N-S-T, Theorems 1.3 and 5.1], there is a function
uo(x) such that
vV —100ug = Ric(g(0))

and B

[Vug|(x) < C(m)Cy (1.25)

for all z for some constant C'(m) depending only on m. Let u(z,t) = up(x) —
F(z,t) and let 0 < T < Tipax be fixed. By (1.3), (1.4), (1.6) and (1.25), it is
easy to see that there is a constant Cy such that for (z,t) € M x [0,T]

lu(z, t)| < Ca(ro(z) +1) (1.26)

where ro(x) is the distance from a fixed point o with respect to ¢g(0). By
Lemma 1.1 (1.16), we have Au(x,t) = R(x,t). Combining this with (1.4)
and (1.26), it is not hard to prove that

/B o |Vu|? < Cyr?mt! (1.27)
t{o,7

for some constant C3 for all 0 < t < T and for all r. Here we have used
the fact that gag(x, t) has nonnegative Ricci curvature and volume compar-

1
ison. Hence using (1.3), we conclude that the function f = (|Vul?+1)2 —

(C*(m)CF + 1)% satisfies the condition (1.8) in Theorem 1.2 with T3 re-
placed by T. Here C(m) is the constant in (1.25). By (1.19) of Lemma
1.1 and Theorem 1.2, we can conclude that (1.23) is true for z € M and
0 <t < Tiax, because T can be any positive number less than T}, ..

By (1.18) and (1.20) of Lemma 1.1, we have

(A — %) (IVul* + R) = [[uagl|*. (1.28)

By (1.23) and (1.4), we conclude that |Vu|? + R is uniformly bounded on
M % [0,T]. By (1.28), we can apply Theorem 1.2 again and conclude that
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(1.24) is true for all z € M and 0 < ¢ < Tyax. In particular R is uniformly
bounded on M x [0, Tynax). By Theorem 1.1, Tihax must be infinity. If for
some (zg, to), to > 0,

(R +|Vul?) (o, to) = su]\g[(R + |Vul?)(z,0)
xre

we can conclude that R (z, t)+|Vu|?(x, t) is constant, by the strong maximum
principle. Thus uag(x,t) = 0 by (1.28). Together with the fact u,z(z,t) =
R, 5(:):, t), it implies that g,, 5(:):, t) is a Kéhler-Ricci soliton. It is easy to check
that for a Kéhler Ricci soliton (1.24) holds with the equality (Cf. [C-H]). O

2. Some properties preserved by the Kihler-Ricci flow.

In this section, we shall investigate the behavior of th (0,1) RdV;. To do this,
we shall give some generalizations of the estimates in [Sh2-3, C-Z, C-T-Z]
from above and below on the volume element F(x,t) defined in (1.5). More
precisely, we shall obtain upper and lower estimates on F'(z,t) in terms of

the integral
,
/ sk(x, s)ds
0

where k(z, s) is the average of the scalar curvature R over By(z, s) at t = 0.
Our proofs use the well-known estimates of the heat kernels and the Green’s
functions for manifolds with nonnegative Ricci curvature of Li-Yau [L-Y].
Our proofs seem to be simpler than those in [Sh2-3], etc. Also we do not
use the complicated construction of exhaustion functions as in the [Sh2-3,
C-Z, C-T-Z]. To derive our estimates we need the following lemma, which
is a direct consequence of the mean value inequality of Li-Schoen [L-S] on
subharmonic functions.

Lemma 2.1 (Generalized mean value inequality). Let M" be a com-
plete noncompact Riemannian manifold with nonnegative Ricci curvature
with real dimension n. Let u > 0 be a smooth function such that Au >—f
with f > 0. For any xqg € M and r > 0, we have

ulzo) < /B . Gr<xo,y>f<y>dy+c<n>7{3 u (2.1)

(LUQ,T)

for some constant C(n) depending only on n, where G,(x,y) is the positive
Green’s function on B(xg,r) with zero boundary value.
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Proof. Let v be such that Av = —f on B(zg, ) and v = 0 on dB(xg, ). Note
that v > 0 in B(zg,r). Since w = max{u — v, 0} is Lipschitz, subharmonic
and nonnegative, by the mean value inequality of Li-Schoen [L-S], we have

w(zg) < C w
B(LUQ,T)

for some constant C' = C(n) depending only on n. If u(xg) —v(zg) < 0, then
we have

u(wo) < v(z) = / G, (w0, 9) f (3)dy.

B(J?Q,T)

In this case, (2.1) is true. If u(xp) — v(zg) > 0 then
u(zo) = w(zo) + v(zo)

<C w + v(xo)
B(J?Q,T)

< 07[ u ~+ v(zo)
B(J?Q,T)

307[ wt / G (0, ) F (y)dy.
B(zo,r) B(zo,r)

Therefore (2.1) is also true for this case. O

We should mention that the above lemma was also proved in a somewhat
different form in [Sh2-3] with a more complicated proof (Cf. Lemma 6.10
of [Sh2] and Lemma 6.8 of [Sh3]). We also need the following estimates of
Green’s functions.

Lemma 2.2. Let M™ be as in Lemma 1.1. For any function f > 0, let
k(z,r) = JLB(;U »y /- Then we have

r
5

2 C SK\x, s)ar
[, Gtz co ( b g)+ [ shia ) )

for some constant C(n) > 0 depending only on n, where G, is the Green’s
function on B(x,r) where zero boundary value. If in addition, M supports
a minimal positive Green’s function G(x,y) such that

) = O S V)
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for some o > 0 for all x,y € M, then

/B ., @)y < Cln.0) (ﬁk(:p,'r) + /0 ' sk(g;,s)dr) |

for some positive constant C(n, o) depending only on n and «.

Proof. See the proofs of [N-S-T, Theorems 1.1, 2.1]. O

In the rest of this section, we assume M™ is a complete noncompact
Kahler manifold with bounded nonnegative holomorphic bisectional curva-
ture such that g, is a solution of (1.1) on M x [0, T") with 7" < co. We also
assume that conditions (i) and (ii) in Theorem 1.1 are satisfied by g,5 on
M x [0,Ty] for any Th < T'. Let m(¢t) = infys F'(-,t). Then m(t) <O0.

With the notations as in §1, we also need the following result of Shi [Sh3,
p. 156].

Lemma 2.3.

Ro(z) > Ro(z) + ef' Fy
> Ro(x) — g (2, 0) R, (. )
= AF(z,t)
> Ro(x) — R(x,1) (2:2)

where A is the Laplacian of the metric g(0).

Theorem 2.1. With the above assumptions and notations, the following
estimates are true. Namely there exists C1 > 0 depending only on m such
that for all (zo,t) € M x [0,T)

NG
P(wo,t) > O /0 sh(wo, 5)ds (2.3)
and
— R —
—F(x0,t) <Cy [(1—1—%)/0 sk(zg, s)ds — tm?) (;2 m(t)) , (2.4)

where k(xg,t) = JCBO(%J,) RodVp.
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Proof. To prove (2.3), by Lemma 2.3 we have
AF>Ro—R=Ro+F

" (5-)insn -

Let H(z,y,t) be the heat kernel of M with respect to the metric g(0), and
let

t
ety = [ [ B R ilo)
0 Jm
Then Av — v, = —Rg and v = 0 at t = 0. By (2.5) and the fact that
F(-,0) = 0, by the maximum principle and the estimate of the heat kernel
[L-Y], we have for (z,t) € M x [0,T)

—F(z,t) > v(z,t)

//ny, YRo(y) dVe dr

> (O / / 5 / Ro(y) dAgdr dr
Vb OBy(z,r)

2
zc// 7(%/ Ro(y) dAgdr dr
? 0 Jo VE)(Q?, ﬁ) OBy (z,r) O(y) °
t
=y [ Koy dr
0

Vi
= 203/ Tk(x,T)dT.
0

for some positive constants Cy — C3 depending only on m. Hence (2.3) is
true.

To prove (2.4), by Lemma 2.3, AF < R+ e F;. Hence for any (zq,t) €
M x [0,T) for any R > 0, integrating the above inequality over By(xg, R) X
[0, t], we have

t ~
/ / Gr(zo, y)AF(y, s)dVods
0 JBy(zo,R)

<t / G (0, y)Ro(y)dVi + / G (o, y)(eF @) — 1)ava,
Boy(zo,R) Boy(zo,R)
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and
/ Gr(x0,y)(1— eF@D)aV, (2.6)
Boy(zo,R)

t ~
<t / Gr(z0,y)Ro(y)dVi + / / Gr(0,y)A (~F(y, 5)) V.
Boy(zo,R) 0 JBo(zo,R)

By the Green’s formula, for each 0 < s <t

- 0GR(xo,
| Gato AP = Flao,s)+ [ By, 280
Bo(zo,R) 0Bo(z0,R) v

< _m(t)v

where we have used the fact that m(¢) is nonincreasing, F < 0,
Q%GR(xo,y) < 0 and faBo(mo,R) %GR(xo,y) = —1. Combining this with
(2.6), we have

/ Gr(zo,y)(1 - F@0)avy <t ( / G (20, y)Ro(y)dV — m(t)) .
B B

o(z0,R) o(wo,R)

Using the first inequality in Lemma 2.2, this implies

R (1) av<on( [ Galaop)Rowdth - m(t)
Bo(z0,3 R) Bo(wo,R)

(2.7)
for some constant Cy depending only on m. Since if 0 <x <1, 1—e™* > %:1:,
we have (1 —ef") (1 —m(t)) > —CF for some absolute positive constant C.
Hence (2.7) implies that

R (R
Bo(zo,:R)

< G5t (1—m()) </B . Gr(z0,y)Ro(y)dVo — m(t)> (2.8)

for some constant C5 depending only on m. By Lemma 2.3, A(—F) > —R,.
By Lemma 2.1 and (2.8), there is a constant Cg depending only on m such
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—F(xo,1t) S/

G (0, y)Ro(y)dVo + C(n) 7’ (—F(y. 1)) dVo
Bo(zo,5R) °

Bo(x0,3 R)

IN

/ G (0, y)Ro(y)dVy
Bo(zo,tR) °

1 Cot (1 —m(t)) </ Gr(z0,y)Ro(y)dVo — m(t)) , (2.9)
B

R? o(wo,R)

where G1 5 is the Green’s function on By(zg, t R). As in [Sh3], by considering
5

M x C?, we may assume that M has positive Green’s function which satisfies

the condition in Lemma 2.2. Applying Lemma 2.2, we can conclude from
(2.9) that

~Fant) < | (14 ) | " o, s~ MO m @),

for some constant C; depending only on m. This completes the proof of the
theorem. 0O

Corollary 2.1. Same assumptions and notations as in Theorem 2.1. Sup-
pose k(x,r) < k(r) for some function k(r) for all x € M. Then there exist
positive constants C, a depending only on m such that for 0 <t < T

R
_m(t) <C /0 sh(s)ds (2.10)
where R% = at(1 —m(t)).

Proof. By (2.4), we have for any R > 0

—m(t) < O [(1 + w) /R sh(s)ds — tm(t) (1 —m(¢))
0

R? R?

where C} is a constant depending only on m. Let R? = 2C1t(1 — m(t)), we

have
1 R
— <2 1+ — .
m(t) < Cl< + 201)/0 sk(s)ds

From this the result follows. O
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Corollary 2.2. With the same assumptions as in Corollary 2.1. Suppose

/r sk(s)ds < r2p(r)
0

for all r, where ¢(r) is a nonincreasing function of r such that lim, o ¢(r) =
0. For 0 < 7 <supo, let

P(7) = sup{r| ¢(r) = 7}.
Then for 0 <t < T,

C/ C//
—m(t) < max{1, 7¢2(T)}
for some positive constants C' and C" depending only on m. In particular,
the Kahler-Ricci flow has long time existence.

Proof. Note the 1(7) is finite and nonincreasing for 0 < 7 < sup ¢ because
¢(r) — 0 as r — oo. By Corollary 2.1, there exist constants a and C;
depending only on m such that

“m(t) <Oy /0 " sk(s)ds < Crat(l — m(t))$ ( at(l— m(t)))

where R? = at(1 — m(t)). Suppose —m(t) > 1, then the above inequality

implies that
1

QClat'

6 (Vatl=m(®)) =

1

In particular, 5 Orat

< sup ¢. Hence

QClat

=) <o (55 )

Hence
I i

() < max{1, S92(5))

for some positive constants C’ and C” depending only on m.

The last statement follows from the method in [Sh3, §7]. Here we cannot
use the method in Theorem 1.3 because we do not have a good solution for
the Poincaré-Lelong equation. O
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Remark 2.1. The condition for long time existence in the corollary is
weaker than that in [Sh3]. In [C-T-Z], the long time existence is proved
for the case of surfaces under the assumptions that the surface has maximal
volume growth and that [ sk(xo,s) = o(r?). The last assumption is a little
bit weaker than ours.

Remark 2.2. By the corollary, we may have the estimates in [Sh2-3]. For
example, if k(r) = C(1+r)~2, then it is easy to see that —m(t) < Clog(t+1).
Ifk(r) = C(1+7)~? for0 < 0 < 2, then —m(t) < C(t+1)2=9/%  In addition
to these results in [Sh2-3], we may have the following estimate. Namely, if
Jo" k(r)dr < oo, then —m(t) = o(t) and if [ sk(s)ds < Cr?/log(2+r), then
we have —m(t) < et for some C > 0.

Another application of the corollary is a slight generalization of a gap
theorem of Chen-Zhu [C-Z]. In [C-Z], it is proved that if M is a complete
Kahler manifold with bounded nonnegative holomorphic bisectional curva-
ture such that

k(z,r) = 7[ RodVy < e(r)r2
Boy(z,r)

for all z and r, where €(r) — 0 as r — oo. Then M must be flat. Note
that under this condition, the Kéahler-Ricci flow has long time solution such
that R(z,t) is uniformly bounded on M x [0,00) by Theorem 1.3 and so
—m(t) < Ct. Moreover

/r sk(x, s)ds = o(logr)
0

uniformly.
Using Corollary 2.1, we have:

Corollary 2.3. Let (M™, g) be complete Kahler manifold with bounded
nonnegative holomorphic bisectional curvature such that the Kahler-Ricci
flow (1.1) has long time solution.

(a) Suppose M is nonflat and —m(t) < Ct* for some constant C' and k > 0.

Then
" sk(z, s)d
lim g o 2R @ s (2.11)
T—00 logr
—F(x,t
lim inf —2 &0 S o, (2.12)

t—o00 log t
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and
liminftR(z,t) > 0, (2.13)

t—o00

for all x, where k(x, s) JLB o (2,7) RodVo

(b) If the Poisson equation Au = R has a solution u which is bounded
from above, then M is flat. In particular, any bounded from above
solution is a constant.

Proof. Note that if (2.11) is true for some z, it is true for all . Suppose M
is nonflat, then there exists xy such that Ro(zo) > 0. If (2.11) is not true,
then there exists R; — oo such that

R; 1
/ sk(xg, s)ds < B log R;. (2.14)
0

Let t; — oo be such that #;(1 — (m(t;))? = R?. By (2.4), we have

R;
— {L‘o, </ {L‘o, d8+1>
0

1
logR + 1)

| /\

< Oy (—, logt; + 1) (2.15)
1

for some constants C7 — Csy independent of 7. Here we have used the assump-
tion that —m(t) < Ct*. We can then proceed as in [C-Z]. For any T > 0, by
the Li-Yau-Hamilton type inequality [Co2-3] for ¢t > T,

T
?R({L‘o, T) S R({lfo, t).

Integrating from T to ¢;, we have
t 1
T'log TR(:):O, T) < —F(zo,t;) < Cy z logt; +1 ).

Dividing both sides by logt; and let t; — oo, we have R(zg,T) = 0. Since
T is arbitrary, we conclude that R(z¢) = 0. This is a contradiction. Hence
(2.11) is true.

If (2.12) is not true for some x, then by (2.3) in Theorem 2.1, (2.11) is
not true for this . Hence M must be flat by the previous result.
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By (2.12), for any x € M there exists C5 > 0 and tg > 0 such that
—F(z,t) > Cslogt, (2.16)

for all t > tp. By the Li-Yau-Hamilton type inequality in [Co2-3], for all
t >ty and s < t,

én(g;, 1 >Rz, s).

Integrating over s from 1 to ¢ and using (2.16) we have

(tlogt) R(:L’,t)Z/l R(z, s)ds
1
= —[F(x,t) —/O R(x,s)ds

1
> (s logt—/ R(z, s)ds.
0

From this (2.13) follows.
The proof of (b) follows from the proof of (a) and Theorem 2.1 of [N-S-T.
(]

Remark 2.3. The argument above in fact also shows that any bounded so-
lution to Au = Ro(z) is a constant since if Au = Ro(z) has a bounded solu-
tion, we then have long time solution to (0.2) by Theorem 1.3 and Theorem
2.1 of [N-S-TJ. In [Cw], a gradient estimate is obtained for the Kéhler-Ricci
flow under the assumption that there is a bounded potential function for
the Ricci tensor. If we assume the manifold has nonnegative holomorphic
bisectional curvature, then this is only possible for flat manifolds.

Corollary 2.4. Same assumptions and notations as in Corollary 2.1. If we
assume that .
sk(s)ds
lim 7f0 ( )
T—00 T

we have long time existence for the Kéhler-Ricci flow with

lim l(t)

t—o0 t

=0

=0
and
lim R(x,t) =0
t—o0

uniformly for x € M. If in addition, we assume that (M, g(0)) has maximum
volume growth, M is diffeomorphic to R*™, in casem > 3 and homeomorphic
to R%, in case m = 2. Moreover, M is a Stein manifold.
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Proof. The first part just follows from Corollary 2.1 and the Li-Yau-Hamilton
type inequality of Cao [Co2-3] as in the proof of Corollary 2.3. To prove
that M is Stein and topologically R?>™ one just need to use the observation
that the injectivity radius of M has a uniform lower bound in the case of the
maximum volume growth and bounded curvature tensor. Also |R(z,t)| — 0,
as t — oo, means that the K&ahler-Ricci flow will improves the injectivity
radius to oo along the flow. The rest argument is same as in section 3 of
[C-Z]. O

Another corollary of the proof of Theorem 2.1 is a result on the preser-
vation of volume growth under the Kéhler-Ricci flow. In [Sh2] it was proved
that the property of having maximum volume growth is preserved under
the assumption that Ro(z) is of quadratic decay. In [C-Z, C-T-Z] it was
generalized to the case of more relaxed decay conditions on R(z) using the
same argument as [Sh2]. In [H3], it was proved under the Ricci flow with
nonnegative Ricci curvature, and under the stronger assumption that the
Riemannian curvature tensor of the initial metric goes to zero pointwisely,
then the volume ratio lim, . 7~"V;(r) is preserved. In our case, we have
the following stronger result:

Theorem 2.2. With the same assumptions and notations as in Theorem
2.1. Suppose for some xg,

/ sk(xg, s)ds = o(r?) as r — oo.
0

Let o € M be a fixed point. Then for any 0 <t < T,

L Vilo,r)

=1
r—2 Vo(0,7)

where Vi(o,r) is the volume of the geodesic ball By(o,r) with respect to the
metric g(t) for0 <t <T.

Proof. Since R(z,t) is uniformly bounded on M x [0, ¢], by Theorem 17.2 in
[H3], Bi(o,7) C By(o,r+ C1t) for some constant Cy independent of r. Using
the fact that ¢(t) is nonincreasing in ¢, we have that
Vi(o,7) < Vi (By(o,r + Cit))
< Vo (Bo(o,r+ C1t))
Cht 2m
<Vifor)- (52

r
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This implies that

lim sup
T—00 0(07 T)

Using the fact that g(¢) is nonincreasing in ¢ again, we have

Vi(o,r) > / av;
Bo(o,r)

— / Wt qv,
Bo(o,r)

— Vo(o,r) + / (P WD) _ 1) qvj, (2.17)
Bo(o,r)

On the other hand, using (2.7) in the proof of Theorem 2.1 and using Lemma
2.2 as in the proof of (2.4), we have

107
f (1 — eF(y’t)> dVy < Cor™2t (/ sk(o, s)ds — m(t))
BO(Ovr) 0

for some constant Cs independent on r. Combining this with (2.17), we have

Vilo,7) >1— Cyr™2t (/Olor sk(o, s)ds — m@) '

Vo(o,r)
Since fOR sk(s)ds = o(R?), we have

lim inf Vi(o,7)

> 1.
r—eo Vo(o,7)

The theorem then follows. O

It was proved in [H3] that the condition |Rm| — 0 as z — oo is pre-
served under the Ricci flow. Applying Theorem 2.1, we can prove that the
decay rate of the scalar curvature in the average sense is preserved under
the Kahler-Ricci flow in a certain sense.

Theorem 2.3. Let M™ be a complete noncompact Kdahler manifold with
bounded nonnegative holomorphic bisectional curvature. Suppose (1.1) has
long time existence, such that for any T > 0 the conditions (i) and (ii) in
Theorem 1.1 are satisfied. Then the following are true:

(a) Suppose [ sk(x,s)ds < C(1+ r)'=¢ for some constants C > 0 and
€ >0 for all z and r. Then [ ski(z,s)ds < C'(1+ r)° where § =
min{1,2(1 —€)/(1 +€)} for some constant C' independent of x,t,r.
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(b) Suppose [y sk(x,s)ds < Clog(r +2) for some constants C > 0 for
all v and r. Then [; sky(z,s)ds < C'log(r +2) for some constant C'
independent of x,t,r.

Here k(x,r) = JLBo(x,r) RodVy and ki(x,r) = th(W,) R(y,t)dV;.

Proof. We prove (b) first. For T' > 0, let

det (gag(x,t+T))
det (gag(x,T))

F(z,t;T) = log [

Considering the flow g,5(z,t+7') with initial data g,5(z, T) and using (2.3)
in Theorem 2.1, we have for any ¢ > 0

Vit
—F(x,t;T) > Cl/ skr(x, s)ds. (2.18)
0

for some constant C; > 0 depending only on m. On the other hand, by the
Li-Yau-Hamilton inequality [Co2-3]
TR(z,T) < tR(x,t)

for all t > T. We have
t T t
/ —R(z,T)ds < / R(z,s)ds < —F(z,t;0) < Cylog(t + 2)
T S T

for some constant Cs independent of x and ¢, where we have used Corollary
2.1 and the assumption on k(z,r). Dividing both sides by logt and let
t — oo, using the fact that R is uniformly bounded on M x [0,00) by
Theorem 1.3, we have

Cs
<
R(z,T) < T4

for some constant C3 independent of x and ¢. Since the metric is nonin-
creasing along the Ricci flow det (gag(x, T)) < det (gag(x, 0)), by (2.18) and
Theorem 2.1, for all £ > 0

(2.19)

log(t+ T +2) CyF(z,t+1T;0)

Z —
> —CyF(z,t;T)

NG
26’5/ skr(x, s)ds (2.20)
0
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for some positive constants Cy — C5 independent of x, ¢t and 1. Suppose
r?2 > T, then we take t = r? in (2.20), we have

/ skr(z, s)ds < Cglog(r + 2) (2.21)
0

for some constant Cg independent of x, ¢, T. Suppose 2 < T, then by (2.19),

we have

7,2

T+1

,
/ skr(z,s)ds < C3 < Crlog(r +2) (2.22)
0

where C7 is a constant independent of z,¢,T. (b) follows from (2.21) and
(2.22).

To prove (a), if 2(1—¢€)/(1+¢€) < 1, the proof is similar to the proof of (b).
If 2(1—€)/(1+€) > 1, the assumption in (a) implies that [ k(z, s)ds < Cg
for all r and for all . By Theorem 1.3, for any ¢ we can solve the Poincaré-
Lelong equation v/—100u = Ric(g(t)) with |Vu|(x, ) < Cy for some constant
independent of x and t. By Theorem 2.1 in [N-S-T], the result follows. [

3. Asymptotic behavior of the volume element.

In §2, we gave some estimates of the volume element —F(z,¢) under the
Kéhler-Ricci flow. In general, —F(z,t) has no limit as ¢ — oo unless the
original manifold is flat. In this section, we will use the Poincaré-Lelong
equation and the results in [N-S-T] to obtain information on asymptotic
behavior of the rescaled volume element —F(z,t) + F(zo,t). Let us assume
that (M ™. Gy 5(:):)) is a complete noncompact Kéhler manifold with bounded
nonnegative holomorphic bisectional curvature. As before, denote

k(z,r) = 7[ RodVy
B(z,r)

where R is the scalar curvature of 9o3- We also assume that
k(z,r) < Ek(r) (3.1)

for all x € M, with [;* k(r)dr < co. By Theorem 1.3, (1.1) has a long time
solution g,5(z,t) with g,5(z,0) = g,5(x). On the other hand, by the result
in [N-S-T], there is a unique function u such that

v —100uy = Ric(g(0)) (3.2)

with ug(0) = 0 and |ug| = o(r). We have the following:
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Theorem 3.1. Let xg € M be a fized point. For any t; — oo, there is a
subsequence, which is also denoted by t;, such that

Jim (F(@,t;) = F(zo, 1)) = uo(w) — uo(z0) — v(w)
where g is the function in (3.2) and v(x) is a plurtharmonic function of at
most linear growth (with respect to the initial metric). The convergence is
uniform on compact sets. If in addition, [; sk(z,s)ds < C(1+ )€ with
e > 1/3, then

lim (F(z,t) — F(xo,t)) = up(z) — up(zo)

t—o00

and the convergence is uniform on compact sets of M.

Proof. Let h(x,t) = (up(z) — F(z,t))— (uo(zo) — F(xg,t)). By Theorem 1.3,
there exists a constant C such that for all (x,t) € M x [0, 00)

(%(g;, t)( < |Vh(z, 1) < C4, (3.3)

where Vh is the gradient with respect to the initial metric g(0), and we have
used the fact that g, is nonincreasing. Since h(zo,t) = 0 for all ¢, it is easy
to see that for any t; — oo, there is a subsequence, which will be denoted
by t; again, such that

lim h(z,t;) = v(x)

J—00
for some Lipschitz continuous function v(z) on M with bounded gradient.
Since _

Ah(a.1) = ¢°(,0) R 5(a, 1 (3.4)

for all x, where A is the Laplacian with respect to g(0),
0 < g°%(2,0) Rz, 1) < g°%(a,t) Ry, t) = Rz, t),

Since by Corollary 2.4, limy_,~ R(z,t) = 0 uniformly on M, we conclude that
v(z) is a harmonic function of at most linear growth. Notice that h(x,t) is
plurisubharmonic. Thus v is also plurisubharmonic. Together with the fact
that it is also harmonic, v must be pluriharmonic.

Suppose [y sk(x,s)ds < C(1+r)'~¢ with € > 1/3. Then by Theorem
2.3, we have

/r sha(@, 8)ds < Co(1+ 1) (3.5)
0



Kahler-Ricci Flow and the Poincaré-Lelong Equation 137

for some constant Co > 0 independent of x and ¢. Here ky(z,s) =
th(%S) RdV; and § = 2(1 —€)/(1 +¢) < 1. By Theorem 1.2 in [N-S-T]
and the fact that h(z,t) = o (ri(z,zg)) for fixed ¢, we can conclude from
(3.5) that

h(z,t) < Cs3(1 + (e, :1:0))5 < C3(1 + ro(z, :1:0))5

for some constant independent of . Hence the harmonic function v(z) is of
sublinear growth and must be constant by [C-Y]. Since v(zg) = 0, v must
be identically zero. O

In [Sh2] and later in [C-Z], it was proved that if M is a complete non-
compact Kahler manifold with positive and bounded holomorphic bisectional
curvature such that the scalar curvature satisfies §5 (@) RO < k(r) for all x
and r with with k(r) < C(1 +7)717¢, ¢ > 1/2, then the long time solution
of the Kahler-Ricci flow subconverges after rescaling in the following sense.
Let z( be a fixed point in M and let v be a fixed (1, 0) vector at xy with unit
length with respect to the initial metric. Let g,5(z,t) = g,5(2,t)/gvs(0, t).
Then for any t; — oo, we can find a subsequence, also denoted by t;, such
that §a5(x,tj) converge uniformly on compact sets of M to a flat Kéahler
metric. (There is a gap in their proofs, see the footnote on p. 114.). How-
ever, as pointed out in [C-Z], it is unclear whether the metric is complete.
Using Theorem 3.1, we can get some preliminary estimates for the limiting
metric.

Proposition 3.1. Let (M™, gag) be a complete noncompact Kahler mani-
fold with positive and bounded holomorphic bisectional curvature such that
the scalar curvature R satisfies

7[ RodVi < k(r)
B(z,r)

for all z and r, where k(r) < O(1 +r)717¢ with ¢ > 1/2. Let 9oz, t) be
the long time solution of (1.1) with g,5(z,0) = g,5(x). Suppose g,z(zo,t)
is equivalent to g,5(z0,0), uniform in t.

(a) The rescaled metrics

_ F(zq,t)

ga,@(xv t)=e "~ m ga,@(xv t)
subconverge to a flat Kéahler metric h,z on M. The convergence is
uniform on compact sets, where xq is a fixed point and

det (gaﬁ (z,t))

F(z,t) = log W.
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(b) If, in addition, ¢ = 1 and Ro(z) < Cry*(x), where ro(z) is the distance
function from xy with respect to the initial metric, then

det(hag(x)) () O
Jet(gag(a,0)) = C 00 =€ (3.6)

for some positive constants a, C' and C". In particular, the maximal
eigenvalue Amax(7) of h,g(x) with respect to g,(x,0) satisfies
Amax () > C"'rf () (3.7)

for some positive constant C"', provided ro(x) is large enough.

Proof. Part (a) follows from the method in [Sh2], see also [C-Z]. Since

o det(hag(x,t))
gdet(gag(x,O)) t—00

by Theorem 3.1 we have

det(h,z(z,t))

where wu(z) is the solution for the Poincaré-Lelong equation obtained in
[N-S-T, Theorem 5.1]. Since M is nonflat, by Remark 2.2 and Corollary

2.3, we have
o sk(xo, s)ds

lim inf > 0. (3.9)
T—00 logr
By [N-S-T, Corollary 1.1], (3.8) and (3.9), we conclude that (3.6) is true.
(3.7) follows from (3.6) immediately. O
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