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Bochner-Riesz Summability for Analytic Functions
on the m-complex Unit Sphere and for Cylindrically
Symmetric Functions on R"~! x R

ADAM SIKORA AND TERENCE TAO

We prove that spectral projections of Laplace-Beltrami operator on
the m-complex unit sphere Fa _,,, , ([0, R)) are uniformly bounded
as operators from HP(S?™~1) to LP(S?™~1) for all p € (1,00). We
also show that the Bochner-Riesz conjecture is true when restricted
to cylindrically symmetric functions on R"~! x R.

Suppose that L is a positive definite, self-adjoint operator acting on
L?*(X,u), where X is a measurable space with a measure p. Such opera-
tor admits a spectral resolution

L= /OOO)\ dBL ().

By the spectral theorem, if F' is a Borel bounded function on [0, c0), then
the operator F'(L) given by

F(L) := /0 T PO dEL() (1)

is well-defined and bounded on L?(X, u1). One of the fundamental problems
in the theory of spectral multipliers is to determine when F'(L) is bounded
on LP for some p # 2. An interesting example is the following family of
functions

- g or
sion={ TP BASR ®

We define the operator S%(L) using (1). S%(L) is called the Riesz mean
or the Bochner-Riesz mean of order §. The basic question in the theory
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44 A. Sikora and T. Tao

of the Riesz means is to establish the critical exponent for the continuity
and convergence of the Riesz means. More precisely we want to study the
optimal range of & for which the Riesz means S%(L) are uniformly bounded
on LP(X), or in other words that

sup ”Slé%(L)”LP(X,;L)—>LP(X7H) < 0. (3)
R>0

Since the publication of Riesz’s paper [6] the summability of the Riesz means
has been one of the most fundamental problems in Harmonic Analysis, see
e.g. [9, IX.2 and §IX.6B]. The best understood case is X = R" with the
Lebesgue measure and L = Agn, where Ag= is the standard Laplace opera-
tor. It is known that S%(Ag1) is uniformly bounded on L? for all 1 < p < oo
but if n # 1, then S%(Agn) is bounded on LP(R™) only when p = 2, see [2].

Next denote by LE (R™) the subspace of elements of LP(R™) which are

rad
invariant under the action on SO(n). In [4] Herz proved

Theorem 1. Suppose that (n —1)/2 > > 0. Then
sup Hslé%(ARN)”Lfad(X,u)—»LP(X,u) <0
R>0

if and only if
2n 2n

—_— << —. 4
n+1+26 p n—1-—26 (4)

Thus if S%(Ag») is uniformly continuous on LP(R™), then p satisfies (4). It
is conjectured that for § > 0 the converse is true, but this is only known for
n=2.

Theorem 2. Suppose that L = Agn or L = Agn and X = R" or X = S"
respectively. Next suppose that (n —1)/2 > § > 0, p satisfies (4) and that

2(n+1) or 2(n+1)

1<p<
=P= n+3 n—1

<p < oo (5)

Then
sup ”515%([/)|’Lp(X,,L)_>Lp(X7M) < 00. (6)
R>0

If n =2 then (6) holds if and only if p satisfies (4).

For a proof see [9, Chapter IX] or [8, Chapter 5.2]. It is an open problem
if condition (5) can be removed from the assumptions of the Theorem 2
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also for n > 2. This problem has been studied intensively and will prob-
ably remain open in the near future. Therefore it seems to be natural to
investigate simpler versions of problem, where we consider a closed subspace
Q C LP(X, pu) and ask if the operators S (L) are uniformly continuous from
Q to LP(x, u). If we consider the subspace Q@ = L? (R™), then a complete
answer is provided by Theorem 1. Using standard techniques it is easy to
prove the same result for Q = L (S™).
Here we propose to study the following examples:

e The subspace HP(S?™~1) c LP(S*™~1) of analytic functions on the
m-complex sphere §2™1,

e Cylindrically symmetric functions on R?~! x R.

In both cases we obtain sharp results. In the first case this will be be-
cause the Laplacian on the sphere can be rewritten in terms of a single vector
field when restricted to analytic functions; in the second case we shall use
a Radon transform to reduce the problem to a two-dimensional weighted
Bochner-Riesz estimate, together with some one-dimensional weighted esti-
mates which follow from Hardy’s inequality.

Analytic functions on m-complex sphere. To be more precise we have
to introduce more notation. We use z as a general element of C™, i.e. z =
(#1y..ov2m), . €C,i=1,2,...,m,m > 2. Welet z:= (z1,...,Zy,) denote
the conjugate of z, and and B, := {z € C™: |z| < 1} denote the unit ball,
where [z] == (Y1, \zi\251/2. We use S?m~1 := 0B, := {z € C™: |z| = 1}
to denote the boundary of B,.

Let do be the Lebesgue area element of the unit sphere S?™~1. By
A(0B,,) we denote the class of all f € C(9By,) that are restrictions to 0B,,
of an analytic function on B. For 0 < p < oo we let HP(S?™1) be the
LP-closure of A(0B,,), see [7, Definition 5.6.7]. Our first result is somehow
surprising given Theorems 1 and 2.

Theorem 3. For any natural number m and for any 1 < p < oo
]S%u% ”S%(Aszm—1)”Hp(szm—1)_,Lp(52m—1) < Q. (7)
>

Moreover the operators S%(Agem-1) are uniformly continuous from
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H(8?™~1) to LY (weak-L'). This means that'

o{x € g2m=1. ‘S%(Asgm_l)f(x)‘) >} <C ”fﬂ\Hl

VA, ReRY Vfe H(S§2m 1),

Before we prove Theorem 3 we want to discuss some results described in
[1]. As we will see these results are closely related to Theorem 3.

Let k be a nonnegative integer and let v = (ky,. .., k), where k1 +. ..+
km =k and k; > 0. We define polynomials p* by the formula

K\1/2
k. k1 km
Py = (m!...km!> e Fm

We now recall some standard facts from [1, 7]. First, we have the following
orthonormal basis property. The following theorem is well known:

Theorem 4. The system of functions {p¥} is an orthonormal (but not com-

plete) system in L?(0B,,). The system {p%} is orthonormal and complete in
H2(0B,,).

Also, we have the reproducing formula

> pE2)pE(¢ ! <m+:_1>(25)’“,

w
v|=Fk 2m—1

where 2§ = YU, k& and w,—1 = 27"/T(n/2) = o(S"1). For given
function b: Ry — C we define the multiplier operator Mj by the formula

M, f (2 /dBmk 0 k) Y pE(2)nh(©) ()

lv|=k

/dBmk 0 >(m+,f‘1)<zé>’f.

Let f € LP(0By,) , 1 < p < co. The Cauchy integral C(f) of f

_ 1)
ctne= | Tk @

L As usual we will use C to denote various constants which depend on parameters
such as the ambient dimension m and exponents such as p.
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is then well defined and holomorphic in B,,. The operator

P(f)(€) == lim C(f)(ré)

r—1_

is the projection of LP(0B,,) onto the Hardy space H?(9B,,) and is bounded
from LP(0By,) to HP(0B,,), 1 < p < oo. Note that if we put b = 1, then
P = M. Now if we define the radial Dirac operator D acting on H?(9B,,)

by the formula
= 0
D= —
]; “ Oz’

then the operator DP is a self-adjoint positive defined operator acting on
L*(0B,,) and M;, = b(DP), where b(DP) is defined by (1).
We define the Banach space H*®(X%,,) by

H>*(%,) :={b: ¥, — C | bisholomorphic in %, and || f|| e (s,) < 00},
where X, is the sector

Y, ={2z€C | J|argz| <w}.
The following theorem is the main result obtained in [1]:

Theorem 5. [1] Suppose that b € H*(X,). Then the operator M, can be
extended to a bounded operator from LP(0B,,) to LP(0B,,), 1 < p < oo,
and from L'(0B,,) to LY*°(dB,,).

Finally we state a Hormander type multiplier theorem for the operator D P,
see [5, Theorem 7.9.5, pp. 243|.

Theorem 6. Suppose that for some exponent s > 1/2 function b satisfies
the Hormander type condition

sup ||n 0b|| 1, < o0, (8)
>0

where 6;b(\) = b(t\), H, is the Sobolev space of order s and n € C°(Ry) is
a fixed function, not identically zero. Then the operator My can be extended
to a bounded operator from LP(0B,,) to LP(0B,,), 1 < p < 0.

By the Cauchy formula

C
sup ||n 0:b|| m, < Csup\)\kb(k)()\)\ < —Z ”b”Loo(Zw), Vk € Z. (9)
>0 A>0 w
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Hence by (9) and interpolation for all s > 0
Cs
sup || 6:b|| g, < — bl Loo(s,)- 10
up [|17 9:bl| . < ZClIb o) (10)

From (10) we see that Theorem 6 strengthens the result of Cowling and Qian
in a significant way. Note that the critical exponent 1/2 in Theorem 6 is
optimal. Theorem 3 and Theorem 6 have a very similar proof so we prove
them simultaneously?.

Proof of Theorem 3 and Theorem 6. Let us recall the well known Bochner

formula 1 -
o= o(&)— it
/8 LT /d L dol©)y / F(ee) dt, (11)

see [7, Proposition 1.4.7]. If f: dB,, — C, then for all { € 0B,, we define
fe: 0B1 — C by the formula

fe(t) := f(e€).

Now we can rewrite (11) in the following way

W sonsy = | do@ el (12)

m

Next we define the self-adjoint operator iZ,, by the formula

(261

1 Zmf(z) =1 o

Note that for any f¢: 0B1 — C
exp(—itZn) f(2) = f(c2).
Also, for any polynomial p¥ one can verify the identity
Agomarpl = k(k +m)p} = i Z (i Zm + m)p};
and hence that
S?{(ASQm—l)P = S%(R+m)(iZm)P = X[O,R(R+m))(DP)

and
b(DP) = My, = b(iZ,,)P.

2Essentially Theorem 3 follows from Theorem 6
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Moreover if g = b(iZ,,) f then g¢ = b(iZ1) f¢ and
16(DP) FI2 gomr) = /d oL P

<12 sy [ dOIPDellcsr

m

= ”b(izl)”Z[),p(sl)_,Lp(Sl)”Pf”ZZ/IJ(SQm—l)'

To end the proof of Theorem 6 we note that by the Hormdander multiplier
theorem [|b(iZ1)]|zr(s1)—rr(s1) < Csupsg [[16:b] 1., see [5, Theorem 7.9.5,
pp. 243]. To prove (7) we note that supg ||S%(iZ1)|| Lr(s1)—1r(s1) < 00 by
Theorem 1.

Finally note that

c({z € 0By, f(2)| > A}) = / do(&)or({e™ € S |fe(t)] > A}).

m

Hence if f € H'(S?*™~1), then
L.
o({z € 0Bm: [b(DP)f(2)] > A}) < X”b(zzl)|’L1(51)—>L17°°(51)'
(]

Remark. We proved that the norm of operator b(DP) from H!(S?*™~1) to
L1*°(8?m=1) is bounded by the weak (1, 1) norm of the operator b(iZ;). One
can ask if the operator b(DP) is bounded from L!'(S?™~1) to L1:o°(§2m—1),
The result of Cowling and Qian says that this is the case for b € H*(X,,).
However, this is not usually the case for the functions b which are only
assumed to satisfy (8).

Cylindrically symmetric functions on R”! x R. Let n > 3. We now
work in the space R* ! xR := {(x,t) : € R""} ¢t € R}, and consider the ro-
tation group SO(n—1) acting on the first factor R* 1. Let Liyl(R”_l xR) de-
note those functions f in LP which are invariant with respect to the SO(n—1)
action (and are therefore cylindrically symmetric). Observe that the Lapla-
cian Agn-14g, and hence all spectral multipliers based on this Laplacian,
commute with SO(n — 1) and hence preserve the space of cylindrically sym-
metric functions.

We now show that the Bochner-Riesz conjecture is true when restricted
to cylindrically symmetric functions on R*~! x R. In other words we show
that
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Theorem 7. Suppose that (n —1)/2 > > 0. Then
Slzlzp ”Sléi(AR"—lxR)”Li’yl(R"—lXR)HL’c’yl(R"—lxR) < 0

whenever (4) holds.

Proof. By scaling we can take R = 1. The claim is known to be true when
p=1,p=2or p=o00; by duality and interpolation it then suffices to show
that

159 (Agn-1g) 12/t () 2/ 4 (e ey < 9 (13)
y cy

for any § > 0.
Fix d; our constants C' may depend on §. By duality it suffices to show
that

8
‘<Sl (ARn_lxR)fv g>‘ S ”f”Li;ll/(""rl)(Rn—l xR) ”g”LiZz/(n_l)(R"_l xR) (14)

for all cylindrically symmetric test functions f, g. Without loss of generality
we may assume that f, g are real.

We now use the method of descent to reduce this problem from n dimen-
sions to 2, exploiting the cylindrical symmetry. The method here (inspired
by work of Rubio de Francia) is not specific to the Bochner-Riesz multipliers
and could be extended to other cylindrically symmetric multipliers (and to
other types of cylindrical symmetry).

We introduce the n-dimensional Fourier transform

]:nf(gv T) = /]R/]Rn—1 6_27ri($'§+t’r)f(x’ t) dz dt

for € € R"!, 7 € R, and observe that F,, is cylindrically symmetric in the &
variable if f is cylindrically symmetric in the x variable. By Plancherel, we
can write the left-hand side of (14) as

| /R/R (=476 DIF S (6 7) Frg (€, 7) dE dr.
We parameterize R"™! as (z1,z), with 1 € R, z € R" 2 and write

e1 := (1,0). By a change to polar co-ordinates and exploiting the cylin-
drical symmetry of the integrand, we may write the previous expression as

wn—2\/R/R(1 — |(&rer, T)) L Fnf (11, T) Frg(&rer, ) [&|" 2d&rdr].  (15)
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Introduce the projection operator P defined by

Pf(xlvt) :_/ f((xlvz)vt) dx

Rn—2

and the two-dimensional Fourier transform
Faf@rir)i= [ [ e a1, doy
R JR

where we have parameterized R x R by {(z1,t) : 1 € R,t € R}. Observe
the identity

j:nf(gleh’r) = ‘7:2Pf(£177_)'

Thus we may write (15) as

wncal /R /R (1— dn|(Erer, D)) FoPf(Erer, ) FaPglEr,7) 61" 2derdr .

Distributing the “derivatives” |£1|""2? equally among Pf and Pg, we can
rewrite the previous as

wn—Z‘ / /(1 _47-(2‘(5161’T)‘)if2‘8$1‘(n_2)/2
R JR
Pf(&1e1, 7)Fo| 0y, |"=2/2Pg (&1, 7) d&; drl,

which after undoing the Plancherel becomes
wn—2|(S7(Arxr) 0k, | "2/ 2P, 02|22 Pg))|.

We claim the three weighted estimates?

n=2 _
a1 5100, |22 P £ nson ) @y < OIS onnsn) sy (16)
cy
_n=2 _
a1 =5 100, =22 Pyl ganso- @y < Cll g gnry (17)
n—2 _n=2
1] 5 S (Arxr)|@1]™ 2 || p2n/ ) @ xRy £20/ (00 @ xR < Ci (18)

3The exponents here may seem somewhat arbitrary, but they are forced on us by
scaling considerations. Note that the number of derivatives (n —2)/2 in (16), (17)
matches the amount of smoothing available for the hyperplane Radon transform in
R"~!, see e.g. [9]; this Radon transform is essentially equivalent to P for cylindri-
cally symmetric functions. This argument was inspired by a simpler version which
was available in the four-dimensional case, which we describe in the next section.
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the claim (14) then clearly follows from composing the above estimates and
applying Holder’s inequality.

It remains to prove (16), (17), (18). We begin with (18). We shall in fact
prove the more general

Lemma 8. For any 6 > 0 and 4/3 < p < 2, the operator
|21|*S?(Arxr)|z1| ™ is bounded in LP(R x R) whenever

3 2
ol <5 2.
2 p

Clearly (18) follows from this lemma by setting p := 2n/(n + 1) and
a:=(n—-2)/2n=3/2—-2/p.

Proof. Since the Bochner-Riesz conjecture is known in two dimensions, see
[9, Chapter IX] or [8, Chapter 5.2], the claim is true when p = 4/3, a = 0,
and § > 0 is arbitrary.

Next, we assert that the claim is true when 1 < p < 2, —1/p < —a <
1—1/p, and 6 > 100. To see this, observe that the convolution kernel K f of
S9(Arxr) decays rapidly, say

K9 (@)] < C((1+[2) ™) < O+ [ar) 71O + 2)) .

Hence it suffices to show that the operator Py: f(z) — |z|* [ C(1 + |z —
y)) 0y~ f(y)dy is bounded on LP(R) for all —1/p < —a < 1 —1/p. But
this follows from [9, Corollary p. 205 and §6.4 p. 218]. Alternatively to
show that P, is bounded on LP(R) for all —1/p < —a < 1 — 1/p we note
that it is true for p = 1 and p = oo because

mmww/cu+m—mr%wﬂsc<aa
x R

for 0 < @ < 1. Then we get the boundedness of P, for all —1/p < —a <
1 — 1/p by interpolation.

From the previous observations and complex interpolation* we see that
it suffices to prove the claim when p = 2, § = 0, and |o| < 1/2. In other
words, we need to show

1S (Arsr) 1| ™ Fll L2y S 1F 1|2 (xr)-

4More precisely, by interpolating the p = 2 estimates with the p = 4/3 ones we
obtain the theorem assuming that |« is strictly less than 3/2 — 2/p. To obtain the
endpoint case (which is what we need for (18)) for we exploit the fact that § > 0 and
interpolate with the § > 100 estimates; note that the range —1/p < —a <1 —1/p
is strictly larger than |a| < 3/2 —2/p.
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We write f(z1,t) using a Fourier transform in time as

flx1,t) = /gT(m)em dr

for some function g,. Observe the identity
S?(Arr)|z1|7 f(z1,8) = / SY_ 2 (AR)|a1 |~ g (x1)e™T dr
|71<1

(just take the Fourier transforms of both sides). From a Plancherel in the ¢
variable we thus reduce to showing the one-dimensional weighted estimate

21|*S]_ 2 (AR) |21 gl L2r) < CllgrllL2(w)

uniformly in 7. But the operator Sf_Tg (AR) is just a linear combination of

modulated Hilbert transforms, and |z1]?® is an Ay weight for —1/2 < a <
1/2, so the claim follows, see [9, Corollary p. 205 and §6.4 p. 218]. O

It remains to prove (16), (17). We remark that in the special case n = 4
these identities are easy (especially if we replace |0y, | by 0;,; we will return
to this point in the next section). For general dimension n, we begin by
observing from use of polar co-ordinates in R"~2 that

Pf(a1,t) = wns / P S22+ 2, 83 dr
0

for cylindrically symmetric f, where we have abused notation and written
f(|z|,t) for f(x,t). Making the change of variables y := \/z% +r2, this
becomes

P(1.1) = wnes /R Fu )@ — ) 1yl d.

The estimate (16) can thus be rewritten as
n—4
2

n=2 n— nd
u / £, ) 1) 2100, | D22 — )7 Lyl dll oo )

< C([ 15O Lyl dy de)o 0

Freezing t and setting h(y) := f(y,t)|y|"=2"+D/2" we thus reduce (after
some algebra) to showing the one-dimensional estimate

| /K+(937y)h(y) Ayl p2n/man @y < CllBl L2n/me w),s (19)



54 A. Sikora and T. Tao

where the kernel K is defined by

n—4

n—4 n=2 e
Ko(z,y) = y|="T (|lzl/ly))s [0.]"22(y? — 2?),7 .

Similarly, to prove (17) it will suffice to show that

u / K (2, 5)h() dyll ooy < Clll onson gy, (20)

where the kernel K_ is defined by

n—4

2 J—
K_(z,y) ==yl (|l2]/|y]) "5 |0:] "D/ 2(y? — 2%),7 .

We now estimate the kernels K. First observe that K4 (z,y) is even in
both the x and y variables, so we may freely restrict both variables to the
positive half-line RT. Next, we observe the scaling relationship

Ki(\x,\y) = A Ko (2, y)

for all A > 0 and x,y € RT. Thus we have
1
K:I:(xv y) = ;K:I:(x/yv 1)

It is thus of interest to estimate K4 (z,1). First suppose that x > 2. Then
from the decay of the kernel of the pseudo-differential operator |8,|"2)/?
we have L

10,1721 = 2) T = O(|2| 7). (21)
When 0 < z < 2 one has to be more careful. First observe fronr}1 standard

stationary phase that the Fourier transform of |,|("~2/2(1—22),* (thought
of as a function on R) is even, real-valued and of the form

€| =D2R(Ce?™E 1) MD/2 4 Ce?mE /1€72 4 O(1 /)| TR/2)

for £ > 1, where C' denotes various absolute constants which vary from line
to line. The error term is integrable, and so we see from inverting the Fourier
transform again that

n—4

10,221 —22)., 7 = Co(a® —1) —|—Cp.v.x21_ -

+C(1-2%)%+C+0(1),

where d(x) now denotes the Dirac delta, and p.v.% is the distributional kernel
of the Hilbert transform. In particular, we have

n—4

n—4 1
10,21 — 2.7 = Co(x—1) + Cp.v.—

7 + O(1), (22)
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when 0 <z < 2.

We now estimate K4 (z,y) in the three regions 0 < =z < y/2, y/2 <
x < 2y, and z > 2y > 0, in order to establish the bounds (19), (20). First
suppose we are in the region y/2 < x < 2y. Then from (22) (and a Taylor
expansion) we have

Ki(z,y) =Cé(x —y)+ Cp.v.

1

O(-).
+0(-)
From Hardy’s inequality, see [3, §9.8, p. 239],

1 x
”E/o Lf(W)] dyllp, < Cpl|fllp for 1 < p < oo

and the LP boundedness of the Hilbert transform we thus see that the portion
of K4 in this region is acceptable.
Next, suppose we are in the region = > 2y. Then from (21) we have

Koy, y) = og(g)ﬂ”—?)“n—”/% —0(1/x).

Thus this contribution is acceptable from Hardy’s inequality.
Next suppose that we are in the region < y/2. Then from (22) we have

1 z
Ki(z,y) = O(=(=)Tm=2/2n),
+(z,y) (y(y) )

For (19) this is again acceptable by (the adjoint of ) Hardy’s inequality, since
the right-hand side is O(1/y). For (20) we have to show

1.z _—9/2n
H/ oy W) Wy S 1 ooy (23)
<y

First consider the portion of the integral where 2771y < 2 < 277y for some
integer j > 0. We can estimate this portion by

—2)7/2n 1
o(n-2)3/2n / A1) Ayl

°Tt is interesting to note that if f(x) >0 and f(z) = 0 for x < 0 then for = > 0
1 x 2x _ _
_/ f(—t)dt <2 Mdy < 2/ Mdy.
T Jo x Y R Y

Hence Hardy’s inequality can be obtained directly from the LP boundedness of the
Hilbert transform.
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which after a change of variables becomes

—2)j/2no9—(n—1)j/2n 1
22203 [ L f1(y) iyl

<y Yy

Summing in j and using Hardy’s inequality again, we obtain (23). O

Cylindrically symmetric functions on R3xR. We now remark that the
above proof can be simplified in the special case n = 4. The key observation
is that for functions f(x) radial in R3, the three-dimensional Laplacian Aps
and the one-dimensional Laplacian Ag are intertwined by the well-known
identity

Aps f(z1e1) = 27 Ar (a1 f(z1e1)),

where Ar = 8%1 is the Laplacian in the x; variable. Indeed, this identity
easily follows from the polar representation Ags = 92 + %& = r~19%r of the
three-dimensional Laplacian on radial functions.

As a consequence of this identity, we see that the four-dimensional Lapla-
cian Agsyg on cylindrically symmetric functions f(x,t) obeys the identity

Agsyrf(z1e1,t) = 27 " Arxr (w1 f (2101, 1)).

In particular, the functional calculi of Ags.r and Arxgr intertwine and we
have
S (Apsr) f(z1e1,t) = 271 S (Arx) (21 f (2101, 1)).

We need to prove (13), which in polar co-ordinates (using x; as a proxy for
the radial variable) becomes

/\Sf(ARn—lxR)f(%eut))\8/5\931\2 dry dt < C/ |f(zrer,t)[¥P|z|? day dt.

Applying the above intertwining identity, this becomes

/\Sf(ARxR)g(f’?ht))\8/5\5131\2/5 dxy dt < C/ lg(z1er, )32z [*/° day dt,

or in other words that |z1|'/4S?(Arxr)|z1|~*/* is bounded on L8/5(R x R).
But this follows from Lemma 8.

The above argument is of course very similar to the one in the previous
section, using many of the same tools. Indeed if one ran the previous section
argument for n = 4, but distributed the derivative |¢1]? using ,, instead
of |0z, |, then the inequalities (16), (17) would become trivial and the two
arguments become essentially identical.
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