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Constrained Plateau Problem
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In this paper, we study the regularity of isotropically area-
minimizing surfaces. We prove a partial regularity theorem which
says that if an W12 isotropic map from a two-dimensional disk
into R?" minimizes area relative to its boundary among isotropic
competitors and is close enough in W2 norm to a linear holomor-
phic isotropic map, then it is smooth in the interior. Furthermore,
we prove that the solution to the isotropically constrained Plateau
problem exists and has a smooth interior with possibly isolated
singularities.

1. Introduction.

In [S-W], Schoen and Wolfson used variational approach to study the ex-
istence of special Lagrangian surfaces. They pointed out that if a smooth
closed Lagrangian submanifold in a Kéhler-Einstein manifold is stationary
for the volume functional among all Lagrangian variations, then it is in
fact minimal(hence special Lagrangian). Thus they suggested that mini-
mizing volume among all Lagrangian cycles in a homology class will lead
to the production of a closed special Lagrangian submanifold if the min-
imizer is smooth. However, the smoothness of the volume minimizers is
not so clear. Schoen and Wolfson studied this regularity problem in two-
dimensional case. They proved that a Lagrangian map from a 2-dimensional
disk to a 4-dimensional Kéhler manifold which minimizes area among all
Lagrangian maps in the same homology class is in fact a branched immer-
sion away from a finite set of points. As a consequence, they produced
branched immersed 2-dimensional Lagrangian cycles with finite number of
singularities which minimizes area among its Lagrangian homology class.

In this present paper, using the similar approach of Schoen and Wolfson,
we extend their regularity result to higher Co-dimensions. We study the
constrained area minimizing problem among the class of isotropic surfaces.
In particular we concentrate on the following two-dimensional isotropically
constrained Plateau problem in R?".
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Let w = >0 dz® A dy* be the standard symplectic form on R**. A
surface X is called isotropic if w|y; = 0. Let D; be the unit disk in R?. Let I’
be a closed piecewise C' Jordan curve in R?" which bounds some isotropic
disk. It is natural to ask whether I' bounds an isotropic disk which has the
least area among all isotropic disks bounded by I'. More precisely, define

XFJ = {l S W1,2(D1’R2n) fw = 0,

l|ap,is continous and monotone onto I'}
The isotropically constrained Plateau problem then asks two questions:
(1) Does there exist an area minimizer in this class?
(2) What is the regularity of this area minimizer if it exists?

It is fairly easy to get a positive answer to the first question. We shall
show in section 2 that the set of weakly isotropic maps is weakly closed.
The existence of area minimizer in this class then follows from standard
arguments. We will call it a weak solution to the isotropically constrained
Plateau problem (Minicozzi in his Ph.D thesis [Mi] gave the similar weak
existence of the solution to Legendrianly constrained Plateau problem).

The regularity of this solution turns out to be a much harder problem. We
shall first extend Schoen and Wolfson’s monotonicity formula for Lagrangian
stationary surfaces in R*([S-W]) to higher co-dimensional isotropically sta-
tionary surfaces in R?”. Consequently we deduce a partial regularity results
which says that if an W12 isotropic map from a two-dimensional disk into
R2™ minimizes area relative to its boundary among isotropic competitors and
is close enough in W12 norm to a linear holomorphic isotropic map, then it
is smooth interiorly(Theorem 5.9) . By studying the stability of isotropically
stationary tangent cones and by using the dimension reduction argument, we
obtain the interior regularity theorem which concludes that the solution to
the isotropically constrained Plateau problem is smooth away from a finite
set(Theorem 7.4).

The organization of this paper is as follows:

First we introduce the weakly isotropic maps and prove the weak exis-
tence of the solution to the isotropically constrained Plateau problem(section
2). In section 3 we present the monotonicity for isotropically stationary sur-
faces. In section 4 we prove the excess decay lemma and the consequent C'1#
partial regularity theorem. The higher regularity issue(from C*# to C*°) is
of a subtle nature and will be addressed in section 5. In section 6 we classify
all the isotropically stationary tangent cones. Then in the last section we
give the interior regularity result.
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2. Existence of Weak solutions to the Isotropically
Constrained Plateau Problem.

In this section we will introduce the isotropically constrained Plateau prob-
lem and prove the weak existence result.

Let w = >}, dz® A dy* be the standard symplectic form in R?". A
surface ¥2 € R?" is called isotropic if w|y = 0.

Definition 2.1. Let X2 C R?" be an isotropic surface. A deformation F,
on R?" is called isotropic with respect to ¥ if Fy(X) are isotropic for all small
s.

Y. is called isotropically stationary if

d(Area(Fg(X3s)))
ds

|s=0 =0

for any isotropic deformation Fs which is compactly supported on 3.

We will use n = "3, (z*dy* — y*dz*) to denote a primitive of w in R?",
use D,.(t) to denote the disk in R? centered at ¢ with radius r, and use C,.(t)
to denote 0D, (t). In particular, D, will be used to denote D, (0).

Definition 2.2. Let Q C R? be a domain. | € W12(Q, R?") is called weakly

isotropic if I*w = 0 for a.e. t € Q. We will use W}’z(Q, R?") to denote the
set of all weakly isotropic maps.
I € Wh2(Q,R?") is called weakly conformal if

0 0 0 0
||l*@|| = ||l*ﬁ||v <l*@al*ﬁ

) =0, ae. tel
Lemma 2.3. The set
Ty = {l € W (D1, R*™) : B(I) < M}

is weakly closed, where E(l) = fDl |V1|2dt is the energy of 1.
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Proof. Let {1;}72; C 'y . Assume it converges weakly to [. Then by the
lower-semi-continuity of energy, E(I) < M. So it remains to show that [ is
weakly isotropic.

Let n = Y.7_, (z*dy* — y*dx*) be a primitive of w in R?". It is easy to
see that a map h is weakly isotropic if and only if fC,«(t) h*n = 0 for a.e.
t € Dy and r € (0,1 —|t]).

By Rellich lemma, since E(l;) < M, we might assume that(by passing to
a subsequence) {li}‘;‘;l converges to [ strongly in L?. Co-area formula then
implies that for a.e. C.(t) C D1, li|c, (1) converges to [|c, () strongly in L?
and weakly in W2, Hence,

lim l;-"n:/ I*n,
=00 J O () Cr(t)

which shows that fC,«(t) I*n=0. O

The isoperimetric inequality in the setting of isotropic surfaces is very

important to construct comparison surfaces. It is proven by Gromov|[Gr] and
Allcock[Al].

Proposition 2.4 (Gromov, Allcock). Given any W2 map ¢ from the
unit circle C'into R*™ satisfying [ ¢* > j_; (z¥dy* —y*dz*) = 0, there exists
a weakly isotropic map | € WH2(Dy, R*™), such that | = ¢ on C and

Area(L(D;)) < cLength(1(C))2.

Using the isoperimetric inequality, we are able to prove the Holder con-
tinuity of isotropically area minimizing maps.

Proposition 2.5. If | € W1H2(Dy,R?") is weakly isotropic, weakly confor-
mal and minimizes area among all isotropic maps with the same boundary

value. Then there is a pu € (0,1) and an absolute constant ¢ such that
le CO’“(Dl/z). Moreover

1(P) = U(Q)] < cA((D)?|P = QI*, for any P,Q € Dy .

Proof. By scaling, we may assume Area(D;) = 1. Given any p € D,
let f(r) = E(l|p,())- The conformality of I implies f(r) = 2Area(l|p,(p))-
Since [ is isotropic , we have fCr(p) I*n = 0. Therefore Proposition 2.4 in
additional to the fact that [ is isotropically area minimizing, gives that

Area(l| p, () < CLength(”Cr(p))z'
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Using Co-area formula and Cauchy-Schwartz inequality, it is easy to obtain
Length(l|CT(p))2 <2mrf'(r).

Therefore f(r) < crf'(r), where ¢ > 0 is an absolute constant. Integrating,
we get

flr) < (F(ri)r9)rs,

for any 7 < rq such that D, (p) C D1. Since p € Dy, we could let 71 = 1/3.
Note f(1/3) < Area(D;1) = 1. So we have

/ |Vi|%dt < cyr,
Dy (p)

where ¢; and ¢ are absolute positive constant. Morrey’s estimate(see [G-T])
implies that [ is C%* for some u € (0,1) and

1(P) = Q)] < 2| P = QY

for any P, Q in D/, where cy is an absolute constant. ]

Definition 2.6. A weakly isotropic map | : D; — R?" is called exact if
there is a W12 function ¢ on Dy such that d¢ = I* S_1_, (z*dy* — ykdz*) (we
will call ¢ a lifting function of 1).

If an isotropic map is exact then we could use the function ¢ to lift
the map into a contact map in R?**! with the standard contact structure
a=do— 3 1_, (z*dy* —y*dz*). More precisely, for a weakly exact isotropic
map | : D1 — R?" we can define a map [ : D; — R2"1 by

[(t) = (I(t), (t)) € R*". (1)

Then clearly I*a = 0.

Proposition 2.7. If I € WY2(Dy,R?") is weakly isotropic, weakly confor-
mal and minimizes area among all isotropic maps with the same boundary
value. Then 1 is locally exact.

Proof. Proposition 2.5 implies [ is continuous. Local integrating gives the
existence of the lifting function ¢. O
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Now we consider the isotropically constrained Plateau problem. Let I’
be a piecewise C! closed Jordan curve such that Jrn=0. Define

XFJ = {l € W}’z(Dl,Rzn) : (2)

l|ap,is continous and is a monotone map onto I'}

By Proposition 2.4, I' bounds some isotropic disk, so A1 ; is not empty.
Let Ar ; = infjcx;. ; Area(l) and let Er ; = infie ., E(l). Classical result
in Plateau problem gives:

Lemma 2.8. Ar; = %EFJ. Moreover if E(lg) = Er 1, then A(ly) = Ar 1.

The above lemma enables us to minimize energy instead of area. To
quotient out the conformal group of the disk, we consider a subclass. Let
p1, p2 and p3 be distinct points in D7 and ¢1, g2 and g3 be distinct points
on I'. Define

Xf‘,[ = {l € XFJ : l|aD1(pZ') =q;,1=1,2, 3}. (3)

We now have the following existence theorem of the isotropically con-
strained Plateau problem.

Theorem 2.9. There is a weakly conformal, weakly isotropic map ly € X 1
such that A(lo) = Ap,1. Moreover ly is Hélder continuous in the interior of
D;.

Proof. Since energy is conformally invariant, we see that

inf E(l)= Er;. 4
lelz’I\?f’I (1) .1 (4)

It suffices to show that there is an energy minimizer in X} ;. Let {l;}32, C
Xﬁl such that lim; . E(l;) = Er;. Assume {l;}3°, cbnverges weakly
to lp in W12 sense and strongly in L? sense. The lower-semi-continuity
of energy gives E(lp) < Ep;. It suffices now to show that [y is in the
class of Xﬁ ;- Lemma 2.3 shows that [y is weakly isotropic. Classical
Courant-Lebesgue lemma(see [Lal]) gives that the class {l|sp, : | € &]}
is equicontinuous. Therefore by Arzela-Ascoli lemma we might assume(by
passing to a subsequence) {l;|op,}2; converges in C” sense to a con-
tinuous function ¢ : dD; — R2?". Clearly ¢ is monotone onto I' and
o(pi) = ¢; for i = 1,2,3. We know that the trace map is continuous from
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W2(Dy, R*) to W/22(9Dy, R*™), and W/22(dD;, R*") is compactly em-
bedded in L?(0D,R?*"). Therefore the weak convergence of {I;}3°; to Iy
in W12(Dy, R?") implies the strong convergence of {l;|ap, }2; to lg|sp, in
L?*(0D1,R*™). Hence we lg|ap, = ¢. So lg|ap, is continuous, monotone onto
I and lo|op, (pi) = ¢;- Hence lg € A} ; and E(I) = Er ;. By Lemma 2.8, [y
is the area minimizer. The Holder continuity follows from Proposition 2.5.
]

3. Extension of Schoen-Wolfson’s Monotonicity to Higher
Co-dimensions.

Monotonicity for two-dimensional Lagrangian stationary surfaces was ob-
tained by Schoen and Wolfson in [S-W]. With a slight modification we can
extend their result to higher co-dimensions.

Instead of deriving the monotonicity directly in the Lagrangian set-
ting, Schoen and Wolfson consider the lifting of a Lagrangian sur-
faces into a contact space and derive the monotonicity upstairs. Let
(', ..., 2"yt ..., y" @) be the coordinate on R?"*!. And let a = dp — 7
be the standard contact form on R***1 where n = Y p_, (zFdy* — yFdaF).
A submanifold N* is called contact if a|y = 0. A vector field X in R27+!
is called a contact vector field if its flow preserves the contact structure, i.e.
Lxa = fa for some function f. Just like in the symplectic case, any ambient
function in R?"*! generates a contact vector field.

Lemma 3.1 (Schoen-Wolfson [S-W]). Leth : R — R be any smooth
function. Define a vector field

0 0 0 0

oy Yoxr )

+(—2h + zhy + yhy)%.

Then X}, is a contact vector field(and will be called the Hamiltonian vector
field for h).

Define IT : R?"*1 — R?" to be the projection along ¢ direction. For
vectors Zy, Zy in R?"+1 define

(Z1, Zaya = (11, 21,11, Z),
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where(, ) is the standard Euclidean metric on R?". Note that (, )4 is not a
Riemannian metric on R?"*! since it degenerates. But it is not difficult to see
that the restriction of (, )4 to any contact linear subspace is non-degenerate.

Let [ : D; — R?" be an isotropic map. Assume [ is exact and isotropically
stationary(in the sense that the first variation of area is zero for compactly
supported deformations of | through isotropic maps). Then as described in
section 2, the exactness of [ gives a lifting map [ : D; — R*" ! via l = (1, ¢).
Now let Z be any contact vector field in R?"*! such that Z vanishes along
[(0D;) and let F, be the flow generated by Z. Define I; := F} o [ and define
an isotropic deformation Iy of [ by

I, :=Mol.
Then first variation of area gives

Proposition 3.2 (Schoen-Wolfson [S-W]). Let | : D; — R?" be an

isotropic map which is exact and isotropically stationary. Let | — R2n+1
be the lifting of . If Z is a contact vector field in R2" such that Z van-
ishes along 1(0Dy), then

/ divs Z dusy = 0. (5)
o

Here divsZ := Zi:1<VSkZ, ex)d, where VO denotes the Buclidean con-
nection on R?*"*1 and {e;}2_, is a set of orthonormal tangent vector of

Y :=1(D1) with respect to the metric {, )q.

The idea to get the monotonicity is to find a proper Hamiltonian function
h and apply Proposition 3.2 to the contact vector field Xj,.
Let s = 271 (2? 4+ y?) and

r=2(s* 4+ ?)V4 (6)

r plays the same role as the distance function and will be called the modified
distance function in R?"*!. Define

B,(0) = {P e R*""!: r(P) < 0} (7)

Also define a change of variables,

t =log(\/s? + ¢?), 6= arctan g
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Since [(D;) C R?" is isotropic, we have the orthogonal decomposition of
the tangent space of R?™:

TR?*" = TI(Dy) ® JTI(D1) ® Q (8)

where J is the standard complex structure of R?". Let 7 : TR*" — Q be
the orthogonal projection.

Similiar computation as in Schoen-Wolfson’s paper [S-W] yields the fol-
lowing equation(the proof of which will be omitted here)

Proposition 3.3. Let h(t,0) : R?"*!1 — R be a smooth function. Then

divs Xp(1,0)

= —2hie tsinf — 2hgre "t cos b
+(hor — he) (2[|V701[7 + e || (P)| )
+{—2h; + hyy — heg}(VZ0, V1) g,

where P is the position vector of I in R?™.

Once Proposition 3.3 is established, we could use the exactly same argu-
ment in Schoen-Wolfson’s paper to derive the monotonicity. For the conve-
nience of future use, we include the argument here.

Fix a > 0, let p,(t) to be a smooth function of ¢ such that

(1) = 1—2a72e! if t <log(a?/2) — 1,
Pa 0 it ¢ > log(a2/2) .

2 2
F1:{(t,9):96(—g,g)ﬁﬁ—t—log(%)—l,QZt—log(

)

) - 1}7
)}7

2
Ty ={(t,0):0¢ (—g, g),e >t 1og(%),9 <t — log(

Dy = {(,6): 6 € (~5, )1\ (1 [JTa).

| S, |

Consider the following wave equation:
hit — hes — 2hy =0

h(t,0) = 0 (9)
hﬂ(tv 0) = Pa(t)
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Clearly we see that the solution of equation(9) is given by

0 —2a=2e"tsinf if (¢,0) € Iy,
A = { g if (t,0) € ', (10)
0 if (¢,0) € I'y,

where ** is some smooth function. Define
G = b 1)
1 a a) .
Fla) = §a26_t(hét) cos ) + h§ ) sin 0).

Then G® =1 and F(® =1 in I';. By scaling,

F@(t,0) = FO(t —log(a®/2),6),
GD(t,0) = GV (t —log(a®/2),0).

Schoen and Wolfson [S-W] proved the following proposition concerning F(®)
and G(@):

Proposition 3.4 (Schoen-Wolfson). The function F(*) is non-negative.
And G satisfies 0 < G < 1 for 6 € (=5, %). Furthermore, there is a fived
constant 6y such that G — g >0 for 0 <b < bya.

Now by Proposition 3.3, we have
divs X)) = 4a"2F@ — (2||VZ0||% + e 2||n(P)| ) G@. (11)
The support of h(®) is contained in

™ T
, =

{#0):0€(-5,5)t< log(a®/2) + 7/2}

which is in fact B\/ge,r/4a(0) in R?"*1. Assume 0 < b < a, then h(®) —

h(® is a smooth function compactly supported in B JBer /4 .(0). Therefore
Proposition 3.2 and (11) imply ,

a2 / F@ dus, — b2 / F® dus (12)
b b
= 2‘1/(0(“)—G“’))(IIVE@II?z+2‘le‘2tllw(ﬁ)llz)duz-
b

Combine Proposition 3.4 and (12), we have
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Theorem 3.5 (Monotonicity). Let | : Dy — R?*" be a weakly isotropic,
weakly~conf07“mal, exact, and isotropically stationary map with a contact

lifting | - Dy — R2", Let ¥ = I(Dy). Assume [(0) =0 and [(OD1) is outside
B, (0) (defined in (7)). Then there are constants c1 and ca which only depend
on Area(X) and r such that

c1 < o 2Area(X N By (0)) < e,

for any o € (0,r).
4. CY* e-Regularity for mapping problem.

Through out this section we will assume I € WY2(Dy, R?") is weakly
isotropic, weakly conformal and area-minimizing among all isotropic maps
with the same boundary value. By Proposition 2.7, [ is locally exact. There-
fore monotonicity applies. Also proposition 2.5 tells us that [ is actually
COr,

First quote a reversed Poincaré type inequality which is proven by Schoen
and Wolfson [S-W].

Proposition 4.1 (Schoen-Wolfson). Assume that A(l(D2)) < c1, and [
is a linear holomorphic map into a isotropic plane in R®*™. For any e > 0,
there exists an absolute constant ¢ and a constant § = 6(e) such that if

L/{wu—mﬁ+u—m%ﬁs&
Do

then

V(1 — 1o)[2dt < 5/

|V(l—l0)|2dt+c/ 11— Lo|2dt.
Do

D1 D2

Now we define the excess type quantity
E(l,lg,7) = r2 / V(1 — 1o)|%dt, (13)

where [j is a linear holomorphic map into an isotropic plane in R?".

Lemma 4.2 (Excess Decay Lemma). Assume A(I(D1)) < c1. There ex-
ist constants € > 0 and 6 € (0,1) depending only on ¢ and an absolute
constant ¢ such that if

EQMU+/‘W4ﬁﬁ§a (14)

Dy
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then there exists a linear holomorphic map 11 into an isotropic plane such
that

E(lvllae) < %E(lvl(]vl)v (15)

6= [ 1 —11|%dt < cE(l,1p,1).
Dg

Proof. Without loss of generality, assume lo(t!, %) = (¢!,12,0,0,...,0) is the
identity map of Dy into the z'z2-plane. Assume the lemma is not true, then

we have a sequence of maps {(/) = (ZL‘(j)l, S LPYE) L .,y(j)”) such that
E19), 1o, 1) +/ 19 — 12t = <. (16)
Dy

where lim; ., £; = 0, but none of them satisfies (15). Let E; = E(1U), g, 1).
Define

wt = (2 — 1) — o)t (17)
Ej
w2 = L o2 ey 02
VEj

Ej
. 1 .
(H1 — (M1 _ g0)1
v Ejy B,
W02 = L 02 _ g2

where «, 0 ,v, and p are constants to make fDl w9 = 0, fDl v = 0,
fDl wl) =0, and fDl ¢ = 0. Then clearly

/ |Vu(j)|2dt—|—/ |Vv(j)|2dt+/ |Vw(j)|2dt+/ Vg 2dt = 1. (18)
Dy Dy Dy Dy

Standard Poincaré inequality gives that w9, v@ w(@ and ¢ are
bounded in W12, so by Alaoglu Theorem and Rellich’s Theorem we can as-
sume(by passing to a subsequence) that they converge to u,v,w,q respectively
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weakly in W12 and strongly in L?. The lower-semi-continuity of energy gives

/ |Vu|2dt—|—/ |Vv|2dt—|—/ |Vw|2dt—|—/ |Vq|?dt < 1. (19)
Dy Dy Dy Dy

On the other hand, from (16), we know that z(t' #?) converges
strongly to t' in L? , x(W2(t! t?) converges strongly to ¢ in L? and
cF(L 12), yWk(1 #2) converge strongly to 0 in L? sense.

Claim 1. u is a holomorphic from D to x'z?-plane.

Proof. Let t = t! 4+ /=112, z = 2! + /=122, y = y' + v—1y?, and 2F =
k4 \/—1yk for kK =3,...,n. Then the conformality of 1) gives us
oz oz y9) oy " 9,k 9z
ot ot ot ot +k:3 o ot

Cauchy -Schwartz inequality implies

Ox9) 8:1:(3
() )k )k
| 2:/“|Vy |m~+§j/“|Vy 2 4+ 9294 2)dt

(20)
Using the fact that ar(]) = ag(t]) a%(t]) - a(zgt)_t) a(fgt)_t), we get from (20)
that 0
ozl
/ 977 g/ V(i - 1o)|2dt = E
p, Ot Dy
Thus 0
oul
/ 2\ < VB
p, Ot
Let j go to infinity, we see that u is holomorphic. O

Claim 2. There is a biharmonic function f : D1 — R, such that (v!,v?) =

Vf. And w¥, ¢* are harmonic functions on D; fork =3,...,n.
Proof. Let n, &, g]k k = 3,4,...,n be smooth functions of !, 2 Wlth com-
pact support in Dy = {(z', 2? ) s (2D + (2H? < 1) Deﬁne 7%, 7% to be
functions of ', 2%, 2%, ..., y*, k=3,...,n by
n
oy* ol on
~ k k
— — =1,2. 21
=Y e+ a1, (21)

k=3
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Now let X be a vector field in the cylinder Dy x R?2"2 defined by
0 0 0
X =) @ +jF— J 22
3(:13 A s > (22)

It is easy to check that d(X Jw) = 0. Therefore X is a symplectic vector
field, i.e. its flow Fy preserves the symplectic form w(see [M-S]).

Since 1) is isotropically area minimizing, by Proposition 2.5, it is CO#
and has uniform C%* bound. Hence we can assume [9) — [, is pointwise
small since its L? norm is small. Therefore, Fy o l(j)(tl,tz) has compact
support in Dy for j sufficiently large. Since [U) minimizes energy, we get
4o fDl |VF, 01U)]2dt = 0. Thus we have

S| vaDkE vkt 2 02)dt (23)
k=37 D1
+ Z Vy Wk gk (z01 £002)q¢
k=37 D1
2
+ Z vy gzt o2 g (D3 @Onygy,
a=1 Dy

= 0,

where V is the gradient of ¢ in Dy. Using the chain rule, for example
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together with (21) and (23), we get

Z/ 8:1:‘1 2U(1), 292 (1)) VDo . vk gy
D

1a=1

+ Z /D 2D1(8), 2002(4)) V2o . vykgy

1a1

N % oY W\ EIR U MR

e
a=1k=3

() g;;< O (1), 20(1))]

, on ,
+ Z ; vy(J)a.va “(z 29(t), 292 (1)) dt
1

Now note that Vz()* = V(20 — @) 4 Vt*. Therefore

9k 333 ay(j)k ok
|ZZ/ ar ot a0 00

k= 3~/ 1 Dy
oy 92y
" ;1 p, Ot7 axaax“/dﬂ
< ZZ /||v |- IVt

k=3 a=1

> / 19 (@D — 12)]] - |7y ||t
Dy

> / 19y D - (V2| |dt + ¢ / FOUNE- ORI
Dy

Dy

> / 19y D2 - || Ty ||t + & / PR - (|7 de)
D1 Dl

where ¢ depends on the C? norm of #*, §* and n. All #*, §* n and their
derivatives above are evaluated at (z1(¢1, 12), z)2(¢1, ¢2)).
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Thus Cauchy-Schwartz inequality implies

n 2 ; ~
ok gk oyk ok
— 24
|;;( /D o o T /D ot a7 ™V 24)
2 .
oyl 92y
+a;1 /D ot dzoda

IN

EE(Z(J) zo, 1)

+ZZ / e DF] - ||V e + & / DR (V5D de).

k=3 a=1 Dy

By Cauchy-Schwartz,

/ |y DF| - [[Vy D |dt < [ly 9| Lo p, B2V, 1o, 1). (25)
Dy
Therefore combine (17), (24) and (25) we get
)k Dok ok
ow q Y
|ZZ/ oty 8:1:“/ b+ . Ot 927 ™) (26)
k= 3v 1 1
vl
v
* Z / ot axaax“/dﬂ
a,y=1
< EEYA1D,15,1) + 5Z(||$(j)k||L2(D1) + ||y(j)k||L2(D1))a
k=3
where Z%, g% 17 and their derivatives above are evaluated at

(Dt 12), zD2( 12)).

Since z(@) converges to t* strongly in L? for a = 1,2, we conclude that
0 (2 (1), 202(1)), § 8m (:::(J) (1), 292(t)) and amama (@9 (#), 292(t)) con-
verge strongly in L? to (t1 t2) 05" (t!,¢?) and % (t!,t?) respectively.

> Oz amWama
Therefore, in view of (1 ) and (26) , if we view Z*, ¥, 1 as functions defined

on (t!, t2), we would get

n 2

ow* 8:2 gk ok
> D b, O a0 ¢ / o o ) (27)
k= 3v—1

+ Z / Rl ataaﬂ di

= 0.
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Since #*, §*, n are arbitrary, we see that w* ¢* are harmonic functions for

k=3,...,nand
Z/ P taaﬂdtzo (28)

for any n € C°(D1). To show that (v!,v?) is the gradient of some function
we notice that the map

(#,12) o (201, 2002, p0n @)1 (012 ()3

Y Y % Y q (J)n)

) A q
is still isotropic for any j. Thus by Lemma 2.3, the weak limit as j goes to in-
finity is still isotropic. But the weak limit is (¢!,¢2,0,...,0,v%,v2, ¢3,...,¢").
Therefore

ol ow?
CAN A —) 29
o2 ot (29)
Now combine (28) and (29), we get the existence of a biharmonic function
f: Dy — R, such that (v!,v?) = V. O
From standard elliptic estimates, we get
sup |u® — ug|* < cr4/ |Vu®|2dt, (30)
D, Dy

T

sup [v* — 1)8‘|2 < cr4/ |Vv°‘|2dt,
Dy

sup |w® — wi|? < cr4/ |Vw"|2dt,
Dy

T

suplq — gb? < er* / Vet 2dr,

T Dy

where ug, vg‘,wg, qg are the linear part of the Taylor expansion of each
function at 0. Using the strong L? convergence of u(), v(), ¢ (@)
together with (19), we get for large j

{|u(j) — |+ |,U(j) — |2+ |w(j) —wol? + |q(j) — qo|?}at
Dy

< 2| {Ju—wuol*+|v—wol* + |w—wo* + |g — qo|dt}
Dy
< chS.
Now let

1) = 1o+ VEj(ug + a9 wo + 419, vy + 89, go + )
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where o9, ..., ) are defined in ( 17). Then

Lu@_wwﬁgw%mqmn (31)
0

)

up to order E; (in the C' norm sense) to

)

Claim 3. we can perturb lN(()j

make it a linear conformal map lgj into an isotropic plane.

Proof. Notice that since v is the gradient of a quadratic function in ¢, simple
calculation shows that
1) 9 5 0\ _
Wlos 577 lox 53) = O(E;)-

Therefore by a linear perturbation of order O(E;) only in y! and y? direction,
we can modify lN(()J ) to a linear map whose image is an isotropic plane in R?".
Also since the map t + /F;(ug + o) is holomorphic, we see that the Hopf
differential of the perturbed linear map is of order O(E;)(note that we did the
previous perturbation without change the ! and x? coordinates), therefore
a perturbation of order O(E};) will make the map into a linear holomorphic
map. O

Therefore, we have the L? estimate

/|M—#Wﬁ (32)
Dy
< /u@—wWﬁ+/u@—@Wﬁ

D9 D9

< COGEj + 692EJ2

and the energy estimate

/ V(9 — 1) 2t (33)
Dy
< [ wa-ipar+ [ 1900 - i) P
Dy Dy
< cEj+c’E;
S CEj.
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Note that in (32) we can choose § = 6 small and &; small such that if
Ej S 51 s then

o4 [ 19— 1924t < cE; (34)
Dg

Now apply (a scaled version of) Proposition 4.1 (also using (34)). For
any € > 0, there exists an 6 = d(e) > 0 such that if E; <6, we get

/ V(D) — 1924 < ¢ / V(1D — 1924 + c52 / 19 — 1) 124,
Dyg

Dy Dyg

(35)

where ¢ is an absolute constant. Combine (32) and (35) we have

02 [ |va9 —1)12q
Dg
< ce(20)2 / V(D) — 19)2dt + P, + b2 E2.
Dyg
Then choose 6, € and E; small we get,
_ . , E.

62 [ va® —19)2ar < = (36)

Dy

(34) and (36) give a contradiction to the hypothesis that 1) does not satisfy
(15). This completes the proof of the lemma. O

Remark 4.3. Using standard iteration argument, the excess decay lemma
gives

2 / V(1= 1)|2dt < er (37)
D,.(t)

for any t € Dy/9,r > 0, where lt, is some linear holomorphic function into
an isotropic plane. This implies that [ is C'* in Dy 5.

5. Higher Regularity.

Unlike in the classical minimal surface case, the higher regularity for a C1#
isotropically stationary surface is rather a subtle problem.

In this section first we will apply a variational method to get a com-
pactly supported C* solution to the equation divX = f, where f is a CO*
function with compact support in By, such that S B, fdt = 0. Then using
this result, we construct a suitable class of C* isotropic variations for the
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isotropically stationary surface ¥ and get the consequent Euler-Lagrangian
equation. Finally using a Schauder type estimate, we prove that ¥ is smooth.

In this section we will use B, (x)(simply B, if x = 0) to denote the disk
in R? centered at z with radius 7.

5.1. Compactly Supported Solutions to divX = f Using Weighted
Sobolev Spaces.

In this subsection, we will discuss the equation divX = f where f is a CO#
function with compact support in By p such that i} B, fdt = 0. We would
like to construct a solution which is both C1* and compactly supported in
B;. By adding an additional constraint %—ﬁ — %—ff =0, we could get a C1#
solution from standard elliptic theory, but this solution does not generally
have compact support. So we shall prove the existence by minimizing a
certain functional in a weighted Sobolev space with an exponentially decay
weight.

Define a weight function p : By — RT by

p(z) =1for z € By )y, (38)
p(z)=e Y forz e By \ B34,
p > 0, in the interior of Bj.

where d(z) = dist(x,0B1) = 1 — |z|.

Notice that any derivative of p decays exponentially near the boundary
and therefore we can extend p smoothly by defining p to be identically zero
outside Bj.

Define the weighted L? norm of a function by

il = ([ phufda) /2
By

Define the weighted L? space L2(By) := {u : ||u||L%(Bl) < oo}. And define
the weighted Sobolev space Hg(Bl) to be the set of all weakly differentiable
functions in Bj such that both v and Vu are in L?)(Bﬂ- Hg(Bl) is a Hilbert
space with the inner product

u,v), = (p*Vu, p 2V 12 + (p%u, pt?0) .
p

For a detailed discussion of weighted Sobolev spaces, see ([C]).
Now we prove a Poincaré inequality for the weighted Sobolev space.
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Lemma 5.1. Let u € Hz(Bl), where p is given in (38). Then there is an
absolute constant c such that

nf [l = Allzas,) < ellVullis,)

Proof. Choose A to be a constant such that
min{£?{x € Byjg tu(r) < A}, Lz € Byjg tu(r) > A} > 1/3£2(B1/2).

where £? is the Lebesgue measure in R2.
Standard Poincaré inequality(see [Sil] page 38) implies that for any
e >0,

u\xr) — 2$ C ’LLZL'2$
/Bl_€|<> A|ds/ Vu(z) ?d, (39)

Bl—s

where ¢ is an absolute constant(in particular independent of €). Define
p(d) = p(1 — d). Since p is a function of the distance d to the boundary
of B; and is monotonically decreasing for d < 1/8, p'(d) > 0 for d < 1/8.
Integrating along e(using (39)), we get

/ e /

Therefore

1/8
/ e / lu(x) — A2dade (40)
0 e<d<1/8

1/8
< e / () / V() *dede + ¢ / V() d.
0 e<d<1/8 Bq/s

1/8
lu(z) — A2dads < / 52 / Vu(z) 2dzde.
0 B

1—¢e 1—¢e

Now co-area formula gives

1/8
/ (e / lu(x) — A2dade
0 e<d<1/8

1/8

= ! v “Hu(z) — N*dods
—/O p<e></€ /aBl_S'W' fu(z) — A2dods)de.

Integration by parts and noticing |Vd| = 1, we have(since the boundary
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terms vanish)

1/8
/ 7(e) / lu(z) — AP2dzde (41)
0 e<d<1/8
1/8
_ / / p|Vd| u(z) — N2dode.
0 OB1_¢

= / plu(z) — \*dzx
d<1/8

_ /B plu(z) —)\|2d:p—/ plu) — A2dz

B7/s

> / plu(z) — \*dz — c/ lu(z) — Adz
B1 B7/8

> / plu(x) — \*dx — c/ p|Vu(z) |2
B1 B7/8

Similarly
1/8
/ e / Vu(z)2dzde < / P|Vu(z) 2z (42)
0 e<d<1/8 B;

Finally combine (40), (41) and (42), we get
[ phuta)=NPdz < [ plVua) s,
B1 Bl

which completes the proof. O

We now use a variational approach to construct a compactly supported
CUH solution with compact support to the equation divX = f.

For any f € C%#(B;) with compact support in By /9 such that fBl fdt =
0, define a functional F : Hg(Bl) — R by

Flu)i= [ @7 pITuP = fow). (43)
By
The Euler-Lagrangian equation of the critical point of F is
/ p(Vu, Vo) = [ fpg, (44)
B1 Bl

for any ¢ € C2°(By).
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Lemma 5.2. Assume f € C%*(By) has compact support in Bi/y and
fBl fdt = 0. Then there is a minimizer u of the functional F (defined in

(43)) in Hz(Bl). Moreover ||U||L,2,(Bl) < c||fllz2By)-

Proof. Let My := inf{F (u)|lu € HZ(Bi)}.

By choosing u to be identically zero, we see My < 0. To prove the
lower bound, first notice that since fBl f=0and fp=f, weget F(u) =
F(u—wuq), where ug is any constant. So (by replacing u by u—ug for a suitable
constant ug) the Poincaré inequality(Lemma 5.1) then gives ||ul] L3(By) <

C||Vu||L%(Bl). Therefore

F(u) = C||VU||%3,(31) — cl[fllc2my) - lull2es))
> C||VU||%3,(31) = cllfllcmy) - 1IVullz2sy)-
The last line in the above inequality is a quadratic function of ||Vul| L3(B1)>
%Q(Bl). Therefore 0 > My > —c||f||%2(Bl).

Now assume limy_.oo F(ug) = M for a sequence {ur} C H2(B;). The
paragraph above implies that (by replacing wug with ur — uge for a suit-
able constant wug) ||Vuk||L%(Bl) < ¢[|fl[z2(B,)- Then the Poincaré inequal-

the minimum of which is —c|| f||

ity(Lemma 5.1) tell us [[uk||g2(5,) < cl[f||r2(5,)- Hence we may assume that
uy, converge to some u weakly in Hg(Bl) and also weakly in L?)(Bl)- Direct
method then gives F(u) = My and ||Vu||L%(Bl) < c||fllL2(B,)- Therefore u
is a minimizer of F with [|ul[z2p,) < ¢[|fl|2(5))- O

Proposition 5.3. Let f be a C** function in By C R? such that
support f C By and fBQf = 0. Then there exists a C* vector field
X in By such that

divX = f; (45)
support(X) C Bu;
[ X |crnBy) < ellfllconsy)-

Proof. Lemma 5.2 implies that a weak solution u of F(e.g. a minimizer)
exists and satisfies ||u||L%(Bl) < dIfllr2myy < cllfllconsy)-

Since p is always positive in the interior of Bj, standard Schauder theory
implies that « is C?* in the interior of By. So u is a classical solution of the
equation

div(pVu) = f
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in the interior of By. Let v = p*/2u, then v € L?(B;) and v satisfies

1
Av =S (p7 Dp =271 2| V) = f.
Since p(x) = e /% near the boundary, the C™* norm of (p~'Ap —
271p72|Vp|?) decays like d~V(™ near the boundary. So standard Schauder
theory implies that
||U||CQ»“(B1_€) < CE_N(||U||L2(31) + ||f||CO»“(B1))'

where N is a fixed positive integer.
Let X = pVu, then

X = p1/2Vv — 2_1vp_1/2Vp.
So we see
1
X |eru(B_ By _s) < cE 2¢€ Nl(||v||L2(B1) + [ fllcon(myy)-

Therefore near boundary the C1# norm of X decays like e=2/4¢. Thus if we
extend X trivially outside By, the new X satisfies

X lern(pyy < clllullzy + 1 fllcons,)) < cllfllcons,)-

5.2. Constructing Isotropic Variations.

In this subsection we will use proposition 5.3 to construct a class of isotropic
variations for an isotropic surface . Notice a graphical surface ¥* over
xla?-plane given by y**, ** and y**(k = 3,...,n and o = 1, 2) is isotropic
if and only if

ay*l ay*2 n or*k ay*k ay*k or*k

0z2 Ozt _kzg oxl 022  Ox! 02

(46)

Lemma 5.4. Assume ¥ is a CY* isotropic surface which is graphical over
By in xlz?-plane. Let #3(x',2?) , ..., 2%(2', 2?), (2!, 2?), ..., and
g™ (z!, 22) be smooth functions with compact support in By and let ' and >
be CY* functions with compact support in By. Assume
oyt 0yt z”: (O:ik ok oyk ok

or2 Ozl = Ox' x> Ox' Oa?

azk ok ogF axk)

Oxl 9z2  Oxl 9x2”

(47)
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Then the compactly supported vector field X on X defined by

I
X = Zx —+g 3 )+Zg“@

18 isotropically integrable, i.e. there exists a family of isotropic graphical sur-
faces {;} given by y*(t, ', 22), 2F(t, ', 2%) and y*(t,z',2%) (k=3,...,n
and a = 1,2) such that o =X and

oy (t . OxF(t e OyF(t _
yat( )|t:0 =y, wat( )|t:0 ZZEk, yat( )|t:0 Zyk,

fora=1,2andk=3,...,n

(48)

Proof. Let y*(0) = y®, 2¥(0) = 2* and 4*(0) = y*. Define
ab(t) = 2P (0) + 12", yF(t) = 27 (0) + tg"

Then the isotropic constraint (46) for y(t), x*(t) and 3*(t) be-
comes(using the fact that ¥y = X is isotropic)
oy () —y'(0)) o) — ¥*(0)) (49)
Ox? Ozt
"9z oyt aykozk  oxF oyt ogF oxk
R N R rr TR e e el

" 9k ogk agjk ok
2 g T gt o)

By Proposition 5.3, there exist C™* functions A' and A\? with compact
support in By such that

XL AN K~ azF oyt ayk ozk
@_@_Z(_@@Jr%@

).

Now define
P a?) = A ) + 1R a) (0,27, 02).

It is then easy to see that z*(t), y*(t) and y®(t) satisfies the isotropic con-
straint equation (49). So the surface ¥ is isotropic for any ¢. Moreover by
differentiating (49) with respect to ¢, we see that ¥, §* and §* satisfy (48)
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and (47). Therefore X is isotropically integrable. This completes the proof.
U

Lemma 5.4 immediately implies the following Euler-Lagrangian equation
for isotropically stationary surfaces:

Lemma 5.5. Assume ¥ is a CY* isotropic surface which is graphical over
By in z'z?-plane. If ¥ is isotropically stationary, then

Z/ VER VE R dus + Z VEF L VEGFEdus (50)
—3 7 B2 k=3 B2

2
_|_Z vEya . Vzﬂad,uz
B
= 0,

for any smooth functions ¥3(x',2%) , ..., (2!, 2?), Pzt 2?), ...,

g™ (z!, 2?) with compact support in By and any CY* functions §'(z!, x?)

and §% (', x2) with compact support in By such that (47) holds. Here V* is
the Riemannian connection of the induced metric on X.

Proof. By Lemma 5.4, the vector field on X

2
X = Zx——l—Nka Zﬂai

is isotropically integrable. Therefore apply the standard first variation for-
mula to X, we get (50). O

5.3. C1* to C>® and the Partial Regularity Theorem.

Now we are in the position to prove that any C* isotropically stationary
surface is smooth.

Proposition 5.6. Assume ¥ is a C* isotropic surface which is graphical
over By in x'x?-plane. If ¥ is isotropically stationary, then X is C™ in Bj.

Proof. We may assume(by scaling) that

k
le*llornsy < e llyMllernisy) < & llyllerns,) < (51)
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fork=3,...,nand a=1,2.
In lemma 5.5, if we let 2%(z!, 22) , ..., #"(a!,2?), 3(2', 2?), ...,
7" (z!, 2%) be identically zero, then the Euler-Lagrangian equation for x3

becomes

2
/ V32 VEEdp+ Y [ VRS- VEdu =0, (52)
By

a=1"Be

for any smooth function #3(z!,2?) and C'* functions §'(z!,2?) and

7%(x!, x?) with compact support in By such that
of _op _ovop oo 5
0x2 Ozl Ozl ox?  Oxl 022’
For f(x!, 2?) € C%*(By) with compact support in By such that f32 fdt =
0, define G(f) to be the set of all I' = (I'', I'?) such that I' is C** vector
field on By with compact support in By and g—g; — g—lﬁ = f. Proposition 5.3
implies that G(f) is not empty. ‘
Clearly for any T' = (I'',T?) ¢ g(gifay - a_gﬁa_z&) and any Il =

OzT 9z
(%, 112) € g(aff 858(];)23’ 85(;];)13’3 %), the vector 6T —1II is a compactly

supported solutlon to

o5t o2 953 oy 9y a5 3

9z 0zl Ozl 022 Ozl 022

(54)

where 5 is the standard difference quotient operator. Therefore the Euler-
Lagrangian equation (52) tells us

/ V2. vEIW 23 d s, (55)
Q

2

+ ) / VR VP — 1} dps,

— JQ
= 0,
3 3 973 3 96h) (M3 973
for any I' € g(gjgl ng - %%) and IT € g(aml aéarzy - aéam1y %)'
To get CLH estimates of 823, we shall need the following Schauder

type estimate.

Lemma 5.7. Let a;;(x), bi(z), ¢;(z), d(x), fi(z) and g(z) be CO* functions
on By. Assume q1(x), ..., gm(x) are CH¥ functions on Bs and pigj(x) are
CY" on By, fori,k=1,2andj=1,...,m
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Assume u(x) € C1*(By) satisfies

Z/ a;j D" uDJgo—I—Z/ bzgoDZu—l—Z/ ciuDo (56)

i,0=1
+ dup
By
2 .
> / fiD'odp + / god,u—l—zz / pir; DFT de.
=17 B2 j=1ik=1

for any ¢ € C°(Bs), and for any
I; = ([},13) € G(D'q;D*p — D*q;D'p), j=1,...m.

We assume the ellipticity condition:

2
Z )EE > Al¢f, (57)
and
laijllcon(p,) < A, [billconp,) < At
lleillcow(pyy < Avs |ldlcon(p,) < At
Then

2
llulletnp,y < C(||U||CO(BQ)+||9||CO»M(BQ)+Z||fi||00»u(32) (58)
=1

ko2
Z Z [Pkl lcon (B 1 Dgsl | com(By) )
: k:

where ¢ = ¢(A, Aq).

The proof of this lemma is a slight modification of Simon’s proof of the
Schauder theory in [Si3] and will be omitted here.
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Now apply lemma 5.7 to equation (55)(also using the small C** norm
condition (51)), we get

16823 | o) (59)

n 2
h h h)
< DU 0oy + 1168 I oos) + D 1168y leo sy}
k=3 a=1

- h h
el (1682 | sy + 1168 |1 (8,))
k=3

2
h) o
+ 3118 o)}

a=1

Similarly, the same result is true for 5§h)xk (k =4,...,n) and 5§h)yk
(k=3,...,n).
To get estimates for ||5Z-(h)y°‘||c1,u(31), we use a different variation. In

the Euler-Lagrangian equation, choose #* and §* to be identically zero for
k=3,...,n. And let

o
oz’

~Q

a=12,

where v is any C?* function with compact support in Bi. Then the Euler
Lagrangian equation (50) becomes

Z/vzya vz—d,uz; =0. (60)

Also we have the isotropic constraint equation:

R o
ox?2  oxrl P Oxl 022 Ozl 02

(60) and (61) form a mixed order elliptic system for ! and y?. Difference
quotient and standard Schauder theory for elliptic system(see [D-N]) imply
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h) o
1685 |y (62)

n 2
h h h)
< UMz 0oy + 1168y | com) + D 1165y Nleo sy )

k=3 a=1
- h h
teel > (162 o ) + 1185 F e 5))
k=3
2 h
+ 31890 oty )
a=1

To proceed we need an abstract lemma which is very useful in dealing
with interior estimates(for a proof see [Si2]).

Lemma 5.8. Let S be a real valued sub-additive function on the class of

all balls in Br(xg) C R™(i.e., S(A) < Zle S(A;) whenever A C UF_| A;).
Suppose § > 0 and l > 0 are given. Then there is an ey = €9(0,1,n) > 0 such
that if

S(Bgy(x)) < e0S(By()) +7p~"
for all B,(x) C Bgr(xzo) and for some constant + (independent of p and x),
then
S(Bor(zo)) < C(0,1,n)y.

A scaled version of (59) and (62) gives

n 2
(h) .k (h)
Z([dl z ]/J'va/Q("E)—i—I:(SZ /va p/2(m Z /va p/Q(I)

k=3 a=1
2

(h) (h)
E{Z 5 ,u,Bp(m [51 ,u,Bp(m Z ,u,Bp(m

IN

+cp—2{z<||6§h>x’f||co<32) + 1185 o))
k=3

2
h) o
3168y o)}

a=1

for any B,(x) C Bo.
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Therefore applying abstract lemma 5.8 with

n

2
h h) «
S(Bo(x)) = Y (182 + 00 o) + D105, 00
k=3 a=1

we get(choose € small)

n 2
h h h) «a
S UM M ey + 1885 N crn(s) + S 1185 lorn ()
k=3 a=1

- h h
< Y16 ekl cogsy) + 116y lcogsy)
k=3

2
h) o
+ 316y oo (s, }-

a=1

Let h go to 0 we see that z¥, y* and y® are C?*. Tterate, we get that they
are C°, O

Finally combine Proposition 5.6 and Lemma 4.2(in particular re-
mark 4.3), we have

Theorem 5.9 (Partial Regularity Theorem). Let | : Dy — R?" be a
weakly conformal, weakly isotropic map which minimizes area among all the
isotropic maps with the same boundary value. Let ly be a linear holomorphic
map into an isotropic plane. Assume 1(0) = lp(0) = 0, and Area(l(D1)) <
c1. Then there is a €9 > 0 depending only on c¢1 such that if

/|V(l—l0)|2dt+/ |l —lo|?dt < e,
Dy

Dy

then 1 is a smooth immersion in Dy ;.
6. Tangent Cones.

Standard technique of proving interior regularity from partial regularity in-
volves the study of tangent cones and the use of dimension reducing argu-
ment. In the first part of this section, we construct tangent cones at each
point of an isotropically area minimizing map. In the second part, we clas-
sify all the isotropically stationary cones with isolated singularities and study
their stability.
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Proposition 6.1. Let [ be a weakly conformal, exact ,isotropically station-
ary map from R? to R?". Suppose 1(0) = 0 and [ is proper( in the sense
that the pre-image of any compact set is compact). Also suppose that
a2 fRQ F(@) o [dt is constant for any a > 0, where | is a contact lifting
of | such that [(0) = 0 and F(9) is defined in Section3. Then | is a cone in
the sense that the position vector is in the tangent plane of I. Moreover the
contact lifting [ in R lies in {p = 0}.

Proof. First we prove that ¢ = 0. Since a2 fRQ F(a) o [dt is constant for
a > 0, by the monotonicity formula (12), we see that § = constant and
77(?) = 0, where P is the position vector of [ and 7 is the orthogonal
projection onto Q(see (8)). Therefore ¢ = As, where A is a constant. We are
going to show that A = 0. Note the modified distance function(see section
3) 72 = 2(1 + A\?)s. Now fixed a ball B,,(0)(defined in (6)). Let £ : R — R
be a concave cutoff function such that:

€0)=1, if 0>ad272(1+ )7,

and £(0) = 0, €(0) > 0 for 6 < a?272(1 + A?)~L. Then we see that since
r? = 271(1 + A%)s, the Hamiltonian function ¢ o s is identically 1 outside
By, (0). Since I is proper, I71(B,,(0)) is compact in R2.  Therefore the
function & o s o[ is identically 1 outside a compact set in R%. Let Xeos be
the contact vector field defined in Lemma 3.1. Then first variation gives

fz divs X¢osdpy, = 0, where ¥ = I(R?). Note that
divs Xeos = E'dive X, + V(€) - X, = £'Vs - X,

where we use the chNain rule of X} operator and the fact that divy X = 0.
Using the fact that [ is contact and the fact that ¢ = As, we get that

Vo X, =AVs- X, =|Vy|%

If A\ # 0, then we see that [;&"|Ve|[*dus, = 0. Since ¢ is concave,
¢ = constant. But since ©(0) = 0 we get that ¢ = 0 in [~'(Bg,). The
arbitrariness of ag gives that ¢ = 0 in R2.

Now ¢ = 0 implies that the position vector Pis orthogonal to JT(D)
where J is the standard complex structure in R?>". Note as discussed in
section 3, since (D) is isotropic, the tangent space of R?" at the origin
admits the orthogonal decomposition:

TR* = TI(D)® JTI(D) ® Q
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However, we _a)lready see that thi orthogonal projection of P onto Q is
zero(since w( P) = 0). Therefore, P € Tl(D), which completes the proof. [J

Now we are able to construct tangent cones for an isotropically area-
miminizing map. Let | : D; — R?" be weakly conformal, exact, isotropically
area minimizing. Let tp € D;. For any sequence ¢; — 0, define rescaled
maps l; : Dej—l — R2" by

(1) = 6 (7 + to),

where §; = /Area(I(Da:(ty))) is chosen such that Area(lj(D2)) = 1.
Clearly [; is still minimizing.

The same argument in Schoen and Wolfson’s paper(also using Proposi-
tion 6.1) implies that (1) {l;}32, converges strongly in I/Vli’cz(Rz,Rzn) to a
weakly conformal, exact, isotropically area-minimizing map Iy : R? — R2?";
(2) lp is actually a cone in the sense that the position vector lying in the
tangent plane of I; and (3) Iy is a proper map with I;({0}) = {0}.

We will henceforth call such a limiting map Iy a tangent map of | at
to (with respect to {e;}) or a tangent cone of I at ty.

The following lemma studies the case where the image of a tangent map
is contained in a plane.

Lemma 6.2. Let lo(7) : R — R?" be a tangent map of | at tq. If the image
of ly is contained in an isotropic plane, then (after a unitary coordinate
change of R®™ to make the image plane be the x1xa-plane) lo(T) = at™ for
some complex constant a =# 0 and some positive integer n. In particular
lp is a smooth immersion away from the origin and the image of ly is the
plane.

Proof. Because every deformation inside zjzo-plane is isotropic, Iy is area
minimizing as a map from R? to R2. Therefore, by standard harmonic
function theory, ly is a harmonic map, hence smooth in R%. Since [y is
also conformal, (by possibly reversing the orientation of R?) we see that lg
is holomorphic. Since Iy is proper and I;*({0}) = {0}, standard complex
analysis theory implies [y is a polynomial of the form a7™. O

Now we study double blow-ups.
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Lemma 6.3. Let lo(7) be a tangent map of | at tg. Let 7o € R?\ {0}. Let
11(§) be a tangent map of ly at 79. Then the image of 1y is a plane. In
particalur, by Lemma 6.2, l1 is a smooth immersion away from the origin.

Proof. Standard blow up argument shows that the vector xg := ly(79) is
actually in the tangent plane Tll(g)ll(Rz) for any non-zero £. Therefore the
image I1(R?) is invariant under the translation in the direction of zo. By a
unitary transformation, we may assume the direction of x( is the xj-axis.
Then [;(R?) is a product of ;-axis and a one-dimensional curve ~ in R?"~1(
which is in fact a one-dimensional cone since I1(R?) is a cone). Since [1(R?)
is isotropic, this curve v must be in R?"~2 spanned by xa, ..., Tn, Y2, ...,
yn. It is obvious that any deformation in R?"~2 is isotropic with respect to
I1(R?). Therefore, the fact that I;(R?) is isotropically area minimizing in
R?" implies that v is absolutely length minimizing in R?*~2. Since the only
one-dimensional minimizing cone in R??~2 is a straight line or a straight ray,
we see 7 is a line or a ray. Therefore I;(R?) is a plane or a half plane. In
any case it is contained in a plane. Then by Lemma 6.2, the image of [y is
a plane. O

In the rest of this section we study two-dimensional isotropically station-
ary cones which are smooth away from origin.

First derive a geometric version of the Euler-Lagrangian equation for
isotropically stationary surfaces.

Theorem 6.4. Suppose X2 C R?" is an isotropically stationary surface with
mean curvature vector H. Then

§(H |w) =0,
d(H|w) = 20,
H e JTS,

where [ is (0,2)-tensor on X defined by B(X,Y) = Zﬁ:l(Vele, JV%X},
with {ej}?zl being an orthonormal basis for T'X.

Proof. To get the second equation, use Cartan’s formula, we have

d(H|w)(X,Y) = (VxH,JY)— (VyH,JX).
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Let {e;}3_; is an orthonormal basis for Y. Then H = Z§=1 Vel]. e;. There-
fore

2 2
(VxH,JY) =) (VxVie;, JY) =Y (VVie;, JY),
j=1 j=1

where we used the fact that JY is in (T'X)" since X is isotropic.
Assume the basis {ej}§:1 is normal at one point. Then using Codazzi

equation(see [D]) and the fact that (V+Y, JZ) is fully symmetric for X,Y,Z
in TY, we get

k
d(H |w)(X,Y) = 2(VY,JVEX)
j=1

This completes the proof of the second equation.

To get the third equation, note that since Y is isotropically stationary,
Js(H, X)dps, = 0 for any isotropic vector field with compact support. Since
any X € (JTE)"  satisfies (X |w)|g = 0, it gives rise to a (local) isotropic
variation. This implies that H € JTX.

First variation also implies [(H,JV f)dus = 0 for any f : M — R
which has compact support in Y. But since H € JTY, we get that
Js(H, JVZ fYdus, = 0, where V> f is the projection of Vf onto T'S. This
implies [ (6(H]w), f)dus, = 0. The arbitrariness of f implies 6(H |w) = 0.
O

Remark 6.5. The theorem above is true for any isotropically station-
ary submanfold X¥ in a Kihler manifold (N, g,.J), only with the sec-
ond equation d(H |w) = 20 replaced by d(H|w) = 20 + 2ricy, where
rics(X,Y) := Ricx(X,JY) for X, Y in T.

Now we can classify all isotroically stationary cones in R?"

Theorem 6.6. Let ¥ be an isotropic cone over the origin ( in the sense
that mxX = X for any A > 0, where 1) : R?" — R2" is the homothety map
defined by myx = x/\). Assume also that ¥ is smooth away from origin and
is isotropically stationary in R?". Then (up to a unitary transformation),
the intersection of ¥ with S?"~1 is a curve v : [0,27] — R?" parametrized
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by(using complex coordinate in R*™)

z1(s) = 4 v Tps
p+q

22(s) = E_e-v=las
p+q

for some positive integers p and q.

Proof. Let () : [0, L] — S?"~! be parametrized by arclength( i.e, ||7/(0)|| =
1 for any #). Then the cone ¥ can be parametrized as

o(t,0) =ty(0), te(0,00),0¢€]0,L].

Note that an orthonormal basis for tangent planes of X is given by e; =

r
IIZ* %9” = 4(0). Then the mean curvature vector of 3
* 90

is given by H = VL e1+Vg e =171 (%(6))*+. Calculation using Theorem 6.4
gives

a*% = v(0) and ey =

§ = boJ 5+ =0, (63)

for some real constant by. Let v(0) = (21(0), ..., z,(0)) where (z1,...,z,) is
the complex coordinate in R?" . Then (63) gives us

Zk —V—1bpzp + 2, =0, fork=1,...,n.

Solve it, we get
2L = cke\/__v‘“9 + dke\/__uﬁ,

where ¢, and dj, are complex constants and
N — bo + \/b% + 4 N — bo — /b2 +4
1= —— =g
Moreover since (v,v) =1, (¥,%) =1 and (%, Jy) = 0, we have
~ A
21 Gk = 3R

n 7 A1
k=1 didy, = PYE P
" -
2 k=1 Ckdi = 0.
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Therefore by a unitary transformation we may assume c¢; = 1/%, co =

...=cp=0and d; =0, dy = /\1>‘_—1>\2,d3:...:dn:0.Thus
A
[ 5
1
z(0) _ oV TA0 0 VA PYUR RVPYEDE

B

Since + is closed, we get (note Ay > 0 and Ay < 0)
ML =2mp, XL = —2mq,

for some positive integers ¢ and p, where L is the length of v. Now use the
fact that A A2 = —1 we deduce

Alz\/?, AQ:—\/E
q p

The theorem then follows by a reparametrization of the curve using s =
270/ L. O

We can see that these isotropic cones are exactly those Lagrangian cones
described in Schoen and Wolfson’s paper [S-W]. By applying the second
variational formula, they have proven

Proposition 6.7 (Schoen-Wolfson). The cones with |[p — q| > 1 are
strictly unstable in R* for any Hamiltonian variation fizing a neighborhood
of the cone vertex. And cones with |p — q| = 1 are strictly stable in R* for
any Hamiltonian variation fizing a neighborhood of the cone vertex.

And the multiply covered cones are strictly unstable for any p and q.

Therefore those cones with |p—gq| > 1 are automatically strictly unstable
in R?". And by a careful study of the second variation, we actually get that
cones with |p — g| = 1 are also strictly stable in R?".

Proposition 6.8. Those cones with |p—q| = 1 are strictly stable in R®" for
any Hamiltonian variation fizing a neighborhood of the cone vertex.

Proof. Let f : R?® — R be any smooth function which is supported in
Bpr(0) \ B:(0). Let Z = JV f be the Hamiltonian vector field. Therefore
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Z|y. is of the form
0

- 9
JVh + Z(fk@ + gka—yk)
k=3

where h, f;, and g are arbitrary function of 2!, 22, y' and y?. Then using
second variational formula(see [S-W]) we see

0%|2|(Vwy) = 8[| (Vion) + 6% |2 (Viv),

where W =377 o fka%—l—gk% is in R??~* and where §2|X|(Vz) denotes the
second variation with respect to the vector field Z. To prove that cones with
|p—q| = 1 are strictly stable, it suffices( since those cones are already strictly
stable in R* for any Hamiltonian variation) to show that §2|%|(Vyy) > 0 for
any vector field W in R?"~4. A direct computation shows that

6%|%| (Vi)
0

=/ {| |2 t—2| |2+bt‘2<W,J—W>}tdtd0
[e,R]x[0,L] 00

where we assume ~(6) is parametrized by arclength and L is the length of
the curve.

For notational simplicity, we only prove the case where n = 3(the general
case follows from the same argument). Assume W = f3% + 938%3. Let
z =23+ \/—_1y3.

By the L? orthogonal decomposition of W, it suffices to prove the case
where W = f (t)e\/__l%k(’/ L where k is an integer. Straightforward calcula-
tion shows that

67151V )

R R
= L/ t () 2dt + L#(#—bo)/ 2 f ()] 7dt.

Note that( without loss of generality assume p > q)

p q
bp=4/=—4/=, L=2mpq.
=iV .

Since p —q = 1, %(% —bg) > 0 for any integer k£ # 0. This implies that

for any integer k
§2Z|(Viw) >0

for W = f(t)eV~12mk6/L O
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7. Interior Regularity Theorem.

In section 2, we showed that the weak solution to the isotropically con-
strained Plateau problem exists. In this section we will prove that this weak
solution is smooth away from a finite set.

For a map [ : Q — R?". Define regular points to be points in  at which
[ is a smooth immersion. We denote the set of all regular points as Reg(l).
And define the singular set Sing(l) = Q \ Reg(l).

The following proposition says that singularities converge to a singularity.

Proposition 7.1. Let I¥) : Dy — R be a sequence of weakly con-
formal, weakly exact and isotropically area minimizing maps. Assume
{l(k)}z‘;1 converges strongly in VV;’?(DQ,R%) to a weakly conformal, ezact
and isotropically area minimizing map 1. Let t**) Sz’ng(l(k)) NDy. Suppose
lim; t®) = ty. Then ty € Sing(l).

Proof. Without loss of generality, assume ¢y = 0. Assume 0 is a regular point
of I. Let €; be a sequence going to 0. Define the corresponding tangent
map ¢ of [ at 0, as the limit of [;(1) = 5j_ll(z—:j7'). For each %) define
lg»k) (1) = 5j_ll(k)(z—:j7'). Now for a fixed j, since {I(F)}°  converges to I, we
have an «; such that

1

1% — Ll lra(py) < -

and since {t(})}%  goes to 0, we might also assume

()

1
< -
Ej ¥

Therefore, we easily get that

: (aj)
lim [; "~
j—oo J

=¥

in WhH2(Dy, R?").
Since 0 is regular for I, we see that ¢ is a linear conformal map
into a isotropic plane. Therefore, we can apply our local regularity theo-

)

rem(Theorem 5.9) to get a constant # such that for sufficient large j, l;aj

)

(@), . . i
is smooth immersion in Dy. But note that -~ is a singularity of S , and
€ J

3
() ..
£77 0. A contradiction. O

€j
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An immediate consequence of the above proposition is the following re-
sult.

Proposition 7.2. Letl: D; — R?" be weakly conformal, weakly exact and
isotropically area minimizing map. Let tg € Dy. If every tangent cone of | at
to is a smooth immersion away from the origin, then | is Hélder continuous
in D1 and is a smooth immersion in D,(tg) \ {to} for some r > 0.

Proof. Without loss of generality, assume tg = 0. If [ is not smooth immersion
in any deleted neighborhood of 0, then we have a sequence of points {tj}‘;‘;l C
Sing(l) which converges to 0. Let €; = |tj|. Let [y be the tangent cone at
0 with respect to {z—:j}‘;‘;l with the corresponding rescaled sequence {lj}‘;‘;l.
Clearly 7; = tj/e; is a singularity of /;. Since |7;| = 1, we might assume(
by passing to a subsequence) that {Tj}(;il converges to a point 7 in the unit
circle S'. By Proposition 7.1 7 should be a singularity of the limiting map
lp. But by hypothesis, every tangent map at 0 is regular away from the
origin. A contradiction. ]

Now we are in the position to prove the main regularity theorem.

Theorem 7.3 (Interior Regularity Theorem). Let [ : Dy — R?" be
a weakly conformal, weakly isotropic map which minimizes area among
isotropic maps with the same boundary value. There is a finite subset S
of Dy such that | is a smooth immersion on D1\ S.

Proof. Let €2 be the set of points in D7 such that the image of every tangent
map is a plane. Let ¢y € 2. Then Lemma 6.2 says that every tangent cone
of ty is a smooth immersion away from the origin. Therefore, by Proposi-
tion 7.2, [ is a smooth immersion in a deleted neighborhood of ¢g.

Let B = Dy \ Q. For a point t; € B, let [y be a tangent cone at t;
whose image is not a plane. Let 79 € R? be any point away from the origin.
Lemma, 6.3 then says that any tangent cone of [y at g is a smooth immersion
away from the origin. Therefore by Proposition 7.2, [y is smooth immersion
in a deleted neighborhood of any point away from the origin. This implies
that the singular set of [y is discrete. Then the fact that [y is a geometric
cone implies that [y is smooth away from the origin. Therefore, by the clas-
sification of isotropically stationary cones(see Theorem 6.6) we see that (by
Proposition 6.7) the cone C' = Io(R?) is conformal equivalent to the complex
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plane R? via a map ¢ : C — R2. Thus £ olj is a weakly conformal, isotropi-
cally minimizing, proper map with only one zero. Therefore by Lemma 6.2,
we see £ ol is smooth immersion away from the origin. This implies that [
itself is a smooth immersion away from origin. Thus Proposition 7.2 gives
that [ is a smooth immersion in a deleted neighborhood of tg.

So combine the above two arguments, we see that Sing(l) is discrete
(hence finite) in D;. O

Now finally combine Theorem 2.9 and Theorem 7.3 we have the follow-
ing regularity result of the solution to the isotropically constrained Plateau
problem:

Theorem 7.4. Let Dy be the unit disk in R?™. Let T be a closed piecewise
C! Jordan curve in R*" such that [(zdy — ydx) = 0. Let

1,2
Xrr={l € W;*(Dy,R™):
l|ap,is continous and is a monotone map onto I'}.

Then Xr 1 is not empty and there exists an area minimizer lo among Xr 1.
Moreover, ly is Hélder continuous in D1 and is smooth immersion in the
interior of Dy with possibly isolated singularities.
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