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The Dirac-Witten Operator on Spacelike
Hypersurfaces

OussAMA H1JAZ1 AND XIAO ZHANG

We establish optimal lower bounds for the eigenvalues of the Dirac-
Witten operator of compact (with or without boundary) spacelike
hypersurfaces of a Lorentzian manifold, whose metric satisfies the
Einstein field equations and whose energy momentum-tensor sat-
isfies the dominant energy condition.

1. Introduction.

The well-known spinorial proof of the positive mass theorem given by E.
Witten [W] is based on a subtle use of the Weitzenbock type formula for
the hypersurface Dirac-type operator called the Dirac-Witten operator. The
mass is given by the limit at infinity of some boundary integral term.

In the past two decades, lower bounds for the eigenvalues of the clas-
sical Dirac operator on closed Riemannian spin manifolds were intensively
studied (see for example, [F, Hil]). Manifolds with minimal eigenvalues are
characterized by the existence of solutions of some overdetermined systems
as for Killing spinors.

More recently [HMZ], under some natural boundary conditions, such re-
sults were extended to the case of Riemannian compact spin manifolds with
boundary. Moreover, in [Z3, HZ] (see also [M]) examined the correspond-
ing questions to the Dirac-Witten operator when the ambient manifold is
Riemmanian and spin.

In this paper, we consider compact (with or without boundary) spacelike
hypersurfaces of an (n + 1)-dimensional Lorentzian manifold, whose metric

'The authors would like to thank Helga Baum, Xavier Charuel, Nicolas Ginoux
and Bertrand Morel for pointing out the existence, in all dimensions, on a spacelike
hypersurface of a positive definite Hermitian scalar product.

2Research of X.Z. is partially supported by CNSF # 2009100 and CAS #
2278400. This work is partially done during his visit to the Institut Elie Car-
tan, Université Henri Poincaré, Nancy 1, and he would like to thank the Institute
for its hospitality.

737



738 O. Hijazi and X. Zhang

satisfies the Einstein field equations and whose energy momentum-tensor
satisfies the dominant energy condition. In [B], Helga Baum showed that
the spinor bundle of any spacelike hypersurface could be endowed with a
positive definite Hermitian scalar product. In terms of this scalar product,
we are able to prove a basic lower bound for the square of the eigenvalues of
the Dirac-Witten operator in terms of the energy-momentum tensor of the
ambient Lorentzian space (see inequality (5)). We then improve this result
by introducing the spinorial energy-momentum tensor (see inequality (9)).
The limiting-cases are also studied.

A generalized conformal Laplacian L is then defined (see (12)) on the
spacelike hypersurface. With the help of a classical conformal argument,
under the assumption of the existence of a positive eigenfunction of L in the
set of regular conformal transformations, it is then shown that, up to a di-
mensional constant, the first eigenvalue of L is less than the first eigenvalues
of the Dirac-Witten operator (see (13) and (14)).

In the last section, as in [HMZ], the case of compact spacelike hyper-
surfaces with boundary is examined. Under some natural local boundary
conditions (16), the previous results are then extended to (19), (21), (24)
and (25). As an application, we show that an eigenvalue lower bound of
the Dirac-Witten operator provides a criterion on the nonexistence of black
holes in general relativity (see Corollary 1).

2. The Dirac-Witten operator.

Let (N™1,g) be an (n + 1)-dimensional Lorentzian manifold, and g be a
Lorentzian metric of signature (—1,1, - - - , 1) which satisfies the Einstein field
equations

— 1 ~
Ric— 5 Rg =T, (1)

where Efi/c, R are Ricci curvature tensor, scalar curvature of g respectively,
and T is the energy-momentum tensor. Let (M, g) be a spacelike spin hyper-
surface of N with the induced Riemannian metric g and timelike unit normal
vector eg. We say that (NN, g) satisfies the dominant energy condition if for
each timelike vector ey, T'(eg, 9) > 0 and T'(eq, ) is a non-spacelike covector.
If M is a spacelike hypersurface with orthonormal basis {e,} and its dual
basis {e“} such that ey is normal to M and {e;} is tangent to M, then the
dominant energy condition implies that

Too > /Z TZ. (2)
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Denote by S the (local) spinor bundle of N. Since M is spin, S exists
globally over M. This spinor bundle S is called the hypersurface spinor
bundle of M. If V and V denote respectively the Levi-Civita connections of
g and g, the same symbols are used to denote their lift to the hypersurface
spinor bundle.

According to [B], there exists a Hermitian inner product (, ) on S over
M which is compatible with the spin connection V. For any covector X of
N, and hypersurface spinors ¢, ¥, we have

(X - 0,9) = (6, X - ¥),

where “” denotes the Clifford multiplication. Note that this inner product is
not positive definite. Moreover, there exists on S over M a positive definite
Hermitian inner product defined by

() =1(").
Obviously,
<eO : ¢7'¢> = <¢7 e’ ¢>7

and for any covector X of M,

(X, 0) = —(6, X ).

Fix a point p € M and an orthonormal basis {e,} of T, N with ey normal
and e; tangent to M such that (V;e;), = 0 and (6oej)p = 0. Let {e*} be the
dual basis. Then (6Z~ej)p = —hijeo, (6ieo)p = —hijej where h;j = <%i607 e;),
1 <i,j < n, are the components of the second fundamental form at p. We

have 1
Vi = Vz - §hij60 . ej c.

This fact implies that the spinor connection V is compatible with the positive
definite inner product (, ). Moreover,

Vi(e? - ¢) =€’ V;o.

with the inner product ( , ) except when h;; = 0, for all i,j. Its formal
self-adjoint with respect to (, ) is nothing but

6:( = —Vi—i—hijeo-ej- .

The Dirac-Witten operator over M is defined by

E:Zei'ﬁi.
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This operator D is formally self-adjoint with respect to (, ) and its square
is given by the following Weitzenbock type formula

~ ~ ~ 1 )
D* = V"V + o (Too + Toie” - €' - ). (3)

Here, and henceforth, the Einstein summation notation is used. For any real
function u on N, consider the conformal metric § = e2g. Denote by G,, the
isometry between the associated SO,-principal bundles SO3/N and SO=N.
The isometry GG, induces an isometry between the Spin,,-principal bundles,
Sping N and Spin;N as well as an isometry between their hypersurface spinor
bundles S and S (= G,S).

For any sections ¢, ¢ of the spinor bundle S, we denote by ¢ = G, ¢, and
1) = Gy the corresponding sections of S. Then

and the Clifford multiplication on S is given by
= G- a

Denote by M; the tubular neighborhood of M obtained by taking the
parallel transport of ey. Note that the restriction of g to M gives rise to a
conformal change of metric on M. Denote the regular conformal class of N
by

— S8 —
U={ueC (N),du(eo)’Mt =0}.

With respect to the regular conformal class, if I is nonempty, similar to
[HZ], the conformal transformation of the Dirac-Witten operator is

D(e 7 g) =

Lemma 1. Let (N™',g) be an (n + 1)-dimensional Lorentzian manifold
which satisfies the Einstein field equations (1), and let M be a spacelike spin
hypersurface. Denote by {e,} a local orthonormal basis of N and {e“} its
dual basis where eg is normal to M and {e;} are tangent to M. If there exist
a nontrivial hypersurface spinor ¢, and real functions t, t; with

ol + (ot ¢ 9) =0, and 1> \/5

then there exists a real function f such that

t=[fllo],  and = f(p," ¢ ).
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Proof : Define the one-form § by § := <<b, el el q5>ei. Obviously,
o =320 e 0)"

Moreover,

(- 4.5-0) = (d.e" e 9)"

1

Since <eo -, 6 q5> < |5H¢|2, it follows
D (e ey’ <o
Now we have

tlo]” = —ti(e, e ¢ - ¢) < \/Zt?\/Z(gb, e ) < tlg|’.

So all the inequalities involved are in fact equalities. Q.E.D.

3. Hypersurfaces without boundary.

Now we estimate the lower bounds of nonzero eigenvalues of the Dirac-
Witten operator for spacelike spin hypersurfaces (M, g) without boundary.
The Weitzenbock type formula (3) gives

/M|l~)¢|2 —/MW¢|2+%<¢, (Too + Toie” - €' - ) ¢). (4)

Under the dominant energy condition (2), identity (4) and Lemma 1 im-
ply that any nonzero eigenvalue of the Dirac-Witten operator of a compact
spacelike spin hypersurface should satisfy

1. /
)\2 > § 1]r\1/[f (TOO — ZT&) .

We now apply Friedrich’s argument [F] to improve this lower bound.

Theorem 1. Let (N™1,G) be an (n + 1)-dimensional Lorentzian mani-
fold which satisfies the Einstein field equations (1) and the dominant energy
condition (2). Denote by M a compact spacelike spin hypersurface without
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boundary and by {es} a local orthonormal basis of N. Let {€“} be its dual
basis such that ey is normal to M and {e;} are tangent to M. Let \ be a
nonzero eigenvalue of the Dirac- Witten operator associated with an eigen-

spinor ¢. Then
9 n / 9
> — E ).
A 30n —1) inf (Too : TOz) (5)

If A2 achieves equality in (5), then there exists a real function f such that

2(n—-1)

Too = Nrfllg)’, and  Toi=f{p,"- e 4).  (6)

Proof : Define a modified spinor connection 2 by @3 = 6i+ %ei-. Then
for any spinorfield ¢ one has

920]2 = [$f - a2,

which when substituted in (4), yields

[ 9l =

This implies (5). If A\? achieves equality in (5), then

6i¢:—%ei-¢, and A2 = 2(n—1 (Too— /Z )

Taking the derivative once more, it follows

—1 )2

|¢| __<¢ (T00+Toz : )¢> (7)

~ ~ A~ A2
Vivj¢:—gviej-qb+ﬁej-e’-gb.

Thus

(TOO + TOieO . ei . )¢ = ei . ej . (VNj — Vjvz)qﬁ

It is then sufficient to apply Lemma 1, from which we deduce (6). Q.E.D.



The Dirac-Witten Operator 743

Now we use the spinor energy-momentum tensor and some conformal
arguments to estimate the nonzero eigenvalues of the Dirac operator [Hil,
Hi3]. For any spinorfield ¢, define the associated spinor energy-momentum
2-tensor @)y on the complement of its zero set by,

Qsij = % Re(e' - Vo + ¢ - Vig, 6/|8]?). (8)

If ¢ is an eigenspinor of the Dirac-Witten operator l~7, the tensor Q4 is well-
defined in the sense of distribution and its trace is the the corresponding
eigenvalue.

Theorem 2. Under the same conditions as Theorem 1, if A\ is a nonzero
eigenvalue of the Dirac-Witten operator associated with an eigenspinor ¢,

then
N> % f<T00—1/ZTo2@+2|Q¢|> (9)

where |Q¢|2 = Z” Qi,m‘- If A% achieves equality in (9), then there exists a
real function f such that

Too = 2(A% = |Qu|*) + £1|¢]°,  and  Toi= f(¢,e® - ¢).  (10)

Proof : Define a modified spinor connection ve by
%ZQ = 61 + Q¢,ijej -
If lNng = A¢, then it is straightforward to see that
SO 2 1S .2 2
[V9oI" = Vo™~ Q"

which together with (4), yield

[, 1991 = [ ol 546, (fon+ o€ )o) ~ [@af'. ()

This implies (9). If A? achieves equality in (9), then

. , 1
Vip = —Qpije’ ¢, and  N= §<Too 4 /ZT&) + Q|

Second derivatives of the eigenspinor ¢ are then given by

1
ViVp = =ViQgjke" - ¢ — Qg jre” - Vio + §th¢,jk60 et e g
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Thus
(Too + Toie® - €' - )¢ = ¢ -el - (ViV; = V;Vi)¢
= —(ViQgjr + VjQ¢7ik)ei el b g
+QpuQo ke ¢l - (e" e —el - eh g
0

1 S

""5( — hikQg,jk + hij¢,ik)6’ el e’
= ViQuaet 6+ 2(3 - [Qf)s
1 S

+5 (= hikQpjk + hyrQow)e - ¢ - - .

Since e* and e’ - e/ - % - (i # j) are anti-symmetric with respect to the inner
product < , >, we deduce that

(o0 200 ~ |Qu[")) [6]" + (&, Toie” - ¢ - 9) = 0.
Again we apply Lemma 1 to deduce (10). Q.E.D.
Remark 1. By the Cauchy-Schwarz inequality we have
n|Qul* = (TrQs)” = ¥,

Hence (5) follows from (9).

~ Let A, A be the positive Laplace operators of N and M respectively. If
g = €%'g, then the corresponding Ricci and scalar curvatures are related by

Rag = éa/g — (n — 1)6046/3’& + (n — 1)604’&6/3’&
—( — Au+ (n— 1)!614,!2)57&/3',
R = e”“(ﬁ—l—Qn&u—n(n— 1){611,{2)

4
If I is nonempty, take u € U and let U > 0, with U»-2 = €%, then over M,
one has

2(n—-1)

Too = Roo— = R oo = Too+ Ulau,

N | —

Toi = Roi = Ro; = To.

Define the generalized conformal Laplacian on M by

L_%A+2<TOO— /ZT&). (12)
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(If hij =0, then L is exactly the classical conformal Laplacian.)

Theorem 3. Under the same conditions as Theorem 1, let A be a nonzero

eigenvalue of the Dirac-Witten operator associated with an eigenspinor ¢.

If U is nonempty and there is a positive eigenfunction U of L such that
4

Un—2 = e for some u € U, then

P pu—— 13
N> L i |Quf? (14)
4 M ’

where py is the first eigenvalue of L.

Proof : Take the regular conformal transformation g = e2%g with e?* =
4

U,flj, where U, is the corresponding positive eigenfunction of L. Note
that for a regular conformal transformation, we have Ty = e 2%Tyg, T5; =

e~ 2%Ty;, and @555 = e “Qg, ;- Identities (7) and (11) written wrt this new

metric g, yield

=T -1 —1
[T = [ (O g v ) of
56 (T + o€ )6) g
< [ e (A U)o
== -1
[Tt = [ oo o+ gt av)
56 (o + e - )6) )

| et (e - 1@of = U LU ),

IN

where 1) = e_nT_l“qﬁ. Hence (13) and (14). Q.E.D.
4. Hypersurfaces with boundary.

We now assume that M has boundary 0M endowed with its induced Rie-
mannian and spin structures. Let VZ™ be the Levi-Civita connection of
OM and denote by the same symbol their corresponding lift to the spinor
bundle S. Fix a point ¢ € M and an orthonormal basis of T, M with e, the
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outward normal to 9M and e, tangent to OM such that for 1 < a,b <n-—1,
(VIMep), = 0, (Ve,en)g = 0. Let {e",e} be the dual coframe. Then,
(Vaeb)q = —hgé\/[er, (Vae)g = hgéweb, where h%\/[ = (Vaer, ep) are the
components of the second fundamental form at ¢, and we have

Vo =VIM ¢ %hg,,Mer eb
Let H™ = S"hOM be the unnormalized mean curvature of M (In the
above notation, the standard sphere Sf = 8B7?3 has positive mean curvature
H = %) Denote the (intrinsic) Dirac operator of the boundary dM acting
on S by DM — ea. ng . Then e, - DM is also compatible with the metric
(, ). Moreover, VIM(e".¢) = e"- VM ¢ and DM (e ¢) = —e"- DM ¢, see

[HMZ]. In the boundary case, the Weitzenbock type formula (3) translates
to

[ Aol = [ 196 + 56, (Tua+ Tue® - )o)
By TR P
where “#” is the star operator of M. Since
Vo =VoM 4 %hﬁ,ﬁ”er eb —%hajeo el
we finally obtain
[ 150l = [ [96f" + 56 (T + T ¢ )o)
— /aM (¢,e" - DIMp) s er
- %/@M@s, (HOM —tr(h|,,,)e" € )o) * €

—I-l/ <q§,hareo'e“-gb>*er.
2 Jom

(15)

There is the following well-known local boundary condition on dM:
dp==e" e ¢ (16)

which ensures that D is formally self-adjoint. Note that (15) together with
(16) were used to prove the positive mass theorem for black holes by Gibbons,
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Hawking, Horowitz and Perry, see [GHHP, He2]. Under this local boundary
condition, (15) becomes

[ Dol = [ 196F + 50 (o Tuc - -)o)
M M

—I-%/aM(iTT (Blyyy) — HOM) ||+ e

Recall that the boundary 0M is a future or past apparent horizon if the
condition

(17)

+Tr (h],,,) — H?M >0 (18)
holds on M.
Theorem 4. Under the same conditions as Theorem 1, let A be a nonzero
eigenvalue of the Dirac- Witten operator associated with an eigenspinor ¢. If

M has boundary OM which is a future or past apparent horizon, then under
the local boundary condition (16), we have

A2 > ﬁi}r&f (00 - /; T3). (19)

If A% achieves equality in (19), then there exists a real function f such that

Too = wﬂ Il and  Toi=f{p ) (20)

Moreover, +Tr (h’aM) = HM on OM.

Corollary 1. Under the same conditions as Theorem 1, and M has bound-
ary OM . If there is a constant C > 0 such that

Too — IZTO% > C,
%

and there exists a spinor ¢ which satisfies the local boundary condition (16)
and D¢ = Ao for some constant A < ﬁ(}’, then OM is meither a future
nor a past apparent horizon.

Theorem 5. Under the same conditions as Theorem 1, let A be a nonzero
eigenvalue of the Dirac- Witten operator associated with an eigenspinor ¢. If
M has boundary OM which is a future or past apparent horizon, then under
the local boundary condition (16), we have

A2 > %%f (TOO - /ZTO% +2|Q¢|2>, (21)
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where |Q¢.|2 = Z” inzj. If A2 achieves equality in (21), then there exists a
real function f such that

Too = 2002 = Qo) + 1F16],  and  Toi= f,e® ¢ - ¢).  (22)

Moreover, +Tr (h|8M) = HM op M.
Remark 2. As in Remark 1, inequality (21) improves (19).

Under the regular conformal transformation e?“g with du(e,) = 0, iden-
tity (15) becomes

[ B = [ (T 3 (O T, )
_/aMe—u<¢’eT'DaM¢>*er
— % /aMe_“<<b, (HaM —Tr (h|8M)er el )qb> xe’

1
—I-—/ e_“<q5,hareo-e“-qb>*er,
2 Jom

(23)

from which we deduce the following:

Theorem 6. Under the same conditions as Theorem 1, let A be a nonzero
eigenvalue of the Dirac- Witten operator associated with an eigenspinor ¢. If
M has boundary OM which is a future or past apparent horizon, moreover, U
is nonempty and there is a positive eigenfunction U of L such that Uﬁ =
e for some u € U, then under the local boundary condition (16), we have

n

2
AT > m/ﬁlv (24)
A2 > i/m + mf |Q¢| (25)

where 1 s the first eigenvalue of L under the boundary condition dU (e,) = 0
on OM.
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