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Convergence of spectral structures: a functional
analytic theory and its applications to spectral
geometry

KAZUHIRO KUWAE AND TAKASHI SHIOYA

We present a functional analytic framework of some natural topolo-
gies on a given family of spectral structures on Hilbert spaces,
and study convergence of Riemannian manifolds and their spectral
structure induced from the Laplacian. We also consider conver-
gence of Alexandrov spaces, locally finite graphs, and metric spaces
with Dirichlet forms. Our study covers convergence of noncompact
(or incomplete) spaces whose Laplacian has continuous spectrum.

CONTENTS

1. Introduction

2. Topologies on a family of spectral structures

2.1.  Measured Gromov-Hausdorff topology

2.2.  Convergence of Hilbert spaces

2.3.  Convergence of bounded operators

2.4.  Convergence of spectral measures on complex Hilbert spaces
2.5.  Convergence of quadratic forms

2.6.  Convergence of spectral structures

2.7.  Asymptotic behavior of spectra

3. Convergence of manifolds

3.1.  Preliminaries for Lipschitz-Riemannian manifold

3.2. Compact Lipschitz convergence and spectral structure
3.2.1.  Blowing up

3.2.2.  Magnifying

IThe first author is partially supported by a Grant-in-Aid for Scientific Research
No. 11740112 from the Ministry of Education, Science, Sports and Culture, Japan.

2The second author is partially supported by a Grant-in-Aid for Scientific Re-
search No. 11440023, 14540056 from the Ministry of Education, Science, Sports and
Culture, Japan.

3Dedicated to Professor Yukio Ogura on the occasion of his sixtieth birthday.

599



600 K. Kuwae and T. Shioya

3.2.3.  Tower of coverings

3.2.4.  Degeneration

3.3.  Convergence of manifolds under a bound of local isoperimetric constant
3.3.1.  Shrinking

3.3.2.  Tteration of attaching small manifolds

3.4. Collapsing of warped product manifolds

3.5.  Convergence of noncompact Alexandrov spaces

4. Convergence of graphs

4.1.  Graph with simplicial metric

4.2.  Convergence of graphs and spectral structure

4.3.  Negligibility of boundary

5. Convergence of measured metric spaces with Dirichlet forms

5.1.  Preliminaries for Dirichlet form

5.2. Asymptotic compactness of Dirichlet forms

5.3.  Convergence of (noncompact) manifolds under a lower bound of Ricci

curvature
1. Introduction.

The classical perturbation theory of linear operators tells us that if we per-
turb a Riemannian metric on a fixed manifold, then the spectral objects such
as the spectral measure, the spectrum of the Laplacian etc. are continuous
in metrics with respect to a suitable topology. What if we perturb not only
the metric but also the topology of a manifold? In this case, there are no
more natural identification between L? spaces of Riemannian manifolds and
so we cannot rely on the standard perturbation theory. Nevertheless, we
obtain some asymptotic correspondence between them under convergence of
Riemannian volume measures. In this direction, Fukaya [23] first defined
the measured Gromov-Hausdorff topology on the set of metric spaces with
Radon measures (cf. §2.1 of this paper), and studied the convergence as
i — oo of the eigenvalues of the Laplacian of closed Riemannian manifolds
M;, i=1,2,..., under a uniform bound of sectional curvature, when M; is
convergent with respect to the measured Gromov-Hausdorff topology. After
that, Kasue-Kumura [32, 33] (see also [7]) introduced a natural distance,
called the spectral distance, between closed Riemannian manifolds under a
uniform bound (in some sense) of heat kernel. The spectral distance ex-
presses how close analytic structures are and is a powerful tool to study
convergence of Riemannian manifolds and their analytic structure. In this
paper, we present a systematic and functional analytic framework of some
topologies on the set of spectral structures, which is much more general than
the spectral distance. In particular, we do not need the existence of heat
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kernel (or the integral kernel of the semigroup), and also the spectrum is
not needed to be discrete. Our framework is especially useful to investi-
gate the behavior of spectrum of Laplacian under a perturbation of not only
the metric but also the topology of (not necessarily compact) Riemannian
manifolds.

We precisely mean by a spectral structure on a Hilbert space a compatible
set ¥ = (A, &, E,{T;}, {R¢}) of a (nonnegative and selfadjoint) infinitesimal
generator A, a closed nonnegative quadratic form &, a spectral measure F, a
strongly continuous contraction semigroup {7}, and a strongly continuous
resolvent { B¢} on the Hilbert space. An important example of spectral struc-
ture is one whose generator is the Friedrichs extension of the C*° Laplacian
acting on the set, say C3°(M), of smooth functions with compact support
on a (not necessarily complete) Riemannian manifold M.

In what follows, let (X, p) be any pointed, locally compact, and separa-
ble metric space and m any Radon measure on it. We denote by L?(X;m)
the set of real valued L? functions with respect to m, equipped with L?
inner product (:,-)2(x.m)- Then, this is a separable Hilbert space over R.
Consider the family S of all (X,p, m,¥), where ¥ is any spectral struc-
ture on L?(X;m), and also the family S. of (X,p,m,%) € S for which
¥ has compact resolvent. In the first part (§2) of this paper, we intro-
duce a natural topology on S (resp. S.), called the strong (resp. compact)
spectral topology (Definition 2.14), such that the projection S (resp. S.)
> (X,p,m,X) — (X,p,m) is continuous with respect to the pointed mea-
sured Gromov-Hausdorff topology on the family {(X,p,m)}. The conver-
gence of spectral structures with respect to the strong (compact) spectral
topology can be rephrased in terms of the quadratic forms, resolvent fam-
ilies, semigroups, and spectral measures respectively (Theorem 2.4). We
investigate, when a sequence (X, p;,m;,%;) € S, i = 1,2,..., converges
with respect to the strong (compact) spectral topology, the asymptotic be-
havior of the spectrum o(A4;) of the generator A; of ¥; (Proposition 2.5 and
Theorem 2.6). These results are generalizations of the classical topologi-
cal perturbation theory (cf. [36, 47, 48]) and also of the recent study on
convergence of bilinear forms, due to Mosco [42]. Remark here that even
if (Xi, pi, m;) for a large i is close enough to (X, p, m) with respect to the
measured pointed Gromov-Hausdorff topology, we have no natural linear
bijection between L?(X;;m;) and L?(X;m), and even no natural linear in-
jection L?(X;;m;) — L*(X;m) or L*(X;m) — L?(X;;m;) for noncompact
X . This makes some differences from the standard theory. Remark also that
the concept of the compact spectral topology is newly defined and investi-
gated in this paper. We indeed give the definitions of the strong and compact
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spectral topologies on the set of spectral structures on general Hilbert spaces,
so that it can also be applied to that defined on L? differential forms, L?
sections of vector bundles, L? functions on graphs, etc.

In the second part (§3) of this paper, we apply the above functional
analytic study on spectral structures to some sorts of shrinking, blowing-
up, and degenerating sequences of Riemannian manifolds. We define a new
topology on the set of Riemannian manifolds, for which the sequences of
manifolds as above are all convergent.

Definition 1.1 (Compact Lipschitz convergence). We say that a sequence
{M;}i=12... of Riemannian manifolds compact Lipschitz converges to a Rie-
mannian manifold M if for any relatively compact open subset O C M there
exists a sequence of relatively compact open subsets O; C M; such that as
i — 00, O; Lipschitz converges to O, i.e., the Lipschitz distance

dr(0;,0) := inf{ | Indil(f)| + | Indil(f~1)|;
f: O; — O is a bi-Lipschitz homeomorphism }

tends to zero, where dil(f) is the smallest Lipschitz constant of f.

Note that compact Lipschitz convergence is only noncollapsing, i.e., pre-
serving dimensions.

Let M be a Riemannian manifold and W2(M) the (1, 2)-Sobolev space
of functions on M (i.e., the set of real valued L? functions admitting L? weak
derivative). Note that W12(M) is a real Hilbert space. Let Wol’2(M) be the
closure in W12(M) of C§°(M). We denote by ¥(M) the spectral structure on
L?(M) induced from the Friedrichs extension, say Ay, of the C* Laplacian
acting on C§°(M). Indicate by o(-) the spectrum of an operator. The
following theorem is a primitive application of our study on the spectral
topologies.

Theorem 1.1. Let {M;};,=12... be a sequence of (possibly noncompact,
incomplete) Riemannian manifolds (with boundary), and M a (possibly
noncompact, incomplete) Riemannian manifold (with boundary) such that
Wht2(M) = Wol’2(M). If M; compact Lipschitz converges to M, then the
spectral structure ¥(M;) converges to X(M) with respect to the strong spec-
tral topology, and consequently we have

o(Ay) C lim o(Any,),

1— 00

i.e., for any \ € o(Apy) there exist \; € o(Apy,) with \j — A.
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Here, the condition VVO1 ’2(M ) = WL2(M) is almost equivalent to the
negligibility of the boundary in the sense of [25, 26, 27]. Note that in Theo-
rem 1.1, the limit set of 0(Ajy,) does not necessarily coincides with o(Axr)
(Remark 3.2).

Although most of earlier studies treat only compact manifolds, there are
some works for convergence M; — M of complete noncompact manifolds:
Colbois-Courtois [17] studied convergence of eigenvalues less than the infi-
mum of essential spectrum of M, depending on control of the Dirichlet first
eigenvalue around the ends of M;. On the other hand, Theorem 1.1 says the
semi-continuity of the whole spectrum. Also there are many works on degen-
eration of hyperbolic manifolds (see [56] for example), which is an example
of compact Lipschitz convergence.

As a direct consequence of Theorem 1.1, we have an asymptotic esti-
mate of the spectral gaps of a Riemannian manifold (Corollary 3.1). We
extend Theorem 1.1 to collapsing of warped product manifolds (Theorem
3.3). Since the theorem is also true for Lipschitz-Riemannian manifolds, it
can be applied to convergence of Alexandrov spaces (§3.5). We also study
convergence of (locally finite) graphs (§4), results which are analogous to
compact Lipschitz convergence of manifolds.

In the final part (§5) of this paper, we consider a family of measured
metric spaces with (abstract) Dirichlet forms. Under some uniform condition
on the metrics and measures, and a uniform bound of Poincaré constants, we
prove the asymptotic compactness of the set of spectral structures associated
with spaces in such a family (Theorems 5.1 and 5.2). Remark that we do
not assume the doubling condition for the measures and also the existence
of heat kernel (or the integral kernel of the semigroup). The results can be
thought as generalizations of those due to Kasue-Kumura [32, 33]. Our proof
is achieved in a different approach from theirs.

We have some geometric applications of that study. The first one is on
convergence of compact Riemannian manifolds under a bound of isoperi-
metric constant. Let M be an n-dimensional Riemannian manifold and
r > 0. An r-net of M is defined to be a discrete (possibly finite) sequence
{pr}r=1,2,.. of points in M with |, B(pk,r) = M, where B(p, ) denotes the
open metric ball centered at a point p and of radius r. An r-net {px} of M
is said to be r-discrete if d(pg, pe) > r for all k # ¢, where d is the distance
function on M. We define the r-isoperimetric constant of M

T,(M) = sup_jnf 120010 0%)
' ey B2 vol(Q21) Avol(Qs)

where {px} runs over all r-discrete r-nets of M and (1,2) over all pairs
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of two disjoint open domains in B(py,r) with piecewise smooth boundary
such that vol(B(pg,r) \ (21 U Q)) = 0, and we set x Ay := min{x,y} for
z,y € R. For the completion M of an incomplete Riemannian manifold M,
let us define a measure voly; on M to be the Riemannian volume measure
volys on M and to be zero on M \ M. With these notation, we have:

Theorem 1.2. Let {M;}i—1 2, be a sequence of compact Riemannian man-
ifold (with boundary), and M a (incomplete) Riemannian manifold (with
boundary). We assume the following (1)—(5).

(1) T o lim,_ T,(M;) > 0.

1—0o0 T
(2) W2(M) = Wy (M).
(3) The completion M of M is compact.
(4)

4) (M;,voly,) converges to (M,voly;) with respect to the measured
Gromov-Hausdorff topology.

(5) M; compact Lipschitz converges to M.

Then, the spectral structure X(M;) converges to 3(M) with respect to the
compact topology. Consequently, ¥.(M) has compact resolvent and for any
fixed k € N, the k' eigenvalue of Ay, converges to that of Ay as i — oo.

We construct an example of a sequence {M;} satisfying (1)—(5) by iterat-
ing to attach small manifolds. Such the manifold M; increases its topological
complexity as i — oo and the limit M has infinite topological type (§3.3.2).
In the same manner as in Theorem 3.3, it is possible to extend Theorem 1.2
to collapsing of warped product manifolds, which we omit to explore.

The second application is on convergence of complete noncompact Rie-
mannian manifolds with a lower Ricci curvature bound. For a monotone
nondecreasing function ¢ : [0,00) — [0,00) and for a number n > 2, let
PR(n, c) be the set of (M, p, 41,,), where (M, p) is any n-dimensional complete
(possibly noncompact) pointed Riemannian manifold whose Ricci curvature
satisfies Ricyr > —(n — 1) ¢(R) on the metric ball B(p, R) for every R > 0,
and we set p, = voly; /vol(B(p,1)). For (M,p,p,) € PR(n,c), we de-
fine the (1,2)-Sobolev space W12(M; ) to be the set of u € L?(M; p,)
admitting weak derivative du with [, |du|3;dp, < oo, where | - [y de-
notes the norm induced from the Riemannian metric on M. Let &y, )
W2(M; p,) x WH2(M; ) — R be a Dirichlet form defined by

Eanp (1) = /M<d“v d)ar dpy, u,v € WHA(M: ),
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and X(M, p1,) the induced spectral structure on L?(M; ). Cheeger-Colding
[16] defined a canonical Dirichlet form, say & x ), on L?(X; m) for each mea-
sured pointed Gromov-Hausdorff limit (X, pg, m) of PR(n, c). That induces
a spectral structure on L?(X;m), say ¥(X,m). We have the following:

Theorem 1.3. Let a sequence {(M;, p;, pip,) }i=1,2,... C PR(n, c) converge to
a space (X, p, m) with respect to the pointed measured Gromov-Hausdorff
topology. Then, the spectral structure ¥(M;, p1p,) converges to (X, m) with
respect to the strong spectral topology. Consequently we have

o(A) C lizm a(A;),

where A, A; are the generators of ¥(X, m), X(M;, pp,) respectively.

Note that we see from the discussions in [32, 16, 15] that if X is compact
in Theorem 1.3, then X(M;, up,,) converges to X(X,m) with respect to the
compact spectral topology (see Remark 5.1).

Acknowledgment. The authors would like to thank Professors Atsushi Ka-
sue, Yukio Ogura, Toshikazu Sunada, and Takao Yamaguchi for valuable
discussions and comments.

2. Topologies on a family of spectral structures.
2.1. Measured Gromov-Hausdorff topology.

In this section, we shall define the (resp. measured) Gromov-Hausdorff topol-
ogy on the set of pointed (resp. pointed and measured) metric spaces, which
is originally defined by Gromov [28] (resp. Fukaya [23]). We establish some
extensions of them for noncompact (or incomplete) spaces, and also present
a natural definition of the L? topology over the set of L? functions on all
locally compact separable measured metric spaces.

Throughout this paper, let A and B be any directed sets. Denote by
Met the set of isometry classes of locally compact separable pointed metric
spaces and by Met, the set of spaces in Met any bounded subset of which
is relatively compact.

Definition 2.1 ((Compact) Gromov-Hausdorff topology). We say that a
net {(Xa,Pa)}aca of spaces in Met converges to a space (X,p) € Met
in the sense of pointed compact Gromov-Hausdorff convergence (or com-
pact GH convergence) if and only if for any relatively compact open subset
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O C X containing p, there exist positive numbers €, \, 0, relatively compact
open subsets O, C X, containing p,, and (not necessarily continuous) maps
fa i (Oaypa) — (O,p), a € A, called e,-approzimations, such that

| d(fa(2), fa(y)) — da(z,y) | < €a for any z,y € O, (2.1)
O C B(fa(Oa); €a),

where d,, d denote the distance functions on X, X respectively, and B(A,r)
the open metric r-ball of a set A in a metric space. It follows from a straight
forward discussion that this convergence induces a topology on Met, say
the pointed compact Gromov-Hausdorff topology, or the compact GH topology
for simplicity. We also define a stronger topology on Met., say the pointed
Gromov-Hausdorff topology or the GH topology, by restricting O = B(p, r)
and Oy = B(pa, 7o) in the above, where r is any positive number and {r,}
a net of positive numbers depending on r such that ro, — r.

Note that a notion of convergence of sequence of countable elements is
not enough to define a topology and we need convergence of net for it.

The Gromov-Hausdorff topology on Met, is originally defined in [28].
The compact Gromov-Hausdorff topology on M et introduced here is needed
to cover the compact Lipschitz convergence of Riemannian manifolds.

Remark 2.1. (1) The restricted topology on Met,. of the compact GH
topology is different from (or strictly weaker than) the GH topology. In
fact, setting L, := { (,a) | x € R} C R?, X := Ly, and X, := LoUL;
for all @ € A equipped with the restricted metrics of the Euclidean
metric on R?, we have (X,,0) — (X, 0) with respect to the compact
GH topology, but not the GH topology.

(2) The GH topology on M et, is Hausdorff (see [28]). On the other hand,
the compact GH topology on Met is not Hausdorff, as is observed
in (1) above. In general, if a net {(Xa, pa)} C Met compact GH
converges to a space (X, p) € Met, then it also compact GH converges
to (Y, p) for any open subset Y C X containing p.

(3) Let a net {(Xa,pa)} C Met compact GH converge to a space
(X,p) € Met. Then, a diagonal argument yields the existence of
eq-approximations f, : (Og,pa) — (OL,p) with €, N\, 0, where {O}
is a monotone increasing net of relatively compact open subsets of X
containing p and with | J, O, = X, and O, C X, relatively compact
open subsets containing pg.
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Denote by M the set of isomorphism classes of triples (X, p, m) with
(X,p) € Met and positive Radon measure m on X, and by M, the set of
(X,p,m) € M with (X, p) € Met,.

Definition 2.2 ( Measured (and compact) Gromov-Hausdorff topology ).
We say that a net {(Xa, Pa, Ma) taca of spaces in M converges to a space
(X,p,m) € M in the sense of pointed, measured, and compact Gromov-
Hausdorff convergence (or measured compact GH) if and only if for any
relatively compact open subset O C X containing p, there exist positive
numbers €, \, 0, relatively compact open subsets O, C X, containing pe,
and mg-measurable €,-approximations fy : (Oq,pa) — (O, p) such that the
push-forward measure f,,(ma|o,) vaguely converges to m|p, i.e.,

lim Uo fodmg = / udm for any u € Cy(0),
Oa o

o

where Cy(O) is the set of real valued continuous functions on O with compact
support in O. We call such a family of maps {f,} a family of measured € -
approzimations. This convergence induces a non-Hausdorff topology on M,
say the pointed, measured, and compact Gromov-Hausdorff topology, or the
measured compact GH topology. Restricting O = B(p,r) and O, = B(pa,Ta)
for r > 0 and r, — r in the above defines a stronger topology on M., say
the measured GH topology.

Remark 2.2. A measured compact GH convergence (Xg,pa,ma) —
(X, p,m) is equivalent to the existence of m,-measurable e,-approximations
fa i (Oaypa) — (0L, D), €a \, 0, such that {O} is a monotone nondecreas-
ing net of relatively compact open subsets of X covering X and that

lim uofadma—/ udm for any u € Cy(X).
® JOq X

This also holds for a measured GH convergence in M, if we take O, :=
B(pa,ra) and O, := B(p,r.,) for some rq, 7., / oo in the above. We also
call such a family {f,} a family of measured €, -approzimations.

The measured GH topology was first introduced by Fukaya [23] on the
set of compact metric spaces with Radon measures (see also §33 of [28]).

Note that if a sequence of Riemannian manifolds compact Lipschitz con-
verges to a Riemannian manifold, then, by (3.1) in §3.1 below, this is also
a convergence with respect to the measured compact GH topology defined
here, by taking some reference points. For simplicity, we say (especially in
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§3 and §4) that (X,, ms) converges to (X, m) with respect to the measured
(compact) GH topology when (X4, pa, mqa) converges to (X, p, m) for some
reference points p, € X, and p € X.

Proposition 2.1. The measured GH topology on M, is Hausdorff.

Proof. Assume that a net {(Xa,pa,Ma)}aca C M, converges to
two spaces (X,p,m),(X’,p/,m') € M. Then, there exist two mea-
sured eq-approximations f, : (B(pasTa),Pa) — (B(p,sa),p) and ga
(B(pa, 1)y pa) — (B, 80),p") with €4 \, 0, r4,7., 84 /" 00. Here, tak-
ing a subnet if necessarily, we may assume that r,, > r,, for all @ € A. By
(2.1) and (2.2), we can construct 3e,-approximations fo (B(p, $a),p) —
(B(pa,Ta)s Pa) such that d(fy o fa(a:), x) < €q for any z € B(p, so) and that
d(fa o fa(x),x) < €q for any x € B(pa,ro). The maps hy := gq 0 fa :
(B(p, sa),p) — (B(P',sa),p') are 4e,-approximations and converge to an
isometry ¢ : (X, p) — (X', p’) by taking a subnet (cf. 3.6 Proposition of [28]).
We have

lim  sup d(to fo(z), ga(x)) = 0. (2.3)

* zEB(pa,ra)

Let u € Cy(X’) be any fixed function. The uniform continuity of v and (2.3)
together show that for any ¢ > 0 there exists a, € A such that |uoco f,(z)—
uo go(z)| < € for any a > a, and = € B(pqa,T4). Therefore,

/ uoaofadma—/ U0 Go dMg,
B(paﬂ’a) B(paﬂ’a)

< e limma((vo fo) ™! (suppu) U g5 (suppu)) < em(B(suppu,e)).

lim
(e}

Since suppu C B(p', s,) for all sufficiently large «, we have

/ u ot dm = lim U0 Lo fo dmg
X/ @ B(pa,ra)

= lim U0 g d'ma—/ wdm/,
@ B(pa,ra) X’

which means that ¢,m = m’. Thus, (X, p, m) and (X', p’, m’) are isomorphic
as pointed measured metric space. This completes the proof. O

Let h:[0,00) — [0, 00) be a monotone nondecreasing function, and set

M(h) :={(X,p,m) € M. | m(B(p,r)) < h(r) for all r > 0 }.
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Proposition 2.2. The projection M.(h) > (X,p,m) — (X,p) € Mel. is a
proper map.

Proof. Let {(Xa, Pas Ma) }aca be a net of spaces in M. (h) such that (X4, pa)
GH converges to some space (X, p) € Met.. It suffices to prove that there
exists a Radon measure m on X with (X,p,m) € M.(h) such that some
subnet of {(X4, Pa, Mma)} converges to (X, p, m) with respect to the measured
GH topology. We shall prove that e,-approximations f, : (B(pa,7a); Pa) —
(B(p,7,),p), €a \\ 0, 7o, 7L, / 00, can be perturbed to mq-measurable 2¢,-
approximations. In fact, we first perturb them to satisfy that their images
are discrete, which is easy to be done. We in addition perturb them to ones
such that the preimage of each point in X is a Borel subset of X, which can
be done by dividing X, into disjoint Borel subsets of small diameters. Then,
the perturbed approximations are mg-measurable. We may thus assume
that the approximations f, are m,-measurable from the beginning. It is
easy to see that for any » > 0 and o € A with r/, > r, the push-forward
measure My = (fax(Mal|B(PasTa))|B@p,r) is @ Radon measure on B(p,r)
with limg ma.-(B(p, 7)) < h(r). We take a sequence 7(i) /o0, i =1,2,....
By taking a subnet and by a diagonal argument, for each fixed ¢ the measure
M r(;) Vaguely converges to a Radon measure m,.;y on B(p,7(i)) with total
measure < h(r(i)) and with the property that m,i1)|B(pr(s)) = Mr()- The
inductive limit, say m, of m,(;) as i — oo is a Radon measure on X, so that
in particular (X,p,m) € M,.. It is obvious that (X4, pa, ma) converges to
(X, p,m) with respect to the measured GH topology. This completes the
proof. O

The following is a direct consequence of the proposition.

Corollary 2.1. Let C be a subset of M.(h) such that { (X,p) | (X,p,m) €
C} is GH relatively compact in Mel.. Then, C is measured GH relatively
compact in M.

For (X,p,m) € M and K = R or C, we denote by Cy(X, K) the set of
K-valued continuous functions on X with compact support in X, and by
L?(X, K;m) the set of K-valued L? functions on X with respect to m with
L? inner product defined by

U, V)2 = (U, V) [2(X . Kom) = uv dm, u,v € L*(X, K;m).
( k) k) ) X
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Define the norm |[ul| 2 := [|ullp2(x kim) = 1/ (U, W) L2(x Ky~ 1t follows that

L?*(X, K;m) is a separable Hilbert space over K. Note that Co(suppm, K)
is densely embedded into L?(X, K;m) and that Cy(X, K) is not embedded
into L?(X, K;m) if suppm # X. We sometimes omit K and write L?(X;m)
and Cy(X) only when K = R.

Definition 2.3 (L? topology). Let {(Xa,Pa;a)}aca be a net of spaces
in M and (X,p,m) € M be a space. A net {ug}aea of functions
with u, € L?(Xq, K;myg) is said to (strongly) L? converges to a function
u € L2(X, K;m) if (Xa, pa, Ma) converges to (X, p,m) with respect to the
measured compact GH topology and if there exists a net {g}gep of func-
tions in Cy(suppm, K) tending to u in L?(X, K;m) such that

11?@ |Patig — ua”L2(Xa,K;ma) =0,

where fo : (Oa,pa) — (O, p) are ey-approximations with (J, O, = X
and €, \, 0, and where for v € Cy(suppm, K), ®,v := v o f, on O, and
®,v:=0o0n X, \ O,. This convergence defines a topology, say the (strong)
L? topology, on the disjoint union

LM, K)= || L*X K;m).
(X,p,m)eM

We also define the L? topology on L?(M,, K) in the same manner by using
the measured GH topology on M,.. We sometimes omit K and write L?(M)
and L?(M.) if K = R.

We could consider L2(M, K) (resp. L?(M,, K)) as a Hilbert space bundle
over M (resp. M.). It follows that the natural projections L*(M, K) — M
and L?(M.,K) — M, are continuous. Obviously, the inclusion map
L*(M., K) — L*(M, K) is continuous. Proposition 2.1 implies the Haus-
dorff property of L?(M,, K) (see Corollary 2.2 below for the precise proof
in a more general setting). On the other hand, L?(M, K) is not Hausdorff
because M is not Hausdorff.

We can extend Definition 2.3 for the space of L? differential forms on
manifolds and also for the space of L? sections on vector bundles based on
compact Lipschitz convergence. By this reason, it is most convenient to
generalize it for general Hilbert spaces by forgetting base spaces.
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2.2. Convergence of Hilbert spaces.

Let K := R or C be fixed. For any Hilbert space H over K, we denote the
inner product by (-, )y and the norm by || - ||zz. Here we assume that u —
(u,v) g islinear and (u,v) g = (v, u) g for any u,v € H when K = C. Assume
also that all Hilbert spaces in this paper are separable. Let us give a family
{H,},en of Hilbert spaces over K and a family {®,,, : C, — H,}u uen of
linear maps with dense domains C, C H, such that ®,, for each v € N
is the identity operator on C,. Assume that {H,},cn (i-e., N) has a (not
necessarily Hausdorff) topology such that a net {H,, }onca converges to an
H, if and only if, setting

H,:=H,, H:=H, ®,=o,,, C:=C
for simplicity, we have
lim || ®qul| m, = ||u|lg for any u € C.
(0%

Note that & is asymptotically close to a unitary operator, however it is not
necessarily injective even for sufficiently large a. Throughout this and later
sections, we suppose:

Assumption 2.1. A net {H,}aca converges to an H.

Definition 2.4 (Strong topology on H). We say that a net {uqg}aca with
uq € Hg (strongly) converges to a vector w € H if there exists a net
{us}pen C C tending to u in H such that

hén@ |®atis — tallm, = 0.
We call the topology on the disjoint union H := | |, .\ H, induced from this
convergence the strong topology on H.

We define a topology on the family

{L2(Xsm)} (x pomjem.  (esp. {L2(X5mm)} (x p.m)em)

by the measured (resp. compact and measured) GH topology on M,
(resp. M). Then, H is seen to be a generalization of L*(M, K) and
LA (M., K).

Lemma 2.1. Let {ua}aca, {Va}aca be two nets of vectors in H with
Ug, Vo € Hy, and let u,v € H. Then, we have the following:
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(1) uo — 0 € H inH if and only if ||uq| g, — 0.
(2) Ifup — uw in 'H, then ||ugllm, — ||u|lz.

(3) If uq — u and v, — v in ‘H, then auy + bvy, — au + bv in ‘H for any
a,be K.

4) If uy — u and vy, — v in 'H, then (uq, vo)m, — (U, v)H.

(4)

(5) If lug — vallmg, — 0 and uy — w in ‘H, then v, — w in H.

(6) If uq — u and vy, — w in H, then |uq — vo||m, — 0.

(7) For any w € H there exists a net {wqg}aca with w, € H, which
converges to w in H.

Proof. We prove only (6), because the proofs of the others are easy. Assume
that v, — v and v, — w in H. Then, there are t,, V4 € C both tending to
u in H such that

hén@ |Patip — tall g, = hén@ |®ats — vallH, = 0. (2.4)

It follows that
héﬂ@”fbaﬂg - (I)(X’Dﬂ”Ha = hén@ H‘I’a(ﬂg - ’Dﬁ)”Ha

= lim||dg — lln =0,
which together with (2.4) completes the proof. O

Corollary 2.2. The strong topology on H is Hausdorff if and only if
{H,}ven is Hausdorff.

Proof. 1t is obvious that the Hausdorff property of {H,},en implies that
of the strong topology on H. Let us prove the converse. We assume that
{H,}ven is Hausdorff, so that the limit of a convergent net {Hy}aeca C
{H,}ven is only one. Under Assumption 2.1 we suppose that a net u, € H,
strongly converges to two vectors u,v € H. Then, Lemma 2.1(3) implies
that 0 = uq — uq € H, converges to u — v. By Lemma 2.1(2), we have
|lu — v||g = 0. This completes the proof. O
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Definition 2.5 (Weak topology on H). We say that a net {uq}aca with
uq € Hy weakly converges to vector u € H if

lién(ua, Vo) H, = (u,v) g (2.5)

for any net {vy }aea withv, € H, tending toav € H in H. This convergence
induces a topology on H, say the weak topology on H.

It is easy to see that the weak topology on H is Hausdorff if and only
if sois {H,},en. By Lemma 2.1(4), a strong convergence implies the weak
convergence, so that the strong topology on H is stronger than the weak
topology on H.

Lemma 2.2. Let {uq}aca be a net with uy € H,. If ||us| g, is uniformly
bounded for o € A, there exists a weakly convergent subnet of {uq}aca-

Proof. The proof is little more delicate than the standard. Let {¢g}ren be
a complete orthonormal basis of H. For each k there is a net {¢r g}gen C C
such that limg @ s = ¢ in H. Replacing with subnets of A and B if
necessarily, we assume that the limit

liénlim(ua, Q01 8)H, =t a1 € K
(e}

exists, where K denotes the one-point compactification of K. Here, it follows
from the uniform boundedness of |uq|lz, that a; € K. Repeating this
procedure, we may assume that

liénlim(ua, Qo Pk p)H, = ar € K
(07

exists for every k € N. Let us fix a number N € N for a while. For any
€ > 0 there is a . € B such that | (Prg, P1.8)H — 0 | < € for any k,l =
1,...,N and 3 > (.. Moreover, for any 3 > [, there is an a.g € A such
that ‘ ((I)a@k,ﬁa q’a@l,,@)HQ — 5kl‘ < 2e¢ for any k,l=1,...,N and o > Qe 3-
Therefore, setting Ly g := (PaPrg)k=1,...~ (linear span), we have

N
D (e, @adrs)mal® = I1Pr, yualli, | < On(e)
k=1

for any > a3 and 8 > (3, where Pr, : H, — L denotes the projection
to a linear subspace L C H, and 0x(-) some function depending only on N



614 K. Kuwae and T. Shioya

such that lim._o 0x(€e) = 0. This implies

N N

D larl =limlim > [(ta, Pa@r)m,|” = limlim || Py, ,ua 7,
k=1 Ao poa

< mHuaH%{a < 00
(0%
for any N € N, so that

o0
U= Zampk € H.
k=1

We shall prove that some subnet of {uq}aca weakly converges to u. Take
any v € H and set by := (v, pr)g. By Lemma 2.1(6), it suffices to show that
(2.5) holds for some net {vy}aca. Let ﬁév = Zévzl bpPr,p. Clearly, ﬁév eC

and limy_. limg ﬁév = v (strongly). We have
N

N
.. ~N TR ~ .
hén hén(ua, D475 VH, = hénhén; bi(Uas PaPr,g)Hy = ; arbi,

which tends to (u,v)g as N — oo. Thus, there exists a net {Ng}gep of

natural numbers (slowly) tending to oo such that limg ﬁgﬁ = v (strongly)
and

lim lim (g, @i ®) i, = (u,v)

3 a o) Fabp H, ) H-

This completes the proof. O

Lemma 2.3. Let {uq}aca be a net with u, € H, weakly converging to a
vector u € H. Then we have

sup [[uallm, <oo and |ullg <lim |lua| m,-
(6 (6

Moreover, u, — u strongly if and only if

luflzr = lim [,

Proof. Suppose sup,, ||ua|| = co. Then, there is a countable subnet {uq, }7° 4
of {uq} such that |uq, | m,, > k. Setting

1 Uqy,
Vg =
k ”uak”Hak
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one has [lvgllp,, = 1/k — 0 and hence vy — 0 in H, which implies
(Uay, V&) Ha,, — (u,0) g = 0. On the other hand,

1
(uakavk)Hak = 3 ”uak”Hak >1

This is a contradiction and thus we obtain sup,, ||ua| < oc.
Let {vs} be a net with v, € H, which strongly converges to u. Then,
(Yo, Vo) H, — (u,u) . Hence,

0 < lim [lug — va %,
(07
= lim([[ual|}, — 2Re(ta, va) ., + [[vall?,)
(07

= lim [|uq |7, — llull?.
(0%

This completes the proof of the first assertion. The second also follows from
the above and Lemma 2.1(5),(6). O

Lemma 2.4. Let u € H and let {uy}aca be a net of vectors u, € H,.
Then, u, — wu strongly if and only if (uy,v)m, — (u,v)g for any net
{va }aeca of vectors v, € H, weakly tending to a vector v € H.

Proof. The ‘only if’ part is trivial. We prove the ‘if’ part. The assumption
implies that u, — u weakly. Setting v, := 1, and v := u in the assumption,
we have ||uq|| g, — ||u||z. This completes the proof. O

2.3. Convergence of bounded operators.

Denote by L(H) the set of bounded linear operators on H, and by || - ||1(x)
the operator norm. Let B € L(H) and B, € L(H,) for all « € A.

Definition 2.6 (Convergence of operators). We say that { By }aeca strongly
(resp. weakly) converges to B if Byu, — Bu strongly (resp. weakly) for any
net {uq}aca with u, € H, strongly (resp. weakly) tending to a u € H.
We say that {By}aca compactly converges to B if Byu, — Bu weakly
for any net {ug}laca with u, € H, strongly tending to a w € H. The
topology induced from the strong convergence is called the strong topology
on L(H) := |,epn L(Hy).

Remark that if H, = H (i.e., v, = v) for all « € A, the concept of
the strong and weak convergence in L(H) defined here is different from the
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ordinary one (cf. Lemma 2.8). The strong topology on L(H) is Hausdorff if
sois {Hy,}yen. It is clear that if B, — B compactly, then B, — B strongly
and weakly. The compact convergence does not induce a topology on L(H)
as is seen in Remark 2.3 below.

Lemma 2.5. Let u,v € H be any vectors and {uq}acAs {Va}aca any nets
of vectors with uq,ve € H,. Then we have the following:

(1) By — B strongly if and only if

lim(Bata, Vo) H, = (Bu,v)m (2.6)
(0%

for any {uq}, {va},u, v such that u, — u strongly and v, — v weakly.

(2) By — B weakly if and only if (2.6) holds for any {ua}, {va}, u, v such
that u, — u weakly and v, — v strongly.

(3) By — B compactly if and only if (2.6) holds for any {uq}, {va}, u,v
such that u, — u weakly and v, — v weakly.

Proof. The lemma follows from the definitions of convergences and Lemma
2.4. U

Denote by A* the adjoint of an operator A. The following is a direct
consequence of Lemma 2.5.

Lemma 2.6. (1) B, — B strongly if and only if B, — B* weakly. In par-
ticular, the strong convergence is equivalent to the weak convergence
for symmetric operators.

(2) By — B compactly if and only if B} — B* compactly.

Lemma 2.7. If B, — B compactly, then B and B* are both compact
operators.

Proof. Note that the compactness of B is equivalent to that of B*. Let
{ug}gen be a net of vectors in H weakly converging to a vector u € H. It
suffices to prove that B*ug — B*u H-strongly. We easily see that B*ug —
B*u H-weakly. For each 8 € B, there is a net {uga}taca with ug, € Hy,
such that lim,ug ., = ug H-strongly. Since B}, — B* strongly, we have
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lim, Bj,ug . = B*ug H-strongly. A diagonal argument yields that there is a
subnet {«(f)}gen of A such that

hé’nu/gﬂ(/g) =u H-weakly, (2.7)

tim || Bagyp.a@llHag — 1B uslle [ =0. (2.8)

The compact convergence B — B* and (2.7) together show that
limg B} 5up,q(5) = B*u H-strongly. Hence, by (2.8), [|B*ug||lu — ||B*ulln
and so B*ug — B*u H-strongly. This completes the proof. O

Remark 2.3. If B is a noncompact operator, then B, := B does not com-
pactly converge to B by Lemma 2.7. Therefore, the compact convergence on
L(H) does not induce a topology on L(H) in general and induces a topology
only on the set of compact operators in L(H).

Lemma 2.8. Assume that H, = H (i.e., v, = v) for all « € A. Then we
have the following (1) and (2).

(1) Supposing {||Ba|lr(m)} is uniformly bounded, we obtain B, — B
strongly in L(H) if and only if B, — B strongly in L(H), i.e.,
lim, || Bou — Bul||g = 0 for any v € H.

(2) Bo — B compactly in L(H) if and only if || B, — Bl[(g) — 0 and B
is compact.

Proof. (1) follows from
| Bata — Baulla, < ”Ba”L(H) o — ulln-

(2): Assume that B, — B compactly in L(H). The compactness of B
follows from Lemma 2.7. To prove ||B, — Bl/r(z) — 0, we suppose that
lim,, || Bo — Bl|(z) > 0. There exists a net of unit vectors u, € H such that

h;n‘ [Ba = Bl|L(tr) = [[Batta — Bual| | = 0. (2.9)

By replacing a subnet, u, weakly converges to some vector v € H with
|lu|lgr < 1, which together with the compact convergence B, — B implies
Byus — Bu strongly. Besides, by the compactness of B, we have Bu, —
Bu strongly. Thus, by (2.9), we obtain ||By — B|m) — 0, which is a
contradiction.
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Conversely, we assume that || B, — B||z) — 0 and B is compact. For
any net u, € H weakly converging to a vector u € H, we have

|Batia — Bull < ||Ba = Bl pm)lltall i + || Bua — Bullz — 0.

This completes the proof. O

Lemma 2.9. (1) If B, — B strongly, then

lim || BallL(ma) = 1Bl
(07

(2) If B, — B compactly, then

hC{n”Ba”L(Ha) = | Bllrca)-

Proof. (1): For any € > 0 there is a unit vector u € H such that ||Bul||g >
|Bllr(zry — € Find a net u, € H, strongly converging to u. Note that
l|uallm, — 1. Since B, — B strongly, we have ||Byuallg, — ||Bullrz and
therefore,

| Batta || H,

lim || Bo || £(#,) = lim
a a  |uall,

= ||Bullg > || BllL) — €
This completes the proof of (1).

(2): There is a net of unit vectors u, € Hy such that ||| Ballrm,) —
|| Baual|| — 0. Replacing with a subnet of A, we assume that u, weakly
converges a vector v € H with ||ul|gz < 1. Since Byu, — Bu strongly by
the assumption, we have

Bullg . .
1Blam > Y24 = tim | By, = i | Bl
[[ull# a o
This together with (1) completes the proof. O

2.4. Convergence of spectral measures on complex Hilbert spaces.

Throughout this section, we assume that H and H, have complex coefficient
K = C under Assumption 2.1. Let A and A, be selfadjoint operators on
H and H, respectively. Denote by E and F, the spectral measures of A
and A,, and by {R¢}eepa) and {R¢}eep(a,) their resolvents (ie., R¢ :=
(¢ —A)~! and R = ((— Aq)™h), where p(-) denotes the resolvent set. We
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say that a continuous function ¢ : R — C wvanishes at infinity if and only
if limjy o0 f(2) = 0. We set i := \/—1 and indicate by Im ¢ the imaginary
part of a ( € C.

Theorem 2.1. The following are all equivalent:
(1) R¢ — R¢ strongly (resp. compactly) for some ¢ € C with Im ¢ # 0.

(2) ¢(Aq) — @(A) strongly (resp. compactly) for any continuous function
¢ : R — C with compact support.

(3) @a(As) — ¢(A) strongly (resp. compactly) for any net {p, : R — C}
of continuous functions vanishing at infinity which uniformly converges
to a continuous function ¢ : R — C vanishing at infinity.

(4) Eoa((A p]) — E((A, pn]) strongly (resp. compactly) for any two real
numbers A < p which are not in the point spectrum of A.

(5) (Eata,Va)H, — (Eu,v)g vaguely for any nets {uq}acA, {Va}aca of
vectors U, Vo € Hy and any u,v € H such that u, — u strongly and
Vo — v weakly (resp. u, — u weakly and v, — v weakly).

Proof. 1t is trivial that (3) implies (1) and (2).

Let us prove (1) = (2). The idea of this proof is essentially due to
XTI §11.4 of [48]. Consider the set A of continuous functions ¢ : R — C
vanishing at infinity such that ¢(A,) — ¢(A) strongly (resp. compactly).
Note that for any bounded continuous functions ¢, 1 : R — C, we have

lo(Aa) = V(A Lt 10(A) = V(A L) < sup [p(x) =¥ (a)], (2.10)

which proves that a uniform limit of functions in A is also a function in
A. Thus, A is a uniformly closed algebra which is closed under complex
conjugation. By (1), it contains the function x — (¢ —x)~! and so separates
the points on R (i.e., # #y = ((—a2)~' # (¢ —y)~!). Thus, by the
Stone-Weierstrass theorem, A contains all continuous functions vanishing at
infinity, which implies (2).

Let u,v € H and let {uqa}acAa, {Va}taca be two nets of vectors uq, vy €
H,, such that u, — u strongly and v, — v weakly (resp. u, — u weakly and
Vo — v weakly). Letting aq := (Fola, Vo) H, and a := (Eu,v)y, we have

(p(Ayu, v) = /R pda,  a((M )= (B p))u, o),
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and also the similar formulas for an, A, Eo(( A, 1£]). Thus, by Lemma 2.5,
we obtain the equivalence between (2)—(5). O

Remark 2.4. If one (or all) of the compact convergence conditions of The-
orem 2.1 holds, then, by Lemma 2.7, all R and E(( A, p]) are compact
operators, and in particular A has only discrete spectrum.

Definition 2.7. The strong graph limit T'os of {Aa}aca is defined to be the
set of pairs (u,v) € H x H such that there exists a net of vectors u, € D(A,)
with u, — u and A,u, — v strongly.

Theorem 2.2. Only for the strong convergences, the conditions (1)—(5) of
Theorem 2.1 are also equivalent to each of the following:

(6) etAa — ¢4 strongly for any t € R.

(7) pa(Aa) — ©(A) strongly for any net {¢, : R — C} of bounded contin-
uous functions uniformly converging to a bounded continuous function
p:R—C.

(8) The strong graph limit I'o, of { An}aca coincides with the graph of A.

Proof. 1t is trivial that (7) = (3),(6).
Let us prove (6) = (2). Let Hy, 3 u, — u € H strongly and
H, 3> v, — v € H weakly. Then, by (6),

( eztAa eztA

Ua, Vo) Hy — (€77 U, 0) 1

for any t € R. The dominated convergence theorem shows that for any
¢ € L'(R),

/ ((t) g, va) 1, dt — / ((t) u, v dt

—00

and hence (P(An)Ua,Va)H, — (P(A)u,v)q, where ¢ denotes the Fourier
transform of . Thus, ¢(A,) — @(A) strongly. Since {@ | ¢ € LY(R)} is
dense in the set of continuous functions with compact support with respect
to the uniform norm, we obtain (2).

Let us prove (4),(5) = (7). Let Hy > uq — u € H strongly, H, >
Vo — v € H weakly, aq 1= (Fala,Va)H,, and a := (Fu,v)g. We take
any two real numbers A\ < p which are not point spectrum of A, and a
continuous function h : R — [0, 1] with compact support such that ~ = 1 on
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the interval I := (A, u]. We note that the identity operator on H,, strongly
converges to that on H, which implies a,(R) — a(R). Thus, (4) shows that
ao (1), an(R\I) respectively converges to a(I), a(R\ ). Since a, — a vaguely
and hy, — hy uniformly, we obtain

/(padaa_/(pda
R R
/h(pa daa—/fup da
R R

+E/(1 )|l daq + /(1 — h)l¢| da
« R R

< 2sup ] a(R\ ).

lim
(e}

< lim
(e}

The arbitrariness of I leads to the convergence

(Pl Aa)tiar va) . = /R o ity — /R o da = (p(A)u, ),

which shows (7).

To prove (1) = (8), we assume R{ — R; strongly. For any u € D(A),
there exists a net of vectors w, € H, strongly converging to (i — A)u. Setting
Uq = R{wq, we have uq — R;(i — A)u = u by the assumption. Moreover,

Apg = iUy — Wo — tu — (i — A)u = Au.

This implies (u, Au) € I'so. Thus, the graph of A is contained in I'.

Conversely, we assume that D(A4,) 3 uq — v € H and Aqu, — v € H.
Since (i — Ag)uq — iu — v, the assumption shows u, = R$(i — Ag)uq —
R;(iu — v) =: w. Here we must have u = w. It follows that

Au = Aw = iR;(iu — v) + v — iu = v.

Thus we obtain (8).
We will at last prove (8) = (1). By (8), for any w € D(A) there exists
a net of vectors w, € D(A,) with w, — w and Ajw, — Aw. It follows that

(i — Aq)wg — (i — A)w,
R{(i — Ap)we = we — w = Ri(i — A)w.

Since (i — A)H = H, i.e., (i — A)w, w € D(A), runs over all vectors in H,
the above implies that for any u € H there exists a net of vectors u, € H
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with v, — v and R{'u, — R;u. Taking any net of vectors v, € H, with
Vo — U, We have

| Rf'ua — Riva |1, < || ta — vallm, — 0
and therefore R{'v, — R;u. This completes the proof of the theorem. O

Remark 2.5. The identity operator on H, does not compactly converge
to that on H provided H has infinite dimensional. In particular, Theorem
2.2(7) does not hold for the compact convergence in general.

2.5. Convergence of quadratic forms.

First we introduce the extended notion of I'-convergence of functions on H,
with values in R := R U {—o00, c0}. Compare [18].

Definition 2.8 (I'-convergence). Under Assumption 2.1, we say that a net
{F, : Hy — R},ea of functions I'-converges to a function F: H — R (or F'
is a I'-limit of {Fy}aca) if and only if the two following (F1) and (F2) hold:

(F1) If a net {uqg}aeca with u, € H, strongly converges to a u € H in H,
then
F(u) < h_mFa(ua)'

o

(F2) For any u € H there exists a net {uq faca with u, € H, which strongly
converges to u in H and

F(u) = lién Fo(uq).

Lemma 2.10. If a net {F, : H, — R},ec4 of functions I'-converges to a
function F' : H — R, then F' is lower semi-continuous.

Proof. Let {ug}gep be a net of vectors in H strongly converging to a vector
u € H. Then, by (F2), for each 8 € B there exists a net {U%}aeA with
ug € Hy such that lim, ug = ug (strongly) and lim, Fi(uf) = F(ug). For a
net eg \, 0, we find a subnet {ag}gep of A such that ugﬁ — u strongly and

| F(ug) — Fa, (ugﬁ) | < eg for any 3 € B.
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Therefore, by (F1),

lim F(ug) = li_mFaﬁ(ugﬁ) > F(u).
B B

This completes the proof. O

A quadratic form on a Hilbert space H over K is, by definition, a
sesquilinear (or bilinear if K = R) form £ : D(€) x D(§) — K, where
D(€) C H is a (not necessarily dense) linear subspace. We assume that
any quadratic form £ in this paper is nonnegative and symmetric, i.e.,
u+— E(u,v) is linear, £(u,v) = E(v,u), and E(u,u) > 0 for any u,v € D(E).
Note that & (u,v) := (u,v)g + E(u,v), u,v € D(E), is also a (nonnegative
and symmetric) quadratic form, so that D(€) with £ becomes a (not nec-
essarily complete) inner product space over K. We say that £ is closed if
and only if D(E) is & -complete. We sometimes identify a quadratic form &
on H with a function H > u +— E(u,u) =: £(u) € R by setting £(u) := oo
for w € H \ D(E). Then, the closedness of £ is equivalent to the lower
semi-continuity of £ : H — R.

Lemma 2.11. If a net {€,}ac of quadratic forms &, on H, I'-converges

to a function F : H — R, then F is identified with a closed quadratic form
on H.

Proof. To see that F is identified with a quadratic form, it suffices to show
that for any u,v € H and a € K,

F(u) >0, F(au) = |a|? F(u),
F(u+v)+ F(u—v) =2 (F(u) + F(v)).

In fact, these are proved by an easy discussion using (F2). The closedness
of F follows from Lemma 2.10. O

Denote by F(H) the set of closed quadratic forms on H,, v € N.

Proposition 2.3. The I'-convergence induces a topology on F(H). It is
Hausdorff if {H}, },en is Hausdorff.

Proof. If H, = H and &, = & for all a € A, then &, I'-converges to &
provided £ is a closed quadratic form. This together with (F1) and (F2)
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shows the first assertion. If {H,},en is Hausdorff, then (F2) implies the
uniqueness of a ['-limit. O

Definition 2.9 (I-topology). We call the topology induced from the I'-
convergence on J(H) the I'-topology.

Our next purpose is to prove:

Theorem 2.3. Any net {€,}aca of quadratic forms &, on H, has a I'-
convergent subnet whose I'-limit is a closed quadratic form on H. In partic-
ular, F(H) is sequentially compact with respect to the I'-topology provided
{H,}ven Is sequentially compact.

In order to prove this theorem, we need to recall the definition of I'-limit
of functions on a topological space X, due to E. De Giorgi. Note that if we
assume the first countability of X, the following definition is equivalent to
the original one.

Definition 2.10 (I'-convergence (original)). Let X be a topological space.
We say that a net {Fj : X — R}gep of functions I'-converges to a function
F: X — R (or Fis a-limit of {Fy}aca) if and only if the two following
(G1) and (G2) hold:

(G1) If a net {xg}gep of points in X converges to a point z € X, then

F(z) < lim Fj(2p).
E

(G2) For any x € X there exists a net {3}gep of points in X converging
to  such that
F(z) = lién Fa(xg).

We apply the above definition to X :=H = LI, e Hy with the strong
topology. For a function F': H — R we set D(F) :={u € H | F(u) < oo }.
The following describes the connection between Definitions 2.8 and 2.10.

Lemma 2.12. Let {Hg}gep be a net of {H,}yen and {Fg : H — R} gep
a I'-convergent (in the sense of Definition 2.10) net of functions such that
D(Fp) C Hg for each 3 € B. Then, the T-limit F' : H — R of {Fjs} satisfies
that D(F') is contained in the union of all limits of { Hg}gep. If in addition
Hg converges to an Ho, € {H,},en, then Fg|p, I'-converges to F|u,, in the
sense of Definition 2.8.
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Proof. Let H € {H,},en be any Hilbert space which is not a limit of
{Hpg}gep. Then, there exists a neighborhood U at H in {H,},ecx such that
Hp ¢ U for all sufficiently large 3 € B. It then follows that for sufficiently
large 5 € B, Fjg = 0o on each H' € Y. Since | |U C H is a neighborhood at
each v € H in H and by (G2), we have F' = oo on H, i.e., D(F) N H = .
This completes the proof of the first assertion. The second is clear. O

We know the following:

Fact 2.1 (Theorem 8.5 of [18]). If X is a second countable topological
space, then any net {Fg : X — R}gep of functions has a I'-convergent
subnet.

We intend to use Fact 2.1 to prove Theorem 2.3. A trouble here is that
‘H is not second countable in general. The following is a trick to avoid this
trouble.

Lemma 2.13. Let {H,;)}jen be a countable subnet of {Ha}aeca. Then,
the subspace H' := | |72, H, ;) U H of H is second countable.

Proof. The separability of H allows us to find a countable dense subset
{ui}ien of H. For each i there are u;; € Hy(j), j € N, tending to u; as
7 — oo. For any 4,5,k € N we set

o0

Oijk = B(ui, 1/k)U U B(uij/, 1/k) C H,

J'=j
where B(u,r) := {v € H, | |[u—v||g, < r} is the metric ball for u €
H,, r > 0. Obviously, O;j; is an open neighborhood of u; in H'. We
take a countable basis O; of open subsets of each H,;). Let us prove that
{Oijk}ijren U UjeN O; is a countable basis of open subsets of H'. Assume
that u € O;,j,k, NOiyjok, NH . It suffices to prove that there are i3, j3, k3 € N
such that

u € Oigjsky C Oiyjiky N Oigjisky- (2.11)

Since ||u — u;, ||z < 1/kp for p = 1,2, we find a number k3 € N such that
Hu—uip|]H—|—1/k3<1/kp, p:1,2,
and then find a number i3 € N such that

lu — wig|lg < 1/ks, (2.12)
i — iyl +1/k3 < 1/kp,  p=1,2. (2.13)
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There exists j3 € N such that for any j > js and p = 1, 2,

”uigj - uipj”Ha(]-) + 1/k3 < 1/kp. (2.14)

The inequalities (2.12), (2.13), (2.14), and triangle inequality together imply
(2.11). This completes the proof. O

Lemma 2.14. Let {F, : H, — R},ca be a net of functions. Then some
subnet of it I'-converges in the sense of Definition 2.8.

Proof. We take a countable subnet {Hy;)}jen of {Ha}taca and set H =
LI52) Hagy U H. Extend Fyj) to Fyg) : H' — R by setting F,(;) := oo on
H'\ Hg(j)- Then, Lemma 2.13 and Fact 2.1 together show that {Fy;}jen
has a subnet which T'-converges in H' to some function F' : H' — R. By
Lemma 2.12, F‘Ha(]-) I'-converges to F| g in the sense of Definition 2.8. This
completes the proof. O

Proof of Theorem 2.3. The theorem follows from Lemmas 2.14 and 2.11. [J

The following definitions are originally due to Mosco [42] for a fixed
Hilbert space. Let {€,}aca be a net of closed quadratic forms &, on H,
and &£ a closed quadratic form on H.

Definition 2.11 (Mosco topology). We say that {€,}aca Mosco converges
to & if both (F2) and the following (F1’) hold:

(F1°) If a net {uq}aca with u, € H, weakly converges to a u € H, then
E(u) < lim Eq(uq)-
(07

It follows that the Mosco convergence induces a topology, say the Mosco
topology on F(H).

Clearly, a Mosco convergence implies the I'-convergence, so that the
Mosco topology is stronger than the I'-topology. The Mosco topology is
Hausdorft if {H,},en is Hausdorff.

Definition 2.12 (Asymptotic compactness). The net {€,}aca is said to
be asymptotically compact if for any net {uq}aea such that u, € H, and
limy (Eq(ua) + HuaH%{a) < oo, there exists a strongly convergent subnet of

{ua}aeA'
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It is easy to see the following (cf. Lemma 2.3.2 of [42]):

Lemma 2.15. Assume that {€,}aca is asymptotically compact. Then,
{€a}aeca T-converges to £ if and only if {€4}aca Mosco converges to E.

Definition 2.13. We say that £, — & compactly if £, — £ with respect to
the Mosco topology and if {€,}aeca is asymptotically compact.

Theorem 2.3 and Lemma 2.15 together imply:

Corollary 2.3. If {€,}aca is asymptotically compact, it has a compact
convergent subnet.

2.6. Convergence of spectral structures.

A spectral structure on a Hilbert space H over K is defined to be a compatible
set
Y= (Av & E, {T;f}v {Rg}),

where A is a selfadjoint nonnegative definite linear operator on H, which
is considered as an infinitesimal generator associated with a densely de-
fined closed quadratic form £ (determined by D(€) = D(v/A) and & (u,v) =
(VAu, VAV g, u,v € D(E)), a spectral measure E, a strongly continuous
contraction semigroup {7T;}+>0 (13 = et ¢t >0), and with a strongly con-
tinuous resolvent { R¢}eep(a) (Re = ((—A) ™1, ¢ € p(A)), where p(A) denotes
the resolvent set of A.
Throughout this and the next section, let

= (Avngv {T;f}v{RC})v Yo = (AomgomEOév {Tta}v{R?})
be given spectral structures on H and H, respectively.

Theorem 2.4. The following are all equivalent:
(1) €y — &€ with respect to the Mosco topology (resp. £, — &€ compactly).
(2) RZ — R strongly (resp. compactly) for some ¢ < 0.

(3) T — Ty strongly (resp. compactly) for some t > 0.

(4) p(Aq) — @(A) strongly (resp. compactly) for any continuous function
¢ :[0,00) — K with compact support.
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(5) @a(Aa) — ©(A) strongly (resp. compactly) for any net {p, : [0,00) —
K} of continuous functions vanishing at infinity which uniformly con-
verges to a continuous function ¢ : [0, 00) — K vanishing at infinity.

(6) Eo(( A p]) — E(( A p]) strongly (resp. compactly) for any two real
numbers A < p which are not in the point spectrum of A.

(7) (Eata,va)H, — (Eu,v)g vaguely for any nets {uqs}aca, {Va}aca of
vectors U, Vo € Hy and any u,v € H such that u, — u strongly and
Vo — v weakly (resp. u,, — u weakly and v, — v weakly).

Proof. The equivalence between (2)—(7) is obtained in the same way as in
the proof of Theorem 2.1.

The equivalence between (1) and (2) for the Mosco/strong topology is
proved in the same way as in the proof of Theorem 2.4.1 of [42]. (Although
the definition of the resolvent G¢ := ((+A)™1, ¢ € p(—A), in [42] is different
from our resolvent R¢ = (( — A)™, it can be translated by R = —G_¢.)

Let us prove (6) = (1) for the compact topologies. It suffices to show
the asymptotic compactness of {£,}. Assume that

sup(Eq(ua) + HuaH%{Q) < M < oo.
(e}

Replacing with a subnet of A, we assume that u, — u weakly. Let p > 0 be
a number which is not in the point spectrum of A. Since

1

/ d(Eqtia, ua)H, < —/ A d(Ea(N)ta, ua)m, < £alia)
(p,00) (p,00)

P

<
P

we have M
”ua”%{a S / d(Eauaaua)Ha + —
[0.p] P

and hence, by (6),

_ M M
lim [[ug 3, < d(Eu,u)g + — < |lull3 + —.
(e}

[0,p0] p p

Since p > 0 can be taken to be arbitrarily large, we obtain

@HuaHHQ < ulla,

which shows that u, — w strongly. Thus, {£,} is asymptotically compact.
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Let us prove (1) = (3) for the compact topologies. Fix a number
t > 0, and let {u,} be a net of vectors u, € H, weakly converging to a
vector w € H. We have already proved T}* — T} strongly. Then, by Lemma
2.6(1), Tfuq — Tyu weakly. By setting M := sup,, ||uallm,, it follows that

Ea(Touy) = / A2 d( BNt ta) .
[0,00)

1— e—2>\t
< / L BNt u) s,

_ Muallfy, TP uallfy, M
2t =2t

and
sup || T ua || < M.
(e}

Hence, the asymptotic compactness of {€,} shows that T u, — Tyu strongly
by replacing with a subnet of A. This completes the proof. O

Definition 2.14. If one (or all) of the conditions in Theorem 2.4 holds, we
say that {2, }aeca strongly (resp. compactly) converges to X. Denote by S(H)
the set of all spectral structures on H,,, v € N, and by S.(H) the set of all & €
S(H) which has compact resolvent. The strong (resp. compact) convergence
induces a topology on S(H) (resp. S¢(H)), say the strong (resp. compact)
spectral topology.

Remark 2.6. If ¥, — 3 compactly, then R¢, T;, and E(( A, p]) are all
compact operators by Lemma 2.7. Therefore, if R¢ is not compact, 3, := X
cannot compactly converge to 3. Thus, the compact convergence does not
induces a topology on the set of all spectral structures on H,, v € N, in
general.

For a real Hilbert space H we have the complex Hilbert space H:= HgC.
Conversely, for a given complex Hilbert space H we have the real Hilbert
space H with H = H®C. There is a 1-1 correspondence between selfadjoint
operators A on H and selfadjoint operators A on H such that fl(u +iv) =
Au + iAv for u,v € H, or A\H = A. Of-course, A is nonnegative if and
only if so is A. Assume that H,, H are real Hilbert spaces, and f]a,f} thg

spectral structures associated with nonnegative selfadjoint operators A,, A
on H,, H respectively. We obviously have the following:

Proposition 2.4. The following are all equivalent:
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(1) ¥4 — X strongly (resp. compactly).
(2) ¥, — 3 strongly (resp. compactly).
(3) One of the conditions in Theorem 2.1 for A, A, holds.

Theorem 2.2 and Proposition 2.4 together imply:

Theorem 2.5. For a fixed K := R or C, let H,, H have coefficient field K.
The following are all equivalent:

(1) ¥4 — X strongly.

(2) @pa(Aa) — ©(A) strongly for any net {p, : [0,00) — K} of bounded
continuous functions uniformly converging to a bounded continuous
function ¢ : [0,00) — K.

(3) The strong graph limit I'o, of { Aq}aeca coincides with the graph of A.

Remark 2.7. We should notice that, although the statements of Theorems
2.1-2.5 and Proposition 2.4 are similar to those of the well-known theorems
for a fixed Hilbert space (cf. [36, 42, 47, 48]), yet they are never exactly
the same even if we assume H, = H for all a € A. This is because of the
difference of the definition of the strong convergence of operators. Our case
is a little more delicate. Besides, the statement for compact convergence is
quite new.

As a consequence of Theorem 2.4, we have the following well-known
statement. The proof is omitted.

Corollary 2.4. The following are equivalent:
(1) The embedding (D(E),&1) — H is compact.
(2) R¢ is compact for some ¢ € p(A).
(3) T} is compact for some t > 0.
(4)

©(A) is compact for any continuous function ¢ : 0(A) — K vanishing
at infinity.

(5) E(( A, p]) is compact for any two real numbers A < p which are not in
the point spectrum of A.

(6) (Eug,vo)a — (Eu,v)y vaguely for any nets {uq}aca, {Va}aca C H
such that u, — uw and v, — v weakly.
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2.7. Asymptotic behavior of spectra.

Denote by o(-) the spectrum of an operator.

Proposition 2.5. If 3, — 3 strongly, then

o(A) C lim o(A,),

acA

ie., for any \ € o(A) there exist A\, € 0(A,) tending to \.

Proof. We prove the proposition in the same way as in the proof of Theorem
1.14 in VIII §2 of [36]. By Proposition 2.4 and since o(A) = o(A), we may
assume that H and H, are all complex Hilbert spaces.

Take any A € 0(A) and fix it. For a number € > 0 we set ¢ := X + ie.

Then,

1 1 1

ROé = - R and R = =
I C”L(Ha) inf ,cq(40) I — pl | QHL(H) inf cq(a) IC—pl €

Applying Theorem 2.1(3) yields that R¢ — R strongly. Hence, by Lemma
2.9,
lim inf —pl <
minf C—pl<e

Since € > 0 is arbitrary, this completes the proof. O

Remark 2.8. The conclusion of Proposition 2.5 actually holds even if A
and A, are not necessarily nonnegative and if one (or all) of the conditions
in Theorem 2.1 holds.

Lemma 2.16. If two extended real numbers a,b with —oco < a < b < 00
are both not in the point spectrum of A, we have

E(u)
= lull

Here we agree that E((a,b]) = E((a,o0)) for b = cc.

<b  foranyue€ E((a,b])H\ {o}.

Proof. Let a < b be not in the point spectrum of A and let u € E((a,b])H\
{o}. Then,

/(a,b] dBu=E((a,bu=u= / dEu

R
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and hence (Fu,u) =0 on R\ (a,b]. Therefore, if u € D(A),
E£(u) = (Au, u)y = / N A(E(N)u, ) = / N A(EON)u, u)n
R (a,b]

which is not less than af(ab]d(Eu, u)g = allul|? and not greater than
bf(a,b] d(Eu,u)g = b|lul|%. This completes the proof. O

Define n(I) := dim E(I)H and n,(I) := dim E,(I)H for a Borel subset
I CcR.

Proposition 2.6. Let a < b be two numbers which are not in the point
spectrum of A. If ¥, — 3 strongly, we have

limna (a,b) = n((a.b)) (2.15)

and in particular,
lim dim H, > dim H. (2.16)

o

Proof. Take a complete orthonormal basis {@k}z(:(f Dot B ((a,b])H. Let
n € N be any fixed number if n((a,b]) = oo, and n :=n((a,b])ifn((a,b]) <
0o. There are ¢ € Hy, k =1,...,n, with lim, ¢ff = k. Since E((a,b]) —
E((a,b]) strongly, setting ¢ := E((a,b])pf € Eo((a,b])H, we have

limpy’ = E((a, b))k = ¢x

and so
W (i, ) no = (Prs 0} = Oge.

This proves that {t}}_, is linearly independent for all sufficiently large o
and hence lim,, ny((a,b]) > n. This proves (2.15). Since n((a,b]) — dim H
as a — —o00,b — 00, we obtain (2.16). O

Theorem 2.6. Assume that ¥, — Y compactly. Then, for any a,b €
R\ o(A) with a < b, we have ny((a,b]) = n((a,b]) for sufficiently large c.
In particular, the limit set of 0(A,) coincides with o(A).

Remark 2.9. Under the assumption of this theorem, Lemma 2.7 implies
that R¢, Ty, and E(( A, p]) are all compact operators, so that A has only
discrete spectrum and n((a,b]) < oo for any a < b < oc.
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Proof of Theorem 2.6. The spectrum o(A) of A is a finite or infinite sequence
of eigenvalues (0 <)A; < Ay < --- < Ay, n € {0} UNU {0}, with no
accumulation, where n = 0 means that it is the empty sequence, and n = co
means that it is an infinite sequence tending to infinity. We set L{ :=
Eo((—00, A\1+€y])H, and Ly := H for a fixed € > 0, where A\; +¢y = A\; :=
oo if n =0. Let

w1 = lminf{ &, (u) | [|ullg, =1, uw e LY }.
(07

Then, by Lemma 2.16, we have lim_, n, (( —00, p]) = 0 for any p € ( —o0, p1 ),
which together with Proposition 2.6 shows u; < A;. Therefore, when
u1 = oo, we have n = 0 and H, = o for sufficiently large «, which im-
plies the theorem. Suppose p; < oo. There exist unit vectors ¢ € L§
for all sufficiently large o such that lim, E,(¢{) = p1. Since &, — £ com-
pactly and by replacing with a subnet of A, there exists a strong limit
w1 = limy ¢ € Ly with E(p1) < pi. It follows that ||¢i||lp = 1 and
A =inf{&(u) | u € Ly, |Jullg =1} < E(p1) < 1 < co. Thus, we obtain
n>1, A1 = u1 = E(¢1), and that ¢; is a unit eigenvector for A\; of A. Since
Eo((M—€ A1 +€]) = E((A1 — €, A1 + €]) strongly for any fixed € > 0 and
since E((A1 — €, A\1 + €]) — E({\1}) strongly as € \, 0, there exists a net
of positive numbers € — 0 such that E,(( A1 — €f, A1 + €§]) — E({\1})
strongly. Then we have ¢¢ := E,(( A1 —€f, M+ €Y ])of — E({\1})e1 = 1.
We next set LS := Eo((—00, Ao + €0 ] ) Ho N (), Ly := {p1)*, and

po = lminf{ &, (u) | [|ullg, =1, uw € LS }.
(07

Then, by Lemma 2.16, we have lim, n,(( —oo, p]) = 1 for any p € (1, p2 ),
which together with Proposition 2.6 shows uo < Ao. Therefore, when po =
o0, we have n = 1 and H, = (¢{) for sufficiently large .. Suppose pg < 0.
We take unit vectors ¢ € L$ such that lim &, (¢9) = p2. Then, the same
discussion as above yields n > 2, Ay = p2, and that @5 strongly converges to
a unit eigenvector oy for A9 of A, by replacing with a subnet of 4. For some
net of positive numbers €§ — 0, we have ¥§ := E,(( A2 — €5, \a + €5 ]) 05 —
2. We see that for any € > 0 there exists a. € A such that for any a > a,

(1) ¥ € Eq((Ni—€,A\i + €])H, for each i =1, 2,
(2) if A1 + 2€ < A then

Ea(()\l—e,)\1+€])Ha:<'¢?> and Ea(()\l—l—e,)\g—e])Ha:O.
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We repeat this procedure. Setting Lf := Eo(( =00, Ak + €0])Ha N
(1, .. '7¢k‘—1>l, we have

A = pg = lminf{ & (u) | ||u||p, =1, u € L§ },
(e}

while £ < n. Let kK = 1,2,...,n be any number and ¢ > 0 be sufficiently
small compared with k. Then, there exists ax. € A such that for any
Q2> Qe

(1) for each A € {A1,..., A\p—1} with A < Ag,
Eal(A— e A+ e Ha = (62 | pr <1 < 1),
where py) := min{i € N| \; = A} and ¢y := max{i € N| \; = A},
(2) foreachi=1,...,k —1 with \; < A\j41,

Ea(( i+ € Nip1 — 6])Ha =o.

Let a,b € [0,00)\ o (A) be two given numbers with a < b. The above implies
that

Ey((a,b))Hy= Y5 | k=1,...,n witha < A\ <b)

for all sufficiently large . Thus, n,(( a,b]) coincides with the number of k’s
with a < A < b, namely n((a,b]). This completes the proof. O

Corollary 2.5. Assume that >, — ¥ compactly and that the resolvents R?

are all compact. Denote by \j, (resp. %) the k' eigenvalue of A (resp. Aq)
with multiplicity. We set A\ := oo for all k > dim H 4+ 1 when dim H < oo,
and M\ := oo for all k > dim H, + 1 when dim H, < co. Then we have
lim A7 = A for any k.
(0%

Moreover, let {f 2;“11{(1 be an orthonormal basis on H, such that ¢} is an
eigenvector for A\ of A,. Then, by replacing with a subnet of A if necessar-
ily, for each fixed k € N with k < dim H, the vector ¢f strongly converges
to some eigenvector py for A\ of A such that {py, 2;“11{ is a complete or-
thonormal basis on H.

Proof. In the proof of Theorem 2.6, we can choose ¢ as in the statement of
the corollary. Thus, the corollary follows from the discussion in the proof of
Theorem 2.6. O
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Remark 2.10. Throughout this section, we have assumed the separability
of Hilbert spaces for the simplicity of proofs. However, this is not essential
and all results except Theorem 2.3 still hold for non-separable Hilbert spaces.

3. Convergence of manifolds.
3.1. Preliminaries for Lipschitz-Riemannian manifold.

Let us first recall Lipschitz manifold (see [55] for more details). A Lipschitz
manifold is defined to be a paracompact topological manifold with atlas
{(Ux, ©x) }rea whose chart transformations <puo<p;1 s oA (UaNU,) — (U0
U,,) are bi-Lipschitz maps between open subsets of R". A Riemannian metric
on a Lipschitz manifold with atlas {(Uy, @) }aea is defined to be a family
of measurable Riemannian metrics gy on @) (Uy) C R™ for all A € A which
satisfies the two following conditions:

(1) the compatibility condition on chart transformations
(uoey ) gu=9x ae
(2) for each A € A there exists a constant ¢y € (0, 1) such that

eallwllrzgny < llwllzzigyy < 3 llwll p2n)

for any C*° differential form w on R™ with compact support in ¢ (Us),
where || - || 2gn) and || - || 12(4,) denote the L? norms with respect to
the Euclidean metric and gy respectively.

Note that (2) is required to define the L? norm of differential form on the
manifold. We also define a Lipschitz manifold with boundary in an ordinary
manner.

Let M be a Lipschitz-Riemannian manifold (possibly with boundary),
i.e., a Lipschitz manifold equipped with a Riemannian metric. Then, we have
the distance function on M induced from the Riemannian metric (see [20]).
It follows that the n-dimensional Hausdorff measure and the Riemannian
volume coincide for any Borel subset of M (cf. §7.1 of [45]). We define the
(1,2)-Sobolev space W12(M) to be the set of real valued L? functions u
on M admitting L? weak derivative du. A canonical Dirichlet form Eyr :
WH2(M) x WH2(M) — R is defined by

En(u,v) = / (du, dv) pr dvolyy, u,v € WH (M),
M
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where (-, -)pr and dvolys respectively denote the inner product and volume
measure induced from the Riemannian metric on M. A (Hilbert) inner
product (resp. norm) on W12(M) is defined by (-, -)y12 = (-, )2 + Enr (-, -)
(resp. ||-|[f12 = [I-[172 +Em(:)). Denote by W,2(M) the W2 closure of the
set of W2 functions with compact support on M. A standard partition-
of-unity argument using Theorem 3 in §4.2.1 of [21] shows that the set of
Lipschitz functions with compact support on M is dense in VVO1 ’2(M ). The
canonical spectral structure (M) on M is defined to be that induced from
the symmetric bilinear form (&, Wol’2(M)), where we mean by (Epr, F)
the symmetric bilinear form £y with domain restricted on F C W2(M).
Note that (&, W()12(M)) is a strongly local regular Dirichlet form in the
sense of the abstract Dirichlet form theory (see §5.1). We call its infinites-
imal generator the Laplacian Ay on M. Remark that if M is a smooth
Riemannian manifold, VVO1 2(M) coincides with the W2 closure of the set
C3° (M) of smooth functions with compact support on M and the Laplacian
Ajs defined here is the Friedrichs extension of the C°° Laplacian defined
on C§°(M). Note that when M has nonempty boundary, the eigenvalue
problem Aju = Au, u € D(Aps), means one under the free (or Neumann)
boundary condition on dM. If we consider the interior M° := M \ 9M, then
the eigenvalue problem Ajrou = Au, u € D(Apo) is corresponding to one
under the Dirichlet boundary condition on M.

Let M and N be two Lipschitz-Riemannian manifolds. By using the
short-time asymptotic formula for heat kernel ([43]), it is easy to prove that if
a measurable map f : M — N with f* voly = volps induces an isomorphism
between the spectral structures of M and N, ie., D(Apy) = {uof | u €
D(An)} and Apy(uo f) = (Anyu) o f for any u € D(Apy), then M and
N are isometric. In other words, each isomorphism class of (X, p, m,¥) for
(X,p,m) € M and a spectral structure ¥ on L?(X;m) contains at most one
(M, p,volps, 3(M)) induced from a Lipschitz-Riemannian manifold M.

An e-almost isometry from M to N is defined to be a bi-Lipschitz home-
omorphism f : M — N with |Indil(f)| + |Indil(f~1)| < ¢, where dil(f)
denotes the dilatation of f, i.e., the smallest Lipschitz constant of f. If
f : M — N is an e-almost isometry, the push-forward measure f, volys
satisfies

e " voly < fevoly < e™voly, (3.1)

where n := dim M = dim N, and we consequently have

I fsullze = Nullp2 | < On(e) [lull 2 (3.2)
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for any u € L?(M), and

|En(few) = Enr(u) | < Onle) Enr(u) (3-3)

for any u € W12(M) (cf. Theorem 4(ii) in 4.2.2 of [21] and its Remark),
where 6,, is some function depending only on n such that lim._¢ 6, (¢) = 0.
In other words, the push-forward f, is a 6, (¢)-isometry with respect to the
L? and W12 norms.

The Lipschitz distance dr,(M, N) between M and N is defined to be the
infimum of € > 0 such that an e-almost isometry from M to N exists. The
topology on the set of isometry classes of Lipschitz-Riemannian manifolds
induced from the Lipschitz distance dy, is called the Lipschitz topology.

3.2. Compact Lipschitz convergence and spectral structure.

In the following, Lipschitz-Riemannian manifolds may have nonempty
boundaries and we do not assume the completeness of them. Let us first
present a trivial proposition.

Proposition 3.1. Let {M,}nca be a net of Lipschitz-Riemannian mani-
folds and M a Lipschitz-Riemannian manifold such that the embedding of
WY2(M) into L?(M) is compact. If {My}aeca converges to M with respect
to the Lipschitz topology, then (M, volyr,) converges to (M,voly) with
respect to the measured GH topology, and the spectral structure %(M,,)
compactly converges to X(M). Consequently, the spectrum o(Ayy,) con-
verges to o(Apy).

Proof. By the definition of the Lipschitz topology, there is a net of €,-almost
isometries fo : My — M, €, — 0. It is clear from (3.1) that (M,, volys,)
converges to (M, volys) with respect to the measured GH topology. In order
to prove the compact convergence of spectral structures, it suffices to show
that the canonical Dirichlet form £y, on L2(M,) compactly converges to
the canonical Dirichlet form £y, on L2(M). From (3.2) and (3.3), we easily
verify (F1) and (F2) in §2.5. The asymptotic compactness of {Ex, } follows
from the compactness of the embedding W12(M) «— L2(M). This completes
the proof. O

Let us briefly discuss the compactness of the embedding W12?(M) —
L?(M), which is obtained if one of the following holds:

(1) M is a compact Lipschitz-Riemannian manifold (with boundary).
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(2) More generally, M is covered by finitely many open subsets bi-Lipschitz
homeomorphic to an open unit disk.

We see an example of M satisfying (2) in the following:

Example 3.1 (Lipschitz cone manifold). Define a notion of (non-branched)
Lipschitz cone manifold inductively as follows. A one-dimensional Lips-
chitz cone manifolds is, by definition, a one-dimensional Riemannian man-
ifold (possibly with boundary). For n > 2, an n-dimensional Lipschitz
cone manifold is defined to be a metric space X such that any point in
X admits a neighborhood bi-Lipschitz homeomorphic to a neighborhood of
the vertex in the Euclidean cone over an (n — 1)-dimensional compact con-
nected Lipschitz cone manifold. See [8] for the definition of Euclidean cone.
Any n-dimensional Lipschitz cone manifold X splits into an n-dimensional
Lipschitz-Riemannian manifold, say the regular set, and the set of points
which do not have neighborhoods bi-Lipschitz homeomorphic to an open
subsets of R™, say the singular set. The singular set is of Hausdorff dimen-
sion < n — 1. The regular set of a compact Lipschitz cone manifold satisfies
the condition (2) above. Because, if X is covered by finitely many open
subsets bi-Lipschitz homeomorphic to an open unit disk, so is the r-ball at
the vertex in the Euclidean cone over X for each r > 0.

Perelman claims that every Alexandrov space is a Lipschitz cone mani-
fold, the proof of which is unpublished. Another proof of the compactness
of the embedding W12(M) «— L?(M) for compact Alexandrov space M is
seen in [38].

The purpose of this section is to extend the above proposition for mani-
folds which may have continuous spectra of Laplacian. We here define a new
notion of convergence of manifolds.

Definition 3.1 (Compact Lipschitz topology). We say that a net {Ma}aca
of Lipschitz-Riemannian manifolds compact Lipschitz converges to a
Lipschitz- Riemannian manifold M if for any relatively compact open subset
O C M there exists a net of relatively compact open subsets O, C M,
such that O, Lipschitz converges to O. This convergence induces a topol-
ogy on the set of Lipschitz-Riemannian manifolds, say the compact Lipschitz
topology.

Remark 3.1. Let M be a Lipschitz-Riemannian manifold and {M,}aca a
net of Lipschitz-Riemannian manifolds.
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1) If M, Lipschitz converges to M, then M, compact Lipschitz converge
g
to M. However, the converse is not true in general.

(2) If there exist open subsets N, C M, which compact Lipschitz con-
verges to M, then M, compact Lipschitz converges to M. In particu-
lar, the compact Lipschitz topology is not Hausdorff.

(3) If {M,}aea is an increasing net of open subsets of M with (J, M, =
M, then M, compact Lipschitz converges to M.

Theorem 1.1 is more precisely restated as follows:

Theorem 3.1. Let {M,} be a net of Lipschitz-Riemannian manifolds and
M a Lipschitz-Riemannian manifold with W2(M) = Wol’2(M). If M, com-
pact Lipschitz converges to M, then (M,,voly, ) converges to (M, voly)
with respect to the measured compact GH topology and the spectral struc-
ture X(M,,) strongly converges to ¥(M), in particular

a(An) C lign o(An,).

Proof. The definition of the compact Lipschitz convergence leads to the ex-
istence of e,-almost isometries f, : My D Onf — fo(On) C M, €, N\, 0, such
that O, and f,(O,) for each « are both relatively compact open subsets and
{fa(O4)}a is a monotone increasing net covering M. We easily verify that
(M, volpr, ) converges to (M, volys) with respect to the measured compact
GH topology. It suffices to show that the canonical Dirichlet form £y, on
L?(M,) converges to the canonical Dirichlet form €7 on L?(M) with respect
to the Mosco topology. To verify (F1°) in §2.5, we take a net u, € W12(M,)
with
R = E”’UJQHWLQ(MQ) < Q.
(07

For a relatively compact open subset C C M with Lipschitz boundary, there
exists ac € A such that C C f,(O,) for all @ > ac. Setting 4, = uq ©
e € WH2(0) for a > ac, we have

I ) < .

Hence, by replacing with a subnet, for each C, {4 }aca Wh2_weakly and
L? strongly converges to some uc € WH?(C) with |luc|wiz2cy < R. We
take a monotone increasing sequence of C' covering M and use the diagonal
argument to obtain a function v € W12(M) such that, when replacing with a
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subnet of A, lim, @i, = u|c (L? strongly) for each C, and that ||ul/y1.2 < R.
This implies (F1).

To verify (F2), let us take any u € W12(M) and fix it. Since W2(M) =
Wol’2(M), for any € > 0 there is a Lipschitz function 4. in Co(M) such that
|lu — @e|lywr2 < e. There exists a large a(e) € A such that C := supp i C
fa(Oy) for all a > a(e) and that the function u. € WI’Q(MQ(E)) defined by
Ue := TUg O fa(e)‘c on C and by u. := 0 outside C satisfies

| Entay(ue) — Enr(@) | < e and | fuellqar,,) — liiellzan | < e

Then we have u, — u in L?(M) and EMyy(ue) — Enr(u) as € — 0. This
together with Proposition 2.5 completes the proof. O

Remark 3.2. In Theorem 3.1, the equality o(Ap;) = lim, o(Apy,) does
not hold in general. In fact, we take a complete noncompact Riemannian
manifold M with inf o(Ajps) > 0 (some hyperbolic manifold satisfy this).
Then there exists a net of closed Riemannian manifolds M, which com-
pact Lipschitz converges to M. Here, the bottom of spectrum of Ay, is
inf o(Apr,) =0, so that o(Aps) # limg 0(Any,).

By looking at Theorem 3.1, it is important to investigate the criteria
of the condition W12(M) = VVO1 2(M). We know the following sufficient
conditions for it:

e M is a complete Lipschitz-Riemannian manifold, which is obtained in
a standard way (see [25, 26, 27])).

e M is isometric to N \ S, where N is a complete smooth Riemannian
manifold and S € N a compact smooth submanifold of codimension
> 2 ([39, 41]).

e The completion M of M is an Alexandrov space of curvature bounded
below and M\ M consists of non-boundary singular points of M ([38]).

e M is a Lipschitz-Riemannian manifold and M \ M has Minkowski
codimension > 2, which is obtained by the same way as in [41].

Let us see some examples of compact Lipschitz convergence in the fol-
lowing:
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3.2.1. Blowing up. Let M be a smooth manifold and S C M a closed
subset. When a net {g,} of Riemannian metrics on M converges to a com-
plete Riemannian metric g on M \ S uniformly on compact sets on M \ S, it
is easy to show that (M, g,) compact Lipschitz converges to (M \ S, g). Since
(M\ S, g) is complete and by Theorem 3.1, the spectral structure (M, gq)
strongly converges to (M \ S, g).

3.2.2. Magnifying. Let M be a smooth Riemannian manifold with metric
g, and rM denote the manifold M with metric r2g, » > 0. Then, as r — oo,
rM compact Lipschitz converges to R”, where n := dim M. Therefore,
Y (rM) strongly converges to L(R™).

Corollary 3.1. Let M be a smooth Riemannian manifold. Then we have

. a
lim — =1,
a,b—oo b

where (a,b) C [0,00) is any spectral gap, i.e., (a,b)No(Ap) = 0.

Proof. Theorem 3.1 implies that o(A,p7) = r~20(A)y) converges to o(R") =
[0,00). This proves the corollary. O

3.2.3. Tower of coverings. Let My« My < My « ... be a sequence of
Riemannian coverings of complete Riemannian manifolds with fundamental
groups Gy = m(My), k = 0,1,2,.... Then Ggi1 is a subgroup of Gy
for any & > 0. Since G := (), G is a subgroup of Gy, there exists a
Riemannian covering space My, of My with fundamental group Go. It is
easy to see that M} compact Lipschitz converges to My, as k — oo and
therefore ¥ (M}) strongly converges to 3(My).

3.2.4. Degeneration. Let M be a smooth manifold and g a degenerate
Riemannian metric on M, i.e., a positive semi-definite symmetric smooth
(0, 2)-tensor. Then, g induces a pseudo-distance function d, on M and the
quotient space of M modulo the equivalence relation dy(-, -) = 0 becomes an
intrinsic metric (or length) space, say Mg. Here, an intrinsic metric space is
a metric space X such that the distance between any two points in X is equal
to the infimum of length of continuous curves joining them (cf. [28]). Denote
by mg : M — Mg the projection. The nondegenerate part, say M, of g in M
is an open subset of M and the degenerate part, say Sy, of g in M is closed.
We equip M, with the metric g, so that M, is isometrically embedded into
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M, g- Assume that a net {g,} of Riemannian metrics converges to g uniformly
on compact sets on M, in which case we say that g, degenerates to g. It
is easy to prove that (M, p, g,) GH converges to (Mg,wg(p)) and (M, g,)
compact Lipschitz converges to M,.

Example 3.2. Let M, := { (z,y, 2) € R | 2244?22 = ¢ } for € > 0. Then,
as € — 0, the surface M, compact Lipschitz converges to the double of cone,
C := My \ {0}, with the origin excluded. We see that W12(C) = Wol’2(C)
and therefore ¥ (M) strongly converges to X(C').

Remark 3.3. Consider the set R(c) of isometry classes of pointed complete
two-dimensional Riemannian manifolds with L' norm of curvature < ¢ for
a constant ¢ > 0. In [50], the second author proved the GH relative com-
pactness of R(c) and characterized the topology of the GH limit spaces of
R(c). Note here that the limit may degenerate partially. It seems not so
hard to construct a Lipschitz-Riemannian metric on the nondegenerate part
of a limit space and to prove that if a net M, € R(c) GH converges to a
space M, then the spectral structure ¥(M,,) strongly converges to 3(M).

We see some interesting works in [2, 35] for degeneration.

3.3. Convergence of manifolds under a bound of local
isoperimetric constant.

Let M be an n-dimensional smooth Riemannian manifold (with boundary).
Define the isoperimetric constant of M by

area(9€; N 0N2)
vol(Q1) A vol(Qg)’

I(M) :=inf

where (1, 2) run over all pairs of two disjoint open domains in M with
piecewise smooth boundary such that vol(M \ (21 Us)) =0, and z Ay :=
min{xz,y} for z,y € R. For r > 0 we define the r-isoperimetric constant
Z,(M) of M by
Z,(M) :=r-supinf Z(B(pk, 1)),
{p} *
where {px} is any r-discrete r-net of M. Note that Z,.(aM) = Z,(M) for
any a,r > 0. For the completion M of an incomplete Riemannian manifold
M, let us define a measure vol; on M to be voly; on M and zero on M\ M.
Applying Theorem 3.1 and a result in §5 below, we have the following:
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Theorem 3.2. Let {M,}aca be a net of compact Riemannian manifold
(possibly with boundary) and M an incomplete Riemannian manifold. We
assume the following (1)—(5).

1) lim~plim, Z,(M,) > 0.
2) WhA(M) = Wy*(M).

3) The completion M of M is compact.

(
(2)
3)
(4)
)

4) (Mg, volyy,) measured GH converges to (M, voly).

(5) M, compact Lipschitz converges to M.

Then, the spectral structure 3(M,) compactly converges to X(M). In partic-
ular, ¥(M) has compact resolvent and for any fixed k € N, the Kt eigenvalue
of Ay, converges to that of Ayy.

Proof. Consider the family S.(L?(M.)) of spectral structures on L?(X;m)
with compact resolvent, where (X, p, m) € M, runs over all spaces. Recall
that S.(L?(M.)) has the compact spectral topology based on the measured
GH topology on M.. Suppose that ¥(M,) does not compactly converge
to (M), so that there exist a subnet B of A and a neighborhood U in
Se(L?(M.)) of (M) such that X(Mp) for any 3 € B is not contained in U.
According to Corollary 1 of [57], the assumption for isoperimetric constant,
(1), implies the estimate for the Poincaré constant, (P) in §5. Also, (D)
and (N) in §5 are clear. Hence, Theorem 5.1 below shows the existence of a
compactly convergent subnet of {3(M3)}. By Theorem 3.1, the limit must
be X(M), which is a contradiction. Thus, ¥(M,) compactly converges to

Y(M).
The rest follows from Remark 2.6 and Corollary 2.5. This completes the
proof. O

Remark 3.4. (1) In general, a net of manifolds {M,} in Theorem 3.2
has no bound of the isoperimetric constant of Chavel-Feldman [12].
We shall see such an example in Example 3.3 below. It is not clear
that there exists a bound of heat kernel needed to apply the theory
of Kasue-Kumura [32], for manifolds satisfying (1)—(5) of the theorem.
On the other hand, if the heat kernel is bounded in the sense of [33],
or if the isoperimetric constant is bounded in the sense of [12], then
this does not necessarily imply (1) of Theorem 3.2.
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(2) Both of the assumptions (4) and (5) of Theorem 3.2 can be replaced
with the following equivalent condition: There exists bi-Lipschitz
homeomorphisms f, from open subsets O, C M, to relatively com-
pact open subsets O/, C M such that {O,} is a monotone increasing
net, covering M and that

limvol(My, \ On) =lim  sup d(z,0,) = 0.
o * 2€My\Oqn

(3) Theorem 3.2 is true also for Lipschitz-Riemannian manifolds instead
of smooth Riemannian manifolds, which follows from the same proof.

We see more definite cases of Theorem 3.2 in the following sections.

3.3.1. Shrinking. Let M be a smooth Riemannian manifold with
WL2(M) = W,*(M), and N C M a compact smooth submanifold of
codimension > 2. It then follows that W,*(M \ N) = W,*(M) and so
(M \ N) = %(M). We take a family {M,},c(o,,) of smooth Riemannian
manifolds in such a way that each M, contains an open subset U, such that
M, \ U, is isometric to M \ B(N,r), where B(N,r) is the open r-ball of
N. Then, as r — 0, M, compact Lipschitz converges to M \ N. Thus, by
Theorem 3.1, the spectral structure (M, ) strongly converges to (M) as
r— 0.

Assume further that M is compact, N consists of a single point, the
diameter and volume of U, both tend to zero as r — 0, and r - Z(U,) is
bounded away from zero. Then, it is easy to verify that all the assumptions
of Theorem 3.2 are satisfied, so that the spectral structure X(M,) compactly
converges to X(M).

A nontrivial example of such a family {U, } is seen in the following:

Example 3.3. Let T := (R/27Z) x S with coordinate (6, s) for a com-
pact manifold S with a Riemannian metric ds?, and let {f, : R/27Z —
(0,00)}re(0,r0) be a family of smooth functions such that

(1) f, for each r is monotone nonincreasing on [0, 7| and monotone non-
decreasing on [, 27],

(2) we have lim,\ o fr(7) = 0,

(3) there is an a € (0,7 ) such that f;|[_q4) =1 for any 7.
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(For instance, we may take f,.(0) as a smooth deformation of (cos 6+1+4r)A1.)
Assuming that (.S, ds?) contains a flat disk of radius a € (0, ), say B(z, a),
we find a flat disk of radius a, B((0,x),a), in the Riemannian manifold
(T, d0* + £.(0)%ds?) by (3). We consider the rescaled Riemannian manifold
T, == (T, (r/a)*(d0? + f,(0)%ds?)) and so the flat disk is rescaled as one
with radius r. Remove the disk from 7, and denote the rest by U,.. We
deform the metric of U, around OU, such that the gluing M, of M\ B(N,r)
and U, along their boundaries is a smooth Riemannian manifold. Then, the
construction of U, yields that the diameter and volume of U, both tend to
zero as r — 0 and that inf, r - Z(U,) > 0.
For such a family {M, }, we now consider the condition that

area(9Q)"

———=>0 3.4
r>0.0C M, vol(Q)n—1 - (34)
where n := dim M,. Note that this is required in [12] to obtain convergence
of eigenvalue. Let us see that by choosing a suitable f,, the family {M,}
does not satisfy (3.4). In fact, it follows that (3.4) does not hold if

r—0 a<h1<b0:<2m—a 0 -
O (foe £:(0) a)

(cf. §8 of [33]). For instance, if f,(0) tends to | — 7| A1 as r — 0, we have
(3.5).

3.3.2. Iteration of attaching small manifolds. For a fixed n > 2, let
{Nk}k=01,2,. be a sequence of n-dimensional closed Riemannian manifolds
such that vol(Ny), diam(Ny), and 1/Z(Nj) are all uniformly bounded from
above. (For example, such the boundedness is obtained if the Ricci curva-
ture of N}, satisfies Ricy, > n — 1.) Assume that every Nj contains two
disjoint unit open metric balls, say B(pk, 1) and B(gg, 1), both isometric to
B™(1), where B™(r) denotes an n-dimensional Euclidean open disk of ra-
dius . We shall construct another sequence of closed Riemannian manifolds
{M}} such that each M), contains a metric ball B(xy, 1007F) isometric to
B"(1007%). We first set My := Ng and x¢ := qo. Supposing that Mj, is
defined for a number k, we define Mjy; as the connected sum of M and
Nj = 100~ *+1 N, with the metric described as follows. We deform the met-
rics of My, := My, \ B(xg, 100-++D/2) and Ny, := N}, \ B(pg41, 100-++1)/2)
around the boundaries so that the gluing of My, and Ny, along their bound-
aries is a smooth Riemannian manifold, which is the desired Mjy;. A point
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Tt1 € Mgy is defined to be gi4+1 in Ng. Then, B(zk41, 100_(k+1)) is iso-
metric to B*(100~(++1),

By the construction, we have the infinite sequence of the isometric em-
beddings

Mo\ B(zo,1) < M \ B(z1,1007Y) < ... < My \ B(zp, 1007%) — .. ..

The inductive limit, say M, is a precompact incomplete Riemannian man-
ifold with finite volume such that M \ M consists of a single point. Re-
mark that if we take each Nj to be non-simply connected, then (M) is
not finitely generated. It is easy to verify that { M} and M together sat-
isfy the assumptions (1)—(5) of Theorem 3.2. Here, (1) is deduced from
supy, Z(N) < oo, and (2) is proved by constructing cut-off functions around
M\ M in a similar way as in [10, 39], for which we omit the detail. Thus,
Y(My) compactly converges to X (M).

3.4. Collapsing of warped product manifolds.

Let {Ng}aca be a net of (incomplete) Riemannian manifolds which com-
pact Lipschitz converges to a Riemannian manifold N, let F' be a compact
Riemannian manifold, and let {¢, : No — (0,00)}aca be a net of C™
functions. We consider the warped product M, := N, x,, F, ie., M, is
a product manifold N, x F with Riemannian metric gy, := gn, + ¢29r,
where gx denotes the metric of a Riemannian manifold X. We denote the
projection by 7y, : My — N,. Assume that there exist a net r, — 0 of
positive numbers and a constant ¢ € (0, 1) such that for any « € A and any
T € N,

Yo ()

’rOé

C S S C_l' (36)

Then, by taking a subnet of A, the push-forward (my, ), o of the measure
Lo = r;k volyr, vaguely converges to a positive Radon measure m on IV,
where k := dim F'. Since

pa(ddy) = r3 ok (x) volp(dy) voly, (dx),
the measures m and voly are mutually absolute continuous.

Theorem 3.3. Assume that W12(N;m) = WOL2(N; m). Then, the spectral
structure X(My, f1o) strongly converges to (N, m). If the embedding of
WL2(N;m) into L?(N;m) is compact and if N, Lipschitz converges to N,
then ¥(M,, po) compactly converges to X(N, m).
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Proof. Let us prove the later assertion of the theorem. Let u € L?(My; fia)
be any function. We set

1

u(x) = ol(F) /Fu(x,y) volp(dy), x € N,.

Assume that u is of C®. Since |dy yu(z,y)3, = |dou(z,y)l3, +
03 2(2)|dyu(z, y)|% for any x € N, and y € F, we have

ENa (mvg) 1) (@) S EMgiua) (1)- (3.7)
It follows from the Poincaré inequality on F' that
[ (ulasn) ~ a(a))? volr(dy) < const [ idyu(e, )l vole(d)
< const ri/F\d(x’y)u(x,y)\%VdF(dy)a
where ‘const’ is a constant depending on F'. Hence,
lu— @0 TN T2 (Mipin) (3.8)
< const 'ri/ . /F (2, u(, y)\%volp(dy) r_kwk(x) volp(dyy) voly,, (dx)
o X
< const riS(Mavua)(u).
Now, let u, € WH2(My; p1a) be a net with

SUP([[tal| 22 (o0 T EMaspa) (ta)) < 00.

There exists a net of €,-almost isometries f, : Ny, — N, ¢, — 0. By (3.7)
and (3.8), we have

sup([[ta © fo I F2(nimy + Evam) (@a 0 f31)) < o0,
(0%
which implies the existence of an L?(N;m)-strongly convergent subnet of
{tiq © f5'}. Therefore, {€n, )} is asymptotically compact. Assume that
{tigof; 1} converges to a function u € L?(N;m) strongly in L2(N;m). Then,
by (3.7),

Envmy(u) < hng(Na,(wNa)*ua)(’aa) < hng(Ma;ua)(ua)v

which proves (F1).
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For any fixed u € WH2(N;m), we set uq :=uo foomy,. Then, uq — u
in L2(M) and &, o) (ta) — En,my(uw). This proves (F2).

The proof of the first assertion is similar to that of Theorem 3.1 and is
omitted. U

Note that it is difficult to relax the assumption (3.6). See [1, 35] for such
attempts.

3.5. Convergence of noncompact Alexandrov spaces.

Denote by A(n, D,v) the set of compact n-dimensional Alexandrov spaces
of curvature > —1, diameter < D, and n-dimensional Hausdorff measure
> v, where n € N, D,v > 0 are constants. In [51], we proved that the
topology induced from the spectral distance coincides with the GH topology
on A(n,D,v). In particular, if a net {M,} C A(n,D,v) GH converges to
an M € A(n, D,v), then the spectral structure 3(M,) compactly converges
to X(M). Here, we equip n-dimensional Alexandrov spaces with the n-
dimensional Hausdorff measure H"™. The purpose of this section is to prove
the following;:

Theorem 3.4. Let {(M,,p.)} be a net of (possibly noncompact) pointed
n-dimensional Alexandrov spaces of curvature > —1 which GH converges
to a pointed n-dimensional Alexandrov space (M,p). Then, (My, po, H")
converges to (M, p, H"™) with respect to the measured GH topology and the
spectral structure 3(M,) strongly converges to X(M).

As a consequence to the theorem, we prove:

Corollary 3.2. Let M be a noncompact nonnegatively curved Alexandrov
space such that lim,_,.. H"(B(p,r))/r™ > 0 for some point p € M, where
n := dim M. Then, we have inf c(Ays) \ {0} = 0, and spectral gaps (a,b) C
[0,00)\ o(Apy) satisty

We briefly describe some convention for Alexandrov spaces. Refer to
[8, 45, 38] for the details. Let M be an n-dimensional Alexandrov space
with curvature > —1. For § > 0, the d-singular set S5 of M is defined to
be the set of x € M such that H" }(3,;) < w,_1 — §, where X, is the space
of directions at x and w,_1 the volume of the unit (n — 1)-sphere. Then,
the d-singular set for any ¢ > 0 is of Hausdorff dimension < n — 1 ([8, 45]).
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There exists a d,, > 0 depending only on the dimension n such that M \ S,
is a (incomplete) Lipschitz-Riemannian manifold ([45]). The canonical spec-
tral structure X(M) on L*(M;H") is induced from the canonical Dirichlet
form (&, Wol’2(M \ S5,)) as defined in §3.1. The double dbl(M) of M is
obtained by gluing two copies of M along their boundaries. The double of an
Alexandrov space with nonempty boundary is an Alexandrov space without
boundary and of the same lower bound of curvature ([8, 46]). We have a
natural isometric embedding ¢ : M — dbl(M). Denote by Ss the preimage
in M of the d-singular set of dbl(M) contained in ¢(M). Clearly, if M = 0,
then S5 = Ss. It follows that S5 C S5 and S \ S5 C M. The two following
theorems are essential for the proof of Theorem 3.4.

Theorem 3.5 (Theorem 1.1 of [38]). The set S5 for any § > 0 is of ca-
pacity zero, i.e., Wol’2(M \ S5) = Wh2(M \ Ss).

Theorem 3.6 (Theorem 3.1 of [51]). Assume that a net {(Ma,pa)} of
pointed n-dimensional Alexandrov spaces of curvature > —1 GH converges
to a pointed n-dimensional Alexandrov space (M, p). Then, for any § with
0 < 0 < 1/n, there exist ey-approximations fso : (M,p) — (Ma,pa) for
some €, \, 0 and compact subsets D5, C M\ Ss with Ua Dsa = M\ Sy
such that the restriction fso : Dso — f50(Ds.a) is a 6(6)-almost isometry,
and

hgéan(Ma \ fé,a(Dé,a)) =0,

where 0 is some function with lim;_,o0(t) = 0. In particular, (M, pa, H")
converges to (M, p, H") in the measured GH topology.

Indeed, we assumed the compactness of Alexandrov spaces in the original
statement in [51], which is however not essential for the proof.

Proof of Theorem 3.4. The theorem is proved in the same way as in the proof

of Theorem 3.1 by using the above two theorems. See also the discussion in
85 of [51]. O

Proof of Corollary 3.2. We first claim that the Laplacian of an Alexandrov
space which is isometric to an Euclidean cone has full spectrum [0, 00). In
fact, this follows from the invariability of the spectrum up to metric rescaling
and the non-triviality of the Laplacian.

Let M be a noncompact nonnegatively curved Alexandrov space. Con-
sider the erescaled space eM, ¢ > 0. For a fixed point p € M, as
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e — 0, (eM,p) GH converges to an Euclidean cone, called the limit cone
‘CoM’ of M (see §4 of [6] and Proposition 1.1 of [49]). The assumption
lim, oo H™"(B(p,7))/r™ > 0 implies that this convergence does not col-
lapse dimension. Applying Theorem 3.4 and Proposition 2.5 yields that
e 20(Ay) = 0(Acyr) — 0(Acm) = [0,00) as € — 0. This completes the
proof. O

4. Convergence of graphs.
4.1. Graph with simplicial metric.

A (oriented) graph T is defined to be a set (Vr, Er, o,t), where V1 and Er are
at most countable sets and o,t : Er — Vr are maps. We always assume that
all graphs are locally finite, i.e., for any x € o(Er) and y € t(Er), o~!(z) and
t~1(y) are both finite subsets of Er. Each element of Vi is called a vertez of
I" and each element of Er an edge of I'. We say that an edge e € Er connects
a vertex x € Vp to a vertex y € Vr if o(e) = = and t(e) = y. Note that for
two vertices x,y € Vr, an edge connecting z to y (if any) is not necessarily
unique and that we may have a loop, i.e., an edge e € Er with o(e) = t(e).
We denote the disjoint union Vr U Et for a graph I' by the same symbol T'.

A simplicial metric on a graph T is defined to be a pair of two functions
l,w: Er — (0,00). Here, ¢ is called the length function and w the weight
function. Let (I',g) be a given graph with a simplicial metric g = (¢, w).
Denote by C(.S) the set of real valued functions on a subset S C I' = VpUET.
The difference operator d : C(Vr) — C(Er) is defined by

du(e) :=u(t(e)) —u(o(e)), ue C(Vr), e € Er.
Define a measure mg over I' induced from the metric g by
my = Z w(z) oy + Z l(e) I,
xeVp ecEr

where 6. denotes the Dirac delta measure. This defines the L? space
L2(Vp) == L*(Vp, R; mglvy) in the usual manner. For wi,wy € C(Er) we
set the L? inner product:

(o i= [ (nle)n(e)y my(de) = 3 Gl

EEEF g(e)

if it converges, where (z,y), := zy/l(e)? for z,y € R. Then, as well as
for (Lipschitz-)Riemannian manifold, we obtain the spaces L?(Er) := {w €
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C(Er) | [|w|lzz :== (w,w)r2 < oo} and WH2(Vp) := {u € L2(V}) | du €
L?(Er) }. A closed symmetric bilinear form Er gy : WH2(Vp) x WH2(1p) —
R is defined by

Erg)(u, v) = (du, dv) 2, u,v € WH(1p).

An inner product (-, )12 on W2(V1) is defined in the same manner as for
(Lipschitz-)Riemannian manifold. Consider the W12 closure VVO1 (V1) of the
set, say Co(Vr), of functions on Vr whose support is a finite subset of V.
We call the restricted closed form (€ g), Wol’2(Vp)) the canonical Dirichlet
form induced from g. Note that this is a non-local regular Dirichlet form
on L?(VF) in the sense of the abstract Dirichlet form theory (see §5.1). The
spectral structure $(T', g) on L2(Vr) associated with the simplicial metric g is
defined to be that induced from the Dirichlet form (& ), I/VO1 ’Q(Vp)). Define
a linear operator 0 : C(Er) — C(Er) by

dw(z) := ﬁeezbﬁx %, we C(Er), z €V,

where E; denotes the set of all edges connecting x, and the Laplacian A=
A(r,g) = 9dd: C(Vr) — C(Vr). The (formal) adjoint d* of d|y1,2(1;.) satisfies
Sley(vp) € d* C 6, and the generator, say A = A gy, of (Er,g), Wol’2(Vp))
does Al €A CA.

4.2. Convergence of graphs and spectral structure.

Denote by G the set of isomorphism classes of pairs (I', g), where I" runs over
all locally finite graphs and g simplicial metrics on I'. Let (T',g) € G and
denote by Mr the geometric image of I'. The length function of g induces a
natural distance function, say dg, on My so that (Mr, dg) is a locally compact
intrinsic metric space. Let ¢ : Vr — Mt be the natural embedding and define
a measure jt; on Mt to be zero on Mt \ ¢(Vr) and the push-forward measure
e (mglvy) on o(Vh).

Proposition 4.1. Let (T',g) € G and let {(T', go)}aca C G be a net such
that I' and T, are all finite graphs. If (Mr,, g, ) converges to (Mr, f1g) with
respect to the measured GH topology, then the spectral structure ¥(T'y, ga)
compactly converges to X(I', g) and in particular

limo (A, g0)) = 0(Ar,g)-
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Proof. The proposition is implied by the discussion of [22, 30]. Let f, :
My, — Mr be measured e,-approximations with respect to dg,,mg, dg4, my
for some €, \, 0. We may assume that each f, maps vertices to vertices and
set ®qu :=uo foly, € C(Vr,) for u € C(Vr). It was obtained in [22, 30]
that

Em g)(u) = liéné’(pavga)(@au) and ||ul|z2 = lién | Dauel| 12

for any w € C(Vr). This implies (F2). Also, if we define ¥, : C(Vr,) —
C(Vr) by

1
Uyu(zx) :—_7/ wdmg, uweC(Vr,), z€Vr,
m(fat (@) Jr @ !
then
lim [[Wqual 2 = 1, h_mg(l“,g)(\yaua) < h_mg(l“a,ga)(ua)
for any u, € C(Vr,) with |luallz2 = 1 and sup, &, 4.)(ua) < 00 (see

[22, 30]). Note that Wh2(Vp) = L?(Vr) = C(Vr) holds because of the
finiteness of I'. Therefore, for any such {uq}, {Uauq} is uniformly bounded
and then has a convergent subnet {Wgug}. Since ug L? strongly converges
to limg Wgug, {Er, g.)) 15 asymptotically compact. Remarking that & g
is continuous on C(Vr) with respect to the L* norm, we easily see (F1). O

We next consider infinite graphs.

Theorem 4.1. Let {(T's, go) }aca C G be a net and (I', g) € G be such that
Wi2(vp) = Wol’2(Vp). If (Mr,,, pg.) converges to (Mr, pg) with respect to
the compact measured GH topology, then the spectral structure (T, gq)
strongly converges to X(I", g) and in particular

U(A(F,g)) C 1i(£n J(A(nga)).

Proof. The theorem is proved in the almost same way as in the proof of
Theorem 3.1. Here, the only difference is the definition of 4. There exist
measured €,-approximations f, : Mr, D Of — fo(On) C Mr, €4 N\, 0, such
that

(1) Oy and fo(O,) for each « are geometric images of finite subgraphs of
T’y and T" respectively,
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(2) {fa(O4)} is a monotone increasing net covering Mr,
(3) each f, maps vertices to vertices.

Let ¥, : C(O,) — Co(Vr) be as in the proof of Proposition 4.1. We now
define u, := ¥, (ualo,). The rest of the proof is completely same as of
Theorem 3.1. O

Remark 4.1. The same proofs yield that Proposition 4.1 and Theorem 4.1
are both true for degeneration of graphs in the sense of [30].

4.3. Negligibility of boundary.

In this section, we discuss the condition W12(V) = Wy (Vr). Let (I, g) € G
be an infinite graph with a simplicial metric g = (¢, w).

Proposition 4.2. If Cr := sup,cy;. %Ex’g) < 00, we have:

(1) Wh2(Vp) = L2(Wr), and moreover A\LQ(VF) and d|r2y;.) are both
bounded linear operators on L?(Vr),

(2) Wh2(Vp) = Wy (Vr) and A = A2y,

Note that any finite graph satisfies Ct < oo.

Proof. (1): Define ¢, € L*(V¢), € Vi, by @ (z) := w(x)"/? and ¢, (y) := 0
for any y # x. It is easy to see that {¢g}zev; is a complete orthonormal
basis on L2(Vr). A straight forward calculation shows that for any z,y € Vr,

m(E; N Ey)

@ ol -

1Er.9)(@as y)| =

and hence, for any u = ;. @z 2, V=) cvr bz pr € L2(Vp),

(Au,v) 2] = [Erg) (u,0)| < Cr Y ag| [ba] < Cr [lullzz [0]l2. (4.1)
z,yeVp

This proves (1).

(2): Assume that Wol’2(Vp) > u; — u € L2(Vr) as i — oo with respect to
the L? norm. Then, (4.1) shows & 4)(u; —u) — 0 and hence |Ju; —ul|y12 —
0. This completes the proof of the proposition. O
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Proposition 4.3. If WY2(Vp) = Wol’2(Vp), then A‘Co(vr) is essentially self-
adjoint and its closure coincides with A ).

Proof. The proof is nothing but a simple modification of that in [25].

Set do := d|cy(vp) and do = 0|cy(pp)- Since the adjoint 5 is closed and
do C dg, we have dy C 5.

We shall prove §% C do. Let u € D(8). For any w € D(dp) = Co(Er) we
have

(du(e),w(e))g mg(de) = (u, bow)r2 = (Ggu, w)r2,
ecEr

which implies that du = §ju € L?(Er). Hence, u € Wh2(11) = Wol’2(Vp) =
D(dp) and dou = du = &ju. Thus we obtain dy = &, which implies the
proposition. Il

5. Convergence of measured metric spaces with Dirichlet
forms.

5.1. Preliminaries for Dirichlet form.

In this section, let us briefly recall the basics for Dirichlet form. Refer to
[24] for the details. Let X be a locally compact separable metric space and
m a positive Radon measure with full support. We consider a symmetric
nonnegative definite bilinear form £ defined on a (not necessarily dense)
linear domain D(E) C L?(X;m). We define an inner product & on D(€) by

E1(u,v) 1= E(u,v) + (u,v) £2(x1m), u,v € D(E).

The pair (€, D(E)) or simply & is said to be a Dirichlet form on L%*(X;m)
if it is closed (i.e., D(€) is complete with respect to the 511 / 2-norm) and if
it is Markovian (i.e., for any u € D(E) we have u* := 0V u A1 € D(E) and
E(u*,uf) < E(u,u)). A Dirichlet form & densely defined on L?(X;m) is said
to be regular if D(E)NCy(X) is dense in D(E) with respect to the 511/2-norm
and dense in Cy(X) with respect to the uniform norm. A Dirichlet form
£ on L*(X;m) is said to be local if £(u,v) = 0 for any u,v € D(E) such
that supp v and supp v are disjoint compact subsets. A Dirichlet form £ on
L?(X;m) is said to be strongly local if £(u,v) = 0 for any u,v € D(&) such
that supp u and supp v are compact and u = const m-a.e. on a neighborhood
of suppv. It follows from Theorem 4.5.3 and Lemma 5.3.3 of [24] that a
regular Dirichlet form & on L?(X;m) is local (resp. strongly local) if and
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only if £(u,v) = 0 for any u,v € D(E) such that v = 0 (resp. u = const)
m-~a.e. on a neighborhood of supp v.

Let € be a strongly local regular Dirichlet form on L?(X;m). The 1-
capacity Cap(-) over X with respect to £ is defined as follows: for any open
subset O of X,

Cap(0) :=1inf{ & (u,u) | uw € D(E), u>1 m-a.e.on O },
and for any subset A of X,
Cap(A) := inf{ Cap(O) | O is open set with A C O }.

A quasi-continuous m-version @ of u € D(E) is a function satisfying that
@ = u m-a.e. and that there exists a sequence {Fj} of closed subsets of X
such that limy_.o, Cap(X \ F;) = 0 and each @|f, is continuous on Fj. It is
known that any v € D(£) admits a quasi-continuous m-version (see [24]).

For any u,v € D(E), there exists a unique signed finite Borel measure
I'(u,v) on X, called the energy measure of £, charging no set of zero 1-
capacity, such that

2/X1I)dF(u,’u)—S(uw,’u)—l-g(u,vw)—S(uv,w),

u,v,w € D(E) N LX(X;m),
E(u,v) =T(u,v)(X), wu,veDE).

We set I'(u) := I'(u, u) for u € D(E). Note that the energy measure of the
canonical Dirichlet form £; of a Riemannian manifold M coincides with
dl'(u,v) = (du, dv) ps dvolyy for u,v € Wol’2(M).

Lemma 5.1. For any u,v € D(E) N L>*(X;m) we have

E(uww)'/? < (/X i dF(u)>1/2 + (/X 2 dr(v)>1/2.

Proof. Lemma 3.2.5 of [24] implies that
dT(uv) = 0% dI'(u) + 240 dT(u, v) + 4% dT'(v).

Applying Lemma 5.6.1 of [24] yields

(/Xﬂ,f) dF(u,v))2§/Xﬂ,2 dF(u)/X172 dT(v).
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Combining these two formulas completes the proof. O

The intrinsic (or Carathéodory) metric dg : X x X — [0,00] induced
from & is defined by

de(z,y) := sup{u(z) —u(y) | v € D(E)oe N C(X), T'(u) <m}

for z,y € X, where D(&)10c denotes the localization of D(&). It follows that
dg is a pseudo-distance function on X . According to [52, 53], if dg coincides
with the original metric on X, then

e it is a length metric,

e X is complete if and only if any bounded subset is relatively compact.
5.2. Asymptotic compactness of Dirichlet forms.

We denote by const,y .. some constant depending only on a,b,.... Let
MD, be the set of all (X, p, m,E), where (X,p,m) € M, (defined in 2.1)
and & is any strongly local regular Dirichlet form on L?(X;m). For a net
{(Xas Pas My Ea) faea T MD,, we consider the following conditions.

? J ?

(N) For any R > r > 0, any sufficiently large o compared with R, r, and for
any x € X4, the number of elements of any r-discrete net in B(x, R)
is at most const,. /.

(D) We have o
lim diam X, < oo.
(0%

(M) For each r, R > 0,

limma(B(pa,r)) <oo and lim inf ma(B(z,r)) > 0.
@ a Z€B(pa,R)

(C) The intrinsic metric dg, of &, coincides with the original distance func-
tion on X, for any «.

(P) There exists a sequence r; \, 0, j = 1,2, ..., such that for any R > 0
and j > 1 there is apj € A such that for each o > ap ; we can find

an rj-discrete r;-net {x?k}k of B(pa, R) satisfying
1/2
dFa(u)>

[l — a?k”LQ(B(x?kvrj);m) < constg - 1; </B

(), ,const r5)
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for any k and u € D(&,), where uf), is some constant depending only
on u, j, k, and a.

The purpose of this section is to prove the two following theorems:

Theorem 5.1. Let a net {(Xq, oy Ma, Ea) taca C MD, satisfy (N), (D),
(M), and (P). Then, there exists a subnet of A for which (X, pa, Ma) mea-
sured GH converges to some (X,p,m) € M, and the Dirichlet form &,
compactly converges to some Dirichlet form on L?(X;m).

Theorem 5.2. Let a net {(Xa, Pa, Ma, Ea) baca C MD, satisties (N), (M),
(C), and (P). Then, there exists a subnet of A for which (X, pa, me) mea-
sured GH converges to some (X,p,m) € M, and the Dirichlet form &,
Mosco converges to some Dirichlet form on L?(X;m).

Note that in Theorems 5.1 and 5.2, the limit Dirichlet form is not nec-
essarily densely defined on L?(X;m). For instance, if £ is a densely defined
Dirichlet form on L?(X;m), then, as r — oo, the rescaled Dirichlet form r&
converges to the Dirichlet form € defined by

E(u) =0, ueDE) =Keré,

which is not densely defined in general.
The following is an immediate consequence of Theorem 5.1.

Corollary 5.1. Let X be a compact metric space, m a positive finite Borel
measure on X with full support, and £ a strongly local regular Dirichlet form
on L?(X;m). Assume that there exists a sequence r; \0,7=1,2,..., such
that for any j there is an rj-discrete rj-net {x;,}r of X satisfying

1/2
dF(u)>

for any k and u € D(E), where ujj, is some constant depending only on u, j,
and k. Then, the embedding (D(E), 1) — L*(X;m) is compact.

[ = @k ll L2 (B @y )im) < cOnSt - 7 </B

(2 ji,constr;)

If we assume (N), (D), (M), (C), the doubling condition for measure:

ma(B(z,2r))

< const,
ma(B(z,7)) ~
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and the weak Poincaré inequality on balls:

1/2
dFa(u)>

for any x € X,, r € (0,const), and o € A, where @y, is the average of u
on B(x,r), then the conclusion of Theorem 5.1 can also be obtained by the
method of Kasue and Kumura [33] using heat kernels. Under the assumption
of Theorem 5.1 or 5.2, the heat kernel bound in [33] cannot be obtained in
general—even the heat kernel (i.e., the integral kernel of the semigroup)
does not necessarily exist. Under the doubling condition for measure and
the weak Poincaré inequality on balls for (X, m, ) as in Corollary 5.1, the
compactness of the embedding (D(£), £1) — L?(X;m) is well-known. The
corollary says that this holds without the doubling condition for measure.

”u - aac,r”LQ(B(ac,r);m) < const - r </B

(z,constr)

We apply Theorem 5.1 to prove Theorem 3.2. Theorem 5.2 has an appli-
cation to convergence of complete noncompact Riemannian manifolds with
a uniform lower bound of Ricci curvature (see §5.3).

Let us first discuss the conditions (N), (D), and (M). If {(Xa, pa) }aca is
GH convergent, we have (N). In this case, (D) is equivalent to the compact-
ness of the limit. If {(Xq, Pa,Ma)}aca is measured GH convergent, then
the first formula of (M) holds and the second is equivalent to the fullness of
the support of the limit measure. Conversely, it is well-known (see [28]) that
(N) implies the existence of a subnet of {(X4, pa)} which converges in Met,
with respect to the GH topology. This together with Corollary 2.1 leads to
the following:

Lemma 5.2. If a net {(Xa, Pa, Ma) taca C M, satisfies (N) and (M), then
there exists a measured GH convergent subnet of {(Xu,Pa,ma)} in M.
whose limit measure has full support.

Let us give a net {(Xa, Pas Mas Ea) faca € MD.. By Lemma 5.2, we
may suppose the following for the proof of Theorems 5.1 and 5.2.

Assumption 5.1. The net {(Xa,pa, ma)} measured GH converges to a
space (X, p,m) € M, such that m has full support.

Under this assumption, we shall show some lemmas.

Lemma 5.3. If a net u, € L*(X,;mq) L? strongly converges to a function
u € L*(X;m), then ub, — u? L? strongly.
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Proof. Assume that L?(X,;ma) 3 uq — u € L?(X;m) L? strongly. Then,
there is a net 4z € Co(X) such that 43 — u in L?(X;m) and

hén@ |®atip — tal 2 =0,

where @, : L?(X;m) — L?(X,; mq) is defined in Definition 2.3. Remarking
that |2f—yf| < |z—y| for any z, y € R, we have ”’EL%—UﬁHLQ <||ag—ullpz — 0
and

|@aiy — uhll2 = | (Padis)* — w2 < | ®atts — val 2,
which completes the proof. O

Lemma 5.4. If &, is I'-convergent, then the I'-limit is a Dirichlet form on
L*(X;m).

Proof. Assume that &, I'-converges to £. Then, by Lemma 2.11, £ is a closed
bilinear form on L?(X;m). It suffices to show the Markovian property of
E. Take any u € D(€) and fix it. By (F2), there exists a net u, € D(&,)
such that u, — u L? strongly and £,(us) — £(u). Lemma 5.3 implies that

i

uf, — uf L? strongly. Hence, from (F1) and the Markovian property of &,,

E(u )<hm5( )<hm5( o) = E(u),

which completes the proof of Lemma 5.4. O

In addition to Assumption 5.1, we assume (P). For any o € Aand R > 0,
we denote by £ the restriction of £, on the &, 1-closure, say D(EL), of the
set of u € D(E,) with suppu C B(pa, R). Note that we have (X, D(ER)) =
(Eay D(E,)) for sufficiently large R > 0 provided (D) is satisfied. Let us
fix R >0, j > 1, and @ > agrj, where agr; is as in (P). By taking a

Ne _
rj-discrete rj-net {z% },2; of B(pa, R) as in (P), it follows from (N) that
N§* < const, /g. For any u € D(EL), we define a function uf : Xo — R
by u§ := uf, on each = Bz, 5) \ Uf ~! B(x x5y, 75) and u§ := 0 on
X \ Uk]1 Us,. Note that Uﬁ NUS, = 0 for any k # ( and that B(pa, R) C

Uk]1 US. C B(pa, R +15).

Lemma 5.5. We have

1/2
|u — 45 || L2 (X pmea) < constg - 7; </B dFa(u)> :

(pa, R+constr;)
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Proof. By (P),

N
_ a2 = 2
[l — u?”LQ(Xa;ma) - Z lu — u?k”LQ(Uﬁe;ma)
k=1

Ny
< constp - 'rjz Z/
k=1"8

It follows from (N) that #{k [ d(z,2$;,) < constr; } is bounded uniformly
for x € X and large a. Therefore, the right hand side of the above is

dly (u).
)

«@ .
(%, ,constr;

2

< constpg - 75 dl(u)

/B(pa,R—I—const ;)

This completes the proof. O

For convenience in the later discussions, we define two functions
Ly(z,a,b) : S — [0,1] and L_(z,a,b) : S — [0,1] for a < b and
x €S e Met, by

Ly (2, a,b)(y) = (%)ﬁ, L (z,a,b)(y) = (%(’;’y))ﬁ

for any y € S, where d is the distance function on S. Then, Ly (x,a,b) are
Lipschitz functions on S with Lipschitz constant 1/(b — a).
Theorem 5.1 is derived from Lemma 5.4, Corollary 2.3, and the following;:

Theorem 5.3. Under Assumption 5.1 and (P), the net {E2} e .4 is asymp-
totically compact for each fixed R > 0.

Proof. Fix an R > 0 and let u, € D(EL) be such that sup, Eq.1(ua) < 0o
It suffices to prove that {us}aea has an L? convergent subnet. There are
measured €y-approximations fo : (B(pasta), Pa) — (B(p,tl,), p) with eq \, 0
and tq,t,, /" co. Forany j > 1 and o > avp j, let :):?k and Uﬁ, k=1,...,N},
be as above. There is a subnet 4; of A depending on j such that for
every k = 1,..., N7, the limits zj = lim, fa(:):?k), Nj := lim N, and
cjk = lim, ﬂ;‘k all exist. Replacing with a subnet of A;, we assume that
Nj = N for all & € A;. We may also assume that A;;1 C A;j for any j > 1.

Therefore, by a diagonal argument, we find a common cofinal subnet of all
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A; and write it also by A. Set Ujy := B(zjk, 75) \ Uf;ll B(zj¢, ;). For any
e >0, z € B(p,R), and any set A, we define

XB(ayr,) = L—(@,75 = 26,7 —€) : X — [0,1],

k—1
X;fﬂc = XEB(CL’MM) ’ H(l - XEB(ﬂfjevrj)) X —[0,1],
=1
w={, g
Claim 5.1. We have
lim XU, = v llz2(xcim) = 0, (5.1)
l{% hén ”‘I’chU]-Ic - IUg”LQ(Xa;ma) =0 (5.2)

for any j =1,2,... and k=1,..., N;, where ®, is associated with f,.

Proof. We set A(x,r, R) := B(x,R) \ B(x,7). Since {ly,, # ijjk} C

Ué\f:]-l A(zje,mj — 2€,7j — €), we have

N;
1y = X, L2 (xcm) < Z Alzjo,rj — 2€,15 — €)),
-1

which implies (5.1).
Let o € A be sufficient large compared with an arbitrarily fixed € > 0.
For any y € B(pa,ta) and £ =1,..., N;, we have
‘ d(x?b fa(y)) - d(.ﬁlfjg, y) ‘ <é€a < 6/2
and hence {IU}Z # X, © fa} C Ué\f:]-l Ag., where A := A(xS, 1 — 3,15 —
€/2), so that

N;
s, = X,, © fall L2(B(parta)ima) < Z m(Ag)-
—1

Setting

e :=L_(xjo,r; —€/4,1; —€/8) - Ly(xjp,mj — be,rj —4e) : X — [0,1],
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we have [ Az < pre © fa for large o and so

limm(A$) < lim Pre © fo dmg = / Pre dm,
« @ B(pasta) X

which tends to zero as e — 0. This completes the proof of the claim. O

Let @§ be as above, and define two functions on X by

N N
5T e— . ~€ L . €
Uj 1= E cjkIU].]c and aj = E Cik XU,-
k=1 k=1

Claim 5.2. For any j =1,2,... we have

li\r_% 145 — @l L2(x3m) = 0,
hmE ”(I)aﬂlj - ’L_I’?HLQ(Xcﬁma) =0.

e\ «

Consequently, lim, u§ = u; (L? strongly).

Proof. The claim directly follows from Claim 5.1. g

Claim 5.3. The sequence {u;} is Cauchy in L*(X;m).

Proof. By Claim 5.2, for any j and j’,
”’L_l’j - ’L_l’j/”LQ(X;m) - ll\l;% ”ﬂ’; - ﬂ’;/”LQ(X;m)
= 21\1’-‘% hgn ”‘I’a’[l,; — (I)Oéﬂ’;/”LQ(Xa;ma)
- @ ”’L_I,? - ’L_l’?/”LQ(Xa;ma)
< @(”ﬂ’? - uOéHLQ(Xa;ma)
+ ”’U,a - ’a?/”LQ(Xa;ma))v

which tends to zero as j,j’ — oo because of Lemma 5.5. This shows the
claim. 0

Let u := limj_,c @; € L?(X;m). We prove that u, — u L? strongly in
the following. In fact, there exists a sequence ¢; \, 0 such that lim; ﬂ;j =u
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and

I 1. ~€j
hjmh;n [Pat; — tallL2(Xnima)

< 1ijm l{% i [| @15 — vall22(Xoma)-

By Claim 5.2, the right hand side of the above inequality is

< TR T 5 — vl 22 oma) = O
i« e
This completes the proof of Theorem 5.3. O

Under Assumption 5.1, we have a I'-convergent subnet of {€,} by The-
orem 2.3. Assume that &, I'-converges to a Dirichlet form & on L?(X;m).
Supposing (P), Theorem 5.3, Corollary 2.3, and Lemma 5.4 together show
the existence of a subnet {€X},¢ 4,, depending on R > 0 which compactly
converges to a Dirichlet form £ on L2(X;m). The following is obvious.

Lemma 5.6. We have D(ET) € D(E) and £ (u) = E(u) for any u € D(ER),
R > 0.

With these preparations, we finally give:

Proof of Theorem 5.2. Assume that L*(X;ma) 2 uq — u € L2(X;m) L?
weakly and sup,, €a,1(ua) < 0o. It suffices to prove (F1’), i.e.,

< lim .
E(u) < al&é’a(ua)

Since each u, can be &, j-approximated by a bounded function, we may
assume that each u, is bounded.

Let fo : (B(pa,ta); Pa) — (B(p,t.,),p) be measured e,-approximations
with €4 \, 0 and t,,t, / oo, and ®,, be as in Definition 2.3. We set pr :=
L_(p,R/4,R/2): X —[0,1]and ¢%} := L_(pa, R/4,R/2): X, — [0, 1] for
R>0and a € A.

Claim 5.4. We have the following:
(1) limR/oo H(pRu — u”L2 = 0.

(2) limp o0 E(Pru) = E(u).

(3) lle%uallr2 < ||uallg2 for any R >0 and o € A.
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(4) EalpPua)? < Ealua)? + 4|lual|z2/R for any R > 0 and a € A.
(5) lim, | Papr — %L = 0 for any R > 0.

(6) If L*(Xa;m) D vo — v € L*(X;m) L? strongly, then ¢% v, — PRV
L? strongly for any R > 0.

(7) ¢%uq — pru L? weakly for any R > 0.

Proof. The proofs of (1) and (3) are easy and omitted. (2) follows from (1)
and the closedness of £ (see Lemma 2.11). (4) follows from Lemma 5.1 and
dl(pR) < 16 dm/R? (see Lemma 1 of [52]).

(5): Since | d(pa, x) — d(p, fa(z)) | < €4 for any z € B(pa,ta), we have
|or o fo — 9% | < 4eq/R. This implies (5).

(6): Assume that L*(X,;m) 3 va — v € L?(X;m) L? strongly. Then,
there exists a net of functions 93 € Cy(X) such that 93 — v in L*(X;m)
and

liénlién lva — Patgl| 2 = 0.

Since pr 05 — @rv in L?(X;m), it suffices to prove that
limlim ||, va — Palprp)ll12 = 0.
In fact, the left hand side is
< lién@(llw%va — PRPatpll L2 + [RPaVs — Palpr Up)llL2)

< tin (] = 0 — PaTiplze + 65 — Parnlzo | Padal 12

=0.

(7): Take any functions v, € L?*(Xa;me) and v € L?(X;m) such that
vo — v L? strongly. Since (6) implies ¢% vy — prv L? strongly, we have

((p%uaava)LQ = (uaa (P%UQ)LQ - (uv (pR’U)LQ - ((PR’U,,’U)LQ
for any fixed R > 0. This completes the proof of Claim 5.4. O

By Claim 5.4(3)(4), £a,1(¢% tq) is uniformly bounded for all o € A and
R > 1. Therefore, the compact convergence £Y — ER o € Ag, leads to
the existence of a subnet {¢% ua}tacay, of {¢% tataca, which L? strongly
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converges to a function v € L?(X;m). Claim 5.4(7) implies v = gpu. By
Lemma 5.6, (F1) for &' — £ and Claim 5.4(4), we have

E(pru) < lim Eu(p%ua) < lim (Ea(ua)? + 4 ||luall2/R)%
ac Al ac Al

From this and Claim 5.4(2),

E(u) < lim & < lim & :
(u) = R%o ((PR ’U,) = aler{lél a(ua)
This completes the proof of Theorem 5.2. O

5.3. Convergence of (noncompact) manifolds under a lower
bound of Ricci curvature.

In this section, we shall prove Theorem 1.3 as an application of Theorem
9.2.

Let PR(n,c) be as defined in §1. Recall that S(L?(M.)) is the set of
spectral structures on L?(X;m), where (X, p,m) € M, runs over all spaces
(see Definitions 2.3 and 2.14). We first prove:

Lemma 5.7. The closure of { ¥(M, ) | (M, p, 1p) € PR(n, D)} is sequen-
tially compact in S(L?(M.)) with respect to the strong spectral topology.

Proof. Since any net in PR(n, ¢) satisfies (N), (M), (C), and (P) (see [28, 9]),
Theorem 5.2 implies the theorem. O

Assume from now on that a net {(Mq,pa, tip.) aca C PR(n,c) con-
verges to a space (X, p, m) € M, with respect to the measured GH topology.
We set Eo = E(uypy,, ) and & 1= E(x ) for simplicity.

Lemma 5.8. Let R > 0 be a fixed number. Denote by A (resp. AfY) the
k" eigenvalue of the Laplacian on B(p, R) (resp. B(pa, R)) with Dirichlet
boundary condition and with multiplicity. Then we have \{! — A, for each
k. Moreover, for any orthonormal basis {¢k}k=12,.. on L*(B(p, R); m) con-
sisting of eigenfunctions for {\}, there exists an orthonormal basis {¢f} on
L%(B(pa, R); pp,) consisting of eigenfunctions for {\¢} such that ¢ — @y,
L? strongly for each k.

Proof. The lemma follows basically from the same discussion as in §7 of [16].
An essential part of the proof is the following:
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Claim 5.5. (1) For any u € D(E) N Cy(B(p, R)) there exists a net u, €
Wol’2(B(pa, R); ) such that u, — u L? strongly and

E(u) > @Sa(ua).

(2) For any net of Dirichlet eigenfunctions u, on B(p, R) of the Laplacian
with eigenvalues A\, with sup, Ao < 00 and ||uq||r2 = 1, there exists a
subnet of {u,} which L? strongly converges to some function u such
that

Proof. (1) follows from Lemma 10.7 of [15].

We will prove (2). By Theorem 5.3, {u,} has an L? strong convergent
subnet. Without loss of generality, we may assume that u, L? strongly
converges to a function u € L?(B(p, R)). Take any r € (0, R) and fix it.
Then, by Li-Yau’s gradient estimate [40], we obtain the uniform bound of
the norm of the gradient of u, on B(pqa, ) (see also [31]). We also have the
uniform bound of || V|Vu,| || 12 from the Weitzenbock formula and the lower
bound of Ricci curvature. Thus, Proposition 16.43 of [15] (see also Lemma
16.39 of [15]) shows that, taking e,-approximations f, : B(p,7) — B(pa,T)
with ¢, \ 0, i.e.,

‘da(fa(x)v fa(y)) - d(flj‘,y) ‘ <€y for any x,y < B(p, ’I”),
B(pOHT) - B(fa(B(pv T))vea)a

the function i, = uq o fo L? converges to a function, say wu,, on B(p,r)
such that
g(ur) < h_mga(ua‘B(pa,r)) < h_mga(ua)'
(07 (07

Since u, = u|p(p,r), we obtain (2). O

Once we obtain the claim above, Lemma 5.8 follows from a standard
inductive argument (a simplified version of the proof of Theorem 2.6). [

Lemma 5.9. &, I'-converges to £.

Proof. We will check (F1). Assume that a net uq € L?(Myj; p1,,) L? strongly
converges to a function u € L?(X;m), and that sup, E(ua) < oco. Since
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D(€) N Cy(X) is dense in (D(S),Sll/2) (see [16]), for any € > 0 there is a
function @ on X with compact support such that & (u — @) < e. Taking a
number R > 0 with suppa C B(p, R), we set, for k, N € N,

Ck ‘= (’U,, Sok)L% 6k = (ﬂ'v Sok)L% C% = (uom Spk)L%
N N N
= Z CkPk, ’&'(N) = Z 6k§0k7 u(()zN) = Z C%@%v
k=1 k=1 k=1

where ¢y, ¢ are as in Lemma 5.8. Then we have for each k € N,
ek — ¢k | <e and limcf = cg.
(0%

Since for any N € N,

N
Ealta) = Ealtialppary) = EM) =3 M),

Lemma 5.8 shows

N
lim &, (ua) > > Meci > (1—6 Z)\kck— —0(e)) (@M.
k=1

(0%
Letting N — oo yields

lim £a(ua) 2 (1 = 6(€)) £(@) 2 (1= 0(e)) (E(u) = 0(c)).

This completes the proof of (F1).
(F2) is implied by Claim 5.5(1) and (F1). O

We restate Theorem 1.3.

Theorem 5.4. Let a net {(My,pa; tip,)}aca C PR(n,c) converge to a
space (X,p,m) € M, with respect to the measured GH topology. Then,
the spectral structure ¥(Mq, jp,, ) strongly converges to ¥(X, m). In partic-
ular we have

o(A) C lién (Aq),

where A, A, are the generators of X(X, m), ¥(Mq, t1p,,) respectively.



668 K. Kuwae and T. Shioya

Proof. 1t suffices to prove that &, = &, p,,) Mosco converges to & =
E(x,m)- Suppose the contrary, so that there exists a subnet B C A and
a neighborhood U of £ in the space F(L?(M,)) of closed bilinear forms
equipped with the Mosco topology such that £3 for any 8 € B is not con-
tained in U. Lemma 5.7 implies the existence of a Mosco convergent subnet
of {€3}sen, the limit of which must coincide with the I'-limit £ (see Lemma
5.9). This is a contradiction and the proof is completed. O

Remark 5.1. For n > 2 and D > 0, let R(n,D) be the set of (M, uar),
where M is any closed Riemannian manifold of Ricyy > —(n — 1) and
diam M < D and where ups := volys / vol(M). Combining the works of
Kasue-Kumura [32] and Cheeger-Colding [16] yields that the topology in-
duced from the spectral distance coincides with the measured GH topology
on the measured GH closure of R(n, D). Note that the topology induced
from the spectral distance is stronger than the compact spectral topology
in general. In particular, if X is compact in Theorem 5.4, the conclusion
‘strongly converges’ can be replaced with ‘compactly converges’.
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