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0. Introduction.

In this paper, we derive a new curvature integral formula for 3-dimensional
piecewise linear manifolds with singularities. Among other things, we also
present a sharp isoperimetric inequality for 3-dimensional PL-manifolds of
non-positive curvature by using this new curvature integral formula.

Let Q be a smooth compact domain in a smooth Riemannian manifold,
and GKpq represent the Gauss-Kronecker curvature (i.e., the determinant
of the second fundamental form) of the boundary of 2, 9Q. A well-known
Theorem of Chern-Lashof [CL] states that for any compact convex smooth
domain 2 in R™, the total Gauss-Kronecker curvature of its boundary satis-
fies

GKpadA =vol,,_1(S™™1)
[2}9)
where S™~! is the unit (n — 1)-dimensional sphere in the n-dimensional
Fuclidean space. It has been conjectured by various authors that for any
compact convex smooth domain €2 in a Cartan-Hadamard manifold M™, the
total Gauss-Kronecker curvature of its boundary satisfies

GKpadA > vol,,_1(S™1). (0.1)
[2}9)

In fact, for a compact surface ¥ in a 3-dimensional smooth Cartan-Hadamard
manifold M3, the classical Gauss Theorem states

Ky — Kysls = GKy, (0.2)

where Ky, (resp. K,s) is the sectional curvature of ¥ (resp. M?). It
follows from the equation (0.2) and the Gauss-Bonnet formula that if 9 is
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an embedded smooth sphere in a 3-dimensional smooth Cartan-Hadamard
manifold M?3 then
GKgndA > 4m, (0.3)
o0
see [K].

In this paper, we consider non-smooth 3-dimensional manifolds allowing
the possibility of singularities. Through out this paper X" stands for an
n-dimensional simply connected piecewise linear manifold with non-positive
curvature. The curvature we consider here is the one defined by using com-
parison triangles. In our case these manifolds are part of the family of
CAT(0) spaces (see [BH]). In fact, if the sum of interior angles of any geod-
esic triangles in X" is less than or equal to m, then X" has non-positive
curvature. For any piecewise smooth convex domain €2 in R", Federer [Fel],
introduced curvature measures associated to €2 by using the coefficients of the
so-called Steiner polynomial of 2. We introduce the outer Gauss-Kronecker
curvature measure GKgq for convex domains 2 in a PL-manifold X" in a
similar way, see (2.1) below and prove a new curvature integral formula for
some domains in a piecewise linear manifold with non—positive curvature.

Main Theorem. Let X3 be a 3-dimensional simply connected piecewise
linear manifold with non-positive curvature. If Q) is a compact convex domain
with non—empty interior, then its total Gauss-Kronecker curvature measure
is given by the following formula:

/ag d(GKpq) = 4+
XY Hink(e!, X)) — 2] sinff (v, Q).

pe(09) olCSt(p) veLink(p,ol)

(0.4)

where 0 (v, Q) = min{0,(v,Q), 5}, 0,(v,Q) is the angle between the vector
v and the tangent cone Tp(Y) of Q at the point p € 99, and Link(o!, X3)

denotes the set of unit vectors orthogonal to the simplex o'.

It is known that if X2 has non-positive curvature the length of
Link (0!, X3) is greater or equal to 27. Hence, the last summation term
in formula (0.4) is always non-negative. Ballmann and Buyalo [BB| proved
a Gauss-Bonnet type formula for piecewise smooth metrics on 2-polyhedra
with a local group action. Our result applies to 3-dimensional domain which
do not necessarily admit co-compact group actions.

The main point of this paper is to understand how singularities are re-
lated to the total integral of the Gauss-Kronecker curvature. In order to
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do that we first show that Sing(X™) is a closed, piecewise linear subset of
codimension 2 in X". In fact, we prove that Sing(X") = |J, o} 2. where
0% is an (n — 2)-dimensional simplex.

To prove the above formula we first estimate the total outer Gauss-
Kronecker curvature of a convex piecewise linear domain and then show
that the outer Gauss-Kronecker curvature measure of a sequence of convex
domains converging to a convex domains in the Hausdorff topology is upper
semi-continuous.

One of the main ingredients in the proof of the Main Theorem is the
detailed analysis on the equidistance hypersurface 905 where Q3 = {z €
X"d(x,Q) < s}. We show that [0 — Sing(X™)] is a C1! hypersurface,
whenever (2 is convex and s > 0. When n = 3, 0€); is a surface with possible
singularities. A version of Gauss-Bonnet formula is applicable to the surface
08, which yields formula (0.4) for Q, and letting s — 0, we derive the
curvature integral formula (0.4) for €.

The main application of our integral formula is the derivation of a sharp
isoperimetric inequality in 3-dimensional PL-manifolds of non-positive cur-
vature.

Main Corollary. Let X3 be a 3-dimensional simply connected piecewise
linear manifold with non-positive curvature. If Q is a compact piecewise
smooth domain, then

1
vol(Q) < m[Area(@Q)]g. (0.5)
Equality holds if and only if Q) is isometric to the ball in the Fuclidean space
R3.

The last inequality, was proved by Kleiner [K] in the context of 3-
dimensional simply connected smooth Riemannian manifolds with non-
positive sectional curvature. Similar results were obtained in the 2 and 4
dimensional cases by Weil [W] and Croke [Crl] respectively.

The authors would like to thank the referee for many helpful comments
and questions that made this final version a more readable one.

1. Preliminary results.

Throughout this paper, all k-simplexes are always assumed to be open, each
k-simplex is isometric to an open set in RF.

In this section we recall some preliminary results of piecewise smooth
manifolds with curvature bounded above. There results are needed for later
sections.
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1l.a. The orthogonal join and a volume comparison theorem.

In our paper, we need to study the tangent cone T,(X™) of a piecewise linear
manifold X" at any given point p € X"™. The unit tangent cone is the subset
of all unit vector in T,(X™), which is denoted by Link (p, X™). The local
geometry of X" is related to Link (p, X™). If X; and X, are two piecewise
linear manifolds, then we would like to recall some elementary facts about
the relations among Link (p1, X1), Link (p2, X9) and Link ((p1, p2), X1 x X2).

For this purpose, we first recall the definition the orthogonal join L1 * Lo
of two piecewise spherical polyhedra L, and Lo. It is a piecewise spherical
polyhedron of dimensional equal to dim Ly + dim Ly + 1.

Definition 1.0. Suppose that ¢’ C L; is a spherical i—cell and that o/ C Lo
is a spherical j—cell. Locally, we identify ¢’ and ¢/ with subsets in the unit
spheres S* and S7. Furthermore, we identify S? and S7 with the unit spheres
in subspaces of R“7+2 which are orthogonal complements. Then o’ x o7, the
orthogonal join of o* and o7, is the (i + j + 1)—cell in S“*! defined as the
convex hull of o% and ¢/ in S+L (i.e., 0% % 07 is the union of all geodesic
segments in S*TJ*! which begin in o? and end in ¢7). More precisely,

ol xol = {(cos@)v—l—(sin@)w |0<0< g,v coliwe Jj}.

In an obvious fashion, we can glue all these {o? * 07} together to obtain
L1 * L2.

In particular, if L; is the round sphere S*~1 then S*~1x Ly is called the
k—fold suspension of Ls.

It is straightforward to see that if X; and Xy be two piecewise linear
manifolds, then Link ((p1,p2), X1 X X2) = [Link (p1, X1)] * [Link (p2, X2)].
Using this fact and an induction method on dimensions, we will prove a
volume comparison theorem for piecewise spherical manifolds.

By the well-known comparison theorem of Aleksandrov and Topogonov,
the statement that sectional curvature of a smooth Riemannian manifold
M is bounded above by a real number c is equivalent to a statement con-
cerning small geodesic triangles in M. One such statement, the so-called
“CAT(c)” inequality, compares distances between points in a triangle with
the corresponding distances in a comparison triangle in the complete, sim-
ply connected, 2-manifold of constant curvature ¢ (for a precise definition see
[ChD] p932 or [BH]). Here we say that a geodesically complete space L has
curvature < 1 if the C AT (1)-inequality holds for small geodesic triangles in
L; and we say that the space L satisfies the CAT'(1) inequality (or L is called
a CAT (1) space) if the CAT'(1) inequality holds for all geodesic triangles.
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The following result of [ChD] will be used frequently in this paper.

Lemma 1.1. [ChD, p1002], Let L™ be a piecewise spherical manifold sat-
isfying CAT (1) inequality, v; € S*, w; € L™ and 0 < t; < % fori =1,2.
Suppose that & = [(cost;)v; + (sint;)w;] € [S¥ x L] for i = 1,2. Then
dgryr(&1,&2) < 7. If dgr,1(&1,&2) = 7 then one of the following holds:

(1) t1 =t =0 and v1 = —vg € Sk;
(2) 11 =12 = % and dL(’U)l,’U)Q) Z ™y

(3) 0<ti =1t < %, V1 = —Vg € Sk and dL(’U)l,’U)Q) >

We will prove a volume comparison theorem for spherical singular
CAT (1) spaces. This is a particular case of our main estimate in this paper.
More precisely we show the following theorem.

Theorem 1.2. Let L™ ! be a piecewise spherical manifold of dimension
(n — 1) satisfying the CAT(1) inequality. Then

vol 1 (L") > wol,,_1(S™1(1)).

Equality holds if and only if L™ is isometric to S"~1(1).

If X™ is a piecewise Euclidean PL-manifold of non—positive curvature
then for every z € X", the unit tangent cone Link (z, X™) of X at z is a
piecewise spherical manifold satisfying the C AT (1) inequality. Therefore we
obtain

vol,,_1[Link (z, X™)] > vol,,_1(S""1(1)). (1.1)

Furthermore, equality holds if and only if Link (z, X™) is isometric to
Snl(n).

In order to prove the above theorem we first need some new notations.

Definition 1.3. Let Y be a polyhedron of piecewise constant curvature. A
path o : [a,b] — Y is a broken geodesic path if there exist numbers tg, .. ., t
with a = tg <1 <--- <t = b so that for each i, 0 < i <k, o, 4,,,) Is 2
geodesic path with image lying entirely in some closed cell of Y. By a broken
geodesic we shall mean the image of broken geodesic path together with an
orientation. If a broken geodesic is the image of a geodesic path (that is, a
path locally isometric to an interval) then it is called a local geodesic.

Suppose that yg, y1 are two points in some closed m—simplex "™ of Y
and ¢ is a geodesic segment in 7" from yy to y;. Then ¢ determines a
unit tangent vector in T}, (™) and hence, a point in Link (yo, Y) called the
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outgoing tangent vector of ¢ in yo and denoted by ¢! ,(yo). Similarly, ¢
determines an incoming tangent vector ¢, (y) € Link (y,Y).

Suppose that for 1 < i < k, ¢; is a geodesic segment in some cell ™ of
Y from y;_1 to y;. The ;’s can be glued together to give a broken geodesic
¢ from yo to yi. We shall use the notation ¢ = (¢1, ..., k). The incoming
and outgoing vectors of the broken geodesic ¢ make an “angle” 6; at each
point y;, defined by,

0; = d((©i)}n (Yi)s (0it1)our (¥i)),

where d denotes distance in Link (y;, V).
The local characterization of a geodesic can be expressed in terms of
angles {60;}",. The following lemma is well known.

Lemma 1.4. With notation as above, the broken geodesic ¢ = (o1, ..., ¢om)
is a local geodesic if and only if 0; > w for 1 <i < m.

To prove the Theorem 1.2 we first extend the classical Bishop Comparison
Theorem for Riemannian manifolds to spherical singular spaces.

Theorem 1.5. Suppose that L™ ! is a piecewise spherical manifold which
satisfies the CAT(1) inequality. For any point p € L and 0 < r < 7, let
By(p)={g € L" " | dr(p,q) <r}. Then

vol p_1(By(p)) > vol,_1(B.(p)), (1.2)

where B, (p) = {§ € S*1(1) | d(4,p) < r}.

The proof of Theorem 1.5 uses a variant of Toponogov’s comparison

theorem. In fact, the following Proposition 1.6 and its counterpart provide
an equivalent definition of CAT(1) space, (see [ABN]). The following two
results are well known, (e.g., cf. [BH, p161-162]).
Proposition 1.6. Let L be as in Theorem 1.5. Suppose that {vi,vs,v3}
are three points in L. Let A be a geodesic triangle of perimeter < 27 in L
with vertices {v1, v, v3} and «; the interior angle at v;, i = 1,2, 3. IfA 18
a comparison triangle of the same edge length in 52(1), &;, 1 =1,2,3 are
corresponding interior angles of A, then a; < &, as long as dp{v;,vj} <,
i,7=1,2,3.

Proposition 1.7. Let L be a piecewise spherical manifold satisfying the
CAT(1) inequality. Assume that (o1, @2, &) is a geodesic hinge of perimeter
< 27 in L, where @1 and po are length—minimizing geodesic segments of
length < 7 with ©1(€1) = v2(0). If (¢1, P2, @) is a corresponding geodesic
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hinge in S*(1) such that £; = £(p;) = £(g;), fori=1,2, and 0 < a < 7,
then

03 = dr(p2(l2), 91(0)) > dso1y(@2(L2), $1(0)) = L5

Proof of Theorem 1.5. We first assume that p is a regular point, i.e., T,,(L"!)
is isometric to R"~!. Because L satisfies the CAT(1) inequality, any pair of
points in L of distance < 7 can be connected by a unique length—minimizing
geodesic (cf. [ChD, p.933]). Therefore, for 0 < r < 7 and ¢ € 0B, (p), there
is a unique geodesic ¢,q : [0,7] — L from p to q. Let {(¢,6)} be the geodesic
polar normal coordinate system of S"~1(1) around the point p. We define a
Lipschitz map

F B(p) — By(5)
@pq(t) — (1, @;q(o))'

It follows from Proposition 1.7 that the Lipschitz constant of F' is <
1. Thus F' is a distance non—increasing map. To verify that F is onto
observe that given two points in L with distance less than 7 there is a unique
minimizing geodesic joining them. This is because L satisfies the CAT(1)
inequality. Hence any length minimizing geodesic with length strictly less
than 7 can be extended to a longer length minimizing geodesic. Thus, we
conclude that F'is onto and hence

vol p_1(By(p)) > vol n_1(B,(p)).
For general case, we observe that the set of regular points is a dense subset
of L™!. Taking the limit in above inequality, one completes the proof.
Theorem 1.5 can be strengthened as follows:

Theorem 1.8. Let L™ ! be a piecewise spherical manifold of dimension
(n — 1) satisfying CAT(1) inequality, p € L' and Lg_Q = Link(p, L"1).
Suppose that pr = S0 % LZ_Q is the two point suspension of Lg_Q, pe S
and that B.(p) = {q € L, | d(p,q) < r}. Then

(1) L, satisfies the CAT(1) inequality,
(2) volns (By(5)) = voln_a(L22) /O (sint)"2dt,

(8) vol p_1(By(p)) > voly_1(B(p)), where B.(p) = {qg € L"' | d(p,q) <
r}and 0 <r <.
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Proof. (1) Let X' = C(L™?) be the cone over L7~2. Observe that L2
satisfies the CAT(1) inequality because X"~ ! satisfies the CAT(0) inequality
(cf. [Bri]). Let Y = R x X"~ Clearly, Y satisfies the CAT(0) inequality.
It follows that L, = S° % Link (0, X"~ ') = Link (0,Y) satisfies the CAT(1)
inequality.

(2) Let dw? be the piecewise spherical metric on LZ_Q. Then the metric
ds? of flp has a wrapped product structure

ds® = dt® + (sint)*dw?.

Therefore, using the wrapped product structure, we have
N T
vol 1 (B () = / / (sint)"2duwd
0 wEL;}_2

_voln_g(Lg_Q)/ (sint)"2dt.
0

(3) We proceed as in the proof of Theorem 1.5 and omit the details here.

Proof of Theorem 1.2. Letting r — 7 in Theorem 1.5, we have
vol 1 (L"™1) > vol ,,_1(S"7(1)). (1.3)

In what follows, we are going to show that if L"~! is a piecewise spher-
ical manifold of dimension (n — 1) satisfying the CAT(1) inequality and if
vol,_1 (L™ 1) = vol,,_1 (8™ (1)) then L™ ! is isometric to the unit sphere
S"~1(1). The proof of this assertion will use an induction method on the
dimension of L™ and k-fold suspension of piecewise spherical spaces. We
will first show that L™~ has no singularities when the equality holds. The
definition of singularity is given by Definition 1.10 below.

When n—1 = 2 if Area(L?) = 47, we claim that L? is isometric to S?(1).
Suppose that L? is not isometric to S?(1). Then there exists a singular point
p € L? such that |Link (p, L?)| > 2m. Let pr = SY x Link (p, L?). Using
Theorem 1.8, we have

U
Area (L?) > Area(L,) = |Link (p, L?)| / sintdt = 2|Link (p, L?)| > 4n
0
which contradicts to Area (L?) = 4.

Let us now suppose that Theorem 1.2 is true for dimension (n — 2).
The inequality (1.3) follows from the first part of Theorem 1.2. When
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vol ,_1 (L") = vol,,_1(S" (1)) we claim that L™ ! must be isometric
to S"71(1). Otherwise, there is a singular point p € L"! such that
L7~2 = Link (p, L""!) is not isometric to S"72(1). Since L""! satisfies
the CAT(1) inequality so does L7~2 (cf. [ChD]). By induction, we know that

vol p_o(Lp~?) > vol o (S"73(1)). (1.4)
Let us now consider pr = 50« Lg_Q. It follows from Theorem 1.8 that
vol,,_1(L) > vol ,,_1(Bx(p)) > vol _1(B:(p*)) = vol,_1(L,)

— vol,_5(L1"?) / (sint)"~2dt. (1.5)
0

Using (1.4)—(1.5), we get vol,,_1(L) > vol,,_1(S™" (1)) which is a contradic-
tion. Hence there is no singular points on L, and L is a smooth Riemannian
manifold of constant sectional curvature 1. Thus, L is a quotient space of
S7=1(1) with the induced metric. Therefore vol,,_1(L) < vol,_1(S" (1)),
equality holds if and only if L is isometric to S"~1(1).

1.b. The singular set of PL-manifolds with non-positive
curvature.

In this sub-section we first discuss some properties of the singular set of the
manifold X™.

k k

Definition 1.9. Given linear simplexes ¢” C ¢", at any point ¢ € ",
the normal cone C+(c*, o™) is the set consisting of all rays through ¢ which
are orthogonal to ¢ and point into ™. The associated spherical simplex,
Link (o%, o™) is called the link of ¥ in o™.

Using the definition above we give a description of a singular simplex in
a PL-manifold.
Definition 1.10. Let 7 be a triangulation of X".

(1) If o is a k-simplex of X", then
Link (o, X") = | J Link (o}, 0")
J"DJ]O“
where Link (¢*, 0™) is given by Definition 1.9.

(2) A vertex 0¥ € X™ is said to be singular if Link (6%, X™) is not iso-
metric to the unit (n — 1)-sphere S"1(1). Equivalently, = € X" is singular
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if T,,(X™) is not isometric to R”. A k-dimensional simplex o* C X™ is said
to be singularif Link (¢, X™) is not isometric to the unit sphere S*~%=1(1).

(3) Suppose that L is a subset of Link(x, X™). Then the dual link L*

given by all unit vectors in Link(x, X") making an angle > 7§ with every
vector of L, where by the angle <t(v, w) we mean the distance between two

unit vector v and w in Link(x, X™).

For a PL-manifold we have the following basic observation about the
singular set.

Proposition 1.11. The set Sing(X") is closed and dim[Sing(X™)] < n —2.

Proof. If 0" ! is a (n — 1)-simplex of X", then dim[Link (6”71, X")] =
0. Because X" is a PL-manifold without boundary, each ¢"~! must be a
common face of exactly two n—simplexes. Since the n—simplexes are glued
along totally geodesic boundaries, each open ¢! is regular; it follows that
dim[Sing(X™)] < n — 2. It is easy to check that for any PL-manifold, the
singular set is closed.

In the next proposition we use Theorem 1.2 to show the non—existence
of isolated singularities in a PL-manifold X™ of non—positive curvature and
dimension greater or equal to three.

Proposition 1.12. The manifold X™ of non-positive curvature has no iso-
lated singularities when n > 3.

Proof. Let x € X™ be an isolated singularity. Then Link (z, X™) is a smooth
manifold of constant curvature 1. Moreover L™~ = Link (x, X™) is a space
form. When n — 1 > 2, any smooth space form L"~! of constant curvature
1 is covered by the unit sphere S"~!(1). Therefore

vol,,_1 (Link (z, X™)) < vol,,_1(S"71(1))
when n — 1 > 2. By Theorem 1.2, inequality (1.1) holds and then
vol,_1 (Link (z, X™)) = vol ,_1(S" (1))

and Link (z, X™) is isometric to S"~!(1), which is a contradiction to the
assumption that z is a singularity.

We remark that Proposition 1.12 is not true without the assumption of
non-positive curvature. For example, let Y” be a cone over S~ ! in R"*!
with a base point yg. Such a space Y™ has positive curvature at the isolated
singular point yq.



Curvature Integral Formula for PL-manifolds 499

In the next proposition we identify the structure of the singular set of
the space X".

Proposition 1.13. Suppose that o* C Sing(X™) is a k-dimensional sim-
plex contained in Sing(X"™) with k < n — 2. Then there exists an (n — 2)-
dimensional simplex 0"~2 C Sing(X") such that o® C 90" 2. Hence the
singular set is a union of simplices of dimension (n — 2).

Proof. Because Proposition 1.12 we can assume that & > 1. For each
q € Int(c"), there is a neighborhood of ¢ in the form of

U* x C.(Link (¢*, X™)),

where ¢ € U¥ € ¢% and C.(Link (6%, X™)) is the set of points in the nor-
mal cone at ¢ € 0¥ having distance to the vertex ¢ less than ¢, (cf{[CMS]).
By the assumption we have dim(Link (6%, X™)) = n —k — 1 > 2. Since
o® C Sing(X™), Link (6%, X™) is not isometric to S"*~1(1). Because X"
satisfies the CAT(0) inequality, Link (¢*, X™) satisfies the CAT(1) inequal-
ity. Theorem 1.12 implies that

vol g1 (Link (0%, X™)) > vol,,_;_1(S"7*71(1)).

Therefore Link (¢*, X™) cannot be a smooth Riemannian manifold of
constant sectional curvature 1. Otherwise, Link (Jk, X™) would be covered
by S™*~1(1) and vol,__1Link (¢*, X™) < vol,,_p_1(S"*~1(1)). Hence,
there must be a vector vy, € Link (6%, X™) such that Ty, (Link (o®, X™))
is not isometric to R"“*~1.  Therefore, Link (vj1,Link (¢%, X™)) is not
isometric to S" %72, Let us choose small positive number § and set
Qi+1 = Expy(dvr41). Using the above decomposition, we see that there
is a (k + 1)-simplex o**1 containing both ¢* and gz; and o* C doF*!.
It is easy to see that Link (¢**1, X™) is isometric to Link (vgy1, L(c®, X™)).
Thus Link (¢**+1, X™) is not isometric to S""*~2 which implies that o**1 C
Sing(X™). Repeating the argument above until £ +1 = n — 2, one completes
the proof.

2. Gauss-Kronecker curvature and the deformation of convex
domains.

In this section, we discuss the deformation of convex domains and changes
of Gauss-Kronecker curvature under the deformation. We also show that if
Q) is a compact convex PL-domain 2 in a PL-manifold X" of non-positive
curvature then the Gauss-Kronecker curvature measure of 9S2 is supported
by its vertices.



500 J. Cao and J. F. Escobar

We first discuss properties of convex subsets in X™ as Federer did in [Fel]
for the Euclidean case.

Lemma 2.1. Let Qg C X" be compact and convexr. Then the set 0y =
{z € X™| d(z,Q0) < s} is convex. Furthermore, for any s > 0, t > 0,
Qs—l—t = (Qs)t-

Proof. The first assertion follows from the fact that the function fo(z) =
d(x, ) is a convex function, as long as X" is a generalized Cartan-Hadamard
space and {2 is convex.

The triangle inequality implies that (Qs); € Q4. To prove Qs C
(Qs)1, it is sufficient to show that d(y, Qs) = ¢ for every y € 0Qs4¢. This
assertion is a direct consequence of the following fact. Let ¢q , be a length-
minimizing geodesic segment of unit speed from € to y for y ¢ Q2. When Q is
convex and X™ is a generalized Cartan-Hardamard space, one can verify that
d(, pay(t)) =t, for t > 0, (cf{BH]). This completes the proof of Lemma
2.1.

In the next Proposition we study the regularity properties of €, for a
convex subset g C X".

Proposition 2.2. Let Qg be a compact, convex and nonempty subset of X",
For s > 0, [0Qs— Sing(X™)] is locally a C*' sub-manifold of [X™— Sing(X™)]
and its principle curvatures are locally bounded at twice differentiable points.

Proof. When X™ = R", Proposition 2.2 was proved by Federer, (cf[Fel]). It
is sufficient to show that for each y € [0Qs — Sing(X™)], the hypersurface
09, is C1! in a neighborhood of . For this purpose, we use Lemma 2.1 and
an earlier result of Federer.

Let mg, : X™ — Qg, be the nearest point projection. Choose s; < s suf-
ficiently close to s. Suppose Py.me, (y) 18 the geodesic segment of unit speed
from y to s, (y) in X™. By Lemma 2.1, we know that g, is convex. Re-
placing Qg by €, if needed, we may assume that Py, (y) does not intersect
with Sing(X™). Since the sets ¢, () and Sing(X™) are closed subsets of X"
we let g0 = d(@y r(y), Sing(X™)) > 0 and Ue = {x € X" | d(, py ~(y)) < €}
for some 0 < ¢ < . Clearly, U, N Sing(X") = ¢. Smoothness is a local
issue, thus we only have to verify that Q, N U, is C™!. For this, we realize
that U, is isometric to a solid cylinder B"~!(¢) x [0, s] attached with two
half balls of radius . Therefore, we can isometrically embed U, into the
n—dimensional Euclidean space R™. Note that d(U. N 9Q, U N Q) = s. A
result of Federer [Fel, Theorem 4.8] and its proof imply that U, N 0€) is a
locally C1! submanifold. Furthermore, the principle curvatures of 9, N U,
are bounded by % at twice differentiable points. This finishes our proof.
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The classical Rademacher Theorem asserts that if [0 — Sing(X™)] is
CY1 then it is twice differentiable almost everywhere. Proposition 1.11 im-
plies that Sing(X"™) N 09 is a subset of zero (n — 1)-dimensional measure
in 09,. Thus the Gauss Kronecker curvature GK go, (p) of 0 (with re-
spect to the outward unit normal vector field) is well defined for almost all
p € 0.

For any Borel set V. C X", we consider the following function

fov) = [ GRan,dA
def VN[0 —Sing(X™)]

for s > 0 where Qg is a convex subset of X™.
The following proposition gives us a monotonicity property that will be
useful in the definition of an outer measure for non-smooth convex domains.

Proposition 2.3. Let Qg C X™ be a compact, convexr domain. Then for
0 < s1 < 89 and Borel set V C X", we have

é?(aQSIdA < / é?(agsg dA.

/Vﬂ[aQSl—Sing(X")] 7= (V)N[0Qsy —Sing(X™)]

where m: X" — (g, is the nearest point projection.

Proof. Since X" has non-positive curvature and (25, is convex, 7 is a
distance decreasing map. Since the set ¥ = 7[Sing(X™) N (s, — N4, )] C
7 (Sing(X™)) N 0N, has zero (n— 1)-dimensional measure in 9€,, it follows
that

GEKoq, dA = / GEKoq,, dA.

VN[99, —Sing(X™)] VN[99, -3

For any point p € [0, —m~!(2)], the geodesic segment ¢, +(,) from p to
m(p) never hits the singular set Sing(X™). Moreover, the set U = 0§, — X is
a relative open in 0€);,, because X is a closed subset. A direct computation
shows that

/ GEK oo, dA = GK o, dA

VN[09s, —Sing(X )] vnU

_ / GK oo, dA < / GK o, dA.
=L (VAU )N, = H(V)N[0Qs, —Sing(X ™)

This completes the proof.

From Proposition 2.3 follows that / GK 20.dA is a
7= 1(V)N[0s—Sing(X™)]
monotone function of s > 0.
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For any convex domain 2 (possibly with singularity) and a Borel set V/,
we define an outer measure by

/ d(GKyq) = lim GEKpa.dA  (2.1)
Vo s=0% Ja—1(V)N[90Qs —Sing(X™)]

where 7 : X —  is the nearest point projection.

In what follows, the notion of GK will be used for the classical
Gauss-Kronecker curvature of C! hypersurfaces in the regular part of
[X™ — Sing(X™)]. The notation of the measure GKaq in [, s, d(GKaq)
is for subsets V' N 0€, that possibly intersect the singular set Sing(X"™). In
general the measure GKpyq is not absolutely continuous with respect to the
(n — 1)-dimensional Hausdorff measure. Therefore dGKpql|, # f(x)dA for
any bounded measurable function f around corner points or singular points
of 0.

In the rest of this section, we discuss the upper semi-continuity of the
outer measure GK defined by equality (2.1). In the n—dimensional Euclidean
space, Federer obtained a convergence result for curvature measures (see
[Fel]), which we now describe.

Suppose that € is a subset of R®. The reach of a subset € is the
largest € (possibly oo) such that if + € R™ and the distance d(x,Q) is
smaller than ¢, then Q contains a unique point, mo(x), nearest to z. As-
suming that reach (2) > 0, Federer established the Steiner’s type for-
mula related to various curvature measures. For each bounded Borel sub-
set @ C R™ and for 0 < v < reach(Q2), the n-dimensional measure of
{z € R" | d(z,) < v and mo(z) € Q}, is given by a polynomial of degree
at most n in 7, say, Y oY ‘a(n — i)®;(Q, Q), where a(j) = vol j(BI(1))
is the j-dimensional measure of the unit j-sphere S7(1) «— RI/*!. The co-
efficients ®;(£2, Q) are countably additive with respect to @, defining the
curvature measures 9o (€2, -), P1(Q,-), ..., (£, ) (see [Fel]). Federer’s cur-
vature measure 9o (2, Q) is equal to our d(GKpq) up to a constant

o9
independent of Q and QQ C R™. oana

Recall that the Hausdorff metric between two sets Q and €Y is defined as
d (Y, Q) =sup{d(z’,Q),d(Y,z) | 2 € O,z € Q}.

Federer’s Convergence Theorem [Fel, p419] says the following.

Theorem 2.4. If a sequence of sets {2} in R™, all with reach at least
e > 0, is convergent relative to the Hausdorff metric, then the associated
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sequences of curvature measures converge weakly to the curvature measure
of the limit set ), whose reach is also at least .

In particular, if U N0, and U NOSY are locally CY1 hypersurfaces for
some open set U of R™, then

Jim G oo, dA = / GRpndA,
IO JVNoQYy VNnoQ

where V' is a Borel subset of U C R".

If we replace R™ by a PL-manifold X™ of non—positive curvature, the
conclusion of Theorem 2.4 is not true for the outer measure GK defined by
equality (2.1). Therefore, we need to impose appropriate conditions on the
sequence {§2;} in a PL-manifold X™ in order to derive a weak convergence
result. The following observation will be used to obtain our convergence
result.

Lemma 2.5. Let Q' C Q be convex subsets in X™. Suppose that di (2, Q) <
e. Then dg (S, Q) < e for any s > 0.

Proof. It is easy to see that Q) C Qg because ' C €. By the assumption
that dy(2,Q) < e, we see that Q C QL. Using Lemma 2.1 we have 3 C
(Q)s = QL = (Q2)c. Tt follows that d (£, Q) < e.

The following definition will be used in several sections of this paper.

Definition 2.6. (1) Let 7 be a triangulation of X", z € X". The open star
of z is the union of the interiors of cells containing x, denoted by st(z). The
closed star of x is the union of all k-simplexes @* such that x € @*. The
closed star of x is denote by St(z). Both St(z) and st(z) have the induced
simplicial structure from X". If Q C X", we let

st(Q) = | JSt(x), and  st(Q) =] st(x).

€S e

(2) For u € T,(X™"), we let o, : t — Exp,(tu) be the unique geodesic
with 0,(0) = z and 0,,(0) = u for 0 < t|u|] < d(x, 9[St(x)]). Let A C X" be
a set and a € A, the tangent cone of A at a is defined to be

To(A) = {u | w € Tu(X™), lim inf T4 F2Palt) o}.
t—0+ t
(3) Let o € X" be a k-dimensional simplex, with & > 1, and ¢ € o*
be a relative interior point of o*. Suppose that © is a convex domain with
non-empty interior in X™, ¢ € ¢¥ N 9Q. Then we say 0f) is transversal to
ok at q if there is non-zero vector v € T,(c*) such that v ¢ T,(0).
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Lemma 2.7. Let Qg be a compact, convexr subset in X™. Let T be a tri-
angulation of X™ and Ny > 0. Then for all but finitely many s € [0, Ny|,
the boundary 0Q of the convex set Q is transversal to X ™), the (n—1)-
skeleton of X™.

Proof. Let X(© be the set of vertices of X™, a discrete set. For almost all
s, 00, N X = . For k > 1, we proceed as follows. Let f(z) = d(z, Qo)
and 7 : X™ — Qg be the nearest point projection. If ¢ € 9Q, N Int(c*) for
some s > 0 and k—simplex with 1 < k < n — 1, we consider the geodesic
segment ¢, : [0,5] — X" from ¢ to 7(q) and vy = (¢q),,:(q) the tangent
vector of ¢, at ¢. If 02 is not transversal to o* at ¢, then the vector Vg
must be orthogonal to o®. It follows that ¢ is a critical point of the function
hor(y) = fL,k (y) for y € Int(c*). Observe that f(x) is a convex function.
There is at most one critical value for h,, when o* is given. Consequently,
for a given o® if 08, is not transversal to ¢; € of, i =1,2, then s; = s9
must hold. This is because both s; and sy are critical values of h,«(y) for
y € oF. Therefore, the cardinality of s such that 9, is not transversal to
X (=1 is less than or equal to the number of simplexes in St(Qy4n, ). There
are only finitely many simplexes intersecting with St(s4 ), because Qs n,
is a compact set.

Let s1(2) be the first non-zero critical value of the function d(z, Q) when
it is restricted to each simplex o* in St(Q) for k > 1, i.e.,

51(€) = sup{s|A€Y is transversal to o*, o* N AN # 0, for all t € (0,s)}.
For vertices of X", we let
SO(Q) = d(ﬁv X(O) n [Xn - ﬁ])v
where X is the set of vertices of X™.
For convex domains 2 with 0 < s < min{so(Q2), s1(2)}, we shall study
the support of the outer measure GKygq,.
We emphasize that if 02 has a corner point p, the Gauss-Kronecker mea-

sure GKpn may be positive at p € 9, (see Theorem 2.12 below). Therefore,
we first consider Qg with Q5N X(© = @ instead.

Proposition 2.8. Let T be a triangulation of X3, X®) the k-th skeleton of
X3 and let Q be a compact convexr domain. Let so(Q2) and s1(S2) be as above.
Then for any 0 < s < § = min{so(Q2), s1(Q)}, the following is true:

(1) Sing(X3) N 0N = {qi, ..., gm}, where ¢; € o} C Sing(X?3).

(2) There exists € > 0 such that for all 0 < € < ¢, the equation

/ GKaa,,.dA=0
71 (gi)N[0Qs+e—Sing(X 3)]



Curvature Integral Formula for PL-manifolds 505

holds. Hence, fCIi d(GKpq,) =0 for eachi=1,...,m.
(3) Consequently, for any Borel set V in X3, the equation

/ d(GKpo,) = / GKpq,dA
VNoQs VN[0Qs—Sing(X3)]

holds, where é\l/(ags is the classical Gauss-Kronecker curvature of the locally
CHY surface [0 — Sing(X?)].

Proof. (1) By our choice of s, the hypersurface 0€2; is transversal to each 1-
simplex le». Because 0€), is compact and Sing(X?) € X1, the intersection
Sing(X?3) N 0Qs is a compact discrete set. If Sing(X3) N [Qs; — Q] = 0,
Proposition 2.8 holds trivially. We may assume that Sing(X?)N[Q:—Q] # 0.
By our definition of 3, the cardinality of the discrete set A, = 99, NSing(X?)
is independent of s € (0,3) and hence Sing(X?) N Qs = {q1, ..., g}, where
i € o} C Sing(X?).

(2) Let 0 = imin{d(qi,qj)\qi # qj}. For each o} above, we let (;(c)
be the length of Jil N [Qs4e — Q5]. Because of the transversal property, the
function ¢;(¢) is a continuous function of e. Therefore, there exists 0 < € < ¢
such that max{¢;(é)|1 < i < m} < 6. In this case, for any pair o} # le»,
the subset ¥; = 77 1(q;) N [Qsre — Q] does not meet le». In other words, for
any p; € 75 1(q;) N Os1¢, the geodesic segment from p; to ¢; does not meet
Sing(X?) except for the endpoint ;.

For 0 < &€ < ¢, we consider the subset v; . = 7, 1(q;) N 0Qstc. As we
pointed out above,y; . C X3 — Sing(X?). Our goal is to show that 7;. is a
smooth spherical arc of finite length for each i. To see this, for any p € ;.
we let m, : [0,5 4+ €] — X3 be a geodesic segment from mo(¢;) to p. By
the definition of 7; ., our geodesic segment 7, passes through the singular
point g; at time ¢t = s. By Lemma 1.4, the geodesic 7, satisfies the property
Z((p)in(ai); (p)out (@) = .

Let & = (np)},(qi). Note that & is also equal to the initial vector of
the geodesic from ¢; to mp(g;) € Q. Thus, & is independent of the choice
of p € vie. Because each n,((s, s + €]) N Sing(X3) = 0, the subset ;. is
isometric to the set

I = {w € Link(q;, X3)|d(w, &) > 7}

up to a constant factor .

Recall that ¢ € o} C Sing(X3). Thus, Link(g,X3) = S°x
Link(o}, X3). Let v; be the unit tangent vector of o} at ¢; which points
into Qg, and let o; = dp(v;,&). It follows from Lemma 1.1 that T is
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a spherical arc of length equal to sin(a;)[|Link(o}, X3)| — 27]. There-
fore, v = 771(q) N OQgyc is a smooth spherical arc of length equal to
esin(oy)[|Link(o}, X3)| — 2x]. This finishes the proof of (2).

The last assertion (3) is a direct consequence of (1)-(2).

In the next theorem we give conditions on a sequence of domains in order
to assert that their total Gauss-Kronecker curvature converges.

Theorem 2.9. Let 7 be a triangulation of X3, X¥) the k-skeleton of X3.
Suppose that Q C X3 is a compact, convex domain, 3q is given by Proposi-
tion 2.8, 0 < s < 3q, and that {Q(i)} 1 is a sequence of convex domains in
X3 satisfying

(1) lim Qi) = Qg in the Hausdorff metric;

1——400

(2) 0[Q(3)] — Sing(X?) is a CY' hypersurface;

(3) / d(GKd[Q(Z)]) = / é?(d[g(z)]dA fOT‘ any
VNo[Q(i)) VNo[Q(i)] - Sing(X3)

Borel set V in X3, where GK stands for the classical Gauss-Kronecker cur-
vature for a CH! surface.

Then

i—+00 Jyno0(i) VNoSs

for any Borel set V in X3.

Proof. Notice that if we choose V' C Sing(X?), the assumption (3) implies
that fSing(X3)ma[Q(z‘)] d(GKyjae)y) = 0. Thus, we can choose the support of
the outer measure G'Ky[q(;y within X3 — Sing(X3), the regular part of X3.

Since the outer measure GK is additive, we first prove Theorem 2.9 for
a special case when d(V, Sing(X?)) > 46 > 0. Because ), is compact, for
sufficiently large i, we may assume that dp (9, 9[Q2(i)]) < 2. Let W be the
d-neighborhood of d€2s. For large i, the support of the measure GKyq()
lies within W, we may assume that V' is compact.

Write V as V = UL, V; where V; are Borel sets that satisfy
(a) {V;}L, are pairwise disjoint and
(b) the diameter of each V; is less than 2, i.e., diam(V;) < 2.

Thus, we can isometrically embedded each U; into R3 via a map F; -
U; — R3, where U; is an open set of diameter less than % and V; C Uj.
Let m; : X3 — Q(i) be the nearest point project. In this case, for 0 <
s < 9, welet W(i, j,s) = {m  (9[Qi)])} N {A[Q(i)]s} N V;) and W (i, j, 5) =
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F;(W(i,j,s)). By Theorem 2.4 (Federer’s Theorem) we have

lim d(GK o) = lim GK gioindA
0 JV;na[Q(i)] ( ROV imte V;nA[Q(i)]—Sing(X3) .
_/ é?(aQSdA_/ d(GKyq,).

V;N0Qs—Sing(X3) VN0

This completes the proof of Theorem 2.9 for the case of d(V, Sing(X3)) >
4§ > 0 with some 6 > 0.

For the general case of V' C [X? — Sing(X?)] and any given € > 0, we
choose an open open set U O Sing(X?) such that Joron, A(GKaa,) < €. The
later is possible because fsm o(X3)NO0, d(GKpq,) = 0.

Let 46 = d(V —U, Sing(X?)). By the discussion above of the special case,
we have

=t JIV—UIna[Q(i)] [V—U]Nos,

Therefore, we have

lim inf/ d(GKpa))
VAo[Q(i)]

i——400
i—=+00 JIV_U]nd[Q()]

=+ JIv—Ulna[Q(i)]

_ / G o dA
[V —U]NoQs

> / A(GKpo,) — ¢
VNos

for any € > 0. Thus, the inequality
lim inf / d(GKpoay) > / GK yq,dA
t—=+00 Jyna[Q(i)] VNoQs

holds.
Similarly we have

limsup/ d(GKa[Q(i)]) S/ éT(aQSd/L
i—too JV-UINOIQ)] Voo,
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for any open set U O Sing(X?). Thus,

lim sup

/ d(GKpja()) S/ GK oo, dA.
imtoo J[V—Sing(X#)|Nd[0)]

VNoQs

Recall that GKpjq(y and GKaq, are supported in X3 — Sing(X3) by our
assumption. This completes the proof of Theorem 2.9.

In what follows we show that the total Gauss-Kronecker curvature is
lower semi-continuous.

Theorem 2.10. Suppose that there is a sequence of convexr domains
{Q@) 2 in X3 satisfying

(1) Aliin Qi) = Qo in the Hausdorff metric, where Qo is a compact and
1—T 00
convex domain in X";

(2) For each i, Qi) D Qo or Qi) C Qo holds;

(3)

1——+00 Q)] [ ]

Then
/ A(GEKoay) > c.
Qo

Proof. By Lemma 2.7, except for countably many {s;}52,, we have that
X© N a[Q(i)]s = 0 and J[Q(7)], is transversal to Sing(X?3) for all Q(3). For
such s, the proof of Proposition 2.8 implies that the equation

/ d(GKd[Q(z)]g) _/ ﬁ(d[ﬂ(z)]gdA
VNo[§(i)]s VNA[Q(i)]s—Sing(X3)

holds for any Borel set of V in X?3.
Let § be given in Proposition 2.8, then for 0 < s < 8, we also have

/ d(GKaq,) = / GK o dA
VNoQs VNoQNs—Sing(X3)

By Lemma 2.5, the sequence {[€2(7)]s} converges to Q5 in Hausdorff topology.
Therefore, for s ¢ {s;}32; and 0 < s < 3, Theorem 2.9 yields

A% 1= Ja[(i)]s
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By our assumption (3) and Proposition 2.3, for each € > 0, we have

/ d(GKaoy,) > / d(GKaouy) = c—¢
()]s a[Q(4)]

for sufficiently large i. Hence, we conclude that

/ d(GKpq,) = lim d(GKa[Q(Z‘)]S) >c—e
09, e Jala(i)]s

where s ¢ {s;}72; and 0 < s < 5. We now choose a sequence {s,} such that
sa — 0% but s, ¢ {s;}32,. Because of Proposition 2.3, letting s = s, — 0F
in the inequality above, we derive

/ UG Kpo) > c— c.
o0

Letting € — 0% we complete the proof.
To state our next theorem we need the following definition.

Definition 2.11. A domain 2 C X™ is called piecewise linear or briefly
PL if there is a triangulation 7 of X™ such that 7|q becomes a simplicial
sub-complex.

In the next theorem we show that for any convex piecewise linear domain
in a piecewise FEuclidean manifold, the outer Gauss—Kronecker curvature
measure is supported in the set of vertices of the domain.

Theorem 2.12. Let Q C X™ be a compact convex PL domain. Then

/a (G = 3 ol {[Link(p, )Y (2.3)

pe(0)©

where YO denotes the 0—th skeleton of the simplicial domain' Y and A* is
the dual cone of A, A* = {v € Link(p, X")|dr(v, A) > T}.

Proof. We first show that
/ d(CKp0) = 0. (2.4)
[09]—(09)(®

For each ¢ € [09Q]—(99)(9), we may assume that there is a k-dimensional sim-
plex 0¥ of dimension k > 1 such that ¢ € Int(c*) C [09]. When ¢ € Int(c"),
there is a neighborhood of ¢ in the form of W, = U* x C.(Link (o*, X™)),
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where ¢ € U* € 0%, C.(Link (6%, X™)) is the set of points in the normal cone
at ¢ € 0% having distance to the vertex ¢ less than ¢ and € = gg >01is a
sufficiently small number depending on ¢, (cf. [CMS]). Let 7 : X™ — Q be
the nearest point projection. For each s with 0 < s < g4, one can see that
[0Q] N 7~ 1(U*) is isometric to the product space U* x V"1 for some
(n — 1 — k) dimensional space V"~ '=*_ Tt follows that

/ d(GKpo,) = 0
(99N~ (U*)

which implies the equality (2.4). Using it, one can easily verify that

/a d(GEog) = / d(GKog) = Y vol,_i{[Link (p,2)]"}.

(99)(© pelom©®
3. The geometry of 02, for convex PL-domains ().

In this section we study the equidistance hypersurfaces 9€); for a compact
convex PL-domain 2 in X3. For s > 0 small, we show that [0 — Sing(X?3)]
is a surface of piecewise constant curvature. We further show that the sur-
face 0€)s can be decomposed into at most four parts: spherical, cylindrical,
conical and planar. When X3 = R? and Q C R3 is a convex PL-domain
the conical part never occurs in the decomposition of 9€;. The conical
part of 0€2s might occur in the decomposition of 9€);, if €2, intersects with
Sing(X?) with an angle # and 0 < 6 < 5. The geometry of the hypersurface
092 is closely related to the nearest point projection map mg : X" — €.
For any z € 0Qs, we let (5, be the geodesic segment from 7o (z) to .
Clearly, the initial direction ¢’ (x)vx(()) makes an angle with  at least 7.
In this section we assume that all geodesic have unit speed.

Definition 3.1. We say that a geodesic ¢ : [0,¢) — X" is at least normal
to €, if mg = ¢(0) € Q and dr (v, (v0), Link(xo, ) > §, where dr, denotes
the distance function of L = Link(zg, X3).

Since X3 has non-positive curvature and €2 is convex any geodesic ray ¢,
which is at least normal to €2, must satisfy d(¢(s), Q) = s for s > 0. Hence,
¢ intersects with 0 at ¢(s). Therefore, we have

00 = {¢(s)|p is a ray at least normal to Q}.

This observation leads us to consider the moduli space of geodesic rays
that are at least normal to Q. If X3 has non-empty singular set and if a
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geodesic ray ¢ might pass through Sing(X3) at ¢(sg), then ¢ might bifurcate
at ¢(sp) in the following sense.

Definition 3.2. A geodesic segment ¢ : [a,b] — X" of unit speed is said
to bifurcate at xg = ¢(sg) with a < sp < b, if there exist an € > 0 and two
geodesic segments 1; : [s9 — €, So + €] such that ¥i|(sy—c s5] = ©l[so—e,50] fOT
i =1,2; but (91)5u:(x0) 7 (#2)ou(%0)-

We let Qeog“[f) o be the set of geodesic segments ¢ : [0, s] — X such that
¢ is at least normal to €2 and ¢ does not bifurcate at any () with ¢ € (0, s).
Similarly, we let Qeo?;f[o’s] be the set of geodesic segments ¢ : [0,s] — X"
such that ¢ is at least normal to © and ¢ bifurcates at ¢(t) for some t € (0, s).

We decompose the annular set [Qg — Q] = [ — Q] U[Qs — Q)% where
[ — Q" = {p(1)|0 <t < 5,0 € Geo T 4}

and

[ — P = {o(D]0 < t < 5,0 € Geoll ).

Similarly, 92, has a natural decomposition 9Q, = (9€,)°"U(982%)"/, where
(aQS)can _ [Qs o Q]can NoN, = {(p(s)\go S 9606177[678]}

and

(092" = [0, — Q)" 1 00, = {(s)lp € Geog Ty 4 }-

If 0 < s < d(p, 0[St(p)]), we let sLink (p, X3) = {x € X3|d(x,p) = s}. If
A C Link (p, X3), we let sA = {s¢/(0) € sLink (p, X?)|¢(0) = p, ¢,.+(p) €
A p:[0,/] — X3 is a geodesic}. Similarly, if A C [Link(c',Q)] and py €
o', we let sA = {500, (P0)|¢hout(po) € A, 0(0) = po, wherep : [0,4] —
X3 is a geodesic }. Clearly, the isometry type of the set sA is independent
of the choice of pg € o'. Furthermore, sA is isometric to A up to a constant
scaling factor %

Let 9Q = QN [X™— Q] and 7 be a triangulation of X3. When Q is a
convex, simplicial domain in X3, we have dQ; = Ugrcgolmg (a¥) N Q).
Therefore, for each simplex o C 99, we study the sets 7o' (0¥) N9Q; in the
next Proposition.

Proposition 3.3. Let 2 be a simplicial domain with respect to a triangu-
lation 7, 88 = d(2,0[St(Q)]), Ps = Sing(X3) N [Qs — Q] and © = 7 be as
above. Suppose that ' is a refinement of T such that mq(Ps) C (0Q)V), where
(00 W) is the 1-skeleton of OQ with respect to /. Then for any 0 < s < &
and any k-simplex o® C 0Q (with respect to '), the following assertions are
true.
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(1) If k = 0 and q = ¢ is a vertex, then 0Q, N7 1(q) is isometric to a
set in s[Link(q, Q)]* where [Link(q,Q)]* is the dual of Link(q, ) in
Link(q, X3).

(2) If k = 1, then 7 (o!) N (02" is isometric to a set in
s[Link(a', Q)]* x [0,4] of the cylinder s[Link(c', X3)] x [0, ], where
¢ is the length of o'.

(3) Ifk =2, then 7= (02) N [Qs — Q] is isometric to a® x (0, s]. Therefore,
771 (0?) N 0K is isometric to o2, and hence it is planar.

Proof. To show assertion (1) observe that if z € 9Q; N7 1(q) and ¢, be
a geodesic segment from ¢ to x, then ¢, , must be at least normal to €.
Thus, ¢'(0) € [Link(q, )]*. Conversely, if g, is least normal to Q at g,
then by CAT(0) condition we obtain d(¢q.»(s), ) = d(¢q,2(s), q). Therefore,
T = @g.(s) € 00 N7 1(q). This shows that Qs N 7~1(g) is isometric to
the set s[Link(q,2)]*. Therefore, Assertion (1) is true.

In order to prove statement (2) observe that 7w—!(c!) N (9Q,)%" =
{o(s)|p(0) € ot 0 € Qeogf’[as]}. Because each ¢ € Qeogf’[as] does not inter-
cept the singular set Pj, the set 7= (o!) N dQ, can be identified with the

set ¥ = {s¢'(0)|p(0) € o, p € Qeogf’[as]}. Since Sing(X?) is a closed subset

in X3, for each ¢(s) ¢ Ps, there exists € > 0 such that B(¢(s)) N Ps = 0,
where B (¢(s)) = {p € X3|d(p, ¢(s)) < €}. It follows that the subset X is a
relatively open subset in s[Link(co!, Q)]* x [0, £], where £ = |o!| is the length
of o!. Thus, the hypersurface 7—1(o1) N (9€2,)°*™ is isometric to a subset ¥
of the cylinder s[Link(c!,§2)] x [0,¢]. The second assertion is verified.

To verify assertion (3) note that since 7(P;) = mo{Sing(X3)N[Qs—Q]} C
(09)(M) we have that 7' (02) NP, = 0. Consequently, any geodesic segment
¢ :[0,s] — X3 normal to Q with ¢(0) € 02 does not pass through the
singular set P,. It follows that 7=1(0?) N [, — Q] is isometric to o2 x (0, 5].
Moreover, the projection map: mol,-1(,2)n00, : 7 (0?) NI — o? is an
one-to-one and onto map and mo|-1(52)na0, 1S an isometry from 1% N
00, to o2.

Let us now restate Proposition 3.3 in the following way.

Corollary 3.4. Let Q2 be a simplicial domain with respect to a triangulation
T and 68 = d(Q,0[St(Q)]). Then, for 0 < s < d§, the canonical portion
(0Q)*™ of 00 consists of at most three parts: spherical, cylindrical and
planar.

Proof. Let 7" be a refinement of 7 as in Proposition 3.3. Then we have
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[Qs — Q9" = U2_, Upkcan {mg (0%) N [Qs — Q]*"}. Corollary 3.4 now
follows from Proposition 3.3.

In order to study the set (9525)"/ we need the following definition.

Definition 3.5. (1) Let @ C X™ be a simplicial domain with respect to a
triangulation 7. We define

o,k = d(7*, 0[St(7")]) = min{d(c™, o*)|7" NT™ = 0}

and 6 = min{d_.|o* c [St(Q) —Q],0 < k < n}, where A denotes the
closure of the subset A in X™.

(2) Let S(Q2) = [St(2) —Q]NSing(X?3) # 0 and Og = min{#*(c!,Q)|o! C
S(€),7 N Q # 0} where 6*(c!,Q) = min{Z,0(c',Q)} and 0(c',Q) is the
angle between &' and Q. We define

1 A
oo = 3 min{l, tan @Q}(SQ

(3) If o} is a singular line in S(2) such that &} has an endpoint in 992, we
define Ji{s =0l N[Q— Q.

The following proposition is a basic observation about a subset of S(2).
Proposition 3.6. Let Q be a convex simplicial domain with respect to a
triangulation T, 0 < s < dq and Py = [Qs— QN Sing(X?) = U, 0} , be as in
Definition 3.5. Suppose that 0QNT; , # 0QNT} . Then (o} )Nma(o] ) =
0.
Proof. Let ¢q; = 5}78 N o for i = 1,...m. By our assumption, ¢; and g;
are vertices of X3 with respect to the given triangulation 7. It follows from
Definition 3.5 that d(g;, ¢;) > o and 6" (Jis, Q) < Oq. The length of the
projection WQ(JZ{S) is bounded by ¢; = scot[@*(ai{s, 2)] < scot[Oq] < %SQ
for each 4. If it were true that two projections overlap, then we would have
d(gi,q;) < lis+4;s < 2%59, which contradicts to our assumption that
d(g, q5) > da. Proposition 3.6 has been verified.

To further decompose [Qs — Q¥/ for ¢ € Qeolgf[o g e let t, =

bi bi

max{t|p(t) € Ps}, and Qeoé{ = {p € Qeoévf[ovs]\w(t@) € o;,}. The

™

subset Qeo%f is non-empty if and only if 0 < 6(5},€2) < Z. Clearly,
Qeolgf[o 0= u;glgeofff . We consider the following subset of [0 — Q]*/:

D}, = {pu)lty <u<s g€ Ge }
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and the corresponding hypersurface

Cp1 =D}, N0N = {p(s)|p € Geo/ }.
By definition, we have [0Q4]/ = U™,C.1 .

In order to study the sets C,1 and D?, s we need the following definition.

Definition 3.7. (1) A subset ¥ C X3 is said to be totally geodesic if ¥ is
a convex subset of X3,

(2) If A is a 2-dimensional totally geodesic subset in X3 and if there is
an isometric embedding ¥ : A — R?, then we define the boundary of A to
be Oe A = ULHO(T(A))].

(3) If A is a 2-dimensional totally geodesic subset in X and if G, A is a
geodesic triangle in X3, then we call A a 2-dimensional triangular surface
(or briefly a 2-dimensional triangle) in X3,

To describe the 2-dimensional triangles in Dg ;foreachi=1,2,....,mwe
let ¢; = 5}78 N, O; s = E;S N 09, and OAZ;S = 10(0;s). We assume that
0; = 0(c}, Q) satisfies 0 < 0; < I for alli =1,2,...,m.

In what follows we first show that the three points {g¢;, O; s, Ozs} span a
2-dimensional totally geodesic triangle Az s in X3. Then we show that there
exists an family of 2-dimensional triangles {2y, 0, , p, fuer; in D?, s such that
each {Ay, 0, ,p.} intercepts A@S at a common edge Jis with an angle at
least 7.

For this purpose, we derive an elementary criterion to assert when two
triangles intercepts in a common edge with an angle at least .

Lemma 3.8. Let 0} and o3 be 3-simpleves in X3 with respect to a trian-
gulation of T, and let A\; C o} be a 2-dimensional triangles for i = 1,2.
Suppose that N1 NNy = ol C Sing(X3). Then the angle between A1 and
Aoy at ol is greater than or equal to 7 if and only if there exists a geodesic
@ :(0,0) — X3 such that p((0,£)) C Ny U Ay and ¢ is transversal to o' at
v(s0), 0 < sp < L.

Proof. The Lemma follows by a straightforward application of Lemma 1.4
and Lemma 1.1. items (2) and (3).

An immediately application of Lemma 3.8 is the following corollary.

Corollary 3.9. Let {A1,..., v} be a set of 2-dimensional triangles with

a common vertex q, 05»’ be a 3-dimensional simplex and A; C 05»’ for j =

1,..m/. Suppose that Aj and Ajy1 have a common edge le» forj=1,...m
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with each le» different and Z;”:/l |Link(q, Nj)| < m. Then the following

statements are equivalent:
(1) W = Ui<j<m Link(q, A;) is a spherical geodesic in Link(q, X3);

(2) There is a geodesic segment ¢ : [0, €] — X3 such that ¢ passes through

each o; at @(s;) transversally for j =1,..m’;

(3) A and Njyq1 meet at le» with an angle > 7 for j =1,..m/.

In the next Proposition we show that each D?, s 1s a 3-dimensional conical
domain isometric to

25:;’790777:{(?" cosusin®, rsinusin®, rcos0)|0 < 0 < 05,0 <r <rp,0<u<n},
where ry = % and each C,1 is a conical hypersurface isometric to

Cs.00,n = {(rcosusinfy, rsinusiny, rcosfy)|0 < r < scot by, 0 < u < n}.

Proposition 3.10. Let Q be a simplicial convex domain in X with respect
to a triangulation. Suppose that 0 < s < dq and 0 < 0; < Z. Then there

; ; ic i ; . D3 N3 A i
is an isometric immersion F; : D; . — Dy, - such that .E(Cag’s) C Cs.0;m;

where 1; = \Link(a}l X3)| =27 and 6; is the angle between o} and O9).
Moreover, ¢; = Cs g, n, — Fi(C,1 ) is either empty or a union of finitely
many straight line segments. ’

Proof. The singular line Ez{ s has two endpoints ¢; € 92 and O; € 0€,. Let
O0; = mq(0;). By Corollary 3.9, the three points {g;, O;, Oz} span a totally
geodesic, 2-dimensional, rectangular triangle A. Because Zg; (O, Oz) =6,
it follows that the length of Ji{s is equal to {; = shf@i' Let 51‘1,5 be the
geodesic segment from O; to ¢g;. Observe that the two sets &il s and Ezl  are
equal as subsets, but they are viewed to have opposite orientations. Define

v; = (6} )0.,(0:) € L = Link (O;, X?). Clearly, Link (v;, L) is isometric to

1,8

Link (o}, X3). If ©0,0; [0,s] — X3 is a geodesic segment from O; to O,

then we let w; = (¢4, 5. )out(Oi). Because A is a totally geodesic rectangular
triangle, using Lemma 1.1 we obtain that dr (vi, w;) = § — 6;.

Consider all spherical geodesics ¥, , : [0,5] — L from w; to h with
unit speed such that 1! ,(0) = wi, ¥} (5 —0;) = v; and ¥, (5) = h.

) wj,h
Let G = (w:jjz pin(vi) and ¢ = (ijih)gut(vi). It follows from Lemma

1.4 that Z((in,Cn) > m. Let I'; = {¢ € Link (v, L)|£((in, () > 7} and
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I = {¢,,. ,(3)}. By definition, I} is an arc in 0By, (v;) = {h € L|d(h, v;) =
6;}. There is an one-to-one and onto map g : I, — T; given by g(h) =
(Vs n)out(vi). Observe that |I'y] = n; = |Link(o}, X3)| — 27 and |T}| =
(sin®;)n;. Let ¢ : [0,m] — T; be an arc-length parameterization of T';.
Consequently, there is a parameterization h : [0,7;] — I'; given by h(u) =
g (C(u).

Let & : [0,00] — X3 be a geodesic ray with &,(0) = O; and
(€0)hut(05) = h(u) € T C Link (O, X3) for u € [0,n;] and set maz, =
sup{t|ul(o,¢) is not bifurcating}, t, = min{s cot 0;, maz,} and p, = &u(tu)-

We assert the following is true.

Claim A (1) There exists €* > 0 such that, for all h(u) € T}, t, > *.

(2) The three points {O;, ¢;, pu} span a totally geodesic 2-simplex Ao, q4; p.
in X3 with respect to a refinement of T;

(3) 'Dis = UuEFiAOi,qi,pu-

(4) For all (except for possible finitely many) u € Ty, the triangle No, 4 p.
is a rectangular triangle with edge lengths {s, s cot 0;, ﬁ}

Assuming that Claim A holds for a moment, we construct the isometric
immersion F; : Dg . — R3 as follows: We first define F(0O;) = (0,0,0),
Fi(g;) = (0,0,8;) Fs(5L.(r)) = (0,0,7) for r € [0,£;] where {; = =-. Our

i,8 sin@; *

next step is to define F; : I, — S2, where S? is the unit sphere in R3. Define

Fi(h(u)) = (sin; cos u, sinb; sin u, cos ;)

for u € [0,7n;], where h : [0,7;] — I'} is a parameterization of I"} of constant
speed sin 6; as above. Define F;(p,) = t,Fi(h(u)) and F;(&,(t)) = tF;(h(u))
for all t € [0,t,] and u € [0, ;).

By Claim A(2), we know that Ao, 4, p. is a 2-simplex in X3 with respect
to some triangulation 7, of X3. We already defined F; on the three vertices
of Ao, .qipe- Therefore, we can linearly extend the map F; to the whole
triangle Ao, ¢;.p,- Furthermore, the map F; isometrically takes the triangle
AO,.q;,pe iDtO

Ay = {(rsinf cosu,rsinfsinu, rcosh;)|0 < r <rg,0<0 <6},

where ry = Cf)(sc(‘;iig) for 6 € [0, 6;]. Theorem 3.10 now follows from Claim A.

It remains to verify Claim A. Claim A(1) is a direct consequence of
the fact that the exponential map Expo, : Bf — X" where Bf = {w €
To(X™)||lw| < r} is an isometric embedding provided that £* is small (see
[BH]).
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To prove Claim A(2) consider the map G; : [X? — {O;}] — Link(O;, X?)
given by Gi(p) = (90;.p)bu(0i), Where o, , is a geodesic segment in X from
O; and p. Consider a subset A = {¢,; g (Ou € [0,n],5 —0; <0 < T}

If 0 =0, = d(v,v;), we let t, = min{max,, Cf)(sc((;we }. Observe that, for
any 0 € (5 —0;, 3] and v =14} h(u)(é?), we have &,((0,t,)) N Sing(X3) = 0.

Define p, = £(t,). There are two cases for any given u € [0, 7;].

Gase 2, o every v = 0., (9) with 0 € (5 — 0, 5], mas, 2 254

In this case, we have Ap, g,p, = {&(1)[0 < t < ty,v = " h(u)(é?)}.
Therefore, the three points {O;, ¢, p,} span a totally geodesic 2-simplex
Ao .gipe 10 X3 with respect to a refinement of 7 and hence Claim A(2)
follows.

Case 2p. There exists some v = ¢:ﬁi,h(u)(9) with 0 € (§ — 6;, 5] such that

maz, < Cf)(sc((;t_eé?) holds.

Using the spherical geodesic 1" h(u) and Proposition 3.8, one can show

that, for sufficiently small ¢, the four points {&,(t), gi, O;, Oz} span a totally
geodesic 2-dimensional subset X¢, ;) in X 3. Because § = Zo, (&(t), 0, <,
one can also show that ds, (& (t), WQ(JZ{S)) < s. Because Zg (1) 1s totally
geodesic, we have that dxs(&,(t), Q) < s and 7o (&,(t)) € ma(o} ), forallt <

Cf)(sc(‘;tee If &,(t,) € Sing(X?), then there exists 0}78 such that é},( v) € Jj78

By Proposition 3.6, El and El must have a common endpoint point g;. It

follows that G;(o; 1) C ¢w )’ Thus, a s becomes an edge of the triangle
N0, qipe- Furthermore, the set {O;, ¢;, pu} span a totally geodesic 2-simplex
Ao, .qipe 1 X3 with respect to a refinement of 7. Claim A(2) follows for
Case 2p as well.

To show Claim A(3), we use the proof of Claim A(2). The argument
above shows that Uyer; Ao, qip. C Dz s- Conversely, if p € DZ s, then we
let p = ma(p) € (}1 It follows from Corollary 3.9 that the set {¢;,p, p}
the
three points {g;,p, O;} span a a totally geodesic 2-simplex Ag, g, in X3
with respect to a refinement of 7. The subset 3, = AO Oigi P Ao, ,q;,p form

span a totally geodesm 2-dimensional set A, ,, 5. By definition of DZ o

a totally geodesic 2-dimensional subset in X?3. Let fo“p be the geodesic
segment from O; to p, and let v 52) p( ). Because d(Oi,Oi) = s >
dxs(p,Q) = ds,(p,p) and X3 satisfies the CAT(0) inequality, we obtain
0= Zo,(p,0;) = dp(v,w;) < T 5, where w; = (‘OOi,Oi( ). Clearly, by definition
of DZ s> one has # > § —0; and t = d(p, 0;) < t,. Hence, p = &,(t) for some
vE ww hu) h(u) € F; and t < t,. It follows that D?,s C Uner,; 20;,q;,p. and
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hence D}, = Uyer, 20,,;,p.- This completes the proof of Claim A (3).

For the last assertion of Claim A, observe that there are at most
finitely many singular lines 0}78 in Py with 6; € (0,5). Therefore, there
are only finitely many geodesics &, that intercepts the singularities {0}7 st
Thus, for all (except for possible finitely many) v € I';, we have that
ty = scotf; and the triangle Ap, 4, p. is a rectangular triangle with edge

lengths {s, scot 0;, 75-}. Claim A(4) follows and so does Proposition 3.10.
We conclude this section by summarizing our main results above.

Theorem 3.11. Let Q be a simplicial convex domain in X* with respect
to a triangulation T, 6q be as in Definition 3.5 and 0 < s < 6g. Then the
hypersurface Qs can be decomposed into two portions Qs = (0€Q)“*"™ U
(09)% such that

(1) The portion (0€2s)°*™ consists at most three parts: spherical, cylindrical
and planar.

(2) If there exists a singular 1-simplex o} C [St(Q2) — Q] which intercepts
Q with angle 6; € (0, %), then (094)%f is a non-empty subset;

(3) The portion (0Q)%/ is a union of conic surfaces;

(4) If o} C [St(Q) — Q] N Sing(X3) and O; = o} N 0Ny, then

|Link(O;, 09Qs)] 21 + (sin@})[|Link(c}, X3)| — 27|, where 0f =
min{6;, 5 }.

(5) If p € [(09Qs) — Sing(X?)], then |Link(p, 08| = 2.

Proof. Assertions (1)-(3) are direct consequence of Corollary 3.4 and Propo-
sition 3.10. For the remaining two assertions (3) and (4), we proceed as
follows. For any p € 9, we let p = mq(p), ¥pp : [0, 8] — X3 be the unique
geodesic segment from p to p and w, = (¢p ) (0). Because € is convex and
X3 satisfies the CAT(0) inequality, Corollary 3.4 and Proposition 3.10 imply
that Link(p, Q) = {u € L|dr(u, w,) = 3}, where L = Link(p, X*). When
p ¢ Sing(X?), one knows that Link(p, X?) isometric to the unit sphere S?
in R3. In this case, the subset {u € Link(p, X®)|d(u, wp) = Z} is isometric
to a great circle of length 27 in S2. Tt follows that |Link(p, Q)| = 2 for
p € [(992) — Sing(X?)]. When p = O; = o} N 9Q; for some o} C Sing(X?),
we let w; = w, and we keep the same notation as in the proof of Propo-
sition 3.10. Let &}, : [0,£;] — X? be the geodesic segment from O; to
¢, and let v; = (61,)),.(0;). We already showed in the proof of Propo-

S

sition 3.10 that dr(vi,w;) = 5 — 07, where 0 = min{6;,5}. Recall
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that L = S% % Link(o}, X?), where S® = {v;,—v;}. If §; > Z, then

the proof of Proposition 3.3 (1) shows that v; = w;. Therefore, we have

{u € Lldp(u,w;) = %} = {u € Link(O;, X3)|dr(u,v;) = 3}. Such a sub-

set is isometric to Link(o}, X3). Hence, |Link(O;, 0Qs)| = |Link(c}, X3)|

for the case 6; > 5. When 0 < 0; < 7, we let —v; € Link (Oi,ail) such

that —v; is the opposite direction of v;. It follows that d(v;,—v;)) = =
s

and d(w;, —v;) > 7™ — [§ — 0] > 5. Let consider all spherical geodesics

Cw;u : [0,5] — L of length § with the same initial point w;. If @y,
does not pass through v; then ¢, , does not bifurcate. Clearly, the subset
A; = {u € Link(O;, X3)|dL(u,v;) = 5, pu,; u does not bifurcate} has length
2r. Let T, = {u € Link(0;, X3)|dr(u,v;) = %, Pw,u passes through v;}.
The proof of Proposition 3.10 shows that the length |I'}| of I", is equal to
(sin®;)[| Link(o}, X3)| — 27]. Therefore, we conclude that

|Link(O;, 0Q5)| = |As| + |T| = 27 + (sin ;)[|Link (o}, X3)| — 2n]
for the case 0 < 0; < 5. The proof of Theorem 3.11 has been completed.

4. A formula for the outer Gauss—Kronecker curvature in
dimension 3, Proof of Main Theorem.

Let X™ be an n—dimensional PL manifold satisfying the CAT(0) condition
and 2 C X" be a bounded convex domain. In this section we calculate the
total outer Gauss—Kronecker curvature of 92 when n = 3. Observe that
in the 2—dimensional case the Gauss—Kronecker curvature is the geodesic
curvature.

Theorem 4.1. Suppose that Q C X2 is a compact, convez piecewise linear
domain with boundary 0. Then the total outer geodesic curvature of 0S) is
given by

/d(GKaQ)_27T+ S (| Link(g, X?)| - 2x).
0% ¢ €QNSing(X?2)

Proof. 1t is proved in Theorem 2.12 that if 0 < s < 59 = d(£2, 9[St(2)]) then
/ d(GKopa) = | GKoq,dl,
o0 0

for 0 < s < so. Let D.(g;) be the metric disk of radius e centered at g;,
where {q1,¢2, ..., ¢m} = Sing(X?)NQ, 0 < e < g, and ¢ = min{sg, d(¢;, g;) |
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¢ € Sing(X?)NQ, ¢ # g;}. The domain Q=0Q,— 112, D:(g:) has no
singularities. Using the Gauss—Bonnet formula we obtain

21(1—m) = | GK,pdl = / GKoq,dl — > |Link (q;, X?)].
o9 09, P

It follows that

/ d(GKaq) = / GKoo,dl =27+ _[|Link (g;, X?)| — 27].
o0 Qs i1

In the following proposition we compute the total Gauss-Kronecker cur-
vature of dB3(p).

Proposition 4.2. Let 7 be a triangulation of X3, and p € X3. Suppose
that 9 = d(p, 9[SUp)]). Then

/ d(GKpp,(p)) = Area(Link(p, X3)
aBS(p)

=dr+ Y (|Link(ch, X% -27]  (4.1)
oleSt(p)

where Bs = By(p) = {x € X3 | d(z,p) < s} and 0 < s < g¢.
Proof. Let L = Link (p, X3). L is a piecewise spherical two—dimensional
manifold. Thus the singularities of L are isolated, say vy, ..., vy, € Sing(L).
We choose a sufficiently small § > 0, § < T min{dp(v;,v;) | v; # vj,v;,v; €
Sing(L)}. Let Ds(v;) = {w € L | dp.(w,v;) < 6} be a metric disk centered
at v; of radius 0 in L. Then the surface X5 = L — J;~; Ds(v;) is a smooth
Riemannian surface of constant curvature K = 1 and Y5 has its boundary
035 = UM 0Ds(v;). Applying the Gauss-Bonnet theorem to X5, we have

m
Area (%s) = | Ky;dA =2m(2—m)+ (cosd) > [Link (v;, L)].
X5 i=1
We now denote the 1-simplex @y, (t) = Exp,(tv;) by o} for t € [0,&;]. The
last formula can be rewritten as

m
Area (5) = 2m(2 —m) + cos§ Y _ |Link (a7, X*)|.
i=1
Letting 6 — 0, we conclude

Area (L) = %irr(l) Area (X5) = 47 + Z [|Link (Uz‘la Xg)‘ — 2]
- i=1
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and hence our Proposition.
In order to state the next theorem we need the following definition.

Definition 4.3. Suppose that ) is a compact domain with boundary and
positive reach. Let p € 02 and v € {Link (p, X™) — Link (p, )}, the angle
6,(v, Q) between v and (2 is given by
Op(v, Q) = (v, Q) = dr (v, Link (p, 2))
def def
where dy, stands for the distance function on Link (p, X™). When dim X3 =
3, p € 9N and v € {Link (p, X3) — Link (p, Q)}, we define

0,(v, Q) = min{g, Op(v, Q)}

The following theorem is a special case of our Main Theorem stated in
the introduction.

Theorem 4.4. Let Q C X? be a convex PL domain. Then
/ A(GKop) = Ar
o0

+ > Y ST [[Link(ct, X3)| - 27] sinf} (v, Q)] (4.2)

p€E(ON)(0) olCSt(p) veLink(p,ol)

Proof. Assume that 92; meets le» C Sing(X?) at p; for j = 1,..., N’ and
0 < s < dq. After re-indexing if needed, we may assume that

(1) For 1 < j < my, the singular 1-simplex le» meets 0f) at a vertex v;

with angle less than 7.

(2) For m; < j < mag, the singular 1-simplex le» meets 0N at a vertex v;
with angle exactly 5.

(3) For mg < j < N’, the singular 1-simplex le» meets 0} at a vertex v;

with angle greater than 7.

If le» meets 0§ at a vertex v; with angle 7, then by Corollary 3.7, p; is
contained in the intersection of the spherical region and the planar region of
0€);. This intersection is along two spherical geodesics of length r; in 0€,
with the same starting point p;. Moreover the surface is C1'! around an
intersection point.

Let us consider the metric disk D¢(p;) = {p € 0Qs|daq, (p,p;) < €}. We
choose € < Ts sufficiently small so that the disks { D(p;) }1<j<n- are disjoint
and the following extra conditions hold:
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(1) For 1 < j < my, the disk Dc(p;) is contained entirely in the flat part
of 0€;

(2) Form; < j<mg, 0<e<ry;

(3) Formy < j < N’, the disk D¢(p;) is contained entirely in the spherical
part of 0€2;

(4) Bach closed disk D(p;) is Lipschitz homeomorphic to D.(p;) = {w €
T,,(09,)]w] < e}.

In order to apply the Gauss-Bonnet formula to the surface
MZ = 095 — Ur<j<n{De(p)));

we need to estimate the total geodesic curvature of each 0D.(p;) in 0.
Let Kgp,(p;)(u) denote the geodesic curvature of 0D¢(p;) with respect to the
unit normal vector field pointing into M2 (i.e., with respect to the outward
unit normal vector of D¢(p;) along 0Dc(p;)).

When 1 < j < my, the disk Dc(p;) is contained in the flat part of 0.
Hence, the total geodesic curvature of dD((p;) is given by

1 )
/ KoD.(p;) (u)dl = / —edu = |Link(p;, 00,)].  (4.3)
9D (p;) u€ Link(p;,00s) €

When my < j < N, the disk Dc(p;) is contained in the spherical part of
0€Qs. Hence, the total geodesic curvature of 0D(p;) is given by

RoD, Ndl
/QDe(p]') b (p])

€, . €
/ (cot =) sin —du
u€ Link(p;,08s) $ $

=(cos E)\Link(pj, 09y)|. (4.4)

When m; < j < mg, by Corollary 3.7 and the discussion above, the
disk D¢(p;) is divided into two parts by the two spherical geodesics in 9
starting at the same point p;. Let ¥;¢ . be the flat part of D.(p;) and let
¥j1,e be the spherical part of D¢(p;). Suppose that oo = [Link(p;,%; ¢ o
and a1 = |Link(p;j, ¥j1,¢)|. Clearly, we have

a0+ o1 = \Link(pj, 895)\ (4.5)
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A computation shows that

/ KoD.(p;) (W)l = i (4.6)
5,0 <NOD, (p]-)

and
€
KoD. (p) (W) dl = a1 cos —. (4.7)
/] 1,6NODe(p;) ¥ (p])( ’ §

It follows from (4.3)-(4.7) that

[Link(p;, 09, cos < /d o o) (A [Limk(p; 00)] (49
e\Dj

holds for all 1 < 57 < N'.

Corollary 3.7 implies that the surface M? C [0 — Sing(X?)] is C™1.
Thus we can apply the Gauss-Bonnet Theorem to M2 C 9Q,. The Euler
number of M 2 is 2 — N'. By Corollary 3.7, the intrinsic Gauss curvature of
M 2 is either % -z or 0. Therefore, we conclude that

GKng = 27T 2 — N/ Z /d dDe(p] ( )dg (49)

M2 1<j<N’ /ODc(p;))

It follows from inequalities (4.8) and (4.9) that
. €
2r(2 - N') + Z |Link(p;, 02s)| cos B
1<j<N

< é\f(ags dA
M2

<2m(2-N')+ Y |Link(p;, 09)|. (4.10)
LGN

Letting € — 0 in (4.10) and using Corollary 3.7, we arrive at

/ GR o dA
99, —Sing(X3)

=27(2—N')+ Y |Link(p;, 09,)|
1< <N/

=dr+ Y nysing; (0], 00,), (4.11)
LGN
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where 1; = |Link(o}, X?)| — 27. Letting s — 0 in (4.11), one completes the
proof of Theorem 4.4.

The proof of the Main Theorem can be reduced to our previous theorem.

Proof of Main Theorem. For each 0 < s < § be as in Proposition 2.8. Assume
that there exists a sequence of compact convex PL-domains {W (i, s)} with
non-empty interior such that W (i, s) C Qg and lim; o W (i, s) = Q in the
Hausdorff metric. The existence of these sets will be discuss later. Theorem
4.4 and its proof imply that

/ d(GKaw (i) = 47+
OW (3,s)

> > > [[Link (0!, X?)| — 2] sin[f; (v, W (4, 5))].
peOW (i,s) olCSt(p) veLink (p,ol)
(4.12)

For sufficiently large i, we may assume that /5 C W(i,s) C €.
For each given (i, s), by the proofs of Theorem 3.11 and Theorem 4.4,
there exists a d; ¢ such that as long as 0 < ¢; < d; 5, we have

/ d(GKapw (i,s).,) = 47
AW (i,8)]e;
+ Y > > [Link (o', X?)| — 2x] sinf0 (v, [W (i, 5)]e,)].
pEI[W (i,s)]e, o'CSt(p) veLink (p,at)
(4.13)

Let us fix a sufficiently small s. By Lemma 2.7, except for countably
many {0, }, we have d[W (i, s)], N X (©) = § and [W (i, s)]., is transversal to
Sing(X?) for all for i = 1,2, .....

Choose a sequence {¢;} such that ¢, — 0+ and ¢; ¢ {0,}. By Lemma
2.5, we have

0 < lim dy([W (i, 3)]e;, Qste;) < lim dg(W (i, s),Qs) = 0.

1—00
Thus, lim;_,o[W (i, )], = Q. Using Theorem 2.9 and letting i — oo in
(4.13), we get

/ A(GKpo,) = 4n
00

+ > > > [[Link (0!, X?)| — 27 sin[05(v, Q)] (4.14)

pe(9Qs) olCSt(p) veLink (p,ol)
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Letting s — 0 in (4.14), we complete the proof of Main Theorem under the
assumption that the desired family {W (i, s)} exist.

It remains to construct the subsets {W (i, s)}. Let 79 be a triangulation
of X3. Let § as in Proposition 2.8, so that 02, is transversal to each o* for
k = 0,1,2. The convexity of 915 implies that le» N 08 is a discrete subset
of at most two points. If le» NON, # 0. we let le» NOQs = {p1jn} i, where
1 <my; < 2. Re-triangulate &} so that {pl,j,h};nzlij become vertices and the
mesh size of this new division of &jl» is less than % The convexity of 02
implies that J?ﬂ@QS is a union of at most three connected arcs. Thus, we let
032» NoN, = {’)/273‘7}1}2”:2’1]', where 1 < my ; <3 when 032» NOQs # 0. Notice that
the endpoints of each connected arc 7o are contained in U;{py jn}, 7.
Divide each connected arc 73 ;5 into finitely pieces by adding new points
{p2jn}ni such that the distance between consecutive points is less than
1. Re-triangulate &32» so that {pajn},y U {(&32) N [Un{p1,nn ]} become
vertices and the mesh size of this new triangulation of 532, is less than % The
convexity of 025 implies that 05? N OS2, is a union of at most four connected
topological disks. If 05? NN, # 0 we let 05? N o = {D&jvh};ﬂ:&f’v where
1 <my; < 4. Notice that the boundary of each topological disk D3 ;j are
contained in Un{fyg,nvh}?j’f, which were described above. For topological

m3,j

disk D3 j 5, we add more points {p3 jn},—y such that {p3;n},=7 U{(3) N

[UZ_, Up APk b1} become a maximum 4% -separated subset of (75?. Re-

triangulate &? with these new vertices such that the mesh size of this new
triangulation of &5? is less than %

We now choose a refinement 7; of the initial triangulation 7y so that the
discrete subset U%Zl Uj {pkjh};”:kf become Velftices with respect to 7;. Let
W (i, s) be the convex hull of U3_, Uj {pkjn},7 . Then OW (i, s) is simplicial
with respect to 7;. Hence, W (i, s) is a convex PL-domain with the property
di(W(i,s),Qs) < + and this finishes our proof.

5. Gauss-Kronecker curvature measures on the convex part
of a compact domain.

In order to prove the isoperimetric inequality stated in the introduction as
our Main Corollary we need to consider the inner Gauss-Kronecker curva-
ture, and we shall derive the inequalities (5.2) below and (6.7) of Section 6.
The inequality (6.7) of the next section and standard arguments then imply
the isoperimetric inequality.

Definition 5.1. Let Q C X3 be a compact domain with non-empty interior.
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The total inner Gauss—Kronecker curvature measure of 02 is defined by

GK}odA = lim sup / d(GKao+ ), (5.1)
o0 e—0  JaQ_.naox _ -

where Q_, = {x € Q| d(x,0Q) > e} and Q¥ _ is the convex hull of Q_..

Let us make two elementary observations about OW N (OW*) for any
compact set W C X" where OW = W N [X" — W].

Firstly we note that OW N (OW*) # 0 provided that W # (). In fact
if o € X" and R = max{d(z,zo)|x € W} > 0, then there exists p €
(OW) N OBR(xp). Since W C Bpr(zg) and Bgr(xo) is a convex set of X" we
conclude that W* C Br(x). Thus p € OW™* and hence p € 9W N (OW™).

Secondly, we observe that if {2 compact set with non—empty interior then
Q* _ # Q. To see this apply the previous discussion to the set {2_. to conclude
that there exists p € 0Q_. N ON* .. Since d(p,9Q) > d(0Q_;,002) > e >0
we find that 0 _ # 02 and hence Q* _ # €, for any small € > 0.

Therefore the sets Q*_ have the properties that are convex sets with
Q* . C Qand QF, # Q which are fundamental for the arguments in Section
6.

We remark here that the right hand side of (5.1) is a finite number for a
given compact convex domain, since we have the following observation.

Proposition 5.2. Let 7 be a triangulation of X3. Suppose that Q is a
convex and compact domain in X3 and mqg is the number of n—simplexes in
St(2). Then

/ d(GKa0) < 4mm.
o0

Proof. Let Ny = d(£2,0[St(£2)]). By Lemma 2.7 we know that for s small,
99, is transversal to X (2. Moreover

/ A(CKoo,) = / AGKpa) < Y / A(CKao,).
0% def [a0, —Sing(X?) : 73090,

a3 CSt(02

We can isometrically embed Q, N> C ° into the Euclidean space R3 in
order to estimate each of the integrals on the right hand side of the last
inequality. Note that if Q is convex, then Q4 N> is also convex. Since
(0Q) NT2 C O(2sNT3) we get that

/ UG Koo,) < / A(GK g, )-
T3MOQs 9[QsNT3]
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Furthermore, we find that

/ d(GKa[QSﬂE3]) = 4.
9[QsN73]

Using the inequalities above, we conclude that
/ d(GKpo,) < 4mmo
00

where mg is the number of n—simplexes in St(£2).

In the rest of this subsection we will establish the inequality

/ d(GKyqa-) > 4, (5.2)
oQNON*

where Q* is the convex hull of 2 and €2 is compact domain. Observe that
we cannot directly derive (5.2) from the Main Theorem, because it might
happen that

/ A(GKoa) > 0. (5.3)
oO0*—00

For example, let X2 be a cone of angle 47 which can be constructed by
taking four copies of Euclidean upper half planes Ri, say (Ri)z = JZZ for
i = 1,2,3,4 and gluing the half lines [0, +00) of O(R2); to the half lines
(—00,0] of d(R%),, and so on. The resulting PL-surface X? satisfies the
CAT(0) inequality. Let {(r,0)|r > 0,0 < 0 < 47} be the polar coordinate
system of X2. If Q = {(r,0)|1 < r < 2,0 < 6 < 7w}, then the origin
O € [0 — 09] and the inequality (5.3) is satisfied.

To overcome this difficulty, we decompose the total curvature on 9Q*
into two parts:

/ d(GKpa) —/ d(GKpa) -I-/ d(GKaqo+);
on* o0*NON oO0*—00

Similarly, we decompose the non-negative error term as well:

e3(27) = e3(Q7) | arna +e3(Q27)

Q*—Q

where for any p € [09Q] N Sing(X?3)

es() = > > [Link (0!, X?)| — 2] sin[f; (v, 27)]

olCSt(p) veLink (p,ol)
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and for any subset Q C 9Q*

s@lo= D, e @l

peEQNSing(X3)

The Main Theorem tells us that

/ d(GEKag) = 4+ e3(Q) = 47 + e5(27) | aone +e3(27) lor—a
o0*

and e3(Q*) |, is a non-negative function of p. If we can show that

o —00

then
/ d(GKog-) > 4 + e3(Q7) | gno> 47
o0*NON

and (5.2) follows immediately.

We remark that for any compact set {2 C R™, Almgren observed that any
point p € [0Q; — OS], there exists a straight line segment o, passing through
p such that o, C 9Q%. Thus, GKaq:(p) = 0. Thus [5. 50 GKaa-dA =0,
and the inequality (5.4) holds trivially (cf. [Al2], page 455, line 1-4). There-
fore inequality (5.4) can be viewed as an extension of Almgren’s observation
to PL manifolds.

In order to prove inequality (5.4) we need the following observation.

Proposition 5.3. Let QO C X™ be a compact domain, X" be a simply-
connected PL-manifold of non-positive curvature and p € [0Q* — 09Q].
Then there exists a geodesic line segment o : (—e€, ) — X™ such that
o(0) = p and o C QF, where Q* is the convex hull of Q. Consequently,
Diam|Link(p, Q*)] > 7.

Proof. The existence of o follows from the definition of [0Q* — Q). If o
is a geodesic segment, then Z(o},(p), o, (p)) > m by Lemma 1.4. Thus,
Diam[Link (p, Q2*)] > 7 holds.

To verify inequality (5.4), it is sufficient to prove that for every p €
[0 — 09Q)]
GKao+ |p< e3(Q") |p . (5.5)
Clearly, if p € [092* —0Q] and if p ¢ Sing(X?), by Almgren’s observation
we still have GKpqg-(p) = 0. Hence, (5.5) holds trivially in this case.

If p € Sing(X3) N [0Q* — 99Q] then we estimate both sides of (5.5) as
follows.
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Proposition 5.4. Let Q C X3 be a compact domain, X3 be a simply-
connected PL-manifold of non-positive curvature and p € [0Q* — 09Q].
Suppose that A = Link(p,Q*) with Diam(A) > 7w and A* = {v €
Link (p, X3)|d(v, A) > 5} In addition, suppose that

Area(A™) < Z [|Link(v, L)| — 27] sin[0% (v)]. (5.6)
vESing(L)
where 0% (v) = min{dr (v, A), 5}. Then the inequalities (5.4)-(5.5) hold.

Proof. Observe that G Ky~
that

»= Area(A*). By Main Theorem, we know

e3(QY) |p= Z [|Link(v, L)| — 2x] sin[0% (v)].

vESing(L)

Thus, inequality (5.6) implies inequality (5.5) and inequality (5.4) as well.

Definition 5.5. Let L be a piecewise spherical manifold satisfying the
CAT(1) inequality.

(1) A closed subset €' C L is said to be convez if for any pair of
{v,w} C @ with dr(v,w) < m, the length minimizing spherical geodesic
. is contained in €.

(2) A closed curve 7 is said to be convex to a domain V' if there is an
e such that for all z,y € v, with d(z,y) < €, the minimizing geodesic o,
from x to y satisfies o, C V.

A family of convex subsets in Link (p, X™) is given in the following propo-
sition.
Proposition 5.6. Suppose that Q is a domain with piecewise linear bound-
ary and positive reach in X™. Then, for any p € 9Q, A = Link(p,Q) is
a convex subset. Moreover, the convexr subset A has positive reach > 5 in
Link (p, X™).
Proof. This is a direct consequence of Proposition 1.6 and Proposition 1.7.

The following is a direct consequence of Proposition 4.2 and Propositions
5.3-5.4.

Corollary 5.7. Let Q C X3 be a compact domain, X3 be a simply-connected
PL-manifold of non-positive curvature and A C Link(p, X3) be a convex
subset with Diam(A) > m. Suppose that Az = {v € Link(p, X3)|d(v, A) <
T} has the area

Area(Az) > 4m+ Y [[Link(v,L)| - 27){1 —sin[05 (v)]}.  (5.7)
veSing(L)
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where 0% (v) = min{dy (v, A), 5}. Then the inequalities (5.4)-(5.5) hold.

The rest of this section is devoted to establish inequality (5.7) under the
assumption Diam(A) > w. Our proof of inequality (5.7) use the Gauss-
Bonnet formula and a new isoperimetric inequality (cf. Theorem 5.9 and
Theorem 5.11 below) to estimate Area(Az ), where A C L = Link (p, X3) is
a convex subset.

Definition 5.8. (1) A domain A in L = Link(p, X?) is said to be piecewise
spherical if its boundary 0A is a union of broken spherical geodesics.

(2) If A C L is a convex domain, we define the length of its boundary
to be £(0A) = lims_,o |0As|, where Ay = {w € L|dp(w,A) < s} and |0A;] is
the length of JA,.

Recall that if A C L is convex, [0A,—Sing(L)]is a O curve, and hence
its length |0 A;| is well-defined.

Note that any spherical geodesic ¢ in L gives rise to a convex subset (o)
of L. Since (0)s = {v € L|d(v,0) < s} it is easy to check that ¢(0(c)) =
lim,_,0 |0(0)s| is equal to twice the length of o.

Throughout the rest of this section we use 94 = AN[L — A] as a definition
of 0A, even if dimA < 1.

Theorem 5.9. Let A C L = Link(p, X3) be a simply-connected, compact,
convex piecewise spherical domain. Then

Area(Az) = ((0A) +2m + Z [|Link(v, L)| — 2w]{1 —sin[07 (v)]}. (5.8)
veSing(L)

where 0% (v) = min{dr (v, A), T }.

Proof. Let us consider the set Ag—e- Clearly, lim. Area[Az_.] =
Area(Az). We use the Gauss-Bonnet formula to compute Area[Az_].
In order to do that we let S = [Az — A] N Sing(L) = {v1,...,vm},
S” = AN Sing(L) = {vmy1,...,vn} and let p4 = maxi<j<m{dr(vj, A)}
and €4 = mini<j<,{dr(v;, A)}. Let e sufficiently small so that 0 <
e < fmin{Z — pa,ea} and the disks {Dc(vi)}1<i<ny are disjoint. Let
M? = Az o — [Ui<icnDe(vy)]. Clearly, M? is a smooth surface with a C1!
boundary. As before, we would like to compute the total geodesic curvature
of OM?2. Let ronz and Kga. ] be the geodesic curvature with respect to
the inward unit normal vector.
A simple computation shows that

/ konzdt = 3 |Link(v;, L)|. (5.9)
U1<i<nODe(v;) 1<i<N
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To calculate faAw Kkon2df. We consider two sets in 8A%_E. Fixt=1t. =
5 €

5 — ¢, clearly we have py <t < 5. Thus, the closed curve dA4; is a piecewise

smooth curve. Furthermore, it is a C™! curve. Since A is a convex, A has
positive reach > 7 by Proposition 5.6. Thus, there exists a nearest point
projection 74 : Ag — A. For any p € 0A; there is a unique length-minizing
geodesic o), in L from 74(p) to p. We consider the following subsets of
0A;:

A (D)

Uy = {p € 0Ai|oy r () N [Ar — Al N Sing(L) = 0}

and ®; = [0A4;] — Vy.

By our assumption, 0A is a broken spherical geodesic. We assume that
there is a spherical triangulation 7 of L such that A becomes a spherical
simplicial 1-dimensional complex, where each 1-simplex of 7 is a geodesic
segment of length < 7 in L.

If v; € (0A)®) is a vertex of DA, we let a; = |[Link(v;, A)]*| be the
length of [Link(v;, A)]*, where [Link(vj, A)]* is the dual link of Link(v;, A)
in Link(vj;, L). Using the polar coordinate system around the center v;, one
can show that

Kor2dl = —a; cost.. (5.10)
T (v) NP

If ail C 0A is an open 1-simplex of length ¢;, using the Fermi coordinate

system along the geodesic segment Jil one can derive

/ Kopzdl = [sint ] lim |7~ (o}) N OA,| (5.11)
w1 (o—z'l)m\pte ‘ s=0

Finally we consider the remaining fﬂ—_l(q;‘te) kon2dl. For any 0 < s < 7,
one can show that A, has positive reach > § — s for 0 < s < 7. We let

TA, A% — A; be the nearest point projection from Ag to As. Using the
polar coordinate system around each singularity v; € [Az — A] and using
the same reason as in the proof of (5.10), one can show that

/ wonrzdl = — S [|Link(v;, L)| — 2n]][cos(t — 04(v;)]. (5.12)
T (®ee) 1<j<m
It follows from inequalities (5.9) to (5.12) that

/ fonz = 3 [Link(vi, )] + 3 (sinto) lim |7} (01) N 94|
om2  ° A s=0
é 1<i<N olCOA

— > aicoste— Y [cos(te — 0a(v)))][| Link(v;, L)| — 27],  (5.13)

v €0A)(©) 1<j<m
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where t, = § —e. By the Gauss-Bonnet Theorem and letting € — 0 in (4.13),
we have that t. = [§ —¢] — 5 and that

Area(Ax) = lim Area[M?] = lim KrdA
2 e—0 e—0 M2

=2r(1—N)+ Y _ |Link(v;,L)]
1<i<N

+((0A) + Z [cos(g — 04(vj))][| Link(vj, L)| — 27]
1<j<m
=0(0A)+2n+ > [|Link(v,L)| - 2a]{1 — sin[0% (v)]}, (5.14)
vESing(L)
where K, =1 is the intrinsic curvature of [L — Sing(L)].

Using Lemma 2.5, we can extend the result of Theorem 5.9 to any com-
pact convex domain.

Corollary 5.10. Let A C L = Link(p, X3) be a simply-connected, compact,
convex domain. Then

Area(Az) = ((0A) +2m + Z [|Link(v, L)| — 2w]{1 —sin[07% (v)]}. (5.8)
veSing(L)
where 6% (v) = min{dr (v, A), 5}.

Proof. For any given compact convex domain A, by taking a collection of of
i points on the boundary of A and joining then by the minimizing geodesic
one can construct a sequence of piecewise spherical convex domains {A(7)}
such that A(i) C A and lim;—.c di (A(4), A) = 0, lim;oc Area([A(i)]z) =
Area(Az), lim;.c ([0A(1)] = £(0A), and lim; o sin[@jl(i) (v)] = sin[6 (v)]
for any v € L. Because (5.8) holds for each A(7), by taking the limit, we
conclude that (5.8) holds for any compact convex domain A C L.

In the next theorem we derive a new isoperimetric inequality for compact
convex domains A in L = Link (p, X?).

Theorem 5.11. Let A C L = Link(p, X®) be a compact convexr domain.
Suppose that L satisfies the CAT (1) equality. Then

0(0A) > 2min{rm, Diam(A)}, (5.15)

where Diam(A) denotes the diameter of A.

Our proof of Theorem 5.11 also show that for any compact convex domain
A C M?, where M? is a smooth Riemannian surface of curvature 0 < K w2 <
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1, the isoperimetric inequality (5.15) holds. However the inequality (5.15)
fails to hold if we replace 2 min{m, Diam(A)} by 2Diam(A). For example,
let M? = {(z,y,2) € R32? +y% + %0 =1} and A = {(z,y,2) € M?|z >
0}. Then ¢(0A) < 2Diam(A). Similarly, one can construct an example of
A C L = Link(p, X3) such that L satisfies the CAT (1) equality and A is
convex, but £(0A) < 2Diam(A). In order to do that let Y = {(z1, 2, z3) €
R3| max{|z1|, |2a|, |23} = F}. Thus, Y has six faces {F}}1<j<¢. Each face Fj
is a square. The length of each side is § and |0F}| = 27. Replace each face
F}j by a unit upper hemi-sphere %; = {(z,y, z) € R3|2? +y? +22 = 1,2z > 0}
to get a new surface L. Clearly, |0¥;| = |0Fj| = 2m. The new resulting
surface L = Uj<;<¢X; is a piecewise spherical surface satisfying the CAT (1)
equality. Let A = L = Uj<j<sj. Then A is a convex subset of L and
Diam(A) > m. The boundary 0A = 0% is a closed geodesic of length
27. In this example, we have £(0A) < 2Diam(A), however inequality (5.15)
holds for A.

In order to prove Theorem 5.11 we need to recall some results.

When L satisfies the CAT'(1) equality, a result of [ChD] implies that,
Inj(L), the injectivity of L is greater than or equal to m. The proof of
Theorem 5.11 uses the so-called Birkhoff curve shortening process, which
we briefly call it B.C.S.P, see [CC, p533-534] and [Cr2, p4]. This process
depends on an integer N > 2, where N is chosen so large that ¢(y)/N is
small than 7. For a Lipschitz closed curve =, the B.C.S.P. associates a new
curve V() as well as a homotopy {7s}o<s<1 from v = v to BV () = 71.
The homotopy {7s}o<s<1 will be defined in such a way that £(vs,) > £(7s,)
whenever sy > s1.

Assume that v : [0,1] — L is a closed curve parameterized proportional
to arc-length; if not, the first part of the homotopy reparametrizes v so that
it is. We then define V1 to be the unique piecewise geodesic closed curve

such that y1 = (%) for all integers i = 1,2,..., N. For s € [0, 1], 75 will be
2
given by

i
Ys(—= +t

= {7, 0<t< 2,
N

(% +1), << i

where 77 is the minimizing geodesic from (%) to v(% + 2£) parameterized
on the interval [0, %] proportional to arc-length. Finally, v, is defined as
the unique closed geodesic with the shifted vertices: {y1(% + 5%) = ’y%(% +

ﬁ)}ogz‘g ~N—1, which is parameterized proportional to arc-length on each

interval [4 + 5k, 5 + 7%]. We then define v, for s € [3,1] to be the

homotopy between 1 and 7 in the same way that 75, s € [0, 1], homotopies
y E 2
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from vp to v1.
2

Lemma 5.12. ([Cr2]) Let A C L = Link(p, X?3) be a compact convex
domain and let v be a parametrization of OA. Suppose that L satisfies the
CAT(1) equality and () = €. Then if we apply B.C.S.P. with N breaks to
v the resulting curve must satisfy the following:

(1) Yt C A;.

(2) ¢ is convex to Wy = [A — {x € |0 < s <t} U

Proof. The proof is the same as that of Lemma 2.2 of [Cr2, page 7] with
minor modifications. In [Cr2], the starting convex set W, was assumed to
be a 2-dimensional open set. In our case, we use the compact convex sets
W; above instead. However, the assumption, that the set Wy is open, was
not used for the proof of Lemma 2.2 of [Cr2]. Thus, the argument of [Cr2]
remains to be valid for the proof of our Lemma 5.12.

Lemma 5.13. (/CC, p534]) Let A C L = Link(p, X3) be a compact convex
domain and let v be a parametrization of OA. Suppose that L satisfies the
CAT(1) equality and £(y) = £. Then either A contains a non-trivial closed
geodesic o of length (o) < £, or there exists a new homotopy ps, s € [0, 1],
which satisfies the following conditions:

(1) o1 =7, po =g is a point curve, L(ps) < L for all s; (ps,) < £(ps,)
whenever s1 < Sg;

(2) s is convex to the domain Vs = {z € ¢4|0 <t < s};

(3) {@sto<s<i gives rise in a natural way to a map F, from the two-disk
D? into A such that F(0D?) =~ and F(0) = .

Proof. To prove Lemma 5.13 follow the argument in the proof of Corollary
1.3 of Part II of [CC] and use Lemma 5.12 instead of Lemma 1.2 of [Cr2].

In view of Lemma 5.13, we now prove Theorem 5.11.

Proof of Theorem 5.11. Let 7 : [0,1] — 0A be a parameterization of 0A
with v(0) = 7(1). Because L satisfies the CAT (1) equality, by Lemma 1.2
of [ChD, p933], one knows that any non-trivial closed geodesic o has length
¢(c) > 2mw. By Lemma 5.13 above, either A contains a non-trivial closed
geodesic ¢ and hence

UOA) = £(7) = £ > ((0) > 2, (5.16)
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or there exists a length non-decreasing family of closed curves {ps}to<s<i
described as in Lemma 5.13 (1)-(3) above. Clearly, by our construction of
s and Vs, we know that the function h(s) = Diam(Vj) is a non-decreasing
continuous function of s. Since Vy = {vg} is a point, h(0) = 0. By the
intermediate value theorem, for each t, = min{Diam(A), 7} — ¢, there exists
a domain s(e) € [0, 1] such that Diam(Vy)) = t.. Recall that, by [ChD], the
injectivity radius of L is at least 7. Since 0 < t. < m < Inj(L), any geodesic
segment o of length ¢(o) < 7 can be extended to a longer length minimizing
geodesic segment ¢ of length ¢(6) = ¢(0) + €1, as long as 0 < 1 < 7 — £(0).
Therefore, the Diam(Vy)) must be achieved by a pair of boundary points
in V(). Thus, there exists a geodesic segment W, : [0, 1] — V(y of L with
endpoints in 9V and the length £(¥.) = Diam(Vy)). The endpoints of
W, intersects with the boundary curve @) at two points, say @) (0) =
Ps(e)(1) and gy (ac) after reparametrization. Clearly, both path ¢(¢)l[0,a,
and path (e |[q,,1] have the length > t.. Hence, we have £(py()) > 26(¥) =
2Diam (V) = 2te = 2[min{ Diam(A), 7} — €]. This together with Lemma
5.13 (1) implies that

(0A) = U(g1) > Upy(y) > 2min{ Diam(A), 7} — ] (5.17)

Letting € — 0, we get (0A) > 2min{Diam(A), n} for this case. Thus, we
showed either ¢(0A) > 27 or £(0A) > 2min{Diam(A), 7} holds.

The inequalities (5.3)-(5.7) now follow from Theorem 5.9 and Theorem
5.11.

6. Applications to a sharp isoperimetric inequality.

In this section, we will prove the Main Corollary stated in Section §0. Our

proof is similar to that of Kleiner in [K] for smooth manifolds. Additional

efforts are needed, because our ambient PL-manifolds have singularities.
We first introduce the isoperimetric profile function. This function has

been studied by several authors [BBG], [GLP] and [K].

Definition 6.1. The isoperimetric profile function of a manifold M, Iy, is

defined by

In(v) = inf{Area (02) | @ C M is a compact domain with
rectifiable boundary 02, vol () = v}.

for any v € [0, vol(M)).
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Observe that the isoperimetric inequality (0.5) is equivalent to the in-
equality
Ixs(v) > Igs(v). (6.1)

for all v € (0,00). One difficulty in proving the inequality (6.1) is that the
space X3 is not compact and therefore there is no guarantee that Iys(v)
is achieved by some compact domain )(,). For this reason we consider an
alternative isoperimetric profile function. For zg € X3, we let B, (o) denote
the closed metric ball centered at zg of radius r. Because X3 = U2 Br(zo):
it is sufficient to show that

1B, (20)(v) = Ips(v) (6.2)

for every v € [0, vol3(B,(x¢))) and every r > 0. Let X3 = B,(x¢) for some
r > 0.

6.a. The existence of optimal domains.

Let X{* C X™ be a compact, convex and simplicial domain. In this sub-
section we show the existence of minimizing domain for the isoperimetric
profile function of X{'. We are not aware of a proof of the existence of
those domains in spaces with singularities. Since the space X™ can have
singularities, we clarify this using some results from Geometric Measure
Theory and other related fields, which are applicable to our PL—manifolds
considered in our paper.

There are two main ingredients in our argument presented below. First,
we observe that for each compact simplicial complex X7, there is a simplicial
embedding F' : X7 — R™ for sufficiently large m. Secondly, because F' is
simplicial, F' and its inverse ! must be Lipschitz maps between X7 and
F(X7). If a sequence of domains {Qj}j:o‘f in X7 satisfies

(1) Area(09;) — Ixp(v) where Ixp(v) = inf{Area(0Q) | Q C X7,
vol () = v, 9N is rectifiable};

(2) vol(€) = v;
(3) ; has piecewise smooth and rectifiable boundary;

then by a theorem of Federer-Fleming that {F'(;) j:“f has a convergent
subsequence which converges to a subset Y, C F(X7]) C R™. Therefore,
{Qj}j:“f has a convergent subsequence which converges to an optimal domain
F~1(Y,). We now give the details of proof of the existence theorem.
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Since X™ has non—positive curvature, the distance function is convex.
Thus, the space X™ is combable in the sense of Epstein, Thurston, et al., cf.
[ET].

Proposition 6.2. Let X{' C X" be as above. Then there exists a constant
number by, > 0 such that for any cellular n—chain c in X7

vol(c) < bydiam(dc) Area(Oc).

Proof. This is a direct consequence of Theorem 10.2.1 of [ET].

It is known that every compact simplicial complex X" of dimension n
can be simplicially embedded into the Euclidean space R™ of sufficiently
higher dimension m > n (after subdivision of X7 if needed), see [Mun] p.13.

Definition 6.3. Let U be an open set of R and consider the set of n—forms
Ci°(U)}. An n—dimensional current (briefly called an n—current) in U is a
continuous linear functional on D™(U). The set of such n—currents will be
denoted D, (U), see [Fed 2], [Sim]. If w € D™(U), we denote the support of
w by Spt(w).

If T'is a current and W is an open set W C U, then we define

Massy (T') = sup T(w),
|lw|<1, weD™(U), Spt(w)CW

and the n—dimensional mass of a current T is defined as

Mass,, (T') = sup Massy (7).
WCR™

In this section, we are interested in integer multiplicity currents, see
Definition 6.5 below.

Theorem 6.4. Let X' — R™ be as above. Suppose T is a Lipschitz (n—1)—
cycle in X{'. Then T = @Q + OR, where R is a Lipschitz n—chain, Q is a
simplicial (n — 1)—cycle in X{'. Moreover,

Mass,—1(Q) < b*mass,—1(T)
Mass,(R) < b*mass,—1(T),

where ) and R are contained in the smallest subcomplex of X' containing
T and b* > 0, depends only on X7 and its triangulation.

Proof. This is a variant of a theorem of D. B. Epstein (cf. ([ET], Theorem
10.3.3, p.223-229). His proof is applicable to the PL-manifold X7
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Recall that any n—current 7" can be viewed as a functional on the space
of n—forms. By T} — T in U, we mean that {7} converges weakly to 7" in
the usual sense of distributions:

T; - TinU & ‘liin Tj(w) =T (w), Y w e D"(U).
j—oo
Let H"™ be n—dimensional Hausdorff measure on R™. Federer and Fleming
[FF] introduced rectifiable and integer multiplicity currents.

Definition 6.5. If T' € D,,(U) we say that T is an integer multiplicity recti-
fiable n—current (briefly an integer multiplicity current) if it can be expressed

T(w) = /S (w(z), £(2))0(@)dH"(z), w € D'(U),

where S is an H"—measurable countably n—rectifiable subset of U, # is a
locally H"—measure function such that for H" — a.e. point z € S, {(z) can
be expressed in the form 7 A - -+ A 7,, where 71, ..., 7, form an orthonormal
basis for the approximate tangent space 7,5 (see [Sim, p.146]). Thus, ¢
orients the approximate tangent spaces of S in an H"—measurable way. The
function 0 is called multiplicity and & is called the orientation for T. We
write T' = 7(S, &, 6).

An important theorem of Federer and Fleming [FF] tells us the following.
Theorem 6.6. If {1} C D,(U) is a sequence of integer multiplicity cur-

rents with

sup[Massw (1) + Massw (0T;)] < oo, VW CcC U
i>1

then there is an integer multiplicity rectifiable n—current T € D, (U) and a
subsequence {11} such that

Ty —T inU.
Moreover, T is contained in the smallest subsimplex of U containing {T}}.

Using Theorem 6.4, one can show that the subsequence {7} converges
to T" with respect to the flat metric topology. To describe the flat metric
topology we let U be an arbitrary open subset of R*** = R™. Let I be
the subset D, (U) such that Massy (0T) < +oo for all W CC U. On I we
define a family of pseudo-metrics {dw }wccu by

dw(Tl, Tg) = inf{MaSSW(S) + MassW(R) ‘ Ty -1, =0R+ S
where R € D, 4+1(U), S € D,(U) have integer multiplicity}.
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The following compactness theorem is essential to prove existence of minimal
submanifolds.

Theorem 6.7. Let T, {T;} C D, (U) be integer multiplicity rectifiable cur-

rents with sup{ Massw (Tj) + Massw (0Tj)} < oo, VW CcC U. ThenT; =T
Jj=>1

in U (in the sense of Theorem 6.6) if and only if dw (T;,T) — 0 for each

W ccU.

Proof. This is an analog of Theorem 31.2 of [Sim], p.180. The proof uses the
deformation theorem (Theorem 6.4) and its direct consequences. We omit
the details here.

We also need the following statement about the rectifiability of the limit
currents.

Theorem 6.8. Suppose {T;} C D, (U), suppose T;, 0T} are integer multi-
plicity for each j,

sup{ Massw (T}) + Massw (01;)} < oo, VW CC U,

Jj=1
and suppose T; — T € D, (U). Then T is an integer multiplicity current
and T is rectifiable.

Proof. See [Sim, §25-27, §29-32].
The existence theorem of optimal domains is the following:

Theorem 6.9. Let X{* be a convez, simplicial and compact subdomain of
X", Then for each v € (0,vol(XT)) there exists a domain ) C X{ with
rectifiable boundary and

Area (08)(,y) = inf{Area (0R2) | 2 C X{',Q is rectifiable and vol (§2) = v}.

Proof. Let F': X{* — R™ be a simplicial embedding from X7 into a higher
dimensional Euclidean space R™. Then F' is a bi—Lipschitz homeomorphism
between X" and its image F'(X7'), since X" is compact.

Choose a sequence of domains {Qj}j:o‘f in X7* such that (i) Area (092;) —
Ixn(v) where Iyp(v) = inf{Area(9Q) | @ C X7, vol(Q2) = v, O is recti-
fiable}; (ii) vol (©2;) = v; and (iii) €2; has piecewise smooth and rectifiable
boundary.

Let Tj; = F(£2;). Because F is a bi-Lipschitz homeomorphism (simplicial
map), both T} and 0T} are integer currents in R™. Let U be a large ball
containing F'(X™) in R™. Then by the properties of {{2;}, we know

sup{Massy (0T}) + Massy (T})} < ¢ < 400
J
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for some constant ¢ > 0 which is independent of j and W CC U. It follows
from Theorems 5.9-5.11 that there exists an integer current 7" with multi-
plicity 1 and subsequence {Tj,}:2% such that T;, — T with respect to the
flat metric topology. By Theorem 6.6, the limiting current 7" is contained in
the subsimplex F'(X]) of U. Because F is a bi-Lipschitz map from X7* to

F(X7"), we conclude that

Qj, — F7H(T) = Q)
and Area (09(,) = Aliin Area (§;,) = Ixp(v). Further, we have vol (Q(,)) =
v and Area(0Q) = Ixn(v). The domain Q(,) is the desired optimal domain.

6.b. Mean curvature and regularity of boundary for optimal
domains.

In this section, we assume that X f’ C X3 is a compact, convex and piecewise
linear domain with non—empty interior, Int(X3}) # 0, and () is an optimal
domain of volume vol3(£2(,)) = v and Area (9€(,)) = Ix3(v). In the above
sub-section, we already discussed the existence of minimal domains with
least boundary area and a given volume in a compact subcomplex X3 C X3,

The purpose of this sub-section is to study mean curvature and regularity
of boundary for optimal domains in PL-manifolds. Among other things, we
show that the boundary of an optimal domain does not have any corner
points (see Definition 6.11 below). Moreover, we shall show that if X3 is
a large geodesic ball, then the boundary of the optimal domain meets 0X3
tangentially at their intersection points, (cf. Corollary 6.16).

Proposition 6.10. Let O, C X3 C X3 be as above and x, y, and z be
points where Oy is twice differentiable. Assume that x,y € [Int(X?}) —
Sing(X3)] and z € [0X3 — Sing(X?)]. Then

H(z) < H(z) = H(y),
where H denotes the mean curvature of 08), with respect to the outward

normal vector.

Proof. The proof is similar to that of Lemma 2.1 of [O] p1186-1187. Hence,
we omit it here.

To study the regularity properties of optimal domains we need the defi-
nition of a corner point.

Definition 6.11. Let vy € Link (p, X3), and let Ui(p, vg) = C[B(vo, §)] be
the cone over B(vg, %) = {v € Link (p, X®) | dr,(v,v0) < Z} . Then U3 (p, vo)
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is called a half space in Tp,(X 3) in the direction vy. Suppose that Q C X3
is a compact domain with piecewise smooth boundary 9. A point p € 0f2
is said to be a corner point if T,,(€2) is contained in the interior of some half
space U i

We have the following observation.

Proposition 6.12. Let Q C X™ be as above with n = 3. If there exists a
corner point p € 052 then Q cannot be an optimal domain.

Proof. The proof of Proposition 6.12 for the smooth case is along the line
of that of Proposition 6.10, which is well-known. Such a proof can apply to
our case as well.

If Q) is an optimal domain for the isoperimetric profile function I X3
then Proposition 6.12 tells us that for p € 9€)(,) cannot be a corner point;
actually the tangent cone T},(£(,)) is area-minimizing.

Definition 6.13. A tangent cone T,(0) is said to be area-minimizing
in T,(X3) if, for any compact (2)-domain ¥ C 7,(99), ¥ has the least
(2)-dimensional measure among hypersurfaces ¥ in 7,(X3) with the same
boundary 0¥ = 0%, i.e.,

Area (Y') > Area (X)
for any ¥’ C T,,(X?) with 0%’ = 9 and ¥ C T,(99).

The following fact is well-known and can be proved in the same way as
in that of Proposition 6.10.

Corollary 6.14. Let Q) C X} be an optimal domain with vol3(Q,)) = v
and Area(08(,)) = Ix3(v). Then the tangent cone Tp(0€,)) is an area—

minimizing cone in Ty(X?) for any p € 0.
The following result is an improvement of Proposition 6.12.

Theorem 6.15. Let Q C X3 be a convex domain containing a point p.
Suppose that T,(0) is an area—minimizing hypersurface in T,(X>) and there
exists vg € Link(p, Q) such that <(vo, w) < § for all w € Link(p,2). Then
<vo,w) = § for all w € Link(p, 092).

Proof. By Corollary 6.14, we know that 7},(02) is an area-minimizing hyper-
surface in T),(X 3). Suppose contrary, Theorem 6.15 were not true, we would
obtain a contradiction as follows. There would be a wy € Link (p, 9Q) with
<(vo,wp) < 5. Let us now consider the hypersurface T,,(0€2) around the
line in the direction wo, say £.,. Because <(vg,wp) < 5, using the proofs of
Theorems 5.4.8-5.4.9 of Federer [Fe2, p629-630], one can show that 7,(05)
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can not be area minimizing along /£,,, in Tp(X?’). This completes the proof
of Theorem 6.15.

The following is a direct consequence of Theorem 6.15

Corollary 6.16. Let $2, be an optimal domain for the isoperimetric profile
I'ys where X3 = By(wg) = {z € X3|d(x,20) < r}, The boundary of the
optimal domain $)(,y, 08, meets 0X3 tangentially.

Proof. For each p € 0B, (x) we observe that there is a geodesic ¢py, from p

to zo. Since X3 has non-positive curvature, the law of cosine holds. Thus,
for any w € T,,(B,(xo)) we have

m
<(wv (‘Ppﬂfo)gut(p)) < 5

Using Theorem 6.15 we obtain that
m
<I(’U), ((ppﬂfo)i)ut(p)) = 5

QD

for every w € T),(0Q(uvp)). Hence, the boundary
tangentially at points in [0Q(v) N OM7].

Q(v) meets 0X3 = 0B, ()

6.c. The proof of sharp isoperimetric comparison inequality.

The isoperimetric profile function Iys(v) of X 3 is a CY*~Holder continuous

function with exponent o = % For that reason we consider the derivative

d—1I
of the function Iy3(v) in the weak sense. We say dtx? > c if there
¢
exists a C! function g defined on [v —¢,v] with ¢'(v) = ¢, g(v) = Ix3(v) and
g(t) = Ixs(t) for t € [v —e,v].
The mean curvature of 9{,, where €2, is an optimal domain, is related
to the left derivative of Iys at v as follows.

Proposition 6.17. Let X} C X3, IX§ and £, be as above. Suppose that
there is an open set U C X3 — Sing(X3) such that U N 0Q, # () is a C?
hypersurface and U N 9, has the constant mean curvature H with respect
to the outward normal vector field. Then
D_IXf’ H
dt t=v

We now prove the first part of our Main Corollary.
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Proof of Main Corollary for the inequality part. Let d = diam(Q), z € Q
and X3 = Byg() be the closed metric ball centered at z of radius 4d.
In order to prove inequality (0.5) is enough to show that

Ixs(v) = Ipa(v), (6.1)
because if vol 3(£2) = v, then we have that

Area(09) > Is(v) > Ips(v) = csv’ = es[vol3(Q)]3

and hence our theorem. . .

To prove the inequality (6.1) is enough to show that I;(? (v) > IHQQP’ (v).
Since Ix3(0) = R3 (0) and the function Ixs is Holder continuous with ex-
ponent %, it is sufficient to verify that

LA Iy

1 dIR3
[Ixf)(v)} dt 2

> [IR?)(’U)] dt

t=v

)
t=v

or equivalently,

(1 d~Ixs

2
2 dt t:'u) IRB (’U)’

2 1 dilgs
Iys(v) > <_
t:'u) x? (’U) —\2 dt
where % denotes the left weak derivative of f.
Itisa clagssical result that the balls are the optimal domains in R3, then
I3 (v) = c3vs. Thus it suffices to show that

1 d Ixs
(5 dt

Let Q) C X} be such that vol (Q(,)) = v and Area (9Q(,)) = Ixs(v).

The existence of () is discussed in §6.a. If v < vy < vol(X}), then

Int(XF) — Q] # 0 and 9Q(,) N Int(X3) # 0. Because [X7 — Sing(X?)]

is open and dense in Int(X?), the set 99,y N[X} — Sing(X?)] is non—empty.

The set of regular points of 9, in [Int(X}) — Sing(X?)] has positive mea-

- ) Ixs(v) > dm. (6.2)

sure. Let
Y1 ={x€dQu) |z e [Int(X?) — Sing(X3)], 09, is regular at x}.

Proposition 6.10 implies that ¥; has constant mean curvature Hy,,. Propo-

sition 6.17 says that
dt t=v

> Hy,.
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Thus in order to verify the inequality (6.2) it is enough to show that
1 2
|:§H21} Area (0€(,) > 4. (6.3)
Proposition 6.10 says that for an optimal domain €,

Haq ., nox3(q) < Hs, (6.4)

where ¢ is a regular point of [0,y — Sing(X?)]N0X?}, that is, 0, is C1-!
at q. Let us consider

Yo={x€0Qu) |z ¢ Sing(X3), 09, is regular at x}.

Using the last inequality, we get

/22 [%H&rd/x > /22 [%Hag(v)rd/l.

Therefore, the inequality (6.3) holds provided that

1 2
S Hoo, | 44 > ar.
/22 [2 (v)

The convexity of X3 and inequality (6.4) imply that Haq,, > 0. It p €
0, N3, then the principal curvatures of 9€)(,) at p are non-negative, hence

[%Haﬂ(v)(p)}? > GKoaa,, (p). (6.5)

Thus, it is sufficient to show
/  GRogy, (p)dA > 4. (6.6)
Zgﬂdﬂz‘ )
There are two major ingredients in the proof of (6.6). We first show

/ A(GKpa,,) > dr. (6.7)
[aﬂz‘v)ﬂaﬂ(v)] —Sing(X3)

Secondly, we prove in Claim 1 below that 89’(*1}) Ny = [89’(*1}) N 89(,,)] —
Sing(X?). The inequality (6.6) is a direct consequence of (6.7) and Claim 1

below.
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To show (6.7), we keep the notation as in Section 5. Recall that if
pE [89’(*1})] N Sing(X?),

es(Qy) = D > [Link(o', X?)| — 2x] sin[0} (v, )]
olCSt(p) veLink (p,ol)

and for any subset Q C 89’(*1})

es(Qy)lo= D, e @)y

PEQNSing(X3)

By the results of Section 4, if 89’(*1}) =VUW and if VNW = (), then

/d(GKaﬂzv))—i_/ d(GKag*))
”

w (v
/[asz*v)]

= 47 + e3(2,)lony,

= 4m + e3(Q)) v + ea (2w

d(GKpe:,)

It follows that

| G
;

(6.7.a)
— A+ e(2) |y + ea()lw — / d(GKa,,)]
w

We now choose W = [0, — 0Q) — Sing(X?)] U [Sing(X?) N
89’(*1}) N 89(,,)]. Since ), is optimal, we showed in previous sub-section
that 0, does not have corner points, nor does 8Q>(*v). In particular,

Diam[Link (p, 2")] > = for all p € 0. For each p € [0, — 9Q(,) —

Sing(X3)], by Almgren’s observation, we have

GKog:, dA =0 = e3(2,)lon;

)= 09w —Sing(X3)

(6.7.b)
For p € [Sing(X?3) no,, NOQy ], welet A = Link(p, va)). By Proposi-
tion 4.2, Theorem 5.9 and Theorem 5.11, because of diam(A) > m mentioned

/892‘1)) —89(1)) —Sing(X3)
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above, we have

/d(GKanv))
P
= Area(Link(p, X3) — Area(Az)
6.7.c
< ) > [Link (0!, X?)| — 27] sin[f; (v, Q)] (6.7.0)
olCSt(p) veLink (p,ol)
= e3(2))lp-
It follows from (6.7.b) and (6.7.c) that
/ A(GKan,,) < es(Q) - (6.7.d)
w

For V. =097, —W = [89’(*1}) N 0N y)] — Sing(X?), by (6.7.a) and (6.7.d), we
finally conclude that

/[892‘1)

[, JW

UGy, ) = / A(GKpn,,)
)ﬂaﬂ(v)]—Sing(X3) Vv

>4m + eg(szv))‘V > 47,

This finishes the proof of (6.7).

It remains to show
Claim 1: 892:}) NYy = [892:}) N 89(1,)] — Sing(X?’).

It is clear that 9Q; N Yy C {[0Q; N Q)] — Sing(X?)}. In order to
prove that 925 Ny D {[0Q; N 9Q,)] — Sing(X?3)}, we write [0} N IQ(,) —
Sing(X?*)] = I U B where the set I = {[0€} N Q) — Sing(X?)] N Int(X7})}
and the set B is defined as B = {[9€2} N 99,y — Sing(X?)] N X}}.

On the one hand we assert that [ is regular. Let p € I. It is clear
that T,(X?) = R® and S = T,(9,)) is a convex domain in R*. By Corol-
lary 6.14 we see that 05 = T),(9€2(,)) is an area-minimizing hypersurface in
R3. A result of Bombieri and Giusti says that if S is an area-minimizing
(2)-dimensional current contained in a half space of R?, then .S must be a
hyperplane R? in R3, see [BG, p42]. This shows that 09,y must be differ-
entiable at p. The regularity theory of minimal surfaces implies that 0€2(,)
is smooth and real analytic around p; hence I is regular.

Furthermore, we assert that B is regular. Let p € B. Recall that X7 =
Byi(z) is convex because the space X 3 has non-positive curvature . For each
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p € 0X3, we let ¢, , be the geodesic from p to z and v, = (¢Yps) by (p). Then
<(w,vg) < 5 for all w € Link (p, X7). If 8Q(,) makes an angle with X7 less
than 7 at p, then p is a corner point of 9€2(,;) and Theorem 6.15 says that (2 is
not an optimal domain. Therefore, 9, touches 9X 3 tangentially at points
p € 00,yNOX}. This shows that 92 is CH! at p € [0,y —Sing(X?)]NOX?.
Thus B is regular and this completes the proof of Claim 1.

We now observe that, since Y9 is regular,

GEKoay,, ly= GKoa,lp (6.8)

for all p € ¥y. The inequality (6.6) now follows from (6.7)-(6.8) and Claim
1. This completes the proof of the inequality (0.5), i.e., the inequality part
of Main Corollary.

It is natural to ask for which domains 2 the equality holds in the in-
equality (0.5). The answer to this question is given in our Main Corollary.

Proof of Main Corollary for the equality case. Suppose now there exists a
compact domain €,y in X 3 such that

wn

Area(0Q(y,)) = c3[vol3(Q))]3.

Then the inequalities in (6.5) and (6.6) become equalities. In this case, ()
has the following extra properties:
(i) Q(y) is a convex domain and 0, is regular at p € 9Q(,) — Sing(X3).
(ii) Almost all points of 9, are umbilical points with respect to inner
unit normal vector; (this is because %[H@g(v)(p)]Q = é\l/(ag(v) (p) holds almost
everywhere);

. 1
(iii) If ro = [%ﬁﬂ(“))] 2 then the equalities

/ d(GKaq,,,) —/ éT(aQ(U)(p)dA
o, 00,

1
= / [=Haqy,, (p)]*dA = 4
00, 2

imply that Yo has full measure in 89’(*1}). Furthermore, almost all points

in 99,y have the same inner principal curvature —% with respect to the
inward unit normal vector.

It is well-known that an umbilical hypersurface ¥ with principal curva-
tures equal to :t% in the Euclidean space R? must be isometric to a piece of

the Euclidean round sphere of radius rg. For each Euclidean n—simplex J?
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with Int(a?) N0Q(y,) # 0, we know that ¥; = 05»’ N 08y is a hypersurface of
almost all umbilical points. The regularity theory for elliptic equations imply
that X; is a smooth hypersurface. Therefore, 9,y = U ¥; is a piecewise

J
spherical hypersurface of curvature K = %, with only possible singulari-

ties when it meets Sing(X?3). Furthermore, by the minimizing property of
0y = 89’(*1}), the discussion in §6.b implies that Diam|[Link (p, Q)] > 7
and the total length of Link (p,09,)) satisfies |Link (p, 0Q,))| > 27. A
theorem of Gromov says that if 92, is a piecewise spherical space of con-
stant curvature K = r% and if Link (p, 09,)) satisfies the CAT(1) for each

0

p € 08(,), then 98, satisfies the CAT(%) inequality, see [ChD]. Theorem
1.2 and its proof imply that

Area(0Q(,)) > Area(S?(rg)) (6.9)

where S?(rg) denotes the round sphere of radius 7o in R? and equality holds
in (6.9) if and only if 9, is isometric to 52 (ro).
On the other hand, equalities in (0.5) and its proof tell us that

drr = / GKTdA = / Laa
Q) 99,y —Sing(X3) Tp

= Area(@Q(v))%.
0
Thus Area(99,)) = Area(S?(ro)) and 99, is isometric to S2(ro).

In order to show that €2, is isometric to an Euclidean ball B, (0) of
radius 7o, we glue Q(, into [R* — B, (0)] along 0, = S?(r¢) = 9B,,(0),
getting a new CAT(0)-space X3.

We shall show that €(,) has no interior singularities. We also observe
that (Q(,))s C R3 — B, (0) C X3 is isometric to S2(rg + s) = 0Byy+5(0) in
R3. By Theorem 1.2, it is sufficient to show that Area(Link (z, X3)) < 4,
for z € Q). Since (y))s is isometric to S*(rg + s) in R® — By, (0), we
have

/ GKp(oy, ), dA = 4n
a(Q(v))s

For any given zg € ﬁ(v), we define a map F': 9(Q(,))s — Link (o, )?3)
by F(q) = (¢q)hut(x0) where ¢, : [0, +00) — X3 is a geodesic ray asymptotic
to the geodesic ray v, : [0, +00) — [R® — B, (0)] — X? given by v,(t) =
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q +tN(q), where N(q) is the outward unit normal vector of 9(Q,))s =
OBry14(0).

If p,q € O(Q))s = 0Bry+5(0) with d(p, q) < 5, the geodesic segment 7, ,
from p to ¢ lies entirely in X3 - Qo) = R? — B,,(0). Let P} be the parallel

translation from p to ¢ along 7, 4 in R — B, (0) and define <(N(p), N(q)) =
€

<IUN(q),PIN(p)). Tt is easy to check that <(F(p), F(q)) < <(N(p), N(q)),
as long as d(p, q) < 5, p,q € 0Bry15(0) = 9((y))s. It follows from the last
inequality that

Area(Link (z, X)) < / GKy(q,,),dA = 4m.
a(Q(v))s

This together with Theorem 1.2 imply that Link (zo, X ) is isometric to $2(1).
Thus X is smooth at all g € ﬁ(v) and ﬁ(v) has no singularities. Finally, we
apply Theorem 7 of [SZ] to X3 and conclude that X? is isometric to R® and
Q(y) is isometric to the round Euclidean ball B, (0) of radius ro.
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