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Rigidity and Vanishing Theorems in K-Theory

KEFENG L1u,! XIAONAN MA,2 AND WEIPING ZHANG3

In this paper, we first establish a K-theory version of the equivari-
ant family index theorem for a circle action, then use it to prove
several family rigidity and vanishing theorems on the equivariant
K-theory level.

Introduction.

In [W], Witten considered the indices of elliptic operators on the free loop
space LM of a spin manifold M. In particular the index of the formal signa-
ture operator on the loop space is exactly the elliptic genus of Landweber-
Stong-Ochanine [LS], [O]. Motivated by physics, Witten made the conjec-
tures about the rigidity of these elliptic operators which say that their Syl—
equivariant indices on M are independent of g € S'. See [L] for the early
history of the subject. '

These conjectures were proved by Taubes [T], Bott-Taubes [BT], and
by Hirzebruch [H] and Krichever [K]. Many aspects of mathematics are
involved in their proofs. Taubes used analysis of Fredholm operators and
Witten’s interpretation of the Atiyah-Bott-Segal-Singer Lefschetz fixed point
formula; Krichever used cobordism; Bott and Taubes and Hirzebruch used
the Atiyah-Bott-Segal-Singer Lefschetz fixed point formula. In [Liul], it
was observed that these rigidity theorems are consequences of their modular
invariance. This allowed Liu ([Liul, 2]) to give a simple and unified proof,
as well as various further generalizations, of the above conjectures of Witten.
In particular, several new vanishing theorems were found in [Liul, 2].

In many situations in geometry, it is rather natural and necessary to
generalize the above rigidity and vanishing theorems to the family case.
For example, to use elliptic operators to study the fundamental groups of
a manifold, one can reduce the question to a problem involving a family
of elliptic operators. In [LM1] and [LMZ2], Liu and Ma proved several
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family rigidity and vanishing theorems. Such theorems contain higher level
vanishing terms which will be useful for our understanding of the relationship
between group actions and fundamental groups.

To be more precise, let M, B be two.compact smooth manifolds, and
m : M — B be a smooth fibration with compact fiber X. Assume that a
compact Lie group G acts fiberwise on M, that is, the action preserves each
fiber of m. Let P be a family of G-equivariant elliptic operators along the
fiber X. Then the family index of P, in the sense of Atiyah and Singer [AS],

(0.1) Ind(P) = KerP — CokerP € Kg(B),

is well-defined. Note that Ind(P) is a family of virtual G-representation
indexed by elements of the space B. Let G denote the space of all complex
irreducible representations of G. By [S, Proposition 2.2], we have

(0.2) Ind(P) = @D Homg(V,Ind(P)) ® V
veG

with Homg(V,Ind(P)) € K(B). We denote by (Ind(P))¢ € K(B) the G-
invariant part of Ind(P). _

A family of elliptic operator P is said to be rigid on the equivariant
Chern character level with respect to this G-action, if the equivariant Chern
character chy(Ind(P)) € H*(B) is independent of g € G. If chy(Ind(P)) is
identically zero for any g € GG, then we say P has vanishing property on the
equivariant Chern character level. More generally, we say that P is rigid
on the equivariant K-theory level, if Ind(P) = (Ind(P))%. If this index is
identically zero in Kg(B), then we say that P has vanishing property on
the equivariant K -theory level. To study rigidity and vanishing properties of
Ind(P), it is clear that we only need to restrict to the case where G = S1.
From now on we make the assumption that G = S*.

Note that the K-theory level rigidity and vanishing properties are more
subtle than those on the Chern character level. The reason is that, by
taking the Chern character, some torsion elements involved in the index
bundle might be killed. Such torsion elements may appear in the study of
fundamental groups, which we hope to pursue in the future.

In [LM1], Liu and Ma proved that the elliptic genera are actually rigid on
the equivariant Chern character level. Several vanishing theorems for equiv-
ariant Chern characters of these index bundles are also proved in [LM1].
Motivated by the family rigidity theorem of [LM1, Theorem 2.1}, it is rather
natural to expect that the elliptic genera have rigidity and vanishing prop-
erties on the equivariant K-theory level. The purpose of the present paper
is to show that this is indeed the case.
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To achieve our purpose, we first establish a K-theory version of the equiv-
ariant family index theorem [LM1, Theorem 1.1] for S'-action. However,
we are not able to derive this formula directly by applying the localization
formula in the equivariant K-theory as in [ASe], as the localizing process
will also kill the torsion elements in K1 (B). Here instead, we combine the
analysis of Wu-Zhang [WuZ, §3], which in turn relies on the technique of
Bismut-Lebeau [BL], with a deformation trick of Zhang [Z, §2], which allows
us to avoid the small eigenvalues problem, to establish such a formula.

To prove the main results of this paper, which are stated in Section 2.1,
we will introduce some shift operators on certain vector bundles over the
fixed point set of the circle action, and compare the index bundles after
the shift operation. Then we get a recursive relation of these index bundles
which will in turn lead us to the final result. This part is essentially a
reformulation of the basic ideas of Taubes [T]. Our main observation here
is that we can directly do the shift operations on the fixed point set by
applying the K-theory version of the equivariant family index theorem. In
this way, we avoid the construction of the Dirac operator on the normal
bundle in the loop space, as well as the associated analysis on the Fredholm
- properties of these operators (cf. [T]). Consequently, some of the shifting
operations we will construct are not the same as that in [T]. This simplifies
the computation significantly. In fact, in some sense the proof we will present
may be considered as a rather subtle K-theory version of the proof of Bott-
Taubes [BT].

Some of the results of this paper have been announced in [LMZ1]. In
a subsequent paper [LMZ2], we will use the method in this paper to prove
several rigidity and vanishing theorems on the equivariant K-theory level for
Spin‘®-manifolds, and also for almost complex manifolds.

This paper is organized as follows. In Section 1, we prove a K-theory
version of the equivariant family index theorem for circle action. In Section
2, we prove the rigidity and vanishing theorems of elliptic genera on the
equivariant K-theory level. The proofs of the main results in Section 2 are
based on two intermediate results which will be proved in Sections 3 and 4
respectively.
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1. A K-theory version of the equivariant family index
theorem.

In this section, we will prove a K-theory version of the equivariant family
index theorem [LM1, Theorem 1.1] for S L_actions, which will play a crucial
role in the following sections. As an immediate consequence, we obtain a K-
theory version of the famous A—vamshmg theorem of Atiyah and Hirzebruch
[AH] for compact connected spin manifolds with non-trivial Sl-actions. As
was pointed out in the introduction, unlike the case of the usual index, we
can not get the K-theory index formula directly by applying the localization
formula in equivariant K-theory as in [ASe], as the localizing process will
kill the torsion elements in Kg1(B). So the formula we will derive is more
precise and subtle for the S'-action case.

This section is organized as follows: In Section 1.1, we state a K-theory
version of the equivariant family index theorem for an S*-action on a family
of spin manifolds. In Section 1.2, we prove Theorem 1.1 by applying the
techniques of [BL, Sections 8, 9], [WuZ, Section 3] and a deformation trick
in [Z]. In Section 1.3, we generalize Theorem 1.1 to a somewhat more general
situation. In particular, we obtain a K-theory version of the equivariant
family index theorem for an S'-action on a family of Spin¢ Dirac operators.

1.1. A K-theory version of the equivariant family index theorem.

Let M, B be two compact manifolds, and = : M — B a smooth fibration
with compact fiber X such that dim X = 2{. Let TX denote the relative
tangent bundle. Let W be a complex vector bundle over M and A" a
Hermitian metric on W.

Let h7X be a Riemannian metric on 7X and V7X be the corresponding
Levi-Civita connection on 7T'X along the fiber X. Then the Clifford bundle
C(TX) is the bundle of Clifford algebras over M whose fiber at z € M is
the Clifford algebra C (T X) of (TX,hTX).

We assume that the bundle 7'X is spin over M. Let S(TX) = ST(TX)®
S™(TX) be the spinor bundle of TX. We denote by ¢(-) the Clifford action of
C(TX) on S(TX). Let {e;} be an oriented orthonormal basis of (T'X, hTX),
let {€'} be its dual basis. Let

(1.1) T=icler) - cle)

be the involution of S(TX). Then 7|gx(rx) = 1.

Let V5(TX) be the Hermitian connection on S(T'X) induced by VIX,
Let VW be an Hermitian connection on (W,h"). Let VSTX)®W be the
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connection on S(TX)®W along the fiber X:
(1.2) vITXeW — gSTX) g1+10 VY.

For b € B, we denote by Ejy, Ey ; the set of C*-sections of S(TX) ® W,
SE(TX) ® W over the fiber X;. We regard Ej as the fiber of a smooth
Zo-graded infinite dimensional vector bundle over B. Smooth sections of F
over B will be identified to smooth sections of S(T'X) ® W over M.

Definition 1.1. Define the twisted Dirac operator to be
(1.3) DX = Y, c(e;)) Vo T RW,

Then DX is a family Dirac operator which acts fiberwise on the fibers of 7.
For b € B, D,f( denote the restriction of DX to the fiber Ey. DX interchanges
E, and E_. Let D be the restrictions of DX to Ey.

Now we assume that S! acts fiberwise on M. We will consider that S?
acts as identity on B. Without loss of generality we can assume that S* acts
on (TX,hTX) isometrically. We also assume that the action of S* lifts to
S(TX) and W, and commutes with V. Recall that the S* action on F is
defined by (g - s)(z) = g(s(g~'x)) for g € S',s € E,z € M.

From [LM1, Proposition 1.1}, we know that the virtual bundle over B,

(1.4) Ind(DX) = KerD¥, — KerDX,,
+,b b

is well-defined in the equivariant K-group Kgq1(B).

We denote by [n] (n € Z) the one dimensional complex vector space
on which S! acts as multiplication by ¢g" for a generator g € S'. By S,
Proposition 2.2], we know that there exist A € N, R, € K(B) (|n| < A)
such that

(1.5) Ind(D¥) = @) R.®[nl,
In|<A

as an identification of virtual S!-bundles.

For n € Z, let E%L ET , be the subspaces of E, 3, E_, where St acts
as multiplication by g” for g € S1. Then we can consider By =EY,® Eﬁ,b
as the fibers of a smooth Zj-graded infinite dimensional vector bundle over
B. Smooth sections of E™ over B will be identified with smooth sections of
S(TX) ® W over M on which S* acts as multiplication by g" for g € S*.
Then the virtual bundle over B,

(1.6) Ind(D¥,n) = KerDY | BY, — KerDi(’b|Eg’b,
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is well-defined in the K-group K(B).
By the construction of the index bundle Ind(DX) (cf. [LM1, Proposition
1.2]), it is well known that

Ind(DX,n) =R,, for |n|< A4,

(17) =0, for |n|> A.

Let F = {F,} be the fixed point set of the circle action on M. Then
7 : Fy = B (resp. m: F — B) is a smooth fibration with fiber Y, (resp.
Y), and Y is a totally geodesic compact submanifold in each fiber X. Let
7 : N = F denote the normal bundle to F in M. Then N = TX/TY. We
identify N as the orthogonal complement of TY in TX|p. Let ATY, AV be
the corresponding metrics on TY, N induced by ATX. Then, we have the
following S'-equivariant decomposition of 7'X when restricted to F:

TX|p = Npy &+ ® Ny, & TY,

where each NN, is a complex vector bundle such that g € S* acts on it by ¢”.
To simplify the notation, we will simply write that

(1.8) TX|F = @uroNy ©® TY,

where N, is a complex vector bundle such that g € S! acts on it by g”
with v € Z*. Clearly, N = @,x0N,. We will regard N as a complex vector
bundle, and write Ngr for the underlying real vector bundle of N.

Since Ng is naturally oriented by the complex structure on N, TY is
naturally oriented by the orientations of TX and N. Similarly, let

(1.9) WlF = @, W,

be the S!-equivariant decomposition of the restriction of W over F. Here
Wy (v € Z) is a complex vector bundle over F on which g € S! acts by g¢°.

Let C(Ng) be the Clifford algebra bundle of (Ngr, h"). Then A(N") is
a C(Ng)-Clifford module. Namely, if 7 € N, let U’ € N* correspond to U
by the metric ATX. If U € N, we write

(1.10) c(U) =V2U'A, ¢(O) = —V2ig.

On F, let wa(TY'), wa(N) be the second Stiefel-Whitney classes of TY, N
respectively. Let det Ny, det N = ), det N, be the determinant line bundles
of N,, N over F. Let c¢;(det N) be the first Chern class of det N. As T'X is
spin, one gets the following identity in H?(F, Zs) :

(1.11) wo(TY) = wa(N) = ¢1(det N) mod (2).
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As explained in [LaM, Appendix D, p. 397], we can construct a Spin®
-principal bundle and a complex spinor bundle S (T, (det N )_1) over F
which locally may be thought of as

S (TY, (det N)™) = So(TY) ® (det N)~1/2,
A(N™) = So(Ng) @ (det N)'/2,

where Sy(TY), So(NR) are the fundamental spinor bundles for the (possi-
bly nonexistent) spin structure on TY, Ng, and where (det N)~'/2 is the
(possibly nonexistent) square root of (det N)~!.

Since Y is totally geodesic in X, the connection V7¥|r also preserves the
decomposition (1.8) of TX over F. Let VY, VN, V™ be the corresponding
induced connections on TY, N and N,. Let VAW ") be the connection on
A(N™) induced by VV.

Let Vet M)~ be the connection on (det N)~! induced by V. The con-
nections V¢t M~ and VTY induce an Hermitian connection V5(TY:(det N)~%)
on S(TY, (det N)~1). In fact, locally, both So(T'Y) and (det N)~1/2 exist and
carry a canonical connection induced by VTY, v{det N )7t We give the bun-
dle S (T, (det N)~1) the tensor product connection. It is standard that this
connection is well defined globally (cf. [LaM, Appendix D]).

Let (e1,...,ear), (e2rr11,--.,€9) be the corresponding oriented orthonor-
mal bases of TY and Ngr. Then (ey,...,eq) is an oriented orthonormal basis
of TX. The Zo-gradings on S (T, (det N)™1), A(N") are defined by the
involutions il'c(el) ...c(egr), and 7N = il”l'c(emr“)...c(em) respectively.
Also note that under the involution 7V

AT(NT) = (AN)T, AN = (A0

From the above discussion, we see that there is a natural isomorphism
between Zg-graded C(T'X)-Clifford modules over F,

(1.12) S (TY,(det N) ™) ®A(N") =~ S(TX)|p.

Here we denote the Zy-graded tensor product by ® (cf. [LaM, p. 11]).
Furthermore, since V¥ is S!-invariant, one deduces easily that

(1.13) VTN = STV ™G] 4 18 VAN ),

Let V be an Hermitian vector bundle over F. Let VY be an Hermitian
connection on V. From now on, we will also denote by DY ® V' the fam-
ily twisted Dirac operator on S (TY,(det N)™1) ® V on F, and DY« @ V
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its restriction to F,,. Namely, let VS(TY:(detN)™)®V he the tensor product
connection on S (T, (det N )™!) ® V induced by VS(TY,(det N)™*) and vV,
Then

2l
(114) DY QV = Zc(ei)Vi(TY’(detN)_l)®V.
=1

We use the notation

+oo
Sym,(V) =Y ¢"Sym™(V) € K(F)|[q]],
n=0

+o0
Ag(V) =) q"A™(V) € K(F)((d]],
=0

for the symmetric and exterior power operations in K (F')[[g]] respectively.
Introduce the notations:

(1.15)
R(q) = g2 Z» lvldim Ny Q) (Symye(N,) ® det I,
v>0
® (X) Symy-» (N,) ® (Z quv) =3 R,
v<0 v n
R(g) = g2 ZolamN Q Sym ., (N,)
i v>0
® ® (Symg. (N,) ® det N,)) ® (quWv) = ZR;q".
v<0 v n

Note that by [AH] (also cf. the argument after (2.27)), one knows that,
as T'X is spin,

(1.16) > vdimN, =0 mod (2).
v

We can now state the main result of this section as follows.

Theorem 1.1. For n € Z, we have the following identity in K(B) :
(1.17) Ind (D¥,n) = 3 (~1)Zo<w imMoing (DY @ R,)
03

= (-1)Ze<odimNoIng (DY~ @ R},).
[
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If we take W = C the trivial line bundle over M, then the oper-
ator DX ® C is exactly the canonical Dirac operator DX. The follow-
ing consequence generalizes the famous A\-vanishing theorem of Atiyah and
Hirzebruch [AH] for compact connected spin manifolds with non-trivial S!-
actions to the family case.

Corollary 1.1. If M is connected, and the S' action is nontrivial, then for
the family of the canonical Dirac operators DX along the fiber X, one has

(1.18) Ind (D*) =0 in Kq(B).

Proof: If the S' action is locally free, then by Theorem 1.1, we get
directly (1.18). Otherwise, since on each F,

(1.19) > lvldim N, > 0,
v

one deduces easily from Theorem 1.1 that
(1.20) Ind (D*,n) =0 in K(B)
for any n € Z, from which (1.18) follows. n

1.2. Proof of Theorem 1.1.

In this subsection, we prove Theorem 1.1. The proof, which is contained
here for completeness of the present paper, is modeled on [WuZ, Section 3]
which in turn relies on the paper of Bismut and Lebeau [BL].

This subsection is organized as follows. In Section 1.2.1, we recall a re-
sult from [WuZ, Proposition 3.2] concerning the Witten deformation on flat
space. In Section 1.2.2, we establish a Taylor expansion of DX +/=1Tc(H)
near the fixed point set F', where H is the Killing vector field on M gener-
ated by the circle action. In Section 1.2.3, by using the techniques of [WuZ,
Section 3] and [BL, Section 9], we establish various estimates for certain op-
erators induced from DX ++/=1Tc(H). In Section 1.2.4, we prove Theorem
1.1 by using a deformation trick in [Z].

1.2.1. Witten’s deformation on flat spaces. Let H be the canonical
basis of Lie(S!) = R, i.., for t € R, exp(tH) = e*™ ¢ S1. Let W be a
complex vector space of dimension n with an Hermitian form. Let p be a
unitary representation of the circle group S on W such that all the weights
are nonzero. Suppose W¥ are the subspaces of W corresponding to positive
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and negative weights respectively, with dimc W~ = v, dimc W+ =n — v.
Let z = {2} be the complex linear coordinates on W such that the Hermitian
structure on W takes the standard form and p is diagonal with weights
i € Z\{0} (1 <7< n),and A\; <0 for ¢ < v. The Lie algebra action on W
is given by the vector field

—ZW\/—Z)\ (zi—z'i).

a7
Set
KE(W) = Sym (W*)*) @ Sym(WTF) ® det(W ).

Let F be a finite dimensional complex vector space with an Hermitian form
and suppose F carries a unitary representation of S*.

Let 0 be the twisted Dolbeault operator acting on QU*(W,E) =
I'(A(W") ® E), the set of smooth sections of A(W ") ® E on W. And let "
be its formal adjoint. Let D = v/2(8 + 8" ). Let ¢(H) be the Clifford action
of H on A(W") defined as in (1.10). Let L be the Lie derivative along H
acting on Q*(W, E).

The following result was proved in [WuZ, Proposition 3.2].

Proposition 1.1. 1. A basis of the space of L?-solutions of D + +/—1c(H)
(resp. D —+/—1c(H)) on the space of C* sections of A(W") is given by

(1.21) (Hz )( H —fi)e— L=z, . dz, (K € N)

1=v+1

with weight Y., k| A + 0,1 (ki + 1)| A (resp.

(1.22) (H )( H B)em Shrilislaz, . dz, (k€ N)
=v+1

with weight — Y + kil il = >oi_ (ki + 1))

So the space of L2-solution of a given Weight of D + v/—1c(H) (resp.
D—+/=1c(H)) on the space of C*® sections of A(W")®E is finite dimensional.
The direct sum of these weight spaces is isomorphic to K~ (W) ® E (resp.
K+ (W) ® E) as representations of S*.

2. When restricted to an eigenspace of Ly, the operator D -+ +/—1c(H)
(resp. D —+/—1c(H)) has discrete eigenvalues.
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1.2.2. A Taylor expansion of certain deformed operators near the
fixed-point set. In this subsection, we will use the notation of Section
1.1. We assume temporarily that B is a point, and Y is the fixed point set
of the S! action on X.

Following [BL, Section 8¢)] and [WuZ, Section 3.2], we now describe a
coordinate system on X near Y. For ¢ > 0, set B, = {Z € N;|Z| < €}.
Since X and Y are compact, there exists 9 > 0 such that for 0 < € < ¢,
the exponential map (y,Z) € N — exp{f (Z) € X is a diffeomorphism from
B; onto a tubular neighborhood U, of Y in X. From now on, we identify B,
with U, and use the notation z = (y, Z) instead of z = exp; (Z). Finally,
we identify y € Y with (y,0) € N. Let 7 ((S(T'X) ® W)|y) be the vector
bundle on N obtained by pulling back of (S(T'X) @ W)|y forT : N > Y.

Let hTY, AN be the corresponding metrics on TY and N induced by
hTX, Let dvx, dvy and dvy be the corresponding volume elements on
(TX,hTX), (TY,hTY) and (N, hN). Let k(y, Z) ((y,Z) € Be) be the smooth
positive function defined by

d'UX (y’ Z) = k(yv Z)dUY(y)vay (Z)

Then k(y) = 1 and g&(y) = 0 for y € Y; the latter follows from [BL,
Proposition 8.9] and the fact that Y is totally geodesic in X.

For & = (y, Z) € Ug,, we will identify S(TX), with S(T'X), and W, with
W, by the parallel transport with respect to the S'-invariant connections
VS(TX) and VW respectively, along the geodesic ¢ — (y,tZ). The induced
identification of (S(T'X)® W), with (S(T'X)® W)y preserves the metric and
the Zo-grading, and is moreover S!'-equivariant. Consequently, DX can be
considered as an operator acting on the sections of the bundle 7*((S(T'X) ®
W)|y) over Be, commuting with the S* action.

For € > 0, let H(B;) (resp. H(N)) be the set of smooth sections of
T ((S(TX)®W)|y) on B (resp. on the total bundle of N). If f, g € H(N)
have compact supports, we will write

w Go=(g) [ (] 90.28m@)arw

Then k/2DXk~1/2 is a (formally) self-adjoint operator on H(IN).

The connection V¥ on N induces a splitting TN = N @ TH N, where
THN is the horizontal part of TN with respect to VY. Moreover, since Y
is totally geodesic, this splitting, when restricted to Y, is preserved by the
connection V7% on TX|y. Let V be the connection on (S(TX) ® W)y
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induced by the restriction of VS(TX)®W to Y. We will still denote by V the
lift of the connection V to 7*((S(TX) ® W)|y).

We choose a local orthonormal basis of T'X such that eq,..., ey form a
basis of TY, and egy 41, ..., ey, that of Ng. Denote the horizontal lift of e;
(1<i<2l')to THN by ezH. As in [BL, Definition 8.16] and [WuZ, (3.15)],
we define

20 2l
(1.24) DH =% "c(e)Ver, DN= 3 cfei)Ve.
i=1 1=2l'+1

Clearly, DV acts along the fibers of N. Let 3" be the H-operator along the

fibers of N, and let 3"* be its formal adjoint with respect to (1.23). By

(1.13), it is easy to see that DV = v/2(8" + 8 *). Both DV and D¥ are

self-adjoint with respect to (1.23). :
For T > 0, we define a scaling f € H(B,,) = Srf € H(B, 7) by

(1.25) Sef2) = f(nz). W2 €Bur

For a first order differential operator

2l 2l
(1.26) Qr=Y dr(y,2)Ver + Y (4, 2)Ve +cr(y, Z)
i=1 1=2'+1

acting on H(BE0 JT)» Where al, bt and cr are endomorphisms of
T*((S(TX) @ W)|y), we write

(1.27) Qr =0 (12?9 +|Z|0% +|Z|+|2]?), (peN),

if there is a constant C' > 0 such that for any T' > 1, (y,Z) € B, 7 we
have

(1.28) ler(y, 2)| <Cl2|  (1<i<a),
lr(y, 2)| < Clz> (@' +1<i<2,
ler(y, 2)| < C (12| +2]").-
Let Jg be the representation of Lie(S') on N. Then Z — JyZ is a

Killing vector field on N. We have the following analog of [BL, Theorem
8.18] and [WuZ, Proposition 3.3].
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Proposition 1.2. As T — +o0,

(1.29) Srk'/? (DX +v/=1Tc(H)) k™25 = VT (DN + v/=1c(JuZ))
1
+ D + —=0(|121?8N +|z|0" + 2| +|2]®).
770 (120" +1219" + 2]+ |2P)
Proof: Since Y is totally geodesic in X and the actions of S! on N and
M commute with the exponential map, one can proceed as in the proof of
[WuZ, Proposition 3.3] and [BL, Section 8] to get (1.29). ]

By Proposition 1.1, the solution space of the operator DY ++/=1c(Jg Z)
along the fiber N, (y € F) is (the L?-completion of) K~ (NN,) ® Wy. They
form an infinite dimensional Hermitian complex vector bundle K~ (N)®W |
over Y, with the Hermitian connection V¥ induced from those on N and
Wiy =Y.

Let H°(Y) be the Hilbert space of square-integrable sections of

(S(TY, (det N)™) ©K~(N) © W)ly, and HO(N), that of the bundle

T ((S(TX)®W)l|y), equipped with the corresponding Hermitian forms. By
using (1.12), we define an embedding ¢ : HY(Y) — H(N) by

(1.30) P:a®BeH(Y) = TaAT(f) € H(N).

Here o € T(Y, S(TY, (det N)~1)), B € L2(K—(N)®W |y) and 7 is the isome-
try from L2(K~(N)®W|y) to L2(#*((A(N")®@ W)l|y)) given by Proposition
1.1. Clearly, 9 is an isometry onto its image which we denote by H’ 0. Let
p:HY(N) - H ¥ be the orthogonal projection. Then we have the following
analog of [BL, Theorem 8.21] and [WuZ, Proposition 3.4], which can be
proved in the same way as in [BL] and [WuZ].

Proposition 1.3. The following identity for operators acting on H°(Y)
holds :

(1.31) ¥~ 'pDHp+yp = DY ® R(1),
where R(1) is defined in (1.15).

1.2.3. Estimates of the operators as T — +oo. We still assume tem-
porarily that B is a point. For p > 0, let H?(X), HP?(N) and HP(Y)
be the p-th Sobolev spaces of sections of the bundles S(TX)® W — X,
T*((S(TX) @ W)ly) = N and S (TY,(det N)"1) @ K~ (N) @ Wly = Y
respectively. The group S! acts on all these spaces. For any ¢ € Z, let
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H(X), HY ¢(IV) and HZ(Y') be the corresponding subspaces of weight ¢ € Z.
Recall that the constant €o > 0 is defined in last subsection. We now take
€ €]0, %], which is small enough for each eigenvalue of Ly we will consider,
but otherWise can be assumed to be fixed. Let p: R — [0,1] be a smooth
function such that

0.3 i ={5 it 2Su

For Z € N, set p(2) = p(]—l) Let o € T (Y,S (TY, (det N)~ D), B e
L* (K- (N)®W|y) 0 = a®f. We define a linear map I¢ : H{(Y) — — H{(N)
by

pellﬂllo
llpeSTH (7 (B))lo

Let the image of It from HE(Y) be HY, (N) = ITgHg(Y) C HZ(N).
Denote the orthogonal complement of HY E(N ) in H§( ) by H (N ), and
let HI’.;",E (N) = H(N) N H (N) Let pr and P ¢ be the orthogonal

projections from Hg(N ) onto H% ¢(N) and H (N ) respectively.
Since the bundle S(TX) ® W over Uy, is 1dent1ﬁed with

(133) (S ng( ) — IT€

Ta A St (1(8)) € HY(N).

#((5@y, et M) @ AR o W)y )

over Be,, we can consider k~/2I1 ¢o as an element of H? ¢(X) for o € HY(Y).
Define the linear isometry map Jr¢ by

(1.34) o€ Hzg(Y) — Jreo = k,‘"l/QIT’gd € Hg(X)

Let H%E(X ) = JT,gHé’ (Y) be the image. Denote the orthogonal complement
. 0,1 : L
of HY ,(X) in HO(X) by Hyg(X), and let Hi(X) = HE(X) N Hyg(X).
Let pre and pr: ¢ be the orthogonal projections from H€ (X ) onto H%’E(X )
and H% ‘L(X ) respectively. It is clear that pre = k™ -1/ 2pT,§/i71/ 2,
For any (possibly unbounded) operator A on Hg (X), write

A 42

according to the decomposition Hg(X ) = H%E(X )@ Hgl‘é‘(X ), ie., A =
PreApre, A®) = predprg, A® = preApre and AW = 5l Aph,.
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Let Dy = DX ++/—1Tc(H), where now H denotes the Killing vector field
on M generated by the circle action. Let Dr¢ and Dg be the restrictions

of the operators Dr and DY ® R(1) on Hg(X ) and Hg(Y) respectively.

Proposition 1.4. 1. As T — +o0,

1D _nY _1_
(1.36) JiDGJre = DY +0( ﬁ)
where O(ﬁ) denotes a first order differential operator whose coefficients
are dominated by % (C >0).

2. For each & € Z, there exists C > 0 such that forany T > 1,0 € H,f,:;é (X),
o' € Hy (X)), we have

ol
(1.37) 1080t < & (11 1),

10820t < & (171 4 7o)

3. For each ¢ € Z, there exist € €]0,%], To > 0, C > 0 such that for any
T>Ty,0¢€ H;’,Jg(X), we have

(1.38) 1D%2alle > € (lloh +VTllello) -

Proof: Proposition 1.4 is the analogue of [WuZ, Proposition 3.5] and
can be proved in the same way as in [WuZ, pp. 165-166], which in turn
relies on [BL, Section 9]. |

1.2.4. Proof of Theorem 1.1. We now go back to the family case. The
important observation is that the analysis in the above two subsections works
well for the fiberwise (twisted) Dirac operators.

For any u € R, we write

4 2 3
(1.39)  Drg(u) = DY) + DY) +u (D;,; + D,E,,,)E) . E > E.
The following lemma plays a key role in our proof of Theorem 1.1.

Lemma 1.1. There exists Ty > 0 such that for any u € [0,1] and T > T,
Dr¢(u) is a continuous family of Fredholm operators over B.
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Proof: From Proposition 1.4, one deduces (cf. [Z, Lemma 2.2]) that
there exist C;, Co > 0 such that for u € [0,1], s € F and T large enough,

C
(140)  [IDrgs = Drgwlsllo < —LliDrgsllo + Calsllo-

From (1.40) and the Fredholm property of D¢, one obtains the Fredholm
property of Dy ¢(u) for sufficiently large T'. |

Recall that the index bundle construction [AS] applies well to continuous
families of Fredholm operators and that the homotopy invariance property
for the index bundle still holds in this situation.

From Lemma 1.1, one then gets the following identity of index bundles,
when T is large enough,

(1.41) Ind (Df) = Ind (D7) = Ind (Dr¢(0))
— Ind (Dg}g) +Ind (Df(,:‘)g) in K(B),

where in the last line, Ind(D,E,,l)s) (resp. Ind(D%é)) is now regarded as a
family of Fredholm operators mapping from H?,‘,f(X ) (resp. Hg:’é‘ (X)) to
HY (X) (resp. Hyy(X)).

On the other hand, by the third part of Proposition 1.4, when T’ is large
enough, one has obviously that

(1.42) Ind (D,f,if)f)zo in K(B),

Let D(l)g be the restriction of D! )5 on F,. From (1.30), (1.36) and the
definition of Jr¢, one deduces easily that when T is large enough, one has,

(143)  Ind (D)) = S (1) FocsdmMornd (J5LDE) e

o
=Z(_1)Eo<vdivaInd (Dgfa) in K(B).
@

By (1.41), (1.42) and (1.43), one deduces the first equation of (1.17) easily.

To get the second equation of (1.17), we only need to apply the first
equation of (1.17) to the S'-action on M defined by the inverse of the original
Sl-action on M. The proof of Theorem 1.1 is complete. ]
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1.3. The Spin® case.

We will keep the notations in Section 1.1. For future applications, in this
subsection, we will extend Theorem 1.1 to Spin® cases.

Let 7 : M — B be a fibration of compact manifolds with compact fiber
X such that dim X = 2/ and S? acts fiberwise on M. Let h”X be a metric
on TX. We assume that TX is oriented. Let (W,h") be an Hermitian
complex vector bundle over M.

Let V be a 2p dimensional oriented real vector bundle over M. Let L
be a complex line bundle over M with the property that the vector bundle
U=TX @YV satisfies wy(U) = ¢1(L) mod (2) where wy denotes the second
Stiefel-Whitney class, and ¢; (L) is the first Chern class of L. Then the vector
bundle U has a Spin®-structure. Let hY, h’ be metrics on V, L. Let S(U, L)
be the fundamental complex spinor bundle for (U, L) [LaM, Appendix D.9].

Assume that the S'-action on M lifts to V, L and W, and assume the
metrics ATX, Y, hL, KW are S'-invariant. Also assume that the S'-actions
on TX, V, L lift to S(U, L).

Let VTX be the Levi-Civita connection on (T'X, hTX) along the fiber X.
Let VV, VL and V" be S! invariant and metric-compatible connections
on (V,hY), (L,hY) and (W, h") respectively. Let VS(W.L) be the Hermitian
connection on (U, L) induced by VIX @ VV and V! as in Section 1.1. Let
VS(W.L®W he the tensor product connection on S(U,L) ® W induced by
VSW.L) and VV.

Let {e;}2L,, {f;}?2, be the corresponding oriented orthonormal bases of
(TX,hTX) and (V,hY). Let DX be the family Spin®-Dirac operator on the
fiber X,

21
(1.44) DX =" c(e;) VETDEW,
i=1
There are two canonical ways to consider S(U, L) as a Zs-graded vector
bundle. Let

(1.45) s =i'cler) -~ c(em),

Te = iPc(er) -+ - clea)e(f1) - - e(fap),

be two involutions of S(U, L). Then 72 = 72 = 1. We decompose S(U, L) =
S*(U,L)®S~ (U, L) corresponding to 7, (resp. 7¢) such that 7;|gx 1) = 1
(vesp. Te|ls=,z) = *1). For 7 = 75 or 7, we can define the index bundle
Ind.(DX) € Kg1(B) as in Section 1.1.
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We have the following S'-equivariant decomposition of V restricted to
F,

(1.46) ViF = ®uz0Vo ® V5T,

where V;, is a complex vector bundle such that g acts on it by g, and VbR
is the real subbundle of V' such that S! acts as identity. For v # 0, let Vu,Rr
denote the underlying real vector bundle of V,. Denote by 2p' = dim V})R
and 2!' = dimY. Let us write

(1.47) Lr=L® (®det N, ® (R) det Vv) -
v#0 v#0

Then TY ® V§} has a Spin® structure since wy(TY @ V) = ¢;(Lr) mod (2).
Let S(TY ® V%, Lr) be the fundamental spinor bundle for (TY & VR, Lp).

Let DY, DY« be the families of Spin® Dirac operators acting on S(TY &
VOR, LF) over F, F,. If R is an Hermitian complex vector bundle equipped
with an Hermitian connection over F, let DY ® R, DY« ® R denote the
twisted Spin® Dirac operators on S(TY @& V&, Lr) ® R.

Recall that Ny, r and V, r are canonically oriented by their complex
structures. The decompositions (1.8), (1.46) induce the orientations of TY
and V. Let {&;}?;, { fj}?zl be the corresponding oriented orthonormal
basis of (T'Y,hTY) and (V&, hVOR). There are two canonical ways to consider
S(TY @ V&, Lr) as a Zo-graded vector bundle: let

(1.48) 7y =i c(er) - - c(ear),
Te =" TP c(er) -+ clear)e(f1) - - e fap ),

be two involutions of S(TY @ V&, Lr). Then 72 = 72 = 1. We decompose
S(TY®VR,Lp) = SHTY®VE,Lr) @S~ (TY ® VR, Lr) corresponding to
Ts (resp. 7) such that 7] St(TYeVR,Ly) = T1 (resp. 7| S:(TYQVR Ly) = T1)-

By restricting to F, one has the following isomorphism of Zj-graded
Clifford modules over F,

(149)  S(U,L) =S (TY & V5%, Lr) 8 (RAN,B R)AV,.
v#0 v#0

Here we denote the Z,-graded tensor product by & (cf. [LaM, p. 11]). We
denote by Ind;,, Ind,, the index bundles corresponding to the involutions
7'37 Te-
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Let S! act on L by send g € S* to gl (I. € Z) on F. Then [, is locally
constant on F. We define the following elements in K (F)[[¢*/?]],*

(1.50)
Rai(g) = g2 Zo M dimNo= 3, vdimVotzle () (Sym,, (N,) ® det NV, )
0<v
® Q) Symg-» (Vo) ® () Asgr(V2) @ (Z q”Wu) =Y Rind",
v<0 v#£0 n
R’i(‘]) — q—§zv [v| dim Ny—3 3, vdim Vo + 3L ®Squ-v (Nv)
o<
® ® (Symge (Ny) ® det Ny) ® ®A:|:q'u (Vy) ® (quWv) = Z R,i,nqn-
v<0 v#£0 v n

As TX ®V @ L is spin, and the S! action lifts to the spinor bundle of U® L,
by using the same argument as (3.30) below, we know that

Zvdiva + Zvdiva +1.=0 mod(2).
v v

The following result generalizes [T, Theorem 2.6] to the family case.

Theorem 1.2. For n € Z, we have the following identities in K(B) :

(151)  Ind, (DX,n) =Y (-1)ZocwdmNeInd, (D' @ Ry )

[o7

- Syt (D% 6 7).

o4

Ind,, (DX,n) =¥ (-1)To<sdmMond, (D¥e @ R_,)

a
=3 (-1)ZucodimNomnd, (DY@ R ). 7
[e3

Proof: The proof is a straightforward generalization of the proof of The-
orem 1.1. The details are left to the interested reader. |

4There is a misprint in [LMZ2], we should replace ®,¢°W, in (1.11) of [LMZ2]
by ®( Yo @ Wy )
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2. Family rigidity and vanishing theorems.

The purpose of this section is to establish the main results of this paper:
the rigidity and vanishing theorems on the equivariant K-theory level. The
results in this section refine some of the results in [LM1, 2] to the K-theory
level.

As in the previous sections, we let 7 : M — B be a fibration of compact
manifolds with fiber X. We assume that S' acts fiberwise on M with fixed
point set F', and TX has an S'-equivariant spin structure. Then 7 : F — B
is a fibration with fiber Y.

Following Witten, we will introduce some elements R(q) = Lpeng" Ry €
Kgi1(M)[[g]]. To prove the rigidity theorem for these elements, Taubes and
Witten suggested to use some shift operators to get a relation like Ind(DX ®
Ry, h) = Ind(D* ® Ryip,h) for h, m € Z. As R, = 0 for m < 0, this
implies the rigidity theorem. See the paper of Taubes [T] for a rigorous
treatment.

To get a similar equality in the family case, we first apply our K-theory
version of the equivariant family index theorem [LM1, Theorem 1.1], Theo-
rem 1.1, to reduce the problem to the fixed point set F. Then we introduce
an auxiliary element in Kg1(F)[[g]]. We study the corresponding index bun-
dles of the twisted Spin® Dirac operators on Y, which, after doing some shift
operations, will be related to a term like Ind(D*X ® R4, h). On the other
hand, if we apply our K-theory version of the equivariant family index theo-
rem iteratively, we may also relate the considered index bundle to a term like
Ind(D*X ® Ry, h). This then completes the proof. To apply the equivariant
family index theorem, we are inspired by the constructions of Taubes [T, §6).
Namely, we will construct some operators on the fixed point set M (n) of the
induced Zy-action on M, and apply the equivariant family index theorem to
them.

As was pointed out in the introduction, our main observation is that we
can directly construct and apply the shift operators on the fixed point set.
In this way, we avoid the use of the Dirac operators on the normal bundle in
the loop space and the associated analysis of Fredholm properties of these
operators in [T].

This section is organized as follows: In Section 2.1, we state our main
results, the rigidity and vanishing theorems on the equivariant K-theory
level. In Section 2.2, we state two intermediate results which will be used
to prove our main results stated in Section 2.1. In Section 2.3, we prove the
family rigidity and vanishing theorem. In Section 2.4, we prove a vanishing
theorem on the equivariant K-theory level of the index bundle of the Dirac
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operator on loop spaces, which may be viewed as a loop space analogue of
Corollary 1.1, and which also extends the corresponding loop space analogue
of the Atiyah-Hirzebruch theorem in [Liu2] to the family case.

Throughout this section, we use the notations of Section 1.1.
2.1. Family rigidity and vanishing theorems.

Let # : M — B be a fibration of compact manifolds with fiber X and
dim X = 2I. We assume that S' acts fiberwise on M, and TX has an S!-
invariant spin structure. As in [AH], by lifting to the double cover of S1,
we can assume that the second condition is always satisfied. Let V be a real
vector bundle over M with structure group Spin(2k). We assume that V has
an Sl-invariant spin structure. Let S(V) = S*(V) & S~ (V) be the spinor
bundle of V.

The purpose of this section is to prove that the elliptic operators intro-
duced by Witten [W] have some interesting rigidity and vanishing properties
on the equivariant K-theory level. Let us recall some definitions first.

For a complex (resp. real) vector bundle F over M, let

(2.1) Sym,(E) = 1 +tE + t*Sym?E + - - - |
A(E) =1+tE+2A’E+ .-,

be the symmetric and exterior power operations of E (resp. E ®g C) in
K(M)[[t]] respectively. Set

(2.2) 0/ (TX) ® Ap(TX) ® ® Sym,. (TX),
n=1 n=1
o0 o0
0y(TX) = Q) A_gn-1/2(TX) ® Q) Sym (TX),
n=1 n—l

O_y(TX) = ®Aqn_m TX) ®®sym (TX).

n=1 n=1
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We also define the following elements in K (M)[[¢*/?]]:

(2.3) OL(TX|V) = ®Aqn(V) ® (X) Symg- (T X),
n=1
0,(TX|V) = ®A w-172(V) ® @ Symgn (T X),
n= 1

O_,(TX|V) = ®Aqn y2(V) ®®Squn(TX),

O}TX|V) = ®A_qn )®®Symn(TX).

n=1

Recall that the equivariant cohomology group Hy, (M, Z) of M is defined
by

(2.4) H%{(M,Z) = H*(M xg1 ES', Z),

where ES! is the universal S!-principal bundle over the classifying space
BS* of S*. So H%,(M,Z) is a module over H*(BS',Z) induced by the
projection @ : M xg1 ES' — BS!. Let py(V)g1, pi(TX)g1 € H% (M, Z)
be the equivariant first Pontrjagin classes of V and T'X respectively. As
V xg1 ES! and TX xg1 ES! are spin over M xg1 ES!, one knows that
1p1(V)s1 and ipi(TX)g: are well-defined in H% (M, Z) (cf. [T, pp. 456-
457]). Also recall that

(2.5) H*(BS',Z) = Z[4]

with u a generator of degree 2.

In the following, we denote by DX ® W the family of Dirac operators
acting fiberwise on S(T'X) ® W as defined in Section 1.1. We also write
dX = DX ® S(TX).

We can now state the main results of this paper as follows. The first one
is a family generalization of the Witten rigidity theorems as proved in [T],
[BT] and [Liul]. It also refines [ LM1, Theorem 2.1].

Theorem 2.1. (a) The family operators dX ® 04(TX), DX ® ©4(TX) and
DX ® ©_4(TX) are rigid on the equivariant K-theory level.

(b) If5p1(V)s1 = §p1(TX) g1, then DXQ(SH(V) + 5~ (V))®O,(TX|V),
DX®(ST(V) - S(V))®O;(TX|V), DX®04(TX|V) and DX@O_,(TX|V)
are rigid on the equivariant K-theory level.
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The second main result generalizes the vanishing results of Taubes [T,
Proposition 10.1] and Liu [Liu2, Corollary 3.3] to the family case. It also
refines a result in [LM1, Theorem 3.2].

Theorem 2.2. If 1p;(V)s1 — ip1(TX)s1 = e - Tu® with e € Z satisfying
e < 0, then the index bundles of DX ® (ST(V)+ S~(V)) ® ©,(TX|V),
DX@(S*(V) = §7(V))®04(TX|V), DX®0,(TX|V) and DX®6_((TX|V)
are zero in Kqi1(B). In particular, they are identically zero in K (B).

A quite interesting consequence of the above results is the following fam-
ily 2—vanishing theorem for loop spaces. It extends the corresponding loop
space analogue of the Atiyah-Hirzebruch theorem in [Liu2, Theorem 6] to
the family case.

Theorem 2.3. Assume M is connected and the Sl-action is nontrivial. If
%pl (TX)g1 = —e - T u? for some integer e, then the index bundle of DX ®

me1 Symg. (T X) as an element in Kgi(B), in particular, as an element in
K(B), is identically zero.

As was pointed out by Dessai [De], when the S!-action is induced from
a fiberwise S% action on M which preserves the spin structure of T'X, the
condition 3p1 (TX) g1 = —e-T*u? in HY, (M, Z) is equivalent to 5p1(TX) =0
in H*(M,Z). So one gets the following family vanishing theorem.

Corollary 2.1. Assume M is connected and admits a nontrivial S* action
induced by a fiberwise S3-action which preserves the spin structure of TX. If
$p1(TX) = 0, then the index bundle as an element in Kg1(B) (in particular,
as an element in K(B)), of DX ® @22, Symgn (T X), is identically zero.

Actually, our proof of these theorems works under the following slightly
weaker hypothesis. Let us first explain some notations.

For each mn > 1, consider Z, C S!, the cyclic subgroup of order n.
We have the Z, equivariant cohomology of M defined by Hj (M,Z) =
H*(M xz, ES',Z), and there is a natural “forgetful” map (S, Zy) : M xz,
ES! - M xg1 ES! which induces a pullback a(S?,Z,)* : 5(M,Z) —
Hy (M,Z). The arrow which forgets the S' action altogether we denote
by a(S',1). Thus a(S',1)* : H% (M,Z) — H*(M,Z) is induced by the
inclusion of M into M x g1 ES! as a fiber over BS!.

Finally, note that, if Z,, acts trivially on a space Y, then there is another
map r* : H*(Y,Z) — Hy (Y,Z) induced by the projection Y xz, ES! =
Y xBZ, 5 Y.
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We let Zoo = S'. For each 1 < n < +oo, let 4 : M(n) - M be
the inclusion of the fixed point set of Z, C S! in M, and so 4 induces
isl : M(’I’L) Xg1 ES]‘ - M Xg1 ESI

In the rest of this paper, we suppose that there exists some integer e € Z
such that for each 1 < n < +o0,

(2.6) a(Sh, Zn)* 0ig (%pl(V —TX)g1 —e -f*u2>
=r*oq (Sl,l)* O’igl (%pl(V —TX)51> .

Remark 2.1. The relation (2.6) clearly follows from the hypothesis of
Theorems 2.1 and 2.2 by pulling back and forgetting. Thus it is a weaker
condition.

Remark 2.2. If e =0, and B is a point, (2.6) is exactly [BT, (11.11)].

We can now state a slightly more general version of Theorems 2.1 and
2.2

Theorem 2.4. Under the hypothesis (2.6), we have

i) If e = 0, then the index bundles of the elliptic operators in Theorem
2.1(b) are rigid on the equivariant K-theory level.

ii) If e < 0, then the index bundles of the elliptic operators in Theorem
2.1(b) are zero as elements in Kq1(B). In particular, these index bundles
are zero in K(B).

The rest of this section is devoted to a proof of Theorem 2.4.
2.2. Two intermediate results.

Let F' = {F,} be the fixed point set of the circle action. Then 7 : ' — B is
a fibration with compact fiber denoted by Y = {Y,}. Recall that

TX|p =TY @ P Nyg,
vA0

where N, r denotes the underlying real bundle of the complex vector bundle
N, on which g € S! acts by multiplying by ¢g*. Since we can choose either
N, or N, as the complex vector bundle for N, r, in what follows we may
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and we will assume that

(2.7) TX|p=TY & P N,
0<v
TX ®r C|r = (TY ®r C) ® PV, ® N,),

0<v

where N, is the complex vector bundle on which g € S! acts by multiplying
by ¢”. Here some N, may be zero. Similarly, let

(2.8) VirP=Vte P,
0<v
where V, is a complex vector bundle on which g € S! acts by multiplying

by ¢¥, and VOR is a real vector bundle on which S! acts as identity.
On F, let

(2.9) e(N) =3 v*dimN,, d(N)=) vdimN,,
0<v O<v
e(V)=> v*dimV,, d'(V)=) vdimV,.
0<v . 0<v

Then e(N), e(V), d'(N) and d'(V) are locally constant functions on F.
Let us introduce some line bundles:

(2.10) L(N) = Q)(det N,)?,  L(V) = Q)(det V,)",

0<v o<v
L=L(N)"'®L(V).

We denote the Chern roots of N, by {7} (resp. V, by {u%}), and the
Chern roots of TY ®g C by {£y;,} (resp. Vo = Vit ®r C by {£u}). Then
if we take Zo, = S! in (2.6), we get

211) = p(V)er = Z (ul + vu)z,

v,j

p(TX)g1 = Z (y5)? +Z ) +vu) ,

J v,J

% (vz ul + vu)’ Z(yj Z (22 +vu)2) —eu?
- (z: S-S ).

v’] )J
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By (2.5), (2.11), we get
(2.12) (L) = ZUU{, - Z’um{, =0,
v,j J

e(V) —e(N) =) v*dimV, — > »*dim N, = 2e.
0<v 0<v

This means L is a trivial complex line bundle over each component F, of
F, and g € S' acts on L by multiplying by g%¢. So we can extend L to a
trivial complex line bundle over M, and we extend the S! action on it by
multiplying the canonical section 1 of L to g%¢ -1 for g € S™.
The line bundles in (2.10) will play important roles in the next two
sections which contain the proofs of Theorems 2.5, 2.6 to be stated below.
We now define the following elements in Kg1 (M)[[¢"/?]]:

(2.13) Ri(V) = (SH(V) +57(V)) @ Q@ Agn (V),
n—l
Ry(V) = (SH(V) - ) ® ®A_q

= ® A—qn_1/2 V), Ry(V) = ® Aqn—l/z (V)
n=1 n=1

In what follows, if R(q) = ZmE%Z Rng™ € Kg1(M)[[¢Y?]], we will also

denote Ind(DX ® R, k) by Ind(DX ® R(q), m,h).
We first state a result which expresses the global equivariant family index
via the family indices on the fixed point set.

Proposition 2.1. For m € 1Z he€Z,1 < i< 4, we have the following
identity in K(B),

(2.14) Ind (DX ® é Symg (TX)® Ri(V), m, h)

n=1

= Z 1)Xo<o dimNogp g (DY“ ® ® Symg. (TX) ® Ri(V)

n=1

®sym( D Nv) ® (R det Ny, m, h)

0<v 0<v
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Proof: Proposition 2.1 follows directly from Theorem 1.1. |

For p € N, we define the following elements in Kg1(F)[[q]]: °

(2.15)

® <® Symga (Ny) ® ® Sym, n(m)> ® ®Squn (TY),

0<v \n=1 n>pv n=1

AX)= @ (Squ_n(Nv)@)deth),
Oéxgpv

FP(X) = F(X) © Fp(X).

Then, by (2.7), over F, we have

(2.16) FO(X ®Sym A(TX)® sym(@N ) ® Q) det I,

0<v 0<v

We now state two intermediate results on the relations between the family
indices on the fixed point set. They will be used in the next subsection to
prove Theorem 2.4.

Theorem 2.5. For1<i<4,h, p€Z andp>0,me -;—Z, we have
(2.17) Z(— )Zo<udivaInd(DYa ® FO(X) ® Ri(V),m, h)
_ Z 1)Zocw d‘mN”Ind(DY‘" ® FP(X) ® Ri(V),
1, 1,
m+ P e(N) + Epd (N),h).

Theorem 2.6. For each o, 1 <i<4,h, p€Z,p>0,me€ %Z, we have
the following identity in K(B) :

(2.18) Ind <DY°‘ QFP(X)®R;(V),m+ %p2e(N) + %pd’(N), h)

- Ind(DY" ® FO(X) ® Ri(V),m + ph + pPe, h + 2pe).

SHere by Kg:(F) we also mean the direct sum of the form ®,ezE, with each
E,, a finite dimensional vector bundle over F' of weight n under the S!-action.
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Theorem 2.5 is a direct consequence of Theorem 2.7 to be stated below,
which will be proved in Section 4, while Theorem 2.6 will be proved in Section
3.

To state Theorem 2.7, set J = {v € N| there exists o such that N, # 0
on Fo} and

(2.19) ® = {B €0, 1]|there exists v € J such that fv € Z} .

We order the elements in ® so that & = {,3,-]1 <1< Jo,Jo € Nand ; <
Bi+1}. Then for any integer 1 < i < Jy, there exist p;, n; € N, 0<p; <ny
with (p;, ;) = 1 such that

(2-20) Bi = pi/n;.

Clearly, 85, = 1. We also set pp = 0 and Sy = 0.
For 1 <j < Jp, pe N* =N\ {0}, set

(2.21) I} = ¢, the empty set,

If:{(U,n)l’vGJ,(p'—l)U<nSpv,-'Z—=p_1+p_7}’
T?:{(v,n)lveJ,(P—l)v<n§pv,%>p_1+&}_
For 0 < j < Jp, we write

(2.22)  Fpi(X) = Fp(X) ® Fp_1(X)
® ® (Squ_n (N,) ® det Nv) ® ® Symgn (Ny).

(vm)eul_,I? (v,n)ely
Then
(2.23) Fpo(X) = F7PH(X), Fp.50(X) = F7P(X).

For s € R, let [s] denote the greatest integer which is less than or equal
to the given number s. Set

(2.24)
e(p, Bj, N) = %Z(diva) ((p — v+ [%”D ((p — 1)+ [%”] + 1) ,

0<v

d(8j,N) = 3 (dim N,) [ﬁj—”] .

0<v J
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Then e(p, Bj, N),d (B, N) are locally constant functions on F. And

—

1

2:25)  elp,fo,N) = 3o — DPelN) + 5 (o~ DA (V),
elp, By, N) = 57e(N) + 5pd (N).

Theorem 2.7. For1<i<4,1<j<Jy,pe N, h€Z me %Z, we have

(2.26) Z(——I)d'(ﬁf—hN)+Zo<v dimN"Ind(DY"‘ ® Fp,j-1(X) ® Ri(V),
[

m + e(p, ﬂj—hN)’h)
— Z(_l)d’(ﬂj,N)+Zo<u dimN"Ind(DYa ® fp,J(X) ® RI,(V)7
o

m+e(p,IBJ,N)ah)

Proof: The proof is given in Section 4. [

Proof of Theorem 2.5: From (2.23), (2.25), and Theorem 2.7, for 1 <
1<4,h€Z,pe N*and m € %Z, we get the following identity in K (B) :

(2.27) Z(—l)zkv(”"’l)dimN”Ind(DY“ ® FP(X) ® R;(V),

[0
1 2 1 U
m+2p e(N)+§pd (N),h)

= Y (~)FocvdimNomng (DY @ FPH(X) @ Ri(V),

m+ 5(p—1%(N) + 5o~ D (N), ).

As Ip(TX)s is well defined in H% (M,Z), from (2.11), we know
> o<y ¥ dim N, = 0 mod (2), thus we get Theorem 2.5. [ ]
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2.3. Proof of Theorem 2.4.

From Proposition 2.1, Theorems 2.5 and 2.6, for 1 <¢ <4, hype Z,p>0
and m € 1Z, we get the following identity in K(B) :

(2.28) Ind (DX ® ésqun (TX)® Ri(V),m, h)
n=1

(e 9)
= Ind(DX ® ® Syms (TX) ® Ry(V),m',h + 2pe).

n=1
with
(2.29) m' = m + ph + pe.

Note that, from (2.1) and (2.13), if m < 0, for h € Z, we have
[o¢]
(2.30) Ind(DX ® ) Sym,- (TX) ®R,-(V),m,h> -0 in K(B).
n=1

i) Assume that e =0. Let h € Z, mg € %Z and h # 0 be fixed. If A > 0,
we take m’ = my, then for p large enough, we get m < 0 in (2.29). If h < 0,
we take m = my, then for p large enough, we get m’ < 0 in (2.29). From
(2.30), we know that for h # 0, mg € %—Z and 1 <17 <4, we get

(2.31) Ind(DX ® X Symg (TX) ® Ri(V),mo,h) =0 in K(B).
n=1

ii) Assume that e < 0. For h € Z, mg € %Z, 1 <1i <4, we take m = my,
then for p large enough, we get m’ < 0 in (2.29). From (2.30), we again get
(2.31). The proof of Theorem 2.4 is complete. |

Remark 2.3. It might be suitable to add a remark on the comparison of
the various proofs of the Witten rigidity theorem given in [T, [BT], [Liul]
and the present paper. On one hand, the proofs in [BT] and [Liul] rely
on the Atiyah-Bott-Segal-Singer fixed point formula (cf. [ASe], [ASi]) and
elliptic function theory, so they don’t work on the K-theory level. This is
reflected in [LM1] where a proof of a family Witten rigidity theorem on the
equivariant Chern character level is given by extending the method in [Liul].
On the other hand, consider the proofs given in [T], [BT] and the present
paper (for the last see Section 4 for more details). All these proofs rely on
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Taubes’s idea that in certain steps one needs to consider Dirac operators
on the fixed point set of the induced Z,-actions. This requires that the
topological conditions imposed in these proofs are for half of the equivariant
first Pontryagin classes. However the proof in [Liul] works directly on the
fixed point set of the S'-action, and thus works under weaker conditions on
the equivariant first Pontryagin classes without the factor % This leads to
the natural question that whether a K-theory version of the proof in [Liul]
exists. Very likely one needs to use Hecke operators in the theory of modular
forms to understand the shift operators and the modular transformations.

2.4. Proof of Theorem 2.3.
In fact, by setting V =0 in (2.12), we know that

(2.32) > v?dim N, = —2e.
o<v

Thus the case e > 0 can never happen. If e = 0, then all the numbers dim N,
are zero, so that the S'-action can not have fixed points. From Theorem
1.1, we know that the index bundle is zero in K¢ (B). For e < 0, one may
take V = 0 in Theorem 2.4 to derive Theorem 2.3. The proof of Theorem
2.3 is complete. |

3. Proof of Theorem 2.6.

In this section, we will prove Theorem 2.6 by introducing some shift operators
as in [T, §7]. This section is organized as follows: In Section 3.1, we introduce
some notations. In Section 3.2, we prove Theorem 2.6 by introducing some
shift operators as in [T, §7].

Throughout this section, we use the notations of Section 2.

3.1. Reformulation of Theorem 2.6.

To simplify the notations, we introduce some new notations in this subsec-
tion.

For ng € N*, we define a number operator P on Kgi(M )[[q'"%]] in
1
the following way: if R(q) = @D c 1y Rng"” € Kgi(M)[[g™]], then P
ng
acts on R(g) by multiplication by n on R,. From now on, we simply
write Symgn (TX), Agn(V) as Sym(T'X,), A(Vy) respectively. In this way,
P acts on TX,, and V, by multiplication by n, and the actions P on
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Sym(T'X,), A(V,) are naturally induced from its actions on TX,, and Vj,
etc. So the eigenspace of P = n is given by the coefficient of ¢" of the corre-

sponding element R(q). For R(q) = @, c 1z Rnq" € K51 (M)[[q%]], we will
ng

also write
(3.1) Ind (DX ® R(g),m, k) = Ind (D* ® Ry, h) .

Let H be the canonical basis of Lie(S!) = R, i.e., exp(tH) = exp(2mit)
for t € R. If E is an S'-equivariant vector bundle over M, let Ly denote
the corresponding infinitesimal action of H on I'(M, E), the set of smooth
sections of F on M.

On the fixed point set F, let Jy be the representation of Lie(S!) on E|p.
Then on I'(F, E|r), Ly is exactly the operator Jg on I'(F, E|r), and the
weight of the S! action on I'(F, E|F) is given by the action

-1
(3.2) Jg=—+v-1Jg.
2w

Recall that the Z, grading on S(TX) ® @.>,Sym(TX,) (resp.
S (TY, ®o<y(det N,) 1) ®F~P(X)) is induced by the Z,-grading on S(T'X)
(resp. S (TY, ®o<y(det N,)71)). Write

(3.3) FL=8(V)® éA(Vn), Fp= & AVn).
n=1 neN+1

There are two natural Z, gradings on F., F2. The first grading is induced
by the Zs-grading of S(V) and the nature Z, grading (induced by forms
of homogeneous degree ) of @-2; A(Vn) and @, cny 1 A(V,,). We define
T it = +1 to be the involution defined by this Z,-grading. The second
grading is the one for which F{, (i =1, 2) are purely even, i.e., F{',+ = F{,
We denote by 7, = Id the involution defined by this Z grading. Then the
coefficient of ¢" (n € Z) in (2.13) of Ri(V), Ra(V) (resp. R3(V), Ry(V)) is
exactly the Zo-graded vector sub-bundle of (F}, 75), (Fi%, 7e) (resp. (F2,7e),
(F2,75)), on which P acts by multiplication by n.

We will denote by 7. (resp. 75) the Zs-grading on S(TX) ®
®:2, Sym(TX,) ® Fi, induced by the above Z,-gradings.

Let h"» be the metric on V, induced by the metric A¥ on V. In the
following, we will identify AV, with AV, by using the Hermitian metric A">.
By (2.8), as in (1.12), there is a natural isomorphism between Zo-graded
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C(V)-Clifford modules over F,

(3.4) S (V, ®o<v(det V,)™1) @ Q) AV, ~ S(V)| .

0<v

By using above notations, on the fixed point set F', we rewrite (2.15), for
pEN,

(35) F(X)=Q® (®Sym(Nm ® &) Sym(No,n)) © ®Sym(TY

0<v n=l1 nEN,
n>pv
Ax= & (Sym( _n)®detN)
0<v,n€N,
0<n<pv

F7P(X) = Fp(X) ® Fp(X).
Let Vo = VR ®r C. From (2.7), (3.3) and (3.4), we get

(3.6) FIUX) ® Sym( @ Nyn ® —J_V_v,n)) ® ® Sym(T'Y,)
n=1

0<v

® Sym(@Nv,o) ® det (@Nv),
0<v
FV ®A<@ vneavvn)eavﬂn)

1 0<v

® S (Vi, ®o<v(det V) ™) @ ) A(Vio)
0<v

F12/ = ® A (@(Vv,n 5] Vv,n) & VO,n) .

0<nEZ+1/2 0<v

Now, we can reformulate Theorem 2.6 as the following Theorem.

Theorem 3.1. For each o, h, p€ Z,p >0, m€ }Z, fori=1, 2, 7 =1,
or T;, we have the following identity in K(B),

(3.7) Ind, (DY“ ® FP(X)® Fiym+ %p2e(N) + %pd’(N), h)
= Ind, (DY ® FO(X) ® Fi,,m + ph + p’e,h + 2pe) .

Proof: The rest of this section is devoted to the proof of Theorem 3.1.
|
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3.2. Proof of Theorem 3.1.

Inspired by [T, §7], for p € N*, we define the shift operators,
(3.8) s : Ny = Ny ntpu, Ty Wv,n — Nv,n_pv,
Ty - Vu,n — V;l,n+pv, Tyt Vv,n — Vv,n—p'v-
This means that we change the action of the operator P on Ny (resp. —]Vv’n)
by n + pv (resp. n — pv), etc.
Recall that L(N), L(V') are the complex line bundles over F' defined by

(2.10). Also recall that L = L(N)~! ® L(V) is a trivial complex line bundle
on F, and g € S* acts on it by multiplication by g2e.

Proposition 3.1. Forp € Z, p > 0, i = 1, 2, there are natural isomor-
phisms of vector bundles over F,
(3.9) r(FP(X)) ~ F)(X) ® L(N)P,
re(Fy) ~ Fy @ L(V) P
Proof: 1) Under the action of the shift operator r,,

(3.10) r(FX) = & (Sym(Nu,_nﬂn,)@detNu)

0<v
0<n<pv

= Q) Sym(Nym) ® R)det N, ® L(N)?,
0<v 0<v
0<n<pv

From (3.5), (3.10), we get the first equation of (3.9).
2) For Fy, (i =1, 2), we only need to consider the shift operator on the
following elements

(3.11) Fyp = QA(DVan @ Vo)) © @ AlVao),

n=1 0<v O<v

Fr= & A(@(%,neavu,n)).

neEN+1/2 0<v

We compute easily that

[e 0]
(3.12) rFyp =@ A( B Vot @ Vu,n_pu)) ® Q) A(Vyp0),

n=1 O0<v 0<v

T*Flz/,F = ® A ( @(Vv,n—i-pv @ Vu,n—p’u)) .
neN+1/2 0<v
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The Hermitian metric A" on V, induces a natural isomorphism of complex
vector bundles over F :

(3.13) AV, ~ APV @ det V.

In fact, let dvy, be the volume form on (Vv,R,hV".), then we define @ :
AImVo—iy @ det V,, — (A*V,)* as follows: for s1 € ANV =iy odet V,, s2 €
AV,

@(31)(82)(1’0% = 81 A 9.
Clearly, @ is an isomorphism of C(_)mplex vector bundles. By using the Her-
mitian metric ¥, we identify (A*V,)* to AV,

Forn € N, 0<n < pv, 0 <i < dimV,, (3.13) induces a natural
Sl-equivariant isomorphism of complex vector bundles

(3.14) AV gy = AV, e ® det Vi,
.  adimVy—i —
AzV’u,n—p’u—-% ~ A im lV—u,—n+p’U+'12‘ ® det Vv.
This means
(3.15)
R ATV = 0% ( AdmVe—iny, @ det Vv) ’
neN,0<n<pv neEN,0<n<pv
® Ainvv’n_pv+% ~ ® (Adlm Vo—in Vv’—n+pv—-% ® det V'U) .
n€N,0<n<pv neN,0<n<pv

From (2.10) and the isomorphisms (3.12) and (3.15) of complex vector bun-
dles over F, one gets the second induced isomorphism in (3.9). The proof of
Proposition 3.1 is complete. |

Proposition 3.2. For p € Z, p > 0, i = 1, 2, the bundle isomorphism
induced by (3.9),

(3.16) 7, : S (TY,®<v(det N,)7!) @ FP(X) ® Fy
— S (TY, ®o<y(det N,) ™) @ FO(X) @ F, @ L7,
verifies the following identities:

(3.17) roV Ty =Ju,

1
ryt-P-r,=P+plyg+p’e— §p2e(N)—§d'(N).

For the Zy-gradings, we have

(3.18) TeTs = TxTe, TsTx = TxTs.
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~ Proof: The first equation of (3.17) is obvious.
To prove the second ecuation of (3.17) we divide the argument into sev-
eral steps.
a) From (3.15), on ® n.en A™V, ., we have

0<n<pv
(3.19) r'Pr.= Y (dimV, —in)(—n+ pv)
neEN
0<n<pv
=P+plyg+ Z (=n + pv) dim V,,
0<n'rfgpv

=P+plyg+ %(p%z — pv) dim V.

Thus, from (2.9), (3.19), on @y ® nen A"V 5, we have
0<n<pv

(3.20) rPr, =P +pJy+ %pze(V) - %pd’(V).

The operators P and J gy act on S (V})R, det (@0@%)'1) by multiplication
by

1 . 1
(3.21) 0, —3 > vdimV, = —5d (V).
0<v
respectively.
When P acts the rest part of i, we have
(3.22) r Pr, = P+ pJy.

From (3.6), (3.20), (3.21) and (3.22), we know that when acting on F,, one
has the equality:

(3.23) r; Pr,=P+pJg+ %pze(V).
b) Similar to (3.20), from (3.15), on @ nen A™V, .1, we have
0<n<pv 2

| (3.24) r; 'Pr, = Z (dimV, — z'n)( -n+pv— %)

neN
0<n<pv
. ‘ 1
=P +plyg+ (dimV,) Z (—n+pv—§>
Osnrf?pv

1
=P+plg + §p2v2diva.
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From (2.9), (3.24), on @y, ® nen AV, ntl> We have
0<n<pv e

1
(3.25) ri Pr,=P+pJg+ §p2e(V).

When P acts on the rest part of F2, one has
(3.26) ry'Pr. =P +pJyg.
From (3.25), (3.26), on FZ, we again have (3.23).

¢) Note that on @, g<n<py 9t Nu, Jur acts as pe(N) +d'(N). By (3.5),
(3.10), we know that on F~?(X),
(3.27) rylPr, = P4 pJy — p(pe(N) + d'(N)).
On S(T'Y,det(@o<yNy) 1), I acts as —1d'(N). Soon S{T'Y,det{®o<,Ny,) )
QF P(X)

1

(3.28) r;Pry = P+ pJg — p?e(N) — 5pd'(zv).

From (2.12), (3.23), b) and (3.28), we get the second equation of (3.17).

Finally, under our operations, the Zs-grading 7 does not change. For

the Zo-grading T, it changes only on @), ® nen AV, of FL (resp.
0<n<pv

on Qgey ® new ARV, .1 of F2). From (3.15), we know that
0<n<pv 2

(3.29) r;lTer* = (—1)E°<v prdimVy
As 5p1(V)g1 € H3% (M, Z) is well-defined, from (2.5), (2.11), we get
(3.30) > vdimV, = 0 mod (2),

0<v

From (3.29), (3.30), we get (3.18). The proof of Proposition 3.2 is complete.
n

Proof of Theorem 3.1: From (2.12) and Propositions 3.2, for each o,
h, peZ,p>0, me %Z,andfori=1, 2, T = T, or Ts;, we have the
following identity in K(B),

(3.31) Ind, (DYa ® FP(X)® Fiyym+ %er(N) + %pd'(N), h)

= Ind, (D¥* ® F°(X) ® Fy ® L™, m + ph + p%e, h) |
= Ind, (DY" R FI(X)® F‘i/,m + ph + p?e,h + 2pe) .
The proof of Theorem 3.1 is complete. ]
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4. Proof of Theorem 2.7.

In this section, we prove Theorem 2.7. Many arguments in this section are
inspired by [T, §6, 9]. We will construct a family twisted Dirac operator on
M (n;), the fixed point set of the induced Z,,; action on M. By applying our
K-theory version of the equivariant family index theorem to this operator,
we derive Theorem 2.7.

This section is organized as follows: In Section 4.1, we construct a family
Dirac operator on M(n;). In Section 4.2, by introducing a shift operator,
we will relate both sides of equation (2.26) to the index bundle of the family
Dirac operator on M (n;). In Section 4.3, we prove Theorem 2.7.

In this section, we make the same assumptions and use the same nota-
tions as in Sections 2 and 3.

4.1. The Spin° Dirac operator on M (n;).

Let # : M — B be a fibration of compact manifolds with fiber X and
dimr X = 2. We assume that S acts fiberwise on M, and TX has an
Sl-invariant spin structure. Let V be a real vector bundle over M carrying
an Sl-invariant spin structure and dimg V = 2k.

Let F = {F,} be the fixed point set of the S! action on M. Then
m: F — B is a fibration with compact fiber Y. For n € N, n > 0, let
Z, C S! denote the cyclic subgroup of order n.

For n; € N with n; > 0, let M(n;) be the fixed point set of the induced
Z,;-action on M. Then 7-: M(n;) — B is a fibration with compact fiber
X(n;). Let N(n;) — M(n;) be the normal bundle of M(n;) in M. Then
we have the following Zj, -equivariant decomposition of N(n;) ®r C over
M(n;),

(4.1) N(n)®@rC= @ N(n)).
0<v<n;

Here N(n;)y, is the complex vector bundles over M (n;) with g € Zy; acting
by g¥ on it. Complex conjugation provides a C anti-linear isomorphism
between N(n;), and N(n;)n;—y. If nj is even, this produces a real structure
on N (nj)%j_, so this bundle is the complexification of a real vector bundle

N (nj)f_}i on M(n;). Thus, N(n;) is isomorphic, as a real vector bundle, to
2

(4.2) N(nj)~ &P N(nj)vGBN(nj)IE;i-
0<v<n; /2
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Similarly, we have the following Z, -equivariant decomposition of V ®r
C,

(4.3) VerC= P V(nj.

0<v<n;

Here V (n;), is the complex vector bundle over M (n;) with g € Zyn; acting

by g on it. For v # 0, complex conjugation provides a C anti-linear iso-

morphism between V (n;), and V (n)n, - If n; is even, this produces a real

structure on V(n;)n;, so this bundle is the complexification of a real vec-

tor bundle V(nj)ly_)ri over M(n;). Complex conjugation also provides a real
2

structure on V(nj)o such that V(n;)o = V(n;)R ®r C. Thus, over M(n;),
V is isomorphic, as a real vector bundle, to

(4.4) ViMmy) =V ® D VihoVn)k.
0<v<n; /2

In (4.2), (4.4), the last term is understood to be zero when n; is odd.
It is essential for us to know that the vector bundles 7X (n;) and V (n;)&

are orientable. For this we have the following Lemma which was proved in
[E] (cf. [BT, Lemma 10.1]).

Lemma 4.1. Let W be a real, spin vector bundle over a manifold M. We
assume that Z, (n € N*) acts on M, and that the Z,, action lifts on W and
preserves the spin structure of W. Let M(n) be the fized point set of the
Z,, action on M. Let Wy be the subbundle of W over M(n) on which the
generator of Zy, acts trivially. Then Wy is orientable.

By Lemma 4.1, TX(n;) and V(n;)Rt are orientable over M(n;). Thus
N(nj) is orientable over M(n;). By (4.2), (4.4), N(nJ) . and V(nJ)

are also orientable over M(n;). In the following, we fix the orientations of
(nj)ﬁl, (nj)n over M(n;). Then TX(n;) and V(n;)& are naturally

orlented by (4. 2) (4.4) and the orientations of TX, V, N(n;)% Vi(n)%.
Let us denote by ? ?

(4.5) r(ng) = %(1 +(=1)m).

Lemma 4.2. Assume that (2.6) holds. Let

(4.6) Linj)= & (det(N(nj),,) ® det (—V-(n—j):))(r(nj)'i'l)v

0<v<n; /2



160 K. Liu, X. Ma, and W. Zhang

be the line bundle over M(n;). Then:
i) L(nj) has an nt" root over M(ny;).
i) Let
4 Li= @ (det(N(ny),)® det (V(nj),,) ) ® L) a)/na,
0<v<n; /2
L= & ( det (N(nj)v)) ® L(nj)"mi)/ns
0<v<n;/2
Let Uy = TX(n;) ® Ving)f and Uy = TX(n;) & V(nj)li. Then
2
TX(nj), V(n))% and V(n;)8 are of even dimensions. Furthermore, Uy
(resp. Usz) has az,S’pz'nC structure defined by Ly (resp. Ls).
Proof: By [BT, Lemma 9.4], TX(n;), V(n;)% and V(n;)§ are of even

2
dimensions. From the procf of [BT, Lemmas 11.3 and 11.4], we get the rest
part of Lemma, 4.2. ||

Lemma 4.2 is very important. It allows us, as we are going to see, to apply
the constructions and results in Section 1.3 to the fibration M (n;) — B,
which is the main concern of this Section.

For pj € N, p; < nj, (pj,nj) =1, Bj = —i let us write
(4.8)

® Sym (TX ® Sym ( @ N(nj)v,n

0<neZ 0<v<n; /2 0<n€Z+pjv/n;

o (P W)) & @ sym(Nnjy,),

0<neZ—-p;v/n; 0<n€Z+1i

FL(6)) = ( @ V(nj)on @ EB ( EB V(nj)vn

0<nez 0<v<n;/2 \0<n€Z+p;v/n;

® (B V(nj)v,n> @ V(n;)n; )

0<neZ—pj;v/n; 0<n€Z+2
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F)=A| P Ving)n , @ P &b V(ni)on

0<n€eZ 0<v<n;/2 0<n€Z+pjv/nj+%

® @ V(nj)'u,n @ @ V(nj)O,n

0<n€Z-p;v/nj+3 0<n€Z+3

We denote by DX(™) the S§l-equivariant Spin®-Dirac operator on
S(U1, L1) or S(Uy, Ly) along the fiber X (n;) defined as in Section 1.3. We
denote by DX(™) @ F(B;) ® Fi(B;) (i = 1, 2) the corresponding twisted
Spin® Dirac operator on S(U;, L;) ® F(B;) ® F,(B;) along the fiber X (n;).

Remark 4.1. In fact, to define an S'-action on L(nj)r("i)/"i, one must
replace the Sl-action by its n;-fold action. Here by abusing notation, we
still say an S'-action without causing any confusion.

In the rest of this subsection, we will reinterpret all of the above objects
when we restrict ourselves to F, the fixed point set of the S! action. We will
use the notation of Sections 1.3, 2.

Let Np/ar(n;) be the normal bundle of F in M(n;). Then by (2.7),

(4.9) Nepamp = @ Mo,
O<vven;Z
TX(n;)®rC=(TY®rC)® P (N, oN,).

O0<v,ven;Z

By (2.7) and (4.1), the restriction of N(n;), (1 < v < n;/2) to F is given by.

(4.10) N(nj), = b Ny @ s Ny.
0<v':v'=v mod(n;j) 0<v':v'=—v mod(n;)
By (2.8) and (4.4), the restriction of V'(n;), (1 < v < n;/2) to F is given by
(411)  V(ny), = ey Vy @ P V.
0<v':v'=v mod(n;) 0<v':v'=—v mod(n;)
and for v =0,

(412) V()= (%'erC)e P VoV,
0<v,u=0 mod(n;)
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From (4.9)-(4.12), we have the following identifications of real vector bundles
over F,

(4.13) N(nj):zi = b Ny,
0<v,v=22j- mod(n;)
TX(n,)=TY® @ N,
0<v,u=0 mod(n;)

V(n])%.‘ = VOR' o @ Vo,

0<v,w=0 mod(n;)
R _
Ving) = . V-
0<v,v=%i mod(n;)

We denote by Vo = Vj ®r C the complexification of Vi over F. As
(pj,n;) = 1, we know that, for v € Z, pjv/n; € Z iff v/n; € Z. Also,
pjv/n; € Z+ L iffv/n; € Z+ L. Remark if v = —v' mod(n;), then

Pivy _ ., v’
{nt:O <n€Z+ —#]3} ={n,0<neZ- 2711%} From (4.9)-(4.12), we then
ge

(4.14)

FBj) = Q Sym(TY,)® X Q  Sym(Nyn & Nyp)

0<neZ 0<v,v=0,7—1} mod(n;) 0<7'L'~:-Z'f'£:‘3i
j

® ® Sym 69 @ Ny @ @ Nv,n

0<v'<n;/2 v=v' mod(n;) 0<n€Z+%’i 0<nez_’_’nL‘”
J J

o P P Nae P N,

v==v" mod(n;) \ o<nez+2" 0<nezZ—2
J

J

Fllf(:BJ)=A @ V(),nea @ @ V‘u,nGB @ T/:‘v,n

0<neZ 0</v,1)=0,22;i mod(n;) 0<nEZ+%7: 0<neZ—1—;1:
J j

o P ) B Vine D Vunlll:

0<v'<n;j/2 | v=v',—v' mcd(n;) 0<neZ+%i_E 0<n€Z——%i,2
j j
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F‘%—(,B]) =A @ VO,n @ @ @ Vv,n 5] @ Vv,n

0<n€Z+}  0<v,w=0,"{ mod(n;) o<nez+fg}+% o<nez—%’i+§

/ |
o D D B Vwme D Vi

0<v'<nj/2 \v:v’,—v' mod(n;) 0<n€Z+%+% 0<n€z_£;i%+%

Now we want to compare the spinor bundles over F. From (4.6), (4.7),
(4.10) and (4.11), we find that over F' we have

(4.15)

o) = @ ( &  (detN©detV,)™

0<v'<nj/2 v=v' mod(n;)

® ® (det N, ® det V/,

v=—v' mod(n;)

L= Q@ ( ® (detN,@det?,)

0<v'<n;/2 v=v' mod(n;)

® ® (det N, ® det Vv)—l ) ® L(nj)r(nj)/nj,

v=—v' mod(n;)

L= Q@ ( @ dtNe @ (@etM)™)eLn) ™",

0<v’'<nj/2 v=v' mod(n;) v=—v' mod(n;)

7

) _9y! )T(ﬂj)/nj

From (4.13), over F, we have

(4.16)
TX(n;) ®V(nj)& =TY & Vg* & &P (N, ® V),
0<v,v=0 mod(n;)
TX(n;) ®V(n)% =TY & &b N, ® ) V-
: 0<v,v=0 mod(n;) 0<v,w="4 mod(nj)

2

Recall that the Spin® vector bundles U; and U, have been defined in Lemma
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4.2. Let us write

4.17
fS'(Ul),Ll)’=S(TYEBVO,L1® Q) (det N, ® det ;)™ ) ® AV,
v=0 Onfga(nj) v=0 mod(nJ)
S(Ug,Lg)’=S(TY,L2® R (@tN) e & (detv,,r)
v=0 mod(rs) V=14 mod(n;)
® @ AV

n‘0<v,
v=-4 mod(n;)

Then from (1.47), (1.49) and (4.17), for ¢ = 1, 2, we have the following
isomorphism of Clifford modules over F|,

(4.18) S(Ui,Li):S(Ui,Li)’®A( D Nv).

0<v,v=0 mod(n;)

We define the Zy gradings on S(U;, L;)' (i = 1, 2) as that induced by the
Z,-gradings on S(U;, L;) (i = 1, 2) and on A(Bg, =0 mod(n;) N,) such that
the isomorphism (4.18) preserves these Zq-gradings.

We define formally the following complex line bundles over F,

1/2
L= [L;l ® & (detN,®detVy) ® (X)(det N, ® det V,,)—l] ,
v=0 (;ﬁgt’i(nj) o<

L= [L;l ® (K detN,® Q) detV, ® (X)(det Nv)"l] 2,

0<v, 0<wv, 0<v
v=0 mod(n;) v=n;/2 mod(n;)

From Lemma 4.2, w2 (U;) = ¢1(L;) mod(2), by (1.11), (1.47), (4.13) and the
assumption that V is spin, one get wy(U;) = ¢; (ng ® L;) mod(2). Thus
c1(L}?) = 0 mod(2) for i =1, 2. Thus L}, L) are well defined complex line
bundles over F. For later use, we also write down the following expressions
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of L (i =1, 2) which can be deduced from (4.15):

(4.19)

L = [L(nj)-l/"j ® (0% (det N, ® det Vv)]

0<v,v= 22-7- mod(n;)

® (%) (det N,) ' ® X (det V)7,

0<'u,0<v§22'i mod(n;) 0<v,%i<v<nj mod(n;)
r(ni)

Lh=[Lm) e R  (detN,@detVs)]

0<v,v= 22-1 mod(n;)

® X (det V)71

0<w,0<v< ﬁmod(nj)

From (4.15), (4.17) and the definition of L} (i =1, 2), we get the follow-
ing identifications of Clifford modules over F,

(4.20)
S(U1, L) ® L = S (TY, ®o<y(det Ny) ™) ® S (VR, ®ou(det V3) ™)

sA( D W),
0<v,v=0 mod(n;)

S(Us, Lo)' ® Ly = S (TY, ®o<y(det Ny) ™) ®A( b Vv).

0<v,v=%i mod(n;)

To compare the Zs-gradings in (4.20), we will compare explicitly the
orientations. Recall that, if (W,h") is a real Euclidean vector space of
dimension 2m, and J is a complex structure on W which preserves A". Let
{ei, Je;}™, be an orthonormal basis of (W,h"). Then W is canonically
oriented, and its orientation is defined by the canonical Riemannian volume
form

(e AJer) A+ (em A Jem) = dow.

Let dvrx, dvy be the corresponding Riemannian volume forms on
(TX,hTX) and (V,h") which define the orientations of TX, V over M.
Let dvy, and dvg, (resp. dvy,, dvy,) (0 < v) be the canonical Riemannian
volume forms on N, g and N,r = Ny g (resp. Vur, Vor = Vyr). Then
through the identifications (1.12) and (3.4), the orientations of TY and V&
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over F' are defined by the volume forms dvry and d’”VOR respectively such
that

(4.21) dvrx = dvpy ® (8 dvy,, dvy = dv‘/},R ® ® dvy, .
O<v 0<v

By (4.2), (4.4), (4.10) and (4.11), the orientations of TX (n,) and V(nj)&,
when restricted to F, are given by

(4.22)
dvrx|r = dUTX(’nj) ® ® ( ® duy, ® ® d’l)ﬁv) ® dUN(nj)f,';A ,
0<v'<n;/2 wv=v' mod(n;) v=—v' mod(n;) +
dovlr=dvyyp® @ (@ dwmo @ dp,)@dvygy -
0<v'<n;/2  v=v' mod(n;) v=—v' mod(n;) +
respectively.

Clearly, we have
(423)  doy, = (1) Vodvg | doy, = (-1 Yy
From (4.21), (4.22) and (4.23), we get

(4.24) dvrx(n;) = (=1)20Ndury @ & dvn, ,
0<v,v=0 mod(n;)

de(’nj)OR = (—1)A(nj’v)dlu‘/0R ® ® d’UV,U,
0<v,9=0 mod(n;)

where

AmM= 3 dmNeto(Nyl ),

’_’2.i<vl<nj 0<v=v" mod(n;)

Alng, V)= Y > dimV,+o (V(nj)f;}) ,

’_‘2.L<vl <n; 0<v=v' mod(n;)

(4.25)

with o(N(nj)P,_,‘L.) = 0 or 1 (resp. o(V(nj)%_) = 0 or 1), the value
2 2

depends on whether the given orientation on N (’I’Lj)lé'i ( resp. V(nj)I_}L-)
2 2

agrees or disagrees with the complex orientation of D, o d(n;) N, (resp.
=3 ;

®1)=7—12-i mod(n;) %)
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From (4.13), (4.18), (4.23) and (4.24), we see that, for the Zy-gradings
induced by 75, the difference of the Z,-gradings of (4.20) is (—1)2(N);
for the Zs-gradings induced by 7., the difference of the Zj-gradings of
the first (resp. second) equation of (4.20) is (—1)2(N+AM5V) (resp.

A(nj,N)+o (V(nj)‘%. )
(-1) /)

4.2, The Shift operators.

Let p € N* be fixed. For any 1 < j < Jy, inspired by [T, §9], we define the
following shift operators 7;:

(4.26) Tjx i Nyp — Nv,n+(p——1)v+pjv/nj7 Tjx - _Nv,n - _Nv,n—(p——l)v—pjv/nja

Tjx * Vo — Vv,n+(p—1)v+pj'u/nj? Tjx - Vv,n - Vv,n—(p—l)v—pjv/nj-

This means that we change the action of the operator P on N, , by a mul-
tiplication by n+ (p — 1)v + p;v/n;, etc. If E is a combination of the above
bundles, we denote by 7, E the bundle on which the action of P is changed
in the above way.

Recall that the vector bundles Fi, (i = 1, 2) have been defined in (3.3),
(3.6). From (2.22), (3.5), we get

(427)  Fpi(X) = Fp(X) ® Fp_1(X)
® @ (SymNyn)®detN,)e & Sym(N,n).

(v,n)eUi_, I? (v,n)€eT;

Proposition 4.1. There are natural isomorphisms of vector bundles over

F:
(4.28)

TjxFp,j-1(X) = F(Bj) ® X Sym(Ny,0)
0<v,v=0 mod(n;)
Bl (p-1)v+1
] (p-1) ®

® X)(det Nv)["’ & (det N,) 71,

0<v 0<v,v=0 mod(n;)
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3,3—"] +(p—1)v+1

J

TixFp,i(X) = F(B;) ® ® Sym(Ny ) ® ®(det Nv)[ ,
0<v,v=0 mod(n;) O<v
iy = 8 (Vi @ocu(det Vo) ) @ Fp(8)® Q) A(Vap)
0<v,v=0 mod(n;)

o @ar 7 5]

O<v

pjv 1 -
T F\2/(,3j) ® (X) A(Vy0) ® ®(det V) [737+é]+(p l)v.

0<v,u==" mod(n;) O<v

Proof: The proof is similar to that of Proposition 3.1. We divide it into
several steps.

1) From (3.5), (4.26), we get

(4.29)
Tj*f,_l(X) - ® sym (Nv,—n+(1’—1)v+£r{:) ® ®(det Nv)(p_l)v+l-
0<v,n€N J 0<v
0<n<(p—1)v

Note that by (2.20), for v € J = {v € N| There exists « such that N, # 0

on F,}, there are no integer in ]%{j‘_—‘:’, %Jﬁ[ Soforv € Jand ig =3 —1, 7,

the elements (v,n) € U, 1P are (v,(p — v +1), .-+, (v, (p — L)v + [%?03])
Furthermore,

(4.30) [pj‘1”]=[p—'f’]—l if v=0 mod(ny),

[pj—l'"] _ [M] if v#0 mod(n,).
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From (2.21), (4.26) and (4.30), we have

'I‘j*( ® (Sym(Ny,—n) @ det N,,) ) '

(v,n)ewiZl P

i=1"1

p;v
= ® Sym( v,—n+(p— 1)u+“’—)®®(detN [73]—] ® ® (det Ny) ™,
0<v 0<w,

(v,n)GU’ e

Tjx ( ® (Sym(Nv,;n) ® det N,) )

v=0 mod(n;)

(vn)GUt_IIzp
?.1.2
- ® sV o @uamlF]
(v, n)GUt_1 ki 0<v

From (3.5), (4.14), (4.27), (4.29), (4.31), one easily gets the first two
equations in (4.28).

2) For0<n< (p—1)v+ ’—;JL" n€Z,0<i<dimV,, (3.13) induces a
natural Sl-equivariant isomorphism of complex vector bundles over F,

. NAdlmV,,—z
vn—(p-1p—2 =

(432) AV AT L

From (3.6) and (4.32), as in (3.9), we obtain the third equality of (4.28).

) For0<n<(p—1v+ ’—Z;v +3,n€Z,0<i<dimV,, (3.13) induces
a natural S'-equivariant isomorphism of complex vector bundles over F,

(4.33) AV ~ Adim Vi

”’"'—(p_l)”—%_% - v,—n+(p— 1)v+"L'+1 ®detv

From (3.6), (4.33), as in (3.9), we get the last equality of (4.28). The proof
of Proposition 4.1 is complete. n
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Lemma 4.3. Let us introduce the following two line bundles :

(4.34)  L(B)j)1 =L ® (X)(det N,) [ ]+(”"1)”+1
0<
® ®(det Vo) [ ]+(p e ® ® (det N,)t
0<v 0<v,

v=0 mod(n;)

[ ] +(p—1)v+1

L()a =y R (det M)

0<v :
® X atv,,[ ]“’"””@ QR (detN,)L.
0<v 0<v,

v=0 mod(n;)

Then L(B;)1, L(Bj)2 can be extended naturally to S'-equivariant complex
line bundles which we will still denote by L(B;)1, L(B;)2 respectively over
M (n]) .

Proof: We divide the argument into several steps.

1) Write
(4.35) piv| _pv _ w(v)
' njl n omy
Note that for v = % mod(n;), —7(11—1 3. From (2.10), (4.19) and (4.35), we
get, formally,
— —w
(4.36) L(B;)1 = L~P~I-ri/n g X (det N, ® det V)~ ™
O<v,v¢%i mod(n;)
' . —r(n;)
® X (det N, ® det V,) ® L(n;) >

0<v,1—121 <wv<n; mod(n;)

Note that, if v = v’ mod(7;), then w(v) = w(v'). Also, for 0 < v' < nj,
w(nj —v') = nj — w(v'). From (4.6), (4.10), (4.11) and (4.36), formally, we
get

(4.37) L(,Bj)l = [~ (P—D)-rj/n;
®[ X (det(N(nj)v)@det (V(nj)v

0<v<22j-

)) —w(v)—r(n;)v } 1/n; ‘
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We introduce the following line bundle over M (n;),

(4.38) L¥(B;) = ® (det (N(nj)s) ® det (Wv))—w(v)—r(nj)v

0<v<:}

Note that w(v) = pjv mod(n;). If n; is odd, then r(n;) = 0, Lemma 4.2
implies that L*(8;)'/" is well defined over M(n;). If n; is even, then p; is
odd, and r(n;) = 1, Lemma 4.2 again implies L*(8;)'/" is well defined over
M(nj). So L(f;)1 extends naturally over M(n;).

2) From (2.10), (4.19), (4.34), we get

(4.39) L(Bj)2 = L™V @ (X)(det Nv)[%] ® (X)(det V) [%v*%]
O<v 0<w

® R detNU®[ h%) (deth®deth)]r(nj)/2

ns o<, " 0<w,
4 <v<n; mod(n;) v=- mod(n;)

® L(,nj)—r(nj)/an .

By using the same argument as in 1), one deduces that

(4.40)
n;i)/2
Q(det N,) /i g & detNu®[ & deth]T( ’)/
O0<v s 0<v, v="d mod(n;)
4 <v<n; mod(n; ) 2 ’
= @ (det(N(ng)y)) .
0<v<7—12j~

Note that, if there exists m € [0, p;[ with m € N, such that m < pjv/n; <
(m+ 1), then

(4.41) [P;—JU + %] = pjv/nj — w(v)/n;.

While if there exists m €]0,p;], m € N such that (m — ) < pju/n; < m,
then

(4.42) [Qf + %] = pjv/n; + (nj — w(v))/n;.
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From (4.11), we have the following formal identity,

(4.43)
R RIO)
& (0% @et7) % ® (0% Q) (detV,) ™
0<v'<njmeN v=v' mod(n;) 0<v/<nj,meN v=v' mod(n;)
m<pjv’ [nj<m+3 m—1<p;v' /nj<m
— —e@) _ w@)
= ( QR ([etV) v e X (detVy) “a)
0<v/<nj/2,meN v=v' mod(n;) v=—v' mod(n;)

m<p;v [nj<m+1

_ e (e
2 & ( QR ([@etV,)  H @ Q) (detV,) 7 )

0<v/<n;/2,meN \v=—2' mod(n;) v=v' mod(n;)
m—1<p;v' /nj<m

(d’U

- R (det(V(nj)v,)) e X X det(mv')'

0<v'<n; /2 15m5_1- m—-§<p]v /nj<m

Recall that for v € Z, pju/n; € Z iff v/n; € Z, also pjv/n; € Z + § iff
v/nj € Z + . From (2.10), (4.39)-(4.43), we get
(4.44)

L(B;)2 = (P - n ®Lw (B)™ nL ® ® det (V(nj)v,) .

1<m<—L m——<pjv /nj<m

The proof of Lemma 4.3 is complete. n

Let us denote by

(4. 45)

= —Z(dlmN ~ dimV;) [([1%} —I—(p—l)v)([zz J +(p—1)v+1>

(o) ([ ) )
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2= 5 3 (dim V) [([?] + (o 1)’0) ([%”] + -1+ 1)

0<v J J

) 5] o))

_ %Z(diva) [([%—jﬁ + %] +(p— 1)1;)2

0<v

(e (o)

Then €, g9 are locally constant functions on F'.
Recall that, if F is a S'-equivariant vector bundle over M, then the

weight of the S! action on I'(F, E) is given by the action Jz (cf. Section
3.1).

Proposition 4.2. For ¢ = 1, 2, the isomorphisms induced by (4.20) and
(4.28) :
(4.46)
ri1: S (TY, ®ocu(det Ny) 1) ® Fpjo1(X) ® Fy —
SUL L) ®@FB) @ Fp(B) @ L(B)i® Q) Sym(Noy),

0<v,
v=0mod(n;)

riz : § (TY, ®o<y(det Ny) 1) ® F (X) ® Fiy —
S(Ui, L)' ® F(B;) ® Fir(Bj) ® L(B;)i
® @ (Sym(Nyo) ®detN,),

0<wv,
v=0 mod(n;)

have the following properties :
1) fori=1, 2;v=1, 2, one has

(4.47) ri Iuriy = 3,

T;ylPTify =P+ (% + (p - 1)) Jg + Eivs

where

(448) €i1 = & — e(pa :Bj—la N), €2 =& — e(pa :BJ,N)
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2) Recall that o <V(nj)1§}) was defined in (4.25). Denote by

(449) p=-3 [’;i’] dimV, + A(nj, N) + A(nj, V) mod(2),
0<v J

. 1 .
pa=—3. [M + ;;] dimV, + A(nj, N) + o (V(n,-)fﬁ) mod (2),
0<v mj “ 2
p3 = A(n;, N) mod(2).
Then, fori =1, 2,v=1, 2, one has
(4.50) 7‘1-_717'67'1-7 = (-1, 1
Proof: The first equality of (4.47) is trivial.
e From (2.24) and (4.30), one has

(451) e(p, B, V) =ep, 51, M)+ Y. ((p-Do+E2) dimN,.
0<v,v=0 mod(n;) "

Lrsriy = (=1)H3 7.

For i =1, 2, denote by &;(V) the contribution of dimV" to ¢;. From
(4.32), when acting on @  o<unen A"V yn, as in (3.20), we get that
0<n<(p—1)v+ 22

(452) r3'Pri, =P+ ((p 0+ %)JH
]
+ Z (dimV,) (—n +(p-1)v+ %)
J

0<v,n€EN, -
0<n§(p—1)v+g1{f
J

_ o4 B
=P+ ((p-1)+ )JH+61<V) ((p 1)+ n])d(V).

Similarly, by (4.33), when acting on @ 0<v,mEN A""Vv n_l, a8
0<n5(p—1)v+5n'JL,”+2 :

n (3.24), we get that

(453) r3'Pri, =P+ ((p —1)+ )3y
g

+ 3 (dim%)(—n+(p—1)v+’;i—'f’+§)

0<v,n€N, » J
0<n§(p—1)v+%’7+%
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From (2.24), (3.21), (4.29)-(4.31), (4.51), (4.52), (4.53), and by proceed-
ing as in the proof of Proposition 3.2, one deduces easily the second equation
of (4.47).

e From (4.32),0on Q  ocv,nen AV, ., we have
0<n§(p—l)v+£;$

(4.54) P e = (_1)"20«; ([En’]ﬁ] +(P—1)v> dim VvT

J* e

From (4.33), on Q 0<v,nEN Ainvv’n_l, we have
0<n<(p-D+ 20+ ?

- Piv41 “1)v) dimV,
(455) 1‘;“11-67‘].* — (_1) EO(’U([nj +2]+(p )‘U) im -

As we don’t change the Zy-grading in the rest part of (4.46), from (3.30),
(4.17), (4.54), (4.55) and the discussion following (4.25), we get (4.50). The
proof of Proposition 4.2 is complete. |

The following Lemmas 4.4 and 4.6 were essentially proved in [T, Lemmas
9.6, 9.7].

Lemma 4.4. For each connected component M' of M(n;), €1, €2 are inde-
pendent on the connected component of F in M'.

Proof: From (2.12), (4.11), (4.13), (4.35) and (4.45), we get

(4.56)

> (dmN, - dimV,)

0<v’' <nj 0<v,v=v' mod(n;)

DN | =

€1 =

2
_ (p 14 %J.) e (amm N(nj)% - dimg V(nj)‘z’z)
j 2 ’
1 . : w(©')(nj — w(v/
-3 E (dim N (nj)y — dim V(1)) WX ,an )

0<v'<n;/2 J
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By combining (4.11), (4.13), (4.16), (4.41), (4.42) and (4.45), as in (4.56),
we get

1 . w(®'
(457) ex=e1—5 ), Yo (dimV(ny)y) —7(72
0<m<p;i m<p;v' [nj<m+i ¢
1 . n; — w(v' 1 ..
— 5 Z Z (d1m V('nj)vr) -(-—J——L)l — -8- dlmR V(TL])]Z':L_:L

n;
0<m<pj m—L<pv'/nj<m 4

The proof of Lemma 4.4 is complete. [ ]
The following Lemma was proved in [BT, Lemma 9.3].

Lemma 4.5. Let M be a smooth manifold on which S' acts. Let M' be a
connected component of M(n;), the fized point set of Zn; subgroup of St on
M. Let F be the fized point set of S'-action on M. Let V — M be a real,
oriented, even dimensional vector bundle to which the S'-action on M lifts.
Assume that V' is spin over M. Let p; €]0,n;[, p; € N and (pj,n;) = 1,
then

(4.58) 3 (dimV;) [’ﬂ] +A(n;,V) mod(2)

n;j
0<v

is independent on the connected components of F in M'.

Recall that the number d'(B;, N) has been defined in (2.24).

Lemma 4.6. For each cconnected component M' of M(n;), d'(B;,N) +
w; mod(2) (i =1, 2, 3) is independent on the connected component of F in
M.

Proof: The assertions for the cases 1 = 1, 3 follow immediately from
Lemma 4.5 by replacing V' with TX. From (4.41) and (4.42), we have

(4.59)
. piv 1 . p;v
0 (V(n,-)}}j /2) +Y (dimV;) [?Z‘ 5] =3 (dimV,) [Z]‘] +o (V(nj)}}j /2)
0<v J 0<v J
+ > > > dimV,+ ) dimV,.
0<m<p; 0<v/ <. l0<v, n‘0<v,
m—%<p]'u’/n] <m V= mOd(nJ) ’U=—2‘L H’lOd(nJ)
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By (4.13), the last term in (4.59), dimg V(nj)ffj jo I8 a locally constant
function on M (n;).

By (4.11), the third term on the right side of (4.59) is mod(2) equal to
(4.60)

T Y dm%t Y Y dimV(n)

nj/2<v’' <nj 0<v,v=v' mod(n;) 0<m<p; 0<v/<nj/2
m—3<p;v’ /nj<m

The last term of (4.60) is a locally constant function on M(n;).
By (4.25), the first term in (4.60) is o (V(nj)fjﬂ) +A(nj, V) mod(2).

On the other hand, by Lemma 4.5, we know that ) o, (dimV;) [%] +
A(n;j, V) mod(2) is independent on the component of F' in M'.

By the above discussion, the left side of (4.59) is mod(2) independent on
the component of F' in M'. The proof of Lemma 4.6 is complete. |

4.3. Proof of Theorem 2.7.

From (2.24), (4.10), (4.13) and (4.30), we have

(4.61)

. . 1. .
EdlmN = Z dim N (nj), + 3 dimg N(nj)sj/2 + Z dim N,
O<v 0<v<%~i 0<v,v=0 mod(n;)

d(B;,N)=d' (-1, N)+ Y. dimN,.

0<v,v=0 mod(n;)

By Lemma 4.6, and (4.61), d'(8j—1,N) + 3o, dim N, + ; mod(2) is a
constant function on each connected component of M(n;).

From Lemma 4.3, one knows that the Dirac operator DX(%) @ F(8;) ®

Y (Bj) ® L(B)i (i =1, 2) is well-defined on M(n;). Thus, by using Propo-
sition 4.2, Lemma 4.4, (4.9), (4.18) and (4.61),fori =1, 2, h € Z, m € %Z,
T = T, OT T,, and by applying separately both the first and the second equa-
tions of Theorem 1.2 to each connected component of M(n;), we get the
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following identity in K (B),

(4.62) > (—1)¢E-1Mt Loy dimNorng (DY @ F, ;_1(X) ® Fy,

a

m+ 6(p, :8]'—1, N)’ h’)

= > (1) B M) Rocy dimNotiepng (DX © F(87) ® Fy (87) @ L(B7):
B :

m+e; + (&+(p—1)> h,h)
nj

= Z(_l)d'(ﬁj,NHZo@dimN"IndT (DY>®F, ;(X)®Fy, m + e(p, Bj, N), h) .
a7

Here ) ;5 means the sum over all the connected components of M(n;). In
(4.62), if 7 = 75, then p = ug; if 7 = 7, then p = p;. The proof of Theorem
2.7 is complete. |
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