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Deformation of CY Riemannian metrics in the
direction of their Ricci curvature

MILES SIMON

The purpose of this paper is to evolve non-smooth Riemannian
metric tensors by the dual Ricci-Harmonic map flow. This flow is
equivalent (up to a diffeomorphism) to the Ricci flow. One appli-
cation will be the evolution of metrics which arise in the study of
spaces whose curvature is bounded from above and below in the
sense of Aleksandrov, and whose curvature operator (in dimension
three Ricci curvature) is non-negative. We show that such met-
rics may always be deformed to a smooth metric having the same
properties in a strong sense.

1. Introduction and statement of results.

Let (M™, D) be an n-dimensional manifold with a smooth (C*) structure
D. We say that a tensor S on a smooth manifold (M, D) is C* or § is in
C*((M, D)) if in local co-ordinates (which come from the structure), S =
{Si;}, is C*. To avoid any confusion we will fix the differentiable structure
D of M and do not consider other structures (M, D). For this reason we
will suppress the D in (M, D).

When considering a Riemannian metric tensor g = {g;;} on a compact
manifold M we often assume g is C2. This allows us to define the Riemannian
curvature tensor which is then continuous. Given a C°° Riemannian metric
go on a compact manifold M, we can always find a T > 0 and a 1-parameter
family of C* Riemannian metrics {g(t)},cjo ) on M, denoted (M, g(t)),
such that

%g(t) = —2Ricci(g(t)), for all ¢ € [0,T]

9(0) = go,
where g is C°(M % [0,T]) (C* on the manifold (M x [0, T]) with the induced
structure), and Ricci(g(t)) is the Ricci curvature of the Riemannian manifold
(M,g(t)). Notice that (1.1) makes no sense if g is not twice differentiable
in space for all ¢ € [0,T]. The family (M, g(t))ic[o, is called a solution to
the Ricci flow with initial value gg. Ricci flow was invented, and used by
Hamilton to prove that every compact three manifold which admits a C'*

(1.1)
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Riemannian metric gy with Ricci(gp) > 0 also admits a metric g, of constant
positive sectional curvature [Ha 1]. The flow was constructed in such a way
that various geometrical conditions are preserved by the flow, and so that it
is ‘nearly’ a gradient flow for the Yamabe quotient

Jas Rlg)vol,

E(g) = M =99

[
(fM volg) =

where R(g) is the scalar curvature of (M, g) and vol is the volume form with
respect to g on M. Many metric tensors on manifolds arise from Riemannian
metric tensors’ which are not smooth. For example the geometric object
obtained by cupping a two dimensional cylinder off with two hemispheres
([Pe] example 1.8) is a nice geometrical object sitting in R3. As a manifold
it is simply topologically S2, and we give this S? the standard differentiable
structure. It inherits a natural Riemannian metric g from the ambient space
R? (along the joins we define g by continuity). This metric g on S? is C1'!
with respect to the standard differentiable structure of S2, but not C2. The
curvature is defined away from the join and is bounded from above and
below, but has a discontinuity at the join. This manifold with metric tensor
is a well known example of a ‘metric space with curvature bounded from
above and below’ studied initially by Aleksandrov [Al] in connection with
his investigation of the intrinsic geometry of convex surfaces, and later for
it’s own sake by Aleksandrov and his followers (see [BN] for an overview of
the theory and a good bibliography). Here the curvature bound from below
is zero.

If we take two copies of a two dimensional truncated cone imbedded in
R3 and join them at their boundary we obtain a nice geometrical object (as
a manifold it is topologically equivalent to the infinite cylinder R x S'). The
metric g inherited from the ambient space R® may be defined on the join by
continuity and is then C%! (Lipschitz continuous), but not C'. Note that
if we approximate this metric g by a family of metrics {ag}a €{12,.} with

‘g — g as @ — oo in the C° norm, then sup,¢;, |Riem(g)| — co as a — oco.
In this sense g has infinite curvature at the join, and (M, g) is not a manifold
with curvature bounded from above and below.

The third example is the cone. Let us consider the two dimensional cone
sitting in R3 as a graph over R2. This cone then inherits a metric g from
the ambient space R3. Clearly g is C*™ with respect to the standard co-
ordinates in R? away from the point corresponding to the tip of the cone
(for simplicity let this point be 0 = (0,0)), but g cannot be continuously
extended to this point. We see this as follows. The cone C' is a graph over
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R?, C = {(%,0|%|),Z € R?}, where a > 0 is some fixed constant, and hence
using the formula for the metric of a graph, we obtain

0 0
2 ~
9 = 8y + o 5 lEl 5]

2 TiZj
o _|$|2 .

a:l =5,‘j+

Clearly Z. = (,¢) = 0 as ¢ — 0 and lim._,0 g12(%) = 9‘23 Also . =

(e,—€) = 0 as € — 0, but lim._,g glg(ﬂe) = —‘—’;—. Hence there is no way to
continuously extend g to the point 0. Note however that

8ij < gij < (1+ ?)dyj, for all z € M — (0),

in the sense of tensors. Later we shall see that metrics which fulfill such
estimates, with 0 < o? < ¢(n) small, can nevertheless be flown.

We would like to have a way of evolving C° metrics gg by something

like Ricci flow, so that for all times ¢ bigger than zero, the solution g(t) is
smooth, and as time approaches zero from above, the metric g(t) approaches
go uniformly on all compact subsets of M. The flow should also preserve
various curvature conditions.
Non-regular Example. Let M = S! x N, where N is a compact manifold
which admits a positive Einstein metric v, go be the warped product metric
on M given by go(z,q) = ho(z) ® v(q), where hg is a Riemannian metric on
S'. Then the Ricci flow has the solution g(z,q,t) = ho(z) ® (1 — 2kt)y(q),
which has for all times t > 0 the same regularity as the regularity of ho.

This means clearly that we cannot hope that the Ricci flow will ‘smooth
metrics out’ on M with respect to the fixed differentiable structure.

It is well known that if a metric is a C? Einstein metric then one may
introduce Harmonic co-ordinates for which the metric is C*° ([DK]). Such
co-ordinates are only C** compatible with our fixed structure D on M,
and so not admissible as smooth (C*®) co-ordinates for (M, D). We note
that in example one, if we introduce Harmonic co-ordinates (change the
structure) the metric will never be C? (otherwise we could apply the result
of [DK] mentioned above, and introduce Harmonic co-ordinates which make
the metric C*° which contradicts the fact that the scalar curvature has a
discontinuity at the join).

In this paper we shall consider the dual Ricci-Harmonic Map flow (see
section 6. [Ha 3]). This leads to a more general version of the Ricci De-
Turck flow, considered initially by DeTurck in [DeT)]. In the paper [Bem] the
authors use Ricci flow to smooth out C? metrics by introducing harmonic
co-ordinates at appropriately chosen times.
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We give here a short introduction to the the dual Ricci-Harmonic and
the Ricci DeTurck flow.

Let g(t), t € [0,T] be an arbitrary one parameter family of smooth
metrics, and ¢; : M — M an arbitrary one parameter family of smooth
diffeomorphisms. Then the metric §(¢) defined by §(t) = ¢} g(t) satisfies

0. L 0 te ot o
Egij(t) = (¢ Eg(t))ij + ViV + ViV,

where (V); = (¢:V);, Va(p) = (%qﬁt(p))ﬂ gBa, and 'V is the co-variant deriva-
tive with respect to the metric § (see [Si], proposition 1.4). In particular if
g(t), t € [0,T] is a solution to Ricci flow, then

~ A

Jé)

Bai(t) = —2Ricci((t)) +'ViV; +V,V,
where  (V);(p,1) = 32¢'(p,t)V*((¢1(p), )dis, (1.2)
and  F(¢:(p)) =V(4:(p),1)-

We have now the freedom to choose the diffeomorphism ¢. If gg is already
Einstein, then the solution to the Ricci flow g(t) is given by ¢g(¢) = (1 —
2kt)go,is also Einstein and has the same regularity as go. Hence §(t) = ¢} g(¢)
is also Einstein. We want to choose ¢; so that g(¢) will be regular for ¢t > 0.
As mentioned before, in harmonic co-ordinates an Einstein metric is regular.
To this end we let ¢ = f~1 : (M x [0,T]) — (M x [0,T]), where f is the
solution to the Harmonic map heat flow equation:

SIw1) = CUANGEY)

f(p,0) = Id(p),

~where h is some fixed smooth background metric. For an arbitrary function
f:(M,g) = (N, h) between two Riemannian manifolds, the Laplacian of f
is then a vector field in TV defined in co-ordinate form by

CAE) = @) ai[,f() Tlﬂu)g% (@)

b M6 ()55 (@) 5 (2,
where f(z) = y. Since V(y,t) = —%f(m, t) = —Af(y,t), we obtain

Vv, ) = 8% (4, 8) (" “Tas — Tas) W, 1),
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where § = f.g, in view of the way Christoffel symbols and tensors change
under a co-ordinate transformation. So we see that the system (1.2) may be
written

|

3ij(t) = —2Ricci(§(t)) +'ViV; +'V,V;, where
V(:L‘, t)i = gij(mat)gkl(w’ t)(g(tri:l - il)(mat)'
The reader is referred to [Ha 3] section 6 for further discussion of the system
(1.3) which is called the dual Ricci harmonic map heat flow, or [ES], [St] for
further information about harmonic map heat flow. It is shown in [Ha 3]
section 6 , that the evolution equation (1.3) for §(¢) is a strictly parabolic
system of equations. In particular if we choose h = gy, then the evolution
equation for §(¢) in (1.3) is the Ricci-DeTurck flow, which was first intro-
duced in [De] to prove the short time existence for Ricci flow on a compact
manifold using standard parabolic techniques (short time existence for Ricci
flow on a compact manifold was first proved by Hamilton [Ha 1] and re-
lied upon the sophisticated machinery of the Nash-Moser Inverse function
Theorem).

The evolution equation for ¢; in (1.2) may be written as a first order
evolution equation in terms of g. That is,

20°(0,t) = (8 V)*0(0,0) = o, 0P C T~ T 0, (1)
¢(»,0)  =Id(p),

in view of the derivation of V given above. If we can solve the evolution
equation for §(¢),t € [0,T] in (1.3), and the solution §(t) is sufficiently reg-
ular, then we may solve (1.4) and then define g(t) to be g(t) = (¢;1)*(4(t)),
which is then a solution to the Ricci flow. We say that §(¢) solves the h Ricci
flow or h flow of gy. Many geometric quantities that are preserved by Ricci
flow will also be preserved by h flow.

In Shi’s paper [Sh], the Ricci-DeTurck flow was written term by term to
obtain the evolution equation for solutions to (1.3) in co-ordinate form. We
present here the evolution equation, in co-ordinate form, for metrics which
solve (1.3) for an arbitrary smooth fixed background metric h. For the rest
of the paper we shall be chiefly concerned with solutions of (1.3) and not
solutions of Ricci flow. For this reason we will use the notation g(t),t € [0, 7]
to refer to a solution of (1.3). Let g(t),t € [0, 7] be a solution to (1.3). Then
g(t), t € [0,T] solves the evolution equation

> Q)

(1.3)

;%gab = 90d6c6d9a§ - QCanpgqubcqg - ngggpgquach
+%Q_Cdgpq(v~a9pc : Vb9~qd + 2v~cgap - VqGbd
_2vcgap : vdgbq - 4vagpc : vdgbq)a

g(O) = 9o,

(1.5)
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where Rgpeq = Riem(h)gpeq and V is the co-variant derivative with respect to
h. Note that if h is not twice differentiable, then (1.5) makes no sense, since
then Rgpeq = Riem(h)gpeq is not defined. If we choose h = go, that is we wish
to examine the Ricci DeTurck flow, and gg is not twice differentiable, then
we cannot make sense of the above equation. For this reason we will always
choose a smooth h not equal to gy (but close to gy in some to be specified
C? sense) when examining (1.5).

The first part of this paper is concerned with finding a sensible solution
to the h flow for initial data go which is non-smooth. Theorem 1.1 (below)
is the target theorem of this section.

Definition 1.1. Let M be a complete manifold and g a C° metric, and
1 <0 < oo a given constant. A metric h is said to be a ¢ fair background
metric for g, or ‘6 fair to g’, if h is C* and there exists a constant ko with

sup thiem(h)(w)I = ko < 00, (1.6)
TeEM

and
1

5h(p) < g(p) < 6h(p) for allp € M. (L.7)

Remark 1. By the result of Shi [Shi |, if g is Riemannian metric and h
a smooth Riemannian metric satisfying (1.6) and (1.7) then there ezists a
smooth metric h' which is 20 fair to g, and

sup hI}V]Riem(h)(m)l =k; < oo,
TEM

where V7 is the jth covariant derivative with respect to h. We will assume
(without loss of generality) that our h always fulfills such estimates.
Remark 2. Let M be a compact manifold, and g a C° metric on M for
which (M, g) is complete. Then for every 0 < € < 1 there ezists a metric
h(e), for which h(e) is 1 + € fair to g.

Proof (of Remark 2): We may use de Rham regularisation [deR], or a locally
finite partition of unity and Sobolev averaging (see section on mollifiers in
[GT]) to obtain a C* metric h which is C? as close as we like to g. A bound
on the curvature follows from the compactness of M.

Theorem 1.1. Let g9 be a complete metric and h a complete metric on
M which is 1 + €(n) fair to go, €(n) as in Lemma 2.4. There ezists a
T = T(n,ko) > 0 and a family of metrics g(t),t € (0,T] in C*°(M x (0,T])
which solves h flow for t € (0,T),h is (1 + 2¢) fair to g(:,t), for t € (0, T
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and

. h —
%1_r)n sup |g(:,t) —go(*)| =0,

0 zeqy
sup I’Vzgl2 < Ei(—n’—kq’—.ﬂ, or all t € (0,T],7 € {1,2,...},

TEM t

where Q' is any open set satisfying Q' CC Q, where Q is any open set on
which go is continuous (see Theorem 5.2).

Remark 3. As a consequence of Theorem 1.1, we see that if the metric
go 18 continuous except for a set I C M of isolated points, then the dis-
tance function p(t) : M x M — R, defined by p(t)(z,y) = dist(g(t))(z,y)
is lipschitz, and smooth almost everywhere, for all t > 0, and satisfies
limg 0 p(2)(+, ) = p(0)(-,-) uniformly on any compact subset of M — I.
Remark 4. If M is not compact, g is C° on M, and g is a ‘metric of
curvature bounded from above an below’ (see below) outside some compact
set Q, and satisfies the global bound

sup [Riem(g)(z)|* < ko,
zeM-Q

for some constant kg < oo, then for every 0 < € < 1 there ezists an h(e) so
that h is 1 + ¢ fair to g.

Proof (of Remark 4): We mollify g as in the proof of remark two to obtain
a metric h which is C? as close as we like to g. One needs to check that
sup,s Riem(h) < 0o. On § this follows by compactness. Outside of € this is
true because a metric with bounded curvature also has bounded curvature
after it is mollified (see Lemma 6.1).

The second section of the paper is concerned with flowing metrics gg of
bounded curvature from above and below (initially studied by Aleksandrov
[Al], see [BN] for a good overview), or locally Lipschitz metrics which satisfy
(for example) Ricci(gp) > 0, to obtain a smooth metric g which satisfies
Ricci(g) > 0. The main theorem of this section is as follows. Let R(g) be
the curvature operator of g, and G(g) : A2(M)®A?(M) — R be the operator
defined by

G(9)($, %) = $79* girgsu, (1.8)

where A%2(M) is the space of smooth two forms on M. Z(g) will refer to the
Isotropic curvature in the case that M™ = M* (see the proof of Theorem 6.7
for an overview of Isotropic curvature, and the discussion before Theorem
6.6 for an overview of the curvature operator).
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Theorem 1.2. Let M(n,ko,d,v) be the set of (M™,g) such that M" is an
n-dimensional compact manifold and g is a metric with curvature K(M,g)
bounded from above and below which satisfies

—ko < K(M,g) < ko,vol(M, g) > v,diam(M, g) < d.

There exists an €1(3, ko, d,v) > 0, e2(n, ko,d,v) > 0, e3(4,ko,d,v) > 0 and
e4(n, ko, d,v) > 0 with the following properties. If (M3, g) is an element of
M(3,ko,d,v) and satisfies Ricci(g) > —e1g, then there ezists a smooth Rie-
mannian metric ¢ on M® where (M?3,g') has non-negative Ricci-curvature.
If (M, g) is an element of M(n,ko,d,v) and satisfies R(g) > —e2G(g), then
there ezists a smooth Riemannian metric ¢ on M where (M,g') has non-
negative curvature operator. If (M,g) is an element of M(4,ko,d,v) and
satisfies Z(g) > —es, then there exists a smooth Riemannian metric g' on M
where (M, g') has non-negative Isotropic curvature. If (M,g) is an element
of M(n,ko,d,v) and satisfies R(g) > —e4, (scalar curvature), then there
exists a smooth Riemannian metric ¢/ on M where (M, g') has non-negative
scalar curvature (see Theorem 6.8).

Remark 5. In dimension three non-negative curvature operator is equivalent
to non-negative sectional curvature. In dimensions bigger than three, non-
negative curvature operator implies non-negative sectional curvature.

Theorem 1.2 is proved by an application of Cheeger’s finiteness Theo-
rem and Gromov’s compactness Theorem for metrics in M(n, ko, d,v) and
a contradiction argument, and an application of the following theorem.
Theorem 1.3. Let M™ be a manifold (compact or not compact) which
admits a complete metric gy of bounded curvature from above and below.
If R(go) > 0 then M™ admits a smooth Riemannian metric g satisfying
R(g) > 0. If R(go) > 0 then M™ admits a smooth Riemannian metric g
satisfying R(g) > 0. If n = 3 and Ricci(go) > 0 then M> admits a smooth
Riemannian metric g satisfying Ricci(g) > 0. If n =4 and Z(go) > 0, then
M* admits a smooth Riemannian metric g satisfying Z(g) > 0 (see Theorem
6.2, 6.6 and 6.7).

Theorem 1.3 is proved by flowing the metric go with the hflow from
Theorem 1.1, and showing that the smooth solution g(t) also satisfies the
curvature bounds from below.

We may slightly weaken the hypotheses of theorem 1.3 in the Ricci curva-
ture case. We replace the bound on the curvature from above by a Lipschitz
condition.

Theorem 1.4. Let M3 be a three manifold, and go be a complete locally
Lipschitz metric on M which satisfies Ricci(gg) > 0, in the weak sense of
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definition (6.4). Then the solution g(z,t),t € (0,T] to h flow of go exists
(for some smooth metric h) and satisfies Ricci(g(z,t)) > 0 for all t € (0,T)
in the usual smooth Riemannian sense (see Theorem 6.5).

2. A priori parabolicity.

Let go be C°, and h be § fair to gg. We define the function ¢y : M — M as
follows,

$o(p) = g¢ (p)hsj (p)-
We may always choose local co-ordinates around a fixed point p, so that at
p we have h;;(p) = d;;, and g;;(p) = d;;\i(p), and hence

and hence, § fairness implies that sup,cps ¢o(p) < § < oo. We will use

similar techniques to those of Shi [Sh] to obtain a priori estimates for a
priori smooth solutions to the hflow with initial C* data gg, where b is a
metric d fair to gy (0 < § < 00).

Lemma 2.1. Let D be a compact region in M, Let gy be a C*®°(D) metric
and h a metric on M which satisfies

go > (1 = d)h. (2.1)

Let g(t),t € [0,T] be a C*°(D x [0,T]) solution to the h flow with Dirichlet
boundary conditions glap(-,t) = go(-), 9(0) = go. For every o > 1 there
ezists an S = S(n, ko, d,0) such that

() > (1—0)(1 — 8)h, ¥t € [0, 8] N[0, T].

Proof : We define the function ¢ by

¢($, t) = gjlil (CB, t)hhjzgjziz (‘T’ t)hizja fe gjmim (‘T, t)himjla

and note that it satisfies
n

sup ¢(z,t) = sup ¢o(z) <

N 2.2
(,)eDx{0}UBDX[0,T] z€D (I—d)m (22)

due to (2.1). Using (1.5) as in [Sh] Lemma 2.2 we see that

9 o
50 < 99V + kog! 7,
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and hence
0 1 e . L 1
_at(¢) m > giVV(¢p7m) = (m+1)¢pmV;¢ m V¢~ m — —mko

This implies

1 1
a1y inf 1
()7 + mt (2,)€ DX {0)UBD X [0,T] )
> 1 > (1 15),
SUPzepx {0} $™ nm

in view of (2.2) and the parabolic maximum principle. Rewriting the above
m
inequality, we obtain % > (@ - %kt) , which implies that

= nm

s< (B2 - 1k)™,

nm

which may be rewritten in co-ordinate form as

1 1 1 1-90) 1 —m
— t—+... < t .
Tt +An’"‘( — mk)

Since all the terms on the left hand side of the above equation are positive,
we see that (/\%) < (U—_J_él - #kt) , for fixed 7 € {1,2,...n} which

nm

A(z,t) > ((1 =9 _ llmt).

nm m

implies that

This means for any given ¢ > 0, we may find an S = S(ko,n, o), such that
Ai>(1-6)1-0),Vte[0,S]N]0,T].
¢

We wish also to obtain bounds from above for g in terms of A.
Lemma 2.2. Let D be a compact region in M, and go be a C®°(D) metric
and h a metric on M which satisfies h < go < (1 + 6)h. Let g(t),t €
[0,T] be a C*°(D x [0,T]) solution to the h flow with Dirichlet boundary
conditions glap(-,t) = go(-), 9(0) = go. For every o > 0, there exists an
S = S(n, ko,0) > 0 such that

gij < (1+6)(1 + 0)hij,
for allt € [0,S] N[0, T).
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Proof : Choose m(n), and a(m) so that
m > 64n? + 1 + 2¢(n, k), (2.3)

and large enough so that .
(2n)m < (1+0) (2.4)

and choose @ = a(m) > 0 so small that

1-a)™t > (2.5)

KN

By the previous theorem, there exists an S = S(n, kg, @) > 0 such that
g(-,t) > h(1 — ) for all ¢t € [0, S] N[0, T]. (2.6)

Equation (2.3) implies that

4= (m—1)(1— a)m—lm < 4-q1 )m-lﬁgg’f
= 4-8(1-a)™,
which combined with (2.5) gives
4— (m—1)(1 - a)m_lz(zn;H# < -2 (2.7)
Similar to Shi [Sh], we define
G = h"ig; ., hi2i2g, ... Rimim g, i1 (28)
and for (1+6)™ — [£](G) > 0, we define F = ——L—+——. See [Sh],

1+8)m~[5:1(G)"
Lemma 2.3, equation (79). In our preferred co-ordinate system,

1
1 +6)™ = [L]AP(z,t) + AP (z,8) + ... A (z, 1))

F(z,t) = (2.9)

From (2.8) and the fact that h is 1 + § fair to go we see that

1 n 1
1 m __ [_—_ > m _ [ m > = m .
(148"~ [3-)(G(,0) 2 1+ O™ )1+ O™ > (1 +0)™, (210)
— 1 . .
and hence F(z,0) = T [LC@0) < 00, is well defined at time zero.

Since D is compact, and g(z,t) is a priori smooth, there is some maximal
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T' € [0,T] N [0,S], such that F(-,t) is well defined (not infinity) for all
t € [0,T"), and if suppyo,rv) F < 0o, then [0,7"] = [0,T] N [0, S]. Since the
function F' is well defined on [0,7"), we see that (1 + )™ — [Qn]( (z,t)) >
0 for all ¢ € [0,T"), that is >_; A* < (2n)(1 + §)™, which implies

A < (2n)m (1 +6) for all i € {1,...,n}, for all ¢ € [0,T"). (2.11)

Then we calculate as in Shi (but remove the error stemming from (82), that
is he should have there —2%&“6‘ not —2ﬁ&m~a. Once corrected one
calculates as he does and no problem occurs) up to equation (89) on page
241, that

SF < g*PVaVsF + P2 (4— (m - 1)(1 - o)™ —L—)['7gP

, (1+6)(2n) 1+
+IRF? vieo,T'),
where here we have used (2.3),(2.6) and (2.11) to arrive at this evolution
equation in the same way Shi does. Substituting (1 + §) < 2 and then (2.5)
into the above we get

%F < gaﬁﬁaﬁﬂF-l-

mn2kg
(1-a)

From the parabolic maximum principle, and equation(2.10) we obtain

F?2 vt e[0,T).

ag
< —= .
where a(t) = sup(; y)epxjo,r) F (2, 1), a0 = a(0), s(t) = 1 — aobot, and by =

—Qﬁ" R Substituting (2.9) into (2.12) we see that

(1+6)™ - %G > 50 5 ) LDy, [0, 7%,

ag 2

in view of (2.10). Rewriting this equation we get

'S(z—t)) = 2n(1 + 5)m(% + aobot),Vt € [Oa T,)’ (2']‘3)

G<2n(1+§)™(1 -
in view of the definition of s(t). Without loss of generality, we assume that
S < m, which implies that agbot < % for all ¢ € [0,7"), which when
substituted into (2.13) implies that

AP (2, 8) + NP (2,8) + ...+ A < 37“(1 Lo VEED,T)  (2.14)
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Equation (2.14) then implies that

(1+0)™ —[—]() 1(1+<5) > 0Vt € [0, T"),

and hence 7' = min(S,T). From equation (2.14) we see, for fixed i €
{1,...n}, that

(@) < (S (14 6) for all £ € 0, 5] N [0, 7).

2
Substituting (2.4) into this inequality gives us A;(z,t) < (1 +0)(1 + o) as
required. {
Theorem 2.3. Let D be a compact region in M, and gy be a C*®(D) metric
and h a metric on M which satisfies 5h <90 < doh, where 6; > 1 for
i€ {1,2}. Let g(t),t € [0,T] be a C'°°(D x [0,T]) smooth solution to h flow
. For every o > 0, there ezists an S = S(n, ko, 61, 02,0) > 0 such that

1
(1- U)é_l'hij < gij < 02(1 + 0)hyj,

for all t € [0,S]N[0,T].

Proof : The proof relies on some simple scaling arguments. First note that
if g(-,t) is a solutlon to hflow, then so is cg(-, 1¢), with initial data cg(-,0).
Let §(-t) = d1g(:, 3-t). Then go()) = §(-,0) = d1go(-) satisfies h < g(-,0) <
0102h. From the previous two lemmas, we may find an S = S(o, 6,42, n, ko)
so that (1—o0)h;j < Gij < 6102(1+0)h;j, for all ¢ € [0, S]N[0, T]. Multiplying
the above equation by 3-, we obtain the result. ¢

Lemma 2.4. Let g(t),t € [0,S] be a C®°(D % [0,S]) solution to the h flow,
for some h which is 1+&(n) fair to g(t), for allt € [0, 5] (e(n) to be specified
in the proof below). Then

sup|’Vg (z,t)|? < ¢(n, h,8,D sup|}Vg0| ) for all t € [0, S].

€D

Proof : Let
d(z,t) = gjii, (, t)hi1j2gj2i2 (z,t)hi23 | . Gjmiim (T, t)himJt, (2.15)
We may always choose co-ordinates at a point so that hi;(p,t) = d;j,

9ij(p,t) = X\idij, and then ¢(p,t) = (A\1)™ + ...+ (A\,)™. Notice that since
(1 —e)h(z) < g(z,t) < (1 +¢€)h, we get

l-e< XN <(l+e) (2.16)
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in our preferred co-ordinate system. We will calculate the evolution equation
for the function ¢ = (¢(z,t) + a(n))Ith(m, t)|2. Calculating as in Shi, and
using the fact that A is a priori (1 +¢) fair to §(z,t), we see, as in Shi ([Sh],
§4, page 250, estimate (33)) that the function v satisfies

0 = = 1
7% <9 VaVst — Su + co(n, ko, k),

as long as £(n) > 0 is chosen small enough (as is the case in [Sh], §4, (33)) .
For now we only need the fact that this implies that

o .
5% —cot) < 9P VoV (9 — cot),

although the term ——v,bz shall be important later. From the maximum prin-
ciple we obtain that

sup (Y — cot) < sup ). (2.17)
Dx[0,S] 8D x[0,SlJuDx0

Applying lemma 3.1, VI, §3 [LSU] to the evolution equation (1.5) for g,
we get Supgpx|o,s) |'Vg| < c(n,8,8D), in view of the apriori parabolicity

(Theorem 2.3). Upon substituting this inequality into (2.17) we obtain the
result. &

3. Solution to the Dirichlet problem.

Theorem 3.1. Let gg be a C*°(D) metric and h a metric which is 1 +¢(n)
fair to go on D, where D C M is a compact domain in M (e(n) as in
lemma 2.4). There exists an S = S(n,ko,8) > 0 and a family of metrics
g(t),t € [0,S] which solves h flow, h is 1+2¢(n) fair to g(t) for allt € [0, 5],
and glop(-,t) = go(*), 9(0) = go.

Proof : We consider the family of evolution problems

SL(°g(z,t)) = O, for (z,t) € D x[0,T],
°9(,0) = (L-s5)go(-) + sh(), |
Sg(z,t) = (1—s)go(z) + sh(-)(z) for all z € 8D, for all t € [0, T,
(3.1)
where

SL(v)g = vkl — {t VzV Ukl + B¢ 'ukphqulch + v“i'ulphqukch
6t an
——'1“)0 'v”q(Vavpc vaqd + ZVC'uap qubd
—2vaap vdqu _4vdUpc vdqu)
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where Rgpcq = Riem(h)gpeq and V = hV, (-, t) = (1 — s)v(-,t) + sh(-) and
s € [0,1] (strictly speaking the notation 9 should be *% since the operator "
depends on s). Then if °g(z,t),¢ € [0,T] is a classical solution to (3.2), one
may verify that 9(z,t) = g(z,t),t € [0,T] solves

15}

) NP o - ode -
@U“ = ’U”V—L'Vjvkl —-(1- s)'UCdvkphqulch — (1 - s)2° ’Ulphqukch

1 . .
- §a°dﬁpq(vaa,,c - Vidga + .. .),
v(,0) = (1-s)go+ sh,
v(z,t) = (1-s)go(z)+ sh(z), for all z € dD, for all t € [0, T).

This is essentially equation (1.5), and we may use the same techniques we
used there to obtain lemma 2.3 and lemma 2.4 for all classical solutions
*g(+,t),t € [0,5] of Ly(°g) = 0 (independently of s) for all ¢ in [0, S], where
S = S(ko,n,1+¢) is as in Theorem 2.3. Then A is a priori 1+ 2¢ fair to *g(t)
for all ¢ € [0,.5] because of Theorem 2.3, and the fact that A is 1 + ¢ fair to
%9(0). Also using lemma 2.4, we get that supp |"ng(t)| < ¢(D,go,h,1+e¢).
Hence the equation L;(°g) = 0 may be written as

o . . i =
—asgm +59"ViViS91 = fris

where f; is bounded uniformly by a constant depending only on
ko,m, h,g0|D,0 and D. Using the Wq2 1 estimates for parabolic equations
(see [LSU], chapter. IV, §9, thm. 9.1) we obtain g € W2 (D x (0, T)) with
||g||qu,1(DX(0’T)) < c(ko,n, by go|D, 6, D, q), for all integral g, and hence using
the Sobolev imbedding Theorem (see for example Lemma 3.3, Section 3,
Chapter II [LSU]) we get th is Holder continuous in space and time with a
norm bounded by

”}vg“Ca’%((Dx(O,T)) < C(k07na haQOIDa 6, D7 a)'

The standard existence Theorem using the Leray Schauder fixed point
Theorem: (See for example [LSU] §6, ch. V, the argument given at the
beginning of the chapter and in Theorem 6.1, with the family of quasi-linear
problems given by L; above) then applies to obtain existence of solutions to
(1:5) for some short time [0, T] where T' > 0.

Notice that in this argument, all derivatives (time like and spatial) of
the solutions °g(-,t),¢ € [0,T), and hence of the solution g(z,t),t € [0,T) to
(1.5), are bounded by constants depending on go,h,1+¢,nand D , as long
as T'< S(n, ko, d,0), S as in thm. 2.3. Hence we obtain a solution to hflow
g(z,t),(z,t) € D x [0,T) for every T < S. &
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4. A priori interior estimates for the gradient and higher
order mixed derivatives of g.

To obtain interior estimates for the first derivative of g(z,t) we may modify
the argument used in Shi.

Lemma 4.1. Let g(t),t € [0,S] be a C*°(D x [0, S]) solution to the h flow,
for some h which is 1+ €(n) fair to g(t),for allt € [0,S] (e(n) as in Lemma
2.4). Then

sup IIVg (z,1)]? < ¢(n, h, ) , for allt €0, 8],
B(h)(zo,r)
where B(h)(zg,7) denotes a ball of radius v with centre zy calculated with
respect to the metric h.

Proof : In lemma 2 4 we saw that the function
= (¢(=z,t) + a(n |th (z,t)|?, satisfies

gyﬁ < g*PV Vi — %w + co(n,e(n), ko, k1) for all (z,t) € M x [0, T].

We have been careful to include the dependence of the constant ¢y here, and
note that it does not depend upon gy or D. Using this inequality we see that
the function f(z,t) = ¥(z, t)t satisfies

%f < gaﬂﬁaﬁﬁf - Qlth + cot +§ for all (z,t) € M x [0,T]. (4.2)

Let zg be fixed in M, and Q = B(h)(zo,r) a ball of radius r in M, where here
we have used the notation B(h)(zg,r) to make clear that the ball B(h)(zo, )
is calculated in terms of the metric h. That is

Q = B(h)(zg,r) = {x € M : dist(h,z,z0) <T}.

For fixed z(, we use the background metric A and the Hessian comparison
principle to construct a time independent cut off function 7 satisfying

n(z) = 1vz € B(h)(zo,T), (d1)
n(z) = 0Vz € M — B(h)(=o,2r), (d2)

0 <n(z)<1lVzeM, (d3)
Va2 < e, (d4)
VaVpn > —ca(supy, Riem, Dhag = ca(ko, 2). (db)

(see [Sh] Theorem 1.1). Note that the constants c¢; and c; decrease (get
better) as r increases. Note also that the function is C* almost everywhere,
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and Lipschitz everywhere. If we mollify the function n then we obtain a
C* function satisfying the same properties, but for slightly different balls
(B(h)(zo,™—¢) and B(h)(zo, 2r +¢)) and slightly different constants (c; +¢,
c2 +¢).

Using (d3) in equation (4.2) we get

2(fn) < 9*PVaVg(fn) — 20— 20°PVafVen — f9*PV o Vsn

+c(n,r,h) + -ttﬂ, for all z € Q,¢ € [0,5]. (43)

In this proof a large number of constants depending on n,h,r appear. To
simplify the proof we use a small ¢ to denote a constant ¢ = c¢(n,h,r). We
often rewrite algebraic expressions involving ¢ and other constants simply as
¢. For example %c2 + ¢* would be turned into c.

Let us assume that (zo,to) is an interior point of B(h)(zo,2r) x [0,T]
where the supremum of (fn)(z,t), for (z,t) € B(h)(zo,2r) x [0,T] is ob-
tained. Since (f7)(zo,%0) is a maximum of the function fn(-,to), we get

~29°PVafVen = =290 LVo(fn)Vgn + 29 L|Vn|?
= 2g°° iIVnI"’

at the point (zg,ty), which implies
~29*°Va fVpn < cf, (44)

at (zo,%0), in view of (d4). Substituting 1nequahty (4.4) and (d5) into (4.3),

we obtain at(fn)(wo,to) < g"‘ﬂvavlg(fn) 16t0 o= f2n+cf+c+ tﬂl, at (zo, to),
which implies that

0< Smlento) < ~josn+of +ot 2,

(4.5)

in view of the fact that gz(fﬂ) (zo,t0) > 0, and gaﬂ@aﬁg(fn) (zo,t0) <0, at

the maximal point (zo,tp). Multiplying equation (4.5) by n(zo) we get
() (o, to)

16t ——(fn)?(z0,t0) — c(fn)(z0, to) — e <e,

which implies

(F)0,t0) (35~ (F)laosta) —e — ) <,

16, to

that is (fn)(zo,%) < c(n,h), in view of the fact that {7 < S = S(n,ko).
This implies that suppp)(g,,r) f(2,1) < max(SUpp(h)(zo,2r) f (2,0),¢) = ¢
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since f(x,0) = 0. Using 1 + ¢(n) fairness and the definition of f we obtain
the result. ¢

We have now obtained the important a priori parabolic estimates and
the a priori interior gradient estimate. To obtain further interior estimates
we may apply the above techniques and those of Shi.
Lemma 4.2. Let g(t),t € [0,5] be a C®(D) x [0, 5] solution to the h flow,
for some h which is 1+¢&(n) fair to g(t), for allt € [0,S], e(n) as in lemma
2.4 Then

. -1
sup |’Vlg|2 < oln, ;’ko.’ s iv1) for allt €10,85],: € {1,2,...},

B(h) (o) tplim)
where p(i,n) is an integer and B(h)(zo,r) denotes a ball of radius r contained
in D.
Proof : Whenever we write |T'| for some tensor T in the following calcula-
tion, we shall mean hl: the modulus of the tensor taken with respect to the
metric h. We calculate similar to Shi ([Sh], Lemma 4.1, equation (4),(5),...)
using the evolution equation (1.5) for h flow, that

DU = gV - 299V ) V()
+2 Z }Vig_l * 'ng * ’VkRiem(h) * lvmg

i+j+k=m,i,j,k,l<m
‘ j k !
+2 > Vg lx Vgl e W g+ gy,
ik jhH=mt2,i,5 k1 <m+1
for all z € Q, for all ¢ € [0,5],

where here T'x S, (T and S are tensors), refers to some trace with respect to
the metric A which results in a tensor of the appropriate type (in the above
formula the tensor product should result in a function). Using the fact that
h is C*® and 1 + ¢ fair to g(z,t), we get

Mg < g9V g2 - 269;(V " )V,(V )
J
+26(n’ ) Zz+g+k_m 1,5,k,l<m |hv 9||fv gllhv gl
j
2 D stemizigicma 1+ UV g1V gl Vgl Vgl Vgl
for all z € Q, for all t € [0, S].
(4.6)
We will prove interior gradient bounds by induction in m. Assume that we
know already that

"Il < Wforaﬂxeﬂte[OT]ze{IZ m -1},
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where p(i,n) is an integer. We show that this implies a similar bound for
|"Vmg|2. We will write c(n, h, m) simply as ¢, to simplify readability of the
proof (as in the proof of Theorem 4.1). Combining the evolution equation
(4.6) with our induction hypothesis, we obtain

g%hlivmm? gV g2 - 269",V " 9)'V;(W " g)
+ IV g+ Vg2
+e > Vgl gl gl gl1'9 ™,

i+ j+k+H=m+2,m<i,jk,I<m+1

which implies
5;|hV g’ gV gl - 249,(V " 9)'V,(V " g)

C m m m
+24V gl + eV g 4+ d Vg P (9] + [VaP)

m+1 m
V" gl " gl |V gl,

where ¢ = ¢(n, p,m) is some integer. In what follows we shall freely replace
powers of ¢ by q. For example 2¢?> will be replaced by ¢. Since m > 2, we
may use our induction hypothesis on the gradient terms of order one and
two, and the Cauchy-Schwarz inequality to obtain,

GV gl <gTVIVIN P - 2TV 90V
+5IV gl + BV P +

Finally, substituting

209,V 9)V;(V"g) > rv’"“ 2

(1 +¢)
into (4.7), we get

o ;,vm 9 .. m 1 hoh_m+1
— < ¥ Y. 2 _ 2
5l V9 < dTVVIVTE - SV
AL VAT S
+tq|’v g+ forallz € Q, for all ¢ € [0, ).
Similarly

a m—1 .. m—1
alfv gl? < g7,V g - I"v

tq’
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in view of the induction hypothesis. Following Shi ([Sh], Lemma 4.2 equation
(80)) we define

P 1) = @+"19" " o)V P,
where a is a constant to be chosen later. In view of the previous two evolution
equations we get
St < ¢V, 7+ ( (1+5) |”V o' + & "1V gl?)
+a+ 1" P~y TV g+ SV P + )
1
—2g”hv V™" 912'v; "™ g2
4 m+1 2 ¢ 1+(l4
2(1+5) |hv g|1 Aite) v +th_2
—ZQUhV ’Vm |2hV |hV ql?,

INA

(4.8)
where here it is clear that we have used our inductive assumption (and not
that of Shi) and the Cauchy-Schwartz inequality. The last term satisfies

.. h m—1 h m h m h m—1 m+1
P RA Y28 AV A | v AP TG IS W v i LA L VA

1 hivm 4 Ch m+1 9
AR A

-1
where we have used our inductive assumption on the term "|*vm g| and the
Cauchy-Schwartz inequality. Substituting this inequality into (4.8) we get

0 i c a h m+1
57 < g]fvilvﬂﬁ"'(t—q——%l +€)) v

IN

IN

lfv c(l+ a4)
) z
(4.9)
where here it is clear that we have used our inductive assumption (and not
that of Shi), and (1 + ) fairness to obtain upper and lower bounds for the
metric g(z,t) in terms of A (as in Shi). We now modify 9 to our purposes.
We consider the new function w defined by

4(1 ¥

-1
w =121+t 1+ [V gV gl

where ¢ and ¢ are the constants appearing in equation (4.9) (the constant
g = q(n,p,m) is now fixed!). That is we have chosen a to be a constant
depending on ¢ (who’s time derivative we must therefore calculate), and
multiplied the whole function by a power of ¢. Note that this function is
zero at time zero and hence must attain a maximum at some time bigger

than zero. Without loss of generality we may assume "|’V’g|2 < a(t), for all
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i € {1,...,m}. Also note that in (4.9) we then get that (% — sarey) S0
and M < #;- In view of these two inequalites and (4.9), we get
0 i +1 q + ) 2 ¢
7Y < g”}Vi}ij - tq IIV e qc|’V gl° + pret
2
+1)
= ]"V Vw - v + (g w
S i a(t) + V" gt
m g c
_cl’v gl + th—7
where the last equality follows from the definition of w. Hence
9 1 ( +1)
G <INV - i wHgmy T Wt (4.10)

=thV,~hV]w——tq ! 2+£—HHL w+cw+

t4q )

in view of the fact that a(t) = ¢t~ 9, and h|}Vm_lg|2 < a(t). Now, as in the
estimate of the first derivative of g, we multiply w by a cut off function
and calculate the evolution equation of wn. Using (4.10) and d1 — d5 as in
the estimate of the first derivative of g, we get

o . 1, +1
55(“"1) < g”iviivj(wn) - C—th Lw?n + (—q—t—)(nw) +cw+ th

At an interior point (2o, %p) of £ x [0, 7] which is a maximum of w we argue
as in the proof of lemma 4.1 to get

() (20, t0) (55187 (o) (0, 10) — (g + 1)) < e

from which we obtain (nw)(=zg,t9) < s+ Using the definition of w and the
0
above inequality, we get

-1
1 (4et= 1+ [V g2V g2 < %f,—q for all z € B, (mo),t € [0, T),

which implies the desired result. ¢
Theorem 4.3. Let g(t),t € [0,5], h be as in Theorem 4.2. Then

su1‘13[|hvig(:z,t)|2 c(ntz , F) for allt €[0,T],i € {1,2,...},
z€

where R? = max(ko, k1, ko, . .., ki), k; as in definition 1.1.
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Proof : We derive this corollary from Theorem 4.2 and a scaling argument.
Let g(-,t) = }%g(m, Rt) for some constant R > 0, and h(:) = %h(-). Then
his 1 + ¢ fair to §(z,t) and §(-,t),t € [0, R] solves hflow. Without loss of
generality we assume that S < 1. For a given ty € [0,5], let R =t < 1.
Then the k; < k;, where k; = supA,I]"V’Rlem Rh)|2. Hence by lemma 4.2 we
get

~

}‘@ig|2|(z,1) < c(n, ko, ..., k) < c(n,ko,... k).

But
flvlg|2|(a:1) L . . R R R
= (Rikihdoke  pIkEmnppaN Vs, oV 0mp Vi Vi, - - Vigng) (2,1)
= RV g2z, R),

from which the result follows. ¢
5. Existence of entire solutions.

Lemma 5.1. Let go be a C®(M) metric and h a metric on M which is
1+ &(n) fair to go, €(n) as in lemma 2.4. There ezists a T = T'(n, ko) and
a family of metrics g(t),t € [0,T] in C°(M x [0,T]) which solves h flow, h
is (1 + 2¢) fair to g(-,t) for t € [0,T], and

Vg% < %’ for allt € (0,T),i € {1,2,...}.

Proof : If M is compact, then we obtain the result using Theorems 3.1 and
4.2. Let {D;},1 € {1,2,...,00} be a family of compact sets which exhaust
M, D; = B(go)(zo,1), where B(go)(zo,%) is the ball of radius ¢ for some fixed
arbitrary zg, with respect the metric given by gg. Let g( t),t € [0,T] be the
solutions obtained to the Dirichlet problem on D; with boundary data go.
Using the interior estimates (Theorem 4.2) and Arzela-Ascolii Theorem, we
may let i — 0o and take a diagonal subsequence to obtain a limit g(-,t),t €
(0, T] which solves h flow for ¢ > 0 and satisfies the interior estimates. As the
initial data is smooth, as is the solution for ¢ > 0, we see that g(-,t),t € [0, T
solves h flow. ¢

Theorem 5.2. Let gy be a complete metric and h a complete metric on
M which is 1 + €(n) fair to gy, €(n) as in Lemma 2.4. There exists a
T = T(n,ko) and a family of metrics g(t),t € (0,T] in C°(M x (0,T])
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which solves h flow for t € (0,T),h is (1 + 2¢) fair to g(t) for t € (0,T], and

. h
lim sup |g(-,t) — go(-)| =0,

t—)Ozenl
sup |ILV19|2 < ﬁ@’——oz’i——’——l, for allt € (0,T],7 € {1,2,...},
rzeEM

where Q' is any open set satisfying Q' CC Q, where Q is any open set on
which gy is continuous.

Remark. In particular, if M is compact, and go is continuous then g(-,t) —
go(:) uniformly on M ast — 0.

Proof : Let {obO}aeN be a sequence of smooth metrics which satisfy
limg 00 {ago} = go, where the limit is uniform in the C° norm. It fol-
lows then that h is (14 £) fair to gy for all & > N for some N € N. We flow
each metric ‘g, by h flow (using Lemma 5.1) to obtain a family of metrics
g(-,t),t €[0,T], T = T(n, ko) independent of o which satisfy

I Co(-, )2 < ‘;—; for all ¢ € (0, T,

independently of o, for all & > N. We then obtain a limiting solution g(z, t)
,t € (0,T) via g(z,t) = limy_y00 g(x,t), which is defined for all ¢ € (0, 7).
This limit is obtained using the Theorem of Arzela-Ascolii (is uniform on
compact subsets of M), and it may be necessary to pass to a sub-sequence
to obtain the limit. It remains to show that the metrics g(-,t)|q uniformly
approaches go(-)|qs as t approaches zero. As a first step we obtain estimates
on the rate at which g(-,¢) — go(+,t) as t = 0 if go(-) is smooth.

Let € > 0 be given. Arguing as in [Sh] Lemma 2.2, we see from (66) and
(68) in the proof of Lemma 2.2, and using (1+¢(n)) fairness that g/ satisfies

8 .. L L
597 < VeV + clh, m)g - 5,

where $% is a positive tensor obtained from the square of Vg (the last term
in [Sh] Lemma 2.2 , equation (68)). Since S¥ is positive, we get

o .. . Y e o N g
a(g”—lw) < g°PV o V(g9 —19) +c(h, n) (g7 —1"7) + gV oV gl +c(h, n)1Y
(5.1)

for any time independent tensor I*J. Fix zg in €/, and fix a co-ordinate chart
around zg, ¥ : U = M, o € U CC Q. Define the (0,2) tensor ! by

WV, W) (z) = Vi(z)W;(2)hep(20) 9§’ (z0) P (),
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where on the right hand side we have used our fixed co-ordinate chart to
help us define this tensor. That this is a well defined tensor (for example
linearity) follows from the definition. Notice that the right hand side in the
above definition *is dependent* on the coordinate chart. That is we have
used our fixed co-ordinate chart to help us define this tensor. Also notice
that [ (zo) = g§ (z0). By definition of [ , we get

"lgg(z) —1(2)] < g () — g (zo)| + "I98 (20) — hgp(w0) g8 (z0)hP (2)]

3
2

IAIN

(5.2)
for all z € B(h)(zo,r) C U for some small r = r(go, h,€) > 0, where the last
inequality follows from the continuity of g5 and the continuity of h%. This
gives- us that

(1-2e)h <1< (1+2e)h, (5.3)
for all z € B(h)(zo,7), in view of (5.2) and the fact that h is (1 + ¢) fair to

go-
We also have that

sup V'Vl < c(h,n,U), (5.4)
B(h)(zo.7)

as a consequence of the definition of [, the inequality (5.3), and the fact that
U C Q is some fixed compact set. Substituting (5.4) into (5.1) and using
(5.3) we get

8 .. . f e L ,
55007 = 19) < 6PV V(g = 19) + c(h,m,U) (" — 1) + e(h,n, U)K,

and hence
S Mg — 1) = eth) < g7 TaTple g ~19) - cth?),

for all z € B(h)(zo,). Define the tensor f to be f¥ = e~%((g" —1*) —cth™).
We construct a cut off function 7, as in the proof of Lemma 4.1, for the ball
B(h)(zo,7), with n = 1 on B(h)(zo,5) and 7 = 0 on dB(h)(zo,7). Using
the properties of 7, as in the proof of lemma 4.1, we see that

o .. L - g L g
5. (117) < 9PVaVs(nf) + er(nf) = 2VanVs(f7n) + 1Y,
which combined with the fact that f is bounded gives

o L | - | |
5 (/Y —a1h¥t) < 9PV o Va(nf — c1h¥t),
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where ¢; = cl(%,n, h,U). Using the maximum principle and the fact that
nf9 — cith¥t = —c1h¥t < 0 on 8B(h)(zo,7), we get that n(-)f9(-,t) —
ch¥(-)t < nf(-,0) < £hY for all z € B(h)(zo,r), where the last inequality
follows from (5.2), and the definition of f. This implies that f*(-,t) < (c1t+
£)hY for all z € B(h)(zo, §) and for all ¢ € [0, S] in view of the fact that 7 is
equal to one on B(h)(zo, 2) Substituting ¢ < 55 into the above inequality,

we get fY(-,t) < eh¥ for z € B(h)(=zo, 5)s for all t < 5=—. Substituting the
definition of f into this inequality, we see that (g*/ —1%) S ec’:(s-l-ct)h’J which
implies that (¢*/ —1") < 2eh¥, for all z in B(h)(zo, %), for allt < T(c,c1,€).
Substituting the inequality (5.2) into the above inequality, we get that

g7 — g0 = (¢ — 1Y) + (I — go") < 3eh¥, (5.5)
for all z in B(h)(zo, §), for all t < T'(c, c1,¢€).

Notice that this argument applies to each solution *g(-,t) defined at the
beginning of the proof. That is, ®¢" < %g,¥ 4+ 3¢h¥ for all z € B(h)(zo, e,
for all ¢ < T(n,U,h, %,5), where here we write r,, as r, may possibly
depend on a. In the estimate (5.2) we see that r, > 0 is chosen so that

9§ (2) - ()] < ¢,
for all z € B(h)(zo0,74). But then for z € B(h)(zo,74), B > a we get
¥ 1 ha ij ity
"Pgi (z) - P17 (@)| < "Pgq (z) — ago]( )|+ 1%9¢ (z) — *1" (x)]
+1901 () — P19 ()|
< 3,

if o, B are chosen large enough, due to the continuity of h, the definition
of [ and the fact that *gy; — go in 2 as @ — oo. So we see that we may
choose r > 0 independent of a. Hence we obtain (5.5) for the metric g(-,t) =
lima—)oo ag('a t)

Let ¢ be the function defined in (2.15). Arguing similarly to Shi, we see
that ¢ satisfies

0 -~ m?
20 < 9°°VaVsé + co(h,m) — [Vl

as shown in [Sh] (§4, equation (19)), where we use (1 + &(n)) fairness as Shi
does. Arguing as above, but for ¢ instead of g”/, we see that there exists a
S = S(n,h,Q, go,€) > 0 such that

¢(,1) < ¢(-,0) + 3¢, (5.6)
for allt € [0 S], for all z € Q. Usmg the inequalities (5.5) and (5.6) we see
that supg, |g0( ) —9(,t)| < c(n )sm(n) for all ¢t € [0,S], for all z € .
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6. Applications to metrics with ‘curvature bounded from
above and below’.

Assume that our initial metric gg is a ‘metric with bounded curvature’ on
a compact manifold M, in the sense of Aleksandrov ([Al], see [BN] for a
good overview). Such metrics are locally C1®, and using a Theorem of
Nikolaev, we may approximate go by a family of smooth Riemannian metrics
whose sectional curvatures are bounded from above and below by constants
which approximate the bounds for gg. Furthermore the bounds from above
and below for Ricci curvature and curvature operator of the approximating
metrics are approximately the same as those for go. We state this more
precisely.

Lemma 6.1. Let g be a ‘metric with bounded curvature’ on a manifold M,
with curvature K(g)

C'<K(g)<C

in the sense of Aleksandrov. We may approzimate g by smooth Riemannian
metrics, {ob}aeN so that

C'-=<K(g)<C+ =,
« «
and
lim [~ glgue(a) = 0, lim g — gleogar — 0 (6.1)

for open Q@ C M whose closure is compact. Furthermore if the curvature
satisfies

B'g < Ricci(g) < By,
(BG < R(g) < BG,)
then
(B' - 2)'p < Ricei(y) < (B+ )%, (62
(B' - )G <R(5) < (B+2)C). (6.3)

Proof: The approximation is achieved by mollifying or regularising g . Here
we use Sobolev averaging and a partition of unity (Nikolaev used De Rham
regularisation to obtain the estimates for the sectional curvatures: see [Re]).
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Let {Us} be a locally finite cover by co-ordinate neighborhoods of M, and
U, C Uy for some co-ordinate chart Uy. For © € Us C Uy define

"9ij(z) = / p(2)gij(z — %z)d&

where here 1 is small enough so that  — 2z € Uy, for all z € B;(0) (which
then means that g;j(z — 1z) is well defined for this fixed co-ordinate system,
(Uy,1)). From work of Berestovskij [Be] we know that (M, g) is actually a
manifold (and not just a metric space) and that g is continuous. Nikolaev
[Ni] then used these facts to prove that locally g € W%P. It then follows (see
Berestovskij, Nikolaev[BN]) that g has a second derivative except on a set
of measure zero ¥; C M. Hence we have the formula

(9 a s, 5,0 3 (9
9k o JiP) =" (55 5.79i)(p), forallpe M (6.4)

where here we have used g € WP in order to make sense of the right hand
side. The local formula for the Riemannian curvature tensor of a metric g is
given by

_ 0 8 _d 3 9 8
R(9)ijki = 307 32F 9l T 357 95795k — 347 9a1 Jik — Bg7 g% 95l (6.5)
+(g7" * Bg * 09)ijkt,

where the last term is a product of two first derivatives of g and the inverse
of g. Since the first derivatives of g are continuous (as is g itself) we obtain,
in view of (6.4) and (6.5)

s,

R("9)ijue(p) = " (R(9)ijk1) (p) £ €jr(p), for all p € M,

where €;;,; is a tensor, |e| goes to zero as a — oo. Using the partition
. . . . (o1 S,

of unity {Us,ns}, we construct our approximating metric g = 7,"g. From

construction (6.1) is true, and

R(9)ijir = R(9)ijwt) * ceijns (6.6)

where the constant ¢ = ¢(m1,...,nn) comes from taking first and second
derivatives of the unity functions 7;. The estimates (6.2) and (6.3) then
follow simply by taking traces with respect to ‘g of (6.6), in view of (6.1). ¢

If the dimension of X is three, and (X, go) is a space with curvature
bounded from above and below with Ricci(gg) > 0, then we may use the
hflow to flow go and so obtain a family g(¢), ¢ € (0,T) of smooth metrics
all of which satisfy Ricci(g(¢)) > 0.
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Theorem 6.2. Let g9 be a complete metric with bounded curvature on a
manifold M3 of dimension three, —k2 < K < k2, such that

Ricci(go) > 0

in the Aleksandrov sense. Then there exists a metric h which is 1 + €(n)
fair to go (e(n) as in lemma 2.4), a T(n,h,ky) > 0, and a family of smooth
Riemannian metrics g(z,t),t € [0,T] such that g(z,t),t € (0,T] solves h
flow, g(-,t) = go(+) uniformly on compact subsets of M as t \, 0, and

0 < Ricci(g(z,t)) < c(ko,n,6,h) for all t € (0,T).

Proof : Let gy, be the approximating metrics for gy (obtained from lemma
6.1), and let A be Ngo a metric which is 1 + ¢(3) fair to all ‘g, for a big
enough.Also let ‘g(z,t),t € [0,T] denote the corresponding solutions to the
hflow, and g(z,t),t € (0,T] the limit (as @ — o) solution. Note that each

‘g, satisfies sup,, h|PV(ag0)| < ¢, from (6.1), and hence we see, arguing as in
the proof of lemma 4.1 (but without multiplying our test function by time

t) that suppsxqo,7) IhV ) < e Calculating the evolution equation of the

function t(a + "'V (‘g)[2) |hV 2 as in the proof of lemma 4.2, and arguing
2 o

as in the proof of lemma 4.2, we get; that supasy o7 IhV 9)| < —\/1-, in view

of the fact that IhV 2 is bounded. Ny §
This then implies that the tensor V(') = ‘g;;(I' (g) — T (k) satisfies

SUP s x[0,T) |V( )| < cs,

Wi <o (6.7)
supar o) [Riem(g)] + TV V (g)] < .
We wish to calculate the evolution of the curvature tensor of the metrics g
For a fixed point p, let ¢ : B.(p) % [0,e] = M be a time dependent local
diffeomorphism satisfying the equatlon

54'(p.t) («st*vxqst()) “(¢t<p),t>,
Vipt) = (" - ) (0
$(p,0)  =1d(p),

and define §(t) = (¢:"g)(t). As explained in the introduction, §(¢) satisfies
the Ricci flow equation (1.1). Also

Riceii;(9(t))(p) = Riceis;(¢e.9(2)) (p) = Ricciap ((2)) (4¢(p)) 5 ¢a 9z "bﬂ
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which gives us that

& Riccizj (9(4)) (p)
= (BRiceias(§(8)) (41(p)) + 527 Riceias (§(1)) ($e(p)) G (1)) g6 2o t?
+Ricciap(9(2))(¢e(p ))a—xvat¢“ax] ¢° + Riccias (§(1))(4:(p)) 52 0% 3 £ 4°
= ARicci(g)s; + 0(Ricci(g))i; + (VsRiccig;) Ve
+R1cc1l]9V V4 RlccmgV V
(6.8)
where in order to obtain the last equality we have used the fact that g(t)
satisfies the Ricci flow equation (1.1) (as explained in the introduction) and
here 6 is a quadratic term coming from the curvature evolution equation. In
dimension three, the evolution of the Ricci curvature for a family of metrics
g evolving by Ricci flow is given by

%Ricci( )= ARlCCl( ) + 0(Ricci(g)),

where 6(Ricci) is a quadratic in the Ricci curvature (See [Ha 1]). More specif-
ically, if we choose co-ordinates around =z for given g so that Ricciz; (o, to)
is diagonal, with values Ricci;; = A < Riccigg = ¢ < Riccizg = v, then

O(Ricci)11 = (u — v)? + A(u +v — 2)) > RRy1 — 3¢" Rix Ry, (6.9)

and similarly
B(Ricci)ij Z R,'jR - 3gklRikle.
Clearly 0 satisfies the conditions of Theorem 7.3 and so, in view of (6.7) and

the initial conditions and (6.9), we may apply the corollary 7.4 to the tensor
N = Ricci(“g(t)) whose evolution equation is given by (6.8), to obtain

Ricci(‘g(x, t)) > —%, for all t € [0,T"],

where T" = T"(3, kg). Similarly we may apply Theorem 7.3 to the function
N = "|Riem(%)|? to obtain SUPpsx[0,77] "|Riem(% 9)|? < (3, ko, h). Letting o
go to infinity gives us the result. ¢

Hence, if M is compact, we may apply the result of Hamilton ([Ha 2]) to
obtain M is diffeomorphic to a quotient of one of the spaces S3 or S2 x R!,
or R3 by a group of fixed point free isometries in the standard metric.

When the dimension of M is two we obtain a similar result by examining
scalar curvature and arguing as in the theorem above. Note that in dimension
two, the scalar curvature evolves according to the equation atR = AR+ R2
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Theorem 6.3. Let gy be a complete metric on a manifold M?,

—ko
0

K(go) <0

<
< K(go) < ko)

in the sense of Aleksandrov. Then there ezists a metric h which is 1+ e(n)
fair to go (e(n) as in Lemma 2.4), a T(n,ko) > 0, and a family of smooth
Riemannian metrics g(z,t),t € [0,T] such that g(z,t),t € (0,T] solves h
flow, g(-,t) = go(-) uniformly on compact subsets of M as t 0, and

—02 (k()’ h')
(0

R(g(z,t)) <0 for allt € (0,7
R(g(z,t)) < (ko,h) for all t € (0,T)).

ININ

We can actually slightly weaken the hypothesis of ‘curvature bounded from
above’ for Theorem 6.2 to a uniform Lipschitz condition on the initial se-
quence of metrics.

Definition 6.4. Let M be a three dimensional manifold, and g be a locally
Lipschitz complete metric on M. We say that Ricci(g) > 0, if there ezists a
family {O‘g}ae{m’_._} of smooth metrics on M which satisfy Ricci(“g) > —é,

and limg,_,o0 supy °|%g—g| = 0, and °|T'(%g)—T'(g)| < k for all o € {1,2,...},
where k is some constant which does not depend on o, and I'(g) refers to the
Christoffel symbols of g.

Theorem 6.5. Let M3 be a three dimensional manifold and gy be a complete
locally Lipschitz metric on M which satisfies Ricci(go) > 0, in the sense of
definition 6.4. Then there is a solution g(z,t),t € (0,T] to h flow of go for
some smooth metric h and some T = T'(ky), and it satisfies Ricci(g(z,t)) >

0 for allt € (0,T] in the usual smooth sense.

Proof : The proof is the same as for the case of bounded curvature from
above (theorem 6.2), except that we use the family *g, coming from the
definition 6.4, and not the family ®g, constructed in the proof of theorem
6.2 (which come from lemma 6.1).

We now examine the evolution equation of the curvature operator R.
In [Ha 3], Hamilton uses time dependent isomorphisms u(¢) : (T'M, go) —

(T'M, g(t)) to examine the evolution of the curvature operator. In particular
if (M, g;;(t) is a solution to the Ricci flow, then the pull back of the curvature
operator is

R(t)(¢, ) = R(t)abead** 9,

where R(t)abed = Riem(g(t))ijkluZugu’gué, and the pull back of the metric is
gap = ul (t)u](t)gi;(t), and the isomorphisms u(t) are chosen so that g, has
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zero time derivative, and hence g is independent of ¢. That is

o . .
auz = g Rjjuk.
The evolution of R is then derived in [Ha 3] to be
0

ER = AR + R? + R#R,

where R? is the square of the curvature operator, # is the operator given
by T#Nyp = CZ"C%9T75N,,9, and caqy are the structure constants given by
OB =< ¢9, (48, 7] >.

Theorem 6.6. Let gy be a metric with bounded curvature on a manifold
M, —kg < KK kg, such that R(go) > 0 in the Aleksandrov sense. Then
there exists a metric h which is 1+¢(n) fair to go (e(n) as in Lemma 2.4), a
T(n,ko) > 0, and a family of smooth Riemannian metrics g(z,t),t € [0, T
such that g(z,t),t € (0,T] solves h flow, g(-,t) = go(+) uniformly on compact
subsets of M as t \ 0, and

0 < R(g(z,t)) < c*(ko,n, h) for all t € (0,T].

The same result is achieved if we replace the curvature operator (in the
above hypotheses) by the scalar curvature.
Proof : We argue as in Theorem 6.2. Notice that we obtain initially
that supps o1 |Riem(‘g)| < ¢(k,n) which implies that supprxfo,r] Ai(Z,t) <
d(k,n), forallie 1,2,..., ﬂnz—_ll where ); are the eigenvalues of the cur-
vature operator R. Then the evolution equation for R fulfills the conditions
of corollary 7.5. In particular the tensor a appearing in Theorem 7.1 (which
is needed for corollary 7.5) will be a matrix coming from the eigen values
of R and then supy/(o,1] ‘lal < ¢(k,n). We may apply corollary 7.5 to the
family of solutions ‘g(z,t),t € [0,T], and then take the limit as @ — oo to
obtain the result. ¢

For completeness we mention the following results which are proved using

the same techniques as above. Let M* be a four manifold and Z denote the
isotropic curvature on this manifold (see [Ha 5]).
Theorem 6.7. Let go be a metric with bounded curvature on a compact
real four manifold M* | -k} <K< k3, such that Z(go) > 0 in the weak
Aleksandrov sense. Then there exists a metric h which is 1+ ¢(4) fair to gy,
a T(ko) > 0, and a family of smooth Riemannian metrics g(z,t),t € (0,T]
such that g(z,t),t € (0,T] solves h flow, g(-,t) — go(-) uniformly on compact
subsets of M as t \, 0, and

0 < Z(g(z,t)) < c*(ko, k) for all t € (0, T).



1064 Miles Simon

Proof: In four dimensions one can decompose the real two forms A? into the
direct sum of A?,, and AZ. Then the curvature operator defined on A2 ® A?
decomposes as a block matrix

A B
R= ( a5 ) .
The manifold has non-negative isotropic curvature if and only if a; +a2 > 0
and c¢; +co > 0, where a; and as are the two smallest eigenvalues of A and ¢y,
co are the two smallest eigenvalues of C. The ordinary differential equation

for the evolution of a (c is the same) under Ricci flow is (see [Ha 5], proof
of Theorem 1.2)

0
52((11 +ag) > a? + a2 + 2(a1 +ag)az + b3 + b3 ae. t €[0,T], ae. z € M,

where b; and by are the two smallest eigenvalues of B (we ignore the lapcaian
term for the moment). We consider the function f(z,t) = ai(z,t) + az(z, t)
and note that it satisfies the ODE

0
af Z 2a3f a.e. ,

where supy/. o, las| < k < co. We may argue then as in Theorem 6.2 to
show that if f(z,0) > 0 in the Aleksandrov sense then gy can be evolved by
hflow for some h to obtain g(z,t),t € [0,T], and f(z,t) > 0 for all ¢ € [0, T,
where f(z,t) = ai(z,t) + az(z,t) and a;(z,t),as(z,t) are the two smallest
eigen values of A(z,t), where A(z,t),B(z,t),C(z,t) are the curvature opera-
tor matrices (as above) for the metric g(z,t). Similarly we obtain c¢; +c2 > 0.
¢

We now show that the theorems of Hamilton for manifolds with non-
negative Ricci curvature in three dimensions, and non-negative curvature
operator in n-dimensions can be epsilon improved. To do this we argue by
contradiction and apply Cheeger’s finiteness Theorem([Ch]), and Gromov’s
compactness Theorem (see [Pe] for an exposition), The argument here was
inspired by the argument given in Berger [Ber 1], where it is shown that
there as a § < i such that any compact, even dimensional manifold which is
¢ pinched is either homeomorphic to an n-dimensional sphere or is isometric
to one of the symmetric spaces of rank one ( the complex projective space
CP", the quaternion projective space HP™, or the Cayley projective space
CaP?). This is an epsilon improvement on the % pinched rigidity Theorem
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(which is the same result for 1 pinched manifolds). See Berger [Ber 2],
Klingenberg [K1] and Rauch [Ra] for the Sphere Theorem, rigidity Theorems
and their generalisations.

Theorem 6.8. Let M(n,ko,d,v) be the set of (M™,g) such that M™ is an
n-dimensional compact manifold and g is a metric with curvature K(M, g)
bounded from above and below which satisfies

—ko < K(M,g) < kg,vol(M,g) > v,diam(M,g) < d.

There ezists an €1(3, ko, d,v) > 0, e2(n, kg, d,v) > 0, and e3(4, ko,d,v) > 0
with the following properties. If (M3, g) is an element of M(3,kq,d,v) and
satisfies Ricci(g) > —e1g, then there ezists a smooth Riemannian metric
g on M?® where (M3,g') has non-negative Ricci-curvature. If (M,g) is
an element of M(n,ko,d,v) and satisfies R(g) > —e2G(g), then there ex-
ists a smooth Riemannian metric ¢ on M where (M,g') has non-negative
curvature operator. If (M*,g) is an element of M(4,ko,d,v) and satisfies
I(g) > —e3, then there exists a smooth Riemannian metric ¢ on M* where
(M*,g') has non-negative Isotropic curvature. If (M,gq) is an element of
M(n, ko, d,v) and satisfies R(g) > —e4, (scalar curvature), then there erists
a smooth Riemannian metric ¢ on M where (M, g') has non-negative scalar
curvature.

Proof : All of these results are proved in the same way using Gro-
mov’s compactness result and Cheeger’s finiteness Theorem for manifolds
in M(n, ko, d,v). We prove the Ricci curvature result here. Fix kg, d and v.
Assume, to the contrary that there is no such £; > 0. Then we have for i €
{1,2,...}, manifolds M; with metrics g; such that (M;,g;) € M(3,ko,d,v),
and Ricci(g;) > —%, but there is *no* smooth g;' on M; such that g;/ has
non-negative Ricci curvature. By Cheeger’s finiteness Theorem, after taking
a sub-sequence if necessary, we may assume that M; = M. By Gromov’s
compactness Theorem, g; — g in C1® for some g € M(3,ko,d,v) which
satisfies Ricci(g) > 0 on M in the sense of Aleksandrov. We may flow this
metric g using hflow (Theorem 6.2) to obtain a metric ¢’ on M which is
smooth and has non-negative Ricci curvature: a contradiction. <

7. Non-compact tensor maximum principles.

For scalar parabolic equations on non-compact manifolds there exist already
versions of the maximum principle. For example Ecker and Huisken [EH]
prove a maximum principle for a scalar function on a non-compact manifold
which is evolving by a very general heat flow like equation (with a back
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ground metric which may depend on time), as long as the function satisfies
a priori various spatial growth conditions and the metric satisfies a priori
various spatial and temporal growth conditions. It is well known that for
non-compact manifolds the maximum principle may be violated if at some
fixed time the function has very large (bigger than exponential) growth in
space. Here we prove a maximum principle for tensors which evolve parabol-
ically (that is we consider a system of equations) on non-compact manifolds.
For the proof below we introduce the notation £2 to be the set of two
by two symmetric matrices.
Theorem 7.1 Non-compact Tensor Maximum Principle. Let (M", g)
be a smooth complete Riemannian manifold (non-compact or compact),
and N(t),t € [0,T] be a family of symmetric two tensors on M evolving
according to the evolution equation

B Ni(t) = "“AN(,t)ij + VoNij( ))W? + fNij + FF Ny + ¢(Nij),
(7.1)
where Ny is a covariant two tensor satisfying Ng > 0, W is a covariant three
tensor, and ¢ : 2 — %2 satisfies ¢(P)ij > afpaz-quleq—gklPikBj, where a;
is some smooth symmetric contravariant two tensor for each i € {1,...,n},
and f,w, F are smooth tensors (functions) on M whose type is indicated in
equation (7.1). Assume also that

sup _Ricci(g(£)) > —F, (a)
Mx[0,T]
0
sup glal+g|-a—tg|+g|N|+IfI+gIFI+|W| <k, (0)
Mx[0,T)

where k is a constant. Then the solution N(t),t € [0,T], to the equation
(7.1) satisfies N(t) > 0.

Remark.Jlt is often the case that if in condition (b) we replace
supprx(o,r] IN| < k with supys [No| < k then the smoothing properties of
flows will ensure that this bound exists for all t € [0,T).

Remark. There is an earlier weaker version of the non-compact mazimum
principle for tensors in [Ha 6].

Proof : We prove the result initially for the simpler evolution equation
%N >? AN, as the more general case is merely a minor adjustment of this
argument.

Step 1. All metrics are equivalent. Condition (b) implies that

0
—kg > —qg > — .
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which implies that all metrics ¢(¢),t € [0,7] are equivalent:
c—(k,—}ﬁﬂjgg < g(t) < c(k,n,T)go. Similarly if v : [a,b] = M is a smooth
curve in M and [(t)(7y) is the length of v with respect to g(¢), then

9(Z, £v)ds > —kl(t)(v) for all t € [0,T),

tJy (7.3)
[(t)(~y) for all ¢ € [0, T).

We define p(z,t) = dist(g(t))(z, o), po(z) = dist(go)(z,zo) where zg is
some fixed arbitrary point in M. Then p?(p,t) is Lipschitz continuous in ¢
for p ¢ Cut(g(t))(zo), and we get

e 2kt p2 < p? < pRe?tt for all t € [0,T)

2 (p?) > —knp? for ae.t € [0,T) (7.4)

in view of (7.3). Without loss of generality we may assume T' = 1. As
many constants appear in this proof, we shall often use a small ¢ to denote
a constant depending on k,n. For example it is understood that 5¢(k,n) +
c?(k,n) may be replaced by c(k,n) without any harm. This implies that
o) < pl1) < Ak, m)po().

Step 2. Compactification of the problem. Let

Nij(t) = Nij (-, 1) + By (-, 1), (7.5)

where E is defined by E;; = e®®%g;. where b(z,t) = (1 + t)(1 + p?(x, 1)),
and where 8 = B(k,n) is a constant to be determined later. In view of the
fact that £ > 0 we get Ny = No + ¢Ey > 0. Since supy, |N| < k, we have

—cg < N < cg, forallt €[0,T). (7.6)

Choose R = R(e, k,n) so large that e”” > % for all x € M — B(go)r(z0), for
all t € [0, T]. Substituting this inequality and (7.6) into the definition of N,
we get

Nij(8) = Nij(-,t) +ee"®gy(., 1)
2 —cgij+ 526—6112(3% t)gij
> Oforallte[0,T], for all z € M — Br(go)(=0)-
Step 3. Evolution of N. From the definition of N we get

> SN +ee’@8(—c+ B)(1 + p)g, for ae.te0, 315]
(7.7)
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in view of (7.2) and (7.4) and the fact that 1+ 5t < 2 for all ¢ € [0, #] Also
from the definition of N we get

AN = AN +¢(AEN)g
= AN +e((1+ )AL+ p%) + (L+ Bt)*|V*)g
= AN +ee?@)((1 4 Bt)2pAp + 2(1 + Bt)|Vp|?
+(1+ B)*4p° |V pl*)g.

We use the following facts from Geometry: (i) °|Vp[2 = 1 for all z € M —
Cut(t)(zo), (i) Ap < (n— l)kg#l, for all z € M — Cut(t)(zo), where (i) is
true for any smooth complete Riemannian manifold (M, g), and (ii) is true
under the extra assumption that Ricci(g) > —kg. Substituting (i) and (ii)
into the calculation of the Laplacian of N we get

AN < AN +ec(k,n)(1 + p?)e?@t g for all z € M — Cut(t) (o),

7.8
for all t € [0, FI;] (7.8)

Subtracting (7.8) from (7.7) we get

(% -~ A)N > (% — A)N +¢(1 + p?)e@V (=2¢ + B)g.

Choose 8 > 2¢c. Assume that at some first time o > 0, N(to) #0. Then due
to the compactification of the problem (see step 1), there exists some py €
Br(zo) and a vector v, such that N(to)(vp,,vp,) = 0. We see that if pg ¢
M — Cut(t)(zo) then we may argue as in the proof of the compact maximum
principle for tensors ([Ha 1], Theorem 9.1) to obtain a contradiction. If
po € M — Cut(t)(zo) then we must use a trick of Calabi ([Ca]). Let v :
[0,s] be a geodesic with (respect to the metric g(tg) ) going from zg to
po € Cut(ty)(zo), and let ¢ = y(r) for some very small 7 € (0,s). Then
q is not a point in the cut locus of zy with respect to the metric g(¢) for
every t € [tg — €',t9 + €'] for ¢ > 0 small. Then we define a new function
(,1) = dist(g(t)) (w0, ) + dist(g(t))(g, z). Notice that P(z,) > p(s,?), in
view of the triangle inequality and hence, defining IV = N + e HBO(1+9%) g
we get ‘N > N > 0 for all ¢ € [0,%), and also W(po,to)(vpo,vpo) = 0 due to
the definition of V. Using the same argument we used for N, we also get

0
(5~
in a small neighbourhood of py € M in view of the fact that ‘p(z,t) — p(z, ) <
2r for t near %g, and z in a small neighbourhood of py € M, and the fact that

)"]{r(., t) >0, for all t € [tg — €, t0 + €'],
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r € (0,s) was chosen small. But the tensor V(-,-) is smooth in space and
time in a small neighbourhood of (zg,ty) € M % [0,T], and so we may argue
as in the proof of the compact maximum principle for tensors to obtain a
contradiction. Hence N(-,t) > 0 for all t € [0, 53], for all z € M. Letting
€ — 0 gives us that N(,t) > 0 for all ¢t € [0, %], for allz € M. Iterating
this argument we obtain N(-,¢) > 0 for all ¢ € [0, T].
Step. 4 The general case. For the general case we argue as above to obtain
1s) I\
(5~ DNy 2 e(B—clh,m)(L+ )" gij + Vali (1) - W°
+f Nij + FENji + 6(N)sj,
which we then rewrite as
(& - "“D)N;;
= e(B — c(k,n))(1 + p?)e"@Vg;; + Vi(N + eE);;W* + f(N + eE);;
+Fik(N + EE)jk — gkl(Nik + 5Eilc)le + aflagquleq
-—&‘VkEijWk — SfEij - €Eiklegkl - sﬂkl:?jk,
> &(B — o) (1 + p?)e?@Ngy; + Vi Ny Wk + f N5
+Ff Njk + af'al? Ny Nyg, for all ¢ € [0, 351,

3 (7.9)
in view of (b) and the definition of N and E. Let vp, be an arbitrary non-
zero vector of length one. Then in orthonormal co-ordinates at py for which
g and N are diagonal, we have,

(a¥'ab? NipNig) (v*,v7) = a* (v)aP? (v) Nip Nig = (a* (v))? N Ny

For fixed k,l we see that either (case 1) (a(v)kl)2Ngx Ny > 0 or (wlog) (case
2) Ny <0, Ny > 0. In case 2, we get

(@™ (@)’ NeeNy = (a*())?(Nik + e Erir) Nu — e(a™ (v)) B Niy
= ("™ (v))*Nip Ny — £(a¥' (v))? Exr, Ny
—&(a™(v))? B Nu

2
> —ec(k,n)(1+ p2)eb($’t)gij for all ¢ € [0, to],

in view of (b) and the fact that N > 0 for all t € [0,#]. Taking the sum
over all £ and [, and substituting this inequality into (7.9) we get

IO - - -
(& ~A)N;; > e(B — o)1 + p2)e! @D i + Vi NyW + fNi; + FFNyy,

for all ¢ € [0,tp]. The result follows using the argument at the end of step
3. ¢
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Corollary 7.2. Let (M™, g) be a non-compact smooth Riemannian manifold,
and N(t),t € [0,T) be a family of symmetric two tensors on M evolving
according to the evolution equation (7.1) in the Theorem above. Assume
that Ny satisfies No > —€go;;- Assume that all the conditions of the theorem
above are satisfied, (except for Ng > 0). Then

N;;(t) > —2eeP g, (¢), for allt € [0, T, (7.10)

where 8 = B(n, k).

Proof : The argument is essentially contained in the proof above. Fix an
arbitrary zo € M, and define N = N + 2E as above. Then Ny > 0 since
No + €go;; > 0. we argue as before to obtain N > 0forallt € [0,7]. In
particular at £ = zo where p(z) = 0 we get (7.10). As zo was arbitrary, the
proof is finished. §

Theorem 7.3. Let N(t),t € [0,T] be as in thm. 7.1, with all the conditions
of the theorem being satisfied. Assume that in place of condition (a) and (b)
we have

k
sup Ricci(g(t)) > ——, a
R (g(®) i (a")
k
sup_ LoD g N 11+ F - W < S (v

Mx[0,T] \/_ \/E

Then the solution N(t),t € [0,T] satisfies N(t) > 0.
Proof : The proof is the same as the proof of Theorem 7.1, with some small

changes. Wherever in the proof we use (a) or (b) to estimate we must now
use (a') and (b'). To compensate, we define a modified E,

E;; = e(:t) gij, where
b(z,t) = (1 + BVE)(1 + p*(z, 1)),

where £ is as in the theorem above, and set N = N +¢E. Then all the esti-
mates carry through. Note that although at time zero, N(-, ) is not smooth
1n t, this causes no problems, as %N (,t) > 0for allt € (0, T(s)] implies
2 N(-,t%) > 0 for all t € (0,T%(¢)], and N( #2) is smooth. Hence N(-,t2) >

0 for allt € [0,T2%(¢)], which implies N(-,t) > 0forallt € [0,T(c)]. We
then argue as before. ¢

Corollary 7.4. Let N(t),t € [0,T] be as in Corollary 7.2. Assume that in
place of (a),(b) we have (a’) and (b’). Then

N(t)i; > —286(1+ﬂ\/£)g(t)ij, for all t € [0, T,
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where B = B(n, k).

Proof : The corollary follows by making the modifications to the proof of
corollary 7.2 mentioned in the proof of Theorem 7.3. {

Corollary 7.5. Let (M,g(t)) be as in Theorem 7.1, and R(t) : A2(M) ®
A%2(M) — R, satisfy

2R(,t) = ““AR(, 1)+ (VR(,1), W) + fR + $(R),
( O) =R0(')a

where f,W, ¢ are as above, and sup,, Gl’R,| < \—%, where G(t) is the operator
defined as in (1.8). Then R(:,0)qp > —€Goop, tmplies that

R(,t)ap > —eeUPYIG(t) o5, for allt € [0,T],

where B = c(n, k). &
Proof : The proof is as in Corollary 7.2 with some minor changes. In the
proof we replace E by E = e?@YG(z,t), where b(z,t) is as in Corollary 7.2.
Note that as the metric G(t) is compatible with g(t), ““Ap? =" Ap?, and
so on. {
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