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The Relative Yamabe Invariant

KAZUO AKUTAGAWA! AND BORIS BOTVINNIK?

We define the relative Yamabe invariant of a compact smooth man-
ifold with given conformal class on its boundary. In the case of
empty boundary the invariant coincides with the Yamabe invari-
ant. We develop approximation techniques which lead to gluing
theorems of two manifolds along their boundaries for the relative
Yamabe invariant. We show that there are many examples of man-
ifolds with both positive and non-positive relative Yamabe invari-
ants. In particular, we construct families of four-manifolds with
strictly negative relative Yamabe invariant and give an exact com-
putation of the invariant.

1. Introduction.

1.1. General setting. Let W be a compact smooth manifold with bound-
ary OW = M # 0, and n = dimW > 3. Let Riem(W) be the space of all
Riemannian metrics on W. For a metric § € Riem(W) we denote by Hj the
mean curvature along the boundary OW = M, and g = g|pr. We also denote
by [g] and [g] the corresponding conformal classes, and by C(M) and C(W)
the space of conformal classes on M and W respectively. Let C and C be
conformal classes of metrics on W and M respectively. We write 9C = C
if C|pr = C. Let C(W, M) be the space of pairs (C,C) with 0C = C. De-
note C' = {ge C | H; =0 }. We call C° C C the normalized conformal
class. Let C°(W, M) be the space of pairs (C°,C) such that C° ¢ C and
(C,0) € C(W, M). It is easy to observe (see [7, formula (1.4)]) that for any
conformal class C € C(W) the subclass C° is not empty. Thus there is a
natural bijection between the spaces C°(W, M) and C(W, M). Let g € C° be
a metric. Then C? could be described as follows:

C° = {uﬁg | u e CP(W) such that d,u =0 along M }
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936 ~ Kazuo Akutagawa and Boris Botvinnik

Here v is the normal unit (inward) vector field along the boundary, and
C°(W) is the space of positive smooth functions on W.

1.2. The Einstein-Hilbert functional. Let C € C(M) be given. We
define the following subspaces of metrics:

Riemc(W, M) = {g € Riem(W) | d[g] = C},

Riem& (W, M) = {ge€ Riemg(W) | H; =0}.

We consider the normalized Einstein-Hilbert functional

_ fw Rgdog
n—2)

I: Riem%(W, M) - R, I(3) =
¢ Volg (W)™

where Rj is the scalar curvature and doy is the volume element. As in the
case of closed manifolds, we have the following result.

Theorem 1.1. Critical points of the functional I on the space Riem% (W, M)
coincide with the set of Einstein metrics g on W with 9[g] = C and Hz = 0.

- Remark 1. One can restrict the Einstein-Hilbert functional I on some other
subspaces of metrics in Riem(W). However, we claim that the subspace
Riem®, (W, M) is indeed a suitable one for the Einstein-Hilbert functional.
For instance, the sets of critical points of the functionals I|pjemw) and
I Riemg(w,m) are empty. Furthermore, consider the subspace

RiemE™" (W, M) := {g € Riemg(W, M) | dHy = c for some constant c} .

Then the set of critical points of the functional I |Riem(égnst(W, M) is also empty.
These facts easily follow from the proof of Theorem 1.1.

1.3. Relative Yamabe invariants. Similarly to the case of closed
manifolds, the functional I is not bounded. It is easy to prove that for
any manifold W of dimW > 3 with OW = M, and any conformal class
CecC(M):

inf I1(g) = —oo, sup I(g) = oo.
GERiemd, (W, M) geRiemd, (W, M)

Let (C,C) € C(W, M). We define the relative Yamabe constant of (C,C) as

Ye(W, M;C) = inf I(g).
geco
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Remark 2. We notice that the relative Yamabe constant Y (W, M; C) co-
incides with the constant Q(W) (up to a universal positive factor depending
only on the dimension of W) defined by J. Escobar [7] for each pair of con-
formal classes (C,C) € C(W, M).

The relative Yamabe constant Y (W, M;C) is related to the Yamabe prob-
lem on a compact manifold with boundary which was solved by P. Cherrier
[6] and J. Escobar [7] under some restrictions. Indeed, P. Cherrier proved
the existence of a minimizer for the Yamabe functional I|zo provided

(1.1) Yo (W, M;C) < Yo (S, 8™ [g0))-

Here S7 is a round hemisphere with the standard metric g, and S"~! C S
is the equator with go = go|gn-1. More generally, J. Escobar [7] solved the
Yamabe problem under the restrictions we list below. The Escobar’s result
includes the case when the inequality (1.1) is satisfied. Here is the list of
conditions given in [7]:

(a) n=3,40r 5,

(b) W has a nonumbilic point on M = oW,

(c) M is umbilic in W and W is locally conformally flat,

(d) n > 6, and M is umbilic in W and the Weyl tensor Wz#0 on M.

(1.2)

Notice that the conditions (1.2) are conformally invariant. We denote

CESC(W/, M) = {(C_',C) € C(W, M) at least one of the conditions }

(a)-(d) in (1.2) is satisfied
Remark 3. It is easy to see that CZ5¢(W, M) C C(W, M) is open dense.

We state the Escobar’s result using the terms introduced above.

Theorem 1.2. ([7, Theorem 6.1]) Let W be a compact manifold with bound-
ary OW = M # 0, and (C,C) € CE¢(W, M). Then there exzists a metric
G € C° such that Ya(W,M;C) = 1(g§). Such metric § is called a relative
Yamabe metric.

Remark 4. A relative Yamabe metric § € C° has constant scalar curvature
Ry = Yg(W, M; C) - Voly (W)=

We define the relative Yamabe invariants Y (W, M,C) and Y (W, M) (see
[13], [25] for the Yamabe invariant of a closed manifold):

Y(W,M,C)= sup Ys(W,M;C), Y(W,M)= sup Y(W,M;C).
¢,0C=C cec(M)
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The invariant Y (W, M; C) has clear geometric meaning in terms of positive
scalar curvature (abbreviated as psc). We call a conformal class C € C(M)
positive if the Yamabe constant Yo (M) > 0. Of course, it means that the
conformal class C contains a psc-metric. The following statement follows
from the above definitions.

Claim 1.3. (1) Let C € C(M) be a positive conformal class. Then
Y (W, M;C) > 0 if and only if any psc-metric g € C can be estended
conformally to a psc-metric g on W with Hg = 0 along M.

(2) The invariant Y (W, M) is a diffeomorphism invariant. Furthermore,
Y(W, M) > 0 if and and only if there exists a psc-metric g on W with
Hg =0 along M.

We present our main results on the relative Yamabe invariants in the next
section.
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2. Overview of the results.

2.1. Minimal boundary condition and approximation theorems.
First, one can notice that the minimal boundary condition Hz = 0 is rather
weak for applications. For instance, to apply the Atiyah-Patodi-Singer index
theory, one needs much stronger condition that a metric g is a product metric
near the boundary. The closest geometric approximation to a product metric
near the boundary is when this boundary is totally geodesic. In more detail,
let § € Riem& (W, M), g = glp. Clearly any metric from the normalized
conformal class [g]° is totally geodesic on M if g is. We call the conformal
class [g] of such metric § umbilic. We denote by CE™(W, M) C Cc(W, M) :=
{C ec(W) | 8C = C} the subspace of umbilic conformal classes.
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Our first aim is to prove a generalization (Proposition 4.5) of the approx-
imation theorem due to Kobayashi [13]. We show that any metric g with
totally geodesic boundary is C!-close to a metric § which is conformally
equivalent to a product metric near the boundary. Moreover, we show that
the scalar curvature Ry is CV-close to Ry of g.

Next, we prove the approximation Theorem 4.6 under the minimal
boundary condition. Theorem 4.6 gives us a fundamental tool on the relative
Yamabe invariants. In particular, we prove the following result.

Theorem 2.1. For any C € Cc(W, M), g € C and any € > 0 there ezist a
conformal class C € C&™(W, M) and a metric g € C° such that

C and C are C°-close conformal classes,
(2.1) |Ya(W, M; C) — Yo (W, M;C)| <e,
G~ g+dr? (conformally equivalent near M),

where g = g|aps. More precisely,
4
§= (1 + %f(w)) ""* (g +dr?) near M, where

f(z)= —ﬁ(R!ﬂM - Ry) on M.
We define the “umbilic Yamabe invariant” Y*™(W, M;C) as

YUYW, M;C)=  sup Y(W,M;C).
Cecy™(W,M)

Theorem 2.1 leads to the following conclusion.

Corollary 2.2. Y™ (W, M;C) =Y (W, M;C).

2.2. Gluing Theorem. We analyze a gluing procedure for manifolds
equipped with conformal structures. Let W7, Wy be two compact manifolds
of dim W; = dim W, > 3 with boundaries

oWy =M = MyuUM, and 8W2=M2=M0LIMI

endowed with conformal classes C; = CoUC € C(My), Co = CoUC' € C(My),
where Cy € C(My), C € C(M), C' € C(M'). Let W = W; Upyg, (—W2) be the
union of W; and W5 along common boundary Mj.

We study the case when the conformal class Cy € C(My) is positive, and
the relative Yamabe invariants Y (W}, M;; C;), j = 1,2, are positive as well.
We essentially use the approximation Theorem 4.6 to prove the following
result (Theorem 5.1):
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Theorem 2.3. Let Cy € C(Mp) be a positive conformal class, and
Y (W;, M;;C;) >0 for j =1,2. Then Y (W,0W;CUC") > 0.

Thus new examples of manifolds with positive Yamabe invariant may be
easily constructed by gluing two manifolds with positive relative Yamabe
invariant.

2.3. Yamabe invariant of the double. Let W be a compact n-
manifold with boundary OW = M # 0, and M = My U M;. (Here M; may
be empty.) Let (C,C = Cp U C1) be a pair of conformal classes on (W, M),
where Cy € C(Mp), C € C(My). Let X = W Uy, (—W) be the double of W
along My. Then, the boundary of X is 0X = M; U (—M;). We prove the
following result (Theorem 5.3).

Theorem 2.4. Let W, X be manifolds as above, and C = CoUC; € C(OW),
where Cy € C(My), Cy € C(My). Then

Y(W,M;C) if Y(W,M;C) >0,

(1) Y(X, My U(=M;);CLUCY) 2{ 22Y (W, M;C) if Y(W,M;C) < 0.

(2) Y (X, My U (—M)) Z{ ;,%()VY(,;‘VI)]V_/) Z: ;{%’ ﬁ; z g,

When the manifolds OW = M = M), and M; is empty (in this case, the
boundary of X = W Uy (—W) is empty), the following holds (Corollary
5.4):

Corollary 2.5. Let OW = M, and let X = W Ups (—W) be the double of
W, 0X = 0. Then

Y(W,M) i Y(W,M) >0,

Y Z{ 22V (W, M) if Y(W,M)<0.

In particular, if Y(X) <0, then Y (W, M) < 2-2Y(X) < 0.

We use these results to give examples of manifolds with non-positive Yamabe
invariant.

Corollary 2.6. Let N be an enlargeable closed manifold. Then
20Y (I \ int(D"), $"1) < Y(N#(-N)) < 0.
In particular, Y (N \ int(D"), S"1) < 0.
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2.4. Four-manifolds with negative relative Yamabe invariant.
Let X be a minimal closed symplectic 4-manifold of general type with an
involution ¢. Assume that the fixed point set Fix(¢) of ¢ is an oriented closed
3-manifold M (possibly disconnected). We notice that in this situation the
manifold X = W Uy (—W) is the double of the closure W of a connected
component of X \ M (Lemma 6.2). We use our technique combining with the
estimates given in [16], [21] (cf. [27]) to prove that Y (W #£(S'x S%), M) < 0,
see Theorem 6.3. To evaluate the relative Yamabe invariant, we specify this
construction as follows.

Let N be a product X, x X, of closed Riemann surfaces of genus k1, k2 >
2, and g the product metric g; X g2 of g; on X, and go on ¥y, , respectively,
with constant negative curvature —1. Let ¢ : (Xg,,91) — (Zk;,91) be an
involutive isometry such that Fix(¢) consists of k; + 1 disjoint simple closed
geodesics (such ¢ always exists for an appropriate g if k1 > 2). Then the
map ¢t := ¢ x Id : N = X, X L, — N is also an involutive isometry with
Fix(:) = Fix(¢) x Xy, consisting of k; + 1 disjoint closed totally geodesic
3-submanifolds. Then it follows that N = W Ugw (—W), where W is the
closure of a connected components of N \ Fix(:). We obtain the following
result (see Corollary 6.4).

Corollary 2.7. For all £ > 0 the relative Yamabe invariant of the manifold
W#L(S* x S?) is given by

1
— Ey(

The rest of the paper is organized as follows. We prove Theorem 1.1 in
Section 3. Then we prove the approximation theorems in Section 4. We give
a gluing construction in Section 5. In Section 6, we analyze the Yamabe
invariant for a double and give examples of manifolds with non-positive or
negative relative Yamabe invariant. In the last Section 7 we define and study
the moduli space of positive conformal classes and introduce the notions of
conformal concordance and conformal cobordism.

Y (W#L(S* x §3),0W) N) = —8V2ry/(ky — 1) (kg — 1) < 0.

3. Proof of Theorem 1.1.

Let g € Rieme (W, M) be a metric and {g(¢)} a smooth variation of g in the
space Riem¢ (W, M), where g(0) = g. We consider first a general variation,
i.e. {g(t)} is not necessarily contained in the subspace Riemd(W,M) C
Riemg (W, M). Now we need the following notations. Let h = %] =0 9()
be a variational vector and g(t) = g(t)|ar, where g(0) = g.
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Remark 5. We observe that the condition g(t) € C implies that h = fg on
M, where f € C*®°(M).

Let 7 = r(t) be the distance function to the boundary M in W with respect
to the metric g(t). Let v = % be the unit normal (inward) vector field
along the boundary OW = M. Let p € M, and {r, zl,. .. ,x”“l} be a Fermi
coordinate system near p. We use indices a,8 = 0,1,...,n — 1, where 0
corresponds to the normal direction, and ¢,5,k = 1,...,n — 1 are indices
corresponding to the tangent directions (only on the boundary OW = M).
We denote by (-) = %()| +—o the variational derivative evaluated at ¢ = 0.
In order to prove Theorem 1.1, it is enough to prove the following formula.

Claim 3.1. Let {g(t)} be a variation as above. Then

’ S
(/ Rg(t)dcrg(t)) = —/ (Rng - ERgg, h)gda'g - / (2HSI7 + ng) dO'g,
w w M

where Ricy is the Ricci curvature of g.

Proof. We denote by V and V corresponding Levi-Civita connections with
respect to the metrics § and g. Standard calculation gives:

(Rg(t))l = ——vava(’I‘rgh) + vavﬂhaﬁ — (R,ng, h)g,
(3.1)

The formula (3.1) together with Gauss’ divergence formula gives
! 1

n—1
+/M(v(Trgh),V)gdo*g - /M ;)(?eah)(ea,v)dag.

Here {eqa} = {v,é€1,...,en—1} is a local orthonormal field. We denote
Br = (V(Trgh),v)g,  Brr=—Y (Veh)(ea v).
a=0

Let p € M be an arbitrary point of the boundary. As before, let v be the
unit vector field normal (inward) to the boundary such that V,v = 0, and
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let {e;} be an orthonormal frame near p in W such that V.,e; =0 at p and
t = 0. We notice that, in general, V. e; does not vanish at p. We have the
second fundamental form of M:

Aij = A(eiaej) = g(veiejﬂ/) = —g(Veiu, ej)-

Then we have H = ¢g" 4;; the mean curvature of the boundary M. We have:
n—1 ~ n—1 ~ ~
H=- Zg(vei’/, €i) = Zg(vea’/a €a) = =Vor = - (8"1/& + Fgﬂyﬂ>
i=0 a=0

Here {z°} = {r,z!,...,3"1} is a Fermi coordinate system near p in W,

and 0, = (and 0, = €4 at p). We have:

dza

HI

- [aa(v')“ . (f')ZﬁVﬂ]
_ 1 ,- _ _
= - I:Va(vl)a + 5 (Vahg + Vghg — Vahaﬁ) I/ﬁjl

= —Va(V)* ~ %ﬁﬁ(fﬁﬁh)yﬂ = —Va (V)" -

N | =

(V(Trzh),v)g.
Thus we obtain
(3.2) By = (@(’I‘rs—,h),v)g = — (2H’ + 2?0(1/)"‘) .

Now we compute the term Bj;. We have

n—1 n—1

Y (Veh)eav) = D (Veah(earv) = h(Veueav) = hlea; Ve, )

a=0 a=0

n—1

= Voh(,v) + ) Veh(ei, v) — hooH + hi* Ay,

i=1

since
n—1 n—1
Z Ve v = Vv + Z Vev, V,w=0, and
a=0 =1

n—1 n—1 n—1

?eiv = - ZAikelc, Z ?eaea =V,v+ }:?eiei = Hv.

k=1 a=0 i=1
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Notice that h** = fg** and Vh(ej,v) = V,h(ej,v). Thus we have
(3.3)

n—1 n—1
Brr == (Veuh)(ea,v) = =V,h(v,v) = Y Veh(ei,v) + hooH — fH.
a=0 i=1

To continue, we notice that g(v,v) = 1 implies
0 =g (v,v) +25(V,v) = h(v,v) + 25V, v).
Also we have
0 = V,h(v,v) +2g(V, /', v) +25(V, V,v) = V,h(v,v) + 2§(V,V,v)
since V,v = 0. Thus we have that
(3.4) 25(V, V', v) = =V, h(v,v).
Then the identity g(v,e;) = 0 implies
0=g'(v,es) +3(v' &) +3(v, ).
Notice that e € T, M since g(t) € C. Thus
0=7'(v,&) +3(V,e).

Now it follows that
0= Z h(v,e) + §(Ve, V' e) + gV, Vees))

Notice that Y ;—; ' Ve, = Hv, and Hg(V',v) = —2h(v,v). Thus we obtain

n—1

(3.5) ZZg Vet e) = —QZ Ve h(v,e;) + hooH.
=1

We combine (3.4) and (3.5) to obtain

n—1 n—1
zva(yl)a = 2 z g(veal/a ea) = 2 g(vuyla V) + Z g(vei’/a ei)
(3.6)
n—1

= —6,,]1(1/, v)—2 Z Veih(lj, e;) + hooH.
i=1
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Now it follows from (3.2), (3.3) and (3.6) that

n—1
Br+ By = —2H'-2V,(V)*=V,h(v,v)= > _ Veh(ei,v)+hooH—fH
=1
n—1
= —2H' - Vh(v,e;) - fH.
i=1

Denote 0(v) = h(v,v) for v € Tz M, so 6 is a 1-form on M. We notice that
Ve;0(e;) = (Ve,0)(ej) +0(Veses) = (Ve,0)(ej) since Vee; =0 at p.
Thus we have that
Br+ Bjp=—2H'— fH—V;0* on M.
This proves Claim 3.1 and concludes the proof of Theorem 1.1. |

4. Approximation Theorems.

4.1. Kobayashi approximation lemma. First we reformulate several
known facts in our terms. The following fact follows from a modification of
the continuity property of the Yamabe constant due to Bérard Bergery.

Lemma 4.1. (cf. [3, Proposition 4.31]) Let g;, § € Riem® (W, M) be Rie-
mannian metrics, and C; = [g;], C = [g]. Assume that

gi—g in the C%-topology on W, and
R;, — Ry in the CO-topology on W. '

Then Y, (W, M, C) = Ya(W, M, C).
Now we recall the results due to O. Kobayashi [13].

Lemma 4.2. (O. Kobayashi [13]) For any 6 > 0 there exist a smooth non-
negative function ws and a positive constant €(0) (0 < e(6) < §) such that

Y
( ) { ws(t) =1 on [0,(d)],
5(t) =0 on [4,00), It Y= ws(r)
(i) [tws(t)| <8 fort >0, :
(i) [t2a5(t)| < 8 for t > 0. =19) ;"

(see Fig. 4.1.) Fig. 4.1
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Lemma 4.3. (O. Kobayashi [13]) Let g, § € Riem(W), and h = §—g. Then
R — Ry = Pj(h) + Qg(h), where

Py(h) = —Ag(Trgh) + ViVIih;; — (h, Ricg)g,
{ 1Qs(h)] < C(IVAI¢® +|hl - [V2hlg* + (Ih] - [V2h| + [Ricg| - |h[*)q) ,

where the constant C > 0 depends only on n = dimW, and ¢ € CP(W) is
a function satisfying q-§ > g.

Proposition 4.4. Let W be a compact manifold with boundary OW = M,
and let metrics g, § € Riemc(W, M) such that 3, = j3,9 (i-e. § coincides
with § up to their first derivatives on M), and Rz = R on M. Then the
family of metrics

95 =g+ ws(r)(g — §) € Riemg(W, M)

satisfies the following properties:

(i) g5 — g in the C'-topology on W (as § — 0),

(ii) Ry, — Ry in the C°-topology on W (as § — 0),
(iii) gs = g on the collar U5 (M,g) = {z € W | distz(x, M) < £(d)},
(iv) gs =g on W\ Us(M, 7).
Proof. The statements (iii), (iv) are obvious. We prove (i) and (ii).

(i) The function wy satisfies supp(ws) C [0,d]. Then it follows
gs — § = ws(r)(§ — §) = O(r?),
thus §s — g in the C%topology on W. Furthermore,
0(gs — g) = ws(r)(Gs — 9) +ws(r)0(g — 9)-
By the condition on the metrics gs, g,
s —g=0("?), 083 —g)=0(r).

We use Lemma 4.2 to estimate

P S o(r?)
18G5 — 87| < [ws(r)r] - +ws(r) - O(r) < 60(8) + O(9).

r
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Thus 8g; — 087 in the C%-topology, and hence g5 — g in the Cl-topology on
w.
(ii) We use Lemma 4.3 to write

Rgs — Ry = Py(ws(r)(ds — g)) + Qa(ws(r)(3s — 9)),
{ ws(r)(Rgs — Rg) = ws(r)Py(gs — 3) +ws(r)Qg(gs — 9)-
We use again Lemma 4.3:
| Ps(ws(r)(9s — 9)) — ws(r) F3(95 — 9)
< O (|5 (r)|-[ws ()| |G5 = g1+ [eos (r)[*-|g5 — g1+ labs (r)] - lws ()] 0(35 — 7))
< & ((his(r)r?) + is(r)r2) %52 + fan(r)r] - 222) < Cre,
Similarly we obtain
Qg (we(r)(ds — 9))I < C26,
{ |ws(r)@g(ds — 7))| < Csé.
Notice that [ws(r)(Rg, — Ry)| < Cad since Ry = Ry on M. Thus we obtain:
|Rgs — Rg| < |Py(ws(r)(ds — ) — ws(r) P5(gs — 9)|+
|Qg(ws (r) (95— 9))|+|ws(r)Qg(d5 —9)) | +|ws (r) (Rg; — Rg)l
< (C1+ Cy + Cs + C)s.

Here C; (j = 1,...,4) are positive constants independent of §. Thus we
have that Rz — Ry in the C%-topology on W. O

Proposition 4.5. (Kobayashi Approximation Theorem [13, Lemma 3.2])
Let W be a compact manifold with boundary OW = M, and C € C(M). Let
g € Riemc(W, M) be a metric (respectively § € RiemX (W, M)). Let g =
glm, and let Ay be the second fundamental form of M = OW . There ezists a
family of metrics g5 € Riemg(W, M) (respectively gs € Riem(W, M)) such
that

(i) g5 — g in the C'-topology on W (as § — 0),

(ii) Ry — Ry in the C°-topology on W (as § — 0),
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(iii) g s conformally equivalent to (g — 2rAg) + dr? on Uy (M, g),
(iv) gs =g on W\ Us(M, g).

Proof. First, we note that the exponential map exp : TiM — W sends
(z,7-v) € T M to exp,(r-v) = (z,r) € W. On M we have

§00=§(8r, 61‘) =1, g60=arg(ar7ar)=2g(varaﬁa7‘) =0,
G0i=5(0-,8;)=0, go;=0,§(0r,8;)=5(Var0;, ) + §(6r, Vor8;) =0,

9§ =(0:,05) = gij, Gi;=0rg(8i,9;) =3(V5,0:, ;) + (0, Vor0;) = —24;;.
Here we used that

Vor0r =0, Vgr0; = —Afak, which implies
g(ara v61‘81') = g(ara _Ai‘cak) =0, and
§(Vor0s, ;) + §(8;, Vr8;)

= g(8i, — A¥0y) + g(— AF oy, 0;) = —24;;.

Fig. 4.2.
We define new metrics § and G near M as follows:
g(z,r) = (gij(z) — 2r4;j(z) + O(r?))dzidz’ + O(r?)drdz® + dr?,
g(z,7) = (gij(z) — 2rd;j(z))dzidz? + dr?,
G(z,r) = g;j(z)dz'dz’ + dr?.

Clearly j}wg = j1,§ and, in general, ji g # ji,G. We notice
RgIM = RG+2Rng(V, l/)+|Ag|§—H§ = Rg+2RiC§(I/, V)+|Ag|§—Hg2

We define a metric § = (gi;) = (gij(z) — 2rA;;j(z)) on each hypersuface
M x {r} C W (for small r). Then we have

3. i A2 1. ,
Ry = Ry+ 710:9il5 — 87 - 0,315 — 795 - 0rGi5"
= Ry+ 3|Ag|§ — Hg +O(r) near M, and

R; = Ry+3|A4l;— H; on M.
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4
We choose the conformal metric §(z,r) = u(z,r)»=2 - § so that j1,§ = 71,9
by giving u the boundary conditions:

u(z,0) =1, Oru(z,0)=0 on M.

We have
_ nt2 _ nt2
—%ZAQ’U, -+ Rg’u = Rg’u,"—2, or Agu = —ﬁ (Rg'u,"—2 — Rg’u) .

We specify Agu on M:
Agu = V0yu =g (9a05u — 1750,u)

= 02u+ g¥9;0ju — T3y0ru — Mydiu — g% (FO Oru + Tk 8ku) = 02u

since 0;0ju = 0, O,u = 0 and Gju = 0 on M. Here we use the u(z,0) = 1,
Oru(z,0) =0 on M. Thus we obtain that on M

Ofu = Agu=—=% (R — Rg) = —1("7%) (Rg — (Ry + 3|45/2 — H2)) .
We let u(z,r) := 1+ 1r2¢(z) near M, where

$(z) = -z (Rgla — (Ry + 3| 4ql; — H))
(4.1)
= —qiy (Rglm — Bglu) -

Then the metric
§=uns? 9=(1+1ir%(= )) 2 [(g —2rA) +dr?]
is such that ng = ng and R = Rj on M. We use Proposition 4.4 to
define a family of metrics gs:
95 =g +ws(r) - (§ — g) € Riemc(W, M).
We also notice that C' = [g|ar] = [§]|m] = [9]am] = [3s]a] and
Hiy=0—=H;=0= H; =0= Hz =0

since Ay = Ag, Oru=0o0n M, and § = js near M. Then g € Riem% (W, M)
implies that g; € Riemd (W, M). O

4.2. The approximation trick under minimal boundary condi-
tion. One notices that the above results do not allow to use a metric which
1s conformally equivalent to a product metric near the boundary to approxi-
mate the relative Yamabe constant Y (W, M; C). This is the problem which
we address and solve here.
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Theorem 4.6. (Approximation Trick) Let W be a compact manifold with
boundary OW = M, C € C(M). Let g € Riem%(W, M) be a metric. Let
g = §lm, and let Az be the second fundamental form of M = OW. Then
there exists a family of metrics gs € RiemQ (W, M) such that

(i) gs — g in the C°-topology on W (as § — 0),
(ii) Ry, — Ry in the C%-topology on W (as § — 0),
(iii) s is conformally equivalent to the metric g+ dr? on Ue(5)(M, 9),

(iv) gs =g on W\ Us(M,g).

Remark 6. In order to control the scalar curvature without the minimal
boundary condition, one needs the C!-convergence of metrics as in Proposi-
tion 4.5. Furthermore, when g is not totally geodesic on M, the metric § can
never be approximated in the C'-topology to a metric which conformally is
a product metric near the boundary. However, we emphasize that the con-
vergence in (i) of Theorem 4.6 is the C%-convergence only. The minimal
boundary condition plays a crucial role to achieve the C%-convergence for
scalar curvatures in (ii).

Proof. There are two steps in the proof.
Step 1. First, Proposition 4.5 allows us to assume that the metric g is
such that

4

g=(1+52) " [(9(a) - 2rA5(a)) + dr?]

on a collar Us,(M,g), where {z,r} = {z!,...,2""!,r} denotes a Fermi
coordinate system near each point of M, and ¢(z) is the smooth function
on M defined by (4.1). For each positive § < dp, let G5 € Riem% (W, M) be
a metric defined by

Gs(z,r) = §(z,7) +ws(r) - (G(z,r) — §(z,7))
= g(z) — 2r(1 — wg(r)) - Ag + dr?.
Here §(z,r) and G(z,r) are given by
§(z,r) = (g(z) - 2rdg(z)) +dr?,

on Us(M, g).
G(z,r) = g(z)+dr? e
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We also let gs(z,7) = g(z) — 2r(1 — ws(r)) - Ag(z) on Us(M,g). It then
follows from Lemma 4.2 that near M the scalar curvature of the metric G
satisfies

Rgy, = Ry+319,(36)ijl%, — 37 - 02(3s)ij — 1135 - 0 (85)i5l?
= Ry +3(1 —ws(t))?|A4gl2 — (1 — ws(t))*H

—(4ws(r) + 2r - ws(r)) Hz + O(0).
We use the minimal boundary condition Hy = 0 to obtain
Rg; = Ry +3(1 —ws(r))?|45/2 + O(8)  near M.
Step 2. We now define the metric §; € Riem® (W, M) as follows:

4

4.2) Gaa,m) = (14 55(2,1)) ™ - Ga(z,7)
on Us(M, g) with
(4.3) B3(z,7) = (2) — FE=B(2 — ws(r))ws(r)| Agl2.

We obtain that the assertions (iii) and (iv) hold since G5 = g + dr? on the
collar Ug(5)(M, g), and G5 = g, and ¢5 = ¢ outside of the collar Us(M, g).
By construction
2 2
Gs — g, and  —¢5(z,r) — —¢(z)

in the C%-topology on W as § — 0. Thus the assertion (i) holds.
Finally, the scalar curvature Rj; is given by

Ry = (1+ 5 5(w,7) 777 [ 22D AG, (1 + S s(a,7)
+Rg,(1+ 5 ¢s(,7))|
= (1+0(8%) [~ 422 +3(2 - ws(r) - ws(r) - | 452 + Rg, +O(6)]
= Ra, + (B — Ry — 31452) + 3(2 — ws(r)) - ws(r) - |42 + O(3)
= Ry +3(1 - ws(r))?| 4gf2 + (5 — Ry - 3/ 45]2)

+3(2 — ws(r))ws(r)| AglZ + O(6)

=R;+0(0) onW asd — 0.
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This implies the assertion (ii) and completes the proof of Theorem 4.6. O
5. Gluing Theorems.

5.1. Setting. Here we would like to analyze the gluing procedure for
manifolds equipped with conformal structures. Let Wy, W5 be two compact
manifolds of dim W7 = dim W5 > 3 with boundaries

(9W1=M1=M0|_|M, and 3W2=M2=M0|_|M’

endowed with conformal classes C; = CoUC € C(M;), Co = CoUC! € C(M),
where Cy € C(My), C € C(M), C' € C(M'"). Let W = W1 Upy, (—W2) be the
union of of W7 and W along My (see Fig. 5.1).

Remark 7. The boundary of the manifold W is W = M U M’ with ap-
propriate orientation. We consider both cases when 8W = () and OW # 0.

Recall that a conformal class C € C(M) is positive if Yo(M) > 0.

Theorem 5.1. Let Cy € C(Mp) be a positive conformal class, and
Y (W;, Mj;C;) >0 for j =1,2. Then Y (W,0W;CUC") > 0.

Remark 8. We do not assume that the conformal classes C € C(M), C' €
C(M") are positive.

Fig. 5.1. Manifold W = W Upg, (—Wa).

Proof of Theorem 5.1. There are four steps in the proof.
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Step 1. First we notice that since Cy € C(My) is a positive conformal
class, there exists a metric h € Cy on My with Ry, > 0. The metric h
do not have to be a Yamabe metric. We fix the metric h. The condition
Y(Wj, Mj; Cj) > 0 (for j = 1,2) implies that there exist conformal classes
C; on W; such that 8C; = C}, i.e. (C},C;) € C(W;, M;). We denote

YC_’]- = Y@j(Wj,Mj;Cj) >0, j7=1,2.

Choose metrics g; € C_J'j with g;|ar, = h. Moreover, we may assume that
gj € 0 (i.e. Hz, =0 on Mj).

Remark 9. (1) The metrics g; € C‘;-) do not have to be relative Yamabe
metrics. Moreover, their scalar curvature Ry; is not positive, in general.

(2) The union C? Uc C9 does not make sense as a conformal class on W
since this union, in general, fails to be smooth along M.

Step 2. Theorem 4.6 and (4.2), (4.3) imply that for any ¢ > 0 there
exist conformal classes C’ on W; and metrics §; € C (1 = 1,2) such that
ac; = ¢y,
gj ~ g]? 0_ . . . . . -~
jo ~ Ry, } CP-close on W;, which implies IYCj Ye.| <e.
4
(1 +Z fj) - (h+dr?) near M; in W;.

Here the function f; is defined by
fj = 4(n 1) (RgJ'Mo Rh) on M() in each Wj.

From now on we only need the conditions Yéj >0 (j = 1,2). Therefore we
may assume that f; < 0 on M since the relative Yamabe constant Y is
- . . . ]
invariant under pointwise conformal change.

N>

Cﬂmxqu ég/ M
N>

Fig. 5.2. Manifold X = Wi Upy, (Mo x [0, £]) Ung, (—Wa).
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Let £ be a positive constant. We define the manifold X which is diffeomorphic
to W as follows (see Fig. 5.2):
X = W1 Ung, (M X [0,4]) Upg, (—W2)

Now we need the cut-off function ws defined in Lemma 4.2. Then for each
0,0<6< %, we define a metric g on X as follows.

a1 on Wi,
Jo on Wy,
4
§=1< 1+ Zws(r)f1)*2 (b + dr?) on My x [0, 6],
h + dr? on My x [6,£ - 4],

1+ 2L w5 —r)fo) 72 (R +dr?)  on My x [£ - §,4].
Clearly § is a smooth metric on X = W. Let C = [§] € C(W).

Remark 10. The metric § does not have positive scalar curvature.

Step 3. Let j = 1,2. Denote by v; the first eigenvalue of the Yamabe
operator on W; for the Neumann boundary condition. Then

fwj (ﬂr%z"i“lgj + Rﬁju2) dog,

vy = inf 27
u€EC™(W;) : ij u*doy,
uZ0
The relative Yamabe constants Y > 0 since Yz, > Y5, —¢€, j = 1,2. Thus

it follows that v; > 0. Notice that the condltloné Ry >0o0n M and f; <0
(7 =1,2) imply that Rz > 0 on the cylinder My x [0, 4] for small § > 0.

Let vgy be the first eigenvalue of the Yamabe operator on Mj x [0, ¢] for
the Neumann boundary condition. We have

4(n—1)
_ Jotoxpong ( e 52 |dul? + Rzu )dag
Veyl = inf .

uecoo(ggx[o,e]) fMox[O,e] U do‘g

It follows that vy, > 0 since Rz > 0.
Step 4. Let v be the first eigenvalue of the Yamabe operator on X = W
for the Neumann boundary condition, which is equal to

fX (ﬂ"_—_zll|du|§ + Rguz) dog

n

v = in
2
u?do;
ueCoo(X) fX g
uZ0
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We conclude that v > min {v1, 3, V¢ } > 0 by [5, pp. 18-19]. The condition
v > 0 is equivalent that there exists a metric § € [g] such that R; > 0 on
X =W and Hy = 0 on 0X = OW. Thus Y5(X,0X;C UC") >0, and this
implies Y(W,M U M';C UC") > 0. O

Remark 11. Notice that £ > 0 could be chosen to be small under appro-
priate choice of § > 0.

5.3. Manifolds with positive relative Yamabe invariant. Here
we show that there are many examples of manifolds with positive relative
Yamabe invariant. We start with a closed manifold N of dim N > 3 with
Y (N) > 0. We choose an embedded small disk D™ C N centered at g € N,
then O(N \ int(D"?)) = S™ L. Let Cean € C(S™ 1) be the standard conformal
class.

Theorem 5.2. Let N be a closed manifold of dim N > 3 with Y(N) > 0.
Then Y (N \ int(D™), §*~1; Cean) > 0.

Proof. We use [13, Corollary 3.5.] to choose a conformal class C € C(N)
with the Yamabe constant Y(NN) > 0 and a metric g € C such that

e g is conformally flat near oy € N,
e R >0on N.

Thus (as it was observed by Gromov-Lawson [9]), there exists a metric § on
the manifold N \ int(D™) such that

o 9[g] = Cean € C(S™71),

e R; >0on N\ int(D"),

® §=ggn-1 +dr® near S = J(N \ int(D")), [ggn-1] = Cean.
Thus Yi5)(NV \ int(D™), S71; Coan) > 0 and Y(IV \ int(D™), S71; Cean) > 0.
a

5.4. The double. Let W be a compact manifold with W = M =
My U M. We consider the manifold X = W Uy, (—W) which is the double
of W along My (see Fig. 5.3).

Remark 12. The other boundary component M; of 9W may be empty or
not.
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Fig. 5.3.

Theorem 5.3. Let W, X be manifolds as above, and C = CoUC; € C(OW),
where Cy € C(My), C1 € C(M;). Then

) Y(W,M;C) if Y(W,M;C) >0,
(1) Y(X, M1 U (=M;);CLUC) > {2%Y(W, M;C) if Y(W,M;C)<0.

(2) Y(X, MU (-My)) > { ;/-(EY(VAVJ)M) Z: }}j%ﬁ; Z gf

Proof. Let C be a conformal class on W with 8C = C. It is enough to prove
the following inequality:

Yo(W,M;C) if Yo(W,M;C) >0
5.1) Y(X,MiU(=M,);CLUC) > ¢ ’ ’
(1) YXMU(-0): G 1)—{2%Yc(w,M;0) if Yz (W, M; C) < 0.
We choose a metric g € C? and let g = g|lp. We notice that, for a generic
conformal class C, any metric § € C° could not be extended smoothly to X.
It then follqws from Theorem 4.6 that, for any small € > 0, there exists a
metric § € C such that §|pr = g = g|m and

|R; — Rg| < e on W,

{ G~g COclose on W,
3(z,7) = (1 + 5 £(2))72 (g(a) +dr?) mear M C W.

Thus we obtain that

[Ye(W, M;C) - Yo (W, M;C)| < K,
(5.2)
Yé(VV,M;C) >0 if Y@(VV,M;C) >0,

where K > 0 is a constant independent of e. We define ¢ := gU g on
X = W Up, (—W). The metric g is smooth by construction. Let C :=
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CuUC € C(X). Now for any u € C®(X), u % 0, we define Q(x,5)(u) as

Quxg(u) = Eoxg(v) ==z, Where

(fx |“|"_2£§d‘7§> "

Exp(®) = Jy (“452luf? + Rgu2) dog.

n—2

We denote o = [y, |u|n2_ffdog, B=[_w |u|%dag. It is enough to consider
the case @, 8 > 0 and a + 8 = 1. Then

Ew,g) (u) + E_wyg)(u)

Quxg(u) = n=2
(a+p8) "
o n B

> (" +(1- a)%) Ya(W, M;C)
for any o € (0,1). Let Y := Y5(X, My U (—=M;);Cy UCy). From (5.2), this
implies that
v > inf (a4 (1- a)%) Y (W, M;C)
0<a<1 crh T
Yo(W,M;C) if Yp(W,M;0) >0,
20Ye(W, M;C) if Yo(W,M;C) <0,

Ye(W, M;C) — Ke it Ye(W,M;C) >0,
= | 27 (Yo(W, M;0) — Ke) if Yo(W,M;C) <0.
We let € — 0 to obtain (5.1). O

In the case of double manifolds, we obtain the following generalization of
Kobayashi’s inequality [13, Theorem 2].

Corollary 5.4. Let OW = M, and let X = W Uy (—W) be the double of
W, 0X =0. Then

Y(X) 2{ YW, M) i Y(W,M) >0,

2:Y(W, M) if Y(W, M) <0,

In particular, if Y(X) <0, then Y(W, M) < 2" 7Y (X) < 0.
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6. Non-positive and negative relative Yamabe invariant.

6.1. Enlargeable manifolds. Let N be a closed manifold of dimN = n
and D™ C N an embedded disk. We define the manifold W = N \ int(D")
with OW = S"~1L,

Remark 13. Let N be an enlargeable closed manifold (see [10]). Then
the manifold N#(—N) = W Ugn-1 (W) is also enlargeable. Thus
Y(N#(-N)) <0.

Corollary 6.1. Let N be an enlargeable closed manifold. Then
22V (N \ int(D™), ") < Y(N#(~N)).

In particular, Y (N \ int(D"™), S"1) < 0.

Example. Let T™ be a torus, and let H" be a hyperbolic space and I" a
discrete group acting freely on H" such that H"/T" is a compact manifold.
Then we have Y (T™ \ int(D™), S"1) <0, Y((H"/T)\ int(D"),S"!) <0.

Remark 14. Let W, be a compact smooth n-manifold with boundary
OW; = Mj, for j =1,2. Let (W, M) = (W1, M) U (W2, M2) be the disjoint
union of W7 and Wy. Let C = C; U Cy be a conformal class on My U Ms.
Similarly to the case of closed manifolds, we can show that the same equal-
ity as that of [13, Corollary 1.11] holds for the relative Yamabe invariants
Y(W,M;C) and Y (W;,M;;C;) (j = 1,2).

6.2. Four-manifolds with negative relative Yamabe invariant.
Now we would like to construct a family of 4-manifolds with strictly negative
relative Yamabe invariant. Let X be a minimal closed symplectic 4-manifold
of general type (see [16]) with an involution ¢. Assume that the fixed point
set Fix(:) of ¢ is an oriented closed 3-manifold M (possibly disconnected).
First, we notice the following fact.

Lemma 6.2. The complement X\ M consists of two connected components.
Moreover, the manifold X = W Ups (—W) is the double of the closure W of
a connected component of X \ M.

Proof. Since X is oriented and M is an oriented submanifold of codimension
one, the normal bundle »(M) of M in X is trivial, and the differential dv
of the involution ¢ satisfies di|rpr = Id,  di|,(pr) = —Id. In particular, ¢ is
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orientation-reversing. Now we choose a metric g such that ¢ is an isometry
of (X,g). Then, it follows from [14, Theorem 5.1] that M is totally geodesic.
Let X denote the canonical compactification of the complement X \ M with
the boundary X = M U (—M) (see Fig. 6.1). Notice that the metric g can
be extended to X naturally.

X)

Fig. 6.1.
Suppose that X \ M is connected. Let M; be a connected component of
M. Then there exists a shortest geodesic ¢ : [0,1] = X joining M; and
—M;. Note that ¢((0,1)) C X \ M, and the tangent vectors ¢(0) and /(1)
are perpendicular to M; and —Mj, respectively. Since ¢ is an involutive
isometry, the curve toc : [0,1] — X is also a geodesic from ¢(1) € (— M)
to c(0) € My such that the tangent vectors (v o c)’(0) = —c'(1) and
(toc)'(1) = —/(0) are respectively perpendicular to —M; and M;. Hence,
(t0¢)([0,1]) = ¢([0,1]), and then ¢(c(3)) = c(3) € X \ M. This contradicts
to the fact that Fix(:) = M. Therefore, X \ M is disconnected. Let W be
the closure of a connected component X; of X \ M satisfying OW = M.
Then ¢(W) is also the closure of a connected component ¢(X;) of X \ M.
The conditions di|rp = Id, di|,(ary = —Id imply that X3 Ne(X1) = 0. Then
we have that X = W Ups (—e(W)) = W Uy (=W), and X \ M consists of
two connected components X; and —u(Xj). O

Let W+#£(S! x S3) be the connected sum of W with £ copies of S! x $3
(where £ > 0). We combine the estimates given in [16], [21] (cf. [27]) of
the Yamabe invariant in dimension four with Corollary 5.4 to obtain the
following result.

Theorem 6.3. Let X and W be the 4-manifolds as above. Then the relative
Yamabe invariant Y (W #£(S* x S3), M) is strictly negative. Moreover,
1 1
Y(W#L(S' x %), M) < —=Y(X#2(8' x §%)) = —=Y (X
(WHL( ))‘\/i(#( ))ﬁ()

—4m/2x(X) + 30(X) < 0,

INA
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where x(X) and o(X) are respectively the Euler characteristic and the sig-
nature of X.

Proof. Since there is an orientation-reversing diffeomorphism of S x 3, then
there is a diffeomorphism

X#20(8' x 83) = X#£(S* x 83)#4(—(S* x §%)).

From [16, Theorem 4], [21, Proposition 3], Corollary 5.4 and Lemma, 6.2,
one has

1

Y (W#£(St x §3), M) < 75Y(X;(;ée(sl x 83)#e(—(S* x §%)))
_ 1 1 31y — 1
= ﬁY(X#%(S x 5%)) ﬁY(X)
< —4my/2x(X) + 30(X) < 0.
This completes the proof of Theorem 6.3. 0O

Let N be a product ¥, X X, of closed Riemann surfaces of genus k1, ko >
2 with a product metric g = g1 X go of g; on ¥, and g, on Xy, , respectively,
of constant negative curvature —1. Assume that the hyperbolic metric g;
admits an involutive isometry ¢ of (3, ,gk,) such that Fix(¢) consists of
k1 + 1 disjoint simple closed geodesics (see Fig. 6.2). We remark that such
hyperbolic metric always exists on ¥, provided k; > 2.

e -

Fig. 6.2.
Then the map ¢ := ¢ X Id : N = X, X ¥, — N is also an involutive
isometry with Fix(:) = Fix(4) X X, consisting of k; + 1 disjoint closed
totally geodesic 3-submanifolds. Let W denote the closure of a connected
components of N \ Fix(:) satisfying N = W Ugw (—W). We rewrite

L

WHL(S! x %) = (W\ Uint(D;%)) Us £((S" x §%) \ int(D*%)),

=1



The Relative Yamabe Invariant 961

where D?, j = 1,...,¢, are disjoint small 4-disks inside int(W), and 9 =
U§=18D§. Then there is an involution { of the manifold

N#20(8" x §%) = (WH#£(S* x 8%)) Ugw (—(W#£(S* x 5%)))
with Fix(f) = Fix(t) = OW, and i = ¢ on

£ L
(W\ U int(D;%)) Usw (— (W\ U int(Dﬁ))) .
j=1 j=1

With these understood, we obtain the following result.

Corollary 6.4. For any £ > 0 the relative Yamabe invariant of the manifold
W#L(S* x S3) is given by
1

Y(W#L(S! x 8%),0W) = EY(N) = —8v2my/(k; — 1)(k2 — 1) < 0.

Proof. The above manifold N is a minimal complex surface of general type,
and the metric g is an (-invariant Kéhler-Einstein metric with constant nega-
tive scalar curvature. Hence g is a Yamabe metric and g attains the Yamabe
invariant Y/(N). It means that Y5(N) = Y(N), where Y5(N) stands for
the Yamabe constant of (XN, [g]). Then it follows from [17, Theorem 2] and
the fact that g|w is a relative Yamabe metric that

1 1
ﬁy[g](N )= 7
= —8vV2r\/(k1 — 1)(ks — 1) < 0.
Then Corollary 5.4 gives

Yigiw1 (W, 0W) Y(N) = —4n+/2x(N) + 30(N)

1
V2
Let £> 1. Then by a modification of the arguments given in [22, Section 2]

and [21, Theorem 1], there exists a sequence of i-invariant metrics {gj}]‘?‘;l
on N#2£(S' x $3) such that

Y (W, W) = —=Y(N).

1/2
— | liminf |Ry, [*doy, = Y(N#26(S! x S3))
(6.1) gm0 IN#24(S X 5%)

= Y(N)<O.
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Recall that OW = Fix(i) is totally geodesic in the manifold N#24(S' x S3)
with respect to each metric §;, and then we have

1/2
Y (W#£(St x S3),0W) > — (lliminf / |jo|2dagj)
J=00 Jw#e(S1xS3)
(6.2)

) 1/2
= —— liminf/ R; |®do;. .
V2 (J'—wo N#26(S? ><S3|) gjl g])

Combining (6.1), (6.2) with Corollary 5.4, we obtain that

Y(W#L(S! x §3),0W) = %Y(N) = —8V2ry/ (k1 — 1) (kg — 1) < 0.
This completes the proof of Corollary 6.4. O

6.3. One more family of four-manifolds with negative relative
Yamabe invariant. Let M be a Mumford’s fake projective plane, that is,
a closed complex-hyperbolic surface with Betti numbers b; = 0 and by =
b3 = 1, see [2, Chapter V]. From the results of [15], it follows that the
manifold X := M#(—M) has a Spin®-structure with non-trivial Seiberg-
Witten invariant (however X does not have any symplectic structure). By
modifying the technique from [16, Theorem 2] combined with the above
fact, it is proved in [12] that Y (X) < —12v/27 < 0. It follows from [21] that
Y(X#L(S' x $3)) =Y(X) for £> 1. With this understood, the following
assertion follows from Corollary 5.4.

Corollary 6.5. Let M be a Mumford’s fake projective plane and D* C M
an embedded disk with S® = OD*. Then

Y((M \ int(D*))#£(S* x 83),8%) < —12r <0 for £>0.

Remark 15. The authors are grateful to the referee who brought this ex-
ample to our attention.

7. Notes on moduli spaces.

7.1. Moduli space of positive scalar curvature metrics. Let M be a
closed manifold admitting a positive scalar curvature metric. Consider the
space of psc-metrics

Riem™ (M) = {g € Riem(M) | R, > 0}.



The Relative Yamabe Invariant 963

It is known that Riem™ (M) has, in general, many connected components,
and that its homotopy groups are nontrivial. For simplicity we assume that
M is an oriented manifold. We denote by Diff; (M) the group of diffeo-
morphisms preserving the orientation. Then the group Diff; (M) naturally
acts on the space of metrics by pulling back a metric via a diffeomorphism.
Clearly this action preserves the space Riem™(M). Then the moduli space
of psc-metrics is defined as M+ (M) = Riem™ (M) /Diffy (M).

It is very challenging problem to describe (in any reasonable terms) the
topology of the moduli space M*(M). We suggest here to give an alternative
model of the moduli space of psc-metrics. First, we start with the space
Ct(M) of positive conformal classes. There is a canonical projection map
p: Riem* (M) — C*T(M), which sends a metric g to its conformal class [g].
We prove the following fact.

Theorem 7.1. Let M be a closed manifold of dim M > 3. Then the canoni-
cal projection map p : Riem™ (M) — C* (M) is weak homotopy equivalence.

Proof. We start with the following easy observation.

Lemma 7.2. Let C € CT(M), and let gy, g1 € C be psc-metrics. Then gg
and g1 are psc-homotopic, i.e. there exists a smooth family {g(t )}eep, g€l
of psc-metrics with g(0) = go, g(1) = g1.

Proof. Indeed, we have that Ry, > 0, and g; = uns go for u € C°(M) with
the scalar curvature

_nt2 [ 4(n—1)
Rg1 =u n-2 ('——(—E—_—QTAU‘I‘R‘(]OU) > 0.

Then the curve of metrics g(t) = u(t)ﬁ go € C withu(t) =ut+(1-1¢) >0
satisfies

Ry = u(t) =3 Au(t) + Rypult ))

4
) n=2 t (n Au+Rgou] (1 —t)RgO>
= u(f) (thlun = l—t)Rgo) >0

MM

since both functions Ry, u u"% and Ry, are positive. O
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Now let P(C) = {g€ C | Ry >0}. Clearly C = C(M) is a convex set.
One can easily modify Lemma 7.2 to prove the following assertion.

Lemma 7.3. The subset P(C) C C is a convez and contractible set.

Then we notice that both spaces Riem™ (M) and C*(M) have homotopy
types of CW-complexes. Thus we can assume (up to homotopy equivalence)
that p : Riem* (M) — C*(M) is a fibration. Since p~!(C) is contractible
for any conformal class C, we obtain that p induces isomorphism in homotopy
groups py : mg(Riem™ (M)) = mi(CT(M)). O

Thus in the homotopy category one does not loose any information by replac-
ing the space Riem™ (M) by the space of positive conformal classes C*(M).

The space C(M) is the orbit space of the action (left multiplication) of the
group C3°(M) on the space of metrics Riem(M). It is convenient to refine
this construction (as it is done in [19]) for manifolds with a base point. Let
xg € M be a base point. We consider the following subspace of C$°(M):

CLp(M) ={ue CP(M) | u(zo) =11}.

We denote by Cy, (M) the orbit space of the induced (left) action of C$°, (M)
on Riem(M). There is a canonical map p; : Czo(M) — C(M) which is a
homotopy equivalence since p;'(C) = R. Let Cf (M) = p;* (C*(M)). To
construct an appropriate moduli space, we assume that M is a connected
manifold, and consider the following subgroup of the diffeomorphism group
Diff | (M):

Diff;, + (M) = {¢ € Diff, (M) | ¢(z0) = 0, dpge =Id: TMy, = TMy,}.

The group Diff;, + (M) inherits the action on the spaces C(M) and Cy,(M).
It turns out that this action is free for all manifolds except the sphere S™.

Theorem 7.4. Let M be a closed, connected oriented manifold of dim M =
n>3, and Ty € M.

(1) If M is not diffeomorphic to the sphere S™, then the group Difty, (M)
acts freely on the space Cyo(M).

(2) If M = S", then the group Diffy, (M) acts freely on the space
Czo(S™) \pl_l(Ccan), where Cean is the conformal class of the stan-
dard metric on S™. Each class Cyy € py*(Cean) has an isotropy
group He,, = R (here R™ is the group of parallel translations of
R™ = 8%\ {zo}).
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Proof. Let (M, C) % (S™,Cean) and Cy, € p;*(C). Assume that ¢*(Cy,) =
Cy,- It follows from [20] and [18] that there exists a metric g € Cy, such that
$*g = g, i.e. ¢ is an isometry of (M, g). Then the conditions ¢(zy) = zo,
d¢z, = Id imply that ¢ = Id.

Let (M,C) 22 (8™, Cean) and Cy, € pl_l(C’can). We choose a coordinate
system on S™ = R"U{oo} via the stereographic projection from z such that
zg = 0o. Let ¢*(Cy,) = Cy,- Then the conditions ¢(zg) = zo, ddz, = Id
imply that ¢(z) = z + b, where b € R". O

Remark 16. We are grateful to the referee for pointing out that the above
action is not free for the standard sphere.

Clearly the space CJ (M) of positive conformal classes is invariant under

this action. We define the moduli space M;’O cont (M) of positive conformal

structures as the orbit space of the action of Diff,, (M) on Cf (M). Let M
be not diffeomorphic to the sphere S™. Then we have the following diagram
of Serre fiber bundles

(M) ’ Cao (M)

ot ™

" '
M7, cons(M) —— BDiff,, (M)
Here BDiff;, (M) is the classifying space of the group Diff,, (M), which
we identify with the orbit space Cy,(M)/Diff, (M) (since the action is free,
and the space Cy, (M) is contractible).

Remark 17. In the case M = S, the action Diffy 1 (S™) on Cj (S™) is not
free. However the orbit space has the same homotopy type as the classifying
space BDiff;; | (S™) since the isotropy groups are contractible.

We address the following problem.

Problem 1. What is the rational homotopy type of the space M (M)?

xo,conf

7.2. Conformal isotopy and concordance. It is well-known that
isotopic psc-metrics are concordant, see [9] and [8]. It is still not known if
the converse is true for dim M > 5. (Recently, Ruberman [24] proved that,
in the 4-dimensional case, concordance of psc-metrics does not imply isotopy
of such metrics.) We would like to address the “conformal analogue” of this
problem.
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Let Cy,Cy € CY(M) be two positive conformal classes. One defines an
isotopy of positive conformal classes in the obvious way. We say that the
conformal classes Cy and C are conformally concordant if

Y(M x[0,1], M x {0,1};Co U Cy) > 0.

Theorem 5.1 implies the following result:

Corollary 7.5. Conformal concordance is an equivalence relation on

ctH(M).

We would like to spell out the following conjecture:

Conjecture 7.6. Let M be a closed manifold of dimM > 5 admitting a
psc-metric. If Cy,Cy € CT(M) are conformally concordant, then the classes
Cy, C1 are isotopic in Ct(M).

7.3. Conformal cobordism. Two manifolds (Mpy,go), (M1,91) with
psc-metrics gg, g1 are said to be psc-cobordant if there exists a compact
manifold (W, g) with OW = M, U (—M;) and a psc-metric g such that:

glm; =95, 7=1,2, and g=g; + dr? near M;.

These psc-cobordism groups have been studied in [4], [8], [11], [23], [26].

We define the conformal analogue of the psc-cobordism relation in terms
of the relative Yamabe invariant. Let (M, Cp), (M1, C1) be two closed man-
ifolds equipped with positive conformal classes. We call such manifolds pos-
itive conformal manifolds. Then (My, Cyp), (M1, C1) are conformally cobor-
dant if there exists a compact manifold W with OW = My U (— M) such
that the relative Yamabe invariant

Y/(W, My U (—M;); Co U C) > 0.
Theorem 5.1 also implies the following result:

Corollary 7.7. Conformal cobordism is an equivalence relation on the cat-
egory of positive conformal manifolds.

Remark 18. The definition of the conformal cobordism may be essentially
refined in the way suggested by S. Stolz [26]. This leads to the conformal
cobordism groups. We have studied these cobordism groups in [1].
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