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In this paper we study the change of conformal structure induced
by harmonic diffeomorphisms between Riemann surfaces. The
main result of this paper is to answer the following question raised
by R. Schoen (see [20]): Is it true that Riemann surfaces which
are related by a surjective harmonic diffeomorphism are necessar-
ily quasiconformally related? We show that there exists a pair of
Riemann surfaces of infinite topological type, which are related by
a surjective harmonic diffeomorphism but which are not quasicon-
formally related. Also we characterize when the above question
has a positive answer in the case of Riemann surfaces of finite
* topological type.

1. Introduction.

Suppose that R and S are two Riemann surfaces. In addition, assume that
surface S is of hyperbolic type. That is the universal covering surface of S is
the unit disc. Denote by p?|dw|? the Poincaré (or the hyperbolic) metric on
S. Let f: R — S, be a map of the class C2. We say that f is a harmonic
map of the surface R into the surface S with respect to the hyperbolic metric
(in the rest of the paper just a harmonic map) if the following equation is
satisfied

faz +2(log p)u(f(2)) f2fz =0,

where z and w are local parameters on R and S respectively and p? is the
function of w. If map f is univalent we say that f is a harmonic diffeo-
morphism. If f is also surjective we say that f is a surjective harmonic
diffeomorphism. All maps considered in this paper are of positive orienta-
tion.

The following question was raised in [20].

Question 1 (Schoen). Is it true that Riemann surfaces which are related
by a surjective harmonic diffeomorphism are necessarily quasiconformally
related?
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In other words this means that if f : R — S is a surjective harmonic
diffeomorphism of R onto S the question is whether we can find a quasi-
conformal map g : R — S. Quasiconformal maps are often used to measure
the conformal distortion between Riemann surfaces. A Harmonic diffeomor-
phism f does not have to be a quasiconformal map. Still, we want to know
whether the change of conformal structure obtained by f is bounded in the
sense of the Teichmiiller distance. The Teichmiiller distance in a natural
way measures the distance between conformal structures.

The test case proposed by Schoen is as follows. Take R=C and S =D
where C is the complex plane and D is the unit disc. It is well known that
there is no quasiconformal map from C onto D or vice versa. So in order
to study the above question, in this case we need to investigate whether
there is a harmonic diffeomorphism from C onto D. This special case is a
hard open problem and it has not been solved yet. But in the past 10 years
several papers have been published in connection with this case. At present,
the methods developed to study this case require certain assumptions on the
growth of the map f near infinity. In particular it was proved in [10] and [11]
that if the Hopf differential of the diffeomorphism f is a polynomial then
the map f is not surjective. In the recent paper [6] the authors considered
the case that the Hopf differential of the diffeomorphism f does not have
to be a polynomial but rather to belong to some more general class of the
entire functions. They showed that for a large class of entire functions the
corresponding diffeomorphism f is not surjective. Also in [3] it was proved
that under certain assumptions on the growth of the energy of the harmonic
diffeomorphism f : C — D the map f is not surjective.

The main result of this paper is to give the answer to Question 1.

Theorem 1.1. There exist two Riemann surfaces R and S which are related
by a surjective harmonic diffeomorphism and which are not quasiconformally
related.

Remark 1.1. One advantage of our example is that the diffeomorphism f
meets the requirement that (R, |0f|?|dz|?) is a complete Riemannian surface.
Therefore |0f|? is the canonical solution of the equation (2.3) (see Section
2).

We prove this theorem by constructing an explicit example of surfaces
R, S and a surjective harmonic diffeomorphism f : R — § such that R
and S are not quasiconformally related. The surfaces in our example are of



Harmonic Diffeomorphisms and Conformal Distortion 849

infinite topological type(infinitely generated fundamental group). It is not
hard to imagine that besides the example we offer here there are many other
examples of similar nature, once we restrict to Riemann surfaces of infinite
topological type.

Let us roughly illustrate the idea for the construction of this example.
Set S = C\ Z, where Z stands for all integer points on the real line in the
complex plane C. The planar domain S is a hyperbolic Riemann surface.
There are many harmonic diffeomorphisms defined on S. In particular there
are many harmonic diffeomorphisms f : S — R such that R is a punctured
plane domain homeomorphic to S and such that f is symmetric with respect
to the real axis. It is clear that every such diffeomorphism f extends over
the punctures to the map defined on the whole complex plane(we call this
extension f again and it is not necessarily surjective). In this paper we
will show that the map f(which is harmonic on S) can be chosen to be a
surjective diffeomorphism of the whole complex plane and still that R and S
are not quasiconformally related. One of the issues is to find a criteria under
which the diffeomorphism f is a surjective map. We resolve this by applying
the recent results of Brakalova and Jenkins about the extended version of
the solution to the Beltrami equation (see [7], and Section 2. of the present
paper). In particular we can construct the map f with the above properties
and such that

1) —
(1.1) lim sup fn+1) — f(n) = 00
nooo f(n) = f(n+1)
Also we can construct the map f such that the expression in (1.1) approaches
oo very slowly, and in particular slow enough such that f remains a surjective
map. On the other hand, we will prove that the condition (1.1) implies that

the domains S and R are not quasiconformally related.

Still we hope that we can find an appropriate class of surfaces such that
the Question 1. has the positive answer. We believe that the class of Rie-
mann surfaces of finite topological type is a proper choice. It is well known
that every Riemann surface of finite topological type is conformally equiv-
alent to a closed surface (of finite genus) with a finite number of discs and
punctures removed. If we consider only closed surfaces, M.Wolf proved (see
[25]) that in the homotopy class of an arbitrary homeomorphism between
closed Riemann surfaces there exists a harmonic diffeomorphism which is
necessarily a quasiconformal map. Furthermore there is a natural param-
eterization of Teichmiiller space by harmonic diffeomorphisms. From the
point of view of Question 1. Wolf’s theorems (see also [25], [26] for further
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results) show that the amount of distortion which can be obtained by a
harmonic diffeomorphism is bounded in the sense of the Teichmiiller metric.
This provides the positive answer to Question 1. If in addition we remove
certain number of discs and punctures from a closed surfaces we have a
new type of situation. One such case is the above special case proposed by
Schoen, where the considered Riemann surfaces are C and D. Another test
case similar to the one proposed by Schoen is as follows. For 0 < r <1
we set D* = D\ {0} and P(r) = {r < |z| < 1}. We know that there is
no quasiconformal map of D* onto P(r). The question is whether there
is a surjective harmonic diffeomorphism of D* onto P(r). As it turns out
there is no essential difference in considering this special case and any other
case where surfaces of finite topological type are involved. This conclusion
is summarized in the following theorem.

Theorem 1.2. Suppose that for every 0 < r < 1 there is no surjective
harmonic diffeomorphism of the domain D* onto the domain P(r). Let
f: R — S be a surjective harmonic diffeomorphism between any two Rie-
mann surfaces R and S of finite topological type, which satisfies the condition
that (R, |0f|2|dz|?) is a complete metric space Then R and S are quasicon-
formally related.

Query. Is it true that if there is no surjective harmonic diffeomorphism
from the complex plane onto the unit disc then every two Riemann sur-
faces of finite topological type which are related by a surjective harmonic
diffeomorphism are necessarily quasiconformally related.

The rest of the paper is organized as follows. In Section 2. we recall
and prove some facts about harmonic and quasiconformal maps. In Section
3. we construct a pair of planar domains of infinite connectivity to prove
Theorem 1.1. In Section 4. we bring into the discussion surfaces of finite
topological type and prove Theorem 1.2

2. Preliminary Results.

In this section we recall or prove certain facts about harmonic diffeomor-
phisms and quasiconformal maps which are needed for the proof of Theorem
1.1 and Theorem 1.2.

Suppose that R is a hyperbolic Riemann surface and f : R — S a
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harmonic diffeomorphism(not necessarily surjective). Set

Hopf(f) = (p* o f) fo(fz)d2>.

Here p? denotes the density of the hyperbolic metric on S. The expres-
sion Hopf(f) is called the Hopf differential associated to the map f. It
is well known that since f is a harmonic map Hopf(f) is a holomorphic
quadratic differential on the surface R. By QD(R) we denote the space of
all holomorphic quadratic differentials on R. We also define

af = (po f)fzdf = (po )f:

and 1. dz
z Az

The expressions 9f and 0f are partial derivatives taken with respect to
the hyperbolic metric on the image surface S and Belt(f) is the Beltrami
dilatation of the map f. We set Hopf(f) = wdz* and Belt(f) = M%- The
following relation is the Bochner identity for harmonic maps

ore |
1) Atoglof| = ofF - | 1oy

I

where A denotes the ordinary Laplacian BL) operator on Riemann surface.
Set
1
T =log —.

|1l

We have an equivalent version of identity (2.1)
(2.2) AT = |9 sinh(7).

We refer to [21] for the background on harmonic maps.

In order to prove Theorem 1.1 we need to directly construct harmonic
diffeomorphisms. Unlike the functions which are harmonic with respect to
the Euclidean metric, in this hyperbolic setting there are no known represen-
tation formulas for harmonic maps similar to those which apply to ordinary
harmonic functions. This makes the construction more difficult. But it
turned out that we are still able to produce harmonic diffeomorphisms. In
[24] T. Wan proved (see also [5], [22]) the following result :
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Proposition 2.1 (Wan). Suppose that R is a hyperbolic Riemann surface
with the hyperbolic metric 02|dz?|. Let 9dz?> € QD(R). Then there is a
unique positive solution w of the equation ‘
,(/)2

— ]2
(2.3) Alogw = |w|* — 2

bl

such that the metric space (R,|w|?|dz2|) is a complete metric space and such
that 02w > 1 holds on R. In addition if v is any other solution of the
equation (2.3) then the relation v < w holds on R.

Moreover if the Riemann surface R is the unit disc D then there is a
unique harmonic diffeomorphism (not necessarily surjective) f : D — D
such that Hopf(f) = ¥dz? and |0f| = w.

Remark 2.1. In the rest of the paper we will often use Proposition 2.1,
and in particular the existence of the solution of the equation (2.3) for a
given differential 1dz?. When we refer to the solution w of the equation
(2.3) we will always mean the unique solution which satisfies the condition
that (R, |w|?|dz|?) is a complete metric space.

The previous proposition guarantees the existence of a harmonic diffeo-
morphism for a given Hopf differential in the case of the unit disc. The
map f need not to be surjective. It is likely that one can extend this last
part of the Proposition 2.1 to the case of arbitrary hyperbolic Riemann sur-
faces. This means that if R is an arbitrary hyperbolic Riemann surface and
dz? € QD(R) then there exists a Riemann surface S which is homeomor-
phic to R and a harmonic diffeomorphism f : R — S whose Hopf differential
is1dz?. Also f(R) is a subsurface of S with the property that the the natural
inclusion map of the fundamental group of f(R) into the fundamental group
of S is isomorphism between these groups. For the existence of a harmonic
diffeomorphism for a given Hopf differential in the case when the Riemann
surface R is the complex plane we refer to [8], [2], [5]. In this paper we
only need the following corollary of Proposition 2.1 and the Uniformization
theorem.

Corollary 2.1. Let D* be the punctured unit disc and let 1dz?> € QD(D*).
Then there is a hyperbolic Riemann surface S which is homeomorphic to
bfD* and there is a harmonic diffeomorphism (not necessarily surjective)
f : D* = S with Hopf(f) = 1dz? and which satisfies that |0f] = w is
the solution to the equation (2.3). Also the natural inclusion map of the
fundamental group of the subsurface f(D*) into the fundamental group of S
is isomorphism between these groups.
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Proof. Denote by dw? the lift the differential +dz? onto the upper half
plane HT, obtained by the universal covering map « : HY — D*. Here
by w we denote the complex parameter on Ht . We may assume that the
group G of the covering transformation acting on the upper half plane is
the cyclic group generated by the translation T'(w) = w + 1. We apply
the Proposition 2.1 onto the lifted differential and let g be the resulting
harmonic diffeomorphism of the upper half plane onto itself. The map g
does not have to be surjective. As we said before, since |dg| is the solution
of the equation (2.3), the uniqueness implies that the Beltrami dilatation
u = Belt(g) satisfies the condition u(T'(w)) = u(w). So if B is defined by

B=foTof!

we have that B is a conformal map B : f(HT) — HT. But we also know
that B o f is a harmonic map with respect to the hyperbolic metric on the
upper half plane. Therefore (see also [25], [23]) B has to be an isometry with
respect to the hyperbolic metric and consequently a Moebius transformation.
Also it is clear that B can not fix any point inside the upper half plane. We
conclude that the cyclic group G generated by B is a covering group of the
hyperbolic Riemann surface S. The corollary now follows from the fact that
B=foTofl. a

Recall that in this section we are assuming that R is a hyperbolic Rie-
mann surface with the hyperbolic density o?|dz|?. The Bers space BQD(R)
is a subspace of QD(R). The differential 1/dz? is said to belong to BQD(R)
if

19|l B = sup(c™2|9|)(p) < oo.
PER

The Bers space is a Banach space with the Bers norm ||¢||p. Note that
(672|9])(p) is a well defined function on R. The following proposition is
proved in [24].

Proposition 2.2. If R is a hyperbolic Riemann surface and pdz* €
BQD(R) then there is a Riemann surface S and a surjective harmonic dif-
feomorphism f : R — S such that Hopf(f) = %dz? and |0f| = w, where w
is a solution to the equation (2.3) from Proposition 2.1. Moreover the map
f is a quasiconformal diffeomorphism, that is we have

|Belt(f)]leo < 1.

Under the above assumptions the map f is uniquely determined.
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The construction of a harmonic diffeomorphism for a given Hopf dif-
ferential, it based on a method which establishes the connection between
quadratic differentials on R and the Gauss maps of cross cuts in the
Minkowski space. But in order to study Question 1. we need a criteria
when the constructed harmonic map is actually surjective. In search for a
proper criteria we analyze the well known Beltrami equation

.fZ =ﬂfz-

The idea for the proof of Theorem 1.1 is to construct a harmonic diffeomor-
phism for the given Hopf differential 1)dz? from QD(R) by properly solving
the corresponding Beltrami equation. Since in this case we loose the condi-
tion that ||u|| < 1, we can not apply the classical solution of the Beltrami
equation. Instead, as the sufficient conditions for surjectivity we use the re-
sults of Brakalova and Jenkins [7]. Under the appropriate assumptions these
show that there is a proper solution to the Beltrami equation even when we
have that |||l = 1 (see Theorem 1, Proposition 3, and Proposition 5 in

[7])-

Proposition 2.3 (Brakalova-Jenkins). Suppose that p € L*®°(C),
[l|loo < 1, satisfies the following two conditions:

(1) Forr — o0

(2.5) — = 0(r?).

(2) For each bounded measurable set B in C

1

1—{u]
(2.6) /exp — 5 <
J 1+ log =

Then there exists a homeomorphism f : C — C which is ACL and whose
partial derivatives are in LI on every compact subset in plane for each q¢ < 2.
The map [ satisfies the Beltrami equation

fz=ufz

Under the above assumptions the map f is uniquely determined up to the
postcomposition with a Moebius transformation of the complez plane onto
itself.
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In the above proposition the conclusion that the map f is ACL means
that f is absolutely continuous on lines and therefore it is differentiable
almost everywhere in the plane. As it is pointed out in [7] the condition (2.5)
is essential for the map f to be surjective. In addition to the uniqueness part
of the above proposition the fact that the map f is surjective is essential for
our application. A suitable corollary of Proposition 2.3 from the point of
view of our paper is the following.

Corollary 2.2. Suppose that p is a continuous function in C which satisfies
lltlloo < 1 and |u| < 1 on every compact set in the complex plane. If p
satisfies the growth condition

(2.7) | |/} 1—% = 0(r?),
{lz|<r

when v — oo then there exists a homeomorphism f : C — C which is ACL
and whose partial derivatives are in LI on every compact subset in plane for
each ¢ < 2. The map f satisfies the Beltrami equation

fZ = :ufz-

Under the above assumptions the map f is uniquely determined up to the
postcomposition with a Moebius transformation of the complex plane onto
itself.

Proof. Since p is a continuous function and |u| < 1 on every compact set
in C we see that the condition (2.6) is automatically satisfied. The rest of
proof follows from Proposition 2.3. a

We will also need a result about the continuity of the solutions of the
equation (2.3). The following lemma is essentially proved in [24] (see also
[22]) but for the readers convenience we give the short proof.

Lemma 2.1. With the notation stated in Proposition 2.1 we have the fol-
lowing. Let R be a hyperbolic Riemann surface and suppose that \ndz® €
QD(R) is a sequence of quadratic differentials on R which converges to 1dz>
locally uniformly on compact sets in R. If w, and w are the solutions of the
equation (2.3) for yndz? and 1pdz? respectively, then the sequence of func-
tions wy converges to the function w uniformly on compact sets in R.
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Proof. We prove this lemma in the case when the Riemann surface R is the
unit disc. The general case then follows at once from the Uniformization
theorem and the uniqueness part of Proposition 2.1.

Set
or(2) = Y(rz), onr(2) = PYn(rz),z € D

for 0 < r < 1. Note that both ¢, , and ¢, are in BQD(D) for every r. Now
fix r < 1. Set

”‘Pn,r - Sor”B = €n,r-

We have that €, — 0 when n — 0. Let wy,,, w, stand for the solutions
of the equation (2.3) for ¢, , and ¢, respectively. It was proved in [24],
[22] that wp, — w, uniformly on compact sets in D for fixed 7 and when
n — 00.

On the other hand it is known (see Theorem 12 in [24]) that for fixed
n and when r approaches 1 we have w, , = w;, and w; — w uniformly on
compact sets in D. Now we can choose (by the standard diagonal trick) the
sequence {r,}, r, — 1 such that |wpr, —w,| = 0 and |wp,, —w| — 0 on
every compact set in D. d

So far in this section we have stated results in connection with existence
and surjectivity of harmonic and quasiconformal maps. For the purposes
of the proof of Theorem 1.1 we also need a criteria which guarantees that
the two homeomorphic planar domains (see the definition below) are not
quasiconformally related. In the rest of this section we consider the following
situation. Let R = C\ Z where Z is a set of all integers on the real line
R. Let f : C — C be a diffeomorphism (not necessarily harmonic) of the
complex plane onto itself which preserves R. Set a = f(k) for each k € Z,
A= f(Z) and S = C\ A. Then f is a diffemorphism of R onto S. Since f
preserves the real line we have that ax < a(y1) for each k. Let

O(k+1) — Gk
Ak — Q(k-1)

Q(k—1) — Gk

2.8 S = su
(2.8) D 2 — o)

keZ

We prove

Lemma 2.2. With the notation stated above we have that if the supremum
s given by (2.8) is equal oo then the planar domains R and S are not qua-
siconformally related.
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Proof. The proof is by a contradiction. Let us assume that s = co and that
there is a K-quasiconformal map g : R — S, for some K > 1. Of course,
the map g does not have to satisfy the same boundary condition as the
diffeomorphism f. Clearly the map g extends to the quasiconformal map of
the complex plane onto itself. From the assumption s = oo, with no loss of
generality, we conclude that there is a sequence of integers &y, n € N, such
that

O(kp+1) — Ok,

2.9
(29) Uk, = Q(k,~1)

— 0,n — oo.

When we say that we do not loose on generality that means that since s = oo
we can find a sequence aj, such that either one of the four similar cases to
(2.9) has to occur. All of them are to be treated in the same way as we will
do with (2.9).

Denote by p, and g, the integers such that g(p,) = ax, and g(gn) =
(k,+1)- Next we define the maps h, : C = C,n € N by

h(z) = g((‘]n —Pn)2 +pp) — akn,z c C.
Akp+1) — Oky

Each h,, is a K-quasiconformal map and h,(0) =0 , h,(1) = 1 for each n.

Also set i
Z(n) = { ke Z}
dn — Pn

and
A(n)={M:akeA}.
Ok +1 — Ok,
We have that hp(Z(n)) = A(n) for each n. Since (g, — pp) is a nonzero
integer we have that Z is a subset of Z(n) for each n. Note that from the
definition of the set A(n) it follows that the largest negative number in A(n)

is
0k, -1 — Ak,

Akl = Gk,
That is if a < 0 and a € A(n) we have
(2.10) g < Hn=l = Gkn
Akp+1 — Oky,
On the other hand from (2.9) we conclude

(2.11) D=1 = B, _, —00,n — 00.

Okp+1 —



858 V. Markovic

Therefore we have the following situation. We have the normalized sequence
of K-quasiconformal maps hy, which satisfies that either 0 < h,(p) or

Qk,—1 — Gk,

h <
n(p) — akn+1 . akn,

for every p € Z. By passing to a subsequence if necessary we find the K-
quasiconformal limit map h : C — C. By (2.11) we have that h satisfies
that 0 < hy(p) for every p € Z. Now we show that the quasiconformal map
h with the above properties can not exist. Let
H,; (2) = -i%(é—z))-, zeC

where ¢ > 0. H; is a K-quasiconformal map for every ¢ > 0 and H;(0) = 0,
Hy(1) = 1. Moreover we have that 0 < Hy(g) for every ¢ = & where p
is an arbitrary integer. Let ¢ — oo. Then by passing to a subsequence
if necessary, the sequence H; converges to the K-quasiconformal map H :
C — C which satisfies the condition 0 < H(r) for every real number r and
H(0) = 0,H(1) = 1. This is clearly impossible since the map H extends to
a homeomorphism of the Riemann sphere onto itself. a

3. Proof of Theorem 1.1.

We split the proof into several lemmas. The notation we introduce remains
valid throughout the entire section. As in the previous section R is given
by R = C\ Z. Also 02|dz|? denote the density of the hyperbolic metric on
R. The domain R has an important property that it is invariant under the
horizontal translations for integers vectors. That implies that the hyperbolic
density o2|dz|? is invariant under those translations. In this section we
work exclusively with planar domains and we will drop the notation dz? for
denoting quadratic differentials. Define the differential ¢,, by

1
z—w—1)(z—w-—2)

Clearly for each w € Z we have ¢, € BQD(R) as a function of z € R.
Moreover all ¢,, have the same Bers norm. Let {p;}, £ > 1, be an increasing
sequence of nonnegative integers and C' > 0 (we assume that the constant
C is an arbitrary positive number, and its exact value is to be chosen later).
Set

$(2) = C Y _ kg, (2)-
k=1
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The idea of our proof is to show that there is a constant C and a sequence
{pr} with the above properties , such that there exists a surjective harmonic
diffeomorphism of R onto some plane domain S, and where the Hopf dif-
ferential of f equals v, and such that the planar domains R and S are not
quasiconformally related.

First we have to properly define the sequence {p;} and the constant
C >0.

Remark 3.1. One can explicitly determine the sequence {p;} such that
all needed conditions are satisfied. But that would involve proving some
rather complicated estimates on the solution w of the equation (2.3) for the
differential ¢ from QD(R). One “advantage” of the inductive approach is
that we can see better what lies in the heart of the matter. On the other
hand an explicit example would give information of how fast the sequence

{px} grows.

So instead of directly defining the sequence {px} we will define it induc-
tively. Let n € N be a fixed number. Assume that pg, 1 < k < n is a set

of integers which are indexed in the increasing order. For some C' > 0 we
define

(3.1) ¥n(2) = CY ki, (2)
k=1

We have 1, € BQD(R). Let w, be the solution of equation (2.3) (from

Proposition 2.1) for ¢, € BQD(R) and let
¥n
(3.2) Y, = w—g

Suppose in addition that the following two conditionds are satisfied

(3.3) / 1 —1|#n| s 4o (2 - %) ’

{lzl<r}

for each r > 0, and

3.4 / wpk <2(2——)/ inl
( ) |¢Pk' | n|2 | pk|1+|ﬂn|

for each pg, 1 < k < n. The follwoing lemma is the main step toward the
construction of the differential .
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Lemma 3.1. Suppose that the differential 1, which is given by (3.1) sat-
isfies (3.3) and (3.4). Then there ezists a large enough integer pg which is
greater than py for each 1 < k < n, such that for each p > pg the following
holds. Set

PYnp(2) = Yn(2) + C(n + 1)pp(2).
Denote by wpp the solution of the equation (2.3) for vy, p and set

Ynp
(3.5) fnp = w2 )
n,p
Then pinp satisfies
1
(3.6) / — <o (2 1 )
= |npl n+1

{lz|<r}
for each r > 0, and

2

’p|<ﬂp [ |#np]
(3.7 /lso L end] _2(2——)/ 2l
b — |t pl? e pkl1+| n.p]

for each pr, 1 <k <n, and also

P ‘Pp = |bnpl
o fl Bl ) izt
( ) IQDPI I n,plz n 4+ 1 I PI 1 + |,U'n,p|

Proof. We first show that there is a large enough integer py such that for
any p > po the conditions (3.7) and (3.8) are satisfied.

Let p — oco. Then we conclude that that v,, — 1, uniformly on
compact sets on R. By Lemma 2.1 we have that the corresponding solutions
wpp of the equeation (2.3) converge to w;, uniformly on compact set in R.
From the definition (3.5) we see that the same conclusion holds for y,, , and
pn. Now ¢, and each ¢, , are meromorphic function with at most first
order poles at real integer points in the complex plane. Consequently it
follwos from (3.5) and Proposition 2.1 that p,,(2) and pn(z) tend to zero
when z tends to the real integer point in the boundary of R. Therefore py
converges to p, uniformly on compact sets in C. Since
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we find that p, , satisfies (3.7) for each p large enough because uy,, satisfies
(3.4).

We show that (3.8) holds for a large enough integer p. When p — oo,
Ynp(2) = C(n+1)pp(z) uniformly on D(p,t) for fixed ¢ > 0, where D(p, t)

denotes the disc of radius ¢ > 0 centered at the point p. Define v, , by
C(n+1)g,

Unp=—"_3—
’Yn,p

where -, , is the solution to the equation (2.3) for the differential C(n+1)¢p.

Note that
|%bnpl _
)pi ) n,p — | n

n,p n,p
Again by applying Lemma 2.1 we conclude that pyp, — vpp uniformly on
D(p,t), for fixed t > 0 and when p — co. This means that for every € > 0
there exists p. such that |unp(2) — vnp(2)| < € for p > p. and for every
z € D(p, t).

|¢npl
p'nvp = ‘/‘l""f )p‘ﬂ.'

To prove (3.8) it is enough to prove

T Hnpfo ]| 1= gl
%) - =1 =0, p—oo.
([‘ g 1= |ptnpl? 1+ |pn pl ’

because

|tnpl
/Icppll T — const. >0, p— oo.

We have that un,p(z) — Upp When p — oo uniformly on D(p, t), for fixed ¢.
Then we obtain

ll ¥Yp 2

" HnpTel| 1 |ungl
/"Pp‘ = iiny
C

1- |Nn,p|2 1+ ‘Un,pl

2
_ ¥Yp
- / 5l L= o] 1= funl
’ lonpl® 1+ |pnpl
D(p,t)

2
_ Pp_
'1 'u'n’pkﬂpl _ 1- I'Uln,pl

1- ‘ﬂn,plz 1+ |ﬂn,p| .

+ / ool
C\D(p,t)
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It is clear that the above integral defined over D(p,t) tends to zero when
p — oo for fixed £. On the other hand by a change of variables we obtain

[ wd= [ el

C\D(p,t) C\D(0,t)

which shows that

2
— $p_
/ oy '1 ”W’I«pzl _ 1 — [pnpl

P 1- lﬂn,p|2 1+ |pnpl
C\D(p,t)

— 0,

uniformly in p when ¢ — co. Therefore we proved that (3.8) holds for a
large enough p.

The second part of the proof is to show that (3.6) holds for a large enough
integer p. Suppose that this is not true. Then we can choose an increasing
sequence of integers p,,, m € N and a sequence of positive numbers r,, such
that

1 1

3.9 10r2 (2 - ——) < / _

(3.9) m@ =) TR —
{lzl<rm}

for each r,,,, m € N. There are two options. First option is that sequence r,,
stays bounded when m — oo , say r,, < ro. Similarly as we did before, we
apply Lemma 2.1 and from the fact that 1, p,, — ¥, when m — oo we see
that (3.6) follows from (3.3). This contradicts the assumption (3.9). Second
option is that sequence 7y, is not bounded. By passing to a subsequence if
necessary we may assume that r,,, — oco. Let us obtain the contradiction to
the assumption (3.9). Rewrite the definition (3.5) as

T 2P pm

3.10 =
( ) /’Lnypm a__zwn’pm

For each py, the differential v, 5, is the linear combination of n + 1 differ-
entials of the type ¢,, which all have the same Bers norm. Also the largest
multiplicative coefficient in this linear combination is C(n + 1). This yields
that the following estiamte of the Bers norm %, ,. We have

lénpll < Cln+1)%le1ll5,

regardless of what point p we choose.
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Let 02|dz|? denote the density of the hyperbilic metric on the domain
C\ {1,2,3}. We have
a1 %|1(2)] = 0,Zm(z) — oo.
From the maximum principle for the hyperbolic metric and from the fact

that the domain R is contained in the domain C\ {1, 2,3}, we conclude that
01(2) < o(z) at every point z € R. We find

o 2|p1(2)] = 0,Zm(z) = oo.
Together the above relations give
0 tpn p(2)| = 0,Im(2) — o0.
By the definition (3.10) and the fact that
1< o_2w,2,’p,

we conclude that there is a constant L,, > 0 such that

1
(311) I,Mn,pm(z)l < §a
for each py, and for each z which satisfies that |Z{{(z)| > L.

As we already showed, the sequence of differentials ¢y, 5,, has uniformly
bounded Bers norm (the bound is independent of p,). Then it is well
known (see [24], [4], [6]) that there is a uniform bound on the modulus of
the dilatation py p,, . That is,

I,u’n,pml S q < 1
for some constant 0 < ¢ < 1. Set
Am ={|z| <rm}N{z € C:|Imz| > L}.

Using (3.11) and the above uniform estimate |unp| < g, we estimate the
integral from (3.6) as

=l B e el e
1 - Ilu’nypml - 1 - ‘:u’nypml 1 - I'u'n,pm|

{lzl<rm} {lzl<rm N\ Am Am
1

—q
Since the assumption was that r,, — oo, from the above estimate we derive
contradiction with (3.9). This proves that (3.6) holds for every large enough
integer p. The lemma is proved. d

<7 Lrp + 2112, = 2702, 4+ O(rm).
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Lemma 3.2. There exists an increasing sequence of positive integers {py},
k € N and a positive constant C such that for ¥ € QD(R) given by

(3.12) ¥(z) = C)_ kpp(2),7 € R,

the following holds. Let w denote the solution of the equation (2.3) for v
given by (3.12). Set

/J'zi
w?’

Then the following conditions are satisfied

(3.13) / 1 < 2072,
1 —|ul
{lz]<r}

for each r > 0,

!‘Ppk!

for each pg, k € N, and

N

“2(#)|$(2) — Chepp, (2)] <

holds for z € {|z — px| < k} and for k € N, where 0?|dz|? is density of the
hyperbolic metric on R.

Proof. Set p1 = 1. First, it follows form [22] that we can find the positive
constant C' such that the following holds

[ 1
/ 1 — |
{lz]<r}

<10r%2(2 -1)

for each 7 > 0, and

2
‘Ppl 1 1—|U1]
<2(2-= .
/IS"m ]2 - ( 1)(/:I(pplll+|u1|
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Now we consecutively apply Lemma 3.1. At the n — th step, and for each
n € N, we can choose a positive integer p, such that for each 1 <k < n
and for u, given by (3.2) we have that the following relation hold

N

{lzl<r}

for each r > 0,

1 1 — ||
3.16 ""’k <2(2——)/ nl
(3.16) / Y nteicn | o 2) [ el

for each pg, 1 < k < n. If we return to the statement and the proof of
Lemma 3.1, we see that we have to choose p, to be large enough, but on
the other hand there is no bound on how large p, has to be. Because of
this, at the each step of the way we can take p, large enough such that the
inequality

X DNnla) - Chiop ()l < (2 1) 1

holds for z € {|z — px| < k} and each 1 < k < n. With this choice we
have arranged two things. First, we have that the sequence of differentials
1, given by (3.1) converges uniformly to ¥ on compact sets in R and in
particular 1 is well defined. Second we have that

o~ H(2)|$(2) = Chepp, (2)] <

El )

holds for z € {|z — px| < k} and for each £ € N.

We now show that the sequence {py} determined by (3.15) and (3.16)
satisfies the rest of the assumption of this lemma. By applying Lemma
2.1 once again we see that u, — p uniformly on compact sets in R (and
consequently on compact sets in C). Now (3.13) and (3.14) follow from
(3.15) and (3.16) respectively, once we let n — oo. O

Lemma 3.3. Assume that v € QD(R) and p are given by the previous
lemma. Then there is a planar domain S and o surjective harmonic diffeo-
morphism f : R — S such that Hopf(f) = ¢ and Belt(f) = pu. Moreover
the diffeomorphism f preserves the real line R.
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Proof. Let Sy, be the planar domain for which f,, is the harmonic diffeomor-
phism f, : R — S, given by Proposition 2.2 where

HOpf(fn) = Pn.

The differential 1, has the form given by (3.1) where C' > 0 and {pt},
1 < k < n are determined by Lemma 3.1 and Lemma 3.2. Also we may
assume that f,(0) =0 and f,(1) = 1. For a moment we consider f, just as
a quasiconformal diffeomorphism and we can forget that f, is a harmonic
map. Note that the map f, extends to a quasiconformal diffeomorphism of
the complex plane onto itself. We have that pu, is a Beltrami dilatation of
fn. The Hopf differential ), takes the real values on the real line (except
possibly at points from Z where it has at most first order poles). Therefore
the Beltrami dilatation p,, satisfies the symmetry condition and f,, preserves
the real line (moreover f, maps a symmetric points onto the symmetric
points with respect to R). From the proof of Lemma 3.2 we know that
Uy converges to u uniformly on compact sets in C. Therefore, by passing
onto a subsequence if necessary, we find that on each compact set in C the
sequence f, converges to a quasiconformal diffeomorphism f whose Beltrami
dilatation is u. In general f is a diffeomorphism of the complex plane into
itself because its Beltrami dilatation is a continuous function p (see [1],
[22]). But from (3.16) we see that p satisfies the assumptions of Corollary
2.2 and by existence and uniqueness part of this corollary we conclude that
the diffeomorphism f is surjective map of the complex plane onto itself. Also
we see that f preserves the real line (it is also symmetric with respect to
the real line same as each f,).

It remains to find the domain S and to show that f is a surjective
harmonic diffeomorphism of R onto S. Simply take S = f(R). It is clear
that the sequence of the domains S, converges to the domain S in the
Hausdorff metric. This implies that p2|dz|?> — p?|dz|?> on compact sets in
upper and lower half plane (this convergence holds as well on the compact
sets of the real line which do not contain boundary points of S and S, when
n is large). Here p2|dz|? denotes the density of the hyperbolic metric on Sy,.
Since f, and f are diffeomorphisms , and locally uniformly quasiconformal
maps, and since u, — p locally uniformlly on R, it is known (see [1], [13])
that the sequence of gradients of the maps f, converges locally uniformly
to the gradient of f on compact subsets in R. From all this we see that the
Hopf differential of f is equal % , that is

Hopf(f) = (o} o f) f:(fz) = ¥.
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On the other hand it is well known (see [21]) that a diffeomorphism defined
on a Riemann surfaces is harmonic if and only if its Hopf differential is a
holomorphic quadratic differential. This shows that f is harmonic and the
proof of the lemma is complete. a

Lemma 3.4. The domains R and S defined above are not quasiconformally
related.

Proof. We apply Lemma 2.1. First we have to prove that in this case the
assumptions of Lemma 2.1 are satisfied.

Take a point p, from the sequence {py}, k¥ € N. Set

Qn = f(pn)abn = f(pn + 1)acn = flpn + 2)-
Note that a, < b, < cp. Define Ky(n) as
Ko(n) = inf K (9)

where K(g) is maximal dilatation of the quasiconformal map g and the
infimum is taken with respect to all quasiconformal maps g which satisfies
the boundary condition a, = g(py), bn = g(pn + 1), ¢n = g(pn +2). First we
show that Ko(n) — oo when p, — co.

From Lemma 3.2 we conclude that
(3.17) 0_2(z)|¢ - Cnp, (2)|(2) = 0,pp — 0

uniformly for z € D(p,,t) N R. Here t > 0 is a fixed number and D(py,,t)
denotes the disc of radius ¢ > 0 centered at the point p, (note that the
first order poles of ¢ do not interfere with this conclusion). In particular we
have o2|1)|(2) = 00, pp — 0o uniformly for z € D(py,t) N R. Let us show
that |u(z)| = 1 when p, — oo, uniformly on compact sets in D(p,,t) N R.
This conclusion is essentially the consequence of the maximum principle
introduced by Wolf and Minsky in [25],[18] (see also [24],[4]). In particular
we use techniques from [4] but details may vary.

Fix z, € D(pp,t)NR such that for two different points p,, and p,, we have
that 2, — 2y, is a real number such that is z,, arises from z, by translating
zp, for the vector p,, — p,. Define

m@=fﬁ,
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where z € D(py,, t)NR. From (3.17) it follows that 1(z) does not have zeroes
in any compact subset of D(p,,t) for p, large enough (because @p, (z) does
not have any zeroes in C). This implies that P, is well defined on the disc
D(zp,d), which is contained in D(py, t), for p, large enough. Here we define
d > 0 to be the minimum of the distance from z, to the set of punctures of
the domain R and the distance from z, to the boundary of D(z,,d). Since
Zn — Zm = Pp — Pm We see that the distance d is the same for every z,.
Function P, is known as the natural parameter for the differentials ¢. By
applying the Kéebe and the Bloch theorems (in the same way it has been
done in [4]) we easily find an open set U, contained in D(z,,d) such that
P, is univalent on Uy, Py(2,) = 0 and P,(U,) = D(0,7,). D(0,7,) is the
disc centered at 0 of radius r,. In particular since

IP;z(zn)l = W‘(zn)lz — 00, Pp —* 00,

from the Koebe theorem and the fact that the Euclidean radius of U, is
uniformly bounded by %, we conclude that r, — co when p, — oco. Next
define v, (w) , w € D(0,7y,) such that

n

P

n

Al

va(Pa(2) 22 = ().

We show that |v,|(0) = 1,p, — co. Note that v, satisfies the equation

1

W B anlz

Alog =l
on D(0,7,). By Proposition 2.1 and Proposition 2.2 we know that there
exists function 7, defined on D(0,r,) which satisfies

1 1
Alog — = —— — |7a|?
]~ e~ 10

and such that the metric space (D(0,7,), ﬁ]dw?) is a complete Rieman-
nian surface. From the maximum principle proved in [24] (see also [22], [10])
it follows that |7,| < |v,| at every point of D(0,7,). On the other hand since
rn — 00 when p, — oo we know (see [21],[4], [23]) that |1, (0)] — 1. There-

fore we proved that for every point 2z, € D(py,t) we have |u(2z,)| = 1 when
Pp — 00.

Note that the diffeomorphism f and the quasiconformal maps g defined
above take the same values at the points p,,pn + 1,pn, + 2. Therefore we
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may apply the fundamental form of the Reich-Strebel inequality (also called
the Main inequality, see [19], [9]) to the maps f and g and to the quadratic
differential ¢,,. The differential ¢p, has only first order poles at the points
DPnyPn + 1, pn + 2, 00, as the differential on the Riemann sphere. In this case
the Fundamental inequality has the form

/I(P | l‘Ppn|
L= uf?

Remark 3.2. Note that the while g is a K-quasiconformal map, the dif-
feomorphism f is not a quasiconformal map. Therefore in order to apply
the Main inequality in this setting we use the results (see [17],[15]) where
the Main inequality was proved in this general setting without the restric-
tion that the mappings we apply the inequality to, have to be necessarily
quasiconformal(they still have to be univalent and quasiconformal on every
compact subset of the underlying domain).

Note that
0< /Igopnl = const. < 0o

for each p,. Also we have

0< / lope | = 0, = oo
C\D(pn,t)

uniformly for every point p,. Combining this with (3.16) and the fact that
|| = 1 uniformlly in compact sets in D(p,,t), we conclude that Ky(n) —
0.

In order to apply Lemma, 2.1 to the harmonic diffeomorphism f : R — S
we need to show that the supremum s defined by the formula (2.8) equals
oo. That directly follows from the fact that Ko(n) — oco. Namely if s is a
real number (and not equal co ) we would have that the sequence

an — by by, —cp
bn_Cn an_bn

remains bounded when n — co. In this case it is elementary to directly
construct the sequence of Kj-quasiconformal maps {g,} which satisfy

ap = gn( n)abn = gn(pn + 1),Cn = gn(Pn + 2)7
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and where K is a constant which depends only upon the upper bound of
the above expression . But this would imply Ky(n) < K; < oo which is a
contradiction. (]

Theorem 1.1 is proved. O

4. Harmonic diffeomorphisms between surfaces of finite
topological type.

In this section we prove Theorem 1.2. The notation we introduce below
remains valid throughout the entire section. We already mentioned that
every Riemann surface R of finite topological type is conformally equivalent
to the Riemann surface obtained from some closed surface M of the finite
genus g with n discs D;,1 <4 < n and m punctures p;,1 < j < m removed.
That is

(4.1) R =M\ (U D)\ (UjLpj)-

Suppose that f : R — S is a surjective harmonic diffepmorphism and assume
that (R, |0f|?|dz|?) is a complete Riemannian surface. Set Hopf(f) = dz?.
We note that |0f| is the solution of the equation (2.3) for the differential
dz?. The Riemann surface S is of finite topological type as well. Moreover
S is represented as

(4.2) S=N\ (U?=11D1i) \ (UTélqj),

where N is some closed Riemann surface of the same genus g and D?;,
1 <1< ny,gqj, 1< j <my arerespectively the discs and punctured removed
form N. Since f is a homeomorphism we have that n +m = n; +m;. The
necessary and sufficient condition for surfaces R and S given by (4.1) and
(4.2) to be quasiconformally related (see [1], [13]) is that n = n; and m = my,
and that the surfaces M and N share the same genus g. So, in order to
prove Theorem 1.2 we need to show that under the given assumptions we
have that n = n; and m = m;. To do so we need to investigate the behavior
of the map f near removed discs D; and punctures p;.

Let U; be the subset of R such that U; is conformally equivalent to the
annulus P(r) = {r < |z| < 1} in the complex plane for some 0 < r < 1 and
such that the set U; UDj is a simply connected domain in the closed surface
M. Let Vi = f(Uy). Since f is a homeomorphism we can find either disc D!
or a puncture g; from the representation (4.2) such that union of V; with
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one of these two is a simply connected domain. This simply means that f
maps the neighborhood of D; either onto a neighborhood of some disc or a
neighborhood of some puncture from the representation (4.2). In the first
case V; is conformally equivalent to an annulus and in the second case V;
is conformally equivalent to the punctured unit disc D* = {0 < |z| < 1}.
Since f is a harmonic map it turns out that precisely one of these two cases
can occur.

Lemma 4.1. With the notation and assumptions stated above we have that
the 1tmage V1 of the domain U; is also conformally equivalent to an annulus.

Proof. Once again we denote by 02|dz|? the density of the hyperbolic metric
on R where z is the local parameter. Note that in this case R is a hyperbolic
Riemann surface since we removed at least one disc from the closed surface
M to obtain the Riemann surface R. Denote by p?|dw|? the hyperbolic
metric on S (of course S is a hyperbolic Riemann surface and the map f is
harmonic with respect to the metric p).

Suppose that Vi is conformally equivalent to the punctured unit disc D*
and let g; be the puncture such that Vi U q; is a simply connected domain
in N. Then we have that the hyperbolic area of V; is finite. Recall that
|0f| satisfies the Bochner identity (2.1). An equivalent form of (2.1) is the
following formula

Alog(|8f]) = |8f|* — [9f*.

The right side of the above formula is exactly the Jacobian of f taken with
respect to the hyperbolic metric on S. We have

(4.3) / 072 — 312 = / Alog(|df]) < oo.
U, Uy

Let a : Uy — P(t) be the conformal map such that |a(p)] — 1 when p
approaches the boundary of R. Denote by <, the pull back of the circle
|z]| = ¢ for every r < t < 1. Set

1
It)==— /1
(0 = 5= [ og1o1]
Tt
For tg < t, the Green’s formula yields

tI'(t)—tOI'(to)=%/Alog(|af|),
G(t)
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where G(t) is the region bounded by 7;, and +; and I (¢) is the derivative
of I(t) taken with respect to the real variable ¢. From (4.3) and the above
relation it follows that I'(£) remains bounded when ¢ — 1. But this implies
that I(¢) remains bounded when ¢ — 1. That is impossible because the
inequality 1 < 072|df| directly implies I(t) — co,t — 1. This proves the
contradiction and we conclude that V; has to be conformally equivalent to
an annulus. O

Next we consider the case when U is the subdomain of R conformally
equivalent to the punctured unit disc D*. Also there is a point p; from the
representation (4.1) and the set U; U Dy is a simply connected domain in
the closed surface M. Let Vi = f(U;). Again we have find that since f is
a homeomorphism we can find either a disc D} or a puncture ¢; from the
representation (4.2) such that union of V; with one of these two is the simply
connected domain in N. This simply means that f maps the neighborhood
of p; either onto a neighborhood of the disc or a neighborhood of a puncture
from the representation (4.2). In the first case V] is conformally equivalent
to an annulus and in the second case V; is conformally equivalent to the
punctured unit disc D* = {0 < |z| < 1}. In this type of the situation we
know that V] can be conformally equivalent to the punctured unit disc but
unlike the case we had in Lemma 4.1, without further assumptions we can
not exclude the possibility that V7 is conformally equivalent to an annulus.
We have

Lemma 4.2. With the notation stated above and under the assumptions of
Theorem 1.2 we have that V7 is conformally equivalent to the punctured disc.

Proof. By p1|dz|?> we denote the hyperbolic metric on the domain U;. Let
g : Uy — A be the harmonic diffeomorphism from Corollary 2.1 such that
Hopf(g) = 1dz?. Set Vg—i- = Belt(g). By the same corollary we know that A
is the Riemann surface conformally equivalent either to an annulus or to the
punctured unit disc. Also, both |dg| and |0f| satisfy the equation (2.3) for
the same differential ydz2. Since (U1, |dg|?|dz|?) is a complete Riemannian
surface we obtain that the inequalities

(4.4) 105] < 199l,199] < |07,
hold at every point of U;. Set ,u% = Belt(f). Form (4.4.) we obtain that

v < |u|
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hold on U; as well.

Now we prove that the map g is surjective. Let v be an arbitrary smooth
curve in U; such that vy does not remain in any compact subset of Uy, that is
~ has density points on the boundary of U;. To prove that ¢ is a surjective
map it is enough to show that the hyperbolic length [4(g(7)) in A is infinite.
The domain U; has the two boundary components, one of them is the point
p1 and the second one is some simple closed curve u; compactly contained
in R. The first case we have to consider is when <y has density points on u;.
As a harmonic diffeomorphism the map f is the smooth and quasiconformal
in some neighborhood Uy of u; which is compactly contained in R. Then
there is a constant ¢ < 1 such that |v < |u| < ¢ holds on U;. We have

|dz|

— d"
La(g(7) =/|8gdz+39d2| =/|8g||1+u£
Y ¥
> / 19/(1 - q)|dz| = co.
Y

The value of the last integral above is equal co because the metric whose
density is given by |0g|?|dz|? is complete on Uj.

The second case we have to consider is when the point p; is the density
point of the curve . This is the place where we essentially use the assump-
tion that the harmonic diffeomorphism f : R — S is surjective. Namely in
this case we have that the hyperbolic length Ig(f(7)) of the curve f(y) in S
is infinite. We have

Is(g(7)) = / 107dz + Bfdz| = oo.

v

Now we prove the inequality
(4.5) |8fdz+5fd2| < lagdz+ggd2|,

which immediately yields the conclusion 14(g(7y)) > ls(f(y)) = 0. Com-
bining the fact that _

of _ %

dg  Of
with (4.4), we conclude that

0712 +18f* < 189]* + 199/,
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holds everywhere in U;. After the squaring, the inequality (4.5) becomes
the same as the above inequality and therefore (4.5) is proved. The fact
that the map ¢ : U; — A is surjective is now proved.

By the assumption of Theorem 1.2 (and this lemma) we conclude that
the image surface A is conformally equivalent to the punctured unit disc.
Let us show that V; has the same property. From (4.4) we derive J; < J,
where the Jacobians J; and J; are taken with the respect to the hyperbolic
metric on S and A respectively. Let U; be the neighborhood of the point p;
defined by U; = U; \ U;. A is conformally equivalent to the punctured unit
disc and we conclude

/ Jy < 0.

U1
But then we have that the same holds for the map f

/JfSOO.

U,
Since f is surjective, an immediate corollary of the above inequality is that

V) is conformally equivalent to the punctured unit disc and we the lemma
is proved. O

Proof of Theorem 1.2. From Lemma 4.1 we see that the map f maps the
neighborhood of the removed disc from (4.1) onto the neighborhood of the
removed disc from (4.2). From Lemma 4.2 we have that the same conclusion
holds for removed punctures. Therefore we derive that n = n; and m = m
and we conclude that R and S are quasiconformally related since we already
know that M and N have the same genus g. O
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