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1. Introduction.

We examine the following fully nonlinear partial differential equation on a
smooth compact n-dimensional Riemannian manifold (N, g)

2
(1.1) a,i/k <V2u+du®du— |—v—2u—|—g+5') = (z,u) >0,

where oy, is the kth elementary symmetric function of the eigenvalues, S is
a symmetric tensor, V denotes the gradient, V2 denotes the Hessian, and
du is the differential of u.

Definition 1. Let (A1,...,A,) € R™". We view the elementary symmetric
functions as functions on R"

O‘k(>\1,...,>\n)= Z >\i1"')‘ika

i1<"'<ik

and we define
I'} = component of {o4 > 0} containing the positive cone.

We also define I', = —Fk+.

For a symmetric linear transformation A : V' — V, where V is an n-
dimensional inner product space, the notation A € I‘f will mean that the
eigenvalues of A lie in the corresponding set. We note that this notation
also makes sense for a symmetric tensor on a Riemannian manifold.

We assume the following conditions

(1.2) Serf,
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and there exist two constants § < 0 < § with
(1.3) (,8) < 03/ *(S) < 9(x,3) for all z € N.

For example, we may take S = g, and 9(z,u) = f(z)e*, with f(z) > 0
any smooth positive function. We shall see that (1.2) is the condition for
ellipticity, and (1.3) is the C° estimate. For equation (1.1) with 1 < k < n,
we will prove

Theorem 1. If § € C™®, ¢ € C™, and both (1.2) and (1.3) are satisfied,
then there ezists at least one solution u € C®(N) to (1.1) satisfying § <
u < 6.

In the beautiful paper, [Li90], Yanyan Li proves the existence of a solu-
tion to the following equation on a compact Riemannian manifold

o ¥ (VPu + I) = 9(z,u) >0,

provided that N has non-negative sectional curvature. We would like to
emphasize that because of the quadratic gradient terms in equation (1.1),
we do not require any curvature assumption in our existence theorem.

The main part of our proof is the derivation of an a priori C? estimate
on solutions. The C>% estimate follows from the work of Evans [Eva82], and
Krylov [Kry83] for concave, uniformly elliptic equations. See also [GT83] for
an excellent exposition of these results. From these estimates, we obtain the
existence theorem by applying the degree theory for fully nonlinear second
order elliptic equations developed by Yanyan Li in [Li89].

We will also discuss the equations (1.1), when S € T';, the negative
cone. By sending u to —u, we see that the negative case is equivalent to the
positive cone case of the following equation

[Vul?

(1.4) ai/k <V2u —du® du + g+ S) = (z,u) > 0.

In Section 7, we will show for 1(z,u) = f(z)e¥, the C' estimate still holds
for this equation, but our method for obtaining the C? estimate does not
work. We do not know if there exists a solution in this case.

1.1. Conformal Geometry.

We would also like to point out that (1.1) has geometric origin in conformal
geometry; see [Via0Oa]. Let (IV,g) be a Riemannian manifold of dimension
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n > 3, and we define
1 . R
Ag = — <ch— _—2(71—1)9) )

where Ric and R are the Ricci tensor and scalar curvature of the metric g,
respectively. We consider the curvature equation

(1.5) a;/k(Ag) = constant > 0,

for metrics g in the conformal class of g. Notice that for £ = 1, the trace,
this is just the Yamabe equation.

If we let § = e~2%g, then the curvature equation (1.5) may be written as
the partial differential equation (see [Via0Oc])

|2

(1.6) ai/k (V2u +du®du— IV;

g+ Ag) =e 2,
where we have normalized the constant to be 1. This equation is conformally
invariant; see [Via0Ob].

If Ay € T}, the equation (1.6) does not satisfy (1.3), but our results here
reduce the compactness question to obtaining a C° estimate on solutions.
To this end, for the determinant case, we have the following. Let Q = {g €
lg] : A7 € '}, where [g] denotes the conformal class of g, and define the
conformal invariant

(1'7) U([g]) = g';gffl (Amax(Ag)D2) 3

where \yax(Az) denotes the maximum eigenvalue of the curvature A; on N,
and D is the diameter of (N, g). If Q is empty, then define o([g]) = oo.

Theorem 2. If (N,[g]) satisifes o([g]) < %2, then there ezists g € [g] sat-
isfying

(1.8) det(4;) = 1.

Furthermore, the space of solutions of (1.8) is compact.

In Section 8 will show that, in this case, convexity yields a Harnack
inequality for solutions which, together with a maximum principle argument,
produces the necessary C° estimate. To show existence, we use a fixed
point theorem of Berger ([Ber77]), following an argument from the paper of
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Delanoé [Del81]. We will also give some examples of manifolds satisfying the
condition o([g]) < 523, and demonstrate that o(S™, [go]) = 75—2, where (S™, go)
is the n-sphere with the standard metric. Therefore Theorem 2 is analogous
to the first step in the solution of the Yamabe problem: if the o-invariant
is strictly less than that of the sphere, one has existence of solutions and
compactness of the space of solutions.

The case k£ = 1, the Yamabe Problem, has been solved by Aubin and
Schoen (see [LP87], [Sch89]), and the proof of the C? estimate for the Yam-
abe equation in the locally conformally flat case, along with an brief outline
of the proof in the general case, may be found in [Sch91]. Because of the
conformal invariance of equation (1.6), it is reasonable to expect that we also
have compactness for all k,1 < k < n, if (IV, g) is not conformally equivalent
to (S n;QO):

Conjecture 1. If A, € T, then there ezists a conformal deformation
g = e*g such that ox(Az) = 1. Furthermore, if (N,g) is not conformally
equivalent to S™ with the standard metric, then the space of solutions is
compact.

Again, the results in this paper reduce this compactness statement of
this conjecture to obtaining C° estimates on solutions. The existence should
then follow from a suitable topological argument. We mention that recently
Chang, Gursky and Yang, have proved the conjecture for o3 in dimension 4
(see [CGYO1]).

Finally, if Ay, € T',, then writing g = e?*g, and normalizing the constant,
the equation (1.5) becomes

2
(1.9) a,i/k (Vzu —du®du+ IvTulg — Ag) =%,

This is precisely equation (1.4) and, as mentioned above, from the results in
Section 7, we have an a priori bound on the C! norm of any solution. We do
not know if there exists an a priori C? bound for solutions of this equation.
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Guan, for pointing out the improvement of the original argument of Propo-
sition 13 which gives the best constant. He would also like to thank Alice
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Yu Yuan for their interest and many useful comments.
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2. Ellipticity.

In this section we will show that the equations (1.1) are elliptic at any
solution.

Definition 2. Let A: V — V be a symmetric linear transformation where
V is an n-dimensional inner product space. For 0 < g < n, the gth Newton
transformation associated with A is

T,(A) = 0g(A) T — 04_1(A) - A+ -+ + (—=1)947,

It is proved in [Rei73] that if A;- are the components of A with respect
to some basis of V' then

_ 1.0 47 7
(2.1) Tq(A)j 576]1 ]‘;JAMI Ai;’,

where lel...jz ; is the generalized Kronecker delta symbol, and we are using
the Einstein summation convention. We also have

(2.2) op(A) = k@;i kAT Ak,

We note that if A: R — Hom(V,V), then

4 Ay = T (A9 L a5,

(2.3) icrk(A(t)) = Ti-1(A(t)); dt

dt Idt

that is, the (kK — 1)-Newton transformation is what we get when we differ-
entiate oy.

The following proposition describes some important properties of the
sets I‘,’:.

Proposition 1. Each set I‘;c" 18 an open conver cone with vertex at the
origin, and we have the following sequence of inclusions

rfcrt ,c---crf.

For symmetric linear transformations A € F,’:, B €T}, and t €[0,1], we
have the following inequality

(2.4) {on((1 = ) A+ EB)}* > (1 = ) {on(A)}* + t{ou(B)}/*.

Furthermore, if A € I‘fc', then Ty—1(A) is positive definite.
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The proof of this proposition is standard, and may be found in [CNS85]
and [Gar59]. Note that by replacing A with —A, analogous statements hold
for ', . Note that the inequality (2.4) states that 0,1/ ¥ is a concave function
in T}

Definition 3. A function u € C?(N) is positive k-admissible, or negative

k-admissible if

[Vul?

(2.5) Vi = Vu + du ® du — g+S

is everywhere in I'}” or I, respectively.
Yy k k Y

Proposition 2. If S € I‘,‘:, then equation (1.1) is elliptic at any solution.

Proof. Since N is compact, at a minimum of the solution u we have

ot® (V2u(p) + S(p)) = w(p,u(p)) > 0,

with V2u positive semidefinite. From Proposition 1, we then have, at the
minimum point, V2 is in I‘,‘c". Therefore since the cones are connected, by
continuity we have u is positive k-admissible. A similar argument holds in
the negative k-admissible case.

Claim 1. If we make the conformal change of metric § = e~?*g, then for
any function h,

(2.6) VZ(h) = V2(h) + du ® dh + dh ® du — (du, dh)g.

where V2(h) is the Hessian of h with respect to the metric g, and Vg(h) is
taken with respect to g.

Proof. We have for the Christoffel symbols (see [Bes87])
f‘éj = I‘éj — uidé — uﬁé + gijglrur.

Therefore

(V2h)i; = hij — Tiihy
= hij — (Tl — wid — u;6; + gijg ur)

= (vgh)ij + u,-hj + ujh; — glr’u,rhlgij. 0
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We let

2
Flu, Vu,VZu =¥ (V2u + du®du — [Vul go+ S| —¥(z,u).
k 2

From (2.3) and (2.6), we see that the linearization at the solution u in the
direction h is given by

(2.7) F'[u, Vu, V2u](h) = 0%(V?u ) T (V2 )4 (V2h)i; — Puh.

Since V2u is in F;c", from Proposition 1, we are done. O
3. C° estimate.

In this section, we present the necessary C° estimate which will be required
in the existence proof. We will give the general argument, and then also
an easier argument in the case that ¥ (z,u) = f(z)e*. In order to apply
the maximum principle, we need to rewrite the equation as follows. We let
w = e¥, and the equations (1.1) become

1 2
(3.1) il < Viw - = @g + s) = 3(z, Inw),

Proposition 3. If wy is positive k-admissible, and wy is positive k-
admissible, then (1 — t)wg + twy is positive k-admissible for t € [0,1].

Proof. By positive k-admissible, we mean that the matrix

B |Vw|?

Viw = wViw g+ w?S

is in I'f. The multiple of w is irrelevant, since w = e* > 0. Letting
wi(z) = (1 — t)wo(z) + twy(z), we must show that Viw, € TY, ie., Fy is
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elliptic at w; for ¢ € [0,1]. We have

Vg |?
- L—Zig + ((1 = t)wo + tw1)?S

= ((1 = t)wo + tw1) ((1 — ) Vwp + tV2wy)
IV ((1 — t)wo + tw1)|?
+ (1 —t)2waS + 2t(1 — Yywowy S + t2w?S

= (1 — t)%wo V2w + t2w; VZ2w; + (1 — t) (wo VZw; + w1 Vo)

2 2
- ((1 - t)2M +t(1 — t)Vawy - Vg + tzM) g

?th = wtvzwt

2 2
+ (1 = )%wdS + 2t(1 — tywow, S + t*wiS
= (1 —t)2V2wq + t2V2w; +t(1 —t)
[ wo o, _ [Vwi? | |[Vwi]?
(wl (w1V wy 5 9t g)
[Vwol®>  [Vuwgl?
2 973

w1
+ 2 vy
Wo

+ 2t(1 — tywow1 S
=(1- t)((l — £)V2w, + tﬂvao) +t(tv2w1 +(1- t)"—”Ele)
wo

g) = (Vwr - Vwo)Q)

w1
(1 —1¢
+ 2(w0'w1) (wglv’wllz + ’UJ%lV’w(ﬂ2 — 2'LU0Vw1 . wlvwo)g
=(1- — V2 W1 g2 =2  \Wigo
=(1-1) ((1 t)V=wy +tw0V ’wo) +t<tV wy + (1 t)wov wl)
t(1—t) \
+ 2wy (IWOVUH — w1 V| )g.

From Proposition 1, the first two terms together are in F;C". The last term
is a non-negative multiple of the identity, so again using Proposition 1, we
are done. O

Proposition 4. Suppose S € C°, ¢ € C!, and both (1.2) and (1.3) are
satisfied. Then any C? solution u of (1.1) with § < u < § satifies § < u < 4.

Proof. Assume we have a solution u of (1.1), with § < u. We let

(1 1 |Vw|?
F[w]=a,t/ ({v_vzw—EEI 2'

g+ S) — (z, lnw).
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Then letting w = e, the function w — ed > 0 satisfies
L(w — ) = Flw] - Fle] = 0— 0/*(8) + 9(z,6) <0,

where L is a linear elliptic operator (this follows from Proposition 3, see
[GT83], Chapter 17), so by the maximum principle, we have e < w, that
is, § < u. The proof of the strict upper inequality is similar. O

Remark. Why did we change to w = €* in the above argument? A
computation similar to that of the proof of Proposition 3 shows that the
original equation (1.1) is elliptic along the straight line path only if & <
n/2. We are just using a different straight line path in order to apply the
maximum principle.

In the case that 9(z,u) = f(z)e", we present an alternative, more ele-
mentary derivation of the C° estimate.

Lemma 1. Let A and B be symmetric n X n matrices. Assume that A is
positive semi-definite, B € ].",'c", and A+ B € ]."2'. Then

o4(A+ B) > ok(B).
If A is negative semi-definite, then

ok(A+ B) < ox(B).

Proof. Let F(t) = ox(tA+B)—o(B) for t € [0,1]. Note that from convexity
of the cone I'}’, we have t(A + B) + (1 —t)B = tA+ B € I'}. Using (2.3),
we have

F'(t) = Ty—1(tA + B)Y Ai; > 0,

since Ty_1(tA+ B) is positive definite from Proposition 1. Therefore F(t) is
non-decreasing, and F'(0) = 0, so we have F(1) = ox(A + B) — ox(B) > 0.
The negative case is similar. a

Proposition 5. Suppose S € C° satisfies (1.2). If ¢(z,u) = f(z)e¥, for
f(z) > 0 a positive C° function, then there exist constants § < 0 < 6
depending only upon f, S and k, such that for any solution u(z) of (1.1),
we have § < u(z) < 6.
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Proof. Since N is compact, at a minimum of the function u(z) we have

ar/* (V2u(p) + S(p)) = f(p)e®)

with V2u(p) positive semidefinite. From the lemma we have
1/k
o/ (S()) < f(p)e@),
and certainly we can choose d such that

1/k 1/k
u(z) > u n UL_(§(_p)_). o | minZk (S(2))
(z) 2 u(p) 21 ( o) )_>_l (zGN————f(x) )>é-

Similarly, if the maximum of u(z) is at ¢ € N, we can choose § such that

a.'*(S(q)) o s@)\ -
u(z) <u(g) <ln (W) <In (rmléa]sfc——’“—fw—) < 4.

4. C' estimate.

Proposition 6. Suppose S € C, ¢ € C, (1.2) is satisfied, and u is a C®
solution of (1.1) satisfying § < u(z) < 0. Then there exists a constant Cy
depending only upon S,,0,0, and k such that

IV’U,lco S 01.

We consider the following function
2
b= <1 + IV;I )ed)(u)’

where ¢ : R — R is a function of the form

#(s) = c1(c2 — s)P.

The constants c1, co, and p will be chosen later. We will estimate the maxi-
mum value of the function h, and this will give us the gradient estimate.

Since N is compact, and h is continuous, we suppose the maximum of h
occurs and a point p € N. We take a normal coordinate system (z,...,z")
at p. Then we have g;;(p) = d;5, and I‘j-k(p) = 0, where g = g;;dz'dz?, and
I, is the Christoffel symbol (see [Bes87]).
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Locally, we may write h as
L B1) — pet(v)
h = 1+§g Ul | € = pe\"/,
In a neighborhood of p, differentiating h in the z* direction we have
1
O;h = h; = §61-(gl"“”ulum)e“s(u) +ve?@ ¢ (u)u;
(4.1) = %ai(glm)uzumed’(") + g™ 0i(up) ume®™ + ve? ™ (u)u;

Since in a normal coordinate system, the first derivatives of the metric vanish
at p, and since p is a maximum for h, evaluating (4.1) at p, we have

(4.2) iy = —vd' (u)u;.
Next we differentiate (4.1) in the z7 direction. Since p is a maximum,

9;0;h = hjj is negative semidefinite, and we get (at p)

0> hyj = %ajaiglmul“me¢(u) + uggjure®® + gy e
+ wue® ¢ (wyu; + v;e? ¢ (u)u; + ve?™ (¢ (u))?usu;

+ ve?™ " (w)uju; + ve? ™ @ (u)uy;

Next we note that v; = ujju;, and using (4.2), we have

0> hij = %aj B0 ™ gt ® + g™ gyt
+ (¢ (w) — ¢/ ()?)ve?@uiu; + ve?™ ¢ (u)us

Next we divide by ve?(®), sum with Tj_;(V?u)¥ (which is positive definite
and symmetric), and we have the inequality

1 . 1 .
(4.3) 0> %T;zj_laiajglmulum + ;T/zj_lulijul

+ (8" (w) = ¢ WL yuiuy + ¢ (W) T i,
since wj;w; is positive semidefinite, and we abbreviate TI:]_ 1= Ty—1(V2u)4,
where V2« is the notation in (2.5) above.

We will use equation (1.1) to replace the u;; term with lower order terms,
and then differentiate equation (1.1) in order to replace the uy; term with
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lower order terms. Writing equation (1.1) with respect to our local coordi-
nate system, we have

. 1
(4.4) U;i/k (glJ (Uij —up I + uiuy — §(gr1r2urlurz)gij + Sij)) = P(z,u).

Note that the g¥ term is present since we need to raise an index on the

1/k

tensor before we apply o,
For a symmetric matrix A , we have the formula (see [Rei73])

Ti-1(A)Y9 Agj = koy(A).
Using this, and equation (4.4), we have at p,
[Vul?
2

Vul?
5ij + Sij — uuj + ‘—2—|-5i' - Si'>

T,:j_luij = T,:j_l (uij + ujuj —
.. 2
= koy, + T,:J_I (—uiuj + |z2u—|51 — Sz>
.. 2
(4.5) = k?/)(.’l?,'u)k + lej_l (—uiuj + Lv_;l_.(sz - Sij)

Next we take m with 1 < m < n, and apply On, to (4.4)
(4.6)

1-k . . .
O k lel_l (8mgl](v2u)ij + glj (uijm - Urm]-‘zj - uraml_‘:j + UimU; + UiUm;

1 1
- _(amgr1r2)urlurzgij - grlrzunmurzgij - é‘grlrzurlurgamgij + amSz]))

2
oy
T u™
We evaluate the above expression at p, and we obtain

(4.7)

We then sum with w,,, and using (4.2) we have the following formula
(4.8) T]ii1uijmum
=T, (“m“ramr% + 2v¢' (wuguj — v (u)|Vul>8;; + “mamSij)
+ 5 (it + | V).
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Substituting (4.5) and (4.8) into (4.3), we arrive at the inequality

1

>
0—21)

Té{laiajglmulum
1 .
+ ;T,zj_l (uluralrfj + 2v¢'(u)uiuj — v¢l(u)|VU|2(5¢j + ulalSij)
,d}k—l
v

49) kst + ey (—um s, - s,)

+

(o + 4l Vul?) + (¢ (w) = ¢ ()T i

Lemma 2. At p, in normal coordinates, we have

> (8:059™ + 20T Justin = 2> _ RitjmUitim,

l)m l,m

where Rjjjm are the components of the Riemann curvature tensor of g
(see [Bes87]).

Proof. The metric is parallel, so we have
0=V,g"™ = 8;g"™ + T4, g™ +THhg".
Therefore we have, at p,
0= 8;9;9"™ + OTL, 0™ + 0T = 0;0;9"™ + AT, + AT
Using this, we have
> (0:0;9"™ + 20T urtin = Y _(—0,T%, — BT + 2017w,
Lm

I,m
=2 Z(—&J‘}? + BlI‘?})ulum
L,m

=2 Z Riljmulum.

l,m
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Using the lemma, and collecting terms in (4.9), we arrive at

IV'MI2

(410) = (Pt ) = g () (z, )

> (¢"(u) ~ ¢'(w)? + ¢ (u))T”’ it
Vil

i uru u
+ T]zj_l (RiljmM - ¢ ( 1,] ¢ (U)SIJ + ;lalsz]> .

Now we will choose ¢(s).

Lemma 3. Assume that § < s < 6. Then we may choose constants c1,ca,
and p depending only upon §, and §. so that ¢(s) = c1(co — s)P satisfies

(4.11) ¢'(s) <0,
and
(4.12) ¢"(s) — ¢/ (s)* + #'(s) >0

Proof. We have
¢'(s) = —pei(ca — s)P 7,
and
¢"(s) = p(p — er(cz — 5)P 2

To satisfy (4.11) we need c¢; > 0, p > 0, and cy > s. So choose ¢ > §. Next
we have

¢"(s) — ¢'(s)* + ¢'(s)
=p(p—1)c1(ca — 8)7% — (per(ca — s)P1)? — pey(cp — )P~
=pecy(cg — s)P72 ((p —1) —peci(eg — 8)P — (c2 — s))

Now choose

1

1
p?- max{(c; — s)P}’

C1 =
and p so large that

_ 1
6<c2<§+p—1—1—).
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Then we have

Mis) — & (s)2 /(s 1
¢"(s) — ¢'(s) +¢()2p-max{(cz—3)p}
1
(

p- max{(cz — s)7}

1
(c2 —s)”_z(p—l 5 ) +s)

(c2 — s)P23(=d +s5) > 0.

With ¢(s) chosen as above, we let
€= —max{¢,(3)}a

and
&2 = min{¢"(s) — §/(5)° + (5)}.
From the inequality (4.10), we have

(4.13)

Uy Uy |Vul|?
€

c > €2T]z]_1uiu]‘ + T]zj_l (Riljm ” + 2 (5ij + ¢'(u)S¢j + ?lalsij) ,

where in this equation, and in what follows, C is a constant depending on
3,4, and .

Without loss of generality, assume that V2u is diagonal at p. Now if for
some i, a diagonal entry of the matrix in parenthesis above satisfies

UL Vul?
Riim—— + € [Vl
v 2

then we have the gradient bound. So we may assume that

+ ¢'(u)Sii + %315% <1,

U U, |Vul?
€1 2

u
Rilim —+ + ¢'(u)Si + ;lazsii > 1,

for all i. From the inequality (4.13), we conclude that
(4.14) C>ed TEui+d T,

7 1
Noting that

(4.15) YT = (n—k+1)ok,

(see [Rei73]) we deduce that

o1 < C.
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Proposition 7. Let k> 2, and A € 1";: be a symmetric linear transforma-
tion. If 0 < ¢; < 0x(A), and ox_1(A) < cg, then we have a bound on the
eigenvalues of A, that is, |\(A)| < C, where C depends only on c; and ca.

Proof. The proof may be found in [Li90]. O

Using this result, if £ > 2, we see that
Al <C,
and since Ty_1 is positive definite, this implies
1ﬂ42é>OJMi=L“m
Equation (4.14) then implies that
|Vul? < C.

Note that in the case k = 1, we do not require the proposition since ng =04,
and therefore (4.14) gives the gradient bound.

5. C? estimate.

Proposition 8. Suppose S € C?, ¢ € C?, (1.2) is satisfied, u is a C*
solution of (1.1) satisfying § < u(z) <6, and |Vu| < C1. Then there ezists
a constant C depending only upon S,1,6,0,C1, and k such that
[V2u|go < Ca.
Let S(TN) denote the unit tangent bundle of IV, and we consider the
following function w : S(T'N) — R,
w(ep) = (V2u+ du ® du + S)(ep, ep).

Since S(T'N) is compact, let w have a maximum at the vector é,. We use
normal coordinates at p, and by rotating, assume that the tensor is diagonal
at p, and without loss of generality, we may assume that &, = 9/ ozl

We let 7 denote the function defined in a neighborhood of p

o(z) = (V?u + du ® du + S)(8/0z',0/0z")
= (V2u)11 +u? + St

l 2
= Uil — Pu’u,l + Uq + Su.
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Differentiating in the ith coordinate direction, we obtain

(5.1) W; = U115 — aif‘luul - Fluuli + 2uquq; + 9;511.

The function w(z) has a maximum at p, so evaluating (5.1) at p, we obtain
(5.2) ury; = 0,1 u; — 2uyug; — 8;511.

Next we differentiate (5.1) in the z7 direction. Since p is a maximum,
0;0;w = w;; is negative semidefinite, and we get (at p)
0> wi; = u1145 — 0iajrl11ul - 6,'].—‘l11’u,lj - 6jI“11ul,~

+ 2ugjuy; + 2ugug; + 3i3j511.
We sum with T;_;(V?u)¥ (which is positive definite and symmetric), and
we have the inequality
(5.3) 02> Tl?—lullij - lej—laiajrluul - 2lej_18il—‘l11“lj
+2T,2’_1u1ju1,~ + 2T,2]_1u1uh-j + T,ﬁ’_lai(‘)jsu.

We will use (4.7) to replace the fifth term, and we will differentiate equation
(1.1) twice to replace the first term.
We recall that the equation is

1/k /&
ak/ (V2u) = 9(z,u).
To simplify notation, write f = ai/
we had (equation (4.6))

of

8'!‘,’]’

ke . . C
. Differentiating once in the z! direction,

(01(V?u)) = 1 + huur.

Differentiating twice, we obtain

I\ n e ir . B o en
o1 <3Tij> (01 (V2u);) + %(8181 (Vzu)z)
| of
- Brijarlm
= 'lel + 2'¢1uul + 'Qbuuu% + ¢uull-

1/k

Since o)

) @1 (%)) 01 (V2)}) + 22

are; (2181(V?u)))

is concave in ].";c", we have the inequality

(5.4) T | (3131(62?1)?) > PF (P11 + 2h1utn + Puutd + Puunr).
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From formula (4.6), we can expand the left hand side, and evaluate at p to
get

lej—1 (61 81 (Vzu);)
= TI:]—I (81619jl(§2u)u) + lej_l (uijll - 2’(1,1-1311—‘% - ’Uq-alall—‘gj
1
+ 2ujuin + 2uug — Ealalgrlmurlurgdij = (Ur11Ur + Ur1Ur1);;

1
— §|Vu[28181(gij) + alalsij).
From (5.2) we can replace terms of the form u;;; and we have

(5:5) T, (0101(V2)})
= T;ij_l (31319jl(‘72U)i1) + T,ij_l (Uijll — 2u; 01T — u, 0,0, T;
+ 2uj(airl11ul — 2uiuy; — 0;811) + 2unuj — %31319”7211,1%26%
— (ur (0, T4y w — 2urusr — 8,511) + Up1Ur1) 05
- %lvulzaﬁl (9:i5) + 31313ij)-

Substituting (5.5) in (5.4), we have

(5.6)
T/ij_luiju 2> —Tlij_1(31319ﬂ(62“)il)
+ T | (2ur1 01T + ur 010115 — 2u1uj1)
+ 2T | (—u; BT uy + 2ujuyu; + u;0:S11)
+ T3 (0 T wy — 2ugupuny — upBr 11 + Ur1tur )0y
+ lej—l (%313197”2’&““1‘25:']’ + -21-|Vu|231319ij - 3131517')

+ ’l»bk_l (¢11 + 2¢p14u1 + "/)uuu% + "/)u'ufll)-

Next we will substitute inequality (5.6) into (5.3). Note that the fourth term
on the right hand side of (5.6) will cancel the fourth term in (5.3). We also
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use equation (4.7) to replace the fifth term in (5.3). We have
0> T, (alalgﬂ(v?u)i,) +TY (2urlalr;fj + uralalrgj)
+217 | (= woiThu + +u;0,511)
+ T,:j_l (u,,a,,rlnu, — —ur 0,511 + urluH) dij
+TY (%31319”T2Urlur25ij + %lvul2a131gij - 31315ij)

+ '¢'k_1 ('¢'11 + 291u1 + @buuU% + 'lpuull)
— T,:j_laiajI‘luul - 2T,§’;18i1"11ulj

+ 2TI:J_1 (’Uzluralrgj - | 2’U,1Ui1’ucj |+ U]_U,rlur(sij - ulalsz])

+ 2k (¢1u1 n z/)uu%) +T9 ,0,0;5

Note that the boxed terms cancel. Using the bounds on lower order quan-
tities, the above simplifies to

C+C3 TP, > T (31319jl (vzu)i,) +oTid (urlalr‘;j)
(5.7) i
+ Tg_lurlurlé‘i_j + ":bk_lwuull - 2T]§J_18irl11ulj-

In this equation, and in what follows, C' is a constant depending only on
Sa ¢,§73, Cla and k.

The next step is to rewrite the second derivative terms in terms of V2u.
To further simplify notation, we let @;; = (V2u);;. We have

Ujj = Ujj — UUj + (IVu|2/2)6i,~ = Sij.
Substituting this into (5.7), we obtain
C+ CZ T > —T,?_l (3131yﬂﬁu)
7
+ 2T’§j_1 (’U,rl — Uruy + (|V’U,|2/2)5r1 — Sr1> 81I‘§j

+ (ST X (= + (VuP/231 = S

# 4  (a - o + (Val/2) - Su)
-2 8T, (ﬂzj — wu;j + (|Vul?/2)8; ~ Szj)-
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Next we use the fact that @;; is diagonal, and absorbing lower order terms
we obtain

C+CY TE +Can Y T,
i i
> =) T (Boghan) -2 T 6T a
i i
+ad Y T + Cay.
i
We estimate the first two terms on the right hand side
Z T;ii_l (31algiiﬂii) +2 Z T}éi_lail_‘ilﬂii
i i
=Y T (Runt) < C max|i| ST
i ’ ;

Since we are in the cone l";c", the trace is positive by Proposition 1, and since
411 is the largest eigenvalue, we have
lﬂiilg(n—l)ﬂu, 1=1...n.

Therefore we obtain

(5.8) C+Cun+CY T, +Cun Y T, >a YT

Dividing by @%, and using (4.15), we obtain

(5.9) o <(£+£)a A
) =l = ud U kol a? o un
If

c. . c .1
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Without loss of generality we may assume that 437 > 1, and from the above
inequality we obtain
Ok—1 S Ca

which by Proposition 7 yields the eigenvalue bound in the case k¥ > 2. In
the case k =1, (5.9) already gives the eigenvalue estimate.

6. Existence.

We now prove Theorem 1. The main tool will be the degree theory for fully
nonlinear second order elliptic equations as developed in [Li89]. We consider
for ¢ € [0, 1] the family of equations

(6.1) tor/F 4 (1 — t)oy = t(z,u) + (1 — t)o1(S)e?,
where we abbreviate a,t/ b= a;/ k(V—72u). Note that at ¢ = 0, the equation is

9 —
Au + —2—’3|vu|2 +01(S) = o1(S)ev.
From the maximum principle, v = 0 is the unique solution.

Proposition 9. For anyt € [0,1], any C? solution u® of (6.1) with § < u <
§ satifies § <u < 9.

Proof. From assumption (1.3), we have
t(z,8) + (1 — t)o1(S)ed < toy " (S) + (1 — 1)1 (S)
<t(@,8) + (1 = t)or(5)¢’,
therefore the proof of Proposition 4 applies. |
Proposition 10. Lett € [0,1], and u® be a solution to (6.1) with § < u? < 6.

Then
“ut”02< Ca

for some constant C independent of t.

Proof. We let f; = tai/ ki (1 —t)o1. Define

F;t = component of {ta,t/ Py (1 —t)o1 > 0} containing the positive cone.
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Then all of the estimates in the previous sections hold with a,lc/ k replaced
by fi, and I‘,': replaced by I‘,:r’t, and it is then not difficult to see that we can

choose C independent of t, since the C? estimate holds uniformly. a

The above estimate yields uniform ellipticity, and since our equation is
convex with respect to the second derivative variables, by the work of Evans
[Eva82], and Krylov [Kry83] mentioned in the introduction, and standard
elliptic theory, there exists a constant M independent of ¢ such that

|ut] gae < M.
Define the subset O; of C4* by
O ={0 < ut <3} N {||u!]|cre< M}
N{V2%l e T} )0 {toy/* + (1 - t)or > 60 + (1 — t)or(S)el},

where dy is a constant chosen such that 1(z,s) > &y for § < s < §. Define
F,: C%* — C?@ by

Fy(u) = ta,i/k(?%) + (1 = t)o1(V2u) — th(z,u) — (1 — t)o1(S)e.

There are no solutions of the equation Fi(u) = 0 on 90, so the degree of F}
is well-defined and independent of ¢t. As mentioned above, there is a unique
solution at £ = 0. Furthermore, the linearization at v = 0 is invertible.
Therefore

deg(Fo,Oo,O) = :|:].,
and since the degree is independent of ¢, we have
deg(Fl, 01, 0) = :f:].,

and we conclude that (1.1) has a solution in O;.

Note that in the case 9 (z,u) = f(z)e*, we can avoid using degree theory
since the linearization is invertible, and the existence follows by using the
continuity method.

7. The negative cone equation.

As mentioned in the introduction, the negative cone case of (1.1) is equiv-
alent to the positive cone case of equation (1.4). We no longer necessarily



Estimates and Existence Results 837

have ellipticity along the straight line path for this equation (the proof of
Proposition 3 does not work for this equation), so we just consider the equa-
tion

[Vul®

(7.1) a;/k (Vzu —du®du+ g+ S) = f(z)e* > 0.

In this section we will show that we still have the C° and C' estimate
for solutions of this equation. The proof Proposition 5 still works for this
equation, so we have

Proposition 11. Suppose S € C° satisfies (1.2). Then there exist constants

d <0< & depending only upon [ and S, such that for any solution u(z) of
(7.1), we have § < u(z) < 9.

The C? estimate also holds, with appropriate modifications to the proof
of Proposition 6.

Proposition 12. Suppose S € C1, (1.2) is satisfied, and u is a C° solution

of (7.1) satisfying § < u(x) < 8. Then there exists a constant Cy depending
only upon S,v,48,0, and k such that

|VU|CO S Cl.

Proof. We consider the following function
2

where ¢ : R — R is a function of the form

#(s) = c1(ca + s)P.

The proof procedes exactly as before, but we end up with the following
analogue of equation (4.10)

Um ul? ,
12— (g4 ) kg (e,

> (¢"() ¢ () = ¢' () T uiny

[Vu?
2

UpUpm,
v

+T9 (Riljm + ¢/ (u) =03 — ¢/ (u) S5 + %lazsij) :
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Lemma 4. Assume that § < s < §. Then we may choose constants cy, cz,
and p depending only upon §, and 4. so that ¢(s) = c1(ca + s)P satisfies

¢'(s) >0,
and
¢"(s) = ¢'(s)* = #'(s) > 0.
Proof. This follows easily from Proposition 3. O

With ¢(s) chosen as above, we let
€1 = min{d)’(s)}a

and
e = min{¢"'(s) — ¢'(s)* + ¢ (s)}.

From the inequality (7.2), we have

UpUp, |Vu|?
€1

.. .. u
C > T juuj + T, (Riljm S a5 Ot ¢'(u)Sij + ;lalsij) :

The proof then procedes exactly as before. O

We note that our method above for obtaining the C? estimate fails for
equation (7.1), since the dominating term in the inequality (5.8) now has
the wrong sign.

8. Monge-Ampeére equation in conformal geometry.

In this section we restrict our attention to £ = n, the determinant, and we
consider more generally:

2
(8.1) det!/™ <V2u +du®du— @—g + S’) =e %,

where S € ')} is a positive definite symmetric tensor.
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8.1. Proof of Theorem 2.
We begin by proving a Harnack inequality for solutions of (8.1).

Proposition 13. Let u be a C? solution of (8.1). If Amax(S)D? < 772—2, then

(8.2) 2 log (cos ( )\max(S)/2)) + sup u < inf u,

where Amax(S) denotes the mazimum eigenvalue of S on N and D is the
diameter.

Proof. In order to prove this, it is convenient to write the equation (8.1) in
slighty different form. Writing e* = v, with v > 0, we see that v solves the
equation

,U—2

(8.3) det!/m (’UV2’U +dv ® dv — |Vv|*g + %UZS) ==

As seen in Section 2, we must have
2 2 Ly +
(8.4) vV v+d’u®dv—|Vv|g—|—§v Serl,,
and therefore since v > 0,
1
(8.5) V2 + SuS € Tt
Next choose p € N such that v(p) = sup v and ¢ € N such that v(q) = inf v.

Let 7 : [0,d(p, q)] = N be a unit speed minimal geodesic such that v(0) = p
and v(d(p,q)) = g. Letting 7 denote the restriction of v to -y, we have

' (6) + 58G9, ) (0) >0,
therefore
51) + Al S)B() > 0,

Let M = v(p) = sup v, and @ = Apax(S)/2. Then w(t) = Mcos(v/a - t)
satisfies

w” (t) + aw(t) =0, w(0) = M =v(0), w'(0) = 0="71'(0).
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If we let h(t) = (U/w)(t), then it is easy to verify that h satisfies the in-
equality

K" > 2/a tan(v/a - K,

for \/a-t < 7/2. Integrating this, and using the boundary condition A’(0) =
0, we find that A'() > 0 for ¢ > 0. Since hA(0) = 1, we conclude that
o(t) > w(t) as long as 0 < \/a -t < w/2. Evaluating this at the endpoint g,
we have

v(q) = inf v > sup v - cos(va - d(p, q)) > sup v - cos(v/a - D),

that is,
-1
sup v < (cos(D\/)\max(S)/2)> inf v,
Which implies the stated inequality for u. d

Proposition 14. Let u be a solution of (8.1), then there exist constants
8 < & depending only upon g,S so that sup u > §, and infu < 4.

Proof. This follows from the proof of Proposition 5, but since we have e~2%

instead of e%, the inequalities are reversed. a

Combining Propositions 13 and 14, we obtain the C° estimate:

Theorem 3. Let u be a solution of (8.1). If

2
(8.6) Amax(S)D? < 5
then there exist a constant C depending only upon g,S so that |u| < C.

Next, using this a priori estimate, we give a fixed point argument to
prove the existence of a solution to 8.1.

Lemma 5. If S € '} satisfies (8.6), and 0 < f(z) € C*®(N) then the
equation

[Vu?
2

(8.7) det!/™ (V2u +du®du— g+ S) = f(z)e~®

admits a unique solution u € C®(N) where (u) = [y u dvol,.
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Proof. We use the continuity method. For ¢ € [0, 1] we consider the equation

(8.8) Fi(uy) = det (V2u;) — f(z) e U0,
where
52, — o2 |V |?
(8.9) Veus = Voug + dug @ dug — ————g + (1 — t) Amax(S)g + £S.

Letting A?’Q(N ) = {u € C?>*(N) : V2u; € T;}, we know from Section
2 that a solution necessarily lies in Af’a(N ), and we claim that the map
F,: A¥*(N) — C*(N) is locally invertible at a solution. From (2.7) above
we see that the linearized operator is

(8.10) F(u) (h) = Tn-1(V?ue) 7 (V3,h)ij + nf (@)™ e ™) (),

where §; = e~2%tg. The coefficient matrix Tj,_1(V?u;) is positive definite,
but there is a slight difficulty due to the fact that the linearized operator
is not formally self-adjoint. Nevertheless, it is still invertible. This was
proved for Monge-Ampére equations in [Del81], and the proof given there
is applicable in this case. Local invertibility of F; follows from the implicit
function theorem (see [GT83]).

Let u; € C%*(N) be a solution of (8.8). The matrix S; = (1 —
t)Amax(S)g + tS satifies the condition (8.6) for all ¢ € [0,1], therefore we
have that u; satisfies the Harnack inequality (8.2). Let ¢ € N be a point
where u; attains a global minimum. We have

(8.11) det'/™(S;) < f(g)e™ ),

which implies (u;) < C. By also considering a maximum of u;, we obtain the
estimate |(u)| < C. Combining this with the Harnack inequality, we obtain
an a priori L* estimate on u;, independent of ¢. From the work in Sections
4 and 5, and Evans-Krylov, we obtain an a priori bound on the C%® norm
of u¢, independent of ¢ for some a € (0,1). Standard elliptic theory gives a
uniform bound on the C¥? norm for each k > 3.

We consider the equation Fy(ug) = 0:

2
612 det" (Vup + duo ®dug — Tl 4 r(8)g ) = 0

Let ug be any solution to (8.12). As before, by going to a maximum and
minimum of ug, we find that e~(%0) = Ay, (S). Then from the arithmetic-
geometric inequality, we have

—(u 1 2—n
Amax(S) = e (uo) < EA’U,O + W|VUOIQ + Amax(S5).
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We conclude that Aug > 0, which implies ug = constant. The existence of
a solution at ¢ = 1 now follows from the continuity method.

It remains to prove the uniqueness at ¢t = 1. To see this, if we have 2
distinct solutions u; and v; at ¢t = 1, we may run the continuity method
in reverse. From uniqueness at ¢ = 0, the paths we obtain must hit at
some time ¢y € [0,1). But since the linearization is invertible at #, this
contradicts local invertibility. O

Theorem 4. If Ay € '} satisfies Amax(Ag)D? < ”2—2 then the equation

I2

(8.13) det'/™ (v% + du ® du — |V2u g+ Ag) = 2

admits a solution u € C*®(N).

Proof. We will employ a fixed point argument using the existence and unique-
ness of solutions to (8.7) in Lemma 5. For ¢t € [0,1], @ € (0,1), and
u € C?*(N), let uy = H(u,t) denote the unigue solution in C%%(N) of
the equation:

|Vut|2

(8.14) det'/" (V2ut + dus ® dug — g+tAg+ (1 - t))\max(Ag)g)

— e—2tue—(ut)

It is easy to show that for each u € C**(N), the mapping H (u,t) : [0,1] —
C%*%(N) is uniformly continuous in ¢, and we also claim that for each ¢ €
[0,1], H(u,t) : C>*(N) — C%>%(N) is a compact operator. For a bounded
subset of C%®(N), the right hand side is bounded in C%%(N). From the
proof of Lemma 5, solutions are bounded in C**(N). Since C** C C% is
a compact embedding, the claim follows.

We next show that for all ¢ € [0, 1], solutions of the equation u = H(u,t)
satisfy an a priori bound ||u|c2.(xy < C. As in the proof of Lemma 5, we
need only obtain an L* estimate.

To this end, let u; € C>*(N) be a fixed point H (us,t) = us, and ¢ € N
be a point where u; attains a global minimum. Then we have at g,

det!/"(4y(q)) < e~ (H0e~2u),
which implies

(8.15) C1 < —(ut) — 2t inf uy,
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for some constant C7, and we obtain the estimate
(VOol(N) + 2t)inf u; < Ci.

Similary by considering a maximum of u; we obtain
(Vol(N) + 2t)sup u; > Cy,

for some constant Cy. These estimates, coupled with the Harnack inequality
in Proposition 8.2, imply the desired uniform L*° estimate.

As already seen in the proof of Lemma 5, we have that H(u,0) = C for
all u € C%®, where C is some constant. We may then apply a fixed point
theorem of Berger [Ber77, Theorem 5.4.14, p. 270]:

Proposition 15. Let H(z,t) be a one-parameter family of compact oper-
ators defined on a Banach space X for t € [0,1], with H(z,t) uniformly
continuous in t for fired x € X. Furthermore, suppose that every solu-
tion of x = H(z,t) for some t € [0,1], is contained in the fized open ball
o = {zl|||z|| < M}. Then, assuming H(z,0) = 0, the compact operator
H(z,1) has a fized point z € X.

Letting X = C%%(N), we find a fixed point u € C>*(N) at t = 1.
Standard regularity theory then implies that u € C*®°(N). Adding a constant
if necessary, we obtain a solution to (8.13). O

To finish the proof of Theorem 2, if o([g]) < "—22, then there exists a

metric § € [g] with Amax(A45)D? < ”2—2 The existence of a conformal metric
g with det(Az) = 1 follows from Theorem 4, and the compactness of the
space of such solutions was also demonstrated in the proof of Theorem 4.

8.2. Examples.

In this section we examine some simple cases, and we refer the reader to
[Pet98] for details.

e (8", g = round metric) : Ric = (n —1)g,D = 7, and
Amax(Ag)D? = 72 /2.

If o(S™,9) < %2, then Theorem 2 would imply that the space of solutions
of (1.8) is compact. But compactness cannot hold in this case since S™
has a non-compact group of conformal transformations, and the orbit of
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the standard metric gives rise to a non-compact family of solutions of (1.8).
Therefore o(S™,g) = %2

e (RP™, g = standard metric) : Ric = (n — 1)g,D = 7/2, and
Amax(Ag)D? = /8 < 7%/2.

From [ViaOOb], we know that the standard metric on RP" is the unique
solution in its conformal class of (1.8), but this shows that conformal classes
on RP" in a large neighborhood of the standard metric have compactness.

e (CP™,g = Fubini-Study) : Ric = (2m + 2)g, D = m/2, and

m+1 72
Amax(Ag)D? = — <22
In this case, we do not know if the Fubini-Study metric is the unique solution
in its conformal class to (1.8) since it is not locally conformally flat, but the
above shows that the space of solutions is compact, and also for conformal

classes on CP™ in a large neighborhood of Fubini-Study.
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