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Stability of the Ricci flow at Ricci-flat metrics

CHRISTINE GUENTHER, JAMES ISENBERG! AND DAN KNOPF

If g is a metric whose Ricci flow g () converges, one may ask if
the same is true for metrics § that are small perturbations of g.
We use maximal regularity theory and center manifold analysis to
study flat and Ricci-flat metrics. We show that if g is flat, there is
a unique exponentially-attractive center manifold at g consisting
entirely of equilibria for the flow. Adding a continuity argument,
we prove stability for any metric whose Ricci flow converges to
a flat metric. We obtain a slightly weaker stability result for a
Ké&hler-Einstein metric on a K3 manifold.

1. Introduction.

Since the introduction of the Ricci flow

) J9=-2Re, 4=,
as a useful tool [H2] for the study of relationships between manifolds and
the Riemannian geometries they admit, there has been considerable progress
in our understanding of the behavior of geometries deformed by the Ricci
flow. (See for instance [H5], [H6], and the survey [CC].) However, some
basic questions of nonlinear analysis concerning this behavior are to date
unresolved. One of these is the question of stability of converging Ricci
flows. In particular, let gy be a geometry whose Ricci flow g (¢) converges.
Is it true that the Ricci flow g (¢) converges for all geometries go that are
sufficiently close to go in some appropriate topology?

The work of Ye answers this question affirmatively [Ye] if gy is a metric
of constant nonzero sectional curvature and if one replaces the Ricci flow by
the volume-normalized Ricci flow

@) o g=—2Ret> (fRdu) o 9(0) =g
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(Here and throughout this paper, we denote the average of a scalar function
f on a compact manifold by § fdu = [ fdu/ [dp.) Among other results,
that work shows that for any sufficiently Riemann-pinched Einstein metric
go of nonzero scalar curvature, there is a C? neighborhood Ny, of go such
that the Ricci flow g (¢) of any go € Ny, converges to go.

Left undetermined by Ye’s work is the stability of Ricci flow convergence
for metrics near a flat geometry, or more generally, near an Einstein metric
go of vanishing scalar curvature. A key feature of such geometries is the
existence of zero eigenvalues for the linearization of the flow, regarded as
a differential operator on symmetric (2,0)-tensors. Note that Ye’s result
requires a positive spectrum for the operator

: 1 '

A zero eigenvalue signals the presence of a nontrivial center manifold in the
space of metrics near gy, with corresponding complications in the analysis
of the flow of nearby metrics.

The maximal regularity theory developed by Da Prato and Grisvard
[DG] and notably applied to quasilinear parabolic reaction-diffusion systems
by Simonett [S] enables one to establish stability, long-time existence, and
convergence of dynamical flows with nontrivial center manifolds present. We
use these methods to prove a convergence stability theorem for the Ricci flow
of metrics near a flat geometry. To the best of our knowledge, this is the
first time that center-manifold analysis has been applied to the Ricci flow.
A secondary purpose of our investigation, therefore, has been to explore
how effective such techniques may be for studying this geometric evolution
problem. It should be noted that linear stability and instability analysis has
been successfully used to study the curve shortening problem; see [AL] and
especially [EW].

As detailed in Theorem 3.1, our main result says that for all metrics go
in a little-Holder ||-||,,, neighborhood Ny, of a flat metric go on a torus
T™, the Ricci flow g (t) converges exponentially fast in the ||-||,,, norm
to a flat metric goo. The limit metric go, is generally not go; however,
the set of flat metrics forms a n (n + 1) /2-dimensional submanifold of the
space of all metrics on 7™, and the intersection of this submanifold with the
neighborhood Ny comprises the center manifold for the Ricci flow dynamical
system near go. Although center manifolds in dynamical systems are in
general not unique, it is a remarkable consequence of this analysis that the
center manifold at a flat metric is unique, consisting entirely of equilibria.
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If one has determined the stability of Ricci flow convergence for metrics
near a specified flat metric go (Theorem 3.1), then it is relatively straightfor-
ward to show that it is stable for metrics near some hy whose Ricci flow h (t)
converges to go (Corollary 3.7). The basis for this argument is finite-time
continuity of the flow, which implies that for any neighborhood N, of go,
there exists a neighborhood Np, of hg such that if kg € Np,, then the Ricci
flow k (t) enters Ny, in finite time. Combining this with stability about go,
one verifies the stability of Ricci flow convergence about hg. Applying this
result, one can show Ricci flow convergence to a flat metric for any initial
metric ko sufficiently close to a product geometry on 72 x S' ([H4] and §11
of [H5]) or sufficiently close to a polarized Gowdy metric [CLJ].

As noted above, Ye's studies show stability of Ricci flow convergence for
Riemann-pinched Einstein metrics of nonzero scalar curvature, but his re-
sults leave the case of zero scalar curvature unresolved. In three dimensions,
g is Einstein and has vanishing scalar curvature if and only if g is flat, in
which case Theorem 3.1 establishes stability. In dimension four and above,
there are nonflat Ricci-flat metrics, so we may hope to find further cases
for which we can attempt to show stability of Ricci flow convergence using
the techniques discussed here. In §4, we discuss such a case: we consider
Kahler-Einstein metrics on K3 complex surfaces. These are geometries on a
certain manifold M* of four real dimensions; they are Ricci-flat and there-
fore fixed points of the Ricci flow, but are not flat. In Theorem 4.3, we
show that for any Kéahler-Einstein metric go on a K3, there is a ||-[l54,
neighborhood Ny, of go in the space of all metrics on M?* such that the
DeTurck flow § () of any initial metric gy € N, exponentially approaches
a 58-dimensional center manifold containing g, for as long as g (¢) remains
in Ng,. (The DeTurck flow is equivalent by diffeomorphisms to the Ricci
flow; see the next paragraph for an introduction and §2.1 for a precise state-
ment of this equivalence.) Note that one result of Cao’s paper [C] is that
every initially Kahler metric on a K3 converges under the Ricci flow to a
Ricci-flat Kahler metric. This makes it natural to conjecture that the Ricci
flow of any initial metric in Ny, converges to a unique limit metric in the
58-dimensional space of Ricci-flat Kéhler metrics known to exist on a K3
surface. Our results thus far support but do not yet prove this conjecture.

While the heart of the proof of Ricci flow convergence stability for both
the flat and K3 Kahler-Einstein metrics is maximal regularity analysis, a
preliminary step is needed in each case. The Ricci flow PDE system is not
itself strictly parabolic; it is thus not a system to which one can directly
apply the methods of Simonett. However, one can work with an alternative
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flow whose PDE system is strictly parabolic, and whose solutions are related
to solutions of the Ricci flow by a 1-parameter family of diffeomorphisms.
In §2, we review this alternative flow (sometimes called the ‘DeTurck flow’),
establish some notation, discuss the function spaces we will use, and provide
a very brief introduction to some ideas of maximal regularity.

Our main result for flat metrics is stated and proved in §3. The proof
involves essentially five steps:

1. Compute the linearization of the DeTurck flow and analyze its spec-
trum at a given Ricci-flat metric gg.

2. Verify certain characteristics and properties of the flow that are nec-
essary for the application of maximal regularity results.

3. Show the existence of C” center manifolds and describe their tangent
space at the fixed point go.

4. In the flat case, prove there is a unique smooth center manifold present.

5. In the flat case, use the fact that the center manifold consists entirely
of flat metrics first to show that exponential approach to the center
manifold implies convergence of the DeTurck flow to a unique flat
metric, and then to prove that the same is true for the Ricci flow.

We carry out each of these steps in §3. We then state as a corollary the
stability of Ricci flow convergence for metrics whose Ricci flow converges to
a flat metric.

In §4, we discuss the application of the analysis developed here to other
metrics. The focus there is on Kéhler—Einstein metrics on K3 manifolds.
We sketch the proof of our results for such metrics in that section, following
essentially the first three steps outlined above. As we have already noted, we
are not yet able to complete a full stability analysis for the center manifold
about a K3 Kahler-Einstein metric. In the remainder of §4, we note a few
other geometries to which our methods may apply.

Acknowledgement. The authors thank Jean Pierre Bourguignon and
Alan Rendall for valuable communications, and Sigurd Angenent for many
stimulating discussions during the preparation of this paper. We also thank
Martin Jackson, who worked with some of us on this problem in its earlier
stages.
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2. Background.

The intent of this section is to establish notation, to introduce the function
spaces needed for our study, and to provide a brief introduction to some of
the tools we shall need, including the DeTurck flow and maximal regularity
theory. We start by fixing some notation.

Given a closed connected smooth manifold M, we denote by S; (M)
the bundle of symmetric covariant 2-tensors over M and by S5 (M) the
subset of positive-definite tensors. In this context, a (smooth) Riemannian
metric is an element of C* (S5 (M)). For convenience, we shall write Sy =
C™ (S2 (M)) and S = C* (S5 (M)). If g € S, we denote its Riemannian
curvature tensor by Rm and write its components as R;;jx¢, where Ry29; > 0
on the round sphere. Then Rc € Ss denotes the Ricci tensor of g with
components R;;, and R is its scalar curvature.

We denote by AP = AP (T*M) the bundle of p-forms on M and by
QP = C (AP) the space of differential p-forms. We indicate the de Rham
cohomology groups of M by HP = HY, (M,R) and denote the harmonic
p-forms by HR.

Given a Riemannian metric ¢ on M with volume form du, we define
6=6g:82—>91 as the map

(3) §: b 6h = —g¥V;hjdz*

whose formal adjoint under the L? inner product
(@ ()%= [ ) d
M

is the map 6" = 4 : Q! — S, given by

1

2 (Viw; + Vjw;) de' @ da’.

1
(5) 0w iﬁw#g =
(Here L is the Lie derivative and w# is the vector field metrically isomorphic
to w.) We shall also denote by § = §, the map QP — QP! formally adjoint
to d: QP — QPTl; the meaning will be clear from the context.

2.1. The DeTurck equations.

The Ricci flow evolution equation (1) posed on S, is only weakly parabolic
[H2]. In order to obtain a strictly parabolic system, we follow [D] and define
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G:S;XSQ—)SQ by

1 . )
(6) (gau) = G (g, U) = (uij - igkzukggij) da:’ ® dacj.

Then (for positive-definite u) we define P : S; x Sf — Sy by

(7) (9:u) = Py (g) = =26, (u™10, (G (g,u))) ,
and consider the evolution equation

0
(8) 5;9= — 2Relg] = Pu(9), 9(0) = go.

It is remarkable that the right hand side of (8), regarded as a quasilinear
operator on g, is strongly elliptic for any choice of u € Sy; in fact we have
the following:

Theorem 2.1 (DeTurck). The right hand side of (8) has the same symbol
as the Laplacian; consequently the evolution equation (8) is parabolic for any
choice of u € 8;. The unique solution g of (8) provides a unique solution
@;g of the Ricci flow evolution equation (1) with initial value go, where the
diffeomorphisms ¢; are generated by integrating the vector field

R 1
(9) V= g”ujklgkegpq (Vpqu — §Vgupq> .

Note that we shall usually take u to be the particular flat (or Ricci-flat)
metric about which we wish to determine stability. (For Ricci solitons, a
different approach is needed.)

2.2. The space of Riemannian structures.

As is well known, Sy with the C* topology is a Frechét space, and S;' @)
is an open convex cone. There is a natural right action of the group D (M)
of smooth diffeomorphisms of M on S, given by (h, ¢) — ¢*h. It is easy to
check that a metric g is Einstein if and only if ¢*g is Einstein. So for purposes
of studying distinguished metrics on M, one may regard Sy as a union of
orbits Oy4. The slice theorem of Ebin [E] shows that S5 is ‘almost’ an infinite-
dimensional manifold possessing an exponential map. (More precisely, the
theorem states that for any metric g, there is a map x : U — D (M) of a
neighborhood U of g in O, such that (x (¢*g))* g = ¢*g for all $*g € U, and
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there is a submanifold I" of S;' containing g such that the map U xI' — S;'
given by (¢*g,7) = (x(¢*g))" 7 is a diffeomorphism onto a neighborhood
of g in Sf.) We shall require only the infinitesimal version of the slice
theorem, which gives a useful decomposition of TQSQ' . For each g € 8;' , let
d¢ and d; be the maps defined in (3) and (5), respectively. It is clear that
(h, 6;W) = (dgh, W), hence that kerd, L imd;. With more analysis (see
[E] or [BE]) it can be shown that these spaces span: in fact, one has

(10) TySF =Hy @ Vy,
where
(11) Hy = kerd, and Vg = imdy.

Our notation is meant to suggest ‘horizontal’ and ‘vertical’ subspaces,
because TyOgy = imdy = V. In the remainder of this paper, we shall freely
use the following observations, whose proofs are straightforward calculations.

Lemma 2.1. Given g € S and h € S,, define H = trgh = gh;j. Let
g = g +¢ch, and denote the Christoffel symbols, curvature, and volume form
of § by T, R, and di, respectively. Then:

AR = (v
2. 2RL| =1 ViVihi = ViVh — V;Vihy
o: k| o = 2\ 49, Vtha + RY, B - Z‘kh"’ '

5 07| —_1( Ahj+V;ViH = V;divh — Vi divh;
e 1Yk -0 2 "'ijhi _ Rkﬁhg + 2ijqkhpq .
4. $R| _ =—(AH - div(divh) + (Re,h)).
E=

5. Zdfie=o = $H dp.

6. 2 fRd,&lEzo — § (L (R— § Rdy) H — (Re, b)) dp.

=~

% (ﬁxg)ij o= Xkahij + hiijXk + hjkvz'Xk for any vector field
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2.3. Maximal regularity and dynamic analysis.

It is often useful to regard an evolution PDE as an ODE posed in an infinite-
dimensional space. This viewpoint suggests the utility of a qualitative geo-
metric or dynamic theory for parabolic evolution equations — a framework
in which one can decompose the state space of an equation into invariant
subspaces and then discuss their stability or lack thereof. Such an approach
was developed for semilinear equations in [H]. More recently, the concept
has been extended to nonlinear parabolic equations by Da Prato-Lunardi
[DL], and refined for quasilinear systems by Simonett [S]. A key ingredi-
ent of that theory is some sort of implicit function theorem or fixed-point
theorem. For this to work, one needs function spaces in which each linear
Cauchy problem of the sort

0
§¢=L¢+¢(t), ¢ (0) = ¢o

has a unique solution ¢ such that ¢/t and L¢ have the same regularity
as . One approach for achieving this is to use the mazimal regularity
theory of Da Prato and Grisvard [DG], which in turn is based on the use
of interpolation spaces. There are several methods of defining such spaces
in the literature; each yields a suitably functorial map taking any Banach
couple Y; < )y to a Banach space ) such that }; C Y C ). (For further
background, see [CH].)

In §3.3, we lay the groundwork that allows us to apply this hierarchy
of theories to the Ricci low. Our objective there is to apply the following
theorem of Simonett. We state it here in a form suited to our purposes; this
is an adaptation of more general results derived from Theorem 4.1, Remark
4.2, and Theorem 5.8 of [S]. Roughly speaking, the theorem tells us that if A
is a suitable quasilinear differential operator acting on appropriate function
spaces, and if its linearization DA at a fixed point has an eigenvalue on
the imaginary axis, then the evolution of solutions starting near that fixed
point can be characterized by the presence of exponentially attractive center
(unstable) manifolds. ’

Here and in the remainder of this paper, we denote by B (X, z,d) the
open ball of radius d centered at z in the metric space X.

Theorem 2.2 (Simonett). Let X1 — Xy be a continuous dense inclusion
of Banach spaces, and let X, and X denote the continuous interpolation
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spaces corresponding to fited 0 < B < a < 1. Let

(12) -aa—tg =A(g)g

be an autonomous quasilinear parabolic equation posed for t > 0, such that
A(-) € C*(Gg, L (X1, Xp)) for some positive integer k and some open subset
Gg C Xg. Assume that there exists a pair & 2 &1 of Banach spaces, that
there exist extensions A(-) of A(-) to domains D(A(-)) that are dense in
&o, and that the following conditions hold for each g € Go = Gg N Ay

o A(g) € L(E1,&) generates a strongly continuous analytic semigroup
on L (50),‘

* X = (&, D(A(9)))o and X1 = (&0, D(A(9)))(1+0) for some 6 € (0,1),
where (-,-), denotes the continuous interpolation method of [DG];

o A(g) agrees with the restriction of A(g) to the dense subset D (A) C
Xo;

o &1 = A = & 1s a continuous and dense inclusion with the property
that there are C >0 and 6 € (0,1) such that for all n € £1, one has

1-46 )
Il 2, < Clinllg, lInllg, -
B

Let § € G, be a fized point of (12). Suppose that the spectrum ¥ of
the linearized operator DA|; admits the decomposition ¥ = X3 U Xy, where
Ys C {#:Rez <0}, and where L., C {z:Rez >0} consists of finitely
many eigenvalues of finite multiplicity. Suppose further that X, NiR # (.
Then:

1. If S(\) denotes the algebraic eigenspace of A € Ly, then X, admits
the decomposition Xo = X3 @& XS for all o € [0,1], where X5* =
@AEEW S (>\)

2. For each r € N, there exists d, > 0 such that for all d € (0,d,], there
is a bounded C™ map 1 = 7, : B (X%, §,d) — X7 with ¥ (§) = 0 and
D+ (§) = 0. The image of ¢ lies in the closed ball B (X{,§,d), and its
graph is a C" manifold

lcgc = {(77¢(7)) HOAS B( lcuagad)} C Xl

satisfying TayMpy = X%, We call MJy., a local center manifold if

Yew C tR and a local center unstable manifold otherwise. o

is locally invariant for solutions of (12) as long as they remain in
B (X", 9,d) X B(&7,0,d).
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3. For dall a € (0,1), there are constants Co > 0 independent of § and
constants w > 0 and d € (0,dp] such that for each d € (0,d], one has

I7°g (t) = (79 (£))ll 2, < t%a e [lm*g (0) = (19 (0))lx,

for all solutions g (t) with g (0) € B (X4, §,d) and all times t > 0 such
that the solution g (t) remains in B (X, §,d). Here ©° and 7" denote
the projections onto X3 = (X7, Ay),, and XS* respectively.

Remark 2.2. The C" local center (unstable) manifolds constructed in
statement (2) of the theorem are not in general unique. For instance, it
can happen that d, — 0 as r — oo.

Remark 2.3. Statement (3) of the theorem implies in particular that solu-
tions whose initial data lie sufficiently near a fixed point in the A, topology
are attracted at an exponential rate in the X; topology to solutions whose
initial data belong to one of the finite-dimensional local center (unstable)
manifolds. Note however that the theorem does not in general tell us any-
thing about the dynamics within a local center (unstable) manifold.

3. Stability of Ricci flow convergence to a flat metric.

In this section, we state and prove our main results, which concern the
behavior of the Ricci flow near a flat metric, or near a solution of the Ricci
flow that converges to a flat metric.

The key step in obtaining these results involves the application of The-
orem 2.2 to the DeTurck flow evolution equation (8). So we shall need to
identify appropriate function spaces and study the properties of the De-
Turck flow operator and its linearization in order to verify the hypotheses
of Theorem 2.2 in our particular case. We do this preliminary analysis in
subsections 3.1-3.3. Then after a discussion in subsection 3.4 of the relation-
ship between convergence of the DeTurck flow and of the Ricci flow, we state
and prove our main result (Theorem 3.1) in subsection 3.5. Theorem 3.1
pertains to Ricci flows starting near a flat metric; in subsection 3.6, we use
the continuity of finite-time evolution together with Theorem 3.1 to verify
the stability of Ricci flow convergence near any metric go whose Ricci flow
converges to a flat metric (Corollary 3.7).
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3.1. The DeTurck operator.

We begin by examining the form of the DeTurck operator — the right hand
side of equation (8) — in local coordinates and by noting some of its prop-
erties.

We first observe that the DeTurck operator is quasilinear in g. In order
to match the notation used in Theorem 2.2, let us write this operator as
Ay (g) g, so that equation (8) takes the form

So=As 90 =g

Lemma 3.1. If we express A, (g) g in terms of first and second derivatives
of g in local coordinates, we obtain

2
képq 0
0zPOx9

(13) +b(z,u, du, g);"

(Au (9) g)ij a(z,u, 9) gke

0
i a pgkl+c($ u au)” gke-

The functions a (z,-,-), b(z,-,-,+), and c(z,-,-) depend smoothly on x € M
and are analytic functions of their remaining arguments.

Proof. In a smooth chart {:c’}, it follows from the standard formulas

1 d 0 0
ko 1 ke
Iy = 29 (&cigje + 979~ axegij)
0 0

— T4 + T, I — I,

Rk = 5t Tk ~ i

by straightforward computation that

2 2 2 2
Cop. = k9 L9 oo
=9\ 3i0nr T T 92802899 T arionk 1t T Briogt It
+7(g,97",99),

where m (g, g1, Bg) is a generic polynomial in g, g~', and first derivatives
of g.

Similarly, one observes that

(Pu(9))i; = (Qug);j + (Qug)ji »
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where
. _ 1
(14) (ng)ij =V; [(“ 1)jk gkegpq (Vp’uqe - EVgupq>} .
Since
1 8 m m
Vp’“lqi - Evlupq = %qu - qu’u,me — Fpeuqm
1/ 0
-5 (Wupq — Tgptmg — F%upm> ,

one has

- 0 _ -
(ng)” = - (’LL I)Jk ungklgpq (%F;Z) + (g,g 1789”“7“ 138u) .

Since for any matrix M, the components of M ~! are analytic functions of
the components of M, the result follows. O

3.2. The linearization of the DeTurck operator.

We next study the infinitesimal structure of the DeTurck operator. Given a
Riemannian metric g on M, we denote by A = g V;V; the rough Laplacian.
The Lichnerowicz Laplacian is then the map Ay : So — S2 given by

(15) Aghij = Ahjj + 2Ripg;hP? — R¥hy; — REhyy,.
While the spectrum of the Lichnerowicz Laplacian is negative semidefinite
for a flat metric and for many other geometries, it is not negative semidefinite

for all Riemannian metrics [Av]. This is relevant for the linearization of the
DeTurck flow (8), because we have the following:

Proposition 3.2. The linearization of the DeTurck operator Ay (g) g about
go 1s given by

(16) (DA, (9))l, h = Aeh — Ty,
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where
(Wuh); = (V*his — Vib = V3hE) ugf (vmufn = %V‘ZU>

(Vzheu +V,hbu ;,61) <%V‘U - vmufn)

+ (Vibbyuzd + Vihbuz!) (lv’“u;” - vmu’g)
Vi VU — vy

+ hf (“ ( , e ))
+V; (u ( ( ViU -V ))
"LV ( ( V’“w v"‘UZF))

Here, all covariant differentiation is done with respect to the Levi-Civita
connection of go, indices are raised and lowered using go, and U = trg, u

Proof. By definition, we have

0
e &Pu (go + €h)

We calculate 582 Rc[go + £h] using formula (3) of Lemma 2.1. To calculate
%Pu (go + €h), we use the identity

(Pug)ij = (ng)ij + (ng)ji,
with Qyg defined by (14), and then use Lemma 2.1 to compute

(DA (9)lgy b = ~2 o Relgo +<h]

e=0

1
= ~V,;V,;H — V;divh;
e=0 2

+ 5 (Vi — Vil = VhE) ug (vm - §V"U>

0 -
7% (Qu (9));

(1
+ Vihjuz! (§V‘3U - vmufn)
1

)
v U—Vmufn>]
7).

1
k -
w[ ]

st
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3.3. The DeTurck flow in the context of maximal regularity.

We now exhibit appropriate Banach spaces Xy, X1, £, and & such that the
DeTurck operator and its linearization satisfy the hypotheses of Theorem
2.2.

The spaces we use are certain little Holder spaces. Recall that if r € N
and p € (0,1), the ordinary Holder space C™” is the Banach space of all
C" functions f : R" — R for which the Holder norm ||f|,, , is finite. The
subspace of C*® functions in C"* is not dense; indeed, C™* is isomorphic [Ci]
to £s, hence is not separable. One defines the little Holder space A™*? to be
the closure of the subspace of C™ functions with respect to the ||-[|, , norm;
one then verifies that A" is a Banach space and that A"TP — hS*7 is a
continuous and dense inclusion for s < rand 0 < 0 < p < 1. (Corresponding
statements hold for C™* () when 2 C R™ is a bounded C* domain.)

These definitions extend readily [BJ] using a smooth atlas to functions
defined on a smooth closed manifold M and taking values in the bundle
S2 (M) of symmetric (2,0)-tensors over M. Accordingly, we shall use the
notation ||-||,.,, to denote the Hélder norm on C” (M, Sz (M)), and h™* to
denote the little Holder spaces formed in this fashion. Note in particular
that

(18) hr+p N hs+0’

remains a continuous and dense inclusion.

An ezact interpolation method Iy of exponent 6 takes any pair By C
B of Banach spaces to a Banach space Iy (Bg,B;) such that By C
Iy (Bo,Bl) C By, and such that if T € E(Bo,A()) n E(Bl,Al) then
TeL (Ig (Bo,Bl) ,1g (Ao,Al)) and

1-6 [/
Il 214 (Bo,B1) do(40,41)) S NT N2 (Bo,a0) TNz (B1, 1) -

To apply Theorem 2.2, we will use the continuous interpolation spaces
(Bo, B1)y introduced in [DG]. By [DF], these are equivalent in norm to
the real interpolation spaces frequently found in the literature; hence we
will freely use results originally proved for the latter spaces. The continuous
interpolation method is exact and may be defined in a number of equivalent
ways. (See [Tr] or [CH].) For instance, one can characterize (By, B1), as the
set of all z € By such that there exist sequences {y,} C By and {z,} C B
with = y,, + 25, where

lynllg, =0 (2_"0) and lznllg, =0 (2"(1—9))
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as n — 0o. The norm on (By, B1), is equivalent to

nt {sup (2 ol 5, 270 ol )
n>1

where the infimum is taken over all such sequences (yn, zp).

For our purposes, the key fact [Tr] about the continuous interpolation
spaces is that for s <r e N, 0 <o < p <1, and 0 < 0 < 1, there is a
Banach space isomorphism

s+o T ~ 1. (0r+(1-0)s)+(6 1-80)o
(19) (hete, prte) ) 22 plOr+(1=0)9)+0p+(1-0)0),

provided that the exponent 8 (7 + p) 4+ (1 — ) (s + o) is not an integer. If it
is not an integer, then there is C' < co such that for all n € A™+7,

- [
(20) 9ll e ey, < C Ll Il
Thus for fixed 0 < 0 < p < 1, we define the following nested spaces:
50 = h0+a
U
Xo = hOte
(21) U
81 = h2+a
U
X = h¥e
Notice that for § = (p — o) /2 € (0,1), it follows from (19) that
(22) Xy = (50,51)9 and X = (50,51)(1+9) .

We now wish to focus on the DeTurck operator A, (g) defined by (8)
and written in expanded form in (13). Let us fix a smooth metric u and
write A (g) = A, (g). For fixed 0 < e < 1 and 1/2 < B < a < 1, we define

G =Gp (u,€) = {g € (Xo, X1)5:9 > 6u},
ga = ga (U'7 5) = gﬂ n (XOa Xl)om

where g > cu means g (X, X) > ¢ for any vector X such that |X|z = 1.
Observe that for each g € Gg, equation (13) allows us to regard A(g) as a
linear operator

62
(A(g)7);; =alz, “’g)fjepq 9zP LI

0
+ b ($7 U, au’ g)ff” @'}’ke tc (:L‘, U, Bu)ff Tke

Yke
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on h?t? = &. For g € Gg, let us denote by Ag, (g) : &1 C & — & the
unbounded linear operator on & with dense domain D (Ag, (9)) = £1. And
let us denote by Ay, (9) : X1 C Xy — X the unbounded linear operator on
Xp with dense domain D (Ax, (g)) = X1. We need to establish the following:

Lemma 3.3. The functions g — Ax, (g9) and g — Ag, (g) define analytic
maps Go — L (X1, X)) and Gg — L (E1,E) respectively.

Proof. Analyticity of these maps is an immediate corollary of Lemma 3.1,
once we have verified that these two functions map into the correct spaces.
So it suffices to show that v — Ay, (g) v is a bounded linear map from X}
to &y for all g € G4, and that v — Ag, (g9) v is a bounded linear map from
&1 to & for all g € Gg.

Let v € X; and consider the first term: a (z,u, g ax‘ggzq Ve (x). Writ-
ing (Fog)(z) = a(z,u,g) and suppressing indices for clarity, we wish to
estimate the Holder norm of

(23) (Fog)(x)- (%) (z) — (Fog) () (9°) (v)
= (Fog)(z)-[(6") (2) - (6™) (v)]
+(8%9) () - [(Fog) (x) = (Fog) (y)]-
Observe that we can estimate |(F o g) () — (F o g) (y)| by integrating the

directional derivative along a minimizing u-geodesic p from z to y of length
dist  (z,9):

képq
)P

(Fog) (@)= (Fog) W) =| [ D(Fog) (¥) ds

<sup|D (Fog)|-disty (z,y).

Then recalling from the proof of Lemma 3.1 that F o g is a polynomial in u,
u~1, g, and g~! of total degree N, and noticing that g~* can be controlled by
u~! when g € G4 = Gq (u,€), we find that there is a constant C' depending
only on u, €, N, n, and M such that

sup |D (F o g)| < C (1+ lgllfies ) lgllsss -

Combining these estimates and noting that

dist , (z,y) < (dist , (z,9))” (1 + (diamuM)l_p) ,
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we obtain a constant Cy such that

[(F o g) (2) = (F o.9) ()] < Co (1+ lglR5zb ) gllyses (st ()"

The remaining term in (23) is easily estimated when one recalls that X, =
(Xo, X1), = h?@tP — h1HP < pO+P. Thus we find there is C; such that

kpg _0°
a(xau,g)ij a:l:paxq

Yke

<G (1419, ) 17leso
KO+p

Similarly, one obtains Cy and C3 such that

Thus we have shown that v — Ay, (¢9) v is a bounded linear map from X
to AXp, and hence that G, — £ (X7, ). Replacing a by 8 and p by o in the
argument above proves the assertion for Gg — L (€1, &). O

kep O
b(z,u,0u, 9);;" 527 o,

<Gy (1191, ) Illsso
p

ke
e @ w00k ., < Co s -

Although for every g € Gg, Ag, (g) is bounded when regarded as an op-
erator & — &, it is unbounded when regarded as an operator & — &, and
is in fact only defined on a dense subspace D (Ag, (g9)) = £1. Nonetheless, it
has the desirable property of generating a strongly continuous analytic semi-
group, which is bounded (and hence defined everywhere) as a map & — &p:

Lemma 3.4. For every g € Gg, Ag, (g) is the infinitesimal generator of a
strongly continuous analytic semigroup on L ().

Proof. By DeTurck’s result (Theorem 2.1), Ag, (g9) is strongly elliptic for
any g € Gg. By classical elliptic theory, its spectrum is discrete, having
a limit point only at —oo. (See for instance Theorem 37 in Appendix I
of [B].) Hence there is A\g > 0 such that AI — Ag (g) is a topological
linear isomorphism from &; onto & whenever Re A > Ag. In this case, the
standard Schauder estimate (Theorem 27 in Appendix H of [B]) applied to
the operator A\I — Ag, (g) yields C < oo such that

Inlle, = lInllpa+e < CHAT = Agy (9)) nllpore = CIHAT — Ag, (9)) nllg,

for every n € & = D(Ag, (9)). By Theorem 1.2.2 and Remark 1.2.1(a) of
[A], this suffices to prove the result. O
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3.4. Equivalence of DeTurck and Ricci flow convergence.

Our objective here is to show that a solution of the DeTurck flow (8) con-
verges exponentially fast to a unique flat metric only if the corresponding
solution of the Ricci flow (1) converges exponentially fast to a unique (though
possibly distinct) flat metric.

Lemma 3.5. Let V (t) be a wector field on a Riemannian manifold
(M™, g (t)), where 0 < t < oo, and suppose there are constants 0 < ¢ <
C < oo such that

sup |V (z,%)] 50 < Ce .,
zeM

Then the diffeomorphisms ¢y generated by V converge exponentially to a
fized diffeomorphism ¢ of M.

Proof. Given z € M, let v : [0,00) — M be an integral curve for V starting
at z. Then ~y satisfies

v () =V (y(t),1)

where we make the standard identification ' = +, (d/dt). The length L [y]
of the integral curve is nondecreasing and bounded above, because
t t C
Lv](¢) =/ [V (2, 7)]y(r) d7 < C/ e dr=—(1-e%) < g
0 0 C C

This proves that L [y] converges; to see that the convergence is exponential,
it suffices to note that

oo o0 C
/ IV (z,7)|g(r) d7 < C’/ e T dr = —e .
t t

Cc

Since v (t) = ¢; (z) and since z € M is arbitrary, the result follows. O

Proposition 3.6. Let gy be a flat metric on a manifold M. Suppose there
is a neighborhood O of go in S5 with respect to the Illo4, Holder norm such
that for every go € O, the unique solution g (t) of the DeTurck flow

0 — _ _ -
E§=—2RC—Pgo (3), g(0) = go
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converges exponentially fast to a flat metric §oo. Then the unique solution
g (t) = (¢1g) of the Ricci flow (1) with § (0) = go € O guaranteed by Theorem
2.1 converges exponentially fast to a flat metric §oo.

Proof. Tt is clear that g, will be flat if it exists, so all we need do is to show
that g (t) converges. But because goo and go are both flat, their Levi-Civita
connections are each trivial, whence it follows that

V(gee] (90) = Vigo) (90) = 0.

Then since §(t) — Joo exponentially fast, it follows that V (t) — 0 expo-
nentially, where V () is given by

NP A 1o
7t =g (g l)jk ghtgra (vp (go)qe — 5% (go)pq> .

(Here V denotes covariant differentiation with respect to the Levi-Civita
connection of g(t).) Hence by Lemma 3.5, the solution § (¢) of the ODE
corresponding to V (t) exhibits exponential convergence to some limit §oo.

d

3.5. Main theorem.

Having established the preliminary results of subsections 3.1 —3.4 concern-
ing the DeTurck operator, its linearization, and the relation between con-
vergence of the DeTurck and Ricci flows, we are ready to state and prove
our main theorem, which says that the Ricci flow of any metric sufficiently
close to a flat metric will necessarily converge exponentially quickly to a flat
metric.

Theorem 3.1. Let gy be a flat Riemannian metric on a torus T™. For fized
p € (0,1), let X denote the closure of So D Si with respect to the lIllo,
Holder norm. Then:

1. Ty Sy = X admits the decomposition
7‘9083_ =X @ X,

where X is the n (n + 1) /2-dimensional space of (2,0)-tensors parallel
with respect to the Levi-Civita connection of go.
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2. There exists dg > 0 such that for all d € (0,dp), there is a bounded C*®
map ¢ : B (X go,d) = X° with 1 (go) = 0 and Dy (go) = 0. The
image of 1 lies in the closed ball B (X%, gg,d), and its graph

foc = {(1:¥ (7)) : v € B(X*, g0,d)}

satisfies Tgo My . = X°. This uniqgue C* local center manifold M

is of dimension n(n+ 1) /2 and consists entirely of flat metrics.

c
loc

3. There are constants C > 0, w > 0 and d. € (0,dp] such that for each
d € (0,d,], one has

I7°G (£) — % (7°G () lla4,, < Ce™ |7°G (0) — % (7°G (0)) o4,

for all solutions g (t) of the Ricci flow with §(0) € B(X,go,d) and
all times t > 0. Here ©° and 7° denote the projections onto X* and
X¢ respectively. In particular, any solution g (t) of the Ricci flow with
wnitial data sufficiently near go converges exponentially to a flat metric
near go.

Proof. For reasons discussed earlier, we work first with the DeTurck flow
rather than the Ricci flow. We take the background metric u to be the
given flat metric gg, and thus consider the DeTurck flow

d _ = _ _ _
(24) 5.0 = "2Re— Py (9), g (0) = go.
Note that any flat metric is a stationary solution of this flow, because
P, (g) = 0 if g is flat. Note also that ¥,h in equation (16) vanishes for
this choice of u, whence by Proposition 3.2, the linearization of (24) reduces

to the basic heat equation:

gt_hij = Ahij.

It is clear that the rough Laplacian is negative semidefinite on Sy with
kernel consisting exactly of parallel (2,0)-tensors, hence of dimension at
most n (n + 1) /2. Recalling the choices made for &y, &1, &, and &1, and
applying Lemmas 3.3 and 3.4, we thus verify that the DeTurck operator
satisfies the hypotheses of Theorem 2.2. This proves that local C" center
manifolds "M . exist, and that the DeTurck flow of any metric starting

near go exponentially approaches " Mg .
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We now claim that the "M are independent of r, and consist entirely
of flat metrics. To prove this, we observe that any flat metric § sufficiently
near go belongs to "M;,_ for all 7 € N: if not, then statement (3) of Theorem

2.2 would imply that § converges exponentially to "Mj ., contradicting the
fact that ¢ is a fixed point of (24). But it is a standard fact that the space
of flat metrics on the torus is a convex n (n + 1) /2-dimensional set. (See for
instance §12.18 of [B].) Since each "M, is at most n (n + 1) /2-dimensional,
it follows that "Mj, . consists exactly of flat metrics for all 7 € N.

Our argument thus far shows there is a neighborhood B (X, go, §) such
that the DeTurck flow g (t) of any metric g(0) € B (X, go,d) becomes flat
exponentially fast in the |||, , norm for as long as g (t) € B (X, go,6). By

(14), we have
(P @) = 9 (657),,89°" (T )y = 5Ty ) |
93 657085 (T @0l = 57wl

where V denotes covariant differentiation with respect to the Levi-
Civita connection of g(¢).  Since |Rjjl, |V (90) ke — 8 (90)e|, and
Wﬁj (90) e — 050; (QO)kel all decay exponentially fast when g(t) €
B (X, go,0), there are C = C (§) < co and @ = @ (d) > 0 such that

I%I = |-2Re— P, (g)] < Ce™*

for as long as g (t) remains in B (&, go,d). Choose 0 < & < § small enough
that C (¢) /@ (6) < §—e. Then for all solutions g (¢) with g (0) € B (X, go, €),
we can estimate

|5 () —90l <15 (#) =g (0)[ +15(0) —go| <o —e+e=9

independently of ¢ > 0. It follows that g (¢) remains in B (X, go, ) for all
time and hence converges to a unique flat metric. By Proposition 3.6, the
Ricci flow of any metric starting sufficiently near gy also converges to a
unique flat metric. O

3.6. Stability of solutions that become flat.

There are various families F of metrics for which it is known that if g (¢)
is the solution of the Ricci flow starting at some go € F, then the flow
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g (t) necessarily converges to a flat metric. This is true, for example, for the
polarized Gowdy metrics [CLJ], for direct-product metrics (7'2, ,u) X (S 1 dx2)
with 4 an arbitrary Riemannian metric on 72 [H4], and for square torus
bundles over ! (§11 of [H5]). Note that all of these families are characterized
by isometries rather than curvature restrictions.

A straightforward corollary to Theorem 3.1 shows that if the Ricci flow
h (t) of a metric starts sufficiently near one of these families, it too must
converge to a flat metric. We emphasize that h(0) need not share the
isometries of the family F.

Corollary 3.7. Let g (t) be a solution of the Ricci flow that converges to a
flat metric goo. Then there is a ||-||o,, neighborhood O of g (0) in S such
that every solution h (t) of the Ricci flow with h (0) € O converges to a flat
metric hoo MeEAT goo-

Proof. We fix g (t) and its limit goo. It follows from Theorem 3.1 that there
exists a neighborhood AV of go, such that the Ricci flow of any metric starting
in NV converges to a flat metric near go,. Since g (t) converges to g, there
exists a time T = T (g (0) , /) such that g (t) € N for ¢t > T.. Choose € > 0
small enough that B (X, g (2T),e) C N. Since Ricci flow for finite time is a
continuous map, there exists § > 0 such that for all 4 (0) € B (X,g(0),9),
we have h (2T) € B (X,g(2T),¢). It follows that h(¢) converges to a flat
metric near goo. g

4. Other results.

The intent of this section is to stimulate further research by demonstrating
that our methods are applicable to other questions of stability regarding
the Ricci flow. It should be noted, however, that the results stated below
are weaker than our main theorem, either because they are incomplete or
because they in some sense rediscover known results.

4.1. Stability at metrics which are Ricci flat but not flat.

In this section, we consider the DeTurck flow

0 — _ _ _
(25) 57 = —2Rc — Py, (9) g (0) = go,

where (M™, go) is a given Ricci-flat (but not flat) geometry about which we
wish to determine stability. (Such geometries exist only for n > 4.) Note
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that g (f) = go is a stationary solution of both the Ricci flow (1) and of
(25). On the other hand, if gy is another Ricci-flat metric on M", then
G (t) = go is a stationary solution of the Ricci flow (1) but not necessarily of
(25). Nonetheless, in this case (25) reduces to

which is just the Lie derivative of §. So g (t) moves only by diffeomorphisms,
and in particular remains Ricci-flat.

If we linearize (25) at the distinguished Ricci-flat metric go, the ¥, h
term in equation (16) vanishes, so that we obtain

%hi]‘ = Aghij = Ahij + 2Riquhpq.

Thus in order to understand the stability of the DeTurck flow near go, it
is necessary to analyze the spectrum of the Lichnerowicz Laplacian on a
Ricci-flat manifold. Since A, is elliptic and self adjoint, we know that its
spectrum is real, discrete, of finite multiplicity, and has no positive accumu-
lation point. It follows immediately that Theorem 2.2 can be applied at the
Ricci-flat metric gg, with the function spaces Xp, X1, &, and &£ chosen as in
§3.1. Thus there is for each 7 € N a C" center (unstable) manifold at go, and
the flow of nearby metrics will approach it. But to obtain useful information
about the dynamics of the Ricci flow near gg, we need to know much more
about those center manifolds. To do this, we decompose the tangent space
TQOSS' at a Ricci-flat metric go into a number of subspaces and relate these
to the spectrum of Ay, in order to describe the tangent space to the center
manifolds at gg. We carry out this analysis in Lemmas 4.1-4.7, and summa-
rize our results in Proposition 4.8. This is a first step toward understanding
the dynamics. For the special case that gy is a K&hler-Einstein metric on a
K3 surface, we obtain a stronger result (Theorem 4.3) that falls just short
of determining stability, as has been done above for flat metrics.

To simplify notation, let us assume for now that g is a fixed Ricci-flat
metric. To start our analysis of the spectrum of its Lichnerowicz Laplacian,
we recall that the Hodge-de Rham Laplacian is the map Ay : QF — QP
given by

(26) Ag = — (d§ +6d) .

Note that our sign convention is opposite to the standard one, but is more
convenient for studying heat flows. It is well known [L] that for any Ricci-
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parallel manifold (namely, any manifold for which V Rc = 0), one has

(27) Ags* = 5* Ay
and
(28) 60y = Ayo.

If moreover Rc = 0, we note that Ag on Q! reduces to
(29) Agw; = — ((d6 + 8d) w); = Aw; — Rlw; = Aw;.

We follow [Bu] in defining certain subspaces of So = T,55"; for ease of
notation, we suppress the subscript indicating dependence on g. We set

(30) C={6*(n):neQ?}CV
(31) E={VVf:feC®(M)}CV
(32) Z={Vw:we Hy} CV,

where Hk denotes the space of harmonic 1-forms (defined in §2) and

(33) N={he8:6h=0, trh=0}CH
(39  S={(Af+0a)g—VVf:feC®(MR), acR} CH
(35) G={ag:aeR}CS.

Recalling that V and H are defined in (11), it is easy to check the indicated
inclusions.

We now make a number of claims regarding these subspaces. Many of
these claims are similar to those in [Bu]. However, negative scalar curvature
is assumed in that paper, whereas we have Rc = 0. Thus (since the proofs
are short) we verify the results directly.

Lemma 4.1. Each of the spaces defined in (30)—(35) is an invariant sub-
space for Ay, in the sense that Agh belongs to the space whenever h does.

Proof. Invariance of V is a trivial consequence of (27). Invariance of C follows
from (27) and the fact that Ayd = A, as maps A2 — Al on any manifold.
Invariance of F and Z follows from (27) and the fact that Vw = §*w for any
closed 1-form w on any manifold.
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Invariance of H follows from (28). Invariance of N also follows from (28)
and the identity tr (Ash) = A (trh). The invariance of G is clear, and that
of § when Rc = 0 follows from the computation

(36) Ap[(Af + @) gij — ViV;if] = (AAf) gij — ViV;Af.
O

Lemma 4.2. The spaces C, E, Z, N, and S are pairwise orthogonal with
respect to the L? inner product (-,-) = T 0) dpe

Proof. For any closed 1-form 6, we have 06*0 = —Af = —A46 by (29). So let
c=0"meC,e=VVf=4¢§4df € E, and z = Vw = §*w € Z be arbitrary.
Then C L Z, because

(¢;2) = (670, 0%w) = — (61, Agw) = 0.,
Similarly, £ 1 Z, because
(e,2) = — (df, Agw) = 0.
And C L E, because
(c;e) = (8"6n, 6*df) = — (6n, Aadf) = (6, dddf) = (8°n, ddf) = 0.

To finish the proof, it suffices to show that N L S, because C, E,Z C V and
N,SCH.Ifhe Nand s=(Af+a)g—VVfES, then

(h5) = [ ((AF+0)g= VY, ) du =~ [ (VY1) du =~ (@7, 5%) =0.
Od

Lemma 4.3. H=N&S.

Proof; We already know that N @& S C H. Given }E € H, define H = trh
and H = [ H dp. Then if V = Vol (M, g) and a = H/nV, we have

/(H—na) du = 0.

So there is a unique solution f € C* of the Poisson problem

af=H=ne =0

n—1
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Set s = (Af +a)g— VVSf. Then s € § and
trs =g [(Af +a) gij — ViVifl=(n—1)Af +na=H =trh
Hence (h — s) € N, which completes the proof. O
We are now ready to analyze the spectrum of A, on the spaces (30)—(35).
Lemma 4.4. Ay vanishes on Z, which is at most n-dimensional.
Proof. If z = Vw = §*w € Z, then w € Hi by definition. So Apé*w =
0*Agw = 0 by (27). This proves the first assertion. The second follows

from Bochner’s theorem, which says that any harmonic 1-form on a closed
manifold of non-negative Ricci curvature is parallel:

0= [ (w0 du== [ (9l +Re(,)) du < - [ 1V di

O
Lemma 4.5. A; <0 on E.
Proof. Let e = VV f = §*df € F be arbitrary. Since V Rc = 0, we have
Ageij = AViVif + 2Rypq; VPVIf = VAV f,
and hence
(Age,e) = / ViAV; fVVIfdu = — / AV f|? dp < 0.

Equality is possible only if 0 = AV f = Aydf, hence only ife € ENZ =

{0}. O

Lemma 4.6. Ay <0 on C.

Proof. Let ¢ = 6*én € C be arbitrary, and write w = dn. Since by (27),
Agb*dn = §*Agdn = —6* (dé + 6d) on = —6*ddw,
we have

(Age,c) = — (6"0dw, §*w) = — (ddw, §6*w) .
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But since Rc = 0, we get

(bdw); = =V (Viwj — Vjwi) = —Aw; + V;V'w;
= —ij - Vjéw = —ij - Vj ((52’17) = —ij,

and similarly
* 1o, 1
(5(5 w)j = —§V (V,'w]' + iji) = —Eij.

Hence by (29), we have (Agc,c) = — [ |Aqw|? du < 0, with equality only
if w € H}, hence only if c€ C N Z = {0}. O

Lemma 4.7. A, vanishes on the 1-dimensional subspace G, and Ay < 0 on
S\G.

Proof. The first statement is clear. Let s = [(Af + @) g;j — ViV, f] € S be
arbitrary. Since Rc = 0, we have V;V,;Vif = V,;Af. So by (36), we get

(Ags,s) = / (AAS) gij — ViV A (AS + ) gij — ViV f] du
=(n—2)/AAfAf+(n—1)a/AAf+/(VVAf,VVf) dy
_ —(n—l)/|VAf|2 dp < 0.

Equality is possible only if Af is constant, hence only if Af = 0, hence
only if f is constant. O

As noted above, since Ay is elliptic and self adjoint, we may readily
apply Theorem 2.2 and thereby determine that center manifolds exist for
the dynamics of the Ricci flow near a Ricci-flat metric. Combining this
with the results of Lemmas 4.1 —4.7, we are able to make the following
observation:

Proposition 4.8. Let (M", go) be Ricci flat; and for fized p € (0,1), let X
denote the closure of Sy D S, with respect to the |llg4, Holder norm.

1. TpoSS = X admits the decomposition Ty,Sy = X° @ X, where X
is finite dimensional. The eigenspace corresponding to the zero eigen-
value of the linearization of the DeTurck flow at gy contains the space
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Z®G of dimension by + 1, where by = dim H! (M, R) is the first Betti
number of M, and possibly a subspace of N. If any positive eigen-
values of the linearization exist, their eigenspaces are the closures of
finite-dimensional subspaces of N.

2. For eachr €N, there is a C" center (unstable) manifold Mj* existing
in a neighborhood O, of go in X. Each center (unstable) manifold
i s tangential to X and is locally invariant for solutions of (25)

as long as they remain in O,.

3. There are positive constants C and w, and neighborhoods O.. of go in
X defined for all v € N, such that

Iw°g (8) = 9 (g (t)) |l < Ce™* I7°7 (0) — 4 (77 (0)) Il »

for all solutions g (t) of (25) and all times t > 0 such that g (t) € O..
(The projections w° and 7 here are those defined in Theorem 2.2.)

We now consider the special case of a Ricci-flat metric on a K3 surface.

Definition 4.9. A K3 surface is a closed connected smooth complex surface
with vanishing first Chern class and no global holomorphic 1-form.

A K3 surface is a 2-dimensional complex manifold, hence a 4-dimensional
real manifold. In fact, each K3 surface is diffeomorphic to a unique simply-
connected orientable manifold, namely the quartic hypersurface

3
M= [zo:zl:zz:Z3]€(C]P3:Zz§=0 c CP3.
Jj=0

Siu has proven [Si] that every K3 admits some Kahler metric, and Yau’s
proof [Y] of the Calabi conjecture shows that each Kahler class of a K3
contains a unique Ricci-flat Kéhler metric. (For general background, the
reader is referred to [P].)

We are interested in fixing a Ricci-flat Kahler metric gg on the K3 surface
M?*, and considering the Ricci flow § (¢) of metrics for which g (0) is ||-[l,, ,
close to go. Proposition 4.8 applies, but we shall be able to say more about
the center manifolds in this special case.

Our first observation is that the kernel of the Lichnerowicz Laplacian is
well understood for K3 geometries. Indeed, for any Riemannian manifold
(M™, g), let € (g) denote the space of infinitesimal Einstein deformations of
g. (See 12.29 of [B].) The usual definition of ¢ (g) is equivalent by [BE] to
the following characterization, which is most convenient for our purposes:
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Definition 4.10. An element h € S; is an infinitesimal Einstein deforma-
tion of g if and only if h € N and satisfies

Ahij + 2Riquhpq =0.

It is clear that € (g) coincides with the kernel of Ay|N on any Ricci-flat
manifold. This space can be described exactly [B1]:

Theorem 4.1. If (M4,go) is a Ricci-flat Kdhler metric on a K3 surface,
then €(go) is isomorphic to the tensor product of the 3-dimensional space
of parallel self-dual 2-forms and the 19-dimensional space of harmonic anti-
self-dual 2-forms.

In general, the fact that %Rc g+ 6h]|€:0 = 0 says nothing about
Rc[g +eh] for 0 < ¢ < 1. It is thus a remarkable fact that the infinites-
imal deformations of a Kahler—Einstein metric on a K3 surface actually
correspond to Ricci-flat metrics [T1], [T2]:

Theorem 4.2. Let gy be a Kdihler-Einstein metric on a K3 surface M?*.
Then there is a submanifold £ C S;' of Ricci-flat metrics near go with

Tyof =€ (90).

Remark 4.11. The theorem implies in particular that & = {Ag: A > 0,
g € £} is a 58-dimensional family of metrics that evolve only by diffeomor-
phisms under the DeTurck flow (25).

With this understanding of the eigenspace corresponding to the zero
eigenvalue of Ay, our remaining task is to elucidate the eigenspaces corre-
sponding to positive eigenvalues of Ay, should any exist. Proposition 4.8
tells us that any such eigenspaces must be subspaces of N. We now show
that for a Ricci-flat K3 geometry, no such spaces exist. To do this let us
recall some standard facts about 4-dimensional geometries. On any oriented
Riemannian manifold (M", g), the Hodge operator * : AP — A" P is defined
for 0 < p < n by aA (*¥8) = (o, B) 4, where p is the volume form of g; it
satisfies #2 = (—1)P™ P idy,. If n = 4, this induces a natural decompo-
sition A2 = AT @ A~ into the self-dual and anti-self-dual eigenspaces of *
corresponding to +1 and —1, respectively. If {e;} is an orthonormal moving

frame with dual coframe {#"} on an open set U C M, and {nk =n5 0° N7 }
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is an orthonormal basis of A2, say

1 1 1
1 1 2 2 1 3 3 1 4
=—0" N0, =—0" N0, =—=0" N,
K \/i K \/i K \/i
1 1 1
4 2 3 5 2 4 6 3 4
=—=06°N0°, =—06°N0", = —=0°N07,
7 \/i 7 \/5 7 \/i

it is easily checked that {n' £n5, n?> F 75, n® £ n*} is an orthogonal basis
of A*. Let A} denote the self-dual 2-forms of norm 1, and let S denote the
bundle of traceless symmetric (2, 0)-tensors. Then it is well known [B2] that
there is a natural isomorphism o : Af ® A~ — S given by 0 : a® 8 — oS,
where

4
(37) aBB %) (1) ® (1, B),

k=1

and (1xn) (Y) = n(X,Y). The bases {n! £ 75, n> F 7’ n3+£n'} induce a
block decomposition of any linear map A? — A2, in particular of the self-
adjoint map Rm : A2 — A? defined by

(38) <Rm (ﬂp) 77’q> = Rijkfn%ng[w

where R;jr, denotes a component of the Riemann curvature tensor with
respect to the coframe {91}. Now in any dimension, one also has the or-
thogonal decomposition

(39) Rm=%—(§:T)(g®g)+ﬁ(ﬁc®g>+W

that defines the Weyl tensor W, where I({)c is the trace-free part of the Ricci
tensor, and © denotes the Kulkarni-Nomizu product of symmetric tensors.
If (M4, g) is Ricci flat, one may combine these points of view to identify
Rm with the block decomposition [ST] of the Weyl tensor,

+
(40) Rm=W=<W W_>,
where each block W+ is self adjoint and trace free.

Lemma 4.12. Let (M*,g) be a Kihler-Einstein metric on a K3 surface.
Leta € A and B € A~. Then

2Rmo(aX®p) =a® (W™ (B)),

where (RmoS);; = Ripg;SP? denotes the natural action of the curvature
operator on a symmetric tensor.
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Proof. 1t is well known that any Calabi—Yau metric on a K3 satisfies W+ =

(See [B1] or 13.17 of [B].) Calculating with respect to the orthonormal
basis {e;}, we have

(aRW™ (,3))U = okiW0,Ppq = ik W j10,Ppq-

Then using the symmetry of the product between self-dual and anti-self-
dual 2-forms, we get

(Rmo (oK ,8)) = W,qi0pPhq = ip kqu'B kq:

Hence by the first Bianchi identity,

(Rmo (o X IB))” = —Qip (Wk_qu k]pq) Brq

= aipWiokBrq — QipWopriBak

= (aBW™ (6)),; — Rmo (& f)),; -

We are now able to show that A, has no positive eigenvalues:

Corollary 4.13. If (M4, g) 1s a Kdhler-FEinstein metric on a K3 surface,
then Ay <0 on N and Ay <0 on N\e(g).

Proof. Recall the general formula for the Hodge-de Rham Laplacian acting
on a 2-form:

Agnij = —[(d6 + éd) n];; = Amij + 2Ripqjtipg — Riknkj — Rijknik.-
Let @ € A} and B € A~ on a Kéhler-Einstein K3. Then
(W_ (IB))ij z]pqﬂqp = — (Ripgj + Rigjp) Bgp = 2RipqjBpq-
Hence by Lemma 4.12, we obtain the useful identity

(Ag(@®B));; = (A (a®B));; +2(Rmo (a X B)),;
= (AaX ﬂ)” (aR Adﬂ)ij + 2vpamvp,3kj.

Integrating by parts and recalling that |a| = 1, we get

(Ac@Bf), aBp) = - [ [Vl |Vo du+ [ (846,8) du<0.
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Since there are no parallel anti-self-dual forms, equality is possible only
if o is parallel and f is harmonic. O

Since b; = 0 on a K3 surface, we have thus proved the following:

Theorem 4.3. Let (M4, go) be a Kdhler-FEinstein metric on a K3 surface.
For fized p € (0,1), let X denote the closure of So D Sy with respect to the
Illg, Holder norm.

1. Ty S = X admits the decomposition TSy = X @® X°. The space
X¢ is the closure of € (go) ® G, where € (go) is isomorphic to the tensor
product of a 3-dimensional space of parallel self-dual 2-forms and a
19-dimensional space of harmonic anti-self-dual 2-forms. X is thus
58-dimensional.

2. For each r € N, there is a C" center manifold My, that erists in a
neighborhood O, of go in X. Each center manifold is tangent to X°
and is locally invariant for solutions of (25) as long as they remain in

Or.

3. There are positive constants C and w, and neighborhoods O} of gy in
X defined for all 7 € N, such that

I7°g (£) — ¥ (7°G ()|l x < Ce™" ||7°G (0) — b (7°G (0))l »
for all solutions g (t) of (25) and all times t > 0 such that g (t) € O,.

Remark 4.14. As mentioned in the introduction, Cao has shown [C] that
any Kahler metric on a K3 surface converges under the Ricci flow to a Ricci-
flat K&hler-Einstein metric. His result does not imply Theorem 4.3 however,
because we consider the Ricci flow of all metrics near gg, not just Kahler
metrics.

4.2. Stability at other Einstein metrics.

If (M™, go) is a Riemannian manifold of constant nonzero sectional curva-
ture, it is not possible to choose u so that gy becomes a fixed point of the
DeTurck flow. So we modify our method, proceeding in two steps.

First we apply the DeTurck trick to the volume-normalized Ricci flow
(2), obtaining

0 2
(41) b—tg—Aug+5 (%Rdﬂ) 9 g (0) = go.
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Clearly, Theorem 2.1 applies to this equation as well. Moreover, every
metric go of constant curvature becomes a fixed point of (41) if we again
choose u = gg. By straightforward calculation, it follows from Proposition
3.2, Lemma 2.1, and the formula for Rm on a manifold of constant sectional
curvature that the linearization of (41) at g takes the form

0 2R ([Hdp
~ R 2R ([ Hdp\
(42) = Ah” + n—(n_—ﬁ (ngj - hz]) - “77 ("m_) Gij,

where H = g hi;.

Then we restrict our attention to the space S5 of metrics on M which
have the same volume element as gp. This involves no loss of generality,
since by [M], any metric in Sf can be transformed into an element of S}
by homothetic rescaling and an action of D (M). Moreover, S§' has rather
nice geometric properties: Ebin’s slice theorem applies to S5 (see §8 of [E]),
implying in particular that S% is ‘almost’ an infinite-dimensional symmetric
space whose tangent space S9 consists exactly of those elements of S of trace
zero. Moreover, the subset D, (M) C D (M) of diffeomorphisms preserving
dp is a closed Lie subgroup (Theorem 2.5.3 of [H1]).

Thus on TSY, we have H = 0, whence equation (42) reduces to

0 R

Since when R > 0, we have
R
I __ 2 R 09
( hah) ”Vh”L2 n (n — 1) ”h”L2 <0

for any nonzero h € S, we can apply the construction in §3.3 to S5 and
thereby obtain the following:

Proposition 4.15. Let (M™, go) be a metric of constant positive curvature.
Then there is a neighborhood O of go in Sy with the ||-||,,, Holder norm
such that every g € O converges exponentially to gyg under the flow (41).

Remark 4.16. We include this result merely as an illustration of the
method. It does not provide an alternative proof of Hamilton’s conver-
gence theorems for n = 3 [H2] and n = 4 [H3], nor of Huisken’s result for
n > 4 [Hu].
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4.3. Ricci solitons.

Suppose (M™, g (t)) is a steady Ricci gradient soliton with g (0) = go. Then

g(z,t) = (6;90) ()

for some family 6; of diffeomorphisms generated by vector fields —X ()
whose dual 1-forms are closed. In particular,

Rc=VV/,

where X (t) = V£ (¢) for some 1-parameter family of smooth functions f on
M. In dimension n > 3, the choice

2
u = e'n,TZf go
makes gg a fixed point of the DeTurck flow, because at ¢ = 0 one has

(Pug)ij = —2V,-ij = —ZRij.

The corresponding linearization at gg is given by

0 n—3
i = Dby + VEhiVif — 22— (Vib + V1t ) Vif
1
- 5_—2 (Viijf + ViijH) + 2Riquhpq
n—3 k k 2

However, we have not yet extensively studied the spectrum of the oper-
ator that results from this construction.
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