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Compactification of Classical Groups
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0. Introduction.
0.1. Historical Notes.

Compactifications of symmetric spaces and their arithmetic quotients have
been studied by many people from different perspectives. Its history went
back to E. Cartan’s original paper ([2]) on Hermitian symmetric spaces.
Cartan proved that a Hermitian symmetric space of noncompact type can
be realized as a bounded domain in a complex vector space. The com-
pactification of Hermitian symmetric space was subsequently studied by
Harish-Chandra and Siegel (see [16]). Thereafter various compactifications
of noncompact symmetric spaces in general were studied by Satake (see
[14]), Furstenberg (see [3]), Martin (see [4]) and others. These compact-
ifications are more or less of the same nature as proved by C. Moore (see
[11]) and by Guivarc’h-Ji-Taylor (see [4]). In the meanwhile, compacti-
fication of the arithmetic quotients of symmetric spaces was explored by
Satake (see [15]), Baily-Borel (see [1]), and others. It plays a significant
role in the theory of automorphic forms. One of the main problems involved
is the analytic properties of the boundary under the compactification. In
all these compactifications that have been studied so far, the underlying
compact space always has boundary. For a more detailed account of these
compactifications, see [16] and [4].

In this paper, motivated by the author’s work on the compactification
of symplectic group (see [9]), we compactify all the classical groups. One
nice feature of our compactification is that the underlying compact spaceis a -
symmetric space of compact type. Furthermore, for real groups, real analytic
structure is preserved; for complex groups, complex analytic structure is
preserved (see Theorem 2.4 and Theorem 3.3). In addition, all the G(p, q)
groups for p+¢ = n can be compactified simultaneously (see Theorem 2.3).
I should remark that this compactification is essentially different from the
construction in [13]. The main idea in this paper is due to D. Vogan ([17]).
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Throughout this paper, we will mainly follow the standard notations
from Helgason’s book [5] and Knapp’s book [12].

0.2. Compactification: Ideas.

Let X be a noncompact analytic manifold, ¥ be a compact analytic man-
ifold. We say that (¢,Y) is an analytic compactification of X if 7 is an
analytic embedding from X to Y and i(X) is open and dense in Y. We say
that (¢,X) is a complex analytic compactification if in addition 7 is complex
analytic. In [9], I construct an analytic compactification (H,U(2n)/0(2n))
of Span(IR) based on the integration kernel of the oscillator representation.
The homogeneous space U(2m)/O(2n) is taken to be the 2n X 2n symmet-
ric unitary matrices. In [9], the formula for # was laid out via KAK
decomposition of Spa,(R). In [10], H was explicitly computed as fractions:

Theorem 0.1. Let g = ( é g ) € Spon(R). Then

A‘-{2-D‘ _Z-C“gB’)—l(A‘—D‘ +iB‘42rC‘) —i A4 Dt _,L-C‘—B‘)-l )
2 .
~i( 442 — jeghy (g2 - iegB)- (45D —imse)

(o)=

In [10], I also showed that the left and right group action of Spo,(R)
can be extended to a left and right action on U(2n)/O(2n).

Theorem 0.2. Let G = Sp,(R). Let U(g) be the universal enveloping
algebra of g. Let L(U(g)) be the space of right invariant differential operators
on G, and R(U(g)) be the space of left invariant differential operators on
G. Let D be an differential operator in L(U(g)) ® R(U(g)). Then D can be
extended to an algebraic differential operator on G.

Now, one remaining problem is to classify all the bi-Sps,(R) orbits on
U(2n)/O(2n). This problem seems unapproachable from our construction.

Another interesting problem is to compactify all the other classical
groups. The analytic approach of compactification used in [9], [10] can
be extended to other classical groups by using dual pairs (see [8]). Roughly
speaking, a dual pair is a pair of classical groups embedded in a symplectic
group as commuting subgroups (see [18], [19]). Therefore, a compactifica-
tion of symplectic group will automatically yield a compactification of the
dual pair. Even though the analytic approach would give us the explicit
formula, the computation is expected to be intense.
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The geometry behind our compactification (H,U(2n)/0(2n)) was dis-
covered by Vogan ([17]). In fact, Vogan constructed a “new” compactifica-
tion (i,U(2n)/0(2n)) by realizing U(2n)/0O(2n) as the Lagrangian Grass-
mannian of R*. Tt is believed that this “new” construction is exactly
(H,U(2n)/0(2n)) I constructed earlier. In this paper, I will apply Vogan’s
idea to compactify all the classical groups and identify (¢,U(2n)/O(2n))
with (#,U(2n)/O(2n)) for Spon(R) in the Appendix. Vogan’s idea can be
stated as follows ([17]).

Let H be a classical semisimple group. Let ¢ be a group involution. Let
X = H/P be a generalized flag variety. Let L be the set of fixed points of
o (L may or may not be connected). Then it is well-known that L acts on
X with finite number of orbits. In particular, when there is a unique open
L-orbit, we call it the generic orbit. If we choose (H,X,o) such that the
generic L-orbit exists and can be identified with our intended group G, then
this construction will automatically produce an analytic compactification of
G, namely (i, X). The embedding 7 is simply the identification of G with
the generic orbit. One nice feature that comes freely with this construction
is the geometric interpretation. For example, the classification of L-orbits
depends more or less on the geometry of the flags in X.

In this paper, we will give unified constructions of (i, X) for classical
groups of type I and II. The group H will be a bigger classical group of the
same type as G. L will be G x G and P will be a maximal parabolic subgroup
of H. One necessary condition for (7, X') to be an analytic compactification
of G is that the L action on the generic orbit in X must be identical to
the left and right group action of G. This is consistent with our result in
[10], that is, in the symplectic case, the left and right G actions can be
automatically extended to X. In this paper, we will further classify all the
G x G-orbits in X.

0.3. Content and Results.

Our paper is organized as follows. In Chapter 1, I construct the com-
pactification (z,X) for symplectic groups. Here H = Sps,(R), L =
Spon(R) x Spa,(R) and X is the Lagrangian Grassmannian of R*". I define
the index of a Lagrangian subspace X as an L-invariant and classify all the
L-orbits based on this index. Most of the results in this chapter is due to
Vogan. In Chapter 2, I generalize the construction in Chapter 1 to all the
classical groups of type I (see Definition 0.1). The following in the main
result.
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Theorem 0.3. Let G be a classical group of type 1. Let r be the real rank
of G. Then there exists a natural analytic compactification (1, X) with

1. X =O0(n) for G =O(p,n —p);
2. X =U(p+q) for G=U(p,q);
3. X =U(2n)/Sp(n) for G = O*(2n);
4. X = Sp(p+q) for G = Sp(p,q);
5. X =0(2n)/U(n) for G = O(n,C);
6. X = Sp(2n)/U(2n) for G = Sp2,(C);
7. X =U(2n)/0(2n) for G = Spa(R) .
Furthermore, the number of G x G-orbits on X is equal to T + 1.

In Chapter 3, we treat classical groups of type II, namely the general
linear groups. The following is the main result.

Theorem 0.4. Let G be a general linear group over R, C or H. Then there
exists a natural analytic compactification (i, X) with

1. X = 0(2n)/0(n) x O(n) for G = GL(n,R);

2. X = U(2n)/U(n) x U(n) for G = GL(n,C);

3. X = Sp(2n)/Sp(n) x Sp(n) for G = GL(n, H).
Furthermore, G x G acts on X with CXH2) ppips

For G a complex classical group, X possesses a natural complex struc-
ture. The complex structures are in fact preserved under our compactifica-
tion.

Theorem 0.5. For G = Sps,(C), GL(n,C),0(n,C), the compactification
(i, X) preserves the complex structure.

In Chapter 4, we make some remarks about some remaining questions
that need to be addressed. In the Appendix, we show that for symplectic
group, (%, X) can be identified with (#,X) in [9]. The idea is as follows.
We fix a complex structure and a complex inner product on R*” compatible
with the symplectic structure. We observe that a real orthonormal basis
in any Lagrangian subspace produces a complex orthonormal basis in R*".
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Based on this observation, we further identify Lagrangian subspaces of R4"
with 2n X 2n symmetric unitary matrices. We examine (i, X) for Spo,(R)
under K AK decomposition and prove that ¢ satisfies all the conditions that
uniquely determine H. Thus the compactification H in Theorem 0.1 and i
are identical.

1. Compactification of Symplectic Group: Vogan’s
Construction.

1.1. Preliminary.

A linear subspace of a symplectic space is said to be isotropic if the restriction
of the symplectic form vanishes in such a subspace. Let Z(2n,m) be the
set of m-dimensional isotropic subspaces of the standard 2n-dimensional
symplectic space. If an isotropic subspace V is half of the total dimension of
the symplectic space, we say V is a Lagrangian subspace. We denote the set
of Lagrangian subspaces of the standard 2n-dimensional symplectic space
by £(2n). Then Z(2n,n) = L(2n). If the symplectic space V is equipped
with only one symplectic form w, we use Z(V,m) to denote the set of m-
dimensional isotropic subspaces of (V,w), and £(V) to denote the set of
Lagrangian subspaces of (V,w).

Let (V,w) be a symplectic space. Let us fix an isotropic subspace Vj. Let
VO-L be the space of vectors which are perpendicular to V under the bilinear
form w. The sufficient and necessary condition for Vj to be isotropic is

Vit 2 Vo

for V) to be Lagrangian is
Vit = .

One consequence of V) being isotropic is that it uniquely determines a sym-
plectic flag:
{}CcwCcv.

Now we define a new symplectic form p on V5-/V; as follows
(s + Vo, v + Vo) = w(u,v).

It is trivial to check that p is a well-defined bilinear form and skew-
symmetric. To see that p is non-degenerate, suppose

plu+ Vo, Vgh) = w(u, Vg-) = 0.
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Then u + Vj € (V3-)*. We have
u+ Vo =V € Vg /Vo.

Thus u = 0(modV;). This shows that p is nondegenerate. Therefore p is a
symplectic form on V' /Vy. We call i the quotient (reduced) symplectic
form of w on V-/Vj, usually denoted by WYL v

Let Span(R) be the standard symplectic group, w the standard symplec-
tic form. Let {X1,X2,--- » Xn>€1,€2,.-- ,€n} be a basis of R?® such that

w(eiaej) = w(X‘LaX]) = Oa

w(Xi76j) = 5;7
Let X,, be the linear span of {xi,...,Xm}. Let Pp be the standard

parabolic subgroup stabilizing X,,. If we regard Z(2n,m) as a flag vari-
ety, we have

Z(2n,m) = Spap(R)/ P,

Let N,,, be the nilradical of P,,. Let L,, be the Levi subgroup of P,, which
also stabilizes the linear span of {ej,es,... ,en}. Then we have

L= Sp2(n—m) (R) x GLm(R)

Notice that P, acts on X,;/X,, preserving wxL/x,  In fact, we have
for z,y € X,J,; and p € Pp,

WX,Jﬁ/Xm([w]’ [y]) = w(z,y) = wlpz,py) = U-’X,#/Xm([l’w], [py]).-

Now it is easy to see that P, acts on (X;5/Xm, WxL/x,,) via the Spog_m)(R)
factor in L,,. We summarize these facts in the following lemma.

Lemma 1.1. We have
Z(2n,m) = Spon(R)/ Py,

Furthermore Py, acts on X/ Xm via Py /(GLy(R) X Ny,).
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1.2. Vogan’s construction.

Let (U,w) and (W,w) be two identical copies of the standard symplectic
space of dimension 2n. Let U @& W be the direct sum endowed with the
following symplectic form

Q((u1,w1), (uz, w2)) = wug, ug) — w(wy, ws) (u1,u9 € Uywy, wy € W).

Let G be the symplectic group Sp(U,w) and G5 be the symplectic group
Sp(W,w). Then G; x Gy acts on U & W diagonally. Furthermore Q is
fixed under the action of G; x G3. We regard G; X G2 as a subgroup of
Sp(U & W, Q).

Now let L(U®W) be the Grassmannian of Lagrangian subspaces of (U &
W, ). Then £(U & W) can be identified with Sp(U & W, Q)/GL(2n, R) Ny,

where N, consists of
L, X ) " }
X'=X7.
{( O2n,  Ion

Firstly, since the maximal compact subgroup of Sp(U & W, Q) is U(2n)
and the maximal compact subgroup of GL(2n,R) is O(2n), L(U & W) can
be identified with U(2n)/O(2n). Secondly, Since L(U & W) possesses a
Sp(U & W, Q)-action, it possesses a G x G action.

Lemma 1.2. The compact symmetric space U(2n)/O(2n) has a bi-Spa, (R)
action. These two Spaon(R)-actions commute.

For V € L(U @& W), the G action is given by

91V = {(914,v) | (u,v) € V}.

The G9 action is given by

92V = {(u, g2v) | (v,v) € V}.
Apparently, g; commutes with gs.

Now for each g € Span(R), we regard it as a linear function from U
to W. We consider the graph of g, denoted by i(g). The graph i(g) is a
2n-dimensional subspace of U @ W. Since

Q((z, 92), (v, 9y)) = w(z,y) —w(gz,g9y) =0  (z € U,g € Sp(U,W))
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i(g) is a Lagrangian subspace of (U & W, ). Therefore i(Spa,(R)) is in
LU @ W). We may identify g with i(g). It is easy to see that i(Spa,(R)) is
a single G1 X Gs-orbit.

In the next section, we will show that i(Spop(R)) is the generic G1 x Go-
orbit in L(U & W). We will also classify the orbital structure of G1 x G2
on L(U @ W) and study each orbit. Very briefly, for a nongeneric orbit,
we want to single out the degenerate part of each Lagrangian subspace and
construct a fibration such that the fiber is "generic” with respect to certain
reduced symplectic form.

1.3. Index.

Let V be a Lagrangian subspace of (U & W, 2). We define
Vi=vVnU Vo=V NW.

Then V; and V5 are isotropic subspaces of (U @ W,2). Since the restrictions
of Q on U and W are just w and —w, V; and Vs are isotropic subspaces of
(U,w) and (W,w) respectively. Let V- be the subspace of U perpendicular
to Vi with respect w. Let Vi be the subspace of W perpendicular to V;
with respect to w. Then we have

Vi c Vit

We denote the projection U@ W — U by w1, and U @ W — W by my. The
map 71 D 7 is just the identity map. We have the following lemma

Lemma 1.3. Suppose V is a Lagrangian subspace of (U & W, Q) and
Vi=UNV,Vo=WnNV. Then we have

ker(m|v) = Vo ker(maly) =W1 (trivial),
m(V)=Vi"  m(V)=V;,
dimV; = dim V.

Proof. Since V is Lagrangian, for every v € V, we must have
Q((m1(v), m2(v)), V. NU) =0.
This implies that w(m(v), V1) = 0. Therefore we have

m1(v) € VlJ'.
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It follows that

1) m (V) C Vi~

Similarly, we have

(2) mo(V) C Vit

By taking the dimensions, we obtain

(3) dim(m;(V)) < 2n — dim(V;) (1=1,2).

On the other hand, since V] is the kernel of m|y, and V5 is the kernel of
m|v, we have

dim(71(V)) = dimV — dim V3 dim(7mo(V)) = dimV — dim V;.

Combined with Equation 3, we obtain

2n — dim(V3) = dim(m, (V) < 2n — dim(V}),

2n — dim(V7) = dim(m2(V)) < 2n — dim(Va).
These inequalities force

dim(V3) = dim(V3),
dim(m (V) = dim(Vi")  dim(my(V)) = dim(V5").
Combined with Equations 1 and 2, we obtain
m(V) =Vt m(V) =V,
dim(V7) = dim(V3) = 2n — dim(m1 (V) = 2n — dim(me(V)).
O

Definition 1.1. Suppose V is a Lagrangian subspace of (U & W,2). We
call the dimension of V; or V5, the index of V. This defines a map

ind: LUSW) = N.
Lemma 1.4. Let V € L(U @ W). The following are equivalent:
e ind(V) =1;
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(
o dim(VNW)=1;

o dim(m(V)) = 2n —i;
e dim(me(V) = 2n —1.

Let L(U @ W); be the set of Lagrangian subspaces with index i. We
observe that for any ¢g; € G1, g2 € Go,

ind(g1V) = dim(g1V NU) = dim(V N g7 *U) = dim(V N U) = ind(V),
ind(g2V) = dim(g2V N W) = dim(V N gQIW) =dim(VNW) = ind(V).
We obtain
Lemma 1.5. The indezx of V is preserved by the action of G1 X Ga.

1.4. Generic Orbit.

The definition of index will help us nail down the image of
1:Spon(R) = L(U @& W)

we defined earlier. The following theorem says that 7 produces a one to one
correspondence between L(U @ W)y and Span (R).

Theorem 1.1 (Vogan). The set LU®W ) can be identified with Spon (R)
through i. This identification i preserves the Span(R) X Span(R) action.
Therefore for Ve LU @W)y, the isotropic subgroup (G1 X Ga)v is isomor-
phic to the subgroup

{(9,9) | 9 € Span(R)}.

Proof. Let V € L(U @ W)o. Then we have

VAU ={0} Vnw={o}

Therefore m1|y and mg|y are all injections. But dim(V) = dim(U) =
dim(W). Thus m|y and ma|y are isomorphisms. This implies that V is
the graph of a one-to-one correspondence

oy U = W.
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In fact, ¢y can be written explicitly as

my o ((m)ly) ™

Now we know that

V ={(z,¢v(z)) |z €U}
Since V is Lagrangian, for any z,y € U, we must have
0= Q((xa ¢V(.’E)), (ya ¢V(y))) = w(az,y) - w(¢V(m)’ ¢V(y))

This means that ¢y € Sp(U,W) = Spo,(R). Conversely, for each g €
Spon(R), we can define V' to be i(g), the graph of g. Then V is a Lagrangian
subspace of (U @ W, ) and its index is 0. Furthermore, it is easy to check
that

bigy=9 ildv)=V.

Therefore i defines one-to-one correspondence between Sp2,(R) and
L(U ® W)y. Now let g1 € G; and gy € Go. Then

i(g1992) = {(z,919922) | = € U} = {(95 'z, 9197) | 7 € U} = g1g5 "i(9).

Hence 7 preserves the Spo,(R) x Spon(R) action. Let e be the identity
element in Spo,(R). Apparently, the subgroup stabilizing i(e) is given by

(G1 x Go)x ={(9,9) | g € Span(R)}.

1.5. Nongeneric Orbits.

Let us consider L(U @ W); for i > 0. We equip (Vi* @ V5')/(Vi @ V) with
the quotient symplectic form of 2. It is easy to see that

Dvrevr)/ (e = Wvi/vi ~ Wty
Theorem 1.2. There exists a fibration:

LV Vi@ Vst [Va)g = LU & W); = (U, i) x (W, ).

Proof. Let V € L(U & W);. We define the projection of the fibration

(V)= (Vi,Va) = (VNU,VNW).
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This yields a surjection
m: LU W); = I(U,1) x Z(W,1).

Now fixing V; € Z(U,7) and V5 € Z(W, 1), we would like to study the fiber
71 (V1, Va). We wish to identify this fiber with £(Vi*/Vi @ V3-/V2)o. Recall
from Lemma 1.3 that

m(V) =Vt m(V)=V5

We obtain
VCcvievi.

Since V; = ker(mq|y) and Vo = ker(m1|v), We obtain two isomorphisms:
™ V/Va = Vi,
m: V/Vi — VQ“L.
These two isomporhisms induces other two isomorphisms:
71 VIV ® Va — ViH /W,
To: VIV @ Vo — V- [Va.
Apparently, the direct sum
7 @7 V/Vi® Vo — (Vi/V) © (Vi+/Va)
is also an isomorphism. We check the dimension

(4)  dim(V/Vi ® V3) = dim(V;") — dim(V3)
= dim(V;%) — dim(V;) = dim(Vs') — dim(V3).

We see that V/Vi @ V3 is half of the dimension of (Vit/Vi) @ (V5-/V%). In
fact, V/V1 @ V4 is a Lagrangian subspace of (V;-/V1) @ (V5-/V2). We prove
this claim in two steps.

Lemma 1.6.
Let p be the quotient symplectic form of Q on (Vit @ V5h)/(Vi & Va). Then
V/(V1 ® Va) is an isotropic subspace of (Vi-/Vi) @ (V5-/Va) with respect to

73
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Proof. For any z,y € V, we know
(m @ m2)(2), (1 & m)(y) € Vi-@ V5"
Therefore, we have
p(z+ (Ve Va),y + (Vi @ V2)) = w(z,y) = 0.

Thus V/ (V1 ® Va) is an isotropic subspace of (Vi-/V1) @ (V5-/V2). This ends
the proof of the lemma. a

‘We observe that
V/(Vie )N (Vi e W)/ VieWh)=(VieV)/(Vie V)
and
(V/(VieW)n (e Vi) /(e W) =(Vie )/ (Vi V).

Combined with Equation 4, we obtain

Lemma 1.7. V/(Vi ® V3) is a Lagrangian subspace of (Vi*/V1) & (V- Va).
Furthermore,

V/(Vi @ V) € L((ViH/V1) @ (V/V2))o-

Based on these two lemmas, we see that the fiber 7=1(V1, V2) is contained
in L(Vit/Vi ® Vs+/Va)o. Conversely, for any Lagrangian subspace

X € L((Vi*/W) @ (V5/V2))o
we define V to be the preimage of X under the projection
Vite Vit = (ViH /W) @ (V5 /Va).

Then it is easy to verify that V € L(U & W) and ind(V) = 4. This ends the
proof that the fiber of 7 is exactly

LV Vi@ V5[ Va)o.
0

Based on our established knowledge on the geometric structure of
L(U & W);, we can analyze L(U @ W); in terms of the group action. Let

{61,62, e ,€2n}

be the standard basis for the symplectic space (R?",w). Let X; be the linear
span of {ej,e,...,en}. Apparently, X; is isotropic for i < n.
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Theorem 1.3. Fach L(U ® W); is a single G1 X Gy orbit. Let P; be the
parabolic subgroup stabilizing X; and N; be its nilradical. We identify the
Levi subgroup L; with Spop—2;(R) X GL; (R). Let Q be the subgroup of P; x P,
consisting of

{(99293,gh2h3) | g € Span—2i(R), g2, ha € GL;(R), g3, hg € N;}.

Then we have
E(U @ W)z = Sp?n(R) X SpZn(R)/Q-

Proof. Suppose V. € L(U & W);. Since G; X Gy acts transitively on
Z(U,3) x Z(W,i), without loss of generalities, we assume X; = VNU =
V N W. The isotropic subgroup stabilizing (X;, X;) is simply P; X P;. Now
P; x P; acts on L((X/X:) @ (Xi-/Xi))o - The left P; acts on U/X; via
P;/GL;(R)N; = Spon—2i(R) and the right P; acts on W/X; in the same
way. From Lemma 1.1, L((X}/X;) ® (X/X;))o can be identified with
Span—2i(R). Thus P; actions on L((X;/X;) & (X;-/X;))o descend into left
and right Spo,—2i(R) actions on Spo,_2;(R). It follows that both actions of
P; are transitive.

From the fibration
LV /Vie Vit Vi) = LU @ W); — G1/P; x Go/ P,
we see that L(U & W); is a single G; x Go orbit. Furthermore, for
71 ® (V) € LI(XF/X;) @ (X+/X;))o, from Theorem 1.1, the isotropy

group
(-Pt X Pi)fl@fz(V)

is isomorphic to Q). Therefore the isotropic group of G; X G4 action on V is
isomorphic to

(Bi X Bi) gy (v) = Q-

The dimension of L(U @ W); is equal to

2dim(Z(U, 1)) + dim(L(4n — 47)o)

= 2(dim(Sp2n (R)) — dim(F;)) + dim(Span—2:(R))
(5) = dim(Spa, (R)) — dim(L;) + dim(Span—2:(R))

= dim(Span(R)) — dim(GL;i(R))

< dim(L(U & W)q)).
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Therefore, L(U & W)y is an open dense subset of L(U @ W). We obtain the
following theorem

Theorem 1.4. The map i : Spon(R) = L(U & W) defined by

i(9) = {(z,92) | z € U}

is an analytic compactification of Spo,(R).

Proof. Let e be the identity in Spop(R). First of all, Spa, (R) acts on L(U &
W) from left analytically. Therefore, the orbit i(Sps,(R)) is an analytic
submanifold. Since 7 is one-to-one, 7 is an analytic embedding. Furthermore,
1(Span(R)) is open and dense in L(USW). Hence (i, L(USW)) is an analytic
compactification. |

2. Compactification of Classical Groups of Type I.

The techniques used in the last chapter to compactify the symplectic group
can be easily generalized to all the classical groups of type I without much
modification. We will give the definition of type I classical groups first, and
then we will state our results. Since the proof of these results is not much
different from the case for symplectic group, we will be brief.

2.1. Classical Group of Type I.

Definition 2.1 (Classical Group of Type I). A type I classical group
G(V) consists of the following data (see [7], [18], [19]).

e A division algebra D of a field F with involution {, and a"b* = (ba)!;

e A (right) vector space V over D, with a nondegenerate (D-valued)
sesquilinear form (,),, € = 1, i.e.,

(u,v) = e(v, u)* (u,v €V),
(uA,v) = (u,v)A (u,v € V,\ € D);
e G is the isometry group of (,), i.e.,
g-(ud) = (g.u)A (AeD,ueV,geq)

(gu,gv) = (w,0) (w0 €V).
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If (V,(,)) is implicitly understood, we denote the classical group by G.
In general, we denote it by G(V)). We allow f§ to be trivial. We call the
identity component of G connected classical group of type I. For F = C, §
trivial, we obtain all the complex classical groups of type I, namely, Sps,(C),
and O(n,C). For F =R, D = H, { the usual involution, we obtain Sp(p, q)
and O*(2n) depending on the sesquilinear form. For F = R, D = C and
# the usual conjugation, we obtain U(p,q) depending on the signature of
the Hermitian form. For F = R, D = R with trivial involution, we obtain

Span(R) and O(p, q).

Let Vy be a linear subspace of V. We write VO-L for the orthogonal
complement of V; with respect to the sesquilinear form (,). From now on,
all the linear spaces and dimensions and homomorphism will be over D
unless stated otherwise. In some situation, a linear subspace refers to a
point in a Grassmannian manifold depending on the context.

For V = D™ endowed with a sesquilinear form (, ), we say that a subspace
Vo is isotropic if

(Vo, Vo) = 0.
Let r be the real rank of G(n). Let {e1,es,... ,e-} be a basis of a maximal
isotropic subspace of V. Let X; be the linear span of {ej, ez,... ,e;}. Let B
be the parabolic subgroup of G(V) stabilizing the subspace X;. Let Z(V, 1)
be the set of i-dimensional isotropic subspaces of V. Then

Z(V,i) = G(n)/Fi.

According to our definition of type I classical group, F; also stabilizes X{L.
In fact, we have

0= (XzJ_’XZ) = (X'LJ_’PZXZ) = (PZX{L’XZ)

Therefore P, acts on XZJ- /X
Now we fix an i. We define a nondegenerate sesquilinear form p on

XX

p@ + Xiyy + Xi) = (z,y) (m,yEX{L).
We call u the reduced sesquilinear form of (,), denoted by (,) XE/Xit Now the
P; action on X;'/X; descends to the group action of G(X;'/X;, (, )XiJ_/Xi).
More precisely, let N; be the nilradical of P;. Then P;/N; can be identified
with G(X:*/ X, (,) x;/x;) % GL(i, D) and apparently GL(i, D) acts trivially
on X;-/X;. Therefore P; acts on X;/X; via P;/N; x GL(n, D). For more
details on the structure of P,. We refer the reader to Jian-Shu Li’s paper

[7].
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2.2. Main Theorem 1.

Let U and W be two identical copies of D™ equipped with the same sesquilin-
ear form (,). Let U & W be the direct sum of U and W equipped with the
following sesquilinear form

Q((u1,wr), (u2, w2)) = (u1,u2) — (w1, ws) (u; € U,w; € W).

Then G(U) x G(W) acts diagonally on U & W. We say a subspace V is a
Lagrangian subspace of U & W if

QV, V) =0 dimp V = n.

Let L(U @ W) be the set of Lagrangian subspaces of U & W. Then G(U) x
G(W) acts on L(U @ W). Furthermore, we have

LU @ W)= G(2n)/P,.
We define a map ¢ : G(n) = L(U & W) by

i(9) = {(v,9v) | v € D"}

Then i(g9) € L(U & W).

Theorem 2.1 (Main Theorem—Type I). Let G(n) be a classical group
“of type 1. Let T be the real rank of G(n). Let L(D?™) be the set of Lagrangian
subspaces of the following sesquilinear form

Q((u1, w1), (ug, wa)) = (u1,ug) — (w1, ws) (us, w; € D™).

Then G(n) x G(n) acts on L(D*") with r + 1 orbits. There exists a unique
open dense orbit L(D*™)q (to be defined) which can be identified with G(n)
naturally.

Recall that L(U @ W) can be identified with G(U & W)/P,. Here P, is
a parabolic subgroup stabilizing a Lagrangian subspace of (U & W, ). We
choose a KAN decomposition of G(U & W) (warning, not of G(n)) such
that the corresponding minimal parabolic group M AN is contained in P,.
Let M, A, N, be the Langlands decomposition of P, (see Ch. V in [12]).
Then L(U @ W) can be identified with K/M,, N K. We observe that M, can
always be identified with GL(n,D) (see [7] and [8]). Therefore M, N K
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will be one of the compact classical groups, namely O(n),U(n) or Sp(n).
We obtain the following list:

(6)

G(n) GUeW) K GL(n,D)NK LUeW)
O(p,n —p) O(n,n)  O(n) x O(n) O(n) O(n) x O(n)/O(n)
U(p,n —p) Un,n)  U(n) xU(n) U(n) U(n) x U(n)/U(n)
Sp(p,n—p)  Sp(n,n) Sp(n) x Sp(n) Sp(n)  Sp(n) x S5p(n)/Sp(n)

O*(2n) O*(4n) U(2n) Sp(n) U(2n)/Sp(n)

O(n,C) 0(2n,C) O(2n) U(n) 0(2n)/U(n)
n even, Spn(C)  Span(C) Sp(n) U(n) Sp(n)/U(n)
n even, Spn(R)  Span(R) U(n) O(n) U(n)/O(n)

In each case L(U @ W) is a compact symmetric space (see [5]).

Theorem 2.2 (Compactification of Type I Classical Groups). For
every classical group of type I, there ezists an analytic compactification (i, X)
where X s a compact symmetric space.

For the first three cases, in LU ® W), O(n), U(n) and Sp(n) are embed-
ded diagonally in their products. For any Lie group G, let A be the diagonal
embedding of G into G x G. We can define an identification of G x G/A(G)
with G as follows

m: (g1,92) = 9195 -

Thus we obtain a canonical identification of L(U & W) with O(n), U(n) or
Sp(n) in each case. Let G = U, Sp, O. Notice that for the groups G(p,n—p),
the vector space (U & W, ) only depends on 7, not on the signature of the
original sesquilinear form (,). Hence the vector space (U & W, ) can be
identified for all G(p,n — p)’s with the same n.

Theorem 2.3. Let G = U, Sp,0. The groups G(p,n —p) (VY 2p < n) can
be simultaneously compactified into their common compact form G(n).

The question of how all these groups fit into their common compact
form depends on the splitting of the sesquilinear form €, consequently on
the ordering of the basis on U @ W. From the view point of representation
theory, this theorem also suggest that the unitary duals of G(p,n —p) should
somehow be studied as one object.

2.3. Proof of the Main Theorem 1.

Notice that the set i(G(n)) is already a G(U) x G(W)-orbit. It suffices to
show that the number of G(U) x G(W )-orbits on L(U @ W) is exactly r+1.
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All the other statements are more or less obvious. We prove this theorem
via the following lemmas.

Lemma 2.1. Suppose V is a Lagrangian subspace of (U & W, Q) and V; =
UNV,Vo=WnNYV. Then we have

ker(m|yv) = Vo ker(malv) = W1 (trivial)
m(V)=Vi"  m(V)=Vs,
dimD V1 = dimD VQ

The proof can be carried out in the same fashion as the case G =
Span(R). We omit the proof.

Now we define the index of V € L(U & W) to be
dimp(V NU) = dimp(V NW).

Then the index of V' is preserved under the action of G(U) and G(W). We
denote the set of Lagrangian subspaces of index i by L(U ®@W);. We observe
that V NU is an isotropic subspace of U and W NV is an isotropic subspace
of W. But the maximal dimension of isotropic subspaces of U is r. Therefore
1 can be at most 7. We obtain

Lemma 2.2. L(U & W) is the disjoint union of L(U & W);.
LUW)=ULUaW).
Each LU ®W); is G(U) x G(W)-stable.

Let us consider L(U @ W), first. As we expected, L(U & W), is in
one-to-one correspondence with G(n).

Lemma 2.3. We have L(U @ W)o = i(G(n)). In particular, G(U) and
G(W) both act transitively on L(U & W)y.

The proof is essentially the same as the proof of Theorem 1.1.

To analyze the degenerate orbit L(U @& W);, we first fix an i # 0. Let
Vi=VNU and Vo = VNW. Then V; is an isotropic subspace of (,). Let y;
be the reduced sesquilinear form on V;-/V;. We define a new nondegenerate
sesquilinear form

p((z1,91), (T2,92)) = p1(z1,91) — p2(z2, Y2) (zi,yi € Vit [ V).
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This is the reduced sesquilinear form of 2 on
(18 V2)"/ (10 Vh)
which can be canonically identified with
Vit /i & Vit Vs
Lemma 2.4. There exists a fibration:
L(VE[V2 @ V5" [Vaspo = £(U & W)i = Z(U,3) x Z(W; ).
Furthermore

dimg(L(U & W);)) = dimg(G(n)) — dimg (D).

Proof. The fibration follows from the proof of Theorem 1.2 without any
change. According to the previous Lemma, the dimension of the fiber is

equal to
dimg (G (Vi"/W1))

and dimp V; = 4. From basic Lie group theory, we have
2dimg(Z(U,7)) = 2(dimg(G(U)) — dimr(F;)) = dimg(G(U)) — dimg(L;).
Here L; is the Levi factor of P, and L; & G(X;*/X;) x GL(i, D) (see [7]

and [8]). We compute the real dimension
dimg(L(U ® W);) = 2 dimg(Z(U, ) + dimg (G (Vi*/V1))
= dimg G(U) — dimg G(X;-/X;)
(7) — dimg GL(i, D) + dimg G (V- /W)
= dimg G(U) — dimg GL(i, D)
= dimg(G(n)) — dimg (D)i2.

a

Since the dimension of L(U & W);(i > 0) is less than the dimension of
L(U @& W)y, by Lemma 2.2, L(U & W)y is open and dense in L(U & W).
To finish the proof of the Main Theorem I, we need one more lemma.

Lemma 2.5. L(U ® W); is a single G(U) x G(W)-orbit.
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Proof. Without loss of generality, we choose X; = UNW =V NW. We
consider the fibration

L(XG /X ® Xi[ Xi, )0 = LU @ W); — G(U)/P; x G(W)/P;.

From Lemma 2.3, the fiber can be identified with isomorphisms of X;'/X;
that preserve the reduced sesquilinear form of (,), i.e., G(X;"/X;). We
know that both left and right P; actions factor through G(X;-/X;). Thus
the P, x P; action on £(X;-/X; ® X;-/X;, u)o is transitive. It follows that
the G(U) x G(W) action on L(U @ W); is transitive. O

Now we know that £(U & W) is a disjoint combination of L(U @ W);(z €
[0,7]) and each L(U @ W); is a G(U) x G(W)-orbit. Therefore, there are
r+1 G(U) x G(W)-orbits. This finishes the proof of the Main Theorem
I O

Proof of Theorem 2.2: Since L(U @ W)o = i(G) is open and dense in
L(U & W), the embedding 7 is an analytic compactification. O

Finally, for a complex group G, we observe that i preserves the complex
structures on G and on L(U & W).

Theorem 2.4. For G = O(n,C) or Sp(n,C), (i,X) is a compler analytic
compactification.

3. Compactification of Classical Groups of Type II.

3.1. Main Results.

Classical groups of type II are general linear groups. There are three of
them, namely, GL(n,R), GL(n,C) and GL(n,H). The compactifications of
these groups have slightly different flavor.

Let D be a division algebra over R. Let G be GL(n,D). Let U and W
be two identical copies of D™ (regarded as right D-module). Let G(U® W, n)
or G(2n,n) be the Grassmannian of n-dimensional subspaces. For any V €
G(2n,n), we define

9192V = {(914, gow) | (u,w) € V}.
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This is a GL(U) x GL(W) action on G(2n,n). For each g € G, we define
i(9) € G(2n,n) by

i(g) ={(v,gv) | g € D"}.
This identifies G with a subset of G(2n,n).

Theorem 3.1 (Main Theorem II).
There are gn—“g"—"’?l GL(U) x GL(W)-orbits in G(2n,n) and i(G) is open
and dense in G(2n,n).

Therefore, (7,G(2n,n)) is an analytic compactification of G(n). We fix a
K(2n)AN decomposition of G(2n) such that N is strictly upper triangular
and A is diagonal. Since G(2n) acts on G(2n,n), let P, be the isotropic sub-
group of G(2n) stabilizing a chosen X,, € G(2n,n). Then the Levi subgroup
of P, will be the block diagonal matrices with block size (n,n). We obtain

G(2n,n) = G(2n)/P, = K(2n)/K(2n) N Ly,.

Here K(2n) N L, is a maximal compact subgroup of L,. The exact forms
of G(2n,n) are

D =R, G(2n,n) = 0(2n)/0(n) x O(n),
D =¢(, G(2n,n) =U(2n)/U(n) x U(n),
D=D,  G(2n,m) = Sp(2n)/Sp(n) x Sp(n)

They are all compact symmetric spaces (see [5]).
3.2. Proof of the Main Theorem II.

Let us fix a division algebra D and a group G = GL(n,D). We will fix an
n. We will write GL(n) for GL(n, D). All the groups and homomorphisms
and dimensions are with respect to D unless stated otherwise. We will use
dimg to represent real dimension. Let G(n,i) be the Grassmannian of i-
dimensional subspaces of D". Let {ej,ez,... ,e,} be a basis of D™. Let X;
be the D—linear span of {ej,es,... ,e;}. Let P; be the parabolic subgroup
of G stabilizing X;. Let N; be the nilradical of F;. Let @; be the subsroup
of P, fixing e1,es,... ,e;. Then @; can be identified with GL(n — 1)

For i < n, let Hom (D?, D™), be the space of injective homomory B
from D* to D™. The set Hom (D?, D™) possesses a left GL(i)-action and a
right GL(n)-action. Furthermore, GL(n) acts transitively on Hom{D*, D)o

Hom (D%, D™)o = GL(n)/Q;.
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Similarly, we know

G(n,i) = G/P,.
Definition 3.1. For each pair (4,5) € N? such that i + j < n, we define
GU ®W,n)i; = {V € G(U & W,n) | dimp(UNV) = i,dimp(V N W) = j}.
For each V € G(U & W, n); j, we have

dim(g1g,V NU) = dim(V N gy g7 U) = dim(V N U)

(VY g1 € GL(U),92 € GL(W)),
dim(g1g;V N W) = dim(V N g; g7 ' W) = dim(V N W)

(V g1 € GL(U), g2 € GL(W)).

Therefore g192V € G(U ® W, n); j. Hence G(U @ W, n); ; is preserved by the
action of GL(U) x GL(W).

Theorem 3.2. G(U & W, n) is the disjoint union of G(U & W,n); ;. Each
G(U @ W,n);,; is a single GL(U) x GL(W)-orbit.
Proof. We prove this theorem via the following lemmas.

Lemma 3.1. Suppose dimU > dimW > m. Then there ezxists a natural
principle fibration

GL(m) — Hom (D™,U)o x Hom (D™, W) — G(U & W, m)o,0.
Furthermore, we have

dimg(G(U & W,m)o,0) = m(dimg D)(dimU + dim W — m).

Proof. The natural projection 7 is given by

(¢ € Hom (Dm’U)0’¢ € Hom (DmaW)O) - {(¢1E, /be) I S Dm} €
G(U ® W,m)o,0.

To compute the fiber, suppose

m(p1,%1) = m(d2,9P2).
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In other words, we have

{(412,¢17) |z € D™} = {(d2x,p2z) | x € D™}

We define a map A from D™ to D™ as follows: for each z € D™, there exist
a unique y € D™ such that

(P12, %13) = (d2y, 2y)

we define y = Az. Now it is easy to show that A is linear, and nondegenerate
and

(f1,91) = (¢24, 12 A).

Hence the fiber can be identified with GL(m). To compute the dimension
we have

(8)  dimg(G(U & W,m)o,)
= (dimg D)(dim Hom (D™, U)o x Hom (D™, W) — dim GL(m))
= (dimg D)(m dimU + m dim W — m?)
= m(dimg D)(dim U + dim W — m).

O

Since Hom (D™, U)o x Hom (D™, W)y is GL(U) x G L(W )-homogeneous,
G(U @ W,m)o is automatically GL(U) x GL(W )-homogeneous.

Lemma 3.2. G(U & W,m)op is a GL(U) x GL(W)-homogeneous space.

The orbit G(U @ W)o,0 can be regarded as the only nondegenerate orbit.
For the other degenerate orbits, we wish to single out the degenerate and
nondegenerate structures.

Lemma 3.3. We have the following fibration
G(D" '@ D", n—i—j)oo— G(D"® D" n)i; — G(n,i) x G(n, j).
Furthermore, we have

dimg (G(U ® W,n); ;) = (dimg D)(n? — 2 — 5?).
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Proof. Let us examine the natural surjection:
mij 0 G(U @ Wyn)ij = G(n,d) x G(n, )
defined by
i ;(V) =V NnU,VnW).
Now if we fix m; (V) = (V1, V2), then w;]-l(l/'l, V) is in one to one correspon-
dence with
GUVL @ W/Va,n—i—j)oo-
The first statement is proved. We compute
dim(G(n,)) = dimGL(n) — dim P; = i(n — i).
Therefore
9)
dimg(G(U ® W, n)i ;)

=dimg(G(n, 1)) + dimg(G(n, 7)) + dimg(G(D" ™" & D", — i — j)o,0)

=(dimg D)(i(n — i) + j(n—j) = (n—i—f)(n—i+n—j—(n—i=j)))

=(dimg D)(n? — i? — 5%).

O

Proof of the Theorem 3.2: Let us fix X; € G(U,4) and X; € G(U, ).
From the last lemma, we have

G(U/X: ®W/Xj,n—i - j)oo — G(U ®W,n)i; = GL(U)/P; x GL(W)/P;.

It suffices to show that P; x P; acts on G(U/X; ® W/Xj,n —1i — j)o, tran-
sitively. In fact, this P; x Pj-action descends into a GL(n —i) x GL(n — j)-
action. From Lemma 3.2, GL(n — i) x GL(n — j) acts transitively on
G(D™* @ D" J,n — i — j)oo. Therefore, P; x P; acts transitively on
G(D" @ D", n —i— o o

Proof of the Main Theorem II: The number of G(U) x G(W)-orbits
in G(U & W,n) is equal to the number of (i,5) € N? such that i +j < n.
It is just @én—ﬁl From our dimensional discussion, only one orbit i(G)
has the maximal dimension n? dimg D. Therefore i(G) is open and dense in
G(2n,n). a

For G = GL(n,C), from our construction, we can see that 7 is complex
analytic. Therefore we obtain
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Theorem 3.3. For G = GL(n,C), (i,U(2n)/U(n) x U(n)) is a complez
analytic compactification.

4. Remarks.

1. In this paper, I address the question of compactification for the clas-
sical groups. One natural problem to explore is the compactification
of exceptional groups. The methodology used in this paper must be
modified. For example, one can not choose a group bigger than Fg but
of the “same” type. Nevertheless, one can explore it either abstractly
using root systems or do a case by case study.

2. Another question is analytic compactification of an arithmetic quotient
of a classical group. In [1], Baily and Borel proved the analyticity of
their compactification using automorphic forms. In our case, since X
inherits a G x G action, we will have a set-theory based quotient X/T.
But it needs not to possess a nice topology to make it compact. We
may take some categorical quotient. Nevertheless, we do not know how
to make it a real variety.

3. Philosophically, based on our construction in [9], the compactifica-
tion of symplectic group is closely related to the oscillator representa-
tion. An indicated in my thesis [8], the nonvanishing of theta corre-
spondence is tied to the properties of compactification of the classical
groups. Therefore, it is desirable to explore this connection from the
view point of representation theory of classical groups. I will address
this question in future.

4. Finally, I should also remark that the compactification (¢, X) can not
be obtained by pulling back the compactification of the corresponding
symmetric space G/K. Here K is the maximal compact subgroup
of G. In fact, in our construction, the group K will not acts freely
on X except in a few cases. Nevertheless, there might be a strong
connection between our compactification and the Satake-Furstenberg-
Martin compactification.

5. Appendix: Explicit Computation.

The symmetric space U(2n)/0(2n) can be identified with Say, the set of
2n x 2n symmetric unitary matrices. In [9] and [10], I constructed the
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compactification (H, Sa,) as follows: for

(A B
9=\c b
A'4D' _ .C'-B'\_1/A'-D' , :B'4C! _(A'4D' _ . C'—B'\-1
H(g)=(( 2 ii(i_-lﬂ) .o-%)_lH 2 )(A-|2-D _Z(cﬁa)—l(fqgﬁ_)is-go))

2 T3 L

To certain extent, this formula is still mysterious. Vogan conjectured that
(H,S2n) can essentially be identified with (i, L(U @ W)) we constructed in
this paper. I will prove this conjecture in this appendix.

We prove this conjecture in three steps. First we cite some (defining)
characterizations of (#, S2,) under K AK decomposition from [9]. Then we
give an exact identification between £(R*") and Sy,,. Finally, we show that
(i, L(R*") satisfies the same defining characterizations as (#, Son).

Let K = Sp2,(R)NO(2n). Then K can be identified with U(n) as follows

A B .
k=<_B A)—)kC_A—Bz.

It is easy to see that
k= ke’ = kgl

We identify U @ W we defined earlier with C? by choosing the real basis
to be

{ie1,...1en, €1, - €n, f1,.-- s fryif1,- - ifn}

such that
(10) U = span(iey,...1lep,€1,...6€q)
(11) W = span(fi,--- » fnyif1y-..1fn).

Let (,)c be the complex inner product on U @ W such that {e;, f;} is an or-
thonormal basis. Let (,)r be the real inner product such that {e;, iej, f,1fi}
is an orthonormal basis. Then the imaginary part of (, )¢ is exactly the sym-
plectic form Q we defined earlier. Furthermore we have, for ¥ € K, under
the basis {ie;, e;},

(12) k( y ) = k(= + yi)



736 Hongyu He

under the basis {f;,if;},

(13) k ( f; ) = kc(z + vi).

Let H = diag (Hy,... ,Hy,) and a = diag (exp H, exp(—H)). Then Sps,(R)
has a KAK decomposition.

Theorem 5.1 (see [10], [9]). (H,S2n) can be characterized by the follow-
ing properties:

~ tanh(H)  —isech (H)
H(a) = ( —isech (H) taznh(H) ) .

Now we wish to construct an identification between L(U @ W) and Say,.
For any V € L(U®W), we choose a real orthonormal basis { X1, X, ... Xo, }.
Then ‘

(Xi,Xj)R = 5‘3

Because V is Lagrangian, we have
Q(X;, X;) =0.
Therefore ‘
(Xi, Xj)c = 6].

Hence {Xi,...,Xon} is a complex orthonormal basis for U & W.
We write {Xi,...,Xo,} as column vectors in terms _of the basis
{e1,--- sen, f1,... , fn}. We can construct a unitary matrix V' by combining
all the X;’s as column vectors. Since V is a real vector space, V is unique
up to right actions of O(2n). Then we identify £L(U @ W) with Sz, by

V=V

This identification does not depend on the choice of the orthonormal basis
{X1,...,Xon}
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Theorem 5.2. For g € Spa,(R), we define

i(9) = {(z,92) |z € R}

Then we have

Proof. 1t suffices to show that i(—g?)i(—g?) satisfies the three properties in
Theorem 5.1. Notice that we will NOT have

—_ N~

i(—g%) = —i(g").

Before we prove this theorem, we need one more notation. Suppose X is an
arbitrary matrix. We define < X > to be the real linear span of the column
vectors in X.

o Let k € Span(R) NO(2n). Under the basis {ie;, e;, fk,ifi1}, we have

I
ot — )
i(—g") ( —gt )
Then we must have

()=

Since k is in Spap(R), we have

(=)= (7))

Since k is in O(2n), the right-hand side is already a real orthonormal

—_—

basis. Therefore it can be chosen as i(—gtkt). Now we switch to the
complex basis {e;, f;}. According to Equation 12, k acts on the first
n coordinates by kc. Therefore,

e = (59 ) e (&),

o Notice that

con={(_L )= (7)),
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According to Equation 13, k acts on the second n coordinates by kc.
Therefore, k* acts on the second n coordinates by ke !, Following the
previous proof, we have

iR = (g p )iCaid (g 5 )

e Now it suffices to show that

—~——— ——~——1

i(—a)i(—a) = H(a).

Without loss of generality, we assume n = 1. Then we have

1 0
. 0 1
o(-a) = —expH 0
0 —exp(—H)

By taking the orthonormal basis (in our case, just normalization), we
can choose i(—a) to be

L exp(—H/2)(sech H)% 0

\/5 1
0 % exp(H/2)(sech H)z

——\}—2—- exp(H/2)(sech H)% 0 '
0 —\/Lz- exp(—H/2)(sech H)%

Therefore under the complex basis, we have

V2

— > exp(—H/2)(sech H)z

i(=a) = —-L exp(H/2)(sech H)%

— ( \/Lz' exp(—H/2)(sech H)
V2

L exp(H/2)(sech H)% )
We conclude that

Tt tanh(H) —isech(H) \ _
@ = ( —zZech (H) tanfl(EH) ) = H().
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