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Schrodinger Flow on Hermitian Locally Symmetric
Spaces !

PETER Y.H. PANG, HONG-YU WANG AND YOU-DE WANG

In this paper, we show that there exist global (inhomogeneous)
Schrodinger flows from the real line R! as well as the circle S! into
Hermitian locally symmetric spaces. Moreover, the Schrédinger
flows obey a conservation law. Via the correspondence between
the Schrodinger flow on complex Grassmannians and the matrix
nonlinear Schrédinger equation (focusing case) on the real line R,
Terng and Uhlenbeck recently established the existence of global
Schrédinger flow from R! into complex Grassmannian manifolds
using methods of complete integrability and inverse scattering. In
a particular case, our result provides a geometric analytic approach
to this global existence result on R!.

1. Introduction.

Let N be a complete Kiahler manifold equipped with a Kahler form w, a
complex structure J, and the Kahler metric A(-,-) = w(-,J-). Then, given
a map ug from a Riemannian manifold (M, g) into N, the Schrodinger flow
(see [5]) u(-,t) : M — N for wug is defined by the Cauchy problem

Oru = J(u)T(u),
u(z,0) = up(z).

Here, 7(u) is the tension field of u; in local coordinates,

(1.1)
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where A is the Laplace-Beltrami operator on M with respect to the metric
g and I'g  are the Christoffel symbols of the target manifold N (see [7]).
In [20], H.Y. Wang and Y.D. Wang formulated an inhomogeneous version
of the Schrédinger flow as follows:
Given a scalar-valued, nonnegative function f(z) on M, define the in-
homogeneous energy Ef(u) of a map u € C'(M,N) with respect to the
coupling function f(z) by

By =3 [ 1aufs(e) i,

where |du|? = Traceyu*h, u*h being the pull-back of the metric tensor A on
N by u. With respect to an orthonormal frame {e;} on M, the L2-gradient
of E; at u, denoted by 7¢(u), can be expressed as

7(u) = fr(u) + V- du.

Here Vf - du = Y 7", (Ve, f)du(e;), m = dim M, and V., denotes the co-
variant differential. In particular, in the case where M = 2 is a domain in
Euclidean space R™,

= of 9

Vf-du= 2. axidu(awi).

We will call 7¢(u) the inhomogeneous tension field of u with respect to the
coupling function f. The inhomogeneous Schrodinger flow is then given by

12) {@u = J(u)7s(u) = J(u){f(z)7(uv) + Vf(z) - du},
u(z,0) = up(z).

When N = §2, the equation in (1.2) reduces to the inhomogeneous
Heisenberg or ferromagnetic spin chain system, also known as the Landau-
Lifshitz equation [14]:

Ou = f(z)(u x Au) + Vf(z) - (u x Vu),

where u takes values in S2 C R3 and x denotes the cross product in R3.
For details, we refer the reader to [4] and the references therein.
Also recall the nonlinear Schrédinger (NLS) equation

by + Py + 269 %p = 0,
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where k # 0 is a constant. This equation, which has many applications in
physics, has been widely studied, see for example [2, 11, 23]. In particular,
the lattice nonlinear Schrodinger equations with x = £1 can be written
respectively as Hamiltonian equations on S? and the Lobachevskian plane,
and thus represent respectively SU(2) and SU(1,1) magnetic models (see
[8] for details).

Zakharov and Takhtajan [24] and Lakshmanan [13] pointed out that the
Heisenberg spin chain system defined on R! is gauge equivalent to the non-
linear Schrédinger equation with k = 1 (focusing case), thus establishing
a deep relation between these two integrable systems. Fordy and Kulish
[9] further observed that these systems have a gauge equivalent geometric
formulation. In particular, they studied the integrability and Hamiltonian
structure of matrix nonlinear Schrodinger equations associated with Hermi-
tian symmetric spaces.

In [5], W.Y. Ding and Y.D. Wang studied the Schrodinger flow from
M = S! into a general complete Kihler manifold (N,J,h). Via an ana-
lytic approach, they proved that the Cauchy problem admits a unique local
smooth solution if ug is smooth. Further, if N is compact with constant sec-
tional curvature K, the solution is in fact global. These results have been
extended by Pang, Wang and Wang [15, 16, 20] in various directions.

Chang, Shatah and Uhlenbeck [3] considered the Cauchy problem for the
Schrédinger flow from M = R™, m = 1,2, into a closed Riemann surface.
By a generalized Hasimoto transformation, they showed that, for m = 1
and smooth Cauchy data ug, the global smooth Schrodinger flow exists. For
m = 2, they considered radially symmetric maps, and equivariant maps
when the target surface has S' symmetry, and proved global existence and
uniqueness in the small energy case (see [3] for details). Recently Terng and
Uhlenbeck [18, 19] showed that the Schrédinger flow from R! into a complex
Grassmannian manifold is gauge equivalent to the Cauchy problem of the
following matrix nonlinear Schrédinger (MNLS) equation:

(1.3) By = i(Byy + BB*B),

where B is a map from R! x [0, 00) to the space Mis(n—ky of k x (n — k)
(n > k) complex matrices, and B* = B! is the adjoint. This equation was
first studied by Fordy and Kulish [9] as a generalization of the nonlinear
Schrédinger equation. As a consequence of this correspondence, Terng and
Uhlenbeck [18, 19] established the global existence of Schrédinger flow from
M = R! into a complex Grassmannian.

In this paper, we consider the inhomogeneous Schridinger flow from
M = R! or S! into a Hermitian locally symmetric space. Examples of
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such manifolds include bounded symmetric domains, complex Grassmanni-
ans, complex hyperbolic spaces CH™ with the Bergmann metric and their
compact or noncompact quotients by isometric subgroups. Adopting the ap-
proach in [5] we will prove the global existence of Schrédinger flow by means
of a conservation (or semi-conservation) law. More specifically, we have the
following results (the definition of #%2(R!, N') will be given in Section 2):

Theorem 1. Let (N, J,h) be a complete Hermitian locally symmetric space.
Suppose the coupling function f(z) € C®(R!) satisfies infyep f(z) > 0
and IlagfIICO(Rl) < C forany 1l < k < € —1, where C is a universal
constant and £ > 4. Then, given an initial map ug € H4*(R,N) with
bounded image set ug(R'), the Cauchy problem (1.2) for the inhomoge-
neous Schrodinger flow from R into N admits a unique global solution
u € L{5 ([0, 00); HE?(RE, N)).

loc

As a direct consequence of Theorem 1, we have the following result. This
provides a geometric analytic approach to the global existence result on R!
of Terng and Uhlenbeck [19].

Theorem 2. Let (N, J,h) be a complete Hermitian locally symmetric space.
Then, given an initial map ug € HY?(RY, N), £ > 4, with bounded image set
ug(RY), the Cauchy problem (1.1) for the Schridinger flow from R into N
admits a unique global solution u € L ([0,00); H4?(R!, N)).

loc

The analogues of these results for M = S! are given below:

Theorem 3. Let (N, J,h) be a complete Hermitian locally symmetric space.
Let f(z) € C®(S') be a positive function. Then, given an initial map
ug € WH2(S',N) where £ > 4, the Cauchy problem (1.2) for the inhomo-
geneous Schrédinger flow from S into N admits a unique global solution
u € L$2 ([0, 00); W42 (ST, N)).

As a direct consequence of Theorem 3, we have

Theorem 4. Let (N, J,h) be a complete Hermitian locally symmetric space.
Then, given an initial map ug € W42(S', N) where £ > 4, the Cauchy
problem (1.1) for the Schridinger flow from S into N admits a unique
global solution u € L$2 ([0, 00); W42(S1, N)).

loc

The proofs of Theorems 2 and 4 will be omitted as they are direct con-
sequences of Theorems 1 and 3. In fact, only the proof of Therorem 1 needs
to be given as it also covers the proof of Theorem 3. Briefly, the method for
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establishing Theorem 1 can be summarised as follows: First, we use a family
of periodic Schrédinger flows, defined on [—D;, D;], D; 1 oo, to approximate
the Schrodinger flow from R!. As the approximate equations can be viewed
as flows on circles, they have unique local solutions (see [5, 20]). By uniform
estimates of the covariant derivatives of the solutions with respect to i, we
show that the domain on which the local solutions are defined is indepen-
dent of the parameter . Thus, taking limit, one obtains a local Schrédinger
flow u. Finally, using the (semi-)conservation laws for the energy E(u) and
|7(u)|| 2, we can extend u to a global flow.

This paper is organized as follows: In Section 2, we recall some facts and
notations in differential geometry and some relations among Sobolev norms.
In Section 3, we establish the local existence of the Schrédinger flow from R!
into a complete Kahler manifold. In Section 4 we prove global existence and
uniqueness by exploiting the geometric symmetries to derive some (semi-
)conservation laws. The paper ends with a few concluding remarks.

A note on notation: We will use C generically to denote constants ap-
pearing in the estimates in this paper. Some of these may depend on certain
parameters, geometric properties of spaces, or the Cauchy data ug. When
we wish to specify this dependence, we will include the relevant spaces or
quantities as arguments, e.g., C(||7(uo)l|l2, E(uo)) means that C depends
on the quantities ||7(ug)||2 and E(ug) only. Unless otherwise specified, C
depends on its arguments smoothly.

2. Preliminaries.

Let u : (M,g) — (N, h) be a smooth map between Riemannian manifolds.
Let I'(T'M) denote the space of smooth sections of TM. We will use V to
denote the covariant differential on QPT*M ® u*TN induced by the Rie-
mannian metrics on M and N. Thus, for X € I'(T'M), in local coordinates,
we have Vg /55,u«(X) = u*Vﬁ’; (002 U+(X). We will use the shorthand no-
tation V; for Vg,s,,;, or, when dim M = 1, V; for V4/4,. Sometimes, to
further simply notations, we may also denote V u by u,.

We shall denote the bundle-valued Sobolev spaces by H*" and their
norm functions by || - || g.». For example,

1

k 7

IV zul grr = (Z/|Vi+1u|r dx) .
i=0

In particular, || - ||gor = || - ||z~, which is also denoted by | - ||
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We may regard the exterior derivative du, also denoted by Vu, as a 1-
form with values in the pull-back bundle ¢*T'N, i.e., du € I'(T*M @ u*TN).
In terms of local orthonormal frames {e;} (with dual frames {e}}) on M
and {€,} on N,

du = (u«€;)%€; ® Eq.

The energy density of u is defined by e(u) = %ldu|2, which is written in local

coordinates as S B
1 u® Ou
) = 39" has (W) 57

The energy functional is then defined by
(2.1) E(u) = / e(u)dz = - / \dul? dz.
M 2 J/m

Critical points of the energy F as a functional on C*(M, N) are exactly the
harmonic maps cite7 and the L2-gradient of E is just the tension field that
was mentioned in Section 1, i.e., 7(u) = V;(u«e;).

Henceforth, we shall always embed the manifold N into a Euclidean
space R™. Thus, the map u can be viewed as a mapping from M into R™.
We will denote the Sobolev norm of u € W*P(M, R) by ||ul|xp. Note that
- llo2 =1 ll2-

For any interger ¢ > 1, define

HEY?(RY,N) = {u € WEX(RY, N) : ||8iullg < oo, i=1,...,£}

We note, by Proposition 2.3 stated later in this section, that H5?(R!, N)
can also be defined by

L, i .
HE2(RY,N) = {u € VVIOE(RI,N) | Viullg < o0, i=1,...,£}.

We now mention several results concerning Sobolev norms which will be
of use later. For a positive number D, let S*(D) = R'/DZ, where Z is the
set of all integers, denote the circle of length D. We remark at this point
that a key ingredient in the proof of Theorem 1 will be estimates on S'(D)

“that are independent of D.

Proposition 2.1. Let M = S'(D) and let q,r be real numbers satisfying
1 < q,r <00, and j,n be integers such that 0 < j < n. Then there exists k,
a constant depending only on n, j,q,r,a and not depending on D, such that
for all u € C*(SY(D)) with fSI(D) udz =0,

IV ully < KIV™ullfllullg™,
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where

1 . 1 1
—=j+a<——n)+(1—a)—
p r q

-

for all a in the interval% < a < 1 for which p is nonnegative. Ifr = an] #1,
then the above inequality is not valid for a = 1.

The proof of this proposition, which will be omitted, relies on a rescaling
argument. We thank Professor W.Y. Ding for pointing this out to us.
The next result concerns integrals of the type

G= |VEV ou||[VE Vpul - | VSV pul de.
SY(D)

Proposition 2.2. Let D > 1, k> 2, k> s;, >0 fori =1,...,1, and
Zi:l si < k. Then there ezists a positive constant C(||Vgu|| gr-1,2), which
does not depend on D, such that

(2.2) G < C(||Vzul| gr-1,2) {1 +/ |Vl;.+1u|2 da;} .
S

(D)
Proof. For any function g defined on S(D), set

1

= — gdz.
D 51(D)

m(g)

By applying Proposition 2.1 to |u;| —m(|uz|) and noting the Kato inequality
V2| Vaullla < [[VZull2,
we have
1 1
IVaullgo — m(IVzul) < ClIVZull3 [Vaul — m(|Vaul)3-
As

1 1
[IVzu| = m(|Vaul)|l2 < [Voulz  and )IVmUIGlﬂc < ﬁllvaIIQ,

D SYD

we have

1 1
(2:3) IVsullee < ClIVZull3 I Vaull3 + [ Vaullz.
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Similarly, for s > 1,

1 1
(2.4) IV3ulloo < CIIVEFull3 IV3ull; + V5ulla-

Now, we turn to the integral G. Without loss of generality, we may
assume that s; > sg > --- > s, > 0. First, we consider the special case
k=581 >89 =---= 5 =0. Obviously

G < [Vaulls / VA2 de.
S1(D)

Thus the desired inequality follows from (2.3).
Ifk—1>s >s2>--2>8 >0, we need to argue the following two
cases:

Case (i): k£ = 2. In this case G takes either of the following forms:

G=/ |V3u||V2u|?|Vu| 2 do or
S1(D)
G=/ |V3u||V2u||Veul ! dz.

S1(D)

For the former, by applying Holder’s inequality we derive
(2.5) G < (|Viull2l|V3ullzl| Viull ool Vaull g

Plugging (2.3) and (2.4) with s = 2 into (2.5), we obtain the desired in-
equality. In view of (2.4), we can also prove that the inequality holds when
G is of the latter form.

Case (ii): k > 3. In this case G takes either of the following forms:
(26) G= [ |VEVLullVE Vol Vi Vsl VEV,ul da,
SY(D)
where k —1> 8> -.->5>0; or
(2.7) G = |VEV pu| | V3V gl - - - |V V u| da,
)

S1(D

where k —1 > s1 > --- > s; > 0. Applying Hoélder’s inequality to (2.6), we
obtain
G < |IVET ulla|[VEullo [ VE ullo - - [V ul| co.

Substituting (2.4) with K —1 > s9 > --- > s; > 0 into the last inequality, we
derive the desired inequality (2.2). A similar argument applies to (2.7) and
the proof of the proposition is complete.
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Proposition 2.3. Let N be a complete Riemannian manifold and ¥ be a
compact subset of N. If u: SY(D) = X C N is in W*2(S'(D),R?), k>0
and D > 1, then

18zullf 2 < 201VE  ull§ 2 + C(k, 3, [|00ullk-1,2),

where C does not depend on D. In particular, if u : R* — ¥ C N is in
HF2(RY, N), k > 1, then the above inequality holds.

Proof. We note that for & > 1,
VEtly = 38y + P(u) (B, . . . ,O%u),
where P is a polynomial satisfying

b=k

[P(w)(Beu,... ,ku)| < C Y > |08l |00,
2<I<k+1 1<5;<k

By arguments similar to those in the proof of the above proposition, the
desired result follows from Proposition 2.1. For details, see [5].

Now suppose (N, J,h) is a Kéahler manifold (hence VJ = 0) and let

R(-,-,-,-) denote its Riemann curvature tensor. Then, we recall that
(1) R(JX,JY,Z,W) = R(X,Y,JZ,JW) = R(X,Y, Z,W);
(ii) R(.,-)oJ =JoR(,").

If N is a Hermitian locally symmetric space, by Cartan’s theorem, we have
the additional property that the curvature is covariant constant, i.e.,

(iii) VR =0.

We note that a Hermitian locally symmetric space is the quotient of a Her-
mitian symmetric space by an isometric subgroup and recall the following
facts about Hermitian symmetric spaces: Irreducible Hermitian symmetric
spaces are classified into compact and noncompact types. The sectional
curvature of a space of noncompact type is nonpositive and bounded from
below. The scalar curvature of a Hermitian symmetric space is constant.
For further details, we refer the reader to [10, 12]. These facts will be used
freely in the remainder of the paper.

To end this section, we recall a local existence result for the smooth
inhomogeneous Schrédinger flow from the circle.
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Proposition 2.4 ([20]). Let M = S* and (N, J,h) be a complete Kihler
manifold. If f(z) € C*(S') with mingcg f(z) > 0, and ug € C®(S,N),
then the Cauchy problem (1.2) of the inhomogeneous Schrédinger flow has
a unique smooth solution u € C*([0,T) x S, N)) for some T € (0, ).
Furthermore, the energy is conserved along the solution, i.e., Ef(u(z,t)) =

Eg(uo(z)).
3. Local Existence of Schrédinger Flows from R!.

We now consider the local existence of the (inhomogeneous) Schrédinger
flow from R! into a complete Kahler manifold.

Theorem 3.1 (Local Existence). Let N be a complete Kihler manifold.
Suppose the coupling function f(z) € C®(R!) satisfies inf,cp f(z) > 0 and
||6;f||co(R1) < C forany 1 <i<{l—1, where C is a universal constant and
£>4. Then, given an initial map ug € H52(R, N) with bounded image set
ug(R!), there ezists a positive T = T(N, f, E(uo), ||T(uo)|l2) such that the
Cauchy problem (1.2) for the inhomogeneous Schrédinger flow from R! into
N admits a unique local solution u € L*®([0,T), H?(R!, N)).

In order to prove the local existence theorem, we need to establish the
following lemma:

Lemma 3.2. Let D > 1 and N be a complete Kdhler manifold. Suppose the
coupling function f(z) € C®°(SY(D)) satisfies mingegi(p) f(z) > 0. Then,
given an initial map uy € W4%(S1(D),N) where £ > 4, then there is a
positive T = T(N, f, E(uo), ||T(uo)ll2), which does not depend on D, such
that the Cauchy problem (1.2) for the inhomogeneous Schrodinger flow from
SY(D) into N admits a solution on the interval [0, T] satisfying the following
estimates:

S[llp] ”V;T(u)lh < CZ(T) ”vaOIIHH'l:zaminf) ”f“Ci"'l)a 1=0,1,... 7£ - 2)
te[0,T

where C; do not depend on D.
Proof. First, suppose ug is C*°. Proposition 2.4 (or Theorem 3.1 in [20])

tells us that there exists a T such that the Cauchy problem (1.2) admits a
unique smooth (local) solution u on S*(D) x [0, T] satisfying

(3.1) B (u(z, 1) = Ey(uo(a)).
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Let Q = {p € N : distn(p,uo(S1(D))) < 1}. Then Q is an open subset of
N with compact closure Q. Let

T' = sup{t > 0: u(S(D),t) C Q}.

Then we have

62 %/ ol dz = / gy (eI

SY(D

= / F{(us, JViut) + (ug, R(u)(ug, ut) Jug) } dz
s1(D)

+ / (8$f) (ut, vaut) diL‘,
S1(D)

where R is the Riemann curvature tensor of N.

Integrating by parts on the right hand side of the above equation and
noting the antisymmetry and integrability of J, we obtain from (3.1) and
(3.2) that

63) ) wldo= [ FR) ) us w) do
dt S1(D) SY(D)
Hence, it follows by the Holder inequality that

(3.4) 4l pdr<c@) / a2 .
dt S1(D) 51(D)

It is easy to see that (2.3) implies
1
(3.5) lusllco < O(F)(Ey(uo)? +[|Vausll3 By (o)),

where C does not depend on D. Noting |us|?> = |7f(u)|?, it follows from (3.4)
and (3.5) that

%Ilff(U)H% < C(@,min f, [|fllgr, Er(uo)) {1+ ll7s ()3},

where C' does not depend on D. It follows from this ordinary differential
inequality that for any constant C > ||77(uo)l||2, we can find a positive T* =
T*(C, Q’ f7 Ef(U'O), “Tf(u())“2) such that

sup |77 (u)|> < C.
t€[0,17%]
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This also implies that

(3.6) sup |[7(u)ll2 < C(C, Ef(uo), || fllc1, min f,T7).
t€[0,7*]

Next, we compute the derivative with respect to ¢ (€ [0,7"]) of the

integral
[, (Veulsd.
S1(D)

Keeping the integrability of the complex structure J in mind, we have

(3.7) Ld / |Vou2f dz = / (Vou, ViV {Jrr(u)}) f dz & 1.
2dt S1(D) S1(D)

We now compute I.

SY(D)
+ / (Voty, 82 f IV aus) f d
SY(D)

_ /S I(D)W“”“t’ TV Ve Vatie + 205 fViVaus ) f da.

By the definition of the curvature operator,
Hence,

(3'9) Vth;T(U) =V:V:Vzu + R(T(u)a ut)um + R(u:m Va:ut)u:v
+ 2R (ug, ut)7(u) + (Vi R) (ug, ut)tg.

Substituting the above curvature identities into the right hand side of (3.8)
and integrating by parts, we obtain that

(3.10) I= / (Vatity J{F Vo VoVt + 20, fVoVau}) f da
s1(D)

+ / (Vut, FI{R(T(w), ue)ug + Rlug, Vour)ua)) f dz
51(D)
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+ / (Vg FIT{2R (g, ug) (1) + (Vo R) (g, we)uig }) f do
s(D)

+ / (Vatig, {20, f R(ug, us)uz}) f da
s1(D)

= / (Vzut, J{R(7(u), ut)ug + R(ug, V:,,-ut)um})f2 dx
s1(D)

4 / (Vatity J{2R (ty, )7 (w) + (Vi R) (g, ug) i }) f2 d

s1(D)

+ 2/ (vmuta JR(“:):, ut)“m)(amf)f dz.
SY(D)

Hence, it follows that for t < T,

(3.11)

I< C’(Q,C,f)/SI(D){IVzUtPIMIZ + | Vauelluz|fuel (17 ()] + ug| + [us[*) }da.
Applying the Hélder inequality to the right hand side of (3.11), we obtain
that, for ¢ < min{T*,T"},

(3.12)
1d

33 [ Vel s do < C@.C NIV aullualbo + (17wl
51(D)

+ [luzll oo + llusliZo) lutllco lusllco |V autllz}-
From (2.4), we deduce that for D > 1,
(3.13)

1 1
lutlloo < CUIVzuelld + llueld) *lluels + lluelz

1
1 1
< Ol { Jo et [ s d:c} + ol

Plugging (3.1), (3.5), (3.6) and (3.13) into (3.12), we obtain that, for
t < min{T*,T'},

i/ Vaulf do < O(R,C,uo, f) [ 1+ / Voulfds .
dt S1(D) S1(D)
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Thus, as [Vgu|? = [V,7s(u)?,

d

— IVmTf(u)|2f dz < C(Q,C,up, f) | 1 +/ IVmTf(u)|2f dz | .
dt S1(D) S1(D)

By the Gronwall inequality, for ¢ < min{7T*,7"},
(3.14) IVare (@) < (1+[[Vars(uo)3) exp (Ct) — 1,

where C = C(Q,C, ||Vzuo| g2.2, min f, || f||c2) does not depend on D. This
implies that, for ¢ < min{T*,T"},

(315) ”V:BT(U)HZ < 0(976’ “V:Eu0“H2:2a minf7 “.f“C2)

Note that a positive lower bound for 7" can be derived from (3.15).
Indeed, it is easy to see from (3.13) that for ¢ < min{7T™,T'}, there exists
some M such that

utllco < M.

It follows that for ¢ < min{T™, 7"},

sup disty(u(z,t),uo(z)) < Mt.
z€S1(D)

If T" > T*, then T* is a lower bound. So we may assume that 77 < T*.
Letting t — T" in the last inequality, we get MT' > 1. Therefore, if we set
T = min{-, T*}, then (3.6) and (3.15) hold true for ¢ € [0, T]. We re-iterate
that T = T'(C,Q, f, E(uo), |T(u0)]l2) depends only on C, Q, mingecg1(py f,
Ifllc2, E(uo), and ||7(uo)ll2, and not on D.

We proceed with the proof by induction. Assume that for ¢ =
0,1,... k-1,

(3.16) S[upT] IVer@)lle < Gi(T, | Vauol| gi+r2, min £, || fllgi+1),
telo,

where C; do not depend on D. We note also that these estimates imply the
following inequalities which will be used later:

s IVers(w)ll2 < CilT, |V guoll givr.z, min £, || fll i),
telo,

i=0,1,... ,k—1.

With the estimates (3.16) at hand, we consider the integral

i/ Voo 2 f* de & 1.
dt 51(D)
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By virtue of the commutation relation of the covariant derivatives, we
deduce that
Vtvléut = P(Vu,... ,V’;u, U, .. ,V’;_lut) + V’;Vtut,
where P(-,...,-) is a vector-valued multilinear functional satisfying

(3.17) |P(Vau, -, VEu,uy, ... ,VELuy)|

k2,k3<k—1;1<k1
<C(Q) > VRV w [V

k1+ko+k3=k
+ Q(lvfbu"’ Tt |V§;—1U|, |ut|a R Ivlzzc:_zutna
where
(3.18)
Q(|Vzul,... ,|V§_1u|,|ut|,... ,|V’£_2ut|)

k>s>4 k1, ka<k—2; ka,... ks >1

ki+ko+-+ks=k
<Cq D > Vet | V2w | Vatul - - [Visul ¢ .
Then, I* can be written as

3.19) I*= / (VEuy, VEV ) fF dz
SY(D)

+/ (V’;ut,P(Vzu,... ,V’;u,ut,... ,V’;‘lut))f"c dz
S1(D)

En+5.

Next, we estimate I}, ¢ = 1,2. It follows from (1.2) that
B20)  Ii= [ (Vhu JYEVAIVata + (0uf)us)f* da
SY(D)

By a tedious but direct computation and applying the commutation relation
of the covariant derivatives, we obtain (see [20] for details)

(3.21)

= / (VEuys, fIVE(R(tg, ue)tz) + 0o fIVET(R(ug, ur)us)) f* do
S1(D)
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k
+ / <v’;ut,JZG;;a; fV’;_inVmuw> fkdz
sY(D)

=2

k
+ / <v’;ut, 7Y cioitt fV';_inut> f*dz,
S1(D) .

=1

where C} = k!/(k —4)l4.
By a direct computation, it is not difficult to see that the right hand side
of (3.21) can be bounded by integrals of the following form:

/ V& Vau|| V3 Vaul - V3 Vau| de,
SH(D)

where s; > 0,1 <7<, and 25:1 s; < k+ 1. By applying Proposition 2.2
to the above integrals, we can deduce from (3.21) and (3.16) that

(3.22) I} < C(T,uo, HY{IVET ()|} + 1}.

Similarly, in view of (3.16)-(3.18), we may also apply Proposition 2.2 to
I3 to derive

I3 < O(T,uo, H{IIVETs ()13 + 1}

Noting that
=[P ds,
S1(D)

it follows from (3.22) and the last inequality that

d

dt /1)

|VET; ()| da + 1} .
S1(D)

Vers(u)? dz < C(T,uo, f) {/

This implies that

SFI}} IVET(u(@®))ll2 < Ck(T, || Vool ge+1.2, min £, || fll gr+1),
te(0,

where Cy does not depend on D, but only on the geometry of Q, T,
IVauoll ge+1,2, mingegipy f and || f||cx+1. This completes the induction.

With these estimates, we argue that the solution must exist on the time
interval [0, T']; otherwise, we may always extend the time interval of existence
to cover the interval [0, 7.
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Finally, when ug € W42(SY(D), N), £ > 4, but not C*®, we may choose
a sequence of C® maps uo : S*(D) — N such that

luio — ulle2 = 0 as i — oo.

Using u;g as the initial data of the Cauchy problem (1.2), for each i we get
a solution u;, defined on [0,7;]. The above arguments, however, show that
there is a uniform lower bound for 7;. Furthermore, denoting this lower
bound by T, the unique local solution u to the Cauchy problem (1.2) with
initial data ug exists on [0,7'] and is given by the limit of {u;} by sending i
to 0o. Obviously, all the desired estimates on u also hold true. This finishes
the proof of the lemma.

Proof of Theorem 3.1. First, assume that N is compact. Our strategy is
to construct a sequence of periodic inhomogeneous Schrédinger flows with
periodic initial maps to approximate the Cauchy problem defined on R!.
Since ug € H52(R!, N), one can approximate ug by a sequence of maps {u;o},
where u;y € H4%([—D;, D;], N) for some D; > 2 and D; 1 co. More precisely,
choose C™ cut-off functions )\; satisfying |87);| < Cy, 5 = 0,1,... ,£, where
C) does not depend on 7, and

.1, se[-Di+1,D; 1],
A1(3)‘{0, s ¢ [-Di, Di.

Define ' -
vw) = [ o) ds

and let

wio(@) = uo(y(2))| fi@) = £ (y(@))

[-D;,D;]’ [-D;,D;]’

We can extend u;o and f; to [-2D;,2D;] as follows:
uio(—z — 2D;), z € [-2D;,—Dy],
ﬁ'zO(a:) - 'U,i()(x), T e [_DHD’L],
uio(-—.’t -+ 2Di), T € [Di, 2Di];
_ fi(—z —2D;), (RS [—2Di, —Di],
fi(z) = ¢ fi(z), z € [-D;y, D],
fi(-—.’lt + 2Di), T € [Di, 2Di].

As uy € W4([=D;, D], N), we may regard iz € W5?(S'(4D;), N). Simi-
larly, we may regard f; as a periodic function with respect to z.
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We consider the following periodic Cauchy problem on R! x [0, 00):

ou; - -
o = J (@77 (@),
(3.23) Ui(x,0) = U (z

)s
Gi(z + 4D;) = 14(z).

By Lemma 3.2, for each 7, the above Cauchy problem admits a unique
local smooth periodic solution #; with period 4D;, defined on S 1(4D;) x
[0, T;]. Furthermore, there exist constants

C; = Ci(Ty, k, f, Vatioll gx2((—2;,2D5)))
which do not depend on D;, such that for k =1,...,2,

sup ||Vl r2(—2p; 20y < Ci.
te[0,7:]

By the construction of g, it is not difficult to find that

2D; D;
[ iraaPas= 2 jrw)? ds
—2D; —D;
< CN)(lI7(wo)l12(gry + E(uo)),

2D;
E (ﬂiol[—QDi,QDi]) - ‘/_QD.lvzui()l? dz
Dl

2 / Vool dz < C(N)E(up),
_D;

and that for 1 <k </,

2D;
/ V0| do = z/ |Viuio|* de < C(N {ZIIV uO”LZ(Rl)}
—2D; —D;
where C' is independent of i. Similarly, we have

”fi”C‘([—2Di,2D,~]) <O flleerry-

Hence, from Lemma 3.2 it follows that there exist a uniform lower bound T
of T; with respect to 7 and a uniform upper bound C = C(T, k, ug, f) of C;,
such that for 0 <k < ¢ —1 and all 4,

(3.24) S[lép] IV atsll gre.2(—20;,20,7) < C (T K, uo, f)-
te
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We emphasize that C depends only on the geometry of N, T, k, inf cp1 f,
I fllck(rry and |Vauoll ge.2(pry-

Restricting to [—D;, D;], we have u; = 4; _p.Dy and f; = f; DD
Then, obviously, u; satisfies the following Cauchy problem on [—Dj;, D;] x
[0,T):

(3.25) { Opui = J (u;) 75, (wi),

u;(z,0) = uio ().

By virtue of the estimate (3.24) and Proposition 2.3, there exists a subse-
quence, denoted again by {u;}, such that

U — u [weakly*] in L*([0,T]; H%*(R!, N)).

It is easy to see that the limit u € L*®([0,T]; H*?(R!, N)) is a solution to
(1.2) on RL.

When N is a noncompact complete manifold, we need to modify
the above arguments slightly. According to the hypothesis of the theo-

rem, ug(R!) is contained in some compact set. Let ug(R!) denote the
closure of ug(R'), S = {p : disty(p,uo(R')) < 1} and ©; = {p :
disty (p, Gi0([—2D;,2D;])) < 1}. Obviously, ; C Sfori =1,2,.... Now we
consider the Cauchy problem (3.23) for each :. From Lemma 3.2 it follows
that for each i a unique solution to (3.23) exists on S (4D;) x [0, T;], where
T; depends on €;. It is not difficult to see from the proof of Lemma 3.2 that,
in the discussion of the local well-posedness of (3.23), if we replace §; with

S, then there is a positive real number
T} = T;(C, S, f, E(@io), I (o) l2)

such that for each 4, a unique solution to (3.23) exists on S*(4D;) x [0,T7].
We can then argue that there exists a uniform lower bound T of T;. The
arguments for the compact case now apply, and the proof is complete.

4. Global Schrodinger Flow.

In this section, we first establish a semi-conservation law. It will then be
used to establish the existence of global Schrédinger flows from R! and S,
viz. Theorems 1-4.

Lemma 4.1. Let N be a Hermitian locally symmetric space and f € C3(R?!)
be a positive function. Letu : R' X [0, Tymax) — N, with u(-,t) € H*?(R!, N)
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for any t € [0,T], be a sufficiently smooth solution to the Cauchy problem
(1.2) of the inhomogeneous Schrédinger flow from R! into N. Then, for
T < Tmax;

sup / {IT(U)IQ - lR(u:m Jug, Ug, Jua:)} f2 dz < C(T, Uo, f)a
0<t<T JR! 4

where
C(T,uo, f) = C(T, || Vauol vz, inf f, || fllcs(rr))
is finite when T < oo.

Proof. Since u(-,t) € H*?(R!, N) for any ¢ € [0, T}, as in the proof of Lemma
4.2 in [20], we obtain

(4.1) % /5 ) de =2 /R (Rt ey 1z, Jue) + (i 0) fO31) i,

where R denotes the Riemann curvature tensor of V.
As N is a Hermitian locally symmetric space, VJ = 0 and VR = 0.
Thus,

(4.2) 4 / R(ug, Jug, Ug, Jug) f2 dz
dt Rl
=/ {R(JVtum,um,Juz,um) + R(Jug, Viug, Jug, ug)
Rl
+ R(Jug, g, IV iti, uz) + R(J g, g, Jiz, Vi) } F2dz

=4[ R(Jug,uq, JVzus, ug)f2d
R .

=4 R(Jug,uq, Va(Jut), us) f2 dz
Rl

—4 / {Vm(R(Jum,ux, Jug, tz)) — R(IV pug, ug, Jus, ug)
Rl

— R(Jug, Vg, Jut, ug) — R(Jug, ug, Jut, Vyug) }f2 dz.

Integrating by parts, we get

(4.3)
i R(ux,JUx7ux,JU:c)f2 dz
dt Js1
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= —4/ {R(Junz,uz, Jug, uz) + R(Jug, Vg, Jut, uz)
Rl
+ R(Jug, ug, Jut, V:,;u:,,)}f2 dr — 8/ R(Jug, g, Jut, ug) fOr f dz.
Rl

As
[Vguz + (a:vf)uz = —Juy,

it follows that

(4.4) i/ R(ug, Jug, ug, Jug) f2 dz
dt Js1

= —4/RI{R(ut,ux, Jug, ug) + R(Jug, —Jug, Jug, ug)
+ R(Jug, ug, Ju, —Jut)}f dz + LL/R1 {R(J(Bzf)u,,,u,,, Jug, ug)
+ R(Jug, O fug, Jut, uz) + R(Jug, ug, Jus, (azf)uz)}f dz
—8/R1R(Juz,u,,,Jut,uz)f8xf do

= 4/Rl {R(J(azfuz), Ug, JUt, Ug) + R(Jug, Op ftig, Jut, uz)
+ R(Jug, ug, Jut, Bzfuz)}f dr — 8/R1R(ut’ Ug, JUt, Ugz) f dz
- S/RIR(Jux,u,,, Jug, ug)) fOr f dx

= —S/RIR(ut,um, Jug, ug) f dr + 4/RIR(Juz,uz, Jug, ug)) fOLf dz.

Combining (4.1) and (4.4), we obtain

d

4s) 2 {lf(un?——I-R(uz,Juz,uz,Juz)}fzdx
dt Rl 4

= —2/1<Uz,'ltt>(agf)f dz — /RIR(JUH:, Uz, JUt, Ug)) fOr f da.
R
Note that by the Holder inequality, we have

(4.6) /R (e TVa12) (321) 1
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< O, Bw), jnf, £ 10s Flescu) { [ Irw)fda-+ 1}

Also, by the interpolation inequality, the Kato inequality and (3.1), we have

2
(4.7 / lug|®dz < C (/ Tk dm) / |V puz|? dz
R R R

O(T, || lleo) (E(up))? /R () da.

Let us look at the second term on the right hand side of (4.5). It follows
from the Holder inequality and (4.7) that, for ¢ € [0, T7,

(4.8) R1|R(Juw,uz, Jut, ug) f O f| dx

<OUsllen [l o

< 0@ flo) { [ sl do+ [ it as

C(T, | fllcr, E(uo)) /R Ir(u)P da.

Plugging (4.6) and (4.8) into (4.5), it follows that, for ¢ € [0,T],

d

_/ {lT(u)|2 - iR(um Jug, Uz, Ju:c)} .f2 dz
R1

(4.9) =

< C(T,N, E(ug), f {/ |7 (u |f2dx+1}

Considering the geometry of Hermitian locally symmetric spaces, we
need to discuss the following two cases according to the sectional curvature
Ky of N:

Case (i): Let —B; < Ky <0, where B is a positive constant. Then (4.9)
implies that on [0, T,

(4.10)
d

1
% . {lT(U)l2 - ZR(uz, Jug, ug, JUm)} f2 dz
R

1
<C(T,Kn,E {/ {lT(w)|* — ZR Ug, JUg, Uy, JUZ) }f dw+1}
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By the Gronwall inequality, we conclude that for any T > 0,

sup / {l’T(U)|2 - %R(um,Juz,ux,Jux)} f2 dz

te[0,T] J R!
< C(T, K, [[Vauoll g2, f),

where C(T, Ky, ||Vzuol| g1.2, f) is finite when T' < oo. This is the desired
result.

Case (ii): Let By > Ky > 0, where By is a positive constant. (Thus N
is compact.) In this case we need to modify the previous argument slightly.
First we note that the interpolation inequality and the Kato inequality imply
that

(4.1) Ammﬂusoww(ﬂymmgg(/pu%wm)%
SC(/ quIde> (/ I (u |2d:c>

Since inf cp1 f > 0 by assumption, it follows that on [0, T,
(4.12)

/Rl S e { (/R el dx)% ( /RJT(U)PF dm) }
C(T, f) { (/Rl|ux|2f2 dx>3 + %/Rl|7-(u)|2f2 dm} .

By integrating both sides of the inequality (4.9), it follows that

(4'13) / {'T(u)|2 - lR(uzaJua:auz, J'U'z)} f2 dz
Rl 4
S / {'T(U0)|2 - l-R(U’OII:aJU’O:I:,“O:I:)JUOII:)} f2 dz
o 1

+ O Bw), ) [ dt [ [P do+ 0T, Elw), ).

By applying again (4.12) to control the second term of the left hand side of
the above inequality, it follows that, for ¢ € [0, T,

/ |7'(u)|2f2 dz < 2/ {|7’(uo)|2 - -1—R(uox, Jqu,uogﬂ,Juoac)} f2 dx
Rl Rl 4
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t
+ C(T, Ky, E(u), f) /O dt /R IS do

+ tC(Tv E(“O)af) + C(Ta KNaE(uO)’ f)

Applying the Gronwall inequality, as in [20], we deduce from the last in-
equality that there exists a constant C(T', Ky, [|Vzuol| g1.2, inf f, || fllc3(r1)),
which is finite when T' < oo, such that

(4.14)  sup [ |7(u)*f*dz < C(T, Kn, | Vouol g2, inf £, | fllos(ar))-
te[0, 7]/ RY

Immediately, the desired estimate follows. This completes the proof of the
Lemma.

Proof of Theorem 1. It suffices to consider the following two cases:

Case I: Let N be an irreducible Hermitian symmetric space of noncompact
type.

In this case, we first note that the holomorphic sectional curvature is
bounded from below, i.e., there exists a positive constant Ky such that

(4.15) —Ko|u'|* < R(«, Ju' !, Ju') 0.

Now, invoking Theorem 3.1, let u be a maximal local smooth solution
defined on R! x [0,Tjnax) for the Cauchy problem (1.2) and consider the

quantity
Tmax
dmax = Sup {/ |ut|dt}.
TzeR! 0

Noting the semi-conservation law in Lemma 4.1 and keeping VR = 0
and VJ = 0 in mind, we can see from (3.7)-(3.13) that

(4.16) %/leutﬁfdz = %/Rllvaf(u)Ffd:I}
< Ot 1w (o), Bwe)) { [ Vary(w)Pfdo-+1]

— O, inf £, | fllgs, 17 (o) 2, Euo)) { /R [V o + 1} .
By the Gronwall inequality,

@) [ Vau@Pds < 0+ V)l exp () - 1,
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where C' = C(N,inf f, || fllcs, |7(uo)ll2, E(uo)) depends only on the Sobolev
constant of R!, the upper bound K of the absolute value of the holomorphic
sectional curvature of N, f and ug. From (4.17), it follows that

(4.18) lutlloo(rry < C{(1 + V7 (uo) 13) exp (Ct) — 1}

for any t € [0, Tax)-

Now suppose Tinax < 00. Then, it follows from (4.16) and the assumption
that ug(R?!) is contained in a compact set of N that dpay < 0o. This indicates
that the image set of u is contained in some compact subset {2 C N. In this
case, for a small o > 0, consider the Cauchy problem

{ at’l) = J(‘U)’Tf(’l)),

(4.19)
v(z,0) = u(z, Tmax — 0).

By repeating the arguments in Theorem 3.1, we can show that there exists a
positive real number Ty, which depends on {2 but not on o, such that (4.19)
admits a local smooth solution v on R! x [0,7p). Thus u can be extended
to R x [0, Tiax + To — o). Since the uniqueness theorem given in [5, 20] is
also valid for the case at hand, we know that v(z,t) = u(z, Tinax — o + ¢) for
any ¢ € [0,Tp) so the extended u is still the solution for the Cauchy problem
of the inhomogeneous Schrodinger flow. Choosing o small enough so that

provides a contradiction to the fact that Ti,,x is maximal. Thus Tj,,x must
be oo.

Case II: Let N be a compact Hermitian locally symmetric space.

With inequality (4.14) (Lemma 4.1) at hand, the proof proceeds similarly
as above. The issue of uniqueness can also be addressed as in [5, 20]. This
finishes the proof of Theorem 1.

The proof of Theorem 3 follows directly from Lemma 3.2 and Lemma
4.1 (see also [20]), so we shall omit it.

Remark 4.1. If f(z) = 1 (the homogeneous case), then (4.5) implies the
following conservation law:

(4.20) {|T(u)|2 - %R(uz, Ttig, s, Juz)} dz = 0.

dt /51
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We end this section with a comparison between the conservation laws
for the Schrodinger flow from R! into a complex Grassmannian and MNLS
(focusing case) on R! using the correspondence given in [18, 19].

First we note that MNLS is an infinite-dimensional Hamiltonian system
[7] with Hamiltonian functional

(4.21) H(B) = /R {tx(B:B;) - tr(BB*BB")} da

on the space S (Rl,MkX(n_k)) of smooth maps of Schwartz class from R!
to My (n—k) with the symplectic form

(4.22) w(B!,B?%) = / (—iB', B?) dz
R1
defined using the Hermitian inner product
(B!, B?) = Re tr(B'B?"), B', B® € Mix(n—k)-

Thus, MNLS has conservation laws provided by the L?-norm and the Hamil-
tonian along the solutions, namely, if B is a solution of (1.3), then

d 2 . _
(4.23) E/Rl B2 dz = 0
and
(4.24) %/ {tr(BgBg*) — tr(BB*BB*)} dz = 0.
Rl

Now let us recall the correspondence of Terng-Uhlenbeck [18, 19]: Let
B € C*([0,00), S(R', Mix(n—k))) be a solution of (1.3). Let

([ 0 B _ ( —iBB* B,
(4.25) ”‘(—B* 0)’ QQ‘( iB: z’B*B)

and

1 [l 0
(4.26) a= 3 ( 0 —il, s ) .

Then there exists a gauge transformation g € C®(R! x [0,00),U(n)), satis-

fying

-1

979z = v,
(4.27) { e

97 gt = Qa,
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such that u = gag™! is a solution of (1.1). It is easy to see that u € C®(R! x
[0,00), Gr(k,C™)) and v/(-, t) € S(R, TGr(k,C™)), where Gr(k,C™) denotes
the complex Grassmannian manifold. As a Hermitian symmetric space,

U(n)
Uk)xU(n—k)’

Gr(k,C") =

and has a canonical complex structure given by ad a where a is given by
(4.26). It follows that the Schrodinger flow on Gr(k,C™) is given by

(4.28) up = [U, Ugg)

where [+, -] denotes the Lie bracket. In terms of the above correspondence,
the following proposition can be verified by direct calculation:

Proposition 4.2. Let B be a solution of the focusing MNLS on R! and let u
be the corresponding Schrédinger flow on Gr(k, C™) defined on R. Then, the
conservation laws (4.23), (4.24) for MNLS correspond, respectively, to those
for the energy functional E defined by (2.1) and (4.20) for the Schrodinger

flow.
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