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Harmonic maps and strictly pseudoconvex CR
manifolds

ROBERT PETIT

We study harmonic maps from strictly pseudoconvex CR mani-
folds into Riemannian manifolds of nonpositive curvature. Some
CR analogues of the Corlette and Siu-Sampson formulas are ob-
tained using tools of Spinorial Geometry (Dirac bundles and Dirac
operators). As a main application, we obtain results about the
curvature of strictly pseudoconvex CR manifolds. In particular, a
rigidity theorem for Sasakian manifolds is proved.

1. Introduction.

It is now well known that harmonic maps are a powerful tool to investigate
the geometry of Riemannian manifolds. In particular, the famous rigidity
results on Kéhler structures with strongly negative curvature (Siu [20]) and
also on the symmetric spaces (Corlette [4], Mok-Siu-Yeung [16]) have been
obtained in this way.

The purpose of this article is to study harmonic maps in the framework of
strictly pseudoconvex C'R manifolds and to deduce from that, results about
the geometry of such manifolds. Remember that the strictly pseudoconvex
CR manifolds are abstract models of strictly pseudoconvex real hypersur-
faces in complex manifolds. Standard examples are the odd-dimensional
spheres and the Heisenberg groups. A strictly pseudoconvex C' R manifold
is endowed with a natural connection called the Tanaka-Webster connec-
tion for which the complex structure, the pseudo-Hermitian structure, and
the canonical metric are parallel tensors. The basic idea of this article is
to derive, for any Dirac bundle over a strictly pseudoconvex CR manifold,
Bochner-Weitzenbock type identities for the Dirac operator defined from
the Tanaka-Webster connection (Proposition 2.2 and Corollary 2.1). In the
particular case of the Dirac bundle associated to a smooth map from a
strictly pseudoconvex CR manifold into another Riemannian manifold (cf.
Paragraph 3), these formulas are the CR analogues of the Corlette and
Siu-Sampson formulas (Propositions 3.1 and 3.2).
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Most of our results deal with strictly pseudoconvex C'R manifolds for
which the Tanaka-Webster connection has pseudo-Hermitian torsion zero
(cf. Definition 2.2 ), i.e., Sasakian manifolds. Actually, let M be such a
manifold that we assume to be compact. In Paragraph 4, we prove (Theorem
4.1) that

any harmonic map from M to a Riemannian manifold N with nonposi-
tive sectional curvature is trivial on the Reeb field associated to the pseudo-
Hermitian structure.

As a consequence, we obtain that (Theorem 4.3)
M admits no Riemannian metrics with nonpositive sectional curvature.

This theorem can be seen as the C'R-analogue of the Hernandez theorem
(cf. [11]).

In Paragraph 5, we consider maps from a compact Sasakian manifold of
dimension m > 3 into a K&hler manifold or a Sasakian manifold. In this
case, remember that a C R-holomorphic map in the sense of Definitions 5.3
and 5.6 after, is always a harmonic map. In Theorems 5.3 and 5.4, we prove
the C'R-holomorphicity of harmonic maps under additional assumptions.
Actually, if ¢ : M — N is a harmonic map with rank > 3 and

i) if N s a Kdhler manifold with strongly negative curvature, then ¢ is
CR-holomorphic or CR-antiholomorphic.

ii) if N is a Sasakian manifold with strongly negative Tanaka-Webster
curvature and if ¢ preserves the contact forms, then ¢ is a CR-
holomorphic isometric immersion.

These results are the C R-analogues of the Siu Strong rigidity Theorem.

As a consequence of Theorem 5.3, we obtain the following factorisation result
(Corollary 5.1):

if M is fibrated over a compact Kdhler manifold M, then, any harmonic
map with rank > 3 from M into a Kdhler manifold N with strongly negative
curvature, factors into a unique holomorphic map from M into N.

There are many relations between harmonic maps from Kahler manifolds
and holomorphic structures on vector bundles (cf. [3], [5], [19], [20]). In
particular, any harmonic map from a compact Kéhler manifold into a locally
symmetric space of noncompact type induces a holomorphic structure on the
pullback of the complexified tangent bundle of the target space. An analogue
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of this result for the compact Sasakian manifolds is the following (Theorem
5.1):

any harmonic map ¢ from M into a locally symmetric space of noncompact
type N, induces a holomorphic structure on ¢*TCN and d¢ restricted to the
holomorphic tangent bundle is a holomorphic ¢*TCN -valued 1-form.

In Paragrah 6, we consider minimal (resp. CR-holomorphic) isometric
immersions defined on a strictly pseudoconvex C' R manifold M of dimension
2d + 1 (not necessarily Sasakian nor compact) into a Riemannian manifold
(resp. Sasakian manifold). Theorems 6.1 and 6.3 give obstructions to the
existence of such immersions. Actually, we prove (Theorem 6.1) that

if N is a Riemannian manifold with nonpositive complez sectional curvature
and if the pseudo-Hermitian torsion satisfies at a point, |7|2 < d(d—1), then
there is no minimal isometric immersion from M to N.

Moreover, if M is not Sasakian (i.e., T # 0), we obtain that (Theorem 6.3)
there is no C R-holomorphic isometric immersion from M into a Sasakian
manifold.

This last result generalizes the result of Barletta and Dragomir[1] on the
non existence of C' R-holomorphic isometric immersions from some compact
quotients of the Heisenberg group into the Heisenberg group.

A last application deals with the curvature (of the Levi-Civita connec-
tion) of strictly pseudoconvex CR manifolds. It is well known that the
sectional curvature of a Sasakian manifold is positive on any planes contain-
ing the Reeb field. Theorem 6.2 asserts that, on any strictly pseudoconvex
CR manifold, there exists, at each point, a complex 2-plane for which the
complex sectional curvature is positive.

The author wants to thank professors Ahmad El Soufi, Eric Loubeau,
Jean-Louis Milhorat and Michel Rumin for their comments on this article.

2. Strictly pseudoconvex CR manifolds and Dirac bundles.
Strictly pseudoconvex CR manifolds.
A smooth manifold M of real dimension m = 2d + 1 is said to be a CR

manifold (of CR dimension d) if there exists a smooth rank d complex
subbundle T2°M C TCM such that:

THOM N T M = {0}
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and

[C(T0M), D(TY° M) c T(THO M),
where T%1 M = T1LOM is the complex conjuguate of TYONM. If M is a CR
manifold, then its Levi distribution is the real subbundle H of T M defined
by H = Re{T'°M & T®'M}. There exists on H, a complex structure J,
given by J(Z + Z) = v/=1(Z — Z) for with Z € T*°M.

Assume M to be orientable. Then, the real line bundle H+ C T*M
over M admits a global nonvanishing section 8. Such a section @ is called a
pseudo-Hermitian structure. In this case, the Levi form Ly, is the Hermitian
form on HC = T1OM @ T M defined, for any Z, W € TOM, by:

Lo(Z,W) = —/—1d9(Z,W)
LO(.Z:W) = L9(Z’W)
Lo(Z,W) = Lg(Z,W)=0.

If X,Y € H are real vectors, then
Ly(X,Y) =db(X,JY).

Definition 2.1. An orientable CR manifold endowed with a pseudo-
Hermitian structure is called a pseudo-Hermitian manifold. A pseudo-
Hermitian manifold (M, 6) is said to be a strictly pseudoconvex C'R manifold
if its Levi form Ly is positive definite.

If (M, 0) is strictly pseudoconvex, then there exists a unique nonvanish-
ing vector field £ on M, transverse to H, satisfying 6(¢) = 1 and d(¢,.) = 0.
Now, extending J on TM by JE = 0, we can extend Ly on TM by the same
formula as above. This allows us to define a Riemannian metric gy, called
the Webster metric, defined for all X, Y € TM, by:

96(X,Y) = Lp(X,Y) + 0(X)6(Y).

As a consequence of the J-invariance of df, we obtain that gs(JX,JY) =
g99(X,Y) — 0(X)8(Y), and that, the 2-form wy defined by we(X,Y) =
99(JX,Y) coincides with the 2-form df. Notice that the norm of wy is
constant and equal to V/d.

Example 2.1.

1) The odd-dimensional spheres. The odd-dimensional sphere S2¢+! has
a standard CR structure given by T1:082d+1 — T1.0Cd+1 N CTS%4+1,



2)

3)
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The pseudo-Hermitian structure is given by ¢*8 where ¢ is the canonical
injection S24+1 c C41 and where 8 is the 1-form on C+1 given by

6= g(é— 8)|z 2.

The Heisenberg group and its quotients.
The Heisenberg group denoted by H¢ is obtained as C? x R with the
group law
(z,t).(w, 8) = (z + w,t + s + 2Im(z, w)),
where ( , ) is the Hermitian product (cf. Dragomir [6]). The C'R struc-
ture is given by THOHI = > ;<aCZj, where Z; = 37 + \/—1'27:%
- J

0 1.0

0
- =5z~ —V-lz=), with z; = z; + -1Iy;. T
and 9z; 2(8:rj layj ), with zj = ; + yj. The pseudo-

Hermitian structure is given by

6o = dt + QZ(mjdyj — y;dz;).

j<d :
Let &, : H? — {0} — H% — {0}, s > 0, be the dilatation defined
by d5(z,t) = (sz,s%). For m € N*, we set 6™ = §50...04, (m
factors) and 6;™ = é67*. For d > 1 and 0 < s < 1, the discrete

group G, = {0™, m € Z} acts freely on H¢ — {0} as a properly
discontinuous group of CR automorphisms of #¢ — {0}. The quotient
space H(s) = (H? — {0})/G;s (cf. Dragomir[7]) is a compact strictly
pseudoconvex CR manifold diffeomorphic to £2¢ x S1, where %24 =
{z € HY, |z| = 1} and |z| = (|2* +t2)i' is the Heisenberg norm of
r = (z,t). Let m : H¢ — {0} — H%(s) be the natural covering map.
Then the pseudo-Hermitian structure is given by

6(n(z)) = |z|~60(x) o (dr(z))”",

with z € H¢ — {0}.

An other example of compact strictly pseudoconvex C' R manifold ob-
tained as a quotient of ¢ by a discrete group is the Heisenberg nil-
manifold (cf. Urakawa[23]).

Other examples.
Remember that the Siegel domains are domains of C**! defined by:

Da,g = {(z1, cee ,zd,zd+1) S Ccitl . Z IZj|2aj + Im(ng) -1< 0},
1<j<d
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with (a,8) = (aa,...,04,8) € Z_‘f_"‘l. The boundaries of these do-
mains, called Pseudo-Siegel domains, are strictly pseudoconvex CR
manifolds (cf. [1]). Note that the Heisenberg group is diffeomorphic
to the boundary of D;,;. Other examples are given by the unit tangent
bundle over a constant curved manifold (cf. [22]) or the total space of
the Boothby-Wang fibration over a compact Hodge manifold.

On a strictly pseudoconvex CR manifold, there exists a canonical con-
nection preserving together the complex structure of the Levi distribution,
the pseudo-Hermitian structure and the Webster metric. Actually

Proposition 2.1 (Tanaka-Webster connection cf. [21], [25]). Let
(M, 0,¢,J,90) be a strictly pseudoconver CR manifold, then there exists a
unique affine connection V on TM (called the Tanaka- Webster connection)
such that:

a) The distribution H is parallel for V.
b) Vgg=0,VJ =0, V8 =0 (hence V€ = Vwg =0).

c) The torsion T of V satisfies forany X, Y € H, T(X,Y) = —we(X,Y )€
and T(¢,JX) = —JT(§, X).

Note that, unlike the Levi-Civita connection, the torsion of the Tanaka-

Webster connection is always non zero.
The pseudo-Hermitian torsion, denoted T, is the T'M-valued 1-form de-

fined by 7(X) = T'(¢, X). Note that 7 is gg-symmetric and trace-free.

Definition 2.2. A strictly pseudoconvex C'R manifold is called a normal
strictly pseudoconvex C'R manifold or a Sasakian manifold if the pseudo-
Hermitian torsion is zero.

Pseudo-Siegel domains (in particular the Heisenberg group) are Sasakian
manifolds. The compact regular strictly pseudoconvex C' R manifolds, such
as the odd dimensional spheres or the Heisenberg nilmanifold, are examples
of compact Sasakian manifolds. On the contrary, the manifolds H%(s) are
examples of compact strictly pseudoconvex C'R manifolds which are not
Sasakian (the calculation of the pseudo-Hermitian torsion associated to 6 =
fbo is obtained using formula (2.16) in [15, p. 164]).

The curvature of the Tanaka-Webster connection V, denoted R, is given
for any X,Y € TM by

R(X, Y) =VyVx —VxVy + V[X,y].



Harmonic maps 581

The Bianchi identities are the following (cf. [21], [10], [17]):

RX,Y)Z+R(Z,X)Y +R(Y,2)X = we(X,Y)7(Z) +we(Z, X)7(Y)
+uwe(Y; Z)m(X)

R(X,)Z + R(§,2)X = (Vx7)(2) - (Vz7)(X) (X,Y,Z € H),
where, (Vx7)(2) = Vx7(Z) - 17(VxZ).
The Ricci endomorphism Ric is defined by:

Ric(X) = ZR(ei,X)ei,

where {e;} is a gg-orthonormal basis.
Note that Ric(¢) =67 with 67 =—) (Ver)(e;). Unlike the Kahler

(2
case, R and Ric are not in general J-invariant. Nevertheless, we have the
identities:

R(X,Y)=R(JX,JY) = Jr(X)AY —=Jr(Y)AX —7(X)AJY +7(Y)AJX

(1) Ric(JX) — JRice(X) =2(d - 1)7(X) (X,Y € H).

Dirac bundles and Dirac operators over strictly pseudoconvex
CR manifolds.

In this paragraph, all the canonical connections will be denoted by V.

Let M be a strictly pseudoconvex CR manifold and T'M, its tangent
bundle. Endowed with the Webster metric and the Tanaka-Webster con-
nection, the bundle T'M is an oriented Riemannian vector bundle with a
Riemannian connection. Since T'M is an oriented vector bundle, then the
Clifford bundle CI(M) is well defined (Definition 3.4 Chapter II of [14]).
The Webster metric and the Tanaka-Webster connection extend from TM
to CI(M) in such a way that the induced connection on Cl(M) be a Rieman-
nian connection acting as a derivation on Cl(M). Now, let S be a vector
bundle over M of left modules over CI(M), endowed with a Riemannian
metric and a Riemannian connection. In addition, we assume that the unit
vectors in T'M act isometrically on S and that the connection on S is a mod-
ule derivative. Then, under the previous assumptions, S is called a Dirac
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bundle (cf. [14] for more details). Let S be such a bundle over M, then the
canonical Dirac operator D acting on I'(S) is given by:

D= Zei.vei,
i

where {e;} is a local orthonormal tangent frame.

In this context, we define two other differential operators on I'(.S) (which
will play an important role later on). The first, associated with J and
denoted by Dy is defined by:

Dyj=Y eV

(2

The second, associated with 7 and denoted by D, is:
Dr = eiVr(e)-
i

The operator Dy (resp. D) will be called the J-twisted Dirac operator
(resp. the T-twisted Dirac operator). In the following, we denote by A the
endomorphism of I'(S) given by left module multiplication by a form or a
vector field and by [, | (resp. {, }) the commutator (resp. anticommutator).

Lemma 2.1. The operators D, Dy and D, satisfy the following identities:

(2) {D,Ae} = -2V,
{D:, 2} =0
D, \u,]) = 2D;.

Proof. Since £ is parallel for the Tanaka-Webster connection, the endomor-
phism X is parallel (i.e., [V, A¢] = 0). We deduce that

{D, A} = Dod+XroD=> (Ve o0 X +EeiVe;)

3

= ) (eib+Ee) Ve, =-2> 0(e)Ve, = -2V,

and

{Dr A} =Drode+AcoDr =3 (eid + i) Vr(e) = =23 Vi) =0.

(3
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Since wy is also parallel, [V, A,,] = 0 and therefore

[D,A\y] = Doy, —AyyoD = Z(ei.wg — wp.€;).Ve,

= —Zzi:JCi.Ve‘. = ZDJ. O

Let E be a Riemannian vector bundle over M and « be a E-valued p-form
on M. Setting ag = a oIl where Il : TM — H is the canonical projection,
we have (cf. [18]) the decomposition a = ag + 6 A i(§)a (A denotes the
exterior product). Moreover, under the J-action, we have ag = a}} +ay

with af; (respectively aj) is the J-anti-invariant part of ay (respectively

the J-invariant part of ag) (i.e. af = (ag £ ag o J)). In particular, we

haveT=T§ + 0 AT, with T = —wg ® €.

In the following, V_2’ _denotes the second covariant derivative on I'(S)
(i-e., V%{,Y = VxVy — Vy,vy) and V*V the rough Laplacian (i.e., V*V =
—traceg, V?, ).

Proposition 2.2 (Weitzenbock formulas). The operators D? and D%
satisfy the relations:
(3) D? = V*V — Ay, 0 Ve + Ry + Mg o (Dr — 2X¢ 0 Re)
D3 —Vie=V*'V—)A,oVe+Ry—Ry,
where Ry, 'R}*} and R¢ are the endomorphisms given respectively by:
1 1
RH = —5 Z e'i'ej'RH(e‘i’ Cj), R:h = _5 Z ei‘ej'RﬂI;(eia ej)a
1,J 1,

’R«g = —-% Zﬁ.ei.R(ﬁ,ei).

Proof. In a local orthonormal tangent frame, we have:
(4) D2 = ZeioVQi (e]-vc’) = Z(ez.(Veie])-Ve] + ei-ej-VeiVQj)
1,j )
= Zei.ej.(ve,.vej - Vveiej) = Zei.ej.vi.,ej
) %)
1
= - Z Vgi,ei - 5 Z ei.ej.(vzj,ei - Vzi’e’,).
i i
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Since V%’X -Viy=RX)Y)- Vrix,y) and R = Ry + 0 Ai(§)R, we de-
duce that

Vix —Viy = Ru(X,Y)+ws(X,Y)Ve+0(X)(REY) - Vo))
(5) —8(Y)(R(§, X) = Va(x))-

Moreover, we have £ = Z 6(ei)e; and, by the isomorphism A*M ~ CI(M),

2
1
wp =3 ;j:wg(ei,ej)ei.ej. Hence (4) becomes:

1
D2 = - Z Vzi’ei - LUg.Vg - 5 Z 6i.ej.RH(6i, 6_7')
i Y

_ %Z(g.ei —€i.6)-(R(, ) = Vr(ey)):

Using the relations e;.§ = —{.e; — 2gg(&,€;) and 7(£) = 0, we obtain the
formula.

We have for D%:

(6) 'D?I = Z(ei.(VJeiej).VJej + ei.ej.VJeiVJej)
1,j
= Z ei.ej.(VJeiVJej - vJVJGiej).
4j

Since VJ =0, (6) becomes:

D.27 = Zei.e_j.(vkiv.}ej — Vvhijej) = Zei.e,-.vﬁew,ej
1,j i,
1
= - Z v.2fe,~,Je,~ - 5 Zeifj'(vaej,.]ei - v%ei,Jej)'
i i,j
Using, on the one hand, the identities § o J = 0 and wy o J = wy, and, on
the other hand, RoJ = RgoJ = Rf;oJ + Ry o J = R}; — Ry, we obtain
from (5):

1,3

1 1 _
D‘2] = - Z V?]ei,hi —wy.Ve — 3 Z ei.ej.R}';(ei, ej) + 3 Z ei.ej.RH(ei, ej).
i 1,3
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Now, in a local orthonormal tangent frame {ey,...€q4, Je1,. .. Jeq, &}, where
{€1,...€4,Je1,... Jeq} is a local orthonormal frame of H, we have:

V'V = - Z Vfi,e,- - Z vgﬁip’fi - vg,f'

i<d i<d
Hence,
- Z Vgeiﬁ]ei = - E v%e;,]ei - Z vz"’ei
i<m i<d i<d

_ * 2

= V'V+ V¢,
This concludes the proof of the second identity. a

In the following, a local orthonormal tangent frame {ei,..., €4, Jei,.. .,

Jeq, &}, where {e1,...€4,J€1,. .. Jeg} is alocal orthonormal frame of H, will
be called an adapted frame.

Corollary 2.1. The following identities hold:
1
(7 5[1)2, Xe] = Dr — 2X¢ 0 Re

. _
(8)  —3xo{D% A} = V'V =Xy 0 Ve + Ry = Dj = Ve + 2Ry

Proof. We have
1 1 1
D? = %(D2+,\50D20)\5)+§(D2—)\50D20,\£) = 5/\50[92,/&]-5&0{92,/\5},

where A¢ o [D?, A¢] (resp. A¢ o {D? )¢}) anticommutes (resp. commutes)
with A¢. Since [R(X,Y), A¢] = 0, we have [Rpg,A¢] = 0 and {R¢, A} = 0.
Now, since [V, A¢] = 0, [Awy, A¢] = 0 and {D-, A¢} = 0, we deduce that the
first three terms in the right-hand side of (3) commute with \¢, meanwhile
the last anticommutes with A¢. By identification, we obtain

%’\e o[D?% A = A¢ o (Dr — 2X¢ 0 Re),

and 1
—3X¢ 0 (D% e} = V*V = Ay 0 Ve + Ry

The last equality in (8) follows from the Weitzenbock formula for D3. O

Under the assumption that M is compact, the operators D and D; have
the following property:
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Proposition 2.1. The operators D and Dy are formally self-adjoint for the
natural inner product on I'(S) given by:

()= [ v

where vy, is the canonical volume element (i.e., vgy = 6 A (d6)?).

Before the proof of this proposition, remember (cf. [23]) that for any
E-valued p-form «, the covariant derivative and the exterior derivative of o
are given by:

(Vxa)(X1,...,Xp) = Via(X1, ..., Xp)

p
+) alX,..., VxXi, .., Xp),
=1

p+1
(da)(X1,. -, Xpp1) = Y (1) (Vx0) (X1, .., Koy, K1)
=1
(9) + (QTa)(Xh vy XP+1))

where X; means that the term X; is omitted and where Q7 is the operator

(Qro)(X1,. .., Xpt1)
=Y (-1)"Ma(T(X;, X;), X1, Xy Xy Xp1)-
iy
The divergence of « is defined by:
(10) (0a)(X1,...,Xp_1) = —traceg, (V. a)( ., X1,..., Xp-1)-

Note that ¢ is not the formal adjoint of d.

Proof. Let 01,02 € T'(S), then (cf. [14, p. 115])
(Do1,02)vgy — (01, Do2)vg, = dax vg,,

where o is the 1-form given by a(X) = (01, X.02). Using Vug, = 0 and
(10), we have, with respect to an orthonormal tangent frame {e;}:

p+1
da vgy(er,...,em) = — Z (—1)z+1(Veii(aﬁ)vgo)(el, vy €iyee iy Em),

i=1
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where of is the vector field canonically associated to a. So, using (9), we
obtain

da vg,(e1,...,em) = (—di(a”)'vgo + QT(i(au)Uge)) (e15---,€m)-

Now, in a local orthonormal tangent frame {fi, ... faq, &}, where {fi}, ¢ < 2d
is a local orthonormal frame of H, we have:

(QTi(a”)vgo)(fli ceey f2d’ E)
= Z (—1)i+j+1w9(fi, fj)vgo(auaga fla v ,fi, oo ,fj’ ceey f2da€)

i(j<2d
+ Z (—l)ivge(auif(fi)i fl) e 7.)?1') oo )f2d)
i<2d
= a({) Z (_l)iga(T(fi)) fj)’l)go(f, f]) fl) s 7.)2‘1:) cee af2d)
1,j<2d
= a(&) Z (_]‘)igG(T(fi)a fi)vgo(f’ fia fl’ ceey fi, coe ’f2d)
i<ad
= —a(f)(traceyo"-)vgo(fl, ooy fod, f) =0.
Hence, do vy, = —d(i(c)vg,). The result immediately follows from the
Stokes formula. Since Dj = %[’D, Aw, ], the result for Dy is deduced from the
previous one. 0O

3. Corlette and Siu-Sampson type formulas.

In this section, we use the previous identities to obtain Corlette and Siu-
Sampson type formulas for maps from strictly pseudoconvex C' R manifolds
into Riemannian manifolds.

Let (M,0,&,J, gg) be a strictly pseudoconvex C' R manifold of dimension
m = 2d+1 > 3, endowed with its Tanaka-Webster connection V and (N, g')
be a n-dimensional Riemannian manifold endowed with a metric connection
V' on TN with torsion T'.

Let ¢ : M — N be a differentiable map and ¢*T'N the pull-back bun-
dle endowed with the metric and the connection induced by those of T'N.
The canonical isomorphism A*M ~ CI(M) allows to consider the bundle
N*M Q ¢*TN as a Dirac bundle over M. Note that d¢ is a section of this
Dirac bundle, more precisely, a ¢*T'N-valued 1-form. The covariant deriva-
tive of any ¢*T'N-valued 1-form o is given by:

(Vxa)(¥) =¥y " a(¥) - o(VxY),



588 Robert Petit

where €7 ™ denotes the connection induced by V' on ¢*T'N. The extenor
derlvatlve and the divergence of o are respectively denoted by dV o and
59 5. The expressions are given by formulas (9) and (10).

Lemma 3.1. For any map ¢ : M — N:

(1) Ddp=5" (dg)y — (Vedd)(€) — (4T )z — wo ® d(€)
+OA(dpoT—i(€)(¢*T))

and

Dydd) = —Ae(($"T )y +wo ® dp(€)) +d5 Jdo — (T )y
(12) +9 A J(Vedgp +i(€)(¢*T ) — dgp o 1),
where

Y Jdg = (d¥ Jdd) g, (6T )0(X,Y) = 0T ) g(JX, V) +(¢*T) (X, JY)

and Ag(p) = Stracegp(., J.).

Proof. The Dirac operator D associated to the Dirac bundle A*M @ ¢*TN
coincides with the operator A(V) + 8V , where A(V) is the anti-symmetri-

sation of the covariant derivative on A*M @ ¢*TN. Hence, Dd¢p = 6V’ do+
A(V)d¢. First, we have

(Vxdg)(Y) = (Vxde)u(Y) + 0(Y)(Vxde)(£)
= (Vx(dd) g)(Y) + 6(Y)(Vxde)(£)-

Hence,
67dp = —trace,(V.de)(.) = —traceg, (V.(dd)5)() — (Vedd)(€)
= 67 (dd)y — (Vedg)(©).
Now, for any X,Y € TM, we have:
(A(V)dg)(X,Y) = (Vxdg)(Y) — (Vyde)(X).
Formula (9) yields:

(47 dg)(X,Y) = (A(V)dg)(X,Y) — d(T(X, ).
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Now, we have

~1$*TN

T2 dp(v) = Ty T dg(X) — d((X, Y]) = —T' (d(X), dg(Y)).
Hence
(@7 dg)(X,Y) = V5 " dp(V) -V T dp(X)—da((X,Y]) = —*T (X,Y).
Since T = —wg ® £ + 6 A 7, we deduce that

—$"T (X,Y) = wp(X, Y)dg(€) + (0 A dg o T)(X,Y)
—(@'T)u(X,Y) —wp(X,Y)de(€)
(13) HO A (dpo T —i(E)($*TNX,Y).

(A(V)d¢)(X,Y)

The first formula holds. Now, Dydé coincides with A(V o J)de + 69 Jdg,
where

(A(V 0 J)d¢)(X,Y) = (Vyxdd)(Y) — (Vsrde)(X)

and »
8V Jdp = —tracey,(V.Jdg)(.) = —traceg, (V. .de)(.).

Using (13) and the fact that J is parallel, we obtain
(A(V 0 J)d¢)(X,Y)
= (Vydg)(JX) — (Vxdg)(JY) — 8(Y)(dg o T —i(¢)(¢"T))(JX)
+0(X)(d o —i(&)($*T)(IY) = ($*T ) (X, IY) + (¢"T ) (Y, JX)
= (VxJdg)(Y) — (Vy Jdg)(X) — (#"T ) (X, Y)
~(OAT(dpoT i)@' T)))X,Y)
— (A(V)Jd$)(X,Y) — (4T (X, Y)

— (O AJI(dgoT —i(€)($*T)))(X,Y)
= (A(V)Jd®)r(X,Y) + (0 A V¢ Jdd)(X,Y)

— (@ T )p(X,Y) = (6 A J(dg o7 —i(6)($*T)))(X,Y)
= (A(V)Jdd)r(X,Y) - (¢*T ) (X,Y)
+ (8 A J(Vedg +i(€)(¢*T ) — dp o 7))(X,Y).
Formula (9) yields:

(4 Jd8)(X,Y) = (¥ Jdg)u(X,Y) = (A(V)Jdg)u(X,Y).
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We deduce that
AV 0 J)dp = S} Jdg — (¢*T' )}y + 0 A J(Vedd +i(€)($*T) — d o 7).

Now, with respect to an adapted frame {e1,...€q4, Je1,. .. Jeg, &}
d

8% 7 = =3~ ((Vsedd)(e) = (Vedd)(Je0).

=1

Using (13), we obtain:

=3 ((Vadd)Je) - (Viade)(e)

M&

sV Jdp =
1

-.
Il

> (@ T)rlUe &) +wa(Jes €)d(6))

+
M=

.
Il
-

((¢*T’)H(6i» Jei) + wa(ei, in)d¢(€))

th&

=1

= 6 Jdg — 206 ((¢*T') gy + wo ® dd(£))-

o,
|

Hence the second formula. d

From now, we assume that the curvature of the metric connection on
N satisfies the first Bianchi identity. This allows to consider the notions
of curvature tensor and curvature operator. In the following, we denote
respectively by R and fi’ the curvature tensor and the curvature operator
of N. The natural extensions of 5" and (, ) to A*ICN (where TCN is the

complexification of T, N) will be respectively denoted by ﬁlc and (, ).

Proposition 3.1 (Corlette type formula). Let M be a compact strictly

pseudoconvex C R manifold. For any map ¢ : M — N such thati({)(gb*’f') =
0, we have:

(14)
[ IVelae)ul® + 5(Vedd)OF + 5167 (@) = 516% dofF — s o7,

= /M (¢*§')€vg,,,

where

(qS*ﬁ,)§ = traceg,¢* R (,¢, ., €).
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Proposition 3.2 (Siu-Sampson type formula). Let M be a compact
strictly pseudoconver CR manifold. For any map ¢ : M — N such that

(¢*T’)j{ =0, we have:

15) [ 145 7a6 - 16 (@0)ul +T(9) ves =4 | (@F va
M M
where

T($) = |As((¢"T )y +wo ® dP(O))* = [($*T )y + wo ® d(€)*
+2(d—1)(dp o J oT,do),

and where, in an adapted frame {ey,...€q, Je1,... J€q, &},
(82 = Y (i), ),
i,j<d
with nf; = d¢(Z:) A dd(Z;), Zi = Z5(ei + V=1Jei).
The proof of these propositions needs some lemmas.

Lemma 3.2. For any map ¢ : M — N such that i(€)(¢*T) = 0, the
following formula holds:

(16) (Drd¢, &.dg) = —bvy — 2(Vedg,dd o T)
+2ld o 7|* + (dg(Ric(£)), dp(£))-
where 4 is the 1-form defined by v4(X) = ((d¢ o 7)(X), dp(§)).

Proof. We have:
(Drdg,€.dg) = > (7(e:).Ve,dg, €.dg).

3

Now, for all o, 3 € Q1(M) and all 7,7 € Q(¢*TN), we have (cf. [9]):
17 (e0,B9) = (@, B)(0,7) + (i(o)e,1(7)B) — (1(0)B,i(Y)ex).

Hence,

(Drdg,6dp) = > ((7(6:),€)(Verdd, ) + ((Ve,dd)(7(e:)), d(E))

(2

(18) ~((Ve,d8)(€), dp(7(e))-
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We have, on the one hand, (r(e;),&) = 0, and, on the other hand,

(Vxd¢)(r(Y)) = (Vxdgo7)(Y) — d¢((Vx7)(Y)):
Hence (18) becomes:

(Drdg, £.d6) = D _((Veids 0 7)(e), () = D _{(Vesd$) (), (dd 0 7)(ex))

K3

+ (dg(87), dé(£))-
Consider the 1-form 74 defined by 74(X) = ((d¢ o 7)(X),dé(€)), then

o = = (Verra)le) = =3 (enen) = 10(Veues))

1

=3 (est(dg 070, d(€)) - ((d o T)(Veses), dB(E)))

= S dpoT)(e) - (dg 0 7)(Veser), dd ()

1

= (Ve dd)(€), (dg o 7)(ei))

K3

19) = =Y ((VedpoT)(e),dd(€)) — Y _((Veidd)(§), (d o 7)(ei))-

1 (2

Using (19) and the equality 67 = Ric(§), we obtain:

(20)  (D,dg,&.dg)
= —0ys—2 Z«veidqs) (), (dg o 7)(e:)) + (dp(Ric(€)), dp(§))-

Using (13) and the assumption i({)(d)*f') = 0, we have
> ((Ve,dg)(€), (dpoT)(er)) = D ((Veddp —dpoT)(es), (ddoT)(e))

i<m i<m
= (Vedg,dpoT) —|dporl"
By substituting it in (20), we obtain the required expression. d
Lemma 3.3. We have
s 1 _
(21) (Red, dg) = —(¢"R )¢ + 5 (d(Ric(€)), db(€))

and

(22) (Rydo,dd) = —2(¢"pe) g + (d — 1){d¢ o J o 7,dp).
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Proof. We have:
(Redep, do) = ——Z@ez (&, :)dgp, dp) = Z<ei.R(s,ei)d¢,§.d¢>.

Using ( 17), we obtain
(Redp, dg) = 5 37 (((R(E e)dd) e0), dB(E) — (R, )8 €), 46 (e9)).

K3

Now, we have

I¢ TN

(R(X,Y)dg)(Z) = (X,Y)dp(Z) — dg(R(X,Y)Z)
(23) = R (de(X),dp(Y))dp(Z) - dp(R(X,Y)Z).

We deduce from (23) that
(Reds,dd) = 33 (-26"R (6,61, 0) ~ (dD(R(E ex)es), b (©))
+(dB(R(¢, €:)€), de(e:)))
=~ FR et ) + A (Ric(©)), d6(©))
Hence the first formula. ;Iow, always using (17) we have:

(Rydé, ds)
= ——Z ez CJ et)ej d¢7d¢>

= — Z (RH(eu ej)(d¢)H)(ei)’ (d¢)H(eJ)>
ij
= _% Z((RH(ei,ej)(dqb)H = Ru(Jei, Je;)(dd) ) (e:), (dd) gy (€5))-

Using (23) together with the Bianchi identity for }?, the previous expression
becomes (cf. [9]):
(Rpd¢, do)
1 . B 1, .=
= -5 Z ((¢ R )H(ei, €5, €4, e]) - §(¢ R )H(eia ']ei7 €;, Je]))
1,J

+ 5 SN (Ra(es,ej)es ~ Ru(Je, Jes)es), (d8) ),
4,J
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where (¢*R)y = (¢*R') o II. Now, in an adapted frame {ey,...,e€q,
J61,...,J6d,§}:

(24) (Rpde, do)
= *% > (¢*§'(€i,€j’fi’€i)

i,j<d
-+ ¢*§,(J€,', €5y Je;, Ej) + qﬁ*ﬁl(ei, Jej, €, Jej)
+ ¢*R (Je, Jej, Jei, Je&;) — 26° R (e, Tes, €, Jej))

+ % > ((dd(Ricles) + I Ric(Je)), d(e:))

i<d
+ (dg(Ric(Jes) — JRic(es)), dp(Jei)))-
The first five curvature terms of (24) are —2 Z (ﬁ;:(nf;),q_g) Finally, using

4,j<d
(1), we obtain:

% Z ((dqﬁ(Ric(ei) + JRic(Je;)), do(ei))
i<d

+(dp(Ric(Je) — JRic(e:)), dp(Je))) = (d—1)(dpoJoT,dg),

this concludes the proof. a

Proof of Proposition 3.1. Using (7), we have:
@) 3 [ (D% 2cldb,dsyuy, = [ (Drds,e.ad) ~ ARedd, ),

Now, using (2) we have

Il

/M (D*(€.d¢), £.d) — (D2dp, depYvg,
/M (D(E.d8)[* — [D(de) [ vg,
/M (€.D(d$) + 2V dd[? — [D(d) 2vg,

/ (D%, Aeldeb, €.d)vg,
M

4 /M (6.D(d), Vedd) + Vedd|vg,-
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Equation (11) gives:

(€.D(dg), Veda) = ((Vedd)(€), 57 (d¢) )
—|(Vedg)(€)? — (Vedd, dp o T — i(€)(¢*T)).

Since

167 dgf2 = 16¥ (dg) g — (Vedd) (62
= 16Y (dd) 5 I? + |(Vede)(©)? — 2((Veds)(€), 67 (d6) )

and i(£)(¢*T') = 0, we deduce that
(€-D(d9), Vedd) = 3167 (dg) ul* — 5167 dgl?
~ S(Veds) O  (Veds, dp o).
Hence,
[ D% ld0,6db)ve = 4 [ 1Veld)u + 2167 (@)ul? - 216 o
M M
(26) +31(Vedd)(E) ~ (Vedd, do o Tyvg,

Using (16),(21) and (26) in (25), one gets the result. O

Proof of Proposition 3.2. Using (8), we have

1

3 U A b = [ D)~ (VEcds, 49) + 2R 0,

Since for any function f, / Efvg, =0,
M

/M<V§,ed¢, dg)ugy = /M (E(Vedd, dg) — |Vedg[P)vg, = — /M IVedd[vg,.

Hence, we have
(27)

/ 1Dy (de)|* + |Vedg)? — 5<{D2,As}d¢,§.d¢>vgg =-2 / (Rydé, dd)vg,.
M 2 M
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Using (11), we have

(28) /M ({D?, Ac}dh, £.d6)vg,
- /M ID(E.dg) |2 + [D(do) Pug
= /M 2(D(dg)[2 + 4(6.D(d), Vedd) + 4|V edd|? vg,

=2 [ 157 (@)l + Vedsf - (Vedd) ()
M

+|Vedp — dgp o +i(€)($*T )2
+ |(¢*fl)H +wy ® d¢(£)|2'vgo-

Using (28) and (12) with (¢*f’)}]{ = 0, the left-hand side of (27) becomes:

/M 1d5) JdP? + T (Vede — d o 7+ () (3T ) 2
+|(Vedd)()]? = |Vedg — d o 7 +i(€) (¢ T )2
— 16V (d) gl + [Aa(($*T" ) gy + wo @ dp(€))[?
—(#*T") gy + wo ® dd (&) [Pvg,.

Noting that for any l-form a, |a|? = |Ja|? + |a(€)|?, we obtain the re-
quired expression. Using (22), we obtain the right-hand side of (27) and
consequently the formula. O

Remark 3.1. Note that if V' is the Levi-Civita connection, then T = 0,
and therefore Formulas (14),(15) are valid for any map ¢ : M — N.

4. Harmonic maps and the geometry of Sasakian manifolds.

Let ¢ : (M, g) — (N,g') be a differential map between Riemannian mani-
folds. Then, the Hessian of ¢ is defined by:

19*TN

(Ddg)(X,Y) = (Dxd¢)(Y) =D x  dp(Y) — dé(DxY),

where D' (resp. D) is the Levi-Civita connection on T'N (resp. TM). The
map ¢ is called harmonic if I'(¢) = tracey(Ddg)(. , .) = 0.
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Lemma 4.1. Let (M, gy, V) be a strictly pseudoconvex CR manifold and

(N,g, €7') be a n-dimensional Riemannian manifold endowed with a metric
connection. Then, for any map ¢ : M — N we have:

5V d¢ = -T'(¢) — tracegeqﬁ*ﬁ',
where U' is the 2-tensor U' =V' — D',

Proof. The difference between the Levi-Civita connection D and the Tanaka-
Webster connection V is given by (cf. [6]):

1
D—V=-;—0®J+<AQ~ECU9)®§—T®0,

where Ag(X,Y) = go(7(X),Y’) and where ® denotes the symmetric product
(i.e. forany X, Y € TM, (60 J)(X,Y) =0(X)JY +6(Y)JX). Hence,

(29) (Vxd)(¥) = (Dxdg)(Y) + 4T+ 2(0 © g0 J)(X,Y)

+ (40(X,) - Gua(X,7) ) d8(©) - 6(1) a0 7))

Now, taking the trace with respect to an orthonormal tangent frame, we
obtain the result. O

In the following, we assume that N is a Riemannian marﬁfold endowed
with its Levi-Civita connection, hence V' = D', U’ =0 and T' = 0. In this

case, a harmonic map ¢ : M — N satisfies 59 d¢ = 0.

Theorem 4.1. Let M be a compact Sasakian manifold of dimension m > 3
and N be a Riemannian manifold with nonpositive sectional curvature. Then
any harmonic map ¢ : M — N satisfies dp(€) = 0.

Proof Let ¢ : M — N be a harmonic map. Then, under the assumptions
T =0 and 7 = 0, we deduce from (11) that Dd¢ = —wg @ dp(&). Moreover,
Equation (14) gives:

[ Ve 4 1(edd)OPos, = [ (8" R)evm.
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Since the sectional curvature of N is nonpositive, (¢*§')€ is nonpositive.
Hence, we deduce from the previous equation that V¢d¢ = 0. It follows
from (13) that

~1¢*TN

(30) Vx  dg(§) = (Vxd9)(§) = (Vedg)(X) = 0.

Since wy is parallel, we deduce using (30) that D?d¢ = 0. Now, integrating,
we obtain

0= /M (D2, dyug, = /M (Ddg|?vg, = d /M 146 (€) Pug,.

Therefore d¢(€) = 0. a

Suppose that M is a Sasakian manifold which is the total space of Rie-
mannian submersion with minimal fibers over a Kahler manifold. Then, we

have

Theorem 4.2. Let M be a compact Sasakian manifold of dimension m > 3
and N be a Riemannian manifold with nonpositive sectional curvature. Let
(M, J) be a Kihler manifold and 7 : M — M be a Riemannian submersion
with minimal fibers. If dm(§) = 0, then, for any harmonic map ¢ : M — N,
there ezists a unigue harmonic map ¢ M — N such that o= ¢ oT.

Proof. For any harmonic map ¢ : M — N, we have by Theorem 4.1, d¢(&) =
0. Since dr(¢) = 0, it follows from Proposition 4.2 of [12], that there exists
a unique map ¢ : M — N such that ¢ = ¢ o 7. Now, we have

(Vxdg)(Y) = (Dan(x)dd)(dn (Y)) + dd((V xdm)(Y)),
where

(Dgdd)(7) =V " dd(7) - d(Dz¥)  and
(Vxdm)(Y) = DT T™dn(Y) — dn(VxY).

Since 7 is a harmonic Riemannian submersion, we deduce the harmonicity
of ¢ by taking the trace in the above formula. O
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Application to geometry of Sasakian manifolds.

The sectional curvature of a Sasakian manifold is always positive when re-
stricted to planes containing £ (cf. [2]), and consequently, the sectional
curvature cannot be nonpositive. This fact arises from a more general re-
sult:

Theorem 4.1. On a compact manifold of odd dimension m > 3, both a

Sasakian metric and a metric with nonpositive sectional curvature cannot
ezist.

Proof. Consider the identity map I : (M,g) — (M,h) with g a Sasakian
metric and h a metric with nonpositive sectional curvature. In its homotopy
class, I contains a harmonic representative (cf. Eells-Sampson [8]) with
maximal rank at a point, contradicting Theorem 4.1. a

As a consequence of this theorem, we recover the fact that the Heisenberg
nilmanifold does not admit any flat metric.

Remark 4.1. The previous results deal with Sasakian manifolds. The as-
sumption Sasakian is a technical assumption which allows to obtain a van-
ishing theorem (Theorem 4.1). For the moment, we don’t know if these re-
sults can be extended to strictly pseudoconvex C' R manifolds with pseudo-
Hermitian torsion non zero even if we do some assumptions on pseudo-
Hermitian torsion.

5. Harmonic maps and C R-holomorphic maps.

Definition 5.1. Let (N,g') be a m-dimensional Riemannian manifold en-
dowed with its Levi-Civita connection. Remember that the complex sec-
tional curvature of a 2-plane P = C{Z,W} C T;FM , is defined by:

(Pe(z A W), ZAW)

Re(P) = Re(Z A W) =
(Z/\W,Z/\W)

The sign of the complex sectional curvature always determines the sign
of the sectional curvature (cf. [9]). The converse is only true in dimension
3. Note that the assumption of nonpositive (resp. nonnegative) complex
sectional curvature is satisfied if the curvature operator is nonpositive (resp.
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nonnegative). In particular, locally symmetric spaces of noncompact type
(resp. compact type) are examples of Riemannian manifolds with nonposi-
tive (resp. nonnegative) complex sectional curvature. If (N, g') is a locally
symmetric spaces of noncompact type, the curvature operator of the Levi-
Civita connection is given by 5'(Z A W) = —[Z, W].

Definition 5.2. Let F be a complex vector bundle over a strictly pseudo-
convex C R manifold M. A holomorphic structure on F is a linear map

37 . T(E) » T(T"'M)* ® E)
such that
35(fo) = Zf @ o + f50,
and
(070w — w0z — Dzm))(0) = 0,
for all Z,W € TVOM, f € CX(M) and o € T'(E).

Let ¢ be the restriction of d¢ to THOM. Remember that d¢ is said to
be holomorphic if

(VOD89)(2) = Vi 9(2) - 09(VirZ) = 0.

Theorem 5.1. Let M be a compact Sasakian manifold of dimension m > 3
and N be a locally symmetric space of noncompact type. Then any harmonic

map ¢ : M — N induces a holomorphic structure on H*TCN given by
=~1*TCN

\Y . Moreover, 8¢ is a holomorphic ¢*TC N -valued 1-form.

Proof. Under the assumptions of the Theorem, we have for any harmonic
map ¢: M — N:

1 1 ¢ «
(31) fM Ve(dd)ul® + 51(Ved) (€)1 + 5107 () v, = /M ("R )¢vge,

(32) /M 105, Td>— 167 (d6) a2+ d(d—1)|d(E)[? vy = 4 /M (6*P2) 7 Voo

with

@R == ldp(6),d¢(Z)]>

i<d
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and
(6*Pc)m =— Y |[dé(Z),dé(Z;)] 1.

ij<d
Since (q&*ﬁ')5 and (¢*f)’c)l} are nonpositive, we deduce by (31) and (32),
that 69 (dg)y = 0, dY, Jd¢ = 0 and [d§(Z7), dp(Z;)] = 0, 4,5 < d. Hence,
for ay Z,W e WM, BN (Z,W) = [dé(Z), dé(W)] = 0. We deduce

that V' " " defines a holomorphic structure on ¢*TCN. Now, by an easy
calculation, we have

(VED09)(2) = —(dY Jdp)(JX,Y) — V=1(dY, Jd)(X,Y) = 0.
Hence 8¢ is a holomorphic $*TCN-valued 1-form. -

Definition 5.3 (cf. [13]). Let (M, J) be a strictly pseudoconvex C R man-
ifold and (N,J') be a Kahler manifold. A map ¢ : M — N is called a
CR-holomorphic (resp. C R-antiholomorphic) map if dgo J = J od¢ (resp.
dpoJ=-J odg).

Note that a CR-holomorphic (resp. CR-antiholomorphic) map is always
a harmonic map (cf. [13]).

Suppose that M is a Sasakian manifold which is the total space of a
C R-holomorphic Riemannian submersion over a Kahler manifold. Then, we
have

Theorem 5.2. Let M be a compact Sasakian manifold of dimension m > 3
and N be a locally symmetric space of noncompact type. If (]\7[ J ) is a Kahler
manifold and w : M — M is a CR- holomorphic Riemannian submersion,
then, for any harmonic map ¢ : M — N, there exists a unique harmonic
map ¢ : M — N such that ¢ = ¢ ° 7r Moreover, ¢ induces a holomorphic

structure on ¢*TCN given by v o and 8¢ is a holomorphic H*TCN-
valued 1-form.

As examples of such Sasakian manifolds, we can quote the compact regu-
lar Sasakian manifolds. Such a manifold can be realised as the total space of
a fibration over a compact Kéhler manifold (the Boothby-Wang fibration).

Proof of Theorem 5.2. Since any CR-holomorphic Riemannian sub-
mersion is a Riemannian submersion with minimal fibers and satisfies
dn(§) = 0, we deduce from Theorem 4.2 that for any harmonic map
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¢ : M — N, there exists a unique harmonic map q~5 : M — N such that
¢ = ¢ om. Now, we prove that av Jdé =0 (i.e., é is pluriharmonic). Since
(Vxd9)(Y) = (Dgn(x)dd)(dn(Y)) + dp((V xdr)(Y)) and that 7 is holomor-
phic, we have:

(dS} Jd)(X,Y) = (d¥ Jd)(dn(X),dr(Y)) + dd((dDIdm)(X,Y)).
From d} Jd¢ = 0, we deduce that
(d% Fdg)(dn(X), dn(Y)) = ~d((d]Jdm)(X, V).
Using (13), we obtain |

(d3Jdr)(X,Y) = (Vydn)(JX) — (Vxdr)(JY)
= J((Vydr)(X) = (Vxdr)(Y))
= —wy(X,Y)Jdr(£) = 0.

Hence, av'j d¢ = 0 (since 7 is a Riemannian submersion) and v.(v.f,_’”&z? =0
O

A rigidity result for harmonic maps from Sasakian manifolds to
Kahler manifolds.

Definition 5.4. A Kéahler manifold N has a strongly negative curvature
(resp. strongly positive curvature) at a point y € N if the complex sectional
curvature Kc at y is negative (resp. positive) on planes P = C{Z,W} C
TEN such that (Z AW)"! 0.

Theorem 5.3. Let M be a compact Sasakian manifold of dimension m > 3
and N be a Kdhler manifold with strongly negative curvature. Then any
harmonic map ¢ : M — N with ranky(¢) > 3 is CR-holomorphic or CR-
antiholomorphic.

This theorem is an analogue of the Siu theorem (cf. Siu[20]).

Proof of Theorem 5.3. Since N has a strongly negative curvature, the

complex sectional curvature is nonpositive. Hence (¢*§l)§ and (qﬁ*ﬁfc);{ are
nonpositive. As in Theorem 5.1, we obtain that if ¢ is harmonic, d¢(¢) = 0

and (qS*foJC)I—{ = 0. Now, the end of the proof follows from the proof of
Theorem 4.1 of [9]. a
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Corollary 5.1. Let M be a compact regular Sasakian manifold of dimen-

sionm >3 and m: M — M be the Boothby-Wang fibration over a compact
Kahler manifold M. Then any harmonic map with rank > 3 from M into
a Kdahler manifold N with strongly negative curvature, factors, via 7, into a
unique holomorphic map from M into N.

A rigidity result for harmonic maps between Sasakian manifolds.

In this section, we assume that (M,0,¢,J,gs) and (N,0',£/,J',glo,) are
Sasakian manifolds endowed with their Tanaka-Webster connections. Hence,
?I = V', where V' denotes the ’Ianaka—Webster connection of N. Hence
U=-100J-0e)andT =-0Q, ®¢.

As we saw it in Paragraphe 4, the complex sectional curvature (for the
Levi-Civita connection) of a Sasakian manifold N cannot be nonpositive.
Now, since the curvature of the Tanaka-Webster connection of a Sasakian
manifold satisfies the Bianchi identity, the complex sectional curvature as-
sociated to the Tanaka-Webster connection is well defined. We call it the
Tanaka-Webster complex sectional curvature. Note that the parallelism of
J' and ¢ implies that the Tanaka-Webster complex sectional curvature is
non-zero only on planes P = C{Z,W} C TEN such that (Z A Wb £ 0.
Now, we can define the concept of strongly negative (or positive) curvature
for a Sasakian manifold.

Definition 5.5. A Sasakian manifold NV has a strongly negative Tanaka-
Webster curvature (resp. strongly positive Tanaka-Webster curvature) at
a point y € N if the Tanaka-Webster complex sectional curvature I?é: at
y is negative (resp. positive) on planes P = C{Z, W} C TfN such that
(Z AW)H £ 0.

Definition 5.6 (cf. [6], [12], [24]). Let (M,J,H) and (N,J,H') be
strictly pseudoconvex C'R manifolds. A map ¢ : M — N is called a CR-
holomorphic map if dpoJ = J od¢. A map ¢ : M — N is called a CR-map
if dp(H) C H' and (dpoJ)gy = (J odp)y.

Note that a C' R-holomorphic map is always a C' R-map, but the converse
is, in general, not true. A CR-holomorphic map is a harmonic map (cf.
[12]). Conversely

Theorem 5.4. Let M be a compact Sasakian manifold of dimension m > 3
and N be a Sasakian manifold of dimension n with strongly negative Tanaka-
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Webster curvature. Then any harmonic map ¢ : M — N with rank;(¢) > 3
and such that ¢*0' =0, is an isometric and a CR-holomorphic immersion.

Proof. First, since ¢*6' = 6, we have ¢*U = —%(9 O©J odp—wy®¢&) and
T = —wg ® £. We deduce that any harmonic map ¢ : M — N satisfies
5V dg = J'd(€) and |6V do|? = |¢' — d(€)[?. Now, since i(£)(¢*T') = 0
and (¢*’f’)if =0, Equations (14) and (15) yield:

(33) [ Vel + 3|(Vedd)@)F + 5167 (@)l
M
1 ’ )
~31€ = by, = [ (8 R)eun,
69 [ 145 a5 (@8)uP + dd - 1) - B vy
= 4/M (‘15*5(’13);1 Uge>

Since N has a strongly negative curvature, the Tanaka-Webster sectional
curvature is nonpositive, hence (¢*R') ¢ is nonpositive. Using (33), we deduce
the following inequality:

[ 16% @)l < [ 1€ = ag(e)Pug,
M M

Substituting it in (34), we obtain
/M 145 TP + (@ — d — D)IE — d(£)[? vgy < 4 fM (6"P) 7 oo

Since N has a strongly negative curvature and d > 2, the previous inequality
yields dg(¢) = ¢ and (¢*ﬁc);l = 0. The assumptions on the curvature and
on the rank of ¢ imply using a similar proof as in Theorem 4.1 of [9] that
J odp =dpoJ or J odp = —dp o J. Using ¢*6' = 8, we deduce that
necessarily J od¢ = d¢ o J. Hence, ¢ is CR-holomorphic and, by Theorem
2.1 of [12], is an isometric immersion. O

6. Minimal isometric immersions and pseudo-Hermitian
immersions.

The following formulas for isometric immersions are the local analogues of
(14) and (15).
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Proposition 6.1. Let M be a strictly pseudoconver C R manifold and N be
a Riemannian manifold endowed with its Levi-Civita connection. For any
isometric immersion ¢ : M — N we have:

(35)
V() + 51(Vedd) Q)P + 315% (@) l? — 3167 dof? ~ Irl? = (5°F);

and
(36) 1Y Jdg| — 187 (dg) 2 + d(d — 1) = 4(6"5c) -

Lemma 6.1. Let ¢ be an isometric immersion, then, for any X,Y,Z €
TM:

(Y.Vxdg, Z.dgp) = we(X,2)0(Y)+we(Y,2)0(X)—we(X,Y)6(2Z)
(37) +2 (O(Z)Ag(X, Y) - 6(Y)As(X, Z)).

. Proof. For any map ¢ : M — N and any X,Y,Z € TM, we have
(Vx¢"9)(Y, 2) = (Vxde)(Y),dd(2)) + (d$(Y), (Vxd$)(Z))-

If ¢ is an isometric immersion, we have ¢*g' = go. Hence, V¢*g' = 0 and
(Vxd$)(Z),dp(Y)) = —((Vxds)(Y),dd(Z)). Using both (17) and the
previous equality, we obtain

(Y.Vxd,Z.dp) = go(Y,Z)(Vxdg,dp) + ((Vxde)(Y),dd(Z))
—((Vxd4)(Z),dp(Y))
= 2((Vxd¢)(Y),dd(Z)).

Now, using (29), we have

(Vxdg)(Y),dp(2))
= % (O(X)wg(Y, Z) 4+ 0(Y)we(X, Z))

+ (Ao(X,Y) ~ 5un(X,Y))0(2) ~ 6(Y) do(X, 2)

= 2 (40X, 2)8(¥) + w(¥; 2)8(X) - wo(X, ¥)8(2))
+0(2)40(X,Y) - 6(Y)4p(X, Z).

Hence the result. O
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Proof of Proposition 6.1. Let ¢ be an isometric immersion. First, since
|dp|?> = m, we have (Vg’gdgé, d¢) = —|V¢dp|?. Now, following the proof of
Proposition 2.3, we have
(D*dg, dg) ~ |D(de)[* = der,
(D3(dg),dg) — |Ds(de)|* = 6B,
(D*(¢.d¢), €.dg) — |D(£.dg)|* = b7,
where a, § and -y are the 1-forms respectively given by a(X) = (Dd¢, X.d¢),

B(X) = (Dy(de), JX.dg) and v(X) = (D(¢.d¢), X.£.dp). Tt follows from
(37) that o and § are zero. Using (2) and (37), we obtain

1(X) = (D(§.dg), X £.dg) = —(£.D(d¢), X.£.dp) — 2(V,dd, X .£.dg)
(D(d¢), X.dg) — 20(X)(D(d@), {.dg) + 2(X.Vds, €.d)
= 0.

Always using (37), we have (D,d¢,£.dp) = 2|7|%. Now, by noting that
(dpoJor,dp) =—(Ag,wg) =0 and (dp(Ric(£)),de(£)) =0, we conclude
the proof as in propositions 3.1 and 3.2 using Lemma 3.1 and Lemma 3.3.

O

Remember that a harmonic isometric immersion is said to be a minimal
isometric immersion. The following Theorem holds

Theorem 6.1. Let M be a strictly pseudoconvexr CR manifold of dimension
2d+1 and N be a Riemannian manifold with nonpositive complex sectional
curvature. If |7|> < d(d — 1) at some point, then there is no minimal iso-
metric tmmersion from M to N.

Proof. First, suppose that d > 1. If ¢ : M — N is a minimal isometric

immersion, then 5v (dp) g = (Vedd)(€). Hence, adding (35) and (36), we
obtain

IVe(d) ? + 1d5; Jdl2 +d(d — 1) — |72 = (6" R ), + 4(6"P) 5

Now, at a point where |7|? < d(d—1), we deduce, using the previous equation
and the curvature assumption, that |72 = d(d — 1) and V¢(d@)y; = 0. In
this case, Equation (13) gives for any X € H

(Vxd¢)(§) = —(d¢ o 7)(X).
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Now, on the one hand, we have for any X,Y € H
(Vxdg)(£),do(r(Y))) = —go(7(X),7(Y)).

On the other hand, using (37), we have

(Vxd6)(©), db(r(Y))) = (X, 7(¥)) = go(r(X),7(¥))

We deduce that wg(X,7(Y)) = 0 for any X,Y € H, and consequently,
7(Y) = 0 (because 7(Y) € H). Hence 7 = 0 at this point, which contradicts
|7|? = d(d — 1). In the case d = 1, M is assumed to be a Sasakian manifold,
hence following the proof of Theorem 4.1, the result holds too. a

Theorem 6.2. Let M be a 2d + 1-dimensional strictly pseudoconvex CR
manifold (2d + 1 > 3) endowed with its Webster metric and with the asso-
ciated Levi-Civita connection. At each point of M, there exists a complex
2-plane for which the complex sectional curvature is positive.

Proof. Since the identity map I is a minimal isometric immersion, we obtain
using (36):
(BT +d(d - 1) = 4(70) -

Now, for any X,Y € TM, we have by (29):
(VaxD)(¥) = ~50(0)X + 50(X, V)& ~ wp(r(X), V)& +0(Y)(J 07)(X).
Hence, for any X,Y € H,

(dRID(X,Y) = @PJI)(X,Y) = (Vix)(Y) = (VorI)(X) = 0.

We deduce that:
d(d - 1) = 4507

The theorem is directly deduced from this last equation. a
Remark 6.1. Applying (35) to the identity map, we recover the relation

between the Ricci curvature and the pseudo-Hermitian torsion obtained by
Rumin ([17]).
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A nonexistence result for pseudo-Hermitian immersions.

In this subsection N is a Sasakian manifold endowed with its Tanaka-
Webster connection V'. A pseudo-Hermitian immersion ¢ : M — N is
an isometric (with respect to the Webster metrics) and a C'R-holomorphic
immersion. Note that a pseudo-Hermitian immersion satisfies #*6' = 6 and

dp(¢) = €.

Theorem 6.3. Let M be a non-Sasakian strictly pseudoconver CR mani-
fold. Then, there is no pseudo-Hermitian immersion between M and N.

As a corollary, we obtain (cf. [1]):

Corollary 6.1. There is no pseudo-Hermitian immersion from H%(s) into
Pseudo-Siegel domains.

Proof of Theorem 6.3. Suppose that there exists a pseudo-Hermitian
immersion ¢ : M — N. Then, since ¢ is pseudo-Hermitian, we have
(Vxdg)(€) = V& =0, for any X € TM. Since ¢*T = —wg ® dé(£) ,
we deduce from (13) that

Vedp =dpor.

And consequently,
(Vedg,dp o) = |7]°.

On the other hand, since ¢ is a pseudo-Hermitian immersion, we have ¢* U =
—3(0©dpoJ — wy ®dp(€)). Now, we have from (29):

(Vedp,dp o 1) = (Ded, dgpo ) = 0.

Hence 7 = 0, contradicting the assumption on M. (|
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