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Existence and Uniform Decay of Solutions of
a Parabolic-Hyperbolic Equation with Nonlinear
Boundary Damping and Boundary Source Term!
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Existence and uniform decay of solutions of a mixed problem based
on the degenerate equation

Ky (z,t)yse + Koz, t)ys — Ay =0

are studied. Under the assumptions that we have a nonlinear
boundary damping (1 + a(t) [v¢|”)y: and a boundary source term
of type a(t)|y|” y, we establish the global existence theorem pro-
vided p > v and we obtain the uniform decay of strong and weak
solutions considering p = 7 and the coeflicient a(t) producing a
damping effect.

1. Introduction.

Throughout, Q will be a bounded domain of R® with C? boundary I', T' =
[y UTy, with both T'g and I'; having positive measure. With this geometry,
. we shall consider here the following problem

[ Ky (x,t)ys + Koz, t)y; — Agy = 0 in @ =0 x(0,00)
y=0 on 21=F1X(0,OO)
(1.1) o
4y +alt) (el g~ ly"y) =0 on ¥ =T x (0,00)
ly(2,0) =y%(z) and w(z,0)=y'(z) for z e
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where

if n>3 or 74,p>0 if n=1,2

(1.2) 0<7p<—
and v denotes the unit outward normal vector to the boundary.

The main goal of this paper is to study the existence and uniform decay
of solutions to (1.1), assuming that Ki(z,t) can vanish on Q. When o(t)
acts as a damping mechanism and p > 7, we prove existence of strong and
weak solutions to (1.1), when p = 7 the uniform decay of the energy

(1.3) et)=; /Q Ki(2,8) |ys (=, 8)[* des + /Q Vy(z, )2 do

is obtained.

This kind of problem is specially related to the study of transonic gas
dynamics, see e.g., Lar’kin [8]. Nondegenerate evolution equations with
nonlinear feedbaks acting on the boundary have received considerable at-
tention and in this direction we refer the works of Lagnese and Leugering
[7], Lasiecka and Tataru [10], Zuazua [13] and references therein. Concern-
ing nonlinear damping and source terms acting on the domain we refer the
work of Georgiev and Todorova [5]. The existence and boundary stabiliza-
tion of solutions to degenerate evolution equations were early considered in
Literature (see Cavalcanti et al. [1, 2]). The present problem deals with
degenerate evolution equations and nonlinear boundary feedback combined
with a nonlinear boundary source term. This was not previously considered
in Literature and brings up new difficulties.

The existence of solutions is obtained from the Faedo-Galerkin method
(see Lions [11]) and the uniform stabilization is proved by using the per-
turbed energy method (see Zuazua [13]).

Our paper is organized as follows. In section 2 we give some notations .
and state our main result. In section 3 we obtain existence of strong solutions
to problem (1.1) and in section 4 we obtain the uniform decay of the energy.

2. Assumptions and Main Result.
We define

(2.1) V={ueH(Q);u=0 on I},

(u,v) = /Qu(a:)v(x) dz, (u,v)p, = /Fo u(z)v(z) dr,
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o = [ @) ds; fulf, = [ fu@)ar,
Q To

1/p
lullyry = ([ 1@Pdr) ™ e = ess sup )l
To t>0

The variational formulation associated with problem (1.1) is given by

(22)  (Ki(®yu(t),w) + (K2(t)y:(t), w) + (Vy(t), Vw) + (3:(t), w)r,
+ a(t) (lye(®)1° e (), w)r,
= a(t) (ly@®)" y(t), w)r, ,Yw € V.

In order to obtain the existence of solutions we consider w = y(t).
Concerning strong solutions, an additional estimate is needed, that is, the
one obtained by derivating the variational formulation (2.2) with respect to
t. In view of the surface integrals, it is not suitable the use of a special basis,
for instance, those formed by eigenfunctions. But the presence of the term
|y:£(0)| leads us to technical problems. To solve this question we assume
that

(H.1) Ki(z,0)>d>0 aein Q

and we make the following compatibility hypotheses upon the initial data.

(A.1) Assumptions on the Initial Data.

Let us consider
v, u' e VN HA(Q)
verifying the compatibility condition
9y°

(H.2) 5 + 9! + (0) (|yl|'oy1 — |y0|7 yo) =0 on Iy.

We observe that even in the linear case, it is not clear that hypothesis
(H.1) and (H.2) imply the boundness of |y (0)|. In fact, in order to notice it
let us transform problem (1.1) into an equivalent one with null initial data.
More precisely, defining

(2.3) d(x,t) =1°(z) + ty' (z);  (,¢) € 2 x (0, 00)
and

(2.4) v(z,t) = y(z,t) — $(z,t)
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we obtain the equivalent problem for v

Kivy + Kovy — Av=F in Q
(2.5 42=0 on I
. 3—3 +v+alt)(lvet+éel’ (vi+¢e) —lv+¢|"(v+6)) =G on %
v(0) =v:(0) =0
where
0
(26) F= —K2¢t + A¢ and G = —5 - ¢t~

The new variational formulation associated with (2.5) is given by

27 (Ki(t)va),w) + (Kz(t)vi(t), w) + (Vo (t), Vo) + (vs(2), w)r,
+ a(t) (v (t) + ¢ ()1° (va(2) + 64(2)), w)r,,
= a(t) (lv(t) + ()" (v(2) + 6(2)), w)r,,
+ (F(t), w) + (G(t), w)r, -

Considering w = v4(0) in equation (2.7) from (H.1), (H.2), (2.6) and
taking into account that v(0) = v/(0) = 0 we conclude that there exists
C > 0 such that
(2.8) v (0)]* < C.

Next, we are going to consider

(A.2) Assumptions on the Coefficients.

Let us assume that

(H3) K1, Ky € WH(0,00; L(Q)),
1
(H.4) Ky — 5 |K1,t| >6>0 a.e in Q
The hypothesis (H.4) was widely used in degenerate problems. We refer

the reader to the works of the authors Lar’kin et al. [8] and Cavalcanti et
al. [2].
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(A.3) Assumptions on the Coefficient a.

Let us consider

(H.5) o € Wh°(0,00) N L1(0,00), a >0,
verifying
(H.6) —mpa(t) < ay(t) < —mqa(t) forall t>0

for some mqg, m; > 0.
Now we are in position to state our main result.

Theorem 2.1. Under the assumptions (A.1), (A.2), (A.3) and assuming
that v, p satisfy the hypothesis (1.2) with p > v, problem (1.1) has a unique
strong solution y : Q@ — R verifying

(2.9) y € L*(0,00;V) and 3y € L*(0,00; V),

(2.10) Kiy" € L®(0,00; L3(Q)) and 3" € L*(0,00; L*()),

K"+ Koy —Ay=0 in Q,
y=0 on X,

a .
a—ly/+y'+a(t)(|y'|”y'—lyl7y) =0 on I
y(0)=1° and y(0)=y' on Q.

Moreover, if p = v and my is large enough, there exists a positive con-
stant €9 such that

(2.11) E(t) < 3exp (—gt) , Vt>0 and Vee (0,

Theorem 2.2. Assume that assumptions (H.1), (A.2) and (H.5) hold; con-
sider a(0) = 0 and that (H.6) holds for all t € (to,+o0). Then, given
{4°9'} € V x L*(Q), problem (1.1) possesses at least a solution in the
class

(2.12) y € C%([0,00); V) N CH([0, 00); L2(R2)).

In addition, we obtain the same uniform decay rates given in (2.11) for
the weak solution and for all t > tg.
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3. Existence and Uniqueness of Solutions.

In this section we are going to obtain existence and uniqueness of strong and
weak solutions to problem (1.1) using the Faedo-Galerkin method. For this
end we represent by {w;} jen @ basisin VN H 2(92) which is orthonormal in

L?(92), by Vi, the subspace of V generate by the first m vectors {wy, - ,wn}
and we define for each € > 0

(3.1) Kie=Ki+¢e¢ and ven(t) = ngjm(t)wj,
j=1
where vem (t) is the solution of the following Cauchy problem
(3.2)
(E1.e(6)0em (8), w) + (K2(8)0em (), w) + (VVem(t), V) + (v (8), w)
+a(t) (|vem(®) + ¢'(t)]" (vem (t) + ¢/ (1)), w)
= a(t) (Jvem(t) + ¢()]" (vem (t) + 6(2)), w)r,
+ (F(t),w) + (G(t), w)p,, Yw € Vn

(3.3) Vem(0) = v.,,,(0) = 0.

The above approximate system is a normal one of differential equations
which has solution in [0, T¢,,[. The extension of these solutions to the whole
interval [0,T] is a conséquence of the first estimate which we are going to
prove below.

A Priori Estimates.
The First Estimate.
Replacing w by v/,,(t) in (3.2) we obtain

(3.4)
4 {% [EreOutm(®)
p+2

+ (K2 = FKHOWE0 ) + ) [oln(® + SO, + i OF,
= 20() ([tem(t) + SO Gem(t) + 8(2)), (e (8) + S (1),

2
+ % [Vvem (8)|* + % [[vem (t) + ¢(t)H?,I§,ro}
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4 %a (8) lloem (®) + SOIT2 1,

+a(t (Jvem(8) + S @) (vem (&) + 6'(1)) , &' (1)),
( t)+¢ ()P (vem(t) + &(2)) ,t)r‘o
), Ve (8)) + (G(8), Vo (), -
Making use of Young’s inequality ab < C(n)aP + nb?, where 1 5+ ; =1

and 7 is an arbitrary positive number, considering the a,ssumptlons (H.4)
and (H.6), from (3.4) we infer

(F(t

(3.5)
L | o(t)

d /
EZ {_;_ \ Kl,e(t)’Uém( 5 “'Usm(t) + ¢(t)“zig,l‘o}

+ (8= 1) [l ()] (1 = 1) [l (B) 2+ (1 = M)x(®) [Vl () + S )] |15,

1 1 +2
< ym |F()]* + ym IG®)[7, +na(?) |[vm (&) + ' B3 r,

2
+ C1(n)a(t) vem (£) + &) 1153 1, + Caln, llal)) | 9|7 o r,
2
+ () |lvem (t) + SOI2T3 ry + Calllell) |9 |7 5or,

¥+2,T0 -

Since p 4+ 2 > v + 2 then LA*%(['y) — LY*2(Ty) and therefore we can
write

Estimate for I := na(t) |[vl,,(t) + ¢'(¢)| 712

(3.6) || < nCaalt) + no(t)Ca ||l (t) + &' )] |25 r, -

where Cy is a positive constant independent of € and m.

Combining (3.5) and (3.6), integrating the obtained result over [0,¢]
taking (3.3) into account, employing Gronwall’s lemma and choosing n > 0
sufficiently small we obtain the first estimate

2
(37) ‘\/Kl,e-(t)v;m(t) Vo @ + a0 lloem(®) + ST,

t ¢
+/ |v;m(s)|2ds+/ |vm (5)| 5 ds
0 0

t
2
+ [0 Ioom(s) + S5 5 < L,
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where L1 > 0 is independent of € and m.
The Second Estimate.

Differentiating (3.2) and substituing w by v (¢), we have
(3.8)

2
%{%{,/mﬁ(t)v;'m(t) +§|w;m<t>|2}+(f<2<t>+ “Ki, ;',ia))

+ (K2 (t)0m (t), vem () + |vem (t) |F
+ 0 (t) ([vtm (@) + &' O] (Vem(®) + &' (1)) s vem (8))
+ (o + D)e(®) ([vhm () + ¢' )" v (t))p
= a/(t) ([vem(t) + G(B)" (vem (2) + () , Ve (8)) 1,
+ (v + Da(t) ([vem (t) + $E)|7 (vem (t) + ¢'(2)) , vem (),
+ (F(2), ol () + (G (8), vlm(®) p, -

Estimate for I := o/ (t) (|vgm (t) + ¢'(£)I° (VGm (t) + ¢'(£)) » verm ()1, -

From assumption (H.6) and using the inequality ab < j a2 +nb%,n >0,
we conclude

moa(t) +2
(3.9) Ihl < =4 |[vem (8) + &' |01 2 1,

+ mona(t) (|vem () + qz')(t)lp 72(¢) -

Estimate for Iy := o/(t) (|vem(t) + ¢(t)|" (vem (t) + B(2))  vEm ()1, -

Taking into account that -1 w2 T W—F—Z + § = 1, using the generalized

Hélder inequality, the continuity of the trace operator 7o : H(2) — LI(T),
for1<g¢< 2"_ , and the first estimate, it follows that

(3.10)  [T2] < Cs [[vem(t) + A7 o,r [[vem (®) + (8l 12,10 [vEm (B,
< Co(T,m) [Voem(®)® + 1 [0l (8)]”
< Co(Tyn) + 0|l (8]

Estimate for I3 = (v + 1)a(t) ([vem(t) + ()" (vem () + ¢'(£))  Vem (E))r, -

Considering the same arguments used in (3.10) we obtain

(3.11) || < Co(T,) | Vol ()] + ol (B)]*
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Making use of assumption (H.4), combining equations (3.8)-(3.10), in-
tegrating over [0,t] the obtained result taking equation (2.7) into account,
employing Gronwall’s lemma and choosing 7 small enough we obtain the
second estimate

(3.12)
2 t
O8] + [T + [ Pl
t t
2
+ [ ot s+ [ olt) (vim(e) + ¢ () 035D, do < I
where Ls > 0 is independent of € and m.

Analysis of the Nonlinear Terms.

From the above estimates we deduce

(3.13) {vem} is bounded in L2(0,T; H/%(Ty)),
(3.14) {v.,,} is bounded in L%(0,T; H*/*(L'o)),
(3.15) {vl,} is bounded in L?(0,T; L*(Ty)).

From (3.13)-(3.15), observing that the imersion H'/2(Tg) «— L?(T) is
continuous and compact, and making use of Aubin-Lions theorem, we can
extract a subsequence {ve,} of {vem} such that

(3.16) Vep — Ve and vé” — v, a.e. on Zor =TIy x(0,T).
Therefore, from (3.16) it follows that

(3.17)  |veu|"ven — |ve|"ve and vl | v, — |vi| v} ae. on Tor.
On the other hand, from the first and second estimates we obtain

(3.18) {|veu|"ve,} is bounded in L2(Zor),

(3.19) {lv,lPvL,} is bounded in L?(Zor).
Thus, combining (3.17)-(3.19), we deduce from Lions’ lemma

I'Ueury Vep — |ve|7 ve weakly in L2(EO,T)’
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|’Uéu p Vg, — [vi|” vl weakly in L*(Zo7).
The above convergences are sufficient to pass to the limit in the nonlinear

terms of (3.2) using standard arguments. From this and taking (2.4) into
account we obatin

(3.20) K1y" + Koy’ — Ay =0 in L2 (0, c0; L3(R)).

Moreover, from the generalized Green’s formula we infer

0 .
(B21)  so+ytal) (wl v — ly"y) =0 in LE(0,00; (L))

Uniqueness.

Let y; and y2 be strong solutions to problem (1.1). Defining z = y; —ys,
we deduce from (3.20) and (3.21)

(3.22) (K12"(2),w) + (Ka2'()w) + (V2(t), Vw) + (/(8), w)p,
+a(t) (|v1]°v1 — |va]” v2, w)
= a(t) (ly2|” y2 — lv1]" y1, w)r, »
for all w € V.
Substituing w = 2/(¢) in (3.22), we obtain from (H.4)
S IVE@ O] + 9s08 ) +sl20F + 10,
< a(t) (Iy2l"y2 = Il 91,2/ (),

<00) [ (ol + 1P 0) 0] dr

Integrating the last inequality over (0,t), using analogous considerations
made in the second estimate (see estimate for I term) and employing Gron-
wall’s lemma, we obtain |2/(t)| = |Vz(t)| = 0. This concludes the proof of
uniqueness for strong solutions.

Existence of Weak Solutions.

Let us consider
{4 4'} e V x L*(Q).
Since 5
D(-A) = {u € VﬂHz(Q);—a—Z =0 on I‘o}
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is dense in V and HE(Q) N H(R) is dense in L*(Q), there exist {y7} C
D(-A) and {y.} C H(2) N H*(Q) such that

(3.23) yg — 30 strongly in V,

(3.24) y}L — y! strongly in L%(Q),

and, since a(0) = 0, the compatibility conditions given in (H.2) are verified,
that is, for each p € N, one has

oy

[ 1 _
—aT/- + Y = 0 on IY.
Then, repeating the same arguments used in the first estimate and in the

uniqueness of strong solutions, we deduce that there exist {y,} a sequence
of strong solutions of problem (1.1) and also y : @ — R such that

(3.25) yu — y strongly in C°([0,T); V),
(3.26) y,, =y strongly in C°([0,T]; L*(Q2)),
and

(3.27) { K1y + Koy’ — Ay =0 in L2(0,T; V)

y(0) = 3% ¥/(0) =y

From now on we are going to define a weak solution to problem (1.1), a
function y which verifies (3.27).

4. Uniform Decay.
The derivative of the energy defined in (1.3) is given by
1
@y o =- (K0 - 3Ki0.0%0) -V OR,
2
—a(®) [y @O0 15 5, + @) (yO y(),¥' )y, -

Defining the modified energy by

(4.2) B(®) = e(t) + 5o WO},
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we obtain from the assumptions (H.4), (H.6), (4.1) and from (4.2)

(43) B <=sly®) - |y @), — @ [y O r,

maa®) [l @72 1, +20(8) (W@ y(8), ¥/ (O)p, -

1
v+2
Considering the Young’s inequality ab < naP + C(9)b? with p = vy + 2,

1
qg= 77—1'3 and C(n) =7 "1 and supposing that v = p, we deduce

@49  EO<-SYO - WOR - o) -2 |ly®li,

—a(t) (3% - n-#) @I,

Choosing n = 4~("*1), we have 2 [4~(*1]< L and consequently from
(4.4) it follows

(4.5) E{) <=8y -y @),

~ 5a®) [y @[5 5, ~ Bet) w72,

where

my
= -8>0.
P v+2

For every € > 0 we define the perturbed modified energy

(4.6) Ec(t) = E(t) +ey(2),
where
(47) v(t) = [ Ku'yda.

In what follows let A > 0 be a positive constant such that

(4.8) [v]® < A|Vo|; Vv e V.

Proposition 4.1. There exists C; > 0 such that

|E:(t) — E(t)]| <eCi1E(t), Vt>0 and Ve>O0.
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Proof. From (4.7), (4.8) and using Schwarz inequality we infer
@) < KL N 2e(t) < 1Kl A2 B(e)

and from (4.6) we conclude the desired inequality with C; = HKllliéz A2,
a

Proposition 4.2. There exist C; > 0 and €1 > 0 such that
El(t) < —eCRE(t); Vt>0 and €€ (0,e1].

Proof. Differentiating 1 (t) with respect to t and replacing Kiy” by — Koy’ +
Ay in the obtained result, it follows that

(4.9) '¢'(t)=/QK{y'ydx—-/Qsz'ydx+/9Ayydm+/QK1|y'|2da;.

Now, using the generalized Green formula and taking into account that

0
%~ allPY + o)y

we deduce from (4.9)
@10) ¥ = [ Kivyio- [ Kafyda- [ [Vofido+ [ Kaly'do
Q Q Q Q
- [ vyar-a@) [ Wryydr+a [ .
To To To

Adding and subtracting the terms [;, Kily'|*dl’ and af(t) [, |ly["*2dT" from
(4.10), we obtain the following inequality
(4.11)

() < —E(t) +2 /Q Kily'Pdz + 20() /P jy[r+2ar
0
+/K{y'ydw~/ sz'ydw—/ y'ydl“—a(t)/ |¥'|"y'y dT.
Q Q To To

Making use of the inequalities ab < 71150'2 +nb? and ab < 8(n)aP +nb?, where
117 + L1 =1 and n > 0 is arbitrary, and considering (4.8), we conclude from
(4.11
(4.12)

P'(t) < = [1— B+ 7)) B(t) + 20(t) ly() 115 1,
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+Mi(n) [y @) + Ma(n) [y O[5, + Ma(malt) |/ #)][275 1,

where

B 1KY, 02 | [1Kal[%, A2
M) = 2||Kallog + =g + T

Cg |,/
Mz(ﬂ)=1;ly(t)l and  Ms(n) = 01(n)

and Cp > 0 is such that |y|r, < Co|Vy|.
Choosing 7 > 0 so that C; =1 — (8 + 4)n > 0 from (4.12) we have

(413)  ¢/(t) < —CE(t) + 2o(t) [ly() 1 T3 1,
+ M|y @) + Ma [y @5, + Maa() ||y OI[145 v, -

Taking the derivative in (4.6) with respect to ¢, combining (4.5) and
(4.13), it follows that

(414)  BUt) S —(@—eM) |y ()] - (1 - M) [y (B)|7,
1
~a(0) (3 - ) WO,
— (B —2¢) a(t) ly()|1 745 1, — €C2E(2).
Defining
—mind L1
e DA VAT VA

then, for all € € (0,€1], we obtain from (4.14) the desired result and, conse-
quently, the Proposition 4.2 is proved. a

Proof of the Uniform Decay.

Let
€0 = min{1/2C1,¢e1},

where C7 > 0 is given in Proposition 1, and let us consider ¢ € (0,&p]. As
we have € < 1/2C}, we conclude from Proposition 4.1

(4.15) %E(t) <E()< gE(t) <2E(t); V> 0.
Consequently —eCaE(t) < —£C2E.(t) and it follows from Proposition 2

EL(t) < —-;:CzEe(t).
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Therefore
2 (marew (39) <o

which implies in view of (4.15) that

E(t) < 3E(0) exp (--;it) :

This concludes the proof of Theorem 2.1. a
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