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Non-convergence and instability in the asymptotic
behaviour of curves evolving by curvature

BEN ANDREWS

We consider curvature-driven evolution equations for curves in the
plane, and prove that the isoperimetric ratios of the evolving curves
generically approach infinity if the speed of motion is proportional
to curvature to a power less than 1/3.

1. Introduction.

Many authors have considered the motion of curves in the plane by speeds
depending on curvature and normal direction: If vy is a convex closed curve
given by an embedding g : C — R?, this motion is described by an equation
of the form

1) 9 2(6,1) = —p(0(E,H)(s(6, )0 &, ),
CE({,O) = .’130(5),

forall ¢ in C and t € [0,T'), where z; = (., t) is a smooth embedding for each
t €[0,7), n(¢,t) is the outward unit normal vector to the curve v, = z:(C)
at the point x(&,t), k(&,t) is the curvature of v; at z(¢,t), and 9 : ST - R
is a smooth positive function. We write A[y;] for the area enclosed by the
curve ;.

A well-known example of such an evolution equation is the curve-
shortening flow, in which @ = 1 and 9 = 1. Gage [14, 15] and Gage and
Hamilton [18] proved that convex embedded curves become circular while
contracting to points, and Grayson [19] extended this to arbitrary embed-
ded closed curves. The case a = 1/3, ¢ = 1 is natural in affine geometry,
and has been applied to image processing and related problems. It has
been considered both in the convex case ([25], [3]), where solutions become
elliptical in shape as they contract to points, and in the non-convex case
[9], where closed embedded curves eventually become convex. Anisotropic
evolutions (with 1 non-constant) arise naturally in Finsler or Minkowski ge-
ometry on the plane [16, 17], and in physical interface problems (see [6] and
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410 Ben Andrews

[12]). These have also been considered for convex curves ([16, 17], [5], [13])
and more generally ([7, 8], [23], [27]). Equation (1) assumes that the speed
is a homogeneous function of the curvature. Non-homogeneous speeds have
also been considered — see for example [11] and sections I3 and II4 of [5].
The paper [5] investigated convex solutions of (1) with o not too small:

Theorem (Theorem II1.11 [5]). There ezists a unique, smooth solution
z:Cx[0,T) = R? of (1). The curves v; converge top € R? ast — T.
If a > % then there ezists {tx} — T such that the rescaled curves A, =

/X['lyrﬂ (vi, — p) converge in C*H4P to a limit & satisfying Yx® = c(z,n)
k
for some ¢ > 0. Here £+ 3 = m-

The critical case a = % with ¢ = 1 is the flow by affine normal:

Theorem ([3], [25]). If @« = 1/3 and ¥ = 1, then the rescaled curves ¥;
converge in C* to an ellipse centred at the origin.

In this paper we consider the main cases not covered by the above results,
namely flows of the form (1) with a < , or ar = % if 4 is non-constant. The
results of [2] imply that there exist solutions of the isotropic flows (those
with 1 constant) which do not converge to circles, if o < % In [4] it was
conjectured that solutions for isotropic flows become circular for o > % but
generically do not for smaller «. The results presented here confirm the
non-convergence part of the claim; a full discussion of the isotropic case will
be presented elsewhere.

The curves ¥; satisfy a modified equation: 4; = Z(C, 7), where

J YRS

2 2 aer) = it t 1L g,

1ta
and 7 = fot (K[’;—uI) * du (see Section 2). The following partial result is

known:

Theorem (Theorem IT1.12 of [5]). Let o € (0,31], and suppose & : C x
(0,7) — R? is a solution of Eg. (2), mazimally extended in time. Then
either the isoperimetric ratios of ¢ = z+(C) approach infinity as t — T, or
T = oo and there ezists a subsequence tr — oo such that 7, converges in
C® to a strictly convex limit ¥ which evolves under (2) only by changing
parametrisation. (
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The condition that ¥ evolve solely by reparametrisation is the following:

“d
(3) 0= —yron 4 2Py
27
for some V : ¥ — R, where T is the unit tangent vector to &, and z : & — R?
is the inclusion map. Such a curve will be called a stationary curve for (2).
The result above can be improved slightly using the following:

Theorem (Theorem 2 of [4]). If o > 0 and % : C x (0,00) — R? is a
solution of (2) such that 4, = %, (C) converges in Hausdorff distance to
a strictly convex stationary curve ¥ for a subsequence t — 0o, then
converges to ¥ in C™ ast — oo.

In this paper we work in the space of symmetric convex curves (those
invariant under the involution z — —z of R?), and prove that all stationary
curves are unstable:

Theorem 1. Suppose 0 < a < %, and ¢ : S* — R (non-constant if a = %)
is invariant under the involution z — —z of S*. Let ¥ be any symmetric
stationary curve for (2). Then there exists a smooth, symmetric solution
z:C x (—00,T) — R? of equation (2) such that v, = z.(C) converges in
C® to ¥ as T approaches —oo, and the Hausdorff distance from v, to ¥ is
at least min{e“”, C'} for some positive constants C and w.

We will also deduce the following global instability result:

Theorem 2. Let 9 be symmetric, and 0 < a < 1/3, with 1 non-constant
if a = % Then for k > 0 and B € (0,1] there is a generic subset U™P
of the space K*B of symmetric convex open sets with C*? boundary in R2,
such that if 2o(C) = 0Q for Q € URP, and {z;} satisfies (1), then the
isoperimetric ratios of the curves v = z4(C) approach infinity ast — T.

The crucial step in the proof of Theorem 1 is to show that every sym-
metric stationary curve is linearly unstable, by estimating eigenvalues of the
linearised equation. The method of proof is similar to that used by Hersch
[20], Yang and Yau [26] and Li and Yau [22] in estimating the first eigenvalue
of a surface.

The symmetry assumption cannot be removed — an explicit counterex-
ample is given in Proposition 29. However, it is shown in Proposition 30 that
the instability result of Theorem 1 still holds in cases where the stationary
curve is an off-centre symmetric curve.
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2. Notation and preliminary results.

We begin by recalling some special features of the geometry of convex curves
in the plane, the details of which can be found in [1].

Let v be a smooth convex closed curve in the plane. The support function
of v is the function s : S — R defined by

(4) 5(8) = sup(y, e)
yeY

for each § € S'. The support function determines « according to the identity
v = z(S') where 7 : S' — R? ~ C is given by

() = (3(9) +¢%§-(9)> e,

The map 7 is the inverse of the Gauss map n : v — S. The curvature of v
can also be recovered from s: For each § € S' the radius of curvature of v
at () is given by t[s] = sgg + s, where subscripts denote derivatives. The
curvature is then x = t=!. The length L of v is equal to S g1tdf, and the
enclosed area A is % Jo1 std6.

The equation (1) can be rewritten as an evolution equation for the func-
tion s: If z(§,t) is a family of embeddings evolving by equation (1), then

Z=zon™! and
0 0 :
(5) &3(9, t) = 5 <:v on™t, eze>
= <—qp(9) (kon™1)%e? + Dz, (%n_l) ,ei0>
— —p(O)els] .

Conversely, it was shown in [5] that any solution of the scalar equation (5)
can be used to reconstruct a solution of (1).

Solutions of equation (1) contract to points in finite time. The analysis of
the limiting shapes of solutions as this final time is approached will be carried
out by normalising the solution curves to keep their enclosed area constant.
This requires a choice of centre about which to rescale. A convenient choice
is to require

(6) Y%7 cos( — fg) df = 0
S1
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for all Oy and at each time. Let 4; be the curve obtained by rescaling
to have fixed enclosed area m and translating to satisfy (6). The support
function § of 4 satisfies

§=1/%s+clcosﬂ+0231n9

for some c¢; and ¢y depending on ¢, where A = A[~]. Differentiation gives:

a-_ m —a Sﬁ -« : o
as——\/;z,bt[s] +W/511/)t df + ¢ cos@ + ¢y sinf

- @7

where ¢; = %ci. This equation is simplified by the introduction of a new
time variable 7 according to the definition

(—@bi_"‘ + %/ Pl d9) + ¢1 cos B + ¢asinf.
S1

1to
(7) T—/t(——ﬂ- )2 du
o \A[7] ’
so that
(8) ;)_7'5 = —pF T+ %/Sl YE 7 dh + ¢f cos 6 + chsin 6,

where ¢, = &c;. The constants ¢j and cj can be determined at each time
by differentiating the identities (6):

1 1
i (i>a0059d0=i/ <$>a51n0d0=0
dr Js1 \ 5 dr Js1 \ 5

Substitution of the above expression for %5 yields the following:

9)
.
|:C/1:| _ M_l fsl <3§) tTT%cos8dl — 2—17Ff51 ’l,btl_a dé fSl <3§) cos @ do
A0 142
& s (i) " easin0df — & [o Pelmdf [o (ﬂ) sin 0 df

where M is the matrix

Js
st

Q=

Q=

cosOsinf df

=

N—
R

(%)é cos? 0df Js1

(%) cos @ sin 6 df fsl

Q-

A IS S

—
R~

sin? 0 d

YL
Wil

=
N TN
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Note that M is invertible: The Cauchy-Schwartz inequality gives

1 2
(/ i(i)“coso sinede)
S1 S8 \ 'S
1 1 1 1
</ —(?> c0520d9-/ —(?> sin? 6 d#,
s1 S \'S s1 S \'S

so the determinant of M is positive.
The following result was proved in [2]:

Proposition 3. If5: S x [0,T) = R satisﬁés (6), then ditZ < 0, where

D LT ) R |
exp {— o [c1 ¥ logTdb}, a=1.

The inequality is strict unless the equation
(10) P ¢ =C3
is satisfied for some positive constant C.

For convenience we write £ = 21 = % [rr=>df. Note that (10)
follows from (3) by taking the inner product with the normal n.

In the remainder of the paper we will work entirely with the support
function s and the evolution equation (8), suppressing the curves and their
embeddings. In particular we will write A[s] and Z[s] for the enclosed area

and isoperimetric ratio of the curve with support function s. Explicitly,
Als] = § [q1 st[s]df and

2
(11) I[s] = %.

3. Linearisation about a stationary solution.

Let o be a stationary solution of equation (8), scaled so that A[o] = 7. Then
equation (10) holds, and integration against t gives the identity 1) = ot[o]*Z.

Proposition 4. Let s5.(0) be a family of functions with Als;] = m, con-
verging smoothly to o as ¢ — 0. Let 5.(0,7) satisfy equation (8) with initial
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condition s¢(0) for eache > 0. Letn(f,7) = %ée(e,r)lazo. Then n satisfies
the linear equation

10 o o
(12) 251 amt[n] +1 - o /sl tlo]ndd
— [cos@ sinf] M~ | [q E[‘1177c089d6
Jo1 Lnsingde |

where M is the matriz given by

Jo Bcos?0ds [ D coshsingdd
[sn 49 cos 0sinfdf  [o, " sin? 9 dg '

Proof. Differentiate the normalised equation (8) with respect to €. In differ-
entiating the first term, note that

(%) = —agpelo] el
= —aotlo]*o] "+ ef
= —a%]-t[n]ff

by the identity (10). The integral in the second term satisfies
gldg / Y do = (1 — ) / Wwelo]e[n] b
st St
=(1- a)}j/ otn] df
Sl
—(1-a)Z / t[o]n db.
S1

In differentiating the final term, note that when ¢ =0,

¥ 1+ : _
/ (r) e cos9d9=Zl+1/°‘/ t[o]*Te[o] ¥ cos O db
S1

S S1

=Zl+1/“/ t[o] cos 6 df
S1

=21+1/a/ ot[cos 0] df
Sl

=0,
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1+1
/ (g) 7 “sinfdf = 0.
Sl

The identity (10) implies two further useful identities:

1
/ (Eﬁ)aCOSGd@:Z"Ua/ t[o] cos§df =0,
S1\S$ S1

and the same with cos @ replaced by sin §. Therefore the only non-vanishing
terms occur when these integrals are differentiated with respect to €. In that
case,

and similarly

1+1
d%_ (%—) 7 %cos0db
Sl

(e D) [ ) e

1+1
- a/ (E) t[o] =[] cos 0 db
S’l

g

=- (1 + é) 21“/0‘/ lt:[a]“”"t[a]_"‘n cos 0 df
S

10

_azl—l-l/a/ t[0.]l-i-ozt[a.]—(1+oz)t[77]coseda
S1

=— <1+ —l-> Z~1+1/°‘/ M77cos€d9
@ s

1 0

—aé’l“/"‘/ t[n] cos 0 db

Sl

= - (1 + l) Z~1+1/°’/ MncosBdO,
a s1 O

and similarly with cos @ replaced by sin 6. Further,

1 1
i <ﬁ> * cosfdf = —l/ l (ﬁ) ﬂCOSedG
de Js1 \ 5 o Jsio \o

=—lZ~1/°‘/ M77cos(9d9,
67 s1 O

and similarly with cos@ replaced by sin 6. O
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The structure of this linearised equation is simply described in terms of
the differential operator £ which acts on functions f € C*(S!) by
o

(13) £f = -1,

tlo]

This is a self-adjoint operator on the Hilbert space L2, the space of all
functions f on S! for which

t[o] .o
Al —O_-f df < 0,
with the inner product
(14) (f1, f2) = [51 %rlflh de.

The functions o, cos#, and sin§ are eigenfunctions of £, with eigenvalues
—1, 0, and 0 respectively.

Lemma 5. There are no other eigenfunctions of L with eigenvalue less than
or equal to zero.

Proof. The Brunn-Minkowski inequality for convex sets in R? states that
the square root of the area functional is concave with respect to Minkowski
addition: Precisely, if Qg and Q; are convex sets, and Q; = {ty + (1 — t)z :
y € Q,z € Qo}, then

d2

dt?
with equality if and only if 27 = ¢Qy + e for some ¢ > 0 and some point
e € R?, so that ©; and Q2 are scaled translates of each other. (See [24],
Theorem 6.1.1.)

Consider this inequality in the particular case where g is the region en-
closed by the curve ¥ with support function o, and £, has support function
o+ df, where f is any eigenfunction of £ and ¢ is a small positive number.
Let o be the support function of ;. Then

A[Qt]% S 07

o¢(0) = sup (y,eie)
yeN:

= sup ((1-—t)z+ty,e?)
€0,y

= (1 —t) sup (z,e”) + ¢ sup (y,e”)
z€Q yEM
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= (1 —t)a(0) +t(a(8) +6(6))
=0 +t6f(0).

Therefore the area of §); is given by

A[Qt] = l/;l O'tt[o't] d6

2
1
=3 /Sl(a + td f)x[o + td f] dO
= A+ [ fioldo+ 5167 / Fe[f] do.
St S1

A direct calculation gives

5 (fs1 Frlo] dd)®
tzo—zﬂ(/glfr[f]dﬁ——s e )

so the quantity in the bracket is nonpositive, and strictly negative unless
o+ 30f =co+ejcosf + exsinf, in which case f is a linear combination of
o, cosf and siné.

This result may be expressed in terms of £ and L2:

1ap . Us Frlo1d8)” _ (o)’

If f is an eigenfunction of £ orthogonal to o, cos § and sin 6, then Lf+Af =0
and (f,0) =0, so the inequality becomes —A||f||? < 0. O

The linearised equation (9) can be written in terms of the operator L:

o ~
3.1= Z(al+1) (77 Ty @Eon)

where E) is the eigenspace of £ in L2 with eigenvalue A, and = is the
orthogonal projection.

Corollary 6. A stationary solution o of (8) is linearly unstable in the space
of support functions of convexr curves of area ™ if A < ;}‘-, where

\ = inf M
f31 ﬂfl‘P2 df

t[o]

p€E C°°(51),/ t[a]god9=0,/ —<pzd9=0}
S S1 g
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and z = (cosf,sin@). A symmetric stationary solution is linearly unstable
in the space of support functions of symmetric convex curves of area T if
Asym < é , where

2 _ .2 de
Ny = inf &ﬂ%i_
s %11902 df

Here C;’;’m(Sl) is the space of C*™ functions on S* invariant under the in-

volution 6 — 0 + 7.

pe Cé’y"m(Sl),/Slt[UlwdH = 0} :

Proof. X is the first eigenvalue of £ in the subspace orthogonal to o, cos(6)
and sin(@), and Asym is the first eigenvalue in the space of symmetric func-
tions orthogonal to o. If 7 is proportional to the corresponding eigenfunc-
tion, then

%n = Z[o](1 — al)n.

This implies instability if 1 — aX > 0. |

4. Linear instability of stationary solutions.

Theorem 7. Ay < 3 for any symmetric stationary solution o. Equality
holds if and only if o is the support function of an ellipse centred at the
oTigin.

Proof. The proof of this result is similar to that of the theorem of Hersch
[20] of the fact that the constant curvature 2-sphere has the largest first
eigenvalue for the Laplacian amongst all metrics on the 2-sphere with the
same area. The idea is to use the eigenfunctions for the case o = 1, namely
1 = cos(20) and @2 = sin(26), as test functions in the integral quotient in
Corollary 1. If these functions are admissible, then

L@%—ﬁw=w

and

> [ i~ [ o= [ (14 (2)) w2

with equality if and only if o is constant. This would imply
max; |, 51 5[51903 df > m, and therefore Agym < 3.



420 Ben Andrews

The problem is that in general these test functions are not admissible,
so some further work is required. Let us denote by X the convex curve
with support function o. The key to finding admissible test functions is the
following property of the operator L:

Proposition 8. The spectrum of L is invariant under the change ¢ — or,
where o is the support function of the curve T o &, for any T € SL(2,R).
In particular, Asym and X\ are invariant under such transformations.

Proof of proposition. The proof requires some properties of the action of
the special affine and linear groups on convex sets, and the induced action
on C®(S'). An element of the special affine group consists of a matrix
A € SL(2,R) together with an element e € R?, acting on R? by taking
z € R? to Az + e. This produces an action on the space of convex sets in
R?, taking a set Q to AQ+e = {Az+e: 2 € Q} which is a convex set with
the same area as €.

Let f € C®(S'). For sufficiently large C, g = f + C satisfies the
condition t[g] = gg9 + g > 0, and hence g is the support function of a
convex body in R?, namely Q(g) = Npeg1{y € R? : (y,€?) < g(8)}. Given
(4,€) in the special affine group, define (4, e)f(8) = supyec a(g)+e(¥> ety —
C supye 4, (0)(y>€*?). This is independent of C for C' sufficiently large, and
defines an action of the special affine group on C*®(S?).

‘We now proceed to describe the generators of this action explicitly: The
Lie algebra sl(2) of SL(2) is the three-dimensional space of trace-free 2 x 2
matrices, which is the product of a one-dimensional subspace generating
the rotations, and an orthogonal two-dimensional subspace consisting of
matrices of the form )

a
= 2

for any real @ and b. Given a convex curve with support function s, consider
the change in s caused by applying a continuous family of SL(2) transfor-
mations in the direction of a Lie algebra element X:

Xs(0) = X (z(9),e)
= (Xz,e')

([ 2 e (2] [l
o 8] [cos 20 —sin 29] H

- sin20 cos20 | |sg
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= R (cos2(6 — 6p)s — sin2(6 — 6p)sp)

where

b
R=+a?2+b%, cos26 =—a——, and sin20) = ——.
T Vare TVt B

The induced change in the radius of curvature function t[s] is then:

Xr[s] = t[X s
= Rr[cos2(0 — 6p)s — sin 2(6 — o) se]
= —R (3t[s] cos2(8 — 0p) + t[s]esin2(6 — bp)) .

More generally, if s is any function in C*°(S'), not necessarily a support
function, the action is given by the same formulae as above. a

Lemma 9. Let X € sl(2) act on C®(S') as described above. Let fi and
fa be arbitrary functions in C*®(S'), and let s be a C* positive support
function for some convex curve in R2. Then

X/ fit[fo)d0=0  and X/ Ul s a0 =0,
S1 st S
Proof of Lemma. Note that

<X + Rsin2(6 — 0@%) s = Rcos2(0 — 6p)s

and
, 5}
(X + Rsin2(f — 00)5@> t[s] = —3Rcos2(8 — 6p)x[s],
so that
. 0
(X + Rsin2(f — 00)%> st[s] = —2R cos 2(6 — 6p)st[s]
and

X (st[s]) = —2Rcos2(8 — p)st[s] — Rsin 2(6 — 6p)(st[s])e
= — (Rsin2(0 — p)st[s]), -
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Integrating gives X [ st[s]df = 0. The same holds replacing s by any other
function f, and by the polarisation identity X [ fit[f2]d6 = 0. Similarly,

(X + Rsin2(0 - 00)%) fi = Rcos 2(0 - eo)fi
for ¢ = 1,2. Combining these with the change in s gives:
. 0 i R i
(X + Rsin2(6 — 90)%> (f:> = cos 2(9—90)fi—R£-2- cos2(0—0y)s =0,
for each i, so
(X + Rsin2(6 — 00)(%) (t[s] fle)

S

_ <X + Rsin2(6 — 6’@5%) (st[s fh é)

s s
= —2Rcos2(f — bp) (%s]flfz) )

As before, this implies

tls]

X <t[s] f1f2> =- (Rsin 2(0 — 90)—S—f1f2)0

s
and integrating over S! gives X [ 5[33—] fif2df = 0. O

Proof of Proposition 8, continued. By Lemma 9, the inner products (f1, f2)
and (f1, Lf2) do not change under the deformation. Furthermore, the defor-
mation leaves symmetric functions symmetric. This implies by the min-max
characterisation that the spectrum of £, and in particular A and Agym, are
invariant. O

The significance of Proposition 8 is that Asym can be estimated at any
point of the orbit of the action of SL(2). The calculation given above there-
fore proves the result provided there is some element T' of SL(2) such that
Jg1 tlsT]pidd = 0 for i = 1,2. Since tp;] = —3¢;, it suffices to check that
fSI s7;df = 0 for each i.

Lemma 10. There exists some T € SL(2,R) such that [ orp;df = 0,
1=1,2.
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Proof. Given a convex curve with support function o, consider the function
L on SL(2)/S0(2) given by L(T) = [4 ordf, which is just the length
of the image of the curve under 7' (this is well-defined since the length is
invariant under rotations). The derivative of L in the direction of a Lie
algebra element X is given by

DxL = Xodb
Sl
= / Rcos2(0 — 6y)o — Rsin2(0 — 6y)og db
Sl

= 3R/ ocos2(0 — ) db.
Sl
So at a critical point of L, [¢ 0;df = 0 for each . Also

DxDxL = 3R? / cos2(8 — 6p) (cos2(8 — bp)o — sin2(8 — Op)og) db
Sl

1

Spep 4 —E—’R2/ o cos4(0 — 6o) df

2 27" Ja

_3prp_ lpe / t[o] cos 4(0 — 6o) db
2 2 St

> R%L
= |X|’L

since | cos4(6 — 6)| < 1 and [, t[o] = [51 0 = L. Therefore L is uniformly
convex on SL(2)/S0O(2), hence proper, and so has a unique critical point.
a

This completes the proof of Theorem 7. |
5. Non-converging solutions.

In this section we use the linear instability result of Theorem 7 (and Corol-
lary 6) to complete the proofs of Theorems 1 and 2. Although we prove
results here only for the symmetric case, the same methods can easily be
modified to include non-symmetric cases if linear instability is known.
Denote by K the set of support functions of symmetric bounded open
convex sets of area 7 in R?. KC is equipped with the C° norm (equivalent
to the Hausdorff distance). Let K% = C%# N K0 for any integer £ > 0 and
B € (0,1]. For £ > 2 we also write IC{,’_‘B = {f € K* . «[f] > 0}. By
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Theorem I12.8 of [5], every stationary solution of (8) with o < 1 is in £
for t > 0.

For any 7 > 0 we denote by ©, : K% — K< the operator which takes
s0 € K0 to the function s, given by the solution of equation (8) at time 7
with initial condition sg, where this exists. By Theorem II2.8 of [5], © is
well-defined on {(sg,7) : so € K%, 0 < 7 < T(sp)} where T(sg) > 0 for
every sg € KC.

Proposition 11. © is a continuous map from an open set of K° x (0, 00)
to K°.

Proof. Since the solutions of Eq. (8) are obtained by solving Eq. (5) and then
rescaling, it will suffice to show that the evolution operator ©; for Eq. (5) is
continuous.

Fix a curve I' bounding an open convex region 2 of area m, and let C}
be such that C;! < inrad(Q) < circumrad(Q) < Cj. Let s be the support
function of I'. By Theorem I12.8 in [5] there exists a unique solution ©;s
of Eq. (5) on a maximal time interval (0,7") which converges to s in X° as
t—0.

In the following we fix ¢ > 0, an integer ¥ > 0, and t € (0,T). It
will suffice to show that there exists § > 0 such that ©,5 exists and

‘ét@ - @ts’ck_l , <& whenever 5 € K satisfies |§—s|co < & and |t/ —t| < 4.

Lemma 12. For any €' > 0 there exists 61 > 0 such that if |t' — t| < 01,
and |5 — s|go < 61, then |0p5 — O1s]co < €.

Proof. The proof uses scaled copies of s as barriers. The homogeneity of
equation (5) implies that ©;(us) = ,u(:)m-(wa) (s) for any p > 0.

The solution (:)t(s) is regular for positive times, and in particular for any
¢’ > 0 there exists d4(¢’) > 0 such that

ét(s) - < (:)t(1+54)(3) < (:)t(1—54)(3) < ét(s) +é'.

For given €' > 0, choose §;(¢") > 0 sufficiently small to ensure that

max {1 —(1=81/t) (14 C161) 7%, (14 61/t) (1 — C161) 17 — 1}

!
< (54 (%)
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and §; < min {%, %1;} Clearly |5 — s|go < 61 implies
8(1-0151) <s—01<35<s+6 < 8(1+Cl51)

and so by the comparison principle and the homogeneity relation,

(]. - Clél)ét’(l—clél)_l"'(s)

=0y (s(1 = C181))

< ét'(§)

< étl (8(1 + 0151)) = (1 + 0151)(3)#(14-0151)—1—& (8)
The restriction [¢' —t| < §; then implies (since ©;(s) is decreasing in t) that

(1- 0151)ét(1+61/t)(1—0161)—1-a(3) < ét'(g)
< (1 + C101)Oy(1-5, /1y (1+C161)-1— (8)-
Hence
Oy (5) = O4(s) < (14 C161)Oy1_t-16,)(1101651)-1-(5) — Ou(s)
< C16194(1-t-15,)(14+-C161)-1-=(8)

+ (1 +C161) (@t(l-t—lsl)(uclal)-l—a(3) - ét(s))

3 (A A
< 01251 + 5 (@t(l—t‘151)(1+0151)‘1‘°‘(3) - @t(s))

< 15' 3¢
2 23
:5’

by the choice of §;. Similarly,
é)t(s) - (:')tl(g)
< 04(s) — (1 — C161)Oy141-161)(1-C161)-1-a (5)
< C18104(s) + (1 - C161) (ét(s) - ét(1+t—151)(1~0161)—1—a(3))

< C]?(S + (ét(s) - ét(1+t‘151)(1—0151)_1—°‘(8))

< 15'+ 15’
2 3
<.
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Lemma 13. There ezists d3 > 0 and a constant Cy such that if [t —t| < d2
and |§ — Slco < 89 then lé)t/.§— éfslc'.’k—l,l < (5.

Proof. By Lemma 12 we can choose 2 to ensure that the isoperimetic ratios
remain bounded:

max {I [(':)t/sT] A [(:)ts]} <C.
Then Corollary 112.6 of (5] gives the required bound. O

Lemma 14. There exists 3 > 0 such that if s1,s2 satisfy |s1 — sa|co < J3
and |31 — Szlczk—l,l < Oy, then |81 — Szlck—l,l <E.

Proof. A standard interpolation inequality between Holder spaces (see for
example Proposition 4.2 of [21]) gives

1/2 1/2
|s1 — s2|gr-11 < Csls1 — 32|c/0 |s1 — 52|C/2k—1,1
1/2:1/2 .
for some constant C3. Hence [s1 — sg|cgk-11 < C3Cy' “65" 7, and it suffices to
2
— 5
take 53 = m O

Taking § = min{dy,61(d3)}, we find by Lemma 13 that |65 —
Oys|cze-11 < Ca, and by Lemma 12 that [645 — Oys|co < 83, so that
by Lemma 14 |65 — ©;s|gk-11 < € as required.

Before proceeding to our first main result on the instability of station-
ary solutions, we will establish some results on the differentiability of the
evolution operators which will be useful later in the paper.

Proposition 15. For anyt > 0, £ > 2, and B € (0,1), the map O; is a
C. map from {s € ICﬁ:ﬂ :T(s) >t} to Kﬁiﬂ.

loc

Proof. We begin by working with the unrescaled evolution operator 6.
Define IC%T’T,R ={s € Kﬁjﬁ : |slges < M; r < ©s < R, Vt € [0,T]}.
This is an open set in C4#(S1), and we equip it with the CYP metric. We
will show that 8y is C* for every k from ICﬁ;I'B’T,r’ g into ICiﬁ . In proving this
it is convenient to define spaces which encapsulate the natural regularity
properties of solutions of parabolic equations: Let P4 = {f : S x [0,¢] —
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R: |f|pes < oo}, where

(15)  |flpra= . sup |08)f]
m+2j§£SIX[O’T]
0787 £ (69, t2) — OF8] f (02, t2)]
[ta — t1|(1+A)/2

+ Z sup
m+23=£_1 0€S1,t2#t1

LY sw 1078] (83, t2) — OO £(6a, t2))|
m42j=¢ (01,81)#(02,t2) (162 — 61| + |t2 — tlll/z)ﬁ

This defines a Banach space, and the global Schauder estimates for linear
parabolic equations are conveniently stated in terms of these norms:

Proposition 16. Let £ > 2 and 8 € (0,1]. Suppose a, b, ¢ and f are in
P28 with 0 < A < a < A < oco. Then any PY® solution u of

ou
E———auea-l-bue-l-cu-Ff

u(6,0) = up(6)
satisfies
lulpes < C (Juolges + | f|pe-2e)
where C = C (\, A, T, |a|pt-2,8, |b| pt-2.8, |c| pe-2,8)-

See for example [21], Theorem 4.28 for the proof of this result.

Lemma 17. There ezists a constant C such that |©s|pes < C for all s €

46
}CM,T,T,R .

Proof. Bounds above and below on t[(:)ts] follow from Theorems II1.1 and
I11.2 of [5). Bounds in PP follow from Theorem 14.18 of [21], and bounds
in P?# follow by differentiating Eq. (5) and applying Proposition 16. O

We define candidates for the derivatives of all orders of ©: For k = 1
and s € IC%T’T, g define DO(s; ) to be the solution of the linear parabolic
initial value problem

(16) 2 (D6(s;9)) = ape(s]- (D55 )

DO(s;0)(6,0) = ¢(8)
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for any ¢ € C%#. Then we define inductively DG for k> 1 by

(17) gDké(sum, L ok) = aypr[O(s)] " DEO (55 01, ., 1)

ot
k
Z O(s)] “"*’“H (o +7)

j=0
% Z Ht[Dlel(:)(s;cij)]
{I]-!"')In}ezk,n i=1
D*O(s; 01, - - .,91)(6,0) =0,

where Z ,, is the set of partitions of {1,...,k} into » non-empty subsets,
and @y = ((pil,...,(pij) ifI= (il,...,i]’).

Lemma 18. D*O(s;.) : ®FC% — P% is a bounded linear map, with
norm depending on r, R, a, v, and |s|ces.

Proof. Existence follows from Theorem 5.13 of [21].

For k = 1, Proposition 16 applied to Eq. (16) implies |DO(s; )|pes <
Clo|oes for all ¢ € C%P | and hence ||D@(s; ,)”B(Ce,ﬁ’pe,ﬁ) <C.

We proceed by induction: Suppose the Lemma holds for k = 1,...,7, so
that |D*O(s; 01, - .., 9:)|pes < CTleq l@nlces for @1,...,¢; in CH#, and
i=1,...,j. Then Equation (17) has the form

6‘ _
= f = ayr[O(s)]"Te[f] + g,
where f = D(j+l)é(5;901,---><ﬁj+1), and |glpe2s < CTILE] lonloes

by the inductive hypothesis. Proposition 16 therefore implies |f|pes <
CH]-S |on|ces and therefore || DIT1O(s; M B@i+ices proy < C. O

Lemma 19. © isa Lipschitz map from Kb MTr R 10 P8,

Proof. Suppose u and v are in ICﬁ’,IB’T,T, g+ We compute

2 (6w - 6()) = el ()] + 9O~

= at[B(u) — 6(v)],
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where a = ay fo t[eO(u) + (1 — €)O(v)] "+ de satisfies |a|pe-26 < C by
Lemma 17. Therefore Proposition 16 applies to show |6(u) — O(v)|pes <
Clu — ’U|Ce,ﬁ . O

Lemma 20. Suppose © is a CP' map from ICMT R 1O P4 and the fol-
lowing estimates hold for some constant C'

(18) |D*6(u;.) — D'O(v;.)|| (@ices,prey < Clu —vlces
for all u and v in ICe’ﬁ TR andi=0,...,7, and
(19) |D*&(u;.)~D'&(v;.)—DEVO(v;.,u—v)| pgices pusy < Clu=—vlgus

for all u and v in ICf\’/[B,TmR andi=0,...,5— 1. Then © is a C7TH! map

from ICMT g to PUB . estimate (18) holds with i = j + 1; and (19) holds
with 1 =j.

Proof. We begin by establishing (19) for s = j. Writing
F=DiO(u;p1,...,9;) —DIO(v; 1, .-, 9;5) —DUtVE(v; 1, . ... i, U—0)

for some ¢1,...,p; in C%# | we have by Equation (17)

oF
Bt
= apt[B(v ]_(Ha) [F]
(1 -+ Oé) J J
TouE" t[DO(v;u — )|t [DO(u;.) — DIO(v;.)]

+ ayr[DIO(u; )] (t[éu]—(1+a) — 000+ 4 (14 a)t[Df[)éqi);]z;+; v)])

W55 o (ffees) (Lot

n=2{I1,....In}e Zj n =0

x (t[éu]-<a+"> — t[6u]@) 4 (a + n)t[@v] "D DO(v; u — 'v)])

> 3 ) [[(a+ i€ DO (v u - v)]

n=2{I,.... Jn}Z;n i=0
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X (H e[DO(v; 01,)] = [[ [D¥16 (w5 %)])
i=1 i=1

7 n—1
- Z Z (-1)™ (H(a + z)) t[@v]~(etn)

n=2{I,..,.Jn}€Z;n =0

X <H o[DH1O(u; ¢1,)] - [ s[DV16(v; 1,)]
=1 =1
- Xn: 11 (D16 (w; o1 e[ D& (v; 01, ,u — v)]

i=1 i'#i

By (18) and (19) and Lemma 18, the P*~%# norm of all terms but the first
on the right-hand side is bounded by Clu —v|%, [T}, lilces. Proposition
16 implies that the estimate (19) holds for ¢ = j.

The estimate (18) for i = j+1 follows somewhat more straightforwardly:
We have for G = DIt'O(u; 1, ..., 0j41) — DIT1O(v; 01, . .., @i11),

oG oy

ot t[(:)v]1+at[G] +apr[ DO (us 1, -, 1))

(w87~ )
X = - =
[Oullre  t[Ou]lte

J+1 n—1
9>, >, )"][Ja+n)
n=2{I1,...In}EZjn i=0
o [ 1Lz (DO (us or,)]  [Ti, ([D"16(v; 1))
t[Ou)otn - t[Gu)etn '

The terms other than the first on the right-hand side have P28 norm
bounded by Clu — v|ges Hﬁ;ll |¢n|ces, by the boundedness estimates in
Lemma 18 and the Lipschitz estimates of Equation (18) for : = 0,...,J.
Proposition 16 implies the result. O

By induction on j, ® is a smooth map from ]Cf\’LT,'r,R to P48, since
Lemma 19 provides the result for 7 = 0, and Lemma 20 provides the iteration
step. The result of Proposition 15 follows, since © is obtained from © by
smooth rescaling and smooth reparametrisation of time. O

Theorem 1. There ezists a symmetric solution s : (—oo0,T) x S1 = R of
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equation (6) which converges in C*® to o as 7 — —oo and such that the
C? distance of s, from o is no less than min{C(w),e*"} for some constant
C(w) >0 and any w € (0,1 — adsym)-

Proof. Let ¢ be the symmetric eigenfunction of £, corresponding to the
eigenvalue Agym, and define for € > 0 sufficiently small and 7 > loge

T —CAsym
Sre = @T—loge (\/A[O‘ T El_a’\symgo] (0’ + glmdsy QO)) .

Taking w = 1 — aAsym, we have

0

o7 (87 — 0 —€"Tp)
s
= —t[sr ] % + 2—::— /S . wt[sf,e]l“"‘dO — we“Tp

= (@l +1)(sre —0 —€“Tp)

_ol+a) ‘(r{a))m ([ -01)2

2 Ty t[o]

(1 —a)sre /
+ py 51(37’5 o)t[sre — o]db

_ M‘%@ [ ol (%)Ha (5[—5-%;—‘{1)2&

Therefore

0
l (-(,; —al — 1) (7 —0 — e‘”go)l < Cllsre —0 — e“”<p||2cz(51) + Ce.

We write 2, = supg: |s-. — 0 — €*"¢|. The Gagliardo-Nirenberg interpo-
lation inequalities give for any £ > 2

f$re — 0 — em‘P”CZ(Sl) <C(z+ 331_2/12“37,5 -0 - ewTS"”Ce(Sl))

since Theorem II2.5 of [5] gives bounds on all higher derivatives of s, .. For
our purposes it suffices to take £ > 4, say £ = 8. By the maximum principle,

0
(20) -a—;_—xm < Zre+ Ca:i,/ez + Ce®T,
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and we have for each € that

m
Ste =0 — engolrzloge = <V m - 1) (0 +¢e%p).

Now Alo+e¥y] = m+e¥ [5, pr[o]df+3e% [o1 pr[p]dh, and [ pr[o]db = 0,
so we have

(21) Tlogee < Ce?.
It follows from (20) and (21) that

Tre < Ce2w7'

for loge < 7 < 19 where C and 7y are independent of ¢ for € sufficiently
small. It follows in particular that s; . is bounded away from o, independent
of ¢, and that the functions s;. converge in C*° to a limit s, as ¢ —
0, which is defined for all 7 € (—o0, 7], and satisfies (6). By estimate
(21), the Hausdorff distance of s, from o approaches zero as 7 — —oo.
C* convergence follows from the regularity bounds of Theorem I12.5 in [5],
together with interpolation inequalities. The monotonicity of the entropy Z
implies that the Hausdorff distance from s, to ¢ is bounded away from zero
for large times. a

Now we proceed to the proof of the global instability result (Theorem
2).

Define U = {s € K9 : supg<,<7(s) I[O+5] = oo} We aim to show that
U N K48 is a generic set in K5P for every integer £ > 0 and 8 € (0,1]. We
define for any Iy > 0 and Zyg > 0

Ury,zo = {s €ek®: sup I(©,;s)>1Ip or inf Z(0rs) < Zo} .
0<7<T(s) 0<7<T(s)

Then N{2,U; 1/; = U: The intersection certainly contains U; conversely, if
s is not in U, then I[©.s] remains bounded, and by Lemma II2.4 of [5],
the radius of curvature remains bounded, so Z remains bounded below by
a positive constant, and sq is not in N2, U; 1 ;. We will prove Uy, z, is open
and dense in K%?, by showing openness in K and density in K. This
implies U is generic in 8.

The openness of Uy, z, follows immediately from Proposition 2, which
shows that both I[©,s¢] and Z[©.s¢] are continuous on {(so,7) : so €
/CO, 0<7<T(s0)}
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It remains to show density in K. The first step is to show that a small
perturbation of the initial conditions can be made to avoid a given stationary
solution:

Proposition 21. Assume 0 < a < 1/3, with ¢ non-constant if « = 1/3.
If o is a symmetric stationary solution, and s is a solution of Eq. (6)
which converges to 0 as T — oo, then in any neighbourhood of sg in C*
there exists 5o such that the solution 5, of (6) with initial condition 5o has
inf, Z[5;] < Z[o] — €, where & depends only on ¢, a, and Z[o].

Proof. In the proof we will make use of the Hilbert spaces H} and H? which
are the completions of C*°(S!) with respect to the inner products

(f7 g)H(}r = 2<f7 g)L?, - (fa EQ)L?,

and
(f, Q)Hg = 2(fa g)Lg + (['f> ['g)L§~

These inner products define norms equivalent to the usual H'! and H? norms.

The plan of the proof is as follows: First, we show that for sufficiently
large times 7, the solution of Eq. (6) given by {©, (©-(s) + dv)}>0 even-
tually has Z < Z[o]| — ¢, whenever ¢ is sufficiently small and v is sufficiently
close in angle in H? to an eigenfuction of £, with eigenfunction \ satisfying
1 — aX > 0. Then we show that for any given v € H2 we can find 5 arbi-
trarily close to sp such that ©.30 = ©,(s) + d0, with J as small as desired,
and 7 as close as desired to v in H2.

Proposition 22. Let o be a stationary solution of (6), and suppose ¢ sat-
isfies Lo +Ap =0, with 1 — aX > 0. Let s € K° be such that ©;s — o in
C* ast — oo. Then there exist 6 > 0 and € > 0 depending only on A, a,
¥ and Z[o), and a time ty > 0 such that for any t > to and any u € ©1(K°)
satisfying

flu—©1sllpz <6 and  (u—Os,0)g2 > (1 —6)||lu— Ossllmzllellm

the following holds: If T is the mazimal time of existence for Eq. (6) with
initial condition u, then

lim Z[0,u] < Z[o] —e.
=T
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Proof. For simplicity the argument will be given only in the symmetric case,
so that o, s, u, ¢ and ¢ are invariant under the involution § — 6 4+ on S*.
The general case is similar but somewhat more involved.

The assumptions of the Proposition imply in particular the following
estimate, where we write s; = O;s:

1L = sl _ w50V
lu—sill> = llu— sl
o

(24 X2 (2 -96)

—~9< )\
2< A +6 =0

(22)

Thus the quotient on the left can be made less than %—(/\2 + a—lz) by choosing
d > 0 sufficiently small (depending only on A). The key step of the proof is
to show that this quotient remains controlled (in particular, strictly less than
1/ a?) as long as ©,u remains close to ©,,;s. This will follow by estimating
the evolution equation for the quantity

_ 1£(9ru — ©1ir8)|
Q) = 1©ru = Opyrs|®

We first compute an evolution equation for O,u — O;4,s:

% (©ru — Oy rs)
= —r[0,u] ™ + Yt[O41 5] "%+ O,uZ[O,u] — Opyr5Z[Orsrs]
= apry O, u — Opprs] + (Oru — Opprs) Z[0,4]
+ Opprs (é[@,u] . Z~[@t_,_,.s])
= 0 Z[0]L[O:u — Opyr5] + (074 — Opyrs) Z[0,4]
— a1 + a)piy BT 0,1 — Opprs](ts — t[o])
+ Opyprs (z[e,u] - é[@t+,-s])

where t, and . are defined by t; "% = [1 (60, u+ (1 — £)Opyrs](1Hde
and & @t = fol (e + (1 — §)t[a])_(2+a) d¢. This implies the following
evolution equation for Q:

(23)
d

d—TQ

2L (O,u = Opyrs) — Q(O;u — Oryrs), 4 (Oru — Opyrs))
- 10t — Oyrs|?
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(([:2 — Q) (@TU - ®t+7'3) , L (®Tu — ®t+TS))
[©,u — O rs||?
((£? — Q) (©;u — ©1415) , Opyrs)
©ru — ©4prs]2
((£? = Q)(8ru = Brirs) ,9Es P e[Oru = Opyrs](v. — tlo])
|©ru — O4trs]? '

= 20.Z[o]

+2 (z[efu] - Z~[®t+73])

—a(l+a)

We consider the three terms on the right separately. The first term is essen-
tially negative:

Lemma 23. For any f € C*®(S!) with (f,o) =0 we have

IFIPCC2F, L5y < LFI*(F, L)

Proof of Lemma. We can write f =), fip; where {¢;} is an orthonormal
basis for L?, with Lo; + A\jpp; =0 and A\; > 0. Then

1
LFIP(L2F,LF) = NCFIPAF £F) = =5 D (a+ )i = NP £ £ <0,
1,J
and equality holds precisely when f is an eigenfunction of L. |

In our case, the function f = ©,u — ©;,,s need not be orthogonal to o,
but it is approximately so: We have

fo ={f,0) = (0:u — Oy5, L[o])
= (O;u — Oty,8,L{o — O4,5])
+ (@TU - ®t+7'3a £[®t+13])
=(0,u — ©14r5, L[o — Oy8])

— %(@Tu — O4r8, L[Ou — Oy 158]),
since (O,u, L[O,u]) = (Op1+8, L[O1+,8]) = 27. It follows that
(24) [fal < € (1014rs = alcal 71l + Q211112)

Writing f = f,0 + f1 with (f1,0) =0, we find

IFIPCLf, £F) = ILFIP(F, L)
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_ APQLIPL2f L, £F1) = ILF LK FL, £61))
£l

o ucnn2)
T2l (” TR

+2rf2 (IfLI? = ILFL)?)
< onf2|If)%

In the second term on the right in (23), we can estimate as follows:

Z[0:u] — Z[O115]| =

l / Y (e[Oru]™* — t[O44,5] %) db

‘ - a) / Wit f]d0
< 1|,

where t,¢ = fol t[(Oru + (1 — £)Osyrs]~*df. We also have

((£2= Q) £,0u4r8) _ (F1 (L2~ Q) (Orrs — ) + (1= Q)fr
712 1712

Combining these, we find

- Q) (eTu - @t+73) ) ®t+73)
10-u — Oryrs]?

< C(1+ Q%%) (18p4rs —lgs + [I£1]) -
Finally, the third term in (23) can be estimated as follows:

(é[@,u] - é[@t+73]) (£

(€7~ Q)(©r = Orirs) s *efO,u — Oy (s, — elo)))|
< CQIIfII* sup [v. — ¢[o]]
- Cle. = follen ((£2£,£F) — QL. 1)),

and we note [t —t[o]|c1 < C(|flgs +1Ostrs —0lgs) < C(IFIINV? +|Oprrs —
o|gs) by the Gagliardo-Nirenberg inequality and the bounds on all deriva-
tives of o, ©,u and ©4.s supplied by Theorem II2.5 in [5]. This gives
(assuming that || f|| and ||s — o|| are bounded by some constant depending

on a, 9 and Z[o])

(25)
d 1
3OS g (CHLH - ALh ) +C (7112 + 1@u4rs = olcs)
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To make use of this we need to make better use of the non-positive leading
term. We noted in the previous Lemma that this term is strictly negative
unless f is an eigenfunction. The following result makes this more quanti-
tative:

Lemma 24. Suppose that there exist constants a < b such that there are
no eigenvalues of L in the interval (a,b). If f L o and ||Lf||* = q||f]|* with
q € (a®,b?), then

(L2F,L5) ~ alLf, £) < ~5(b— a)la - a))(1 — /B |

Proof of Lemma. Choose an orthonormal basis {¢; }i>o for L2 consisting of
eigenfunctions of £, where ¢ = o and ); is nondecreasing in . Fix N such
that A\; <afori < N,and A\; > b for i > N + 1. From the proof of Lemma

23) if f = Zz fi‘pia
(26) AL L) +ILTIPES £) = 5 30 F2 R0+ A) i = Ay’
1,5

2 2 2
> > AN —a)t
1<i<N
N+1<j<00

The assumptions of the Lemma give us two useful inequalities:

QZf, + Z N f2 >||£f||2—q||f||2—q2fz +q Z 2

1=N+1 i=N+1

so that

(27) —aZ)Zfz < Z (\ —a)fF,

i=N+1
and
b? Z 7 <||.cf||2—q||f||2—q2f2+q Z f?
i=N+1 i=N+1
so that

(28) Z i<

i=N+1 z—l
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We apply (27) on the right-hand side of (26) after noting that A\;(\; —a)? >
(b- @)y — a) 2 36 — )32 — a2) > 1(b— a)(\? — g), yielding

N 2
AIPER L0+ ILFILS, £) > 5(b~ a)(a — a?) (Z f?) :

=1

Now (28) implies sz\i1 2> (1—q/)|fl? so that

1
=IFIPACF,£5) +INCFIPLS, £) 2 5 (0= a)(@ = a®)(1 = a/B*)?If*
The Lemma follows after dividing through by || £||%. O

To make use of this, we must show that there is a suitable gap between
the eigenvalues of L.

Lemma 25. There exists a constant N depending only on A, Z[o], o and
1 such that at most N eigenfunctions of L have eigenvalues less than

VA + 1/a).

Proof. The eigenfunction equation can be written as follows:

Yoo + (1—!—)\2-M) v =0.

ag

The Sturm comparison theorem gives a bound on the number of zeroes of
¢ in terms of A\;: If A_ < t[o]/o < A4, then the distance between zeroes

is bounded between m/4/1+4+ N A4 and 7w/4/14+ MA_, so the number of
zeroes is no greater than 2,/1 + A\;A4+. However the number of zeroes of

@; is precisely 2[i/2] (see for example Theorem 3.1 in Chapter 8 of [10]).
Therefore the number of eigenfunctions with A; < ¢ is no greater than 1 +

2/T+cAy, for any ¢ > 0. O

Corollary 26. There exists §; > 0 depending only on ¥, a, A\ and Z[o],
and positive constants a and b with

A2§a2<b2§l)\<x\+l)
2 o

such that b > a+ 61, and there are no eigenvalues of L in the interval (a,b).
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Now we can complete the proof of Proposition 22: Let a and b be as in
Corollary 26. We will prove that while ©,u and ©;.s are close enough to
o, @ will never increase above (a? +52)/2. Indeed, ¢ = ||LfL||?/||fL||? lies
within C(|0;4-s — 0|32 + [|f]|*) of Q (by Eq. (23)), so we can find §' > 0
depending only on A, a, ¥ and Z[o] such that if @ = (a® + 4?)/2 and
1©t4+rs — |l + || ]| < &' then (3a% +b%)/4 < q < (a® + 3b%)/4, and Lemma
24 and Equation (23) imply that dQ/dr < 0, possibly after again reducing
d'.

For any §” > 0 we can choose t sufficiently large to ensure |O;y,s —
oloe < §" for every 7 > 0. By the estimate (22), we can ensure that
Q(0) < (a®+b?)/2 by decreasing ¢ if necessary. The estimate just established
shows that this remains true as long as ||©,u — O4y,s|| < &'

Given these estimates, we can show that ||©,u — O.,s|| increases expo-
nentially, and so eventually reaches §’: We compute

LA = 2(f, ~4e{Ou] + yr(0s] ™ + OuZ[Bu] — ©52(6s)
> 20Z[0)(L], £} +2Z[0]|If |

= C(IFINLFINOtsrs — alea + I FIILFI)
> 2Z[o] (afLfL, f1) + I£LI?)

—C (5" Ll + QlfelP)
> 22[o] (~SILALIZ + IFLI2) = C (& + 8" £

> 2200 112

after decreasing 6’ and ¢" if necessary. It follows that ||f|| increases until it
reaches §' for some 7/ > 0. Then we compute

Z2[0,u] — Z[o]
= Z[O14rs] - Zlo] + / % (x[@u] "% = t[O 5] %) db
> =252 B0l (allCFL P + (L1, £1)) - CF 2] - €@

—

v
—

Z[o)(A - aQ)[I£I* — CO|I fI* — C(8")?

—t

> ——Z[A1 - aN)(#)? - C(E"),

again after decreasing ¢’ if necessary. Now choosing ¢” sufficiently small
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(that is, ¢ sufficiently large), we obtain

l—«o

Z[0u] — Z[o] > 5 Zlo]A\(1 — aX)(8)2.

This completes the proof of Proposition 22. a

Remark. The assumption that u € ©1(K°) was used only to guarantee
that C* estimates hold for u for each k, depending only on Zlo], a and 9.
The assumption is well suited to our intended applications, but can easily
be weakened.

The result of Proposition 22 will be combined with the following result
on the density of the range of the solution operator of a linear parabolic
equation:

Lemma 27. Fiz k > 2. Let Op : H*(S') — H*(S') be the operator which
takes u(.,0) to u(.,T"), where u(0,t) is the solution of

au—au + bug + cu
or -~ 2uee 0

where a, b, and c are smooth on S* x [0,T], and Co"l < a(8,t) < Cy for
some positive constant Cy. Then O has image which is dense in HF.

Proof. We use the H* inner product
(F.gbe = [ DiD*g + fadb.
If the image of ©r is not dense, then there is some f € H*(S!) such that
fOrudd =0
51

for every u € H¥(S'). Now let ¢ : S* x [0, 7] be the unique solution of the
backwards parabolic final-value problem

0

593 = —apgg + (b — 2ag)pe + (b — c — age)p
(6,T) = £(8) + (-1)*A*£(6),

and let ¢:(#) be the unique solution of

(=D)*A* ¢ + ¢ = o[, t)
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for each t € [0,T]. Note that ¢(.,t) € H~* for each t, and hence ¢; € H¥,
with |¢¢|ge < C|f|gr. In particular, ¢r = f. Furthermore for any u €
H*(SY),
d
ﬁ(qﬁt, Oru) gr = (augg + bug + cu, @)
+ u(—awge + (b — 2ap) e + (bo — ¢ — ags)p) db
=0.

Therefore

o=/ f@TudO:/ dou df,
St St

for all u € H*(S'), so that ¢ vanishes, and (g vanishes. But then f must
also vanish, because of the following statement on backwards uniqueness of
solutions of a parabolic equations, which we apply to ¢ with time reversed:

Lemma 28. Ifv:S! x [0,T)] satisfies

%:avog-l-bvo-l-cv

and (8, T) =0 for all 8, then ¢(6,0) =0 for all 6.

Proof. Suppose that v(T') = 0, but v(0) is not identically zero. Without loss
of generality assume that T is the first time at which v vanishes. Consider
the energy functional E(t) = [, v2. This is smooth in ¢ for ¢ > 0. We have

iE(t) = / 2v(avgg + bug + cv) df
dt St
< —2/ av} df + CoE(t)
g1
d? 9
—E(t) >4 | (avgg+ bug+ cv)*df
dt? St

—cl/ vng—Cg/ v? df
St St

for some constants Cy, C7, and Cy depending on a, b, ¢ and their derivatives.
Thus on the interval (0,7") we have the inequality
d2

EﬁlnE—l—A%lnE—l-BZO
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for some non-negative constants A and B. By the maximum principle this
implies that for any ¢ in [0,T), In E(t) < f(t), where f(t) satisfies

&*f | df

2 + Aa +B=0
f(O) = hlE(O), f(T) = In B,

for any E7 > 0. Thus
1
f(t)=(1—-1t/T)log Eo+ (t/T)log E1 + —2—Bt(t -T) ifA=0
—At —AT —At
e —e l1—e
= (———1 — AT ) log Eg + (—1 — e—AT) log B
(T — t — Te 4t 4 te=4T)
1—e AT

+§ if A0,

where Eg = E(0). In either case we have

f(t) =a(t)log Ey + (1 — a(t)) log E1 + Q(t)

where a is a smooth positive function on (0,7") with values between 0 and
1, and @ is a smooth, bounded function of ¢. Therefore

E(t) < Eg(t)Ell*a(t)eQ(t).
Taking Ey — 0 gives E(t) =0 for all ¢t € (0,7, a contradiction. a

This completes the proof of Lemma 27. O

Now we complete the proof of Proposition 21: For any x> 0 and k& > 2,
we will find 3¢ such that |59 — so|g+ < p such that the conclusion of the
Proposition holds.

By Proposition 22, we can find § > 0 and to > 0 such that the Proposition
holds provided

04,50 — Og50ll22 < 6

and
(©1530 — O1950, P) 2z > (1 = 6)[|Ote50 — Oty 50| w2zl el 25 -
where ¢ is the eigenfunction of £, with eigenvalue A < 3 < 1/a guaranteed
by Theorem 7.
Choose t; > 0 sufficiently small to ensure that |©:s0 — So|lgr < 6/2.
Then for every £ and 3, © S0 € ICf(’f Mg for some M, r and R. By Propo-
sition 15, ©4,—¢, is a C*° map from a C*%B neighbourhood of O, sg into CHP.
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Lemma 27 implies that DO has H*-dense image for any k, and hence we
can find v such that D©;,_4, (04, s0;v) is as close as desired in H* to ¢. It
follows that u = ©y,_4, (04, s + d1v) satisfies the requirements of Proposi-
tion 22 for §; sufficiently small. We take §9 = ©;,so + d1v. Proposition 21
is proved. O

Now we will complete the proof of Theorem 2. It remains to show that
for any initial sy € K% we can choose § as close as desired to sg in K8
with 5 € Uy, z,-

Fix 9 > 0, and suppose that so ¢ Uy, z, (otherwise we have nothing to
prove).

Then Z[O:s0] < Iy for all t > 0, so ©;sp converges in C* to a stationary
solution o with Z[og] < Iy. By Proposition 21, we can choose s1 € K48 such
that |s1 — solges < do/4 and limy_,p(s,) 2[O451] < limy_p(s0) Z[O150] — € =
Z [G 0] — E.

There are two possibilities: Either s; € Uy, z,, or ©;s1 converges in C*
to a stationary solution o1 with Z[o1] < Ip. In the first case we are done; in
the second, we apply Proposition 21 again to find sy with |s2—s1|ges < d0/8
and limt—)T(sz) Z[@tSQ] < Z[O’o] — 2€.

Proceeding by induction, we either eventually have s € Uy, z,, or we
have a sequence {s;} with |sk41—sk|ces < 60/2%2 and lim;_yp(s,) Z[Orsk] <
Z[og] — ke. But then for large k we have lim,_,7(,,) Z[O:s:] < Zo, and so
sk € Ury,z,- Therefore Up, z, N K4# is dense and open in K4P for every £
and 8.

This completes the proof of Theorem 2.

6. Counterexamples in the non-symmetric case.

The condition of symmetry in the main result cannot be removed: Consider

the case where the support function has the form ¢ = 1 + £cos 36, with
1

e < 3

Proposition 29. Ifo =1+ ¢ccos30, then A =3+ @82 +0(e%) ase — 0.

Proof. For € = 0 the eigenfunctions are ¢g;_1 = cos(j6) and ¢y; = sin(j6),
with eigenvalues Agj_1 = Ag; = j2 — 1 for j > 0. Note that for € small the
eigenvalues change only by a small amount, and in particular do not become
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too small: The eigenvalue \;(¢) is given by

2 _ 2 4]
SuP{inf{ff—’;—E_]-fgfo—:weV} :codiszj}
o ¢

On the subspace generated by {(pk 1k >3},

S8 — f v5 —
f_l"_sl zdg = 1+8€f<p2d0
> 1—¢ ;
14 8
and therefore Agj(g) > Agj-1(€) > 7= 1+8€ £ (52 -1).
Let
9 9 3 18 ,
f1 = cos26 + 25cos€ — ﬁecos&')& — ?s 2 cosdf — 35¢ cos 86
and
S 9 . 9 . 31 , . 18 , .
fo =sin 20 zesmﬁ i sin 50 + 3 £“sin 460 355 sin 86.
Then
270 ,
(29) (Ee + (3 + —7—6 )) fi= 0(63)
for € sufficiently small, s = 1,2. Write f; in terms of the eigenfunctions ¢y ()
of Lg:

= airpr(e)-
k

Then equation (29) gives:

2
Z 2 <3+2—;—qe —)\k(s)> < Ceb.

k

Therefore for each k,

2
(30) (3+@3-Ak) < Ce®.
If k = 0,1,2 then \; = —1 or 0, so that (34222 —);)? > 4 and

72
therefore a?’k < Ce8. If k > 5 then X, 2 1+85€(['%1} — 1), and so
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(3+ 20e% — ) ) > C(j—4)? for some C. Again a7, < (——47; But Y a?, =
(fz,fz) > C, so it follows that az’3 + azA >C—-Ceb —¢ Zk25 (j_14)

C — Ce5. Therefore the cases k = 3 and k = 4 of equation (30) in the two
cases i = 1,2 imply (3 + 2222 — \3) < Ceb and (3 + 2122 — \4) < CeB. O

Other kinds of asymmetry do not lead to large A. In particular, trans-
lating a symmetric curve to place it off-centre yields a smaller value of A:

Proposition 30. Let v be any smooth, strictly conver curve with support
function s. Let ) be the region enclosed by 7y, and define a function f : Q —
R by taking (&) to be the reciprocal of the first positive eigenvalue of the

S—Z

operator L¢ = Tt " Then f is a strictly convex function on . If s is

symmetric, then f is symmetric and f > % 3, with equality if and only if v is
an ellipse.

Proof. From the Rayleigh quotient characterisation of A,
fSI _"Lﬂ_ 52 do

o Go” wzde:“c""’“l)"’”?‘E-l@EO}’
St -

f(&) = Sup{

since t[s — & - z] = t[s], and E_; & Ej is independent of £ € Q. Here ¢ is the
component of ¢ orthogonal in Lg_g.z to E_1 & Ey:

B p=e-2ETEEE e (MY (e
Is—€ 212

where (¢1,¢2)e = [, 5 st_[z —¢1$2d0, and |.||¢ is the corresponding norm;
z = (21,22) = (cosf,sin @), and (Mg)” = (2i,25)¢ for 1 < 4,5 < 2. Thus f
is a supremum of functions, each of which will be shown to be convex.

Take ¢ fixed in C’°°(Sl)\E_1 ® Eo, and define f, : @ — R by

fSl stZZ p* do

fsl (‘P@ - ()02 o

Note that the denominator is independent of £: In expression (31), (p,s —
£ 2) = [a ] (s —&-2)pdf = [g t[s]pdh is independent of £. Also

s—€z

ls—&-2]I7 = [ t[s](s—&-2) dd = [q: st[s] df is independent of C. Therefore

fso(f) =
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@) =¢p—Cs+v-2z where C = 5‘::[[:]]3: is independent of ¢, and v € R?

depends on £. Then
[ ey = @ras=— [ pelglas
St S1
=—/(go—C’s+v-z)c[<p—C’s+v-z]d9
Sl
—/ (p—Cs+uv-z)tfp — Cs]db
Sl
=——/ tfp—Cs+v-z](p — Cs)db
Sl

= —/S1 tfp — Cs](p — Cs) do

which is independent of £&. Note also that f, is unchanged by adding mul-
tiples of s and z;, ¢ = 1,2 to ¢, since ¢ is unchanged by such an operation.

The change in the numerator of f, as £ is varied can be computed as
follows:

—£.2)2
(32 D¢l = D <(90, P - %T—_—f—”—)ﬁ

_ <M€’1)kl ((p,zk)f((P,Zg)§> )

The second term in the bracket is independent of &, as noted above. The
change in the inner product is given by

t[s

D; (¢1a¢2)§ =D, / ¢1¢2d0

Substituting this in equation (32) gives

(33)
[ ]

Dlpl = [ gt =2 [ T onndoto, 2

- (Di (Mgl) > (o, zk)e {0, ze)e-

To calculate the second derivative, use the invariance of f, under addition
to ¢ of multiples of s and z; to ensure that ¢ = ¢ at the point §. The
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integrals (i, z;) are zero for each j, and only contribute to the final result
when they are differentiated. In particular, the derivative of the last term
in equation (33) is zero. This gives

D; Dj||p||?

= 2/51 G—%zzzycﬁzd&

—9 (Mg)ké i (S_t—[;].z)—z-@zizde /51 (‘s_t—[éf’].@5¢szgd9

Z;p szB 1 ke Zi(ﬁ ngZ?
= -2 (M, .
2<s—§'z’s—§-z)5 ( ¢ ) (s §‘z,2k)§<s §oz’ze)£

This leads to the following expression for the Hessian of f,:

n-zp
"B (s—s-z)
s—€-z

where L¢ = EORE EOL is the subspace orthogonal to Ey with respect to the

2
o
3

HeSngo (777 77) = m

inner product { , )¢, and 7 is the orthogonal projection. Thus f, is convex
for each ¢.

Therefore f is a supremum of convex functions, hence convex. The
symmetry properties claimed in the proposition are immediate, as is the
lower bound in the symmetric case, by Theorem 3. |
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