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Curvature Estimates and the Positive Mass
Theorem

HUBERT BrAY ! AND FELIX FINSTER

The Positive Mass Theorem implies that any smooth, complete,
asymptotically flat 3-manifold with non-negative scalar curvature
which has zero total mass is isometric to (R?,;;). In this paper,
we quantify this statement using spinors and prove that if a com-
plete, asymptotically flat manifold with non-negative scalar curva-
ture has small mass and bounded isoperimetric constant, then the
manifold must be close to (R?,8;;), in the sense that there is an
upper bound for the L? norm of the Riemannian curvature tensor
over the manifold except for a set of small measure. This curva-
ture estimate allows us to extend the case of equality of the Positive
Mass Theorem to include non-smooth manifolds with generalized
non-negative scalar curvature, which we define.

1. Introduction.

We introduce our problem in the context of General Relativity. Consider
a 3 + 1 dimensional Lorentzian manifold N with metric g, of signature
(— + ++). We denote the induced Levi-Civita connection by V. Then the
corresponding Ricci tensor R,g satisfies Einstein’s equations

_ 1.
(1) Raﬁ - 5 Rgaﬁ = 8 Taﬁ,

where Tpp is the energy-momentum tensor (which describes the distribution
of matter in space-time). Furthermore, we are given a complete, oriented,
space-like hypersurface M. The Lorentzian metric gog induces on M a
Riemannian metric g;; (we always use Latin indices on the hypersurface and
Greek indices in the embedding manifold). Choosing on M a normal vector
field v, the exterior curvature of M is given by the second fundamental form
hjr = (V;v)k. We make the following assumptions:
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(I) M is asymptotically flat. Thus we assume that there is a compact set
K such that M \ K is diffeomorphic to the region R? \ B,(0) outside
a ball of radius 7. Under this diffeomorphism, the metric should be of
the form

(2) gik(2) = djk + ajk(z), z € R*\ B,(0),

where a;; decays at infinity as

(3) a;; =0(1/r), Ogai; = O(1/r?), and Oyai; = O(1/r%).
The second fundamental form should decay as

(4) hij = O(1/r%) and Ahij = O(1/73).

(II) The energy-momentum tensor satisfies on M the dominant energy
condition [4], i.e., for each point p € M and for each time-like vector
u € T, N, the vector Tg‘uﬁ is non-spacelike and Tyop uuf < 0.

For the hypersurface M, one can define the total energy and momentum, as
first introduced by Arnowitt, Deser, and Misner [1]. For this, one considers
in the asymptotic end the coordinate spheres Sg, R > r, around the origin
and takes limits of integrals over these spheres,

1 .
(5) B o= o jm [ (0305~ 0ig;)d0
1 .
(6) P, = — lim [ (hg — Ok hyj) A,

8T R—oo Sk

where dQ* = vidu, du is the area form, and v is the normal vector to Sg
in the coordinate chart. The Positive Energy Theorem [6, 7] states that,
under the considered assumptions, E > |P|. In the case that the second
fundamental form is identically zero, the total momentum vanishes. Then
the total energy is also called the total mass m, and the Positive Mass
Theorem states that m > 0.

In this paper, our aim is to study how total energy and momentum
control the Riemannian curvature tensor. Following Witten’s proof of the
Positive Energy Theorem, we consider the massless Dirac equation on the
hypersurface M. We derive an integral estimate for the Riemannian cur-
vature tensor Raﬁw involving total energy/momentum and the Dirac wave
function ¥. We then restrict our attention to the case of zero second fun-
damental form. By substituting in a-priori estimates for the Dirac wave
function, we get an L? estimate for the Riemannian curvature tensor of M
in terms of its total mass. More precisely, our main theorem is the following:
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Theorem 1.1. There exist positive constants ci, c3, and c3 such that
for any smooth, complete, asymptotically flat manifold (M3, g) with non-
negative scalar curvature and total mass m and any smooth, bounded func-
tion n with bounded gradient on M,

(7) / N Riju R dp.
M\D
< mex sup (|| Rijea] + [An]) + vmes [In|ViRijaglll 2,
where the set D depends on M with

1 m
(8) Vol (D)3 < 647r03ﬁ ,
k = inf # is the isoperimetric constant of M, Ry is the Riemannian
curvature tensor of M, and ||.||52 is the L?>-norm on (M3, g).

As an application of this theorem, we finally extend the case of equality
of the Positive Mass Theorem to non-smooth manifolds.

2. Spinors, the Hypersurface Dirac Operator.

We begin with a brief introduction to Dirac spinors in curved space-time.
Following [3], we work in a coordinate chart (for a coordinate-free formu-
lation see e.g., [5]). The Dirac operator G is a differential operator of first
order,

0
9 G =1G%(z) =— + B(x),
©) iG*(2) 5z + B()
where B and the Dirac matrices G* are (4 X 4)-matrices. The Dirac matrices
and the Lorentzian metric are related by the anti-commutation relations

(10) —g*8(z) =%{G°‘(:c), P @)} = %(G"‘Gﬁ+GﬂG°‘)(x).

The four-component, complex wave function ¥ of a Dirac particle satisfies
the Dirac equation

(G_mO)\II:())

where my is the rest mass of the Dirac particle. At every space-time point
z, the wave functions are endowed with an indefinite scalar product, which
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we call spin scalar product. For two wave functions ¥ and ®, it takes the

form

< | B-(z) = T () ( 13 _O]l) (z),

where “*’ denotes complex conjugation and where1l, 0 are (2 x 2)-submatrices
(in physics, this scalar product is currently written in the form <¥ |®> =
U® with the “adjoint spinor” ¥). The Dirac matrices G%(z) are Hermitian
with respect to the spin scalar product. By integrating the spin scalar
product over the hypersurface M, we form the scalar product

(11) (T ) :/ S| G By v dp,
M

where du = (/det g;; d3z is the invariant measure on M. This scalar product
is definite; we can assume it to be positive. The integrand of (11) has the
physical interpretation as the probability density of the particle. Since it
will appear in our calculations very often, we introduce the short notation

(T|3) = <T |G, B>

For a given Lorentzian metric, the Dirac matrices G*(z) are not uniquely
determined by the anti-commutation relations (10). One way to handle this
problem is to work with spin bundles and orthonormal frames [5]. More
generally, it is shown in [3] that all possible choices of Dirac matrices lead
to unitarily equivalent Dirac operators. One must keep in mind, however,
that the matrix B(z) in (9) depends on the choice of the G%; it can be
given explicitly in terms of the Dirac matrices G® and their first partial
derivatives.

The Dirac matrices induce a connection D on the spinors, which we call
spin derivative. In a chart, it has the representation

(12) Dy = 5% — iBq(z),

where the (4 x 4)-matrices E,(z) are functions of G*(z) and 9,G?(z) (see
[3] for an explicit formula). The spin derivative is compatible with the spin
scalar product, i.e.,

(13) 0;<¥|®> = <D;¥|®> + <V |D;®>.

Furthermore, the combined spin and covariant derivative of the Dirac ma-
trices vanishes,

(14) [D;,G"+THG =0
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(I_";'-,c denote the Christoffel symbols of the Levi-Civita connection). The
curvature of the spin connection is given by the commutator [D;, D] =
D;Dy, — Dy D;. 1t is related with the Riemannian curvature tensor by

1 -
(15) [Da, Dg) = gRaW [G7,GY).

Using the spin derivative, one can write the Dirac operator (9) in the alter-
native form

4
G=i)Y G*)Da.
a=1

Similar to the procedure in [7, 5], we next define the so-called hypersur-
face Dirac operator D. For this, we consider the Dirac matrices G* and the
spin derivative (12) of the Lorentzian manifold, but take only the derivatives
tangential to M,

3
D:=iY Gi(z)D;.
j=1

The hypersurface Dirac operator can be considered as a differential operator
on the four-component wave functions on the hypersurface M. According to
[7, 5], the square of the hypersurface Dirac operator satisfies the Weitzenbock
formula

(16) D? = DiD'+R with
1 - _ _ .
R = 1 (R4 2Rapv®1P + 2Rpi v° 1g GPGY,

where D; denotes the formal adjoint of the operator D;. As a consequence
of the dominant energy condition (II) and Einstein’s equations (1), the
(4 x 4)-matrix R is positive definite.

Let us introduce a convenient notation for the covariant and spin deriva-
tives. The Levi-Civita connection V, and the spin connection D, give a
parallel transport of tensor and spinor fields, respectively. Furthermore, the
induced metric g;; yields a Levi-Civita connection on M. For clarity, we
denote this last connection and all its derived “intrinsic” curvature objects
without a bar; i.e., we have the covariant derivative V; with Christoffel sym-
bols Fil, the curvature tensor Rilm, etc.. For a derivative tangential to M,
the connections V and V are related to each other by

(17) Vju = Vju+ hjuf,
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where u denotes a vector field tangential to the hypersurface. Combining the
spin and Levi-Civita connections, we can differentiate all objects with spin
and tensor indices. With a slight abuse of notation, we write this derivative
with a nabla. A bar indicates that we treat the tensor indices with the
Christoffel symbols T'; otherwise, the connection I' is used. For example, we
have

V¥ = V,¥=D;¥
ViV;¥ = D;D;¥—T% Dy
ViV;¥ = D;D;U —T}; DV, etc.
For the proof of our curvature estimates, we shall choose a constant

spinor ¥q in the asymptotic end and consider the solution of the massless
hypersurface Dirac equation with asymptotic boundary values ¥y,

(18) DY =0 with lim ¥(z) = Y.

|z|—>o00

The existence of such a solution is proved in [5]. The wave function behaves
at infinity like

(19) 9;¥ = O(1/r%), ;¥ = O(1/7%).

We remark that the massless Dirac equation (18) decouples into two two-
spinor equations, the so-called Weyl equations (which separately describe
the left and right handed components of the Dirac spinor). But this is not
very useful for us; we prefer working with four-component Dirac spinors.
In order to illustrate our notation, we finally outline Witten’s proof of
the Positive Energy Theorem in our setting. We take the solution ¥ of the
Dirac equation (18) and compute the following divergence:
(20)
V(DI | ) = V;<DI¥ | Gy T~
) v, DI | GO U + <D | 8;(GOvg) U + <DIT | GOy D; T
W (V07T | ¥) + <DIT | hjyG* U= + (DT | D;T)
= ((Vj + G%4 hjy,G*) DIW | ) + (D7 ¥ | D; T).

Using that the formal adjoints of the operators D; are

(21) D} = -V; — G°va h3 G,
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we can write (20) in the shorter form
(DI | D;¥) = V;(DIW | ¥) + (D} DVT | ).

We now integrate both sides and substitute the Weitzenb6ck formula (16).
This gives the identity

(22) (DY | DY) + (¥ |RT) = /M V;(D'¥ | ) dp.

Since R is a positive matrix, the left side of (22) is positive. The right
side of this equation is an integral over a divergence. If this integral is
approximated by integrals over the balls Bg, R > r, we can apply Gauss’
theorem to rewrite them in terms of boundary integrals over the spheres Sg.
As explained in detail in [5], these boundary integrals can be identified with
the integrals in (5) and (6). More precisely,

/vj(Dﬂ'\mqf)du = lim [ (D;¥|¥)d0?!
M

R—o0 Sk
= A7 (E|¥o|? + <Tg | PL.GF Uo-).

The Positive Energy Theorem follows by choosing ¥y such that

<Uo| P,G*F ¥o> = —|P| and |¥y|?> = 1. Namely, in this case, one gets
in combination with (22) the inequalities
(23) 0 < (DVU | DY) < 47 (E — | P|).

3. Estimates of the Riemann Tensor.

We begin with a pointwise estimate of the Riemann tensor of the Lorentzian
manifold in terms of the second derivative of the Dirac wave function.

Lemma 3.1. For any solution ¥ of the hypersurface Dirac operator (18),
(24)

2
<\/R,-jklRifkl — /2 Rijear Rijkﬂuﬁ) (T|T) < 32 (V; V¥ | VIVFD).

Proof. Relation (15) and the Schwarz inequality yield the following estimate:
(25) (Rjrap GEGPY | R0 G,GsT) = 16 ([D;, Dy ¥ | [D?, DX W)

=32 ((vjvkqf | VIVFE) — (V; V0| vkvj\p))
(26) < 64 (V; V0 | VIVFD)
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Let us analyze the curvature term on the left side of (25) more explicitly.
For simplicity in notation, we choose a chart with v = 6—20' We decompose
the Riemann tensor into the tangential and normal components,

Rjkaﬁ G*GP = Rjklm G'G™ + 2leclO G'GO.
Since the Dirac matrices are Hermitian with respect to the spin scalar prod-
uct and the matrix G° anti-commutes with the G7, we obtain
(27) (Rijop G*GPU | R97 GG D)
= <Rijap G*GPT | (-G°) R G, G5 T~
= (V| R G'G* R¥™ G,,,G, V)
— 4 (¥ | Rijro G°GF R¥™ G,,,Go¥)
— 2(¥| Rijro G°GF RT™ G, G, T)
(28) +2(¥| Riju G'G* RT™ G,,,Go D).
The products of Dirac matrices can be simplified with the anti-commutation
rules (10). The important point is that, in both summands in (27), the Dirac
matrices combine to a positive multiple of the identity,
Rijuy G'G* R9™ GG = 2 Ryju RI¥1L
—4 RijkO GOGk Riij GmGO = 4 Rijkal/a RijkﬁVﬂ]l

In the two summands in (28), the products of Dirac matrices is more com-
plicated, and the sign of the terms is undetermined. But we can bound both
summands from below with the Schwarz inequality,

— 2(¥| Rijro G°G* RY™ GG 0)

> —\/ZRijklRijkl \/4 Rij/cal/a Rijkﬁl/ﬁ (\I’ l Q’),

2(¥| Riju G'G* R9™ G,,,Go¥)

> —/2Riju RIH /4 Rijeqre R0 (U] ).

By substituting into (27) and (28), we obtain the estimate

(Rijop G*GP U | R GGy )

— — — — 2
> (\/zRijklRijkl _ \/4 Rijka’/a R%Jk,@yﬁ> (\If | ‘I’)
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In the following lemma, we estimate the integral over the right side of (24)
from above. Similar as in Witten’s proof of the Positive Energy Theorem,
this is done by integrating one spin derivative by parts. The higher order of
the derivatives makes the calculation more complicated; on the other hand,
we do not get boundary terms.

Lemma 3.2. There are constants ¢; and ca independent of the geometry
of M and N such that for any smooth, bounded function n with bounded
gradient on M and the Dirac wave function of the Positive Mass Theorem
(23),

/ n(VIVFE | V;V,0)
M
<ca(E-|P|) Sup (1851 haa + Il (IV5hra] + | Rigral + [hag|?) + |An])

+c2/E — |P| “T] (|VkRijaﬁ| + |hij Vihim| + |hij RklmnD“Lz Sjllllp ||
In this formula, A denotes the Laplace-Beltrami operator on M, and |¥| =
(T]T)3.
Proof. Exactly as in (20), we compute the following divergence:

V;(VIVRE |V, 0) = ((V; 4+ G hjxGF) VIVFT |V, 1)
+ (VIVFE | V;V,0).

Using the short notation with the formal adjoint
(29) Vi=-V; - G%q hjGF,
we can also write
(VIVFE | V;V0) = V;(VIVFE | V) + (V5 VIVRE |V, D).

We multiply this equation by 7 and integrate over M. According to the decay
properties (3), (4), and (19) we can integrate by parts without boundary
terms and obtain

(30) /M n (VIVRE | V;V,0) du

. / (05m) (VIVE |V T) dps + / 0 (VIVIVFE |V, T) dp.
M M
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We estimate the resulting integrals. Since the left side of (30) is real,
we must only consider the real parts of all terms. In the first integral on
the right side of (30), we can integrate by parts once again. Using again
the decay properties (3), (4), and (19), and the fact that dn is bounded, we
obtain, as in (20),

Re / (8;0) (VIVFE |V, 0) du
M
1 . .
= 3 /M (0;m) (af(Dk\ka\I/)—<Dkqf|hﬂGZDqu>) dp
1 .
ol /M (Dk\I'|(—An—GauaGlhlJ(Bjn)) D0 dp.

We bound the obtained integral with the sup-norm and substitute in the
Positive Energy Theorem (23),

Re / (8;n) (VIVFT |V, T) d,u‘
M

sup (|An] + 18571 [hwal) /M DT dyu

u

M
< 2m sup ([An| + (9| [hwal) (B = [P]).

The second summand on the right side of (30) is more difficult because it

involves third derivatives of the wave function. Our method is to commute
the V*-derivative to the very left using the transformation

(1)  VVIVEU=v; [V, VF| O+ V], VE] WO 4 VRV VIR
In the resulting third order term, we can apply the Weitzenbock formula,
(32) VFVIVIW =VHDIDI)T = -V¥(RT) = —(D*R) ¥ - R (DFYT).

The two commutators in (31) yield terms involving curvature and the second
fundamental form, more precisely

(3) V[V, V] w =1V (R4 GuGeY)

(34) [v;,v¥] viw @8 _ [V, V¥ Vi - [GvahnG', V¥] VT

(35) _ _i R**6 G,Gs D;¥ — RM DU
+ Ga (V¥R GIDI 0.
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We mention for clarity that the first summand in (35) comes about as the
curvature of the spin connection, whereas the second summand arises as the
Riemannian curvature of M this can be seen more explicitly by writing out
V with the spin derivative D and the Christoffel symbols of the Levi-Civita
connection on M. The third summand in (35) is obtained by combining
(14) with (17).

With the transformations (32), (33), and (35), we can reduce the third
order derivative of the wave function V’; VI V5 to expressions which contain
derivatives of ¥ of at most first order. More precisely, using the Gauss
equation, this allows us to estimate the scalar product (V;Vj VEE | V) in
the form

(36) (V;VIVRE |V, ®) < C1 (|Rijil + |hjel® + |Vjhwl) (D¥ | D)
(37) + Cy (|V,-Rjklm| + |hij| |Rklmn|) (\I/ | D\I/)

with suitable constants C7 and Ca which are independent of the geometry
of M and N. We multiply both sides of this inequality by n and integrate
over M. In the integral over (36), we estimate with the sup-norm, whereas
the integral over (37) can be bounded using the Schwarz inequality,

/ n(V;VIVFE |V, T) dp
M

< Cusup(n (1 Ragial + [hul? + Vb)) /Mww | DY) dps

+Cs sup 19| {|7 (Vs Rjkim| + |hij| | Bitmn)]| 2 11 D®] ]l 22
Finally, we substitute the Positive Energy Theorem (23). a

We now combine the results of Lemma 3.1 and 3.2.

Corollary 3.3. There are constants c; and cy independent of the geometry
of M and N such that for any smooth, bounded function n with bounded
gradient on M and the Dirac wave function of the Positive Mass Theorem
(23),

E— _ _ 2
/ n (\/RijklRijkl - \/2 Rijkal/a Rijkﬁl/ﬁ> (‘I’ | \I’) du
M
<a(E-|P|) sup (185m! |ha| + 1l (IV5ht] + | Rigral + [Riz)?) + |An)])

+c2/E — |P| ”n (lkaijaﬁl + |hij Vihim| + |hij Rklmnl)an S}ll/Ip 19
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It seems likely to the authors that this inequality is not optimal in the
case of non-zero fundamental form, in the sense that £ — |P| = 0 does not
imply that M3 is a submanifold of Minkowski space. Improvements of the
estimate are still under investigation. However, in the case h;; = 0, the
above inequality is very useful, as we shall see in what follows.

For the rest of this paper we will assume that h;; = 0. Hence, all of the
remaining theorems will concern Riemannian 3-manifolds (M3, g) which,
by the dominant energy condition (II) and the Gauss equation, must have
non-negative scalar curvature. Then in this zero second fundamental form
setting, it follows from the Gauss and Codazzi equations that Rijkl = Rijnl
and Rijkaz/a = 0, where R is the Riemannian curvature tensor of (M3, g).
It also follows in this setting that the total momentum is zero, so that the
total energy E equals the total mass m.

Corollary 3.4. There ezist positive constants c¢; and cg such that for any
smooth, complete, asymptotically flat manifold (M3, g) with non-negative
scalar curvature and total mass m and any smooth, bounded function n with
bounded gradient on M3,

(38) / N Rij R* (T | 0) dp
M

<am S}\llp(|77||Rijkl| + |An]) + c2vm ||n|ViRijaplll 2 S}\ldpl‘l’l,

where U is the Dirac wave function of the Positive Mass Theorem (23).

The interesting point of this estimate is that the terms on the right side
of our inequality all contain factors m or y/m, which vanish when the total
mass goes to zero. The disadvantage of our estimate is that it involves the
Dirac wave function. In order to get a more explicit estimate, we shall in
the next section derive a-priori bounds for V.

4. Upper and Lower Bounds for the Norm of the Spinor.

First, we observe that we can use the maximum principle to prove that
|¥(z)] < 1. To do this, we must derive a second order scalar inequality
for |¥(z)|?. Recall that we are still assuming that M3 has zero second
fundamental form, as we will do for the remainder of the paper. Then we
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have

(39) 6;(¥|¥) = (Dy¥|Y)+(¥|D;T)
ATIT) = V;((DT|T)+ (2| DY)
= (V;D'0|0)+2(D;¥|DIV) + (¥|V;D70)
CGLLUD - _(prtpig|w) 4 2|DUP - (¥| DIDIT).
Substituting in the Weitzenbock formula (23), we find that, by (16),
AP > 2 (Z|R) +2|DP,

where R is the scalar curvature of (M3, g). Since R > 0 in the zero second
fundamental form context, it follows that |¥(z)|? is subharmonic. Using
that |¥(z)|? goes to one at infinity by construction, the maximum principle
yields that

(40) [P ()| <1

for all z.
To get a lower bound for |¥(z)|, we let f(z) = |¥(z)|? and observe that
equations (39), (40), and (23) imply that

/ VP < 4/ IDUL[TP < 167 m.
M M

Then the Sobolev inequality applied to 1 — f(z) yields for some positive
constant cg

1/3

(41) k2 (/ (1- f(a:))6> < 03/ |Vf? < 16w czm,
M M

where k is the isoperimetric constant of M defined to be

k = inf v
and the infimum is taken over all smooth regions with volume V' and bound-
ary area A (the Sobolev constant of M3 can be bounded by ./c3/k, where
c3 is a constant independent of the geometry of M). The inequality (41)
immediately implies the following lemma, which gives a lower bound for |¥|?
except on a set of small measure.
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Lemma 4.1. Let k be the isoperimetric constant of M. Then for anyc < 1,

02 >c
except on a set D(c) with
16mes m
42 1(D(e))/3 < 228 2
( ) Vo ( (C)) = (1—6)2 L2

5. Proof of the Main Theorem and Applications.

Our main Theorem 1.1 immediately follows by combining the bound (40)
and Lemma 4.1 (where we set ¢ = 1/2) with Corollary 3.4. We note that
the constants ¢; ,ca, and c3 could be computed in a straightforward manner,
although we do not carry this out since their actual value is not important
for our applications of the theorem. Also, we see that by choosing 7 to be
zero everywhere except in a neighborhood of a given point, Theorem 1.1
yields the following corollary.

Corollary 5.1. Suppose {g;} is a sequence of smooth, complete, asymptoti-
cally flat metrics on M?® with non-negative scalar curvature and total masses
{m;} which converge to a possibly non-smooth limit metric g in the C° sense.
Let U be the interior of the set of points where this convergence of metrics
is locally C® and nondegenerate.

Then if the metrics {g;} have uniformly positive isoperimetric constants
and their masses {m;} converge to zero, then g is flat in U.

Equivalently, we can restate the above corollary in a manner which ex-
tends the case of equality of the Positive Mass Theorem to manifolds which
are not necessarily smooth.

Definition 5.2. Given a metric g on a manifold M? which is not necessarily
smooth, we say that it has generalized non-negative scalar curvature
if it is the limit in the C° sense of a sequence of smooth, complete, asymp-
totically flat metrics {g;} on M?3 which have non-negative scalar curvature.
We will also require that g is smooth outside a bounded set, and that its
total mass equals the limit of the total masses of the smooth metrics. Fur-
thermore, given such a manifold, let U(M3) denote the interior of the set
of points in M? where the convergence of metrics is locally C® and nonde-
generate.
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Theorem 5.3. Suppose that (M3, g) is not necessarily smooth but is com-
plete, asymptotically flat, and has generalized non-negative scalar curvature,
total mass m, and isoperimetric constant k. Then m = 0 and k > 0 implies
that g is flat in U(M?3).

We note that the above theorem is not true without the requirement
that the isoperimetric constant k£ > 0. For example, the induced metric
on a 3-plane which is tangent to a round 3-sphere in Euclidean 4-space
has generalized non-negative scalar curvature and is the limit of portions
of space-like Schwarzschild metrics of small mass joined to the 3-sphere
minus a small neighborhood of the north pole. This singular manifold has
zero mass, but it is not flat everywhere in U(M?) since U(M?3) equals the
whole manifold minus the point where the 3-plane and 3-sphere are tangent.
However, Theorem 5.3 is not contradicted by this example since this singular
manifold has zero isoperimetric constant.

Among other possible applications, Theorem 5.3 is used in [2] to handle
the cases of equality of Theorems 1, 9, and 10 of that paper. These three
theorems are generalizations of the Positive Mass Theorem and give lower
bounds on the total mass of an asymptotically flat manifold in terms of the
geometry of the manifold. In particular, Theorem 1, which is the main the-
orem of [2], is a slight generalization of the Riemannian Penrose Inequality,
which states that the total mass of a 3-manifold with non-negative scalar cur-
vature is greater than or equal to the mass contributed by any black holes it
may contain. The above Theorem 5.3 is then needed to prove that, if the to-
tal mass of the 3-manifold exactly equals the mass contributed by the black
holes it contains, then the 3-manifold is a Schwarzschild 3-manifold (de-
fined to be a time-symmetric, space-like slice of the usual 3+1 dimensional
Schwarzschild metric) which corresponds to a single non-rotating black hole
in vacuum.
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