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Explicit construction of extremal Hermitian metrics
with finite conical singularities on S?

CHANG SHOU LIN AND XIAOHUA ZHU

In this paper, we will use the ODE method and geometry of Gaus-
sian curvature of HCMU metrics to construct a class of nonra-
dial extremal Hermitian metrics with finite conical singular angles
27 - integer on S2.

0. Introduction.

It is well-known that there is a metric with constant Gaussian curvature
in each conformal class of any compact Riemann surface, by the classical
uniformization theorem. It is a natural question to generalize this clas-
sical uniformization theory to compact surfaces with conical singularities.
However, there are surfaces with conical singularities which do not admit a
metric with constant curvature. For example, a football with two different
singular angles does not admit a metric with constant curvature (for the
existence or non-existence results of constant curvature metric in a surface
with conical singularities, to see [T]|, [M], [CY], [LT]). Recently, instead
of using metrics of constant curvature, X. Chen in [Chl], [Ch2] and [Ch3]
started to use the extremal Hermitian metrics to generalize the classical
uniformization theory to Riemann surfaces with finite conical singularities.
Besides a class of radial extremal Hermitian metrics on footballs (cf. [Ch2]),
some nonradial examples of these metrics on S? with three conical angles 4
and nonconstant Gaussian curvature were found by E. Calabi and X. Chen
(cf. [Ch3]). In [WZ], Wang and the second author also studied the extremal
Hermitain metrics on Riemann surfaces with finite conical singularities and
generalized Chen’s results in [Ch2]. Let M be a compact Riemann surface
and {p;}i=1,....n C M. For any Hermitian metric go on M \ {p;}i=1,... n, con-
sider the set G(M) of metrics with same area which are pointwise conformal
to go and agree with g in a small neighborhood of {p;}i=1,. n. In the clo-
sure of this set G(M) under some suitable H?2?-norm, we define the energy
functional

Blo) = [ Ky
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where K denotes the Gaussian curvature of g. A critical point of this func-
tional is called an extremal Hermitian metric. It is easy to see that the
Euler-Lagrange equation is

(0.1) AgK +K?=¢, on M\ {pi}iz1,.n,

for some constant c, where Ay denotes the Lapalace operator associated to
metric g. Let g = e2?|dz|? be written in local coordinates. Then equation
(0.1) is equivalent to a system,

Ap=—Ke*®
(0-2) {AK — (_K2 + c)e2¢,

where A is the standard Lapalace operator on R?.

Let )
K., 0‘K 8¢8_K

22" 5202 0z Oz

be the second derivative of K with respect to g. Then, by (0.2), one can
check

(0.3) (K )z = 0.

A special case of (0.3) is

(0.4) K., =0,
which means that 5
20~

€ 29z

is a holomorphic vector field on M \ {p;}i=1,..n. In particular, in case
M =52,

(0.5) F(z) =e K5

is a rationally holomorphic function on C (cf. Proposition 1.2). Usually, a
Hermitian metric satisfying (0.4) is called HCMU ([Ch3]), which including
the case of K = const. A HCMU metric on a compact Riemann surface
with finite singularities is the simplest case of Calabi’s extremal metrics in
the singular spaces ([Cal], [Ca2]).

In this paper, we will use the ODE method and geometry of Gaussian
curvature of HCMU metrics to construct a class of nonradial extremal Her-
mitian metrics with finite conical singular angles 27 - integer on S2. In fact,
we shall classify all these HCMU metrics on S? and give an explicit formula
via rationally holomorphic functions on C.
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Definition 0.1. A HCMU metric on a compact Riemann surface M with
finite singularities {p;}i=1,..n is called exceptional if all singular points have
weak, integer conmical singular angles 2wa; and F(z) defined by (0.5) has
following expansion near those singular points p;,

F(z)=(z— zi)_(o""l)(ci + z9i(2)),

for some complex-valued numbers ¢; # 0 and holomorphic functions g;(z)
near p;.

Our main theorem can be stated as follows (cf. Theorem 2.1).

Theorem 0.1. Let p; = (o0) and p; = (z),i = 2,...,n, be n points on
S2=CuU{o0}, and a1 > 2,...,an > 2, n positive integer numbers. Let

n
a=o1+» (0i—
1=2

Then g = e€??|dz|? is an exceptional HOMU metric with finite conical sin-
gular angles 2wa; at p; on S? if and only if there are a positive integer k,
a complez-valued B # 0 and a holomorphic polynomial function f(z) on
C with degree (o + 1) and different (o + 1) roots v, of f(z) = 0 such that
3k < a+1, and (o + 1) roots 7y satisfy

i —2a N cil 2 B} ,(z—z) Y

_ _ - a+1
i A e (4 1 (2 =)

b

where a = "‘—"‘;—_k Furthermore, K and ¢ are given by

1 ﬂ(a+1))“‘1
— __(B-K)|K+——=
(K+(3a2)1) z(8 )( 2a — 1

a+1

= AH |z — m| 2 H |z —wl?,
=1

U'=k+1

o= 3 (e (7 e ).

where A > 0 is some constant and

B=+c(2a-1)/Va?—a+1,

and
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' (a+1)(a— 2):33
T 3(2a-12

F(z) = (z— 22) 7@V (2 = 2,) 7"V f(2),

and
_3ala — 9 a+l
f(2) = B_l———?zzfl — S)f III(z — ")
=1

From Theorem 0.1, we see that an explicit HUMC metric on S? is de-
termined by a pair (a, k).

Definition 0.2. An exceptional HCMU metrics on S? is called minimal if
(a,k) = (e, 1) in Theorem 0.1.

In case of minimal exceptional HCMU metrics on S2, we can give an
explicit formula (cf. Theorem 3.1). In particular, for any n singular points
with conical angles 27 -integer and a positive number cg, there is a family of
extremal Hermitian metrics on S? with same area co, which vary energy E(g)
with three parameters (cf. Remark 3.1). This shows that a HCMU metric
with finite integer conical singular angles on S could not be in general a local
minimizer for energy functional FE with respect to a general deformation,
which preserves the area and conical angle structure at each singular point,
although any HCMU metrics is a local minimizer in the class G(M) (cf.
[Ca2], [Ch3]).

The organization of paper is as follows. In Section 1, by using the asymp-
totic expansion of Gaussian curvature, we study the local behavior of Gaus-
sian curvature of HCMU metric with finite energy and area near the singular
point. In Section 2, we will use the ODE method and geometry of Gaussian
curvature of HCMU metrics to classify all exceptional metrics with finite
singularities on S%, and then prove Theorem 0.1 (Theorem 2.1). In Section
3, we can give an explicit formula for any minimal exceptional, HCMU met-
rics (cf. Theorem 3.1). In Section 4, we shall classify all HCMU metrics with
finite energy and area on R? as well as radial, extremal Hermitian metrics
with two different weakly conical singular angles at the origin and infinity.
In Section 5, as two examples, we discuss all exceptional, HCMU metrics on
52 with two and three weakly conical singular angles 47 respectively.

Acknowledgment. Part of this work was done when the second author
was visitting CTS at Taiwan in the spring of 1999. He thanks CTS for the
hospitality. Both authors also thank Dr. X. Chen for pointing out an error
in the first version of paper.



Explicit construction ... 181

1. Local behavior of Gaussian curvature K.

In this section, we discuss the local behavior of Gaussian curvature of a
HCMU metric on D \ {0}, where D C R? is a disk.

Let g = €??|dz|? be an extremal Hermitian metric with finite energy and
area on D \ {0}. Then we have the following system,

(L.1) Ap = —Ke
' AK = (—K? +¢)e??, on D)\ {0},
with
(1.2) / e**dz < 0o and / K?%e*dz < oo,
D\{0} D\{0}

where A is the standard Lapalace operator on R2.
Let x = (z) = (r cos 8,7 sin§). Then following result was proved in [WZ].

Lemma 1.1 ([WZ]). Let g = €?#|dz|2 be an extremal Hermitian metric on
D\ {0}. Suppose that (1.2) is satisfied. Then there is a number o > 0 such

that
27

: op .
}1_1)% ; T-a—rde =2m(a—1).

Furthermore, if o > 0, then
i) limjz—0|¢(z) — (@ — 1) In|z|| < C, for some C;

i) limyg| |K(2)||z|* = 0.

Remark 1.1. We call the singular point {0} weakly conical with singular
angle 2ma if & > 0 ([WZ]). Note that the singular point {0} is called conical
with singular angle 2ma if ¢(z) = (o — 1)In|z| + p(z) for some smooth
function p(z) on D. In this paper, we always assume o > 0. For the case
o = 0, we refer reader to [Ch2].

Next we shall use the technique of Kelvin transformation to refine Lemma,
1.1. Let w = 1, and

z

P(w) = —2In|w| + ¢ (%) and K(w)=K (-1-> )

w
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Then (¢, K) is a solution of system (1.1) on R? \ B (%) for some sufficiently
large number R. Furthermore, by Lemma 1.1, if & > 0, then we have

(1.3) lim |¢(z) — (a+1)In|z|| < C, for some C,
|z| =00
and
(1.4) lim |K(z)||z|® = 0.
|z| o0

Let n(x) > 0 be a smooth cut-off function on R? so that n(z) = 1 on
R2\ B(R), n(z) =0, on B(&)and 0 <n <1, on B(R)\B(%). Let ¢* =
and K* = nK. Then (%, K*) is a solution of system (1.1) on R?\ B(R),
and satisfies on R?,

AY* = —nKe? + 2VnVy* +9*An =h
AK* =n(—K?%+c)e?¥ +2VnVK* + K*An = g.

Clearly, h, g € L*(R?).
Let

k(@)= 5 [ (a0 =vl) =yl + D)ow)d.

Then we see that there are a constant ¢y and a holomorphic polynomial
function with degree k&,

k
flz)=> e
=1

such that
K(z)* = K(z) + K(z) + co, and K(z) = Re f(w).

Without loss of generality, we may assume e = 1. By (1.4), we see k < a.
Hence by the standard regularity theorem, it follows

$(2) — (@ — 1) In|z| € C**7X(D),
and )

K (;> + Bln|z| € C?*~2*(D),
where § = % [re g(z)dz. So we may assume that

[2a—k]
1 1 1
(1.5) = —(a+1)+ Z cllﬁ + “1(9)r2a—k +o0 <T2a——k> ,
=1
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[2a—k]

(1.6) Z ] 1[ +b1(0) r2a—k +0< Zi k)

=1

[2a—2kK]'

1 1
(1.7) rK, =B+ Z di = + 02(0) o +0(T2a—2k>’

and
2a 2k

1 1
(1.8) Z &7~ +b2(0 20_2k+o(rza_2k>,

where cll,clz, dl , dl , a1, a2, b1, by are C*®-functions about 4, and

20 — k] = [2a0 — k], if 2 # integer

and
[2a — k' =2a— k-1, if 2a = integer.

Lemma 1.2. Let g = e?%|dz|? be a HCMU metric on D\ {0}. Suppose that
(1.2) is satisfied. Then K(z) =0, i.e., the holomorphic polynomial function
f(w) vanishes.

Proof. Let

E,U— "a—a;-l'—'\/—'].'aT2 and Eﬂ-—"a—x;‘}‘v —8—93—2-

be two complex partial differential operators. Then the above two operators
are equivalent to

0 1 0 1o} 0 1 0 0
%—Q—U'(Tg—\/—l"a—e—) and %—E(TE‘FV—].%)

Thus, for any smooth function ®, one obtains
By = ;—21(2@,. (1 (rBr)y — Bag) — 20T (B — rr5))
and
D s = Popy — 2P0y
= (2 — (r(r®.), — Bs) +2(r, 7y — o)
— 2V=1((®g — 2r @) + (Do - Thr — B - 7p))).
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By using (1.5)-(1.8), we have

~ O(1 - O(1
(1.9) Koy = —(2)— and Ky = (2)
w w
It follows
~ 0Q)
(1.10) K =~
On the other hand, we see
R 1 <&
(1.11) Ry = — > a2l - e,
=1
and
1 & o(1)
% _ l

Hence, combining (1.10), (1.11) and (1.12), we get

(1.13) Ky = Kww + Kuw — 2Kuthw
= 2k(a + k)w* 2 + o(|w|F~2).

Since g is a HCMU metric, then by (0.4), we have
Koy =Kuw=2'K.,=0, on R*\ B(R).
Then by (1.13), it follows k = 0, and consequently, K () = 0. a

Lemma 1.3. Let g = e??|dz|? be « HCMU metric on D\ {0}. Suppose that
(1.2) is satisfied. Then the number B =0 in (1.7).

Proof. By Lemma 1.2, we see that there is a constant C such that

|K —BInr| < C, on R?\ B(R).
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So we may assume that

(2o

1 1 1
_ 1
ry = —(a+ 1)+ ; ¢y + a1 lnrr—ﬁ +o0 <lnrr—2;> ,
[2]’
1 1 1
g = Z 01277 + b lnrrz—a +o (lnrm) ,
=1
[2a) 1 1 1
(1.14) rK, =,3+Zdllﬁ+a2(1nr)2r7a+o((lnr)2m) ,
=1
and
[2a]" 1 1 1
K@ = Z dlz,,Tl -l— b2(ln’r)2m + (o] <(1n7‘)2m> y
I=1
where

1) [2a) = [2a], if 2a # integer and [2a] = 2a — 1, if 2a = integer;
2) a1,b1, a2, be are some constants;

3) ¢! = Re(ceV~10), ¢ = Im(ceV=1), d! = Re(djeV~1¥), d? =
Tm(djeV=1).

Then similar to (1.9), we obtain
— -1 1 , 1

Kty = % <~(a +1)8+0 (%) +0 ((lnr)2;§—&)> .

It follows

and

F,ww = 7(—.ww - 2?w'€bw
- ;_i <2a5 +o(rH+o0 <(1nr)2ia)) :

r2

This shows 8 = 0, since K u = 2K ,, = 0 on R? \ B(R). O

By (1.14) and Lemma 1.3, we see

rK, =0 (%) 10 ((lnr)2r—;a-> .
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This shows that the Guassian curvature K is continueous across the singular
point {0}. In general, we prove

Proposition 1.1. Let g = €?#|dz|? be a HCMU metric on a compact Rie-
mann surface M with finite weakly conical singular angles at {p;}i=1,...n-
Suppose that

/ e?dz < 0o and K?%e¥dz < .
M\{pi}i=1,....n M\{pi}i=1,....n

Then the Guassian curvature of g is continueous across the singularities
{piti=1,..n-
Since K _0¢0K
K 2z — A_a_ 2 ——=
’ 020z 0z 0z
we see that there is a holomorphic function F(z) on D \ {0} such that

0,

e 2Ky = F(z).

Proposition 1.2. Let g = €2?|dz|? be a HCMU metric on D \ {0} with a
weakly conical singular angle 2w at the origin. Then F(z) has the following
expansion near the origin,

zg(z), if a# integer,
F(z)={ z7(@U(c+g(z)), for some c#0,
or = zg(z), if a= integer,

where g(z) is some holomorphic function on D.

Proof. By Lemma 1.3, we may assume that

2o

1 1 1
1
7’1/),,. =—(a+1)+;cl}—l+a1;ﬁ+o<m> ,

(2]

1 1 1
_ 2
¢0—;Clﬁ+blr—2o“+o(r2—a),
(2of

— 1 1 1
(].].5) T'Kr=2d};—l+0,2m +O<m),
=1
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and
[2¢]
1 1
(1.16) Zd + by + (r_ﬁ)
where aj,b1,a9,by are some constants, and cl1 = Re(cle\/:Tle)’ Cz2 =
Im(cieV"19), dl = Re(dev 1), d2 = Tm(dyeV=119).
It follows

K,ww = Fww - 2—K-w¢w

(2] (2o
-1 B 3
= F(Zz(lﬂ)allw "—20e+1)) duw™
=1 =1
[2a)
+2Z Z cpdqw™ +O _2°‘)>
=2 l=p+q

[2a) [2a]'
(2(2 I+1) =20 -2)dw™ +2> Y cpdgw™

=2 l=p+gq

+ O(r—2°‘)) .

Since K 4 = 0 on R? \ B(R), we get

(1.17) (+D) —a-Dd+ Y cpdg=0,1=1,...,[2]
l=p+q

By using the induction to (1.17), we have
di=0,1=1,...,[¢] -1,

and
di=0,1=1,...,[2qa], if dy = 0.
Futhermore, if a # integer, then d, = 0 and consequently,
d=0,1=1,...,[2a]

Hence by (1.15) and (1.16), we get
a) |e72?Kz| < C|z|, if a # integer;
b) e 2 K5| < C|z|, or = O(|z|~(®~Y), if a = integer.
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This shows that there is a holomorphic function g(z) on D such that

29(z), if o # integer;
F(2) = { z~(a-]) (c+g(z)), for some c#0,
or = zg(z), if a = integer.

O

Definition 1.1. A HCMU metric on a compact Riemann surface M with
finite singularities {p; }i=1,..n is called exceptional if all singular points have
weak, integer conical angles 2ra; and F(z) has following expansion near
those singular points p;,

F(2) = (z = z) " V(i + gi(2)),

for some complex-valued numbers ¢; # 0 and holomorphic functions g;(z)
near p;.

Remark 1.2. If g = €2%|dz|? is a HCMU metric on D\ {0} with finite area
and energy, and a weakly conical singular angle 27 at the origin, then by
the system (1.1) together with Proposition 1.1, one can prove that g is in
fact smooth on D (cf. an argument in the proof of Proposition 4.1). So in
Definition 1.1, we may assume that all weakly conical singular angles are
more than 2.

2. Classification of exceptional HCMU metrics on S2.

Let g = €??|dz|? be an extremal Hermitian metric on M \ {pi}i=1,....n, and
K its Gaussian curvature. Then (¢, K) is a local solution of system,

(2.1 —2.2) Ap = —Ke,

' ' AK = (—K? +c)e?.

Lemma 2.1. Let g = e 2%|dz|? be an extremal Hermitian metric on M \
{pi}, i=1,...,n. Then g is HCMU if and only if there are some constant ¢’
and a holomorphic function F(z) such that F(z)% is a holomorphic vector
field on M\ {pi}i=1,...n, and the Guassian curvature K of g is a solution of
ODE,

(2.3) K,=F(2)™} (—K?S +cK + c') ,
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and ¢ is given by

K3
(2.4) e = |F(2)|72 (—? +cK + c') > 0.

Proof. Since g is HCMU, there is a holomorphic vector field F(z)% on
M \ {pi}i=1,..,n, such that

(2.5) Kz = e F(2).

Then by using (2.2), we get

K3
KzE = F(Z)_l (——é— +cK + C")

z

for some constant ¢”. It follows

3
(2.6) K,=F(z)7! (—KT +cK + d’) +9(2)

for some meromorphic function g(z) on M \ {p;}i=1,... n-
By (2.5) and (2.6), we see

e = |F(2)| 2 (—%E +cK + c") + %

is a real-valued function, and consequently g(z) = CF(z)~! for some con-

stant real-valued number C. Thus there is a real-valued number ¢’ such
that

K3
e = |F(2)|72 (—? +cK +c') > 0,
and consequently, K satisfies
K3
Kz = F(Z)—l (—? + CK +C,) .

Conversly, we assume that K is a solution of integrable equation (2.3)
and ¢ is given by (2.4). Then it is clear

(2.7) 6= %m(KgF(z)_l).
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Differentiating (2.3) and using (2.7), we have
K.z = (-K*+c)KzF(2)"!
= (-K?+c)e*.
This shows (¢, K) satisfies equation (2.2). Now we need to check (K, ¢) also

satisfies (2.1).
Differentiating (2.7), we have

6. = F) (5 + 3 72 F @)

_ (_% + %(—KQ + C)F(zr?) F(2)

Then again differentiating the above equation and using (2.3) and (2.7), it
follows
Ap = ¢z = —KKzF(2)"!
= —Ke*

O

Now we assume that g = €2?|dz|? is an exceptional HCMU metric on
S% = C U {oo} with finite singularities {p;}i=1,..n. Without the loss of
generality, we may assume p; = (00). Let 2ma; (a1 > 2) be the weak,
integer conical singular angles at p;,i = 1,...,n. Then by Definition 1.1, it
is easy to see that there is a meromorphic function F'(z) on C such that

n

(2.8) F(z)=e YKz = H(z —z)~ @ f(2),

1=2
where f(z) is a holomorphic function on C with degree oo = 1+ ;- ; (o —1).
Proposition 2.1. Let g = e?#|dz|? be an ezceptional HCMU metric on
S? = CU {oo} with finite singularities {p;}i=1,..n, and f(z) and F(z) are
given in (2.8). Let 11,...,Ya+1 be (a+ 1) roots of f(z) =0. Then
and there are some real-valued numbers ¢;,l = 1,...,a + 1, such that

a+1

ch=0,

=1
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and
a+1

1 c
F(z) ==

P

Before we prove Proposition 2.1, we need a series of lemmas.

Lemma 2.2. Letc be the constant determined in Lemma 2.1. Suppose that
there are three roots 1, B2, B3 of equation,

_ w3
(2.9) TK +cK +cd =0.
Then
Bi # Bj, Vi#j.

Proof. On the contrary, we assume 31 # (2 = (3. Then one can choose
three real-valued numbers a1, ag, a3 # 0 such that

1
(2.10) S a2 %

+ + .
_§{3+cK+c’ (K-p1)2 K-p K-Pp

Claim. Let v1,...,Ya+1 be (a+ 1) roots of f(z) = 0. Then there are some
i and j(# i) such that v; = ;.

We also use an argument by contradiction, and assume
Y # v Vi FE I

Then one can choose some a+ 1 complex-valued numbers ¢; = ¢} ++/ —lcl2 #
0 such that

a+1
(2.11) > a=0,
=1
and
(2.12) LI (il a
. F(2) z—

=1
Thus by using (2.10) and (2.12), we can solve equation (2.3) as follow,

—n +a21n|K—51|—|—a31n|K——ﬁ2|
K —p1

a+1 a+1
(2.13) =2Zc}ln|z—zl|2+4ch?01(z—’yl),
=1 =1




192 C.S. Lin and X. Zhu

where 6;(z — ;) denote functions of complex angles of z — ;.
Since by Proposition 1.1, K is a continueous function on 52, from (2.11),

we see that there are at least two nonzero numbers c!, c} such that

1l

1<o.

- This shows
K(v:) = 1 and K (v;) = B,
and consequently,
(2.14) K—p=0(—"2 -
. 1= 1n|z_71‘|2 ) a z 71,'

On the other hand, since ¢ is smooth at ;, then by (2.4) in Lemma 2.1,
one see that there is a constant A’ # 0 such that

lim X =B
m

— A,
2= |z — i

which is contradict to (2.14). Claim is proved.
By Claim, we see that there are complex-valued number ¢; # 0 and a
root «y; with multiple k£ > 2 of equation f(z) = 0 such that

F?z> e —lmk o (|z —Ci»ynk) ‘

Then by (2.10), one can solve equation (2.4) as follow,

B-p e ((k - 1)(;0i fmk-l)

N 1
=)

(2.15) K-(=0(z- fyilk_l), as z — ;.

It follows

On the other hand, by (2.4) in Lemma 2.1, we see that there is a constant
A" # 0 such that
K - /31 _ A/

lim B =A,

2% |2 —

which contradicts to (2.15). Lemma 2.2 is proved. O
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Lemma 2.3. Let y1,...,Ya+1 be (@ + 1) roots of f(z) =0. Then

Yi #’Yjv Vi # J.

Proof. On the contrary, we assume that there is a root «y; with multiple & > 2
of equation f(z) = 0. Then there is a complex-valued number ¢; # 0 such

that
1 1 ( 1 )
= + o0 .
F(z) (z=v)F " \|z—ml

By Lemma 2.2, there is only one root 8 or are three different roots
B1, B2, B3 of equation (2.9). In the late case, one can choose three nonzero
real numbers a1, ag,as, such that

1 _ ai + as i as
L ck+e K-Bp K—-p K-Ps

Then by using the argument in Lemma 2.2, we solve equation (2.3) as follow,

a1ln|K — Bi| +a2In |K — B2| + a3 In|K — (3]

= 4real ((k— 1)(—Z,ci %)k_l) +o (W) '

This shows that there is one of roots 8; (we may assume (1) such that

(2.16) In(K — 1) = 0(Jz — yi|~*V), as z — ;.

On the other hand, by (2.4) in Lemma 2.1, we see there is constant A’ # 0
such that

. K_,Bl I
2.1 lim ———=A4
(2.17) P [z — ;|2 ’

which is contradict to (2.16). Thus this case is impossible.

Now we assume that there is only one real-valued root 5. Then there
are some numbers a, b, ¢} such that

-K3 -1 K +¢ -1
o K / I 1
( 3 T°¢ +c) 3<K2+aK+b+K—ﬁ>

0<Cy <K?+aK +b.

and
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Thus by using the above argument, one can solve equation (2.3) as follow,

In|K — B| +ayIn(K* 4+ aK +b) + F(K)

= 3 real ((k —"TeE %.);H) +o (E%VH) ’

for some real number af, where function |F(K)| < C for some constant C.
By Proposition 1.1, it follows

In(K — ) = O0(jz — w|~*Y), as z— v,
which contradicts to (2.17). Lemma 2.3 is proved. a

By Lemma, 2.3, we see that there are some nonzero complex-valued num-
bers ¢;,l =1,...,a+ 1, such that

1 a+1 ¢
F(z) - ; 2=
Lemma 2.4. All numbers ¢;,l =1,...,a+ 1, are real-valued.

Proof. Similar to the proof Lemma 2.3, there are two cases: a) there is only
one root S of equation (2.9); b) there are three different roots 51, 82,03 of
equation (2.9).

In case a). From the proof of Lemma 2.3, one can solve equation (2.3)
as follow,

—In|K — B| + ayIn(K? + aK +b) + F(K)
a+1 a+1

4 2
(2.18) = 5Z:clzé?l(z—’yl)-|-§2:cllln|z — il
=1 =1
This shows
(2.19) =0,Vi=1,...,a+1,

since functions 6;(z—-y;) are non-continueous and K is continueous by Propo-
sition 1.1.

In case b). Also from the proof of Lemma 2.3, one can solve equation
(2.3) as follow,

a;ln|K — B1| + azIn|K — Bo| + azln|K — B3]
a+1 a+1

= 4Zcfﬂl(z -) —I—2Zc}ln|z e

=1 =1
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So we can also get (2.19). O

Proposition 2.1 follows from Lemma 2.3 and Lemma 2.4 immediately.

Proposition 2.2. There are three different roots (1,082,083 of equation
(2.9). In particular, there are three nonzero real numbers ai,as,as such
that

(2.20) a1+ ag+a3 =0,
and
(2.21) 1 a1 as as

- + + .
_TK?’—l—cK—l—c’ K-8 K-p K-ps

Proof. On the contrary, we assume that there is only one real-valued root 8
of equation (2.9). Then by Lemma 2.4 and (2.18) in Lemma 2.4, we solve
(2.3) as follow,

2a+1
In K = B| + oy In(K” + aK +b) + F(K) = 2 3 cj |z — [,
=1

Since
a+1

> =0,
1=1

then there is some 7; and another number a’ # 0 such that

lim |K(z) — B|(K? + aK + b)? = o0,

Z—=7;
which is impossible, since K is continueous by Proposition 1.1. This shows
that there are three different roots g1, B2, 83 of equation (2.9). Furthermore,
by Lemma 2.2, 3; # B;, Vi # j. (2.20) and (2.21) follows directly. O

By Proposition 2.1 and Proposition 2.2, we see, if g = €?#|dz|? is an
exceptional HOMU metric on $? = CU{oo} with finite singular angles 2ra;
at p;,i=1,...,n, and F(z) and f(z) is given in (2.8), then there are some
nonzero numbers a > 2 | ¢1,...,cq+1 and another three different numbers

B1, B2, B3 such that

a+1

(2.22) > =0,
=1
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and equation (2.3) is equivalent to
a+1

1 a—1 —a _ Cl
em  (igtionteen) L

=1

Moreover, we can determine

B=p1=Vc(2a-1)/Va®—a+l,

_ Bla+1)
=1
_ (a—-2)8
ﬁ3 - - 2 — 1 )
and
-1 _ 20 — 1)2 s
(2.24) F(z) - 3a TR Z pa—

n

= f(z)_1 H(z — zi)a"_l.

1=2

Theorem 2.1. Let p1 = (o©) and p; = (z),1 = 2,...,n, be n points on
S? =CU {0}, and a1 > 2,...,a, > 2, n positive integer numbers. Let

n
a=o +Z(ai -1).
=2

Then g = €2?|dz|? is an exceptional HCMU metric with finite conical sin-
gular angles 2ma; at p; on S? if and only if there are a positive integer k,
a complez-valued B # 0 and a holomorphic polynomial function f(z) on
C with degree (a + 1) and different (o + 1) roots vy of f(2) = 0 such that
3k <a+1, and (a+ 1) roots y; satisfy

; 2 _ Bl —=)
(2'25) Z 2 — + Z -y o+l )
1=1 W T FT o1 (=)

where a = O‘—“L;:—E Furthermore, K and ¢ are given by
1 Bla+1)\*"
(2.26) T a_ : » (B-K) (K-l— Y )

a+l

= AH ERRima | EEE
l:l

I'=k+1
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and

1 1 1
2.27 ¢=5hn < ( K3+cK—|—c>>
(227) FP
where A > 0 is some constant and

B=+vc(2a—1)/\/a%2 —a+1,

c = (a + 1)(‘1 _ 2)133
3(2a —1)2

F(2) = (2= )@ (s = 20) @ f(2),

and
2 a+1

f(z) =B 3"(“ H (2 = ).

Proof. Necessity. By (2.23), one solves the Gaussian curvature K as follow,

Bla+ 1)\
(Mfa—-m)a(ﬂ‘f‘)( +7§‘>

= Alz — 11|z — 72| -+ |2 = Yay1|F,

(2.28)

where A is some positive number. Then by (2.22) amd (2.4) in Lemma 2.1,

we see that there is some ¢; < 0 such that ¢; = —2a and
+ (a—2}ﬁ
lim — 201 _ g/

2=z |z — )2

for some constant A’. On the other hand, it is easy to see
(2.29)

(1 E=2) 5 (1 B20) o (T ey o)

Thus the condition )
%K"* +cK+c >0
implies
—(a—2)8

<K <8§.
20a—1 — <8
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This shows, for any I =1,...,a + 1,
¢ = —2a, or ¢ = 2.
Let £ > 1 be the integer such that
cg=-2a,1l=1,...,k and cp =2, I'=k,...,a+1.

Then by (2.22), we have

a+1-k
2<a=—"——
sa 2
and consequently,
3k<a++l.

(2.26) follows from (2.28) directly as well as (2.27) follows from (2.4).

Sufficiency. Let
~3a(a—1)8?
2(2a — 1)2

Then by condition (2.25), we have,

Cco =

(z — z)2 . (2 — z)% 7t

co(z =) (2 = Yat1)

. (2a-1)? £_2a &R 2
~ (=3a)(a—1)p° (Zz—w Zz—w)

I'=k
Since
—3a(a —1)5? 1
(2a—-1)2 —1K3+cK+¢
—a 1 n a—1
—2)8 Bla+1)?
A S A

then function K defined by (2.26) satisfies equation

3 -1
K, <—K? +cK + c’)

(z—m)l (2= z) 2] 1

co(z=m)" (2 = Yat1) ~ F(2)
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From (2.26), it is clear

2—a
< <
2(1—16_O K<p
and ,
inpK(z) = K(11) = o B
ming2 = 71—2a—1
and

maxp K(z) = K(y)=8,1=2,...,a+1
This shows —K3 + ¢K + ¢ > 0 and

1 1 3 /
_|F(z)|2 <—§K +cK+c) > 0.
Thus ¢ defined by (2.27) is a smooth function on R? away from points
{pi}i=1,.n and consequently , by Lemma 2.1, g = €??|dz|? is a HCMU
metric.
Since
zi#Fy, Vi=2,...,n,l=1,...a+1,

we see that ¢(z) have the following behaviors near these singular points
P2,---3Pn,
¢(z) = (ai = 1)In|z — zi| + pi(z),

where p;(z), i = 2,...,n, are smooth functions near p;. Furthermore, there
is some constant cg such that

¢(z) + (1 + 1) In|z| = co, as |z| — oo.

Thus we also prove g = €2?|dz|? is a conical metric on S? with finite conical
singular angles 2mwq; at each p;,i =2,...,n. (]

Theorem 0.1 follows from Theorem 2.1.
From the above theorem, any exceptianl HCMU metric on S2? with n

weak, integer conical singular angles 27a; at {pi}i=1,‘,,,n, is determined by a
pair (a, k) = (<H=E k).

Definition 2.1. An exception]l HCMU metric with finite weak, integer
conical angles on S? is called minimal if (a,k) = (a,1), where a =
?zl(ai - 1) + L.
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3. An explicit formula for minimal exceptional HCMU
metrics.

Theorem 3.1. Let p; = (o0) and p; = (2;),5 = 2,...,n, be n points on
S§%2 =CuU{oco}, and a1 > 2,...,a, > 2, n positive integer numbers. Then
for given ¢ > 0, any minimal exceptional HCMU metric on S* with finite
conical singular angles 2ma; at p; are determined by a positive number A,
and two complez-valued parameters v1 and B # 0 besides o;,t = 1,...,n.
In precise, K and ¢ are given by

and

where

ii)

and

1 Ble+ 1)\
(- (- 220)
(K+ (g;f)lﬁ) ( ) 200 — 1

=Alz — | 2z =y 12 = Yar1l?

1 1

_ - _}_ 3 /
¢‘2ln(|F(z>|2( 3% “K*c))’

a=a1+i(ai—1) > 2,
1=2
B=eca—1)/Vo?—a+1,
_ (a+1)(a=2)8
32a—1)2

F(z) = (s = 22) @D o (3 = z) @ (2),

_ =3a(a - 1)p?

f(Z)— 2(20(—1)2 B_l(z_71)"'(z_7a+l),

.. Yat1 @re a Toots of the polynomial function equation with degree

g(z) =2 —a12° 1+ + (=1)%a =0,

Cg/)’{, ]: 1:"'7051 _17
Chr] — B(—1)i%=2

. T i) e(al) .
-B ZL;I(“l)lda—l'Y{ Ha ]+1;E?+1])T.j) (o )7 J=01,...4,
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and
—o1— as—1—7j2 ~j —1—37 in
dp = (-1)*™ : Z (25 TRCR _y -2y ! mew ),
l=]2++]n
Theorem 3.1 follows from Theorem 2.1 and the followimg lemma.

Lemma 3.1. Let v and B # 0 be two complez-valued numbers and
22,...,2n are another (n — 1)-different complez-valued numbers. Let

_ a—ai—l az—1—j2 j2 an—1—jn 1J
di= (-1t 3T (FrRCR )

l=j2+"‘+jn
1=0,...,04 — a1,
and
G, j=1,...,00 — 1,
a; = { Clr] - B(-1p %
i i—l(a—7 —i42)e (=1 .
-B ZL;I(—l)lda—w{ (« J+1%E;x+1a)tj) (a ), j=a,...q

where a = a1+ i o(a;—1). Thenys,. .. ,Yo+1 are a roots of the polynomial
function equation with degree o,

g(2) =2 —a12* P+ 4+ (=1)%aa =0
if and only if vya,. .., Ya+1 satisfy

B(z — 29)®27 1. (2 — z)2 7!

3.1
(3.1) (z=m) (2= Ya+1)
—a a+l 1
= + .
="M ; 2 =%
Proof. Let

—a a+1 1
+
P D
Z?:]_ bjza—j
C(z=m) (2= Yat1)
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Then a direct computation shows

(3.2) bj = (1) (- > (Vir -+ %)
2<iy <-<ij<a+1
a+1

+> > (Yir *+ - %35)

=2 2<i; < <i;<a+1
U1 ooyl 7L

a+1

+7lz Z ('7'i1 ""7%'-1))

1=2 2<i1<<ij_1<a+1
U1 geeyij—17]

= (_1)j(_j Z (’Y’i1 "'7ij)

2<i1 < <4<

+(a@—Jj+1)m > (Yir =+ Yig—1))s
2<i1<<ij_1<a+1

where j =1,...,a. Let

Z (71:1"'71'3'):0’]')j=17'--aa-
2<iy<<ij<a+l

Then (3.2) becomes

(3.3) bj = (1) (—jaj + (@ — j + D)maj-1).

Since

(z _ 22)a2—1(z _ z3)a3—-1 . (z _ Zn)a"_l

p— p— _1_ . 1 .
S I (S D DINC e AR o)

an—1

1=0 I=ja-+-+in

dy = (-1t Z (z2°‘2_1_j20j2

an—1—Jn I
1" An" nC
I=g2+++jn

n

ap—1

)| 2

),
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then
a—Qay « )
(3.4) By dZ =) bz
=0 j=1
is equivalent to
0,7j=1,...,01 — 1,
(35) bj=q 7 o
Bdy_j, j=0a1,....,a

Thus combining (3.3) and (3.5), we get

a1 = am,
(3.6) —jaj+(04—j+l)’)’1aj_1=0, 1=2,...,01 — 1,
—jaj + (@ —j+ 1)maj-1 = (-1)?Bda—j, j =a1,...,a

By using iteration to (3.6), one obtains

(3.7)
3 71, Jj=1,. -1,
a; = Cirl - B(- 1)]“&—;9—
CBYT (~1) ] Hesiam sl g g

This shows that (3.4) is true if and only if (3.7) is satisfied. Hence by the
fundamental theorem, (3.1) is true if and only if vs,...,74+1 are a roots of
the polynomial function equation,

g(z) = 2% —a12%7 L+ - 4 (=1)%aq = 0.

The lemma is proved. a

Remark 3.1. By (2.29) and Theorem 3.1, one can prove that, for any n
singular points with conical angles 27 - integer on S?, there are two uniform
constnats C1 and Cy depending only on B, A,~; such that the areas of the
family of minimal exceptional HCMU metrics constructed in Theorem 3.1
satisty,

G gArea(g)S—C—2 as ¢— 0,

Ve Ve
and o
~L < Area(g) <

Ve

as ¢ — oQ.

G
\/E?
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Hence for any n singular points with conical angles 27 - integer on S? and
a positive number cg, there is a family of HCMU metrics on S? with same
area cg, which vary energy F(g) with the parameters B, A,~;. This shows
that a HCMU metric with finite integer conical singular angles on S? could
not be in general a local minimizer for energy functional E with respect to
a general deformation, which preserves the area and conical angle structure
at each singular point, although any HCMU metrics is a local minimizer in
the class G(M) defined in O. Introduction (cf. [Ca2], [Ch3]).

4. HCMU metrics on R?.

In this section, we shall classify all HCMU metrics with finite energy and
area on R?. First by Proposition 1.1, we have

Proposition 4.1. Let g = €2?|dz|> be a HOCMU metric with finite energy
and area on R%. Let 2ma > 0 be the weakly conical singular angle at the
infinity on R2. Then

i) If a # integer, g is a radial HCMU metric on R?.

i) If « =1, then the Gaussian curvature K = \/c of g, and consequently
the metric g can be extended to a smooth one with constant Gaussian
curvature on S2.

iii) If o = integer > 2, then g is an either radial or exceptional metric on
R2.

Proof. Let g = €?%|dz|?> be a HCMU metric with finite energy and area on
R?. Let K be the Gaussian curvature of g. Then (¢, K) is a global solution
of system (1.1) on R2. If K = const., then the metric g can be extended to
a smooth one with constant Guassian curvature on S2, which was proved in
[CL]. In particular, the weakly conical singular angle is 27. Hence, the case
K = const. is of case ii) in Proposition 4.1. Now we assume K # const.
Then there is a holomorphic function F(z) on R? such that F(2) = e 2?K>.
Therefore, by Proposition 1.2, we see that there is a holomorphic function
g(z) on R? such that

zg(%), if a+# integer;
(4.1) F(2) = { 2ot (c + 9(%)), for some ¢ # 0,

or zg(l), if o= integer.
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i) In case a # integer. By (4.1), we see that the holomorphic vector field

on R?
0 0
F(z)m =e 2Kz —
()5 :
can be extended to a holomorphic vector field on S? with vanishing at the
origin and infinity. Then by using a suitable rotation of coordinate, we may

assume
6_2¢K§ =az

for some real number a # 0. It follows the one-parameter actions generated
by the imaginary part of holomorphic vector field e‘2¢KE% are rotation
transformations. By a well-known result, ¢ is invariant under these rota-
tions. This shows that ¢ is radial and g is radial HCMU metric on R2.

ii) In case @ = 1. As in Section 1, it is convenient to use Kelvin trans-
formation, w = % Let

¢(w):—2ln|w|+¢( ) and K(w)zK(l>.

1

w w
Then (3, K) is a solution of system (1.1) on D\ {0}. By Lemma 1.1, it
follows || < C for some constant C as @ = 1. On the other hand, by
Proposition 1.1, K € C%(D). Thus |[Ke*| < C and |(—K? + ¢)e?¥| < C.
By the standard regularity theorem, ¢ € C¥(D) and K € C¥(D). Using
the iteration method, we prove 1 € C*°(D). This shows the metric defined
by €??|dz|? can be extended to a smooth one on S2. By a well-known
result of Kazdan-Warner ([KW]), we see that the vector field e_2¢Kg% is
holomorphic on $? implies K = const, and consequently (¢, K) is radial by
a result in [CL]. K = /c follows from the relation

/ (—K? +c)e*ds = 0.
R2

iii) In case o = integer > 2, there are two cases: one is F(z) = zg(2),
the other is F'(z) = 2*t!(c+ g(1)). In the first case, g must be radial by the
argument in case i). In the second case, g is an extremal metric according
to Definition 1.1. O

Since R? = $2\ {co}, then by Theorem 2.1, we can classify all exceptional
HCMU metrics on R?. In the case of minimal, exceptional HCMU metrics,
we have
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Theorem 4.1. Let g = €??|dz|? be a minimal, exceptional HCMU metric
with a conical singular angle 2o > 4w at the infinity on R?. Then there are
a positive number A and two complez-valued parameters y1 and I' (# %)
such that K and ¢ are given by

1
=

=Alz — |7z - y* |2 — Yo%

Bla + 1))“—1
20— 1

(9 K) (K +

and
Lo (Ll J
?=3! (If(z)|2( ghorels ))
where
i)
B=+vc(2a—-1)/Va?2-a+1,
d = (a+1)(a- 2)f63.
T 32a-1)2
ii)

f(z) =co(z =) (2 = Yar1),
_ “Ba(e—-1)p2  (-1)
22a—1)2 —al'+ any’

and ¥2,. . . Yat+1 are & roots of the polynomial function equation with degree
Q,
g(z2) =2% —a12° P+ -+ (=1)%aq = 0,

where

{ajz é%:ﬁo?_iﬁﬂ, j=1,...,0¢1—1,‘

aqg =T.

Proof. Applying Theorem 3.1 to the case o = o1, we have

{aj = ‘(7!"/{ = j——-—!(é"ij)!'y{, j=1...,a—-1,

Qo = '7% - (_1)0[%'
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Let aq =T'. Then B = (—1)%(ayf — aI'), and Theorem 4.1 follows immedi-
ately. O

Now we assume that g = e2?|dz|? is a radial, extremal Hermitian metric
on R? with two different weakly conical singular angles 2y and 2wasg at
the origin and infinity. In the other hand, ¢ satisfies

| — (@1 — 1) In|z|| < o0, as |z| — 0,
and
| — (a2 +1)In|z|| < 00, as |z| = oco.

Recently, X. Chen discussed these radial metrics by using ODE method
([Ch2]). In addition of HCMU, we can use a new ODE method to give an
explicit formula for these metrics. In fact, we can prove that any radial,
extremal Hermitian metric with finite energy and area on R? \ {0} must be
HCMU (cf. Proposition A in Appendix).

Since the Gaussian curvature K of g is a function only on one variable
r, then by the proof of Proposition 1.2, one see

le”2*Kz| < C|z|, near z=0,

and
le™?K>| < C|z|, near z = +co.

This shows that the holomorphic vector field on R?

0
—2¢p_ ~
e “°Ksz g

can be extended to a holomorphic vector field on $? with vanishing at the
origin and infinity. Hence there is some constant ¢; # 0 such that

(4.2) e K = ¢,

In particular, ag # 0 in (1.15).
From (2.1), we have

(4.3) (r¢) = —Kre?®.
Combining (4.2) and (4.3), it follows

2
(4.4) e S
261
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Similarly, by (2.2) and (4.2), we have

3
(4.5) . S S
3c1 c1

Lemma 4.1. There are three real-valued roots of equation

(4.6) —K3 +3cK +3cic3 = 0.

Proof. On the contrary, we assume that there is only one real-valued roof
of eqaution (4.6). Then there are some a, b, c] such that

K3 - K + ¢ -1
= 1 ¢K - _ 1
( 3 +c +0163) 3(K2+aK+b+K—ﬂ>’

and

0<Cy <K?+aK+h.

Thus one can solve equation (4.5) as follows,
eFE)N(K? 4 aK + b)* (K — ) = Ar®
for some o # 0 and o, where function |F(K)| < C. This shows

Il}mO(Kz +aK +b)¥ |K(z) — | = oo,
z|—

or

lim (K2 +aK 4 b)%|K(z) — | = co.

|z]—o0
But this is impossible since K is bounded by Proposition 1.1. The contra-
dition implies Lemma 4.1. d

Proposition 4.2. Let g = e2?|dz|? be a radial, eztremal Hermitian metric
with finite energy and area on R? \ {0}. Suppose that two weakly conical
singular angles 2wy and 2mas at the origin and infinity are different. Then
¢ and K are given by

(K — B1) 70/ (=K + B2) (K — )/ ! = Br2e2,

and

1 —K34+3cK+C
¢==In 3
2 r

1
) — 5 ln(BC%),

where B > 0 is some constant and f1, B2, B3, and C can be uniquely deter-
mined by ¢, oy, 0.
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Proof. By Lemma 4.1, there are three roots 31, 82, 83, of equation
—K34+3cK +C =0,

where C' = 3cic3 and

c=/ K262¢dac// e2®dz > 0.
R2 R?

Moreover, by using the argument in Lemma 4.1, one can prove these three
roots are different. So we may assume (B2 > 1 > (3. Since ag # 0, it is not
hard to check K(0), K(oco0) # B3. Hence we may further assume

1 =K(0) and By = K(400).
By (4.5), we see that there are numbers c4, a1, as such that
a1+az2+1=0,

and

1 1 1 c4
a + +a K' =—.
<1K—61 K- B; 2K—Bs) r
Then we solve the above equation as follow,
(4.7) (K = p1)* (B2 — K)(K — B3)* = Br®,

for some positive number B. On the other hand, by (1.15) and the condition
az # 0, one can prove

lim 'Bl_KzB' and lim Po— K

|z|—0 7201 2| o0 T 202

"
= B",

for some constant B” > 0 and B’ < 0. It follows
—Q2 a2
C4=—2C¥2, ay = —, a2=——1,
i ai

and consequently,
(K — B1)™°2/*1(By — K)(K — B3)*2/*17! = B2z,

Moreover, there are three identies

p1+ B2+ B3 =0,
Ba(az — 201) + B1(202 — 1) = 0,
B} + B3 + P12 = 3c.
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This solves

C

=(2a; —a
:Bl ( 1 2) a%_alaz_l_a%v

and

C

B2 = (202 — al)\/ 5

aj —ajag + a%

By (1.15), one can determine the constant ¢; in (4.2),

Cc1 = ___B% —¢
200

Combining (4.2) and (4.5), we have

1 (—K3+3cK+C

(4.8) $=5mn ) - %ln(?»c?),

where C = ﬂlﬁgﬂg‘ O

r2

Remark 4.1. By Proposition 4.2, the area of metric g = €?#|dz|? on R?
can be computed by

_ 3
Area=/ ( K +3CK+C> dz.
R2

2.2
3cir

Then c is uniquely determined by Area, a; and ag, if we normalize the area.
This shows that any radial, extremal Hermitian metric on R? \ {0} with two
different weakly conical singular angles at the origin and infinity is uniquely
determined by angles under the nomalized area.

As a corollary of Proposition 4.2, we have

Corollary 4.1. Let g = €2?|dz|? be a radial, extremal Hermitian metric on
R? with a weakly conical singular angle 2wa # 2m at the infinity. Then ¢
and K are given by

1
(e 5)

Blo+ 1))°“1 -

(6 - 5) (1 + 5o

and

ln(3c%),

r2

—K3 K 1
¢=1m< K3 +3c +C>_5
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where B > 0 is some constant and

B=+vca—-1)/vVa?—a+1,

(a+1)(a—2)83

¢= (2a—-12
o 3c(a—1)
T —artl)

Remark 4.2. It seems that any extremal Hermitain metrics on R? should
be HCMU. If it is true, then Proposition 4.1 classifies all extremal Hermitian
metrics on S? with only one weakly conical singular point. In Appendix, we
will show that any radial, extremal Hermitain metric with finite energy and
area on R? \ {0} must be HCMU.

5. Examples.

Example 1. .5'%72.

In this case, there are two singular points with conical angles 47 on
S%. Without the loss of generality, we may assume two singular points are
p1 = (00) and py = (0).

Proposition 5.1. For fited ¢ > 0, any ezxceptional HCMU metrics on S*
with two conical singular angles 4 at the origin and infinity respectivly are
determined by a real number A > 0 and two complex-valued parameters v1
and T (#~3). In precise, K and ¢ are given by

(?:15/—5)3(5 — K)(K +48/5)*

= Alz — 1|78z — 12?2 — 3%z — v4l?,

1 1 1 ,
#= 51“(|F(z)|2 (‘§K3+CK+C)>’

where
i)
) ,_ 20c )
ﬂ—7\/% and ¢ —147\/%,
ii)

—3c _
F(z) = T Yz = m)(z = 12)(z = 13)(z — ),
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where y2,73, 74 are three roots of the polynomial function equation with
degree 3,

3

9(2) = 2% — a12® + apz' —a3 =0,

and a; = 31,02 = %F and azg =T # fyi”.

Proof. By the condition in Theorem 2.1, 3k < e+ 1 = 4, we have k = 1.
This shows any exceptional HCMU metrics with two singular conical angles
4w on S? are minimal. Then by using condition (2.27) in Theorem 2.1, we
get

a1 =3m
— 3
a2 = 3,93

B =2(-2a2 + 2m1a1) = 12(52 + 72).
Let a3 =T # 3. Then

3
a1 =3y and ag = —T.
et

Moreover, by using Theorem 3.1, we can determine numbers 3, ¢/, and prove
Proposition 5.1. (]

Example 2. 53, ,.

In this case, there are three singular points with conical angles 47 on
S2. Without the loss of generality, we may assume three singular points are

p1 = (00),p2 = (0) and p3 = 1.

Proposition 5.2. Let p; = (00),p2 = (0) and ps = (1). Then for fized
c > 0, any exceptional HCMU metrics on S? with three conical singular
angles 47 at p1, p2 and ps respectivly are determined by a real number A > 0
and two complez-valued parameters v1 and B # 0. In precise, K and ¢ are
given by

T8~ K +58/7)
= Alz = | %z = Pz = 13z = allz — %
1 1
=2 Eep

1
(—§K3 +cK + ).

where



Explicit construction ... 213

V13
B = M and ¢ = M;
13 507

ii)
—18¢c

F(z) = 13 Bz Yz—-1)"Yz=m)--- (2 —5),
where 72, ...,7s are three roots of the polynomial function equation
with degree 4,
g9(z) = 2 —a12® + a2’ —asz+as =0,
and a1, ...,as determined by
a1 =4

B
a2=6’y%—7
B_B
ag=4di+3 -3
2

ag =7 - B(F + 3)-

Proof. By Theorem 3.1, one can compute,

a1 =47
ay=69f — B¢ =67{ - %
a3=47%—0%—0d273%=47f+§—%ﬂ

dy?  d 2
as =i - O(%g — 431) =t - BE + ).

Moreover, by Theorem 3.1, we can determine f3,c’, and prove Proposition
5.2. O

Remark 5.1. In [Ch3], X. Chen described the Calabi’s example of HCMU
metric on S? with three conical singular angles 47. By Proposition 5.2, this
metric is belonged to the family of exceptional HCMU metrics constructed
in Proposition 5.2, since it is nonradial near each sigular point.

Appendix A.

The following proposition is needed in Section 4.

Proposition A. Let g = e?#|dz|? be a radial, extremal Hermitian metric
with finite energy and area on R?\ {0}. Then g is HCMU.
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Proof. Let 2wy and 2mag be two weakly conical singular angles at the origin
and infinity respectively. Since the Gaussian curvature K must be constant
as a; = ag ([Ch2]), we may assume o # as.

Let

~ 1
K(z) = o— (In(jz — y) = In(ly| + D)(— K> + c)e**dy.
21 Jr2\{0}
Then it is clear
(A.1) AK = (—K? + ¢)e??, on R?\ {0}
Since K is also a solution of (A.1), we get
A(K - K) =0.
It follows 5
(K — K) =Re(f(2)), onRk*\{0}

for some meromorphic function f(z) on R2. On the other hand, one can
prove

|K — Blnr| < C, as T — 400,
where L
B=— (=K? + c)e*?dy.
2w Rz\{O}

Hence by using the condition that K is radial, we see that f(z) must be
constant, and consequently,

K = K + const..

Since ¢ and K are radial, as in the proof of Lemma 1.3, we may assume
that

1 1
7"(/),,. = —(062 -+ 1) + aq 11’17‘7‘2&2 +o0 (IDT;E) ,

1 1
g = by lnr:,«_i@ +o0 <lnrr2a2> ,

1 1
rK, =B+ a;g(ln'r)21Ta2 +o ((lnr)2r2a2> ,

and

1 1
Ky = bg(lnr)2;2-£ +o ((lnr)2 7'20‘2) )
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where ay,b1,az,bs are some constants. Then we can obtain

-1 1
Koy = — (2a2ﬁ +0 ((lnr)zrz—az>> .

Since K 4y is holomorphic on C\ {0}, we see that there is some holomorphic
function g(z) on C such that

(A2) K,ww = -1;2—(2(12,3 +w g(;u—))
On the other hand, by using Kelvin transfomation, z = X, and the above

w
argument, we can also prove that there is another holomorphic function g'(z)

on C such that

(A.3) K. = ;—21 <2a1ﬁ + 27t (%)) .

Since 1 1
!
K,ww - FK,ZZ == _F(2O‘IIB + wg (w))7

then combining (A.2) and (A.3), we get
B =0, and g(z)=g'(z) =0,

and consequently, K ,,,, =0, i.e., g is HCMU. O
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