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Hamiltonian stationary Lagrangian surfaces in C?
FREDERIC HELEIN AND PAscAL ROMON

We study Hamiltonian stationary Lagrangian surfaces in C?, i.e.,
Lagrangian surfaces in C?> which are stationary points of the
area functional under smooth Hamiltonian variations. Using loop
groups, we propose a formulation of the equation as a completely
integrable system. We construct a Weierstrass type representation
and produce all tori through either the integrable systems machin-
ery or more direct arguments.

1. Introduction.

This paper addresses the study of Hamiltonian stationary oriented Lagran-
gian surfaces in a symplectic Euclidean vector space of dimension 4, using
techniques of completely integrable systems. The ambient space may be
seen as C? with, using complex coordinates z! = z! +iy! and 22 = 22 +14y?,
the symplectic form w = dz! Ady! +dz? Ady? and the canonical scalar prod-
uct. The Lagrangian surfaces in C2 are the immersed surfaces on which the
restriction of w vanishes. On the set of oriented Lagrangian surfaces ¥ in
C2, we let the area functional to be

A(R) = /2 do,

where the volume form dv is defined using the induced metric on ¥. A critical
point of this functional is a Lagrangian surface such that J A(X)(X) = 0
for any compactly supported smooth vector field X on C2, satisfying some
particular constraint: if X is arbitrary we just say that ¥ is stationary (it
is actually a minimal surface in C? ~ R*), if X is Lagrangian, i.e., its flow
preserves Lagrangian surfaces, ¥ is called Lagrangian stationary®, and lastly
if X is Hamiltonian, i.e., X = —JVh = %ﬁ-% - %ﬁ-%— + %%%7 - %‘7%7,
for some h € C°(C2,R), ¥ is called Hamiltonian stationary®.

The first variation of the area involves the Lagrangian angle: if m is
a point in ¥ and if (e1,e3) is a direct orthonormal basis of T}, %, dz! A

Lcalled isotropic minimal in [CM].
%called E-minimal in [CM] and H-minimal in [02] and [CU].
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dz?(e1, e3) is a complex number of modulus equal to 1, which we can denote
'8 for some real number 3. It builds up a map 3 from ¥ to R/27wZ. This
map is a part of the full Gauss map of the immersion of ¥. The mean
curvature vector H on X is then given by H = JVf3, and thus

SAE)(X) = /E (X, H)dv = /2 (= JVh, JVB)dv = /2 (Vh, VB)dv,

see [O1] for more details. Hence Hamiltonian stationary surfaces are char-
acterized by the equation —AB = 0, where A is the Laplace operator on
¥, which comes from the induced metric. Surfaces such that g is constant
(or H = 0) are a particular case, called special Lagrangian surfaces by R.
Harvey and H.B. Lawson [HaLl]: they are actually area minimizing since
calibrated by e~"#dz! A dz2.

Examples of Hamiltonian stationary surfaces are the standard square
tori T, = {(z},2%) € C%/|z'| = |2?| = rv/2} and “rectangular” variants
Toyrs = {(21,2%) € C?/|2Y|/r1 = |2?|/r2 = V2}. These are candidates to be
area minimizing with respect to Hamiltonian deformations as conjectured
by Y.G. Oh [O1, O2]. More recently, I. Castro and F. Urbano [CU] have
constructed more exotic examples of Hamiltonian stationary tori. Beside
these explicit instances, R. Schoen and J. Wolfson obtained recently vari-
ous existence and partial regularity results and in particular a proof of the
existence of a smooth solution to the Plateau problem in C? [ScW].

A motivation to study Hamiltonian stationary surfaces is for instance
the following model of incompressible elasticity. If (¢,%) is a diffeomor-
phism between two two-dimensional domains U and U’, which is incom-

pressible, i.e., %% — %‘5%@ = 1 everywhere, and which minimizes the area

of the graph functional [}, V2 + |V3|? + |V¢|2dzdy among all possible in-
compressible diffeomorphisms with the same boundary data, then its graph
¥ = {(z,v,9(z,y), —¥(z,y))/(z,y) € U} is Hamiltonian stationary Lagran-
gian and conversely. Such a problem has been considered by J. Wolfson in
[W]. Also Hamiltonian stationary surfaces offer a nice generalization of the
minimal surface theory. The conjecture of Y.G. Oh above is an interest-
ing generalization of isoperimetric inequalities. Such an inequality would
be related to many questions in symplectic geometry, as illustrated by C.
Viterbo [V], who also gave a lower bound for the area functional of a torus.
Also special Lagrangian surfaces has appeared in recent developments in
mathematical Physics, in M-theory [AFS], and about Mirror symmetry for
Calabi-Yau manifolds: see for example [SYZ|, where A. Strominger, S.T.
Yau and E. Zaslow proposed that the moduli space of special Lagrangian
surfaces in a Calabi-Yau is related to the mirror of the manifold.
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Our aim here is to show that the set of Hamiltonian stationary Lagran-
gian surfaces in C? forms a completely integrable system, and to use ideas
from the Adler-Kostant-Symes theory in a similar way as it was done by
F. Burstall, D. Ferus, F. Pedit, U. Pinkall [BFPP] and J. Dorfmeister, F.
Pedit, H. Wu [DPW] for harmonic maps between a surface and a homo-
geneous manifold, or by F. Hélein [H2] for Willmore surfaces. (See also
[U, SWi, Hi, FP, FPPS, DH] about previous results.) Our main results are:
a formulation of the Hamiltonian stationary surfaces problem in terms of
a family depending on a complex parameter of curvature free connections
(a characteristic feature in integrable systems); a correspondence between
conformal immersions of Hamiltonian stationary surfaces in C2 and holo-
morphic maps into C3 (similar to [DPW]); a proof that all Hamiltonian
stationary tori in C? are obtained by a finite type construction (this is sim-
ilar to [BFPP]); lastly a construction of all such tori by integrating linear
elliptic equations.

From the point of view of the theory of completely integrable systems,
we obtain an original (at least for us!) example of situation where:

o the family of curvature free connections has the form o) = A~2a} +
Aol |+ ag + Aal + A2 instead of A"laf + ap + Ao as in many
integrable systems,

e the situation is almost linear and, in some situations, simplifies in such
a way that we could present the results without these techniques.

However we choose to expose the full machinery in our situation since this
is the way we obtained all the constructions here and it seems to illuminate
how completely integrable systems work.

Our paper is organized as follows. In section 2 we present the symme-
try group of affine isometries of R* preserving the symplectic form and the
description of conformal immersions of Hamiltonian stationary Lagrangian
surfaces using moving frames. A Cartan decomposition of the Lie alge-
bra appears to be the key of the formulation. In section 3 we show that
the construction of conformal immersions of Hamiltonian stationary simply
connected surfaces is equivalent to solving three simple linear PDE’s as fol-
lows: let 8 to be a real harmonic map on a simply connected domain 2; we
solve on 2 the linear equation

ou 10p

9 20:7"



82 F. Hélein and P. Romon

for u = %a/2,b/2,—ia/2,ib/2) and a and b complex valued functions. Then
we integrate the equation

dX = P (udz + adz)

to obtain a map X to R*. Then X is a weakly conformal Hamiltonian sta-
tionary Lagrangian map. We use these ideas to deduce explicit parametriza-
tions of all tori and we identify known examples: the standard torus and the
surfaces of I. Castro and F. Urbano and we show other examples. In section
4 we introduce loop groups and twisted loop groups and we prove various
Riemann-Hilbert and Birkhoff-Grothendieck decomposition results. These
constructions have been revisited in [HR3] and [H3], where the quaternionic
structure has been put in evidence. In section 5 we use the previous re-
sults to establish a Weierstrass type representation. In section 6 we use
the finite gap ideas in integrable systems and prove that, for Hamiltonian
stationary conformal immersions of tori, the set of solutions splits into a
countable union of vector spaces (“finite type” solutions). Lastly we link
this formulation with the one in section 3.

We point out that our results could be generalized to Hamiltonian sta-

tionary Lagrangian conformal immersions in CP? (or isotropic surfaces in
higher dimensional Kéhler manifolds). This is the subject of [HR3].

Acknowledgements. The authors wish to thank Franz Pedit for his
remarks during the preparation of this paper.

2. Moving frames and groups.
2.1. Symmetry groups for symplectic Euclidean affine 4-spaces.

Let E* be an affine oriented Euclidean symplectic space and E* the associ-
ated oriented Euclidean vector space. We denote by (.,.) the scalar product
and w the symplectic form on E*. There exists a unique complex structure
J on E4, such that w(z,y) = (Jz,v), Vz,y € E*. We denote by F, the
set of all orthonormal bases e = (e1,e2,€3,e4) of E‘*, such that es = Jep
and eq4 = Jes. We choose an origin O in E* and an orthonormal basis of

E*, (e1,€9,€3,€4) € F. In the corresponding coordinates (z*,z?, z3,z*), the
symplectic form reads

w = dz' Adz? + dz® A dzt.
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And the complex structure J has the matrix

0 -1 0 0
1 0 0 0O
Li=1 9 0 0o -1
0 0 1 0

(the meaning of that notation will become clear below).
The relevant symmetry groups here are

e G, the group of affine transformations of E* which preserve (.,.) and
w (or alternatively which preserve (.,.) and J)

e G , the group of linear transformations of E* which preserve (.,.) and
w (or (.,.) and J), which we may view as a subgroup of G, namely the
isotropy group at 0. »

Let us analyze first G. A first description of G is obtained by the identi-
fication of E* through the quaternions H:

Q : E*~R4 — H
zlep + x2es + 23e3 + 2tes = (21,22, 23, 2%) — 2! +i2? + jzd + ka2t

Let S3 = {p € H/|p| = 1}. To each pair (p,q) € Si x S corresponds a
rotation G(, ) € SO(4) defined by: Vz € R,

Qo Gpg (@) =pR(2)7.
S3x 83 — SO4)

(p,a) +— Gy
(since G(_p _q) = G(p,q))- Explicitly we have,

The surjective map is a 2-sheeted covering map

G(p,q)* = LyRgz = RgLpz,
where, denoting p = p' + ip? + jp® + kp* and g = ¢ +iq® + jg® + k¢?,
Ly =p'ly+p’Li + p°L; + p*Ly
is the left multiplication by p in H

Ry =q'14 — ¢*R; — ¢*R; — ¢* Ry
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is the right multiplication by g in H (notice that R;Ry = R@-), and

0 -1 0 0 [0 0 10
L1000 L _|oo o1
i=lo o o0 -1|" “=|l1 0 0o ol

00 1 0 ) \0 -1 0 0/

(00 0 -1 (0 -1 0 0

00 -1 0 1 0 0 0
Le=lo1 0 o | B=lo 0o o 1|

\10 0 ) \o 0 -1 0

00 -1 0 0 0 0 -1

00 0 -1 0 0 1 0
Bi=l 100 o | o -10 o

01 0 0 1 0 0 0

Then, from G ~ {G € SO(4)/[G, L;] = 0}, we obtain

G ~ Go.G,
where Go = {R; = ¢'1s—¢’Ri—q®R;—q*Ry./q € S§} and Go = {L, = p' 14+
p*L;/p € St }. Notice that, for any G € G, there exists (Go, G2) € Go X Go,
such that G = GyG2 = GGy, and (Gy, G2) is unique up to change of sign.

Alternatively, we can describe G using the isomorphism

C: Bt~ R — C?
zler + 2260 + 23e3 + 1y ~ (o1, 22, 23, 24) — (3! +ix?, 23 + iz?),

which is holomorphic from (E"‘, J) to C2. Through that identification, G
corresponds to U(2), Go to SU(2) and Gz to

{(f 6222 )/OER}:U(I).

It is useful to keep in mind these representations. However, we shall
mostly represent G as a subgroup of the 4 x 4 matrices M(4,R) (which
we can also identify with a subgroup of M(5,R), see below), since several
complex structures will be involved.

The group G is just the semidirect product xR IFGG € G and
T, T' € R4, the product is (G, T).(G',T") = (GG',GT’ 4+ T). This group is
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embedded in M(5,R) through
G T
(G, T) — ( 0 1 )

We shall call G the rotation component of (G,T) and T the translation
component of (G,T). (Notice that we also have the representation G ~
U(2) x C2)
The Lie algebra of G will be identified with
g = {(aL; + b'R; + b’R; + b°Ry, t)/a, b*, %, 0° € R,t € R*}.
The Lie bracket of two elements (n,t), (7,%) € g is

[(n,t), (7, 1)] = (nii — 7m, nt — 7t).

We denote by go the Lie algebra of Go, generated by (R;,0), (R;,0) and
(Rg,0), and go the Lie algebra of Gy, generated by (L;,0). Then the Lie
algebra of G is § = go D go-

2.2. Action on the Lagrangian Stiefel manifold and on the
Lagrangian Grassmannian.

Let us define the Lagrangian Grassmannian Gria4 to be the set of all ori-

ented 2-dimensional Lagrangian subspaces of 54, and the Lagrangian Stiefel
manifold by

Stiefig = {(e1,e3) € E* x E*/le1| = |es| = 1, (e1,e3) = 0,w(e1, e3) = 0}.

Notice that Stiefy,, is nothing but the set of oriented orthonormal bases of
planes in Grgy. Actually, we may identify Stiefy,, with F by the following:
to each basis (e1, €2, €3, e4) € F, we associate (e1, e3) in Stiefy,,. Conversely,
we associate to each (e1,e3) € Stiefi,, the frame (e1,e2,es3,e4) such that
ea = L;e; and eq = Lses. (Through the identification E* ~ C2, it just
amounts to say that (ey,e3) is a Hermitian basis of C2 over C if and only if
(e1,ie1,e3,4e3) is an orthonormal basis of C2 over R.)

Now the group G acts freely and transitively on F, i.e., for any
(e1,€e2,e3,e4) € F, there exists a unique G € G such that (e1,e2,e3,€e4) =
(€1, €2, €3,€4)G. To prove that, it suffices to realize that the columns of G
are the components of each vector e; in the basis (e1, €2, €3,€4). Hence G
acts freely and transitively on Stief;,, as well, and transitively on Grigg: if

(e1,e3) € Stiefj,y, and G € G we shall denote (Gey, Ges) its image by G.
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An important object for the study of Hamiltonian stationary surfaces
is the Lagrangian angle map © : Stief,,, — R/2nZ. For any (e1,e3) €

Stiefj,q, let G be the unique element in G such that Ge; = e1 and Ges = e3,
ie., (e1, Lie1,es, Lies) = (e1,€2,€3,€4)G. Then, viewing G as a matrix in
U(2), we may compute its determinant: it is a complex number of modulus
one, which we denote ¢t©(eres) Tt builds up the Lagrangian angle map ©.

Alternatively, © is defined implicitly by the decomposition G = GoGa, where

O(e1,e3)L;
Go€Goand Ga =e "2 € Go (3). A last possible definition is given by:

(dar:1 +4dz?) A (da:3 + idaz4)(el, e3) = ¢'Olenes),

One can check easily that ©(e1, e3) does not change if we replace (e1, e3) by
another direct orthonormal basis of the oriented Lagrangian plane spanned
by (e1,e3). Hence it defines a map from Gryeg to R/27Z which we shall also
denote O.

Lastly, in the following we shall abuse notations and identify vectors
1

T
o 2
z = zle; + z2ey + :13363 + z%¢4 in E* with column matrices 23 . In
4
1 0 0 0
. 0 1 0 0
particular we let €1 = o lbe=lole= L bhe=1o0
0 0 0 1
1 1 0 0
0 _ 0 1 _ 1
ez% i andez% ; ,Lie=% 0 andLie=% 0
0 0 —1 i

2.3. Moving frames for conformal Lagrangian immersions.

Let us consider a smooth conformal Lagrangian immersion of a simply
connected open domain Q of C ~ R?, X : Q@ — E* We shall de-
note z = x + iy ~ (z,y) the coordinates on R2. Welet f: Q — R,
such that ef(® = |%—f| = I%zy{-| and we set ej(z) = e_f(z)%%(z) and
e3(z) = e—f(z)%—};(z), so that

dX = ef (erdz + eady),
3Tn particular it proves that ©(GKer, GKes) = O(Ger, Ges), VG € G, VK € Go.
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and then, X is a conformal Lagrangian immersion if and only if for z € Q,
(e1(2), e3(2)) is in Stiefy,,. Without loss of generality, we will normalize X by
assuming that X (z9) = 0 and (e1(20), e3(20)) = (€1, €3), for some fixed point
zp € 2. We let X to be the set of such conformal Lagrangian immersions.
We denote ey(z) := Ljei(z) and e4(z) := Lje3(z). Therefore the system
e(z) := (e1(2),e2(2),es(2), es(2)) belongs to F: let Fx(z) € G such that
e(z) = (e, €2,€3,€e4)Fx(z) and (abusing notations) let X (z) be the column
vector of the components of X in the basis (e, €2, €3, €4). Then we construct
amap X :Q— ¢ lifting X, defined by

X(2) = ( E XO(Z) XY’) ) ~ (Fx(2), X(2)).

We shall call X the fundamental lift of X. According to our normalization,
we have X (z) = (1,0). The Maurer-Cartan form of X is

XX = (F5'dFx, FxtdX).

It is a 1-form with coefficients in g, with the property that its translation
component has the form

(1) FldX = e (eydx + esdy) = e (edz + &dz).

The key idea in the following will be to study suitably defined lifts of confor-
mal Lagrangian immersions instead of immersions themselves - which has
the effect of decreasing by one the order of the PDE. One could use the
fundamental lift. We shall however enlarge the possibilities as follows:

Definition 1. A lifted conformal Lagrangian immersion (LCLI) is a map
U= (F,X): Q — G, satisfying one of the three following equivalent
hypotheses.

a) U(z) = (Fx(2),X(2).(K(2)7%,0) = (Fx(2)K(2)"}, X(z)) where X
is a conformal Lagrangian immersion, (Fx, X) is its fundamental lift
and K € C°(Q,Gy) = {K € C*(Q,G0)/K () = 1}.

b) U(zp) = (1,0) and the translation component of the Maurer-Cartan
form U~'dU has the form

t=F"'dX = el K(e1dz + e3dy) = e/ K (edz + edz),

where K € C*°(£,Gp) and f € C*(Q,R).
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c) U(z) = (1,0) and X is a conformal Lagrangian immersion and, Vz €
Q,

e (aa_‘;((z)’ %(z)) = O(F(2)e1, F'(2)es),

where we let © (6X (2), 6—X(z)) to be the value of © on the oriented
Lagrangian plane spanned by 2 S X (2) and é)X Sy (2)-

‘We shall denote by GX the set of all LCLI’s.

Proof of the equivalence between a), b) and c).

a) = b): it is a direct computation.

b) = c): from b), it follows that & = e/ FKe; and —61 = e/ FKe,
therefore, using the remark in the footnote, section 2.2, © (8X (2),2 By (z)) =
O(FKei, FKe3) = O(Fep, Fes).

c) = a): let (Fx, X) be the fundamental lift of X and let K = F‘lFX €
C®(£2,G). Then a computation shows that the relation © ( (z), )) =
©(Fe1, Fes) is equivalent to O(Fxer, Fxesz) = O(Fx K~ 161,FXK 163) and

using the remark in the footnote of section 2.3, this implies that K €
C (2, Go). O

For any simply connected domain €2 and for any conformal Lagrangian
immersion X : Q — E*, we shall lift the Lagrangian angle map and define

amap B :Q — R, such that Vz € Q, © (%—f( ), ¥ X (2 )) = (z) modulo 2.
The (lifted) Lagrangian angle map § of a LCLI U is characterized by the
- unique up to sign - decomposition U(z) = (e#®L/2My(2), X (2)), where
My € C*°(Q,Go). In the following, for any X € X, we shall choose 8 to be
the unique Lagrangian angle map such that 8(zp) = 0.

Remark 1. It is clear that the gauge group C(,Gp) acts on the right
on GX and that the quotient of GX under this gauge action coincides with
X. Furthermore, in a given gauge orbit, there are three special LCLI’s: the
fundamental lift X and a pair of lifts such that F € C*®(£, G2), namely

U+(Z) = (eﬂLi/z,X) a.nd U__(Z) — (—6ﬁLi/2,X),

(Note that by a change 8 — f + 27 of the choice of the determination of 3,
U, and U_ would be exchanged.) We call Uy and U_ the spinor lifts.
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We have the following characterization of Hamiltonian stationary surfaces

(see [01], [ScW)).

Theorem 1. Let X : Q — E* be a conformal Lagrangian immersion,
then, X s Hamiltonian stationary if and only if the Lagrangian angle map
is a harmonic function on the surface (with the induced metric), i.e.,

AB =0 on Q.

Thus we are led to study LCLI’s with harmonic Lagrangian angle map.
Alternatively, we can isolate the differential d by a decomposition of the
Maurer-Cartan form of U = (eﬂLi/2M0,X) (according to g = g2 D go D
(0, &%),
ag
2
Therefore, we may study connection 1-forms o € C®(Q,T*R? ® g) on a
simply connected domain 2 which satisfy relation (2) with coclosed dg, and
the zero curvature equation

(3) da+aANa=0,

(2) a=U"tdU = (L;,0) + (M 'dMy,0) + (0,).

a necessary and sufficient condition for the existence of a map U : Q —
G such that dU = U.c«; furthermore, U is unique, if we assume also the
condition

(4) U(z0) = (1,0), for some fixed point 2z € 2.

We shall concentrate in the following on this last characterization.

Remark 2. The gauge action of C(f2,Gp) on GX induces an action on
Maurer-Cartan 1-forms described by

(n,t) = (KnK~!—dKK™' Kt).

In any orbit of this gauge action, the fundamental lift X = (Fx,X) =
(ePLi/2Mx, X) has the Maurer-Cartan form
XWX = (Fg'dFx,0)+ (0,ef (edz + €dz))
d _ _ o
= -g-(Li, 0) + (Mx'dMx,0) + (0, e/ (edz + €dz))
i.e., with “simplest” translation component, whereas the spinor lifts has the

Maurer-Cartan forms

d
Uzldus = 75
i.e., with zero gg component.

(L;,0) + (0,0) + (0, e PL/2dx),
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2.4. Splitting the Lie algebra.

Our aim will be to refine the decomposition given in (2). We introduce the
following automorphism 7 acting on G through conjugation by (—L;,0), i.e.,

7(G,T) = (=L;,0)(G, T)(-L;,0)™* = (=L;GL;,-L;T).

It induces a linear action on g, which diagonalizes on g¢ = g ® C, with
eigenvalues 171, 1%, ! and 42, since 74 = 1. For k = —1,0, 1,2, we denote by
gf the eigenspace of 7 for the eigenvalue i*, and we have

o for the eigenvalue —i, g€, = (0,Ce ® CL;€) (notice that Ce & CL;E is
the (—i)-eigenspace of —Lj;),

e for the eigenvalue 1, gg = go ® C, where go is the Lie algebra of G,

e for the eigenvalue i, & = (0,Ce® CL;e) (notice that Ceé@ CL;e is the
i-eigenspace of —L;),

e for the eigenvalue -1, g5 = go ® C, where g2 is the Lie algebra of Gs.

We also have the following characterization of the ti-eigenspaces.

Lemma 1. The group RY x Go acts freely and transitively on the ti-eigen-
spaces of Lj (minus the origin); in particular the i-eigenspace of Lj, Ce @
CL;E, coincides with the orbit of € and the —i-eigenspace of L;, Cé ® CLe,
coincides with the orbit of €.

Proof. Since Gy commutes with L;, it preserves its eigenspaces. We now
prove the freeness and transitivity of the action. Let & = ae 4 bL;Eé =
%(a, b, —ia,ib) be an eigenvector associated to the eigenvalue i (for the other
eigenspace use conjugation). If H € R% x Gy maps € to £, then we infer
necessary conditions: He = 3(Hey — iHes) = &; thus Hey = iRe[¢] and
Hes = —%Im[{]. Since we want H to commute with L;, Heg = HL;e; =
1L;Re[¢] = jRe[L;€], and Hey = —1Im[L;£]. So H is uniquely determined.
Check easily that (He1, Hea, Hes, Hey) is a conformal basis of R?, and write
H = rK for some isometry K and some 7 € R}. By construction K com-
mutes with L;, so K belongs in G. It cannot have any nontrivial component
in Gy otherwise ¢ would not be a eigenvector of L; (whose eigenspaces are
not stable under L;). Thus K belongs to Gg. Therefore there exists a unique
H € R% x Gg sending € to &.
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Notice that the action of R’} x Gy coincides with the right action of H*
on Ce ® CL;€ as a subset of H® C. O

Using the decomposition g€ = g‘r_:leagg@ g‘lceagg, we define the projection
mapping [ : g¢ — g%. Then denoting oy, := [a]g, we have

(5) a=a_1+a)+o + as.

We now substitute (5) in (3). We use the relations [gt, g] C g‘(ck +1) mod 4 @0d

1851, 9%1] = [g0, 92] = [g2, 2] = 0. The projection of the resulting equation
on each eigenspace gives us four relations

da_1 + [a_1 A ao] + [a1 A 012] =0,

(6) dag + 3[ao A o] =0,
dog + [ag Ao+ [a—1 Aag] =0,
daz = 0,

where [aq A ap] = g A ap + ap A ag. We further decompose each form ay,
as ap = oy, +ay, with o, = ak(%)dz and of = ak(%)dz We remark that,
because o derives from a LCLIL, a_; + a; = (0,e/®) K (2)(edz + &Zz)) and
hence, Lemma 1 implies that

) a1 = (0, DK (2)edz) = o’y and o’y =0,
and similarly,
(8) a; = af and of = 0.

Thus,
1 / " "
a—a2+a_1 +a0+0€1 +a2-

Now we exploit (7) and (8) in (6) and we obtain

daly+ el Aag) +[ef Naj] =
dag + %[ao A a) =

day +ag Aef]+ ol Aag] =
dag =

cooo

A convenient way to rewrite this system is to introduce a complex parameter
A € C* and to let

ay = A"%ah + A7lal ) + ag + Aaf + Ao,
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and then

doy +oyxNay = /\_2d0/2

A~Hdaly + [oly A ao] + [of A o))
(dOé() - %[a() A ao])

/\gda'l’ +[ao A o]+ [ A ay))
Adaly

= A"2daly + N2dodfy.

++ 4+ +

We now are in position to prove the

Theorem 2. Assume that Q is a simply connected domain of C ~ R?. Let
a be in C°(Q, T*R2® g). Then

e « is the Maurer-Cartan form of a LCLI if and only if da+aNa =0,
a1 =aj=0and o’ #0, of #0,

e furthermore, o corresponds to some Hamiltonian stationary immer-
sion if and only if the extended Maurer-Cartan form oy = A72a} +
Aol |+ ap + A 4+ N20f satisfies

(9) day +ayx Aay =0, Ve C*.

Proof. First, according to Definition 1, b), @ will be the Maurer-Cartan form
of a LCLI if and only if da + @ Ao = 0 and

(-1 + 1) (%) = (0,7 PV K (2)e) and
0
(a_1 +a1) <£) = (0, K (2)e).
But, from Lemma 1, this is equivalent to
7)€ g8\ {0} and (o + o) (5 ) € 65\ 0}
(a-1+ 1) 32 €921\ and (@-1+ ) | 5= 91 g

ora’;=a)=0and o’ #0, af #0.
Second, the previous computation shows that
1 08

day +ayAay = 5%@4 — A2)(Ls,0)dZ A dz,
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which vanishes if and only if the immersion is Hamiltonian stationary, ac-
cording to Theorem 1. |

Notice that it suffices to check Relation (9) for A € S* € C*, or even
for one value of A different from +1 to ensure the Hamiltonian stationary
condition.

Corollary 1. Assume that Q) is simply connected. Let o be in C* (1, T*R2%®
9), a Maurer-Cartan form of a Hamiltonian stationary LCLI and zy € Q.
Then for any \ € S1, there exists a unique LCLI Uy € C®(Q,G) such that

(10) dU)\ = U,\OA)\ and U,\(zo) =1

Thus there is a S*-family of Hamiltonian stationary Lagrangian conformal
immersions X given by Uy = (Fy, X)).

Proof. First the condition A € S! ensures that a is g-valued (and not gC-
valued). Then equation (9) is the necessary and sufficient condition for the
existence of a unique solution to (10). O

Recovering Uy from ay can be done in two steps (this is due to the
semiproduct structure of G), namely: the rotation term can be obtained by
solving (Fy 'dFy,0) = [ap]2 + ao; recall however that F) is defined only
up to gauge transformation, which leaves [a)]2 invariant but changes all the
other components. The immersion X} is obtained by solving (0, F, ldxy) =
A lal g+ Ao

The family of solutions (X),cst is quite similar to the conjugate family
of minimal surfaces, also obtained by varying a parameter in S'. As in
the classical minimal case, this family is in general not well-defined if the
parameter domain is not simply connected; there may be period problem (in
our setting: non trivial monodromy). Notice a big difference though: the
group involved in the classical minimal surface theory is simply R3, which
unlike G is commutative.

3. An associated linear problem.

In this section we show how a particular choice of gauge (or equivalently a
particular moving frame) reduces the problem to solving successively three
surprisingly simple linear PDEs, the two first involving the conformal struc-
ture, the third being simply the integration procedure from the connection
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1-form to the immersion. We are then in the position to describe explicitly
all weakly conformal Hamiltonian stationary Lagrangian tori.

3.1. Using the spinor lift.

In this section we still assume that the immersion X is defined on some
simply connected domain 2. Hence there is no problem in considering a
spinor lift U = (eﬁ Lif2 x ), whose Maurer-Cartan form is

19 8
a=U"1dU = (§£(Li,o) + (O,u)) dz + ((o,a) + %a—g(Li,0)> dz

where u = ae + bL;¢ for some smooth complex valued functions a,b (recall
Lemma 1). Equation (9) yields the condition

(11) AB = 0.

Using the fact that in our connection form ag = 0, the only other condition
in (9) is another linear PDE:

(0.58) + [0.00 55200 | =0

written more simply:
ou_ 108
0z 20z

Finally, once 8 and u are found, X is obtained by integrating

(12) L;u.

(13) dX = AL (udz + udz).

Notice that the set of solutions of (12) is a real vector space; thus the set
of solutions for X is the orbit under G of a vector space. Beware also
that solving (12) does not guarantee that u (and hence the induced metric)
will never vanish; so we may actually obtain weakly conformal solutions.
Therefore the conclusion:

Theorem 3. The Hamiltonian stationary conformal Lagrangian immer-
sions from a simply connected domain € into E* are given by solving suc-
cessively three linear partial differential equations (11), (12) and (13). Then
for given conformal structure and Lagrangian angle map S, the set of weakly
conformal solutions is the G-orbit of a vector space.
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3.2. Hamiltonian stationary Lagrangian tori.

We specialize to the case of Hamiltonian stationary Lagrangian tori. Let
us fix some notations: T' is a lattice in C, with dual lattice I'* = {y €
C,(v,T) C Z} (here (.,.) is the usual dot product in C ~ R?); then any torus
T is conformally equivalent to some C/I". We want to classify Hamiltonian
stationary conformal Lagrangian maps X from T to R?*, or equivalently
their I'-periodic lift to the universal cover, that we will also write abusively
X : C — R*. This amounts to finding solutions of Equations (11), (12) and
(13) which give I-periodic maps on C.

First one should notice that the rotation part in the spinor lift U =
(e'BLi/ 2 X ), is not I'-periodic but only 2I-periodic a priori*; so is the trans-
lation part of the corresponding Maurer-Cartan form and in particular the
complex vector u = e~ PLi/ 2%—);. So we will distinguish the “truly periodic”
solutions, for which efLi/2 is I"-periodic, from the “anti-periodic” ones; still,
given an anti-periodic solution, its fourfold® cover is truly periodic. This
detail will become important when we restrict the solutions obtained on the
universal cover C to the torus T.

The solutions of equation (11) are particularly simple: since e?? is peri-
odic, i.e., B(z+T') = B(z) mod 27, we have

(14) B(z) = 2m(Bo, z — z0)

for some zg € Q2 and Sy € I'*. Up to a translation in z we may suppose that
29 = 0. We see that e#L/2 is D-periodic if and only if By /2 belongs to I'*;
otherwise efL/2 is just anti-periodic (we will give examples of both cases).
Now, setting u = ae + bL;€, equation (12) is equivalent to
Ja ™ ﬁ—o = ob s BO

15 —=——b d —=—7a.

(15) 0z 2~ M T
A necessary condition for (a, b) to be a solution of (15), is that a and b solve
the eigenvalue problem:

(16) Adp + 7%|Bo[* = 0.

Since a is 2I'-periodic, it has the Fourier expansion a = Zver* /2 &7621'77(7;)’
and a is a solution of (16) if and only if all coefficient G, vanish unless |y| =
|6o/2|. Notice that except for £//2, existence of such lattice points is far

4recall that the dual lattice to 2I" is just —21-]."*.
5i.e., twofold in each lattice direction.
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from obvious and depends strongly on the conformal structure together with
the choice of the lattice point 9. We remark now that if a is a solution of (16)
and if b is given by the first equation of (15), then a and b are automatically
solutions of the second equation in (15). We deduce the following (all sums
being taken with y € 1I'*)

a,(z) = Z &762"77(%‘3) ,
[71=1Bol/2
2
")/a, 21#(7 ) _ __~2 ’)’a e —24m(y,z )

I|=1Bol/2 o Zaae

2

We conclude that, for § given by (14), any solution to (12) has the form
u = ZI7I=Iﬂ0|/2 uy, where each u, = 4,e*™("?)e + %d76‘2’”<7’z>Li€. In
other words, the set of solutions to (12) is a finite real vector space with
basis vectors

217

—2i7r(7,z)Li€ and Wy = ie2i71'(7,z)6 + -226_2i7r<7’z>Li€,
0 0

for v € {v € 3T*/|7] = |Bol/2}-
The last step is finding X, by integrating (13). Again, assuming that
X(0) = 0, the set of solutions is a vector space, with the basis vectors

vy = 2171'(7,2) e+ =L

Aﬂ@=/$wwﬂmm®%+aﬁwa

0

and

By(2) = [ e 0w (€)d€ + 0, E100),
and any solution has the form

X= > Re(a)A4,+Im(a,)B,.
Iy1=160l/2

In the computation of A, and B,, two cases occur: either v = :I:%,Bo, and
then A, and B, cannot be periodic, but only pseudo-periodic (and both
periods cannot compensate). If v # :I:% Bo, then A, and B, have frequencies
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v+ %,80 and more precisely:

—iry
4671'(['30,2:)[,,- e—2i7r<’y,z) _BO 2
v = Re | o= / ,
™ ﬁo 4y vy
—iB0/2
and
—iry
467T<B07Z>Li 6_2i7r<772> _130/2
y = Im | ———
T By — 4y ¥
—iB0/2

A necessary and sufficient condition for X = > ._ g2 Re(ay)Ay +
Im(G~) B, to be I'-periodic is obviously y— %,30 € I'* (then ’)’+%/BQ, —fy—l—%—,Bo,
—y - %,80 automatically belong to I'*). So we define the set

’ and 72 # (%)2}

Remark 3. In the truly periodic case, %BO belongs to I'*, thus I"EO is just

Bo

" . Po
s = {'y € > + I'* such that |y|? = >

the intersection of the dual lattice with the circle through %ﬁo, minus :I:%Bo.

Remark 4. As noted above, multiplication of the solution by a constant
matrix in Gs is equivalent to a translation in z-space; such a change of
variable in turn amounts to multiplying each a, by a constant (depending
on 7). Furthermore, the group action of R% x Gp on X descends to a free
action on the couples (é,,d_,), so that all solutions are obtained once for
each choice of the d., up to the obvious 5(0) = 0 assumption.

We may now conclude by the following classification theorem:

Theorem 4. The Hamiltonian stationary weakly conformal Lagrangian im-
mersions from C/T" into E* are characterized by their Lagrangian angle B in
as much as By = %aﬁ /0Z belongs to the dual lattice T*. The set of solutions
for a chosen By is the orbit under Go of the vector space generated by the
Ay, B, and translations in 4-space, as v ranges over the (possibly empty)
set I'p . Its dimension — if not empty — is 2Card(I'; ) + 5 (counting the Ga
action and the translations), or 2Card(I'; ) — 3 if one identifies solutions in
the same G-orbit.
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Remark 5. A torus constructed with this method may well be a multiple
cover of another torus (with a potentially different conformal type): while X
is by hypothesis I'-periodic, its lattice of periods A may strictly contain I'.
Indeed the relevant dual lattice A* is obtained as the one generated by all
v - %ﬂo, v+ %ﬂo for y € 'y, and a, # 0, so A* C I'* and equality is not
always true. For instance, truly periodic examples are not always covers of
antiperiodic ones, but that is the case for square tori:

Proposition 1. Let T = C/T’ be a square torus; then a truly periodic solu-
tion X is always a twofold cover of some simpler (i.e. less periodic) solution.

Proof. For simplicity assume I' = I'* is just Z®Z. By hypothesis 3y belongs
to 2I'* . We denote A*, dual to A, the lattice generated by the v — %Bo
and v + %ﬁo for all relevant® v € I‘EO. We claim that A* is a subgroup of
Ay = {(n,m) € T;n+m = 0mod 2} = (1 —4)Z & (1 +14)Z. Indeed let
v = (p,q) and %,6’0 = (po,go) — both in I" —, then p?+q% = pg + g3 implies

p—po=(p—po)(p+po) =(¢—q)(q+ q) =¢g— go mod 2

Now A* C Aj is equivalent to Ag = 1—;—’2 @ ITHZ C A, so X is Ag-periodic,
and C/T is a double cover of C/A(. Notice that Ay is again square. |

Remark 6. Examples with arbitrarily many frequencies can be constructed
by taking for instance the square lattice Z @ Z and By = 2(p + iq)"™ where
p, q are integers. Then the set I'; contains all the +(p+iq)"*(p —iq)* for
k ranging from 1 to n.

3.3. Some toric examples.

A truly periodic example on a rhombic torus.

Set w = /3 and [* = Z ® wZ. Taking By = 2 € 2I'"* and non zero coef-
ficients dy, d,2, we construct a I'-periodic Hamiltonian stationary (weakly
conformal) Lagrangian immersion X. Let A be the lattice of periods of
X, and A* its dual. Then A* contains 1 = (w — 180) — (w? — 3Bo) and
w = (w+360)— 1. So A* =T"* and X does not cover another torus. Taking

~ Bthat is a4 # 0.
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for instance G, = d,2 = 1, we have X (z) = A, (2) + A,2(2):

cos(m(z +yv3))
e2mzLi - Sin('/r(m + y\/§ + %))
3 sin(m (w+y\/_))
cos(m(z +yv3+ 3

cos(m (—-as-l—y\/_) )

X(z)=

sin(m(—z + yv/3 —
sin(m(—z + y\/—
— cos(m(— :v+y\/_— 7

cos(myv/3) (cos(2rz) cos(wz) + sin(2rx) sin(rz + §))
2 cos(my+v/3) (sin(27z) cos(rz) — cos(27mz) 51n(7r:c + 1))
" 7v3 | sin(ryv3) (cos(2mz) cos(mz) + sin(2rx) sin(mz + ))
sin(ryv/3) (sin(2mz) cos(nz) — cos(2nz) sin(nz + )

Lt )

- Bo/ 2 Bo/ 2

/ST

Figure 1: A rhombic torus.

The standard torus and its rectangular counterparts.
The simplest — and until recently (cf [CU]) — only known tori were the
product of circles S? x S ¢ C x C = R*; more precisely define on the
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rectangular torus T = C/w1Z & iw2Z (w1,ws € R)

wy sin(27z /wy)
—wi cos(2mz/wi)

wa sin(2my /wa)
—wy cos(2my/wa)

X(x +iy) =

When w; = wp = 1, X(T) is the standard square torus.

The Lagrangian angle of X is 8(2) = 2m(z /w1 +y/w2) so Bo = wy * +iwy*
which belongs to I'* = w 17 & Wy 1Z but not to —%F*, so we are in the
antiperiodic case. Then FZ}O = {%Bo, —%Bo} 7. That torus corresponds
exactly to ag, /2= a_g, /2= 7). As noted in remark 4, other choices of those
coeflicients amount to multiplying X by an element in R% x Go.

Figure 2: The standard torus.

The examples of I. Castro and F. Urbano.
In a recent article a new 3-parameter family of Hamiltonian stationary La-

Texcept for some particular lattices: if 1 + w?/w? = m? for some m € Z then
+mw; ! also belongs to TGy
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grangian surfaces was described, some of them giving rise to tori (when
the periodicity conditions were satisfied). The construction was based on
geometric properties of parallel lifts on the 3-sphere, instead of the more
analytic methods used here. These examples also satisfied the rigidity prop-
erty of being invariant under a one-parameter group of isometries, which
characterizes them among tori without parallel mean curvature vector (thus
excluding the above rectangular tori). Though we will not describe explicitly
the examples (we refer the interested Reader to [CU]), we indicate how they
fit in our classification and how their properties are linked with a special
lattice structure. From now on we will use their notations.

Let X§; be an immersion with real parameters «,(,6 € [0,7/2) x
(0,m/2) x (—71'/2 m/2) satisfying ,|a| < 8. The double perlodlclty con-

Tyl sina cosa 8 sinae _ T
dition amounts to 5 and 23> 3 being rational®, so we write &> 5= ~ and

oc5 = L. The lattice of periods I' is [Z57 & 135757, and the dual lattlce is
I — cos,6’Z @iSinlBZ _ coscuZ €B7;sinaZ .
qm sm pm rT

Using the expression for the mean curvature vector? is (in conformal coor-

dinates)
e e—2f (a_¢ 0Xgs Lo a¢ 0X )

2 \oz " oz 6y oy )’
where ¢ denotes here the Lagranglan angle together with ¢(z) = 27 (¢o, 2) +
constant', we deduce that ¢g = —‘é €2 has lattice coordinates (p,r) (in
I'™). The periodicity condition above translates as the geometric property
that the circle of radlus |¢0| = 1/m possesses 8 lattice points (instead of the
generic 4), namely: :I: 4 :I:ez R may be that a = 0, but the
property still remains that there are 4 extra points more than usual. These
are exactly the points that come into play. Denoting v = 2; 1I‘*

* ¢0 ¢0
r* = Ny =Yy Vs =Ty ——
¢o { ’ »h 27 2

where the two last points are removed if ¢ is real (i.e. a = 0). It also
comes naturally that the limit case o = 8 corresponds to the previous (and
simpler) rectangular tori; if furthermore 8 = m/4 the lattice structure is
exactly that of the (square) torus.

8take for instance B € (m/4,7/2) such that tan 3 is rational and o = 7/2 — 3.
%.e., the half trace of the second fundamental form.
105, careful computation shows that the constant is 7.
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g T

Figure 3: A Castro and Urbano torus.

The isometry described by I. Castro and F. Urbano is
ngﬂ (z + it) — et(sinaLi—sinﬁRi)X(z).

This property implies that the only dual lattice elements in the Fourier ex-

. X . .
pansion of u = e?Li/ 2——3? are precisely v, —v, 7 and —%; moreover opposite
elements vanish simultaneously and we have the conditions:

G = —e tBra)G b~ = B—a)g
Gy =—¢ Gy , G-5=c¢€ a5

Using this the coefficients can be computed in terms of the functions defined
in [CU].
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4. Introducing loop groups.
4.1. Twisted loop groups.

We introduce loop groups, sets of maps A — Gy from the circle S? = {) €
C/|\| = 1} to some Lie groups (here various subgroups of G®), with a
multiplication law given as follows: the product of two elements A — G\
and A — G is just A — G)\G'\. We denote

AG :={[A = G)]; S* — G} and AG® := {[A =~ G)]; S* — G*}.

We endow these groups with the H® topology for some s > 1/2: if G) =
> kez GrA* is the Fourier expansion of G, its H® norm is

1/2
IGalls = (Z ]ék|2(1 + k2)3/2) .

kEZ

Other topologies can be used (for instance the C* topology), for more de-
tails, see [PS]. We define the twisted loop groups

AG, ={[A+ G)] € AG/Gix =7(Gy)}  and
AGE = {[A = G)] € AGE/Gix = T(G))},
twisted meaning equivariant with respect to 7. Also

A;GE = {[)~— G)] € AGE/G, extends holomorphically
to the complement of the unit disk and G, = 1}

ATGE = {[A— G)] € AGE/G) extends holomorphically
to the unit disk}
A$GE = {[A— G,] € AGE/G) extends holomorphically

to the unit disk and Gy € (B,0)}

where B is some subgroup of G§'. In an analogous way define the corre-
sponding Lie algebras Ag,, AgC, A7 gE, Atg® and Ag'gf.: where b is the Lie
algebra of B.

At = {A= ]S = g0 =)}
Ag; = {A—mleAgl/negVres'}
A7g® = {[\~ 7, € AgE /7 extends holomorphically
to the complement of the unit disk and v, = 0}
AtgC = {D—=me AST /v extends holomorphically
to the unit disk}
Afg® = {[A— 7] € AgE/v\ extends holomorphically

to the unit disk and -y € (b,0)}
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An analysis of the relation v;, = 7(7»), for any 75 € Ag®, shows that, writing
=D kez Ak AF, this twisting condition is equivalent to 4 € 0% odar

We remark in particular that Agt = A g® @ AtgC, thus defining a
projection [.] AFgC AgC — A;gC. Using this language, we can state the

Corollary 2. To each g-valued 1-form « giving rise to a Hamiltonian sta-
tionary conformal Lagrangian immersion corresponds a Ag,-valued 1-form
ay (extended 1-form) satisfying relation (9) and such that

0 2. 0 1 0
(17) [aA <$)]A;g§ =A"“G_9 (82) AT (az) and
0
[ (&) =
and

(18) 6 (%) £0,

and conversely. Moreover there exists a unique map Uy : @ — AG, such
that dUy = Uxay and Ux(z9) = 1. Uy is called an extended lift. If Q is
not simply connected, o, is still well defined but Uy will be multivalued in
general.

Proof. On one hand, Theorem 2 implies obviously that each g-valued 1-form
« associated with a Hamiltonian stationary conformal Lagrangian immersion
can be deformed into such a a). On the other hand, any Ag, valued 1-form
a) satisfying (17) and (18) should satisfy

o = A"2a g + A Ya_1 + do + A + A2y,

with d1(%) = &2(%) =0and &; (%) # 0, because of the reality condition
& = G, contained in the definition of Ag,. If furthermore a) satisfies
(9), then we conclude by using Theorem 2. The existence of Uy is just a
reformulation of Corollary 1. d

Remark 7.

a) If U is a LCLI and U, is an extended LCLI such that U; = U, then the
gauge action of C°(Q,Gp) on U extends in a natural way on Uy. Precisely
if K € C°(R,Gp) and if we denote (KU)y the extended LCLI constructed
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from U(K~1,0), then (KU)y = Ux(K~1,0). To prove it, since we know that
(KU)A(20) = Ux(K71,0)(20) = 1, it suffices to check that both functions
have the same Maurer-Cartan form, namely

A2ah + ATHK, 0)a!; + (K,0)ao(K,0)
— (dK.K71,0) + MK, 0)cf + A\*(K,0)aj.
b) The extended LCLI of the fundamental lift has the Maurer-Cartan form

-2
98 ==(L;,0)dz + A"tef (0,€)dz + (Mx'dMx,0)

2 8z
28B
+Xef (0, e)dz+?-5—-

X;ldf( A =
(L;,0)dz,

which implies that X = (MXe - X,\) where dBy = A\ 72 aﬂdz + 2 ‘%dz
Denoting + the harmonic conjugate function of g, i.e., such that (,B + ry)

vanishes at zy and is holomorphic, 8 = 3(A™2+A2)B + £(A72 - )\2)7. The
extended LCLI’s of the spinors lifts have the Maurer-Cartan form

-2 X
UD UL, = 2 aﬂ (L, 0)ds £ 2™ (o —J‘Zz)dz
2
+ (o ——L%X> dz + Az g’?(Lz,O)d

and hence Uy ) = (:l:e e X)‘)
4.2. Group decompositions.

The main tool for Weierstrass representations, as those proven in [DPW],
are loop groups decompositions. They are infinite dimensional analogs of
Iwasawa decompositions such as SU(n)® = SL(n,C) = SU(n).B, where
B is a solvable (Borel) subgroup of SL(n,C). For the convenience of the
Reader, we first give here the proof of this splitting for the case n = 2 (recall
that in our language, SU(2) ~ Gy).

Proposition 2. Let By be the subgroup of matrices in g{? leaving R € in-
variant, then gg‘f = Go.By. More precisely the map

GoxBy —G§
(K,B) +— KB

is a diffeomorphism.
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Proof. We use essentially Lemma 1 and recall that R} x Gy acts freely and
transitively on Ce ® CL;€\ {0} which is the pointed ¢ eigenspace of L;. Since
Go commutes with L;, so does gg, hence Ge belongs to Ce & CL;é for any
G e g}f. By Lemma 1, there exist unique K € Gg and r € Rj_ such that
Ge = rKe. Just set B = K~1G € By. Notice that we might as well use Bo
to construct our Iwasawa decomposition. a

Before stating the main results of this section, we shall establish a pre-
liminary one. We set

AGE = {[A — G)] € AGE/7(G)) = Gin, YA € S}

Notice that, since VG € GC, 72(G) = G, any Gy € AGT satisfies Gy =
72(Gy) = G_). Also we denote

AGS, = AGS N AGE

= {[A — K] € AGS /Ky = KopA, Ky € C1, Kypy0 € CLz} ,
k€Z

and

(19)  AGS, = AGS NAGE = {[\ = Fa] € AGS/Fx =Y FupX*Y.
keZ

Lemma 2. For any A\ — G) € Af;"f, there exists (K, M) € AGS x AGS,
unique up to sign, such that

Gy = K\M,.
Moreover
(i) either Ky € AQQC,T and My € Agng,

(ii) or Ky = LKy and My = (3> + X721+ £(A2 — A%)R;) My, with
(K, My) € AGS, x AGE, .

In other words, setting my = L; (3(A\2+272)1+ %()\2 ~A"R;) €
AG,
AGE = AGS, AGE, Uma.AGE, AGG .
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Proof. Let A — Gy € A@C and consider a lift g : R —» GC such that g(0) =
G0, V8 € R. For any 6 € R, there exists k(f) € G2 and m(6) € Gp such that
9(0) = k(6)m(0), and k() and m(6) are unique up to sign. Moreover we
can choose k(#) and m(6) to be continuous functions of 8. Since G_) = G},
we have k(6 + m)m(0 + 7) = k(0)m(9), and therefore k(0 4+ 7) = +k(f) and
m(6 + 7) = +m(6). Hence k(8 + 27) = k(6) and m(0 + 27) = m(0) and we
may define (K, My) € AGS x AGS by k(8) = K,i» and m(0) = M. This
proves the first assertion of the Lemma.

Notice that 7(K))7(M)) = 7(Gy) = G;\ = K;\M;), which implies that
(Kin) 717 (Ky) = My (1(My))™! € 6§ N GF = {£1}. Hence

(20) 7(K)) = sK;) and T(M)\) = sM;), with s = £1.

Moreover because of the parity of Gy, K_yM_) = K)M), which leads to
the alternatives

a) K_)\ = K)\ and M_)\ = M)\,
b) K_)\ = —K)\ and M_)\ = —M)\.

If b) occurs, K has the Fourier decomposition Ky = > .., K’2k+1/\2k+1.
Then equation (20) implies that 7(Kopy1) = si(—1)*Kagy1, which is possible
only if all the sz_i.]_,s vanish, because the eigenvalues of the action of 7 on
C1+CL; are 1 and -1. We exclude that since K € GS. Hence only case a)
may occur.

To conclude we inspect the consequence of (20). If s = 1, case (i) of
the Lemma occurs. If s = —1, we define K in Ag§C and M, in Agg:
by K\ = LKy and My = (3(A2 +A72)1+ £ (A2 = A"2)R;) M. Then we
check that T(K’,\) = K;, and 7(My) = M;y which shows that we are in case
(ii). O

We recall results in [PS]: let & be a compact Lie group and &C its
complexification, and assume that the Iwasawa decomposition &€ = &.Bg
holds, for some solvable subgroup Bg of &C. Define as before the loop

groups ABC, A®, AT&C AE@ T and A7 &C.
Theorem 5 (Pressley-Segal).
a) The product mapping
AB x Af 8¢ —  ABC
(@x:8r) = B

s a diffeomorphism.
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b) There exists an open subset Cy of ABC, called the big cell, such that
the product mapping

A:@C x At — Ce
(V) — 7y

is a diffeomorphism.

We now use these results for proving the following decomposition theo-
rems, adapted to our situation.

Theorem 6. We have the decomposition AGE = AQT.AZ';O GC, i.e., the map

AG, x A GE —  AGE
(F)\,B)\) — F)\.B)\

1s a diffeomorphism.

Theorem 7. There exists an open subset C of AGE, called the big cell, such
that C = Ay GC.A*GE, i.e., the product mapping

A;GExAtGE — ¢
(Gy,GY) — Gy.GY

is a diffeomorphism.

Proof of Theorem 6.
Step 1. We prove the decomposition A‘jf = AQ_;..AEO (;"f_:

Let Gy € AGE. By Lemma 2, (K, M)) € Agg, X AQ&T such that
either (i) Gy = K.M), or (ii) Gy = ma. K. M),

We use Theorem 5 a) for & = SU(2) ~ Go. Let My € AGS such that
M)y = M,s. Then there exists a unique (q~5>‘, B)\) € AGp x AEO gg? such that
M)\ = &)\.B)\. Setting ¢y = &Xl € AGo,- (recall (19)) and By = B)\4 € A;;og&,,
we obtain M,\ = gf))\ﬂ)\.

Similarly, we apply Theorem 5 a) for & = U(1) =~ Gy: since K € AGS
there exists a unique (), vx) € AGa X Agz gg such that K = ¥y, (here we
set By = {e®Fi/t € R}.) Thus 7(¥n)7(7a) = 7(K)) = Kix = ¥irvin, which
implies that 7(¥x)¥5! = 7(v)75" € AGa N Ajgzgg? = {1}. (Here we used
the fact that Bs is stable under the action of 7 and therefore T(Agzgg) C
AEQS) Hence 7(1)) = ¥ and 7(v») = 7in, meaning that ¥, € AGs; and
v € Af, GS .. Lastly we remark that Af G5, = Af G and thus o = 1.
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Hence we conclude that
G\ = F)\B,,
where in case (i),

B, = ’l,[))\gi))\ € AQQ,T.AQO,T C Ag_;-, and
By =B € AFGS, . AF, Gor C AL G
And, in case (ii),
Fy=mahads € AGr, and By = 1)) € Agog-;.

The diffeomorphism property of the decomposition is easy to check.

Step 2. We prove the decomposition AGE = AQT.A"B'OQS_:. Let (Gy,T)) €
AGE. We want to prove that there exist unique (Fy, X)) € AG, and
(Bx,bx) € Af G, such that

(21) (F)\,X)\)(B)\,b)\) = (F)\B)\,F)\b)\ —+- X)\) = (G)\,T)\).

Since Gy € AQ_E:, the equation G\ = F) B, has a unique solution (F), B)) €
AG: N A?B-O G, according to Step 1. The other equation, Fiby + X, = T}, is
equivalent to

(22) FMTy = by + Fy X

Let us denote AC} = {[A = W];8* = C*/ — L;Vy = Via}, ARE = {\ —
Va; St = RY/ — L;Vy, = V;5} and ATC% = {[\ = V] € AC%/V) extends
holomorphically to the unit disk }. We have the following splitting

ACE = AR2 @ ATC2.

We define P : AC? — AR? to be the projection on the first factor. Explic-
itly,

P <Z ‘72n+1)\2n+1> — Z ‘}271_1)\271——1 + Z V_2n_1)\2n+1.
nez n<0 n>0

Then the solution of (22) is given by X = F)\P (F)\_ 1T,\) and by = F I —
P (F{'TY). O
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Proof of Theorem 7. We use Theorem (5) b) with & = G ~ U(2): let
C=A;GEATGE and C = {(Gy, T)) € AGE/G) € C}. The latter is clearly
an open subset of AGS. For any (G, T)) € C, we look for (G}, Ty ) € A Gt
and (GY,Ty) € ATGE such that (G;G;",G;\Tj’ +Ty) = (GA,TA). Let
(Gy,GY) be the unique element in A7GC x ATGT such that Gy = G,GT.
Since Gy € AGE, T(GY)T(GY) = 7(G)) = Gin = G, G}, which implies

(Gin)™'7(G3) = GAT(GY) ™ € A;GE NATGE = {1}
Hence (Gy,GY) € A} QC X A"'gf. To conclude, we look at the equation
(23) GYTY + Ty =Ty < T + (G5) Ty = (G;) '

We let A=C* = {[\ —» V)] € AC%/V) extends holomorphically to the
complement of the unit disk in C U {co}} and use the linear splitting
ACY = A—CLi@ A+CL Let Q~ : AC: — A~C% and Q* : AC2 — ATCE
be the projection maps on each factor, namely Q~ <ZneZ V2n+1)\ n+1) =
ZnSO f7211—1/\2”_1 and Q+ <Zn€Z ‘7211-{-1/\2“—'_1) = ano ‘72n+1/\2n+1~ Then
the unique solution to (23) is given by

Ty =Gy Q™ ((GY)™'T) and Ty = QT ((Gy)7'Th) -

Thus we obtained the right decomposition. |
5. Weierstrass representations.

5.1. From Hamiltonian stationary surfaces to holomorphic
potentials.

First we shall here sketch how to use ideas from [DPW] in order to construct
Weierstrass type data, starting from a Hamiltonian stationary Lagrangian
conformal immersion. Then we will revisit the obtained results and see how
it simplifies in our situation.

Let U = (F,X) :  — G be a Hamiltonian stationary LCLI. Then it
follows from Corollary 2, that U extends to a map Uy = (Fy, X)) : @ —
AG, satisfying (17), (18) and U =U.

5.1.1. A family of holomorphic potentials. There exists a holomorphic
map Hy : @ — AG® and a map B : @ — AE GE such that

Ux(z) = Ha(2)Ba(2), VA € S*,Vz € Q.
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The construction if Hy(z) and Bj(z) is done as follows: one looks for a map
By :Q — Agﬂgf_: such that H)(z) = Ux(2)Bx(z)! is holomorphic, i.e.,

_a(UBYY ) 0By .4
0==% =0\ \5) B3 ) B

which is equivalent to

2z D (“O (a> A (a_) AT (62)) '

The existence of a solution B) to this equation is first obtained locally (see
[DPW] or [H2]), then one can glue the local solutions into a global one
[DPW]. Then we write

H/\_ldH,\ = B,\ (Ot,\ — B;ldB,\) B;l?

and using the fact that B) takes its values in A;go G and that z — Hy(2)
is holomorphic, we deduce that

Hi'dHy == ) pad",
n>-—2

where each fi, is a closed (1,0)-form (i.e., holomorphic). As we shall see,
in 4.2, we can reconstruct Uy from p). J. Dorfmeister, F. Pedit and H.Y.
Wu call the form py a holomorphic potential. Notice that wy is far from
being uniquely defined, so we associate to Uy a whole family of holomorphic
potentials.

5.1.2. A single meromorphic potential. We can refine the above result
as follows. First one can show that there exists a non accumulating set of
points ag, az, ... in Q such that Uy(z) belongs to the big cell C (see Theorem
7), for all z € Q\ {a1,az,...}. The proof of that is delicate and uses in
particular the result of 5.1.1. Thus applying Theorem 7, we deduce that
Vz € Q\ {a1,a2,...}, Uy (2), U (2)) € A;GE x A*GE such that

(24) Ux(2) = Uy (2)UY (2),
and then

(25) p = (UF) T dUT = Uft (an — (UF)NU3) (UF) 7
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We analyze equation (25): the right hand side tells us that 4, = 0 for
n < —2 and the left hand side that fi, = 0 for n > 0. Hence
(26) pr = A" + A7 o

Moreover, by writing the Fourier expansion of the right hand side of (25),
one shows that py (%) = 0. Hence z —> U, (2) is holomorphic on 2\
{a1,as,...}. The analysis in [DPW] shows furthermore that z — U, (2)
extends as a meromorphic map on §2: the potential u) is a uniquely defined
meromorphic potential.

5.1.3. Explicit description. We shall now revisit the previous facts.
Since the 1-form uy defined in (25) has his coefficients in A g<, we may
write it as

(27) pa = A"2(cL;, 0)dz + \"1(0, ae + bL;€)dz,

where a, b, c are a priori meromorphic functions on §2. Moreover, it follows
from (25) that

(cLi,0)dz = U oy (UF) ™" = Ugt (; gﬂ L;, o) U) " dz

108
(2 5 L,,O) dz,

where we used the fact that Uy™ € gg?. Thus ¢ = %g—f. Hence, letting
Uy = (Gy,Ty) and using dU, = U, p», we obtain

d(Gy,Ty) = ()\ 2Gy ;gBL dz, \"1G (ae + bL; e)dz)

from which we deduce
G5 (2) = T B+
where v : ) — (C is such that v(z0) = 0 and d(3(8+ 7)) = g—fdz (1), and
also dT; = A 7le A B i(a€ + bL;€)dz. Thus
(G (2), Ty (2))
= (e'\_}z‘(ﬁ(Z)‘i‘iV(z))Li,)\—l /Z e%(ﬁ(v)ﬂ'y(v))h(a(v)e + b('l))L,f)d’U) )
20

HUrecall that + (ﬂ + i7) is the only holomorphic function vanishing at 2o with a

real part equal to é
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Now, letting U} = (G¥,Ty),we can write (24) as
)\—2 . A_2 .
(e—T(ﬂ(mw(z»Li Fy(2), e B+ XA(Z))
- (et 11
A2 ; Zoa? :
+ e_T(ﬁ(z)'H’Y(Z))Li)\—l/ e~5 BOHDLi(g(y)e —I—b(v)LiE)dv>.
e
We conclude that
(G5, T7) = (e¥(ﬁ+w)Li7e¥(ﬁ+w)LiQ— (e—ﬁi(ﬁm)m XA))

(G TY) = (e_g(ﬁJr”)LiF,\,Q*‘ (e—¥(ﬁ+z‘7)u— X)\)) .

Moreover we have obtained two different expressions of T} which imply the
relation

(a 4+ bL€)dz = )\e—’\‘;i(ﬁﬂ'r)hd <e¥(ﬂ+i7)LiQ— (e"\—?'(ﬁ'*'i’r)[/ix/\)) ,

from which we deduce a posteriori that a and b are holomorphic. After this
analysis, we are led to the following

Theorem 8. For any Hamiltonian stationary LCLI Uy = (Fy, X)), there
ezist unique Uy = (Fy,Xy) € A;GE and U = (F, X)) € ATGE such
that Uy = U, U)\ , defined explicitly by

Uy = (e%ﬁ“”’“,e%mi”“@‘ (e—*i—zwmmm))
U)T = (e_n;z(ﬁ+i7)LiF)\,Q+ <e_%z(ﬂ+i7)LiX)\)) :

for v solution of ¥(20) = 0 and d(3(8 +iv)) = g—fdz. Moreover,

py = (U)\_)_1 Uy = (—5— g’de A~ (ae+bLiE)dz>

for some holomorphic functions a,b.
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Proof. The uniqueness of the decomposition follows from Theorem 7. One
checks easily that Uy = U, Uy and Uy € A7GC. For the verification of
U ;\L € ATGC, we assume first that Uy corresponds to the fundamental lift:
BaLj
then (see Remark 3) F\ = M Xe"az_, which implies
_ a—21a1;

G:\i_ = e_>\2_ZBLiF)\ = Mxewl'i = MXe,\‘l_z(ﬁ_W)Li.
Therefore Gy belongs to AtGC. Thus obviously Uy e ATGC. If Uy
corresponds to an arbitrary lift, then, according to Remark 3, there ex-

BaL;
ists K € C*(Q,G0)* such that F\ = MXe_Az_K—l, and thus G')\" =
2
MxK —1g % (B=in)Ls and we obtain the same conclusion.

Lastly repeating the argument of Theorem 7, we can deduce that U, €
A7 GE and Uy" € ATGE. The computation of u) was done before. O

The data a,b,c = %% are called the Weierstrass data of Uy.

5.2. From a Weierstrass data to a Hamiltonian stationary
conformal immersion.

‘We shall now see that the construction of the previous section has a converse.
As above, we first sketch how to adapt the strategy of [DPW] and then we
explore in more details what it means in our context.

Let uy = Y ,>_o finA™ be a holomorphic potential; it is a 1-form on
with coefficients in AgC which is holomorphic, i.e., which satisfies uy (%) =
0 and dpy = 0. Then, u) (%) = 0 implies in particular that puy A py = 0.
Thus

dpy + px A px =0,
and there exists a unique map Hy € AGS such that Hy(z9) = 0 and

(28) dHy = Hypy.

For any z € ), we use Theorem 6 with H)(z): there exists a unique
(Ux(2),VA(2)) € AG; x Agogf,: such that Hy(z) = Ux(2)Vi(z). A straight-
forward computation using (28) shows that

(29) USIdUy = Vi (uy — Vi tava) Vit

Let us denote ay := U, LdU,. Again the right hand side of (29) tells us that
o), should be of the form
ax= Y &\,

n>—2
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but the left hand side says that &, = ¢, and thus
ay = A"26 9+ ATYa_ 1 + g + Aa + M.
Moreover, using V)\_1 = Vo_l + )\Vl_l 4= %_1 - A%_lﬂ%_l 4+ - it
follows also from (29) that
Gy = Voji—2Vy t and a_1 = Vo1Vt + Vi, o] V5

are (1,0)-forms. Hence, since a) satisfies condition (9) automatically, Corol-
lary 2 implies that - provided that we can prove the condition &_1 # 0 - Uy,
is an extended lift of a Hamiltonian stationary conformal immersion. Lastly,
by the relation Uy = H AV/\_I, we see that ) is a holomorphic potential for
U, in the sense of the above section.

Let us now look at the particular case where p) has the form

(A—Z op
Hx =

—Li,)7! L€
5 azL,)\ (ae+bLE) | dz,

for some holomorphic §,a,b. We integrate the equation dH) = Hyu). De-
noting Hy = (hy,ny), it gives

\720p -1 .
(dh}ud’n)\) = TahALidz,)\ h,\(ae + bLie)dZ .

It has the following solution
Hy\(2) = (ha(2),m(2))
_ (G%Q(ﬁ(z)mu))m, / T AT EEHENL A (g(p)e + b(v) Lig)dv> ,
20
where 7 is the harmonic conjugate function of 8 vanishing at z5. We now look
for Uy = (F), X)) € AG; and Vi = (By,bx) € A GF such that Hy = UpVj.
We first use that By = 3(A72+A2)8+4(A"2—A2)y (see the proof of Theorem

6) and thus
hy = e* B+ _ o3aLig=2 (B-mLi

2,
meaning that we have F) = e3ALi and B, = e~ (B=Li | Now we need to
solve

z -2 3
m(z) = / 2T BEFAENLAN (g(v)e + b(v) Lie)d
Z0

= Fy(2)ba(2) + Xa(2),



116 F. Hélein and P. Romon

or

e~ 38 (2)Ls / AT BOHAONE N (g(y)e 4 b(v) Lid)dv

0

= by(2) + e~ TPAELiX, (7).
We deduce that
e‘%ﬁk(z)LiX)\(Z)

=P (e“%ﬁA(Z)Li /z e%(ﬂ(v)+i’7(v))Li>\—1(a(v)e + b(’l))LzE)d’U> )

20

Hence we proved

Theorem 9. For any harmonic 8 and holomorphic data a,b, the potential
Uy = <)‘—;%§Li,)\'l(ae+ bLiE)) dz leads to construct the map Uy : Q —
AG; by

Ux(2) = (F(2), Xa(2))
_ (eém(z)m, AL p (e—%m(z)m / * 2 (B)+iv ()L

. )\—1(a(v)€ + b(v)LiE)dv)) , 0

where ) = %()\_2 + 2?8 + 2(A72 = A%y and v is the harmonic conjugate
map to B vanishing at zo (i.e. (B +1iv)/0Z = 0). And U, is an extended
lift of a Hamiltonian stationary conformal immersion if and only if X is
an “mmersion.

6. Tori and finite type solutions.

Going back to the torus, we will apply the concept of holomorphic poten-
tial defined in the previous section to the study of Hamiltonian stationary
Lagrangian tori (in conformal coordinates). What makes the torus specific
is that we can define — intrinsically — a notion of constant potential, i.e.
i = ndz, where dz is any globally defined holomorphic 1-form and 7 is
a constant twisted loop of Lie-algebra elements. Indeed two globally de-
fined holomorphic 1-forms on a torus T differ by a multiplicative constant.
We may further restrict to those potentials having only a finite number
of nonzero terms in their Fourier expansion (known as polynomial loops).
While such conditions may seem (i) far-fetched and (ii) too restrictive, it
turns out that
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e integrating potentials that are constant (in 2) and polynomial (in \)
is equivalent to integrating commuting flows, which in our case leads
to a much simpler integration process than the one described in sec-
tion 5.2 (also known as the Adler-Kostant-Symes (AKS) scheme); the
corresponding Hamiltonian stationary immersions are called finite type
solutions;

e all immersed tori are finite type solutions.

Notice also that in the toric case, the considerations below prove the exis-
tence of potential (without resorting to the previous section). Such ideas
originate in the theory of completely integrable systems, however we will not
explain here the link between commuting flows and finite type solutions, and
refer the Reader to [BFPP] for a good description of both sides of the AKS
scheme. Finally we will see how this new description relates to the one given
in section 3.

6.1. Construction of finite type solutions.

Throughout the section, dz will denote some fixed global holomorphic 1-form
on a torus T, or its universal cover C. Then for any d € N define

d
Alg, = {[/\ =&\ € Agr; 6 = ZénA"}
—d

the space of real polynomial loops of degree d.

Proposition 3. Let d € 4N + 2 and 1y, € A%y, be a polynomial loop. Then
the extended 1-form ) obtained through the AKS scheme from the constant
potential \4~2nydz on C (with starting point zo) is exactly the projection
WAQT()\d_zﬁAdz) of the solution £y, to the following differential equation:

déx = [€x, Tag, (A4260d2))]
(30) { Qo) =

where Tpg, denotes the projection on Ag. in the direct sum AgC = Ag, @

A:gf. Reciprocally, the solution exists and is defined for all z € C.

Proof. First notice that A% 2n, is a constant real polynomial loop with
lowest Fourier coefficient A2j_4, thus also a holomorphic potential, that
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we integrate on C. Let My € AGC be such that My(z) = 1 and
pa = My YdMy, = X4 2pydz. Use the Iwasawa decomposition (Theorem
6) as in section 5 to write My = H)B) and by definition o) = H;ldH)\.
Set &x(z) = H;l(z)n)\H \, which is well-defined on all C. By construction
&) is real (i.e., belongs to AG,) since n) and H)(z) are. Using the fact that
7\ commutes with M) we write

m = Mam\M; ' = H\Bym\B; 'Hy !

so &, = B,\nABgl, which proves that £, has no Fourier coefficient with
exponent lower than —d (simply write the Fourier expansions). Being real,
& is A%, valued. To prove that it solves the differential equation above,
we write df) = [ﬁ,\,H/\_ldHA]; but

H'dH, = g, (Hy'dH)) = mag, (BapaByt — dB\B;)
= Tag (BA(Ad-dez)Bgl) = mag, (V" %rdz)

O

Any Hamiltonian stationary conformal Lagrangian immersion so ob-
tained, either by integrating a constant polynomial loop as above, or by
solving the differential equation (30), is called a finite type solution. Equa-
tion (30) can be written more explicitly, thus showing how to derive from
&) the extended 1-form ). Indeed writing &) = Z‘i d )\"én, the projection
Tag, (A 26d2) is

TAg, ()\d_zé')\dz) = A—Qéﬁddz + A_lé_d_ﬂdz + Ty, (é_d_i_gdz)
+ )\é_d.ﬂdz + AQé_ddZ

where 7y, is the projection in the direct sum gg = go P b; define on gg the

operator
rC e g0 (€) “21.71'90 (i)
satisfying g, ((dz) = r({)dz + 7(¢)dz. Then we rewrite equation (30) as
06\ 2z 1z s
(31) By = [Ex A 6a+ AT Eap1 +1(€dr2)]

plus the initial condition; the conjugate equation is implied by the reality of

&
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Since we aim at constructing solutions on a torus T, we ought to notice
that our construction, while valid on C, does not necessarily give an im-
mersion of the torus. To produce an actual torus we need to verify period
conditions (a.k.a. monodromy conditions) obtained by integrating ay. Also
recall that the regularity of the immersion is equivalent to é—d+1 being non
zero, otherwise the solution is only weakly conformal.

6.2. A finiteness result.

Theorem 10. Let T be a 2-torus; then any Hamiltonian stationary confor-
mal Lagrangian immersion in R* is of finite type.

This may seem surprising, especially if we think how restrictive the fi-
nite type condition is; however this result is almost classical in the theory
of infinite dimensional integrable systems. As a consequence the space of
solutions is a countable union of finite dimensional spaces.

Proof. We will adapt here an idea found in [BFPP]. Let X be a Hamiltonian
stationary conformal Lagrangian immersion, « an associated Maurer-Cartan
form (for some LCLI) and «) its extended 1-form. We first consider all
quantities as being defined on the universal cover C of T. We also choose
a global holomorphic 1-form dz on T (and C). A necessary and sufficient
condition for X to be of finite type is the existence of ¢y : C — A%g, such
that both equations hold

(32) déx = [6x, an]
and
(33) ar () = N Hea # A s +rean)

Before we step into the proof, notice that finite type imposes a condition
obviously not satisfied in generality: consider the first Fourier term (multiple
of A™%) in equation (32), then

dé_q = [€_a, (r(E_aye) — é_aya)dz — 7(€_ar2)dZ] € [g2,85] = 0

by the commutations properties of g; so f_d is constant. Using condi-
tion (33), we see that £{_4 = %%(Li,O), so that the Lagrangian angle is
an affine function of z and y. On a torus this condition is trivially satisfied
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since g—f is holomorphic hence constant. This constant cannot vanish, oth-
erwise the immersed torus would be special-Lagrangian (or minimal); but
there are no compact minimal tori.

The proof is divided in two steps: we first prove the existence of a formal
solution to (32) and (33), then extract a polynomial solution from these solu-
tions, using the property that each Fourier coefficient of the formal solution
satisfies an elliptic equation on the torus. By taking a proper combination
we infer the existence of ).

Step 1: existence of adapted formal Killing fields. A formal Killing
field ¢y is a formal Laurent series in A verifying (32). Such a field is said
adapted if its first three terms are respectively equal to a_o (z)a_z)’ a1 (aa—z)
and 7 (ao (%)) Using the gauge action, we may suppose without loss of
generality that ag = 0, so that & (£) = a_z (£) + a1 (£) = (aLi,u)
for some nonzero complex constant a, and u(z) € Ce & CL;e. Let us
look for ¢y of the following form (typical of a gauge change used in [FT]):
¢ = (L,wy)"YaLi,uw)(1,wy) where wy has non negative Fourier exponents
(beware: (1,w)) is a matrix in G&, not in g®). The expression of ¢ sim-
plifies here to give ¢y = (aL;,u + aL;w)), and we solve the (1,0) part of
equation (32):

ou ow - -
(0,54"01/18—:) = [(aLs,u+ aLiwy), (A ~%aLs, A~ )]

(0, \"taLju — A"2aLu 4+ A" %a%wy)

so, using a # 0

wy = )\Za_lLi% + )\2a_28_u +a 'Liu— a7 Liu
0z 0z

Writing the hypothesis wy = ), ~( A™0n, We obtain w) by simple recurrence
(hence the formal series):

(W0 =a 1Lu
W1 = —a"'Liu
ow ou
~ -1 0 -2
Wo = Li— + — =0
2 * 9z 0
oW
Wy = a L Li—= 2 forn>2
\ (9z
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Sowy=a"tLiu—Y,50 )\2"+1(a_1L¢)”+1%. Finally

OGo=[aLy, ) \ntlg -"Lfg’n‘
n>0 z

We now check that the (0,1) equation holds. Using the same idea as in
section 3, da/_ ; + [0 A o] + [ A ] = 0, which in our notations yields
g—;‘ = aL;u. Then

BC)‘ — 2n+1 -nr, n8 +1
0z 0 T;O)\ L: 0zZ0z™

= | 0,aLi)i—\aL; y  A"a g [C, (N2GLs, M)

lan
n>0

Flnally we verify that ¢y is adapted: {o = (aL;,0) = a’_, ( 2), &= (0,u) =

o'y (ZT) and Cg = 0. It should be noted that for any n € Z, A"(, is still an
adapted formal Killing field.

Step 2: elliptic equation and polynomial Killing fields. @ The pos-
sibility of reducing formal Killing fields to polynomial ones relies on the
following property: all coeflicients of the formal series () satisfy the elliptic
equation

o8  \:
(34) (a—z£+|a|) n=0

Recall that u being doubly periodic (since originally defined on T), so are
all these coefficients. The space of solutions to an elliptic equation on a
compact Riemann surface is finite dimensional. Consider now the sequence
((T)m>0 of (linearly independent) truncated formal Killing fields: (J* =
(A~4m=2¢,)_, truncated meaning that we keep only negative powers of .
The image of the sequence by the operator d + - adq, Is finite dimensional,

indeed for any ¢y = A74m~2(, = 2on>—am—2 A" n

(d+ada,)(dx)- = d(r)- + [an, (82)-] = (ddr)- — [(¢r)—, an]

[Px, an]- = [(éa)-, ]

= A2hoa + ATEh1 + o + A1 + N, ]
~ A2 g+ AT h1 + ¢o, ]
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All other terms either vanish in the truncation or compensate between the
two brackets. Since each coeflicient ék belongs to a finite dimensional space,
we have our claim. So a finite combination of the (T, call it ¢, lies in the
kernel of d 4+ ada,, and is automatically adapted. Then &, = ¢y + éy is
adapted, satisfies equation (32) and is real; that is ) belongs to some A%g,.

O

Remark 8. The solutions of (32) we have constructed have the following
property: &) has no term of Fourier exponent equal to 0 (mod 4), except

the first and last ones; &, = 0 but for é_d = (aL;,0) and fd =é_g.

Remark 9. So far we have used a fixed complex coordinate z on T (or C),
but we might want to switch to another coordinate say w = pz. A quick
look at (30) shows that a solution in the z variable is usually not valid in the
w variable (that can also be seen on (31)). However the immersion stays of
finite type whatever the coordinate may be; so an Hamiltonian stationary
immersion can be of finite type d for some variable z and d’' # d for another
variable w. The type itself is not a well-defined invariant, and an example
of this will be given in the next section.

6.3. Finite type and lattice properties.

We will now use the information given by section 3 together with the finite
type point of view. Let I be a lattice, with dual lattice I'*, and set T = C/T".
For any Hamiltonian stationary conformal Lagrangian immersion X there
exists p € N and &, in A*P+2g, solution of (32) projecting to the extended
1-form ) associated with X (more precisely with one of the spinor lifts of
X). As mentioned in remark 8 above, we may assume that £, has no term
of Fourier exponent equal to 0 mod 4. So we can write

R )
P

+ 2. (A‘*q‘l(o,uq) + A0, ) + M2 (wf%Li,f)))

q=-p

with By € T* — 0, uy(2z) € g%, and v,(2) € g. Equation (31) can be
rewritten using the Fourier expansion,

a¢ . . . .
(35) % = [bn+2, E—ap—2] + [Ent1, E—ap—1]-
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Commutation properties [g5, 5] = [95, 5] = [8%, C;] = 0 show that terms
with even Fourier exponent — hence the ¢,’s - are constant (and given by the
initial condition in (30)). We can then use (35) or its conjugate to derive a
recurrence relation:

8uq
V)
T 50
2 Bvq 2 \? 0%u,
Ug+l = CqU—p + —— /80 = CqU—p — W_/éo 92

Conjugating equation (35) (or recalling (34)) one easily derives the second
order equation Auq—|-7r2| ﬁ0|2uq =0, so all terms have Fourier frequencies v €
iT* such that |y| = }|Bo|. Thus we write u, = > (Gyqe + by g Li€)e2m™(12)
and the recurrence relation yields

27\,
Qry,g+1 = Cqly,—p + /6 a%q
0

(same equation for b, ,). Taking the first and last &, terms:

2p 27
Oyp = Qy,—p Zcp q-1 (%)

q=0

with the convention that c_,_; = 1. Now we may compare both ends of the
chain using the reality of £): v, = %_p, while

(9u
Oup
Up =

Wﬁo

which yields (recalling from section 3 the expression for u_p): va, _p =
—%ap. So for each frequency v such that a, _, # 0

S

We may rewrite this condition as a polynomial equation of degree exactly
d=4p+2in :

> 2p 2

Bo [ Bo\ T 27\
36 A N Y cgp-1{ =) =0.
(36) 2 \ 2 par =P\ 3,

We conclude with the following result:
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Theorem 11. A finite type solution with type d € 4N + 2 and Lagran-
gian angle B = 2w(Bo, z) + constant has all its Fourier frequencies in I‘Z}O
and satisfying a polynomial equation of degree d, depending only on By and
the initial value in (32) (i.e., the constant potential). As a consequence
Card(I'z,) < d.

Genus zero solutions. We conclude with the study of the simplest
case of type d = 2, also called genus zero solutions (the genus here being
the genus of the associated spectral curve, see [Hi]). Then condition (36)
implies that v = :I:z|-é— Bol|. There are only two possibilities, and if the lattice
is rectangular, we find — after a change of variable — the rectangular gener-
alizations of the standard torus. It should be noted that the condition on
~ implies that — in the original complex coordinate — the term e AL/ 2%—):
depends only on y. This is clearly variable-dependent, and shows that the
type d may well change if one changes the variable.
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