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A counterexample to unique continuation in
dimension two

NICULAE MANDACHE

We construct a non-zero solution u € C§°(C) of the equation Ou =
Vu for a certain V which belongs to LP for any p < 2. The same’
is done in arbitrary dimension d > 2 for the Laplace equation with
a first order term Av + W - Vv = 0 and for the Dirac equation
Dw + Ww = 0, with W € LP for any p < 2. The construction
is based on a Weierstrass product in the unit ball. Although its
poles accumulate at the boundary, it is flat at the boundary if we
remove small disjoint discs around the poles.

1. Introduction.

Let € C R"™ be a connected open set. We say that an equation
P(z,0/0z)u = 0 has the unique continuation property in € if any solu-
tion u which vanishes in a non-empty open subset vanishes identically. We
are interested in the equation

(1.1) Ou=Vu inC=R?

where 0 is the Cauchy-Riemann operator, 8 = 1(0/0z1 + i0/0z2) and V €

Ll (C). We will also consider here the Laplace equation with a first order

term:

(1.2) Av+W - -Vuv =0,
and the Dirac equation:

(1.3) Dw +Ww =0,

with the (zero mass) Dirac operator D = Ele 0;0/0z;. The a; are matrices
of order m satisfying of = —a; and the Clifford commutation relations:
a;05 + oo = —205,. m can be chosen ola/2],

There is extensive literature on unique continuation and strong unique
continuation properties (in the later, one supposes the solution to vanish
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to infinite order at a point instead of vanishing on an open set), see [6].
Although the problem of strong unique continuation has been almost settled,
it is a long standing problem whether equations (1.1), (1.2) and (1.3) have
the unique continuation property when the coefficients are Lllo - We give here
a negative answer, constructing solution with compact support for (1.1),(1.2)
and (1.3) with coefficients in L? for any p < 2. This is optimal in dimension
2. The best positive result belongs to Wolff [5]: in dimension d, if W € L¢
then (1.2) and (1.3) have the unique continuation property.

While this paper was awaiting publication, a new way of constructing
counterexamples to unique continuation was found by Kenig and Nadi-
rashvili [2]. Their result was improved and extended from dimension two to
arbitrary dimension by Koch and Tataru [3].

We fix the function F(t) = t2In=3(t 4+ 2) on [0, 00). It has the property
that F(at) < a?F(t) for @ > 1 and F(t)/F(t) is bounded, F being the
greatest convex function with F(t) < F(t) for any t > 0. Therefore the set

LF(RY) = {f : f measurable on ]Rd,/F(|f|) dz < oo}

coincides with the Orlicz space associated with F on (R?, dz) (see e.g., [1]).
It is a Banach space such that L? C szc for p < 2.

Theorem 1.1. There are u,V which satisfy (1.1) such that u € C§°(C),
suppu = B(0,1) and V € LF¥(C). There are a real-valued [both v and W
are real valued) v € CP(C) and W € LF(C) satisfying (1.2), such that
suppv = B(0,1).

Corollary 1.2. For any d > 2, there are non-zero smooth solutions v real-
valued and w, for the equations (1.3) and (1.2) respectively, with compact
support in R? and such that the coefficients W belong to L (R?).

Notations. C,C’,C" will stand for absolute positive constants, not nec-
essarily the same in different formulae. The constants which will be car-
ried from a formula to another will be numbered Cy,Cs,... . We write
f(z) ~ g(z) in M if there are absolute constants 0 < ¢ < C such that
cf(z) < g(z) < Cf(x) for all z € M.

We use the variable z = z; + iz2, identifying C with R2. If 3 € N2 is a
multi-index, 8% = (8/0x1)P1(8/0z2)® and || = B1 + B2. B(a,r) is the ball
of center a and radius r and ﬁ(a, r) is its interior. If = is a real number, we
denote by [z] the greatest integer in (—o0, z].
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2. Proofs.

We start by constructing a meromorphic function in the unit disk B(0,1)
as a Weierstrass product. It vanishes to infinite order at the boundary, in a
sense which is made precise by Lemma 2.1 below:

(2.1) i@ =1 ———
=21~ (1—21 j)

oo

Let us denote the poles of f by

exp(2mil/k?), for k>2, 0 <1< k>

Rkl =

k
Then each of the sets
2k—3 2k—1
Myi=<z: |Z|e[2k_“f’2k+1 ’ L k>2 0<I<k?
argz € [(21 — 1)7/k?, (21 + 1)7/k?)

contains the corresponding pole of f. Moreover, these sets form a partition
of the annulus {z : |z| € [1/3,1)}. We will also need slightly bigger sets:

- lzl € 4k—7 4k-1
My, ={z: =3 4k53 ‘
’ argz € [(41 — 3)m/2k?, (41 + 3)m /2K
We have then

(2.2) My, +B(0,k™2/8) C My,
(2.3) B(zk1,k72/8) C My

Lemma 2.1. The infinite product (2.1) converges to a meromorphic func-
tion in the unit open disk, and it converges to 0 elsewhere. Let

9r1(2) = f(2)(2z — 211)

be the analytic function in My obtained by multiplicatively removing the
pole in this region. Then the following estimate holds:
(2.4)
k-1
gk ()| ~ k2 TT (1= 175712179392 < exp(~k?/6 + 2k), 2 € M.
j=2
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Proof of Lemma 2.1. We divide the product (2.1) in three parts: the factors
with index j < k, the factors with j > k and the factor with j = k.

3? ~
We estimate first the modulus of (—%3) for z € My, for2 < j <k-1.

Since 42 T < |2z| we have 4 — < 3 < 2|, so

1-1/(j +1/4)
2( 1-1/;

;2

(=)

-2

2 J
1-1/j
<4k1

In the same way we obtain for |2| < 773!

(1 —zl/j>j

Since |In(]1/(1— a)| la])| = |In(]1—1/a|)| < Cs3|1/a] for |a] > C1 > 1, putting
a=(z/(1- 1/§))#*, we obtain from (2.5), using again |z| > (4k— 7)/(4k 3)
as z € Mkl

) — el/4 as j — o0, hence:

(2.5) >Cy>1.

2

(2.6)

<Cy<lforj>k+1.

Hf:Ql_—l_f .9

o | (=m) i 1-1/j |
_ —1/:\J* 4k —7)/(4k — 3
Hf:% (1 zl/]) 2 ( )/ )

k-1
<0y (1 1/ (1 +1/(k - 7/4)"
j=2
k—1 . .
k—2
< C3e® +C3 Y exp(—min(j, k — 7/4 - j)/2)
7=2

o
< C3e® +2C3 ) exp(—j/2+3/8) =
j=1

Since |z|® ~ 1 for “i,’z—zg < |z| £ 1, the above gives in this region:

k-1 1 k-1
@) [l ——|~ 1I

;2 k-1
1-1/5 J 13 2 a2
/ ‘ lel k/3+k/2H(1_1/J)J’
j=21—(1—_£1ﬁ) j=2

z
i=2
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We have the following upper bound for the right hand side above:

(28) 2| TH /SR H - 1/5)"
< <m) eXPZJQ(—l/J)

)5 7/4 ZJ

<exp(k?/3+k—k(k—1)/2+1)
< exp(—k?/6 + 2k), for |z > 4=

<exp | (=k3/3+K%/2)

This proves the inequality in (2.4). Since for (2.5) to hold we only need
|2| > 45=L, we infer from (2.7) and (2.8) that the product (2.1) converges to
0if 2| > 1.

Now, for the factors with index greater than k in the definition of f, we
use that |In(1—a)| < C5|aL for |a] < C2 < 1. Via the relation (2.6) this can

be applied for a = (;=%7;)’" and we obtain for |z| < =
i 1 oo 1— 1 j?
Shh—m—— <o Y |2
y z J . 1 - 1/]
Jj=k+1 1-— (1—1/_1') j=k+1
[ee] 1 j2 1 j2
< G ) 1—m) (1+7:i)
Jj=k+1
> 2 -2
< Cs Z exp ;_Ll — Tc%i)
j=k+1
m N
< Cse?? +Cy Z exp(k +2 — j) = Cé.
j=k+2
o0
Hence the product [] ————L———g is uniformly absolutely convergent for
j=k+11— (1 -
|#| < §i55, and
s 1
(29) e—Cﬁ < H _— < CCG.
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This implies that the product (2.1) is convergent everywhere in §(0 1).
Indeed, for |z| < iﬁ 73 the product up to the factor k is a meromorphic
function and the rest of the product is absolutely convergent.

For the middle factor with j = k in (2.1), notice first that the logarithm
is a quasi-isometry in the region 0 < ¢ < |2| < C and —-37/4 < argz <
3w /4. More generally, |z — 2| ~ |InZ| for |2],|2'| € [¢,C] and argZ €
[~37/4,3m/4]. Since zkl (1 = 1/k)¥* we have:

1 1 11

2l
1 (m) k ‘ln =
It remains to multiply the relations (2.7), (2.9) and (2.10) to obtain the
first part of (2.4). a

(2.10) for z € Mk,l'

T K2z =z

Proof of Theorem 1.1. 'We choose a function ¢ € C*°(C) such that:

_ _J 1 for|z|>1,
#(2) = ¢(|z]) = { |22 for |2| < 1/2.
We require ¢ to be increasing on [0, 00) and ¢(r)/r to have only one critical
point in (0, 00) and that to be non-degenerate. For a choice of the quantities

€k to be performed later, under the constraint 0 < e < k72/8, we define
our function solution of equation (1.1):

(2.11) ﬁkf[l(p( z’”)

k=2 1=0

Notice first that the product is well defined, since by (2.3) the sets of points
where each of the factors is different from 1 are disjoint. Since the poles
2,y of f are simple and ¢(z) = 2Z in a neighborhood of 0, u is smooth in

§(0, 1). For z € My, we have

Buz) =3 (116 (F22) ) = 08 ()

and we obtain that the equation (1.1) is satisfied with a potential

=35 2 (%) ().

k=2 1=0
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The function d¢/¢ has modulus |z| ! for |z| < 1/ 2 and vanishes for |z| > 1.
Since ¢ does not vanish outside 0, we have that |z|0¢(2)/¢(z) is bounded in
B(0,1). Then

o

/F(|V|)da:1da:2 < ZZ/ 12|72 In "3 (2|7t + 2)dz1dzo
_ 75k

kOO

Z / —2 1 In 732 dx

k=2 0

o0

< C') K%

k=2

IA

‘We choose
(2.12) er = min(k™2/8,e7 "),

and obtain that the series above is convergent, so V € L¥. It remains to
check that the solution (2.11) is smooth.

Take g, (2) = 2FF~D(2k=1)/6g, 1(2). The relation (2.4) from Lemma 2.1
implies that |gri(2)] ~ |Gki(zky)| for z € Mkl From (2.2), each
pomt z € My, is the center of a ball of radius K~ 2/8 contained in
Mk,l Since gi; is holomorphic in Mkl, we can apply the Cauchy rep-
resentation formula using as contour the boundary of this ball, to ob-
tain |0%gx(2)| < Cq (k2|°‘|)|gkl(zkl)| for z € My;. Then differentiating
9k1(2) = Gri(2)z —k(k=1)(2k=1)/6 we obtain for a suitable choice of the con-
stants C}:

(2.13) 10%gk1(2)] < ClLk®®l|g1(2)| for z € My, .

Let us define

~ ¢ z
(2.14) d(z) = % .
Since <;~5 is a symbol of order —1, all its derivatives are bounded. Then, with
the notation of Lemma 2.1, u(z) = 9’;’—:% (z%i) for z € Mkz Using

(2.13), the definition of €, and then (2.4) we obtain for k big enough:

0%u(2)| < Ch(max(ey ', k%)™l |gra(2)]
(2.15) < Cllexp((1+ |a))k*")C exp(—k*/6 + 2k), z € My,
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so all the derivatives of u tend to zero as |z| — 1, hence u is smooth in C.

For the second part of Theorem 1.1, we take v = Rewu, where u is given
by (2.11), but with one more condition on €, which will change the choice
(2.12) for finitely many values of k. In order to obtain a lower bound for
|Vu| we will need the following

Lemma 2.2. Let ho(z) = Red(z), where ¢ is given by (2.14). Then
there are positive constants ¢, C such that any real valued function h €
C2(B(0,1)), with ||h — hollcz < ¢, has ezactly two critical points z1, 2y and
we have

|Vh(z)| =2 Cmin(|z — z1], |z — 22]).

Proof. We have hy(z) = ﬂljflucos(argz), so Vhg has two zeroes (rg,0) and
(—7¢,0), where 74 is, by the choice of ¢, the unique zero of (r=té(r)) in
(0,00) and #5(r~2¢(r))],—,,
points of the function § — cosf, we can choose open sets V1 5 (r4,0) and
V2 3 (—r4,0) such that Vho|V; is a diffeomorphism and the tangent mapping
of its inverse is bounded. We still get these properties after replacing ho by
h if ||h — hol|gz < c2 and ¢y is small enough. Taking cz even smaller, we
can ensure that h has exactly one critical point in each of Vi, Vs; let these
be z1,29. Then |VA|™|z — 2| is uniformly bounded in V; with respect to
different choices of h.

On the other hand, outside V' = V; U V; the gradient |Vhg| is bounded
away from zero and so is |V if ||h — hol|c1 < e1 with ¢; = 3 inf{|VA(2)]:
z € B(0,1)\ V}. We choose then ¢ = min(cz, c1). a

# 0. Since 0,7 are non-degenerate critical

Notice that Lemma 2.2 remains valid if we replace ¢ by a¢, with |a| = 1,
since this is equivalent to composing hy with a rotation. This allows us
to apply it to h(z) = |gk,l(zk,l)|_1skv(zk’l + €xz) which is a perturbation of
ho = Re %cﬁ. From (2.13) we infer
0“9k (211 + €x2)]

|gk,1 (281 + €2)|

(2.16) < Ch(exk®)l,

so making exk® arbitrarily small we can make

Ikt (Zk +€k2)  gra(2k,1)
|9k, (2k,1)] |9k, (Zk,1)]

C%(B(0,1))
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arbitrarily small. Indeed, if ek < C then (2.16) implies that |gg(2)| ~
|gk,i(zk,1)| for z € B(zky,€x), so we can replace the denominator in (2.16)
with |gki(2x,.)|- Applying Lemma 2.2 we obtain that there is a constant

c1 > 0 such that for every k and [, if &5 < ¢k then there are two points

z,(:l), z,(fl) € B(2k,,¢ex) and C > 0 such that for z € B(zy,ex) we have:

(1) (2)
Z =2z zZ =z

(2.17)  |gru(ze)| ™" €k |V (2)| = Cej ' min ;
Ek €k

We take e, = min(k=2/8,c1k™3, e %) and W(z) = _(A”)TVV?T)F‘ We use
again that |gx(2)| ~ |gk,i(2k,)| in B(2k,, k), to obtain in this ball from the
first line of (2.15) and from (2.17):

-3
W (2)| = Av(2)] (e * Soz)e lgk’l(Z)-I < I( e me >
|VU(Z)| B Cé‘gslgk,l(zk,l)u';l}%lz - ZI(;,“ - [z_zl(c,l)l [z_zk,z)[

Since v is harmonic in M\ B(zk,,€x) we obtain that W € L

: 1)
/F(|W|)dm1dw2 <oy ¥ /B( 5, )F(|z-z,g{3|—1)dx1dx2
2k, 114€k

k=2 o<i<k?
j=1,2

2¢eg
0

o0
< CZ 2k227r/ —z 'In3z dx
k=2

oo
< 'Y Khn?g < oo
k=2

a

Proof of Corollary 1.2. The method is a standard one (see e.g., Theorem 2
in [4]): we wrap the solution around a compact submanifold to make it
have compact support. Here the support will be a tube around a sphere
of dimension d — 2. We decompose R? = R x R*1, and use the notation
z = (z1,2') with 2’ = (2,...24) € R Let (Wi(zy,z2), Wa(z1,z2))
and v be the coefficient of the gradient and the solution constructed in
Theorem 1.1. Then in dimension d > 3 we take

i(z) = v(z,|z| -2)

W(z) = (Wl(an, |z'] - 2), (Wz(ﬂil, 2’| —2) - di) 33_')

|z’ /||
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and using polar coordinates in R~! it is easy to check that (1.2) is satisfied.

For the equation (1.3), we take w(z) = Divge = Z;'i=1 0i9(z)ayvo, where
vg € C™ is a fixed non-zero vector, and Wp = %@ ;-izl O0;0a;, with the
above #, W (in dimension 2 we use v, W provided by Theorem 1.1). g

Remark. It is possible to obtain the above results by the standard
procedure going back to Pli§ (e.g., [4]). It consists of constructing a basic
'brick’ of the solution and then gluing infinitely many of them. However, the
closure under multiplication of the set of solutions of the & equation allowed
to avoid this.
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