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Lie Groups of Fourier Integral Operators on Open
Manifolds

JURGEN EICHHORN AND RUDOLF ScHMID!

We endow the group of invertible Fourier integral operators on an
open manifold with the structure of an ILH Lie group by endowing
the invertible pseudodifferential operators and the contact trans-
formations on an open manifold of bounded geometry with an ILH
Lie group structure. '

1. Introduction.

For finite dimensional Hamiltonian systems, the embedding as a coadjoint
orbit is a very well known and convenient method for integration, at least for
the construction of integrals. The same is valid in the infinite dimensional
case. But, as in the finite dimensional case, the main problem is to find
appropriate Lie groups such that the Hamiltonian system can be embedded
as a coadjoint orbit. There are not many such candidates. For example,
consideration of completed diffeomorphism groups leads to the following
complications. First, they have a good Hilbert manifold structure but left
multiplication and forming the inverse are only continuous operations, i.e.,
they don’t have a Lie group structure. Secondly, considering the tangent
space at the identity as a candidate for a Lie algebra causes additional diffi-
culties. Namely, forming the Lie bracket decreases the Sobolev order, i.e., it
is not a closed operation. One way out of this difficulty has been indicated by
Omori [17], forming the inverse limit of such groups and algebras, labeled by
the Sobolev index. In the compact case, this is an old and very well known
story. In the open case, there arise tremendous difficulties which have been
essentially overcome e.g., in [10], [15]. There are not many other candidates
for infinite-dimensional Lie groups. Another very important class are the
invertible pseudodifferential operators ¥DOs and Fourier integral operators
FIOs on a manifold where invertibility means invertibility within this class.
In the compact case, this has been established in [1], [2] and have been
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applied by Adler in [4] and Adams, Ratiu and Schmid [3] to the complete
integrability of the KdV equation. Adler followed a suggestion of J. Moser
and constructed an infinite sequence of integrals, tacitly assuming the Lie
group structure of invertible FIOs on S'. In the open case, there has not yet
been any approach until today and we present here the complete solution of
the topological side of the problem. The details are rather long and compli-
cated. Hence we sketch here the main ideas and constructions and connect
them with surrounding problems. The paper is organized as follows. In Sec-
tion 2 we recall the for us main important facts concerning Sobolev spaces
on open manifolds and completed diffeomorphism groups. Section 3 is de-
voted to open contact manifolds with bounded contact form 6 associated to
a metric g of bounded geometry satisfying the spectral assumption

inf 0€(A1|(ker Al)J-) > 0.

Here A1 means the Laplace operator on 1-forms and o, denotes the essential
spectrum. We prove that the identity component DT'H of the completed
group of contact transformations is a Hilbert mamfold and a topological
group, f € D"'H if and only if f*0 = a -6 and f is a Sobolev diffeo-
morphism. If additionally the metric g has bounded geometry of infinite
order then Dgj = lim Dg o is an ILH Lie group. Here an ILH Lie group is

roughly speaking the inverse limit hm G" where G" is a topological group

and Hilbert manifold modeled over a Sobolev space of index r. The ex-
act definition will be given in section 3. Moreover, we introduce the group
’Dgtlo of restricted contact transformations, f € ’D""' if and only if f*6 =6
and f is a Sobolev diffeomorphism belonging to the 1dent1ty component. In
Section 4 we apply these constructions to the restricted cotangent bundle
T*M \ 0 and the cosphere bundle S(T*M). Then the canonical 1-form 6 on

S(T*M) is a contact form associated to the Sasaki metric gs. ’DT'H(S) is
well defined, and we define D"'H(T*M \ 0) by homogeneous of degree one
extension. At the end we give several isomorphic descriptions of the tan-
gent space ﬂdDr+1(T*M \ 0). Section 5 is devoted to the general notions
and theorems concerning uniform ¥DO’s and FIO’s on open manifolds of
bounded geometry. We restrict to FIO’s whose homogeneous canonical re-
lation is the graph I'(f), f € Dg:gl(S) and write U F9(f) for this set. Denote
UFi(r+1)= | UFI(f) and UFP*(r+1) = UFI(r+1)/UF 2 (r+1).

feDyt!
Similarly we have spaces U F%*(co) based on Dg(T*M \ 0). Denote by ()
the group of invertible elements. Then we construct a local section o of the
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exact sequence
(E 9) I — U, Ly UFOF), T D —se.

Here j is the inclusion and 7 the map (T" with canonical relation I'(f)) — f.
This section is given by (5.60). Using certain Sobolev uniform structures,
we obtain in section 6 Hilbert Lie groups (U¥%%#),. Then (UT%F), =
lEn(U ¥O0k:5), has the structure of an ILH Lie group. Hence the outer terms

in (ES) have such a structure. We use these, the local section ¢ and several
group theoretic constructions to establish in section 7 an ILH Lie group
structure for (UFF),.

The ILH Lie algebras are quite different from those in the compact case.

The main result of the paper is theorem 7.12. A remarkable feature of
many geometric analytic investigations on open manifolds is the fact that
we get interesting, meaningful results if we assume two conditions: bounded
geometry and the spectral condition inf oe(A1|eray)t) > 0. Our space
(UF*), is now the right group to embed infinite dimensional Hamiltonian
systems and to construct an infinite sequence of integrals, e.g., for the KdV
equation on the real line.

In a forthcoming paper, we extend the construction performed here to
the group of all invertible Fourier integral operators and establish a Kostant-
Symes theorem for the open case.

2. Bounded Geometry and Sobolev Diffeomorphism Groups.

We give a short summary of the basic facts. For details and proofs we refer
to [9], [10], [12]. Let (M™,g) be an open Riemannian manifold. Consider
the following conditions (I) and (By).

(I) Tinj (M, g) = mlél]f/[ Tinj(z) > 0,
(Br) VIR| < C;, 0<i<E,

where 7i,; denotes the injectivity radius and R the curvature. We say
(M™, g) has bounded geometry up to order k if it satisfies (1) and (By).

Lemma 2.1. The condition (I) implies completeness.

Let 0 < k < 0o and M™ be open. Then there always exists a metric
g satisfying (I) and (Bg), i. e. there is no topological obstruction against
metrics of bounded geometry of any order.
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Let T} be the bundle of u—fold covariant and v—fold contravariant tensors
and define

02(r3.0) = {1 (1) | Hloor =

(/ZN%P dvoly( ))é < oo}.

Let Q7" T¥,g) be the completion of QF(T¥,g) with respect to r,
g 9P,

QP (T, g) the completion of CS°(T}) with respect to| |gpr and QPT(TY, g)
the space of all distributional tensor fields ¢ with |t|gp, < co. Then we have

QP (T, ) C OV (TE,g) C P (T, g).
Lemma 2.2. If g satisfies (I), (By), then

QP(TY, g) = 7 (T, g) = OP" (T, g), 0<r<k+2.

Define
bmigl, = Zsup |Vitlg,
i—= Orz:G
bTg) = {teC=(Ty) | M7ty < oo},

bmO(T¥, g) the completion of ©Q(T¥ g) with respect to ®™| |, and

bm Q) (T¥,g) the completion of C®(T¥) with respect to ®™| |,. Then
bmO(TE, g) = {t l t isa C™ tensor field and ®™|t|; < oo}

If (E,h,V) — (M™,g) is a Riemannian vector bundle over (M™", g) with
metric connection V then we make the analogous definitions, e. g. for

s € CX(E)
1
r 3
|s|p,r = (/Z |V’s|’a’,dvolm(g)>
1=0

and obtain analogous spaces

QP (E,g,h V), O (B ghV), QT (E, g hV),
bm Q (B, g,h, V), "™QUE,g,h,V).
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For (E,h,V) there is an analogous condition (By(E,V)) as for
(Bi(M, 9)),

(Br(E,V)) [VIRE| < C;, 0<i<E,

where RF denotes the curvature of (F,V). The lemma 2.2 remains true
correspondingly,

(2.1) QP"(E,g,h, V) =" (B,g,h,V) =" (E,g,h,V), 0<r<k+2.
if (M™, g) satisfies (I) and (By).

Proposition 2.3. Let (E,h,V) — (M™,g) be a Riemannian vector bundle
satisfying (I), (Bx(M™,g)) and (Bx(E, V)).

a. Assume k > vk > 1,r —
inclusion

> s—%,r > s,q > p > 1. Then the
OPT(E) — QP%(E)
18 continuous.
b. If k> 0,7 > % + s, then the inclusion
QP (E) < %*Q(E)
18 continuous.

We refer to [12] for the proof. O

A key role for everything below plays the module structure theorem for
Sobolev spaces.

Theorem 2.4. Let (E;,h;,V;) — (M",g) be vector bundles with (I),
(Bp(M™,g)), (Bp(Ei, Vi), i = 1,2. Assume 0 <7 < ry,ro < k. Ifr =0
assume

n
T P < 71 P
/’"—— —_— —
b S TE Lt
_n < _n _n
T TR TR
1l 1,1
P = mth
n n n
_n < _n _n
r—5 <1 1;11 0 < 7m—
(2.2) 0 < rp— o or § T—% < rg— g
1« 1 T - 1
P = pm P = p2
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11,1
Ifr>0 assume < ot and

(2.3)

n n n n

—= < 11— r—2 < r—--=
oo P e B

r— 2 —n D < g,
N N I SRS S
_n < _n _n _n _n _n
p S T t2T g, Tmp S T T2,

Then the tensor product of sections defines a continuous bilinear map
QP11 (El, Vl) x (P22 (Ez, Vz) — Qp’r(El (02 Ez, Vi® VQ).
We refer to [12] for the proof. O

Consider now (M™,g),(N™,h) open, satisfying (I),(Bx) and f €
C*®(M,N). Then the differential df = f, is a section of T*M ® f*T'N,
where f*T'N is endowed with the induced connection f *V". The connections
V9 and f*V" induce connections V in all tensor bundles T5(M) ® f*TEN.
Therefore V™df is well defined. Assume m < k. We denote by C*™ (M, N)
the set of all f € C*°(M, N) satisfying

m—1

b df| = Z Sélp |Vidf|s < oco.
=0

Let Y € Q(f*TN) := C®°(f*TN). Then Y, can be written as (Yy(), ),
and we define a map fy : M — N by

fr(z) = (expY)(z) := exp Yz 1= expy(q) Yy(a)-
Then the map fy defines an element of C*°(M, N). Moreover we have

Proposition 2.5. Assume m < k and *™|Y| = Z sup |VY |, < dn <
i=0zEM
Tinj(N), f € C°™(M, N). Then
fr =expY € C°™(M, N).

We refer to [10] for the proof. The main point is that one shows that
|V¥(dexpY — d(id))| makes sense and that

(24)  |VA(dexpY —d(id)| < Bu(V'df|,|V'Y]), i<p j<p+],

where the P, are certain universal polynomials in the indicated variables
without constant terms and each term has at least one |[V/Y],0 < j < p+1
as a factor. O
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Now we consider manifolds of maps in the L,—category. Assume that
(M™,g),(N™,h) are open, of bounded geometry up to order k,r < m <
k,1<p<oo,r> %+ 1. Consider f € C*™(M, N). According to 2.3, for
r> % +s

QPT(f*TN) — YQ(f*TN)
Y| < D[V,

1
r . D
where [Vp, = (f > |V'Y|pdvol>p and V = f*VP . Set for § > 0,6 - D <
=0
ON <Tinj(N)/2,1 <p< o0
Vs = {(f, g) € C®™(M,N)? ’ there exists Y € QP(f*T'N) such that
g=fyr =expY and Y|, < 5}.
Theorem 2.6. Under the conditions above V := {Vs}ocs<rin;(N)/2D 5 @
basis for a metrizable uniform structure AP"(C™(M, N)).
We refer to [12] for the rather complicated proof. a
Let ™QP" (M, N) be the completion of C°™ (M, N) with respect to this

uniform structure. From now on we assume r = m and denote Q" (M, N) :=
TQPT(M,N).

Theorem 2.7. Let (M™,g),(N™,h) be open and of bounded geometry of
orderk, 1 <p<oo,k>r> % + 1. Then each component of QP" (M, N) is
a C*1="_Banach manifold, and for p =2 it is a Hilbert manifold.

We refer to [12] for the proof. O

Let (M™, g) be as above. A choice of an orthonormal basis in each T, M
implies that |A\|min(df), the minimum of the absolute value of the eigenvalues
of the Jacobian of f, is well defined. Set

DPT = {f € QP"(M,N) | f is injective, surjective and |\|min(df) > 0}.

Theorem 2.8. DP" is open in QP (M, N). In particular, each component
is a C*T1="_Banach manifold, and for p =2 it is a Hilbert manifold.
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Theorem 2.9. Assume (M™,g),k,p,r as above.

a. Assume f,h € DP" h € comp (idy) C DP" . Then ho f € DPT and
ho f € comp (f).

b. Assume f € comp (idys) C DP". Then f~1 € comp (idys) C DP.

c. DY := comp (idyr) is a metrizable topological group.

Theorem 2.10 (a—lemma). Assume k > r > >+ 1,f € DP". Then the
right multiplication o : D" — DP", ap(h) = ho f, is of class Cktl-r,

Theorem 2.11 (w-lemma). Let k+1— (r+s) > s, f € DY c DI,
r > %-l— 1. Then the left multiplication wy : DP™ — DPT, we(h) = foh, is
of class C®.

We defined for C°™(M,N) a uniform structure AP". Consider
now C**®(M,N) = (),,C™(M,N). Then we have an inclusion % :
C®(M,N) — C*™(M,N) and hence a well defined uniform structure
A®PT = (i x i)"LAPT. After completion we obtain once again the manifold
QP (M, N), where f € Q%P7 (M, N) if and only if for every € > 0 there
exist an f € C°°°(M,N) and a Y € QP"(f*TN) such that f = expY and
|Y'|p.» < €. Moreover, each component of Q%" (M, N) is a Banach manifold
and TFQPT(M,N) = QP"(f*TN). As above we set

DOPT — {f € Q°PT(M,N) | f is injective, surjective

and | Amin(df) > 0}.
Theorem 2.12. Assume the conditions for defining DP". Then
DoP" =DE".
We refer to [15], p. 163 for the proof. O

3. The Group of Contact Transformations.

From now on we restrict ourselves to p = 2 and write Dy = Dg’r. Moreover,
we have to consider g—forms with values in a vector bundle F, i. e. elements
of Q27 (E) = Q¥ (AYT*M ® E). Sections of E are simply O-forms with
values in E . Usual forms on M are forms with values in M x R — M and
we write simply Q927 = QD27 (M).
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In [15] we studied the group DL’;} of form preserving diffeomorphisms
fe D6+1, f*w = w, w a symplectic or volume form. We proved the following

Theorem 3.1. Assume (M",g) with (I), (Bs), w € »™Q4 for allm, closed
and strongly nondegenerate, ¢ = n or ¢ = 2, inf oe(Di|erny)r) > 0. Let

Dy = imDg. Then {DX,Diolr > % + 1} is an ILH Lie group in
the sense of [17], [3] and the Lie algebra of DYy consists of divergence free

(¢ = n) or locally Hamiltonian (¢ = 2) vector fields X, respectively, with
| X|2,r < 00 for all r.

Here strongly nondegenerate means that in{/l |w|z > 0.
S

A similar theorem for the group of contact transformations would be
desirable and will be necessary for the constructions in Sections 5 and 6. As
a result of our efforts, such a theorem can be established but it is once again
a long, complicated story and will appear together with results on other
diffeomorphism groups in [13]. Hence we only sketch the proof here.

Let (M2, g, ) be an oriented Riemannian contact manifold, gy sat-
isfying (I) and (Bg42) and 6 a contact form. We assume additionally
bk+3|9|,, < oo and inf, |df]|, > 0. 6 is a 1-form with p := 6 A (d6)™ # 0
everywhere and we assume that p coincides with the given orientation. 6
defines the Reeb vector field £ on M, 0(£) = 1, i¢df = 0. Denote E = ker 6.
Clearly TM = R{ @ E. A Riemannian metric g is called associated to 6 if
there exists a (1,1) tensor field ¢ on M such that for any vector fields X,Y
on M we have

1) g(X,¢) = 6(X),

2) p*=-I+0QE,

3) do(X,Y) = g(X,pY).

These conditions imply

4) 9(§,8) =1,

5) B L¢,

6) o(¢) = 0, p(E) = E,

7) dO(pX, YY) =di(X,Y),

8) g(X,Y)=0(X)-0(Y)+do(pX,Y).

Given go with (I) and (Bgy2), 6 as above, we want to construct a metric g
of bounded geometry associated to #. This can be achieved as follows:

Proposition 3.1. Assume (M?**1 gy,0) as above. Then there exists a
metric g associated to 0 satisfying (I), (By) and **|6], < co .
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Proof. We sketch the simple proof. Start with go and define h by h(X,Y) =
go(—X+0(X)E, =Y +-0(Y)€)+6(X)8(Y). Then & Ly, ker6 and |¢|, = 1. Let
(X1, ..., Xon, &) be a local orthonormal basis with respect to h and write

((df)i;) = (db(X;,Yj)) = F- G,

where F' is orthogonal and G is symmetric and positive definite. Then,

according to [6], ( f); (1)

( F0 ) defines a global (1,1) tensor field ¢ with ¢? = —I + 6 ® £ and

) defines a Riemannian metric g on M and

0 0
di(X,Y) = g(X, ¢Y).
Denote by “’” in a symbolic notation the (euclidean) differentiation.
/ !
Then (G)' = ((diﬂﬁ) = ((d8)y) - % — ((dB)s;) - %7 Similarly for higher
derivatives. This implies (By) for g. Finally the condition (I) for go and
the fact that replacement of go by g implies uniformly boundedness from

above and below and the change of local volumes yields (I) for g. Here we
use theorem 4.7 of [7]. O

From now on we assume g with conditions (I), (Bj) and properties 1)-8),
k>r+1,049), < oo, r+1> 2L + 2. Consider the space

Fi= {a e C®(M) | ¥r+ijal < oo}.

Set for 6 > 0

Vs = {(Oq,az) € .7:2 l |Oél —012|2,r+1

r+1 %
= ( > (Vo) (or - a2)|§,mdvolw(g)) < 5}.
1=0

Lemma 3.2. B = {Vs}s>0 is a basis for a metrizable uniform structure on
the space F.

Let F7+1 be the completion of F with respect to B. Then F" 1 is locally
contractible, hence locally arcwise connected, hence components coincide
with arc components. The elements of F are dense in each component.
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Proposition 3.3. Let o € F. Then the component of o is given by
comp (@) = {a’ e Fri l la — a'|orq1 < oo} = a+ Q2 (M.

In particular each component is open and a Hilbert manifold modeled over
QO,2,r+1 (M) .

Remark. For a = 0 the component comp («) coincides with the Sobolev
space Q027 F1(M), but for nonzero a its component comp () equals to the
affine space o + QU2 +H1(M).

Corollary 3.4. F™t! has a representation as a topological sum of its com-
ponents,

Frl = Z comp (o).

i€l
Set F5tt = {a € comp (1) ‘ ig{/{a(m) > 0}. Then F;*! is an open
xTr

subset of comp (1), in particular Ta]:g"‘l = Q02 (M) o € .7-'6"'1. More-
over, Fg *1is a Hilbert Lie group.
Now we define

Dyiti={ (e ) e P15 | a0 =06},
where >< denotes the semidirect product.

Proposition 3.5. Dg“gl is a closed subgroup of]:z)”r1 X DS‘H and a topolog-
ical group.

Theorem 3.6. Assume (M?"+1 g, 0) with (I), (By), g associated to 6, k >
r+1> 2%“5-1- +2, 5™+19] < 0o and inf 0e (A1)l (ker 1)+ > 0. Then Dg:gl is
a closed C*~" Hilbert submanifold of Fg* x Dyt

The sketched proof will occupy the remaining part of this section. As
usual, we will show that ’Dg'gl is the preimage of a point by a submersion.

Lemma 3.7. Let a € F3 ™, f € Dyt Then
(3.1) af*d — 0 Qh?r
and

(3.2) da A f*0 — af*d — df € Q22".
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Proof. The proof will be based on the Lemmas 3.8-3.10.

Write
(3.3) af*0—0 = a(f'9—-0)+(a—1)0
(3.4) a(f*0—60) = (a=1)(f0-0)+ f6-6.

Assume f*0 — 0 € Qb27. We have (a— 1) € Q%27+1. The module structure
theorem 2.4 applied to (a — 1)(f*8 — ) gives (a — 1)(f*0 — 6) € QM2 and
a(f*0—0) € Qb2". Moreover, (a — 1) € Q27 since (o — 1) € Q037+ and
b,r+1|9| < 0.

Hence the proof of (3.1) reduces to the following

Lemma 3.8. Assume f € Dy, Then f*0 — 6 € Qb2".

Proof. Any f € 'DSH has a representation f = exp X, o---oexp X;. We
start with the simplest case f = exp X, X € Q02"*1(T'M). The main steps
in the proof are done already in [15]. We recall them. Let I = [0,1] and
it : M — I x M the embedding i;(z) = (¢,z) . We put on I x M the product

metric ( L0 )
0 g
Lemma 3.9. For every q > 0 there exists a linear bounded mapping
K ™t x M) — b™QI(M)
such that dK + Kd = i] — 13.
This is Lemma 3.1 of [15]. O

Lemma 3.10. Let f,h : M — N be C'-mappings and F : I x M — N a
C'-homotopy between f and h. Let

R0 BI(N) = BIQY(M),  FrYQUN) — MQI(T x M)
be bounded. Then for & € »1QI(N)
(h* — f*)® = (dK + Kd)F*®.

This is Lemma 3.2 of [15]. O
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Hence we have to estimate (dK + Kd)F*0 in our case h = id, f = éxp X,
F = exptX. This is done in Theorem 3.2 of [15] and its proof, [15] pp. 154-
158. The proof is rather involved. We conclude

(exp X)*0 — 6 € Q7.

Assume now f = expX, o---oexpX;. A simple induction now yields
f*0—6 € QY27 (cf. [15] p. 160). This finishes the proof of Lemma 3.8 and
hence of (3.1). O

Now we consider (3.2) which is the differential of (3.1). From this it is
clear that the expression (3.2) is in Q*27~1. But can we prove more.

(3.5) daA f*O+af'dd—dd =dla—1)Af*0+ (a—1)f*d0+ f*df — db
and

(3.6) dla—1)AfO=da—1)A(f0-0)+da—1)A0,

(3.7) (o — 1) f*d = (o — 1)(£*d — dO) + (a — 1)d0.

Now we use that (o — 1) € Q927 and f*df € Q%2%" (according to the
first part of the proof) and df € ®"Q2. Application of the module structure
Theorem 2.4 yields the assertion. This finishes the proof of Lemma 3.7. O

Define
P ]:6'+1 % D6+1 - 91,2,7' ) 92,2,1',

(3.8) U(a, f) = (af*0—0,da A f 0+ af 6 — db).
Lemma 3.11. The map ¥ is of class k —r.

We omit the considerations and estimates, refer to [13] and discuss in
the sequel only the special case of D¥|y ;). a

Lemma 3.12. Let A : Q0271 ¢ QO2r+1(TM) — Qb27 @ Q27 be defined
by
A(u, X) == (u-0+ Lx0,d(u - 0) + d(ixdb)).

Then
DY ig)(u, X) = A(u, X).
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Proof. From the facts that ®"1|6| < co,u € Q%27+ and X € QO2r (T M)
follows immediately that u -8, Lx0 € Q2" and d(u - 6),d(ixdf) € Q>2".

Considering %\Il(l +t-u,id)|t=0, and j‘i-\I/(l, exp 7X)|r=o yields the desired

result. O

Define
B: 91,2,7- D 92,2,7' — 92,2,7'——1 D 93,2,7'—1

by
B(p,0) == (dp — g, dO')

Clearly BA = 0.

Lemma 3.13. Let the adjoints A*, B* be defined with respect to the Lo
scalar product of forms. Then for O := AA* + BB*, we have

O(p,0) = (Ap+ p, Ao + o).
We refer to Lemma 8.3.2 of [17]. O

Corollary 3.14. The operator O is extendable to any Sobolev space of order
<k and
0- Ql,Z,T D 92,2,7' — Q2,2,T—2 D 93,2,7'—2

18 injective, surjective and bounded.

Consider ker B C Q42" @ Q%27 Then ¥ maps F 11 x DS"‘I into QY27 @
Q227 The following is immediately clear from the definitions.

Lemma 3.15. im¥ Cker B .

Proposition 3.16. Assume that inf oe(A1|er ay)L) > 0. Then the opera-
tor

DYy 9 = A: Q%> @ Q¥ (T M) —s T(gg) ker B = ker B

18 surjective.

Proof. Consider

Q02741 g 92,2,r+1(TM) A) QL2 g 227 ﬁ) 02271 g 3271
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This is an elliptic complex. Hence

Ob?" @ 022" = ker 0 ® imA @ imB* = imA ® inB*,

where the summands are Lo—orthogonal and the completion is taken with
respect to | |2,-. Moreover, it is easy to see that ker B C 1mA. Hence we
are done if we can show that

imA = imA.

Now it is a well known fact from elementary functional analysis that A is
closed if and only if imAA* is closed. A longer calculation yields

(3.9) AA*(p,o) = (dép + p + b0, dbo + dp).
Hence imAA* is closed if and only if the operators
(p,0) — dép + p+ do

and
(p,0) — ddéo + dp

have closed image, respectively. Now a careful analysis shows that this is the
case if imA; is closed. The latter is equivalent to infoe(A1ger ag)r) > 0.
We refer to [13] for details. This finishes the proof of proposition 3.16. O

A series of shifting arguments yield the same result at any other point
(@, f), i.e., D45y is surjective. Hence ¥ is a submersion and

Dyt =v71(0,0)
is closed submanifold. The proof of Proposition 3.6 is finished. a

Corollary 3.17. Assume (M**1,g,0) satisfying (I),(Bs), sup |V, <
TEM

oo for all i and inf oe(A1|(ker py)L) > 0. Set DG := lim nggl. Then

?

on + 1
{Dgfo,pg+01|r+1z ”; +2}

is an ILH Lie group.
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4. Contact Transformations of the Restricted Cotangent
Bundle T*M \ 0.

The most important example for us of contact manifolds of bounded geom-
etry is the cotangent sphere bundle S = S(T*M) = ((T*M) \ 0)/R4.. We
consider the Sasaki metric on T*M. Let w : T*M — M be the projection
and K the connection map of the Levi—Civita connection in the cotangent
bundle. Then the Sasaki metric is defined by

g (X, Y) = gyt (m X, mY) + gu (KX, KY), X,Y € TT*M.

Let gs := gr+m|s(r~nr) be the restriction of the Sasaki metric to the cosphere
bundle.

Lemma 4.1. If (M,gy) satisfies (I),(Bg+1),0 < k < oo fized, then
(S(T*M), gs) satisfies (I), (Bg)-

We refer to [15], p. 165 for the proof. O

Let 6 be the canonical one form on T*M, i. e. for X € T,T*M, 6(X) :=
2(m4X). Then 6 = i*6 is a contact form on S(T™M), where i : S(T*M) —
T*M is the inclusion. As pointed out in [5], g5 and 85 are not associated but
this is true for g := %gs and 0 := 165. In [5], pp. 132-135 the Reeb vector
field &, the (1,1) tensor field ¢ and the covariant derivatives are explicitly
calculated. Denote for the sake of simplicity the new # from now on by
6 = 65 and gg by gs.

Lemma 4.2. Suppose (M, g) with (I),(Byi2). Then 6 =0, € 101 i,
sup |Villgs,. <00, 0<i < k+1.
z€S

Proof. Start with i = 0. Let e1,...,e2,—1 be an orthonormal basis in T,,S
such that es;,_1 = £&. Then

2n—1

Qs = D Quoles)? =1.
i=1

It is well known that on a contact Riemannian manifold the integral curves
of the Reeb vector field ¢ are geodesics (cf. [5] p. 54), i.e., V¢§ = 0. Fix
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at zp the orthonormal basis ey, ..., ea,—1,€2,—1 = . According to §(X) =
g(&, X), 6 is the covariant form of . Hence |V¥0| = |V¥¢|.

2n—1 2n—2

VO = |VER = > Ve, 67 = D Ve, &%
=1 =1

According to [5], p. 133-135, formulas (3)—(8),

(41)  |Ve &l < Cp-lol+ ColR%|, [VE] < Cilp| + Col RS,

(42) V0] < CoIV* il + Cou[VPIRSS,

43) VPl < DuulVF7el + Doyl VATIRS|

which yields together with 4.1 the assertion. |

Theorem 4.3. Suppose (M™,g) with (I) and (Bg41), k >r+1 > 21 4
2, and inf 0e(D1(95))|(ker 21 (g5))+) > 0- Then Dg};l(S(T*M),gg) is well
defined and a C*~" submanifold of Fy ' x Dyt

This follows immediately from Theorem 3.6. O
Corollary 4.4. Suppose (M",g) with (I) and (Bs,) and
inf o (A1(95)) | (ker 21 (95))+) > 0-

Set Dgy i= im Dyl Then {Dge, Dyftlr +1> 251 42} is an ILH Lie
group.

For our later applications we must rewrite 4.3 and 4.4 by rewriting
’Dg"gl (S(T*M), gs) in an isomorphic version as ( writing Dg:gl(S ) for short)

DyEUS) = {(£,8) € DyH(S) % F5+1(S)|£*0 = B8},

where (a, f) — (f,a™!) is the canonical isomorphism (w.r.t. « antiisomor-
phism). The “Lie algebra” of Dg:gl(S (T*M)) is

a551() = {(X,u) € QO (TS) 0 037 (S)|Lx0 = u - 6}
with

(4.4) (X, u), (Y, 0)] = (X, Y], X (v) = Y (u)).
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From the last equation it is clear that it isn’t a Lie algebra since the bracket
decreases the Sobolev index. It is only the tangent space at (id, 1).

Define now a map ® from ’Dg:'dl(S) into the homogeneous of degree one
C? diffeomorphisms f of T* \ 0 satisfying f*0 = 6 (cf. 4.7 below). Given
(f,8) € DyH(S), we define f = &(£,B) by

(4.5) f(2) == fﬁ('lzg z€T*M\O.
T

From f € im® we can reproduce (f,8) = ®1(f) by

N Fw fE AstE)

4, ) R 5.7 . : ,

(46) f(uO F@1 - FE - AsE)l
EAN || :]]%[] _ 1

o(i1) @1 R As@l

For our applications below we recall two lemmas from [18].

Lemma 4.5. Let f : T*M \ 0 — T*M \ 0 be a diffeomorphism. Then the
following conditions are equivalent

a) f'"0=4¢
b) f is symplectic (i.e., f*w = w,w = —df) and homogeneous of degree
one.

Lemma 4.6.

a) Let H:T*M\ 0 — R be homogeneous of degree v. Then the Hamilto-
nian vector field Xy is homogeneous of degree v —1 and 6(Xy) = H.

b) A vector field X on T*M \ 0 is homogeneous of degree zero if and only
if its flow is homogeneous of degree one.

c) Lx0 = 0 if and only if X is globally Hamiltonian, homogeneous of
degree zero with Hamiltonian 8(X) homogeneous of degree one.

Proof. For later use we recall the proof of ¢). Let Lx6 = 0, F; the flow of X.
Then Fy*¢ = 0. Lemma 4.5 implies that F} is symplectic and homogeneous



Lie Groups of Fourier Integral Operators 1001

of degree one and hence, according to b), X is of degree zero. 0 = Lx0 =
ixdf+dix0 yields i xw = df(X), i.e., X = Xy with H = §(X) homogeneous
of degree one. The converse implication follows from a). O

Define now
Dyt (T*M \ 0)
={F:T"M\0 2 T M\OIf = &(£,6), (£,8) € D)}
Recall our assumptions, (M™, g) with (I), (Bg+2),k > r+1> %4—2. This

implies w € " +1Q2(T*M). Additionally we have in the case of T*M that
w is strongly nondegenerate, i. e. ijrng lw|2 > 0.
zeT™

It follows immediately from the definition (4.5) that f is a C? diffeomor-
phism. Thus we get a 1-1 mapping between DTH(S) and Dr"'l (T*M\0). We

endow Dg'gl (T*M\0) with the topology and differential structure of D”’l (S)
such that & becomes a diffeomorphism. Evidently, ®(id, 1) = idp«pp 0. Our
next aim is to describe properties of ®, of the elements of DTH(T*M \ 0)

and of TigDyFH(T*M \ 0).
Proposition 4.7.
a) ® is an isomorphism of groups.
b) Each f Dr"'l(T*M \ 0) satisfies f*0 =0
c) Let (X,h) € T(,-d’l)Dg,ng (S). Then ®,(q1)(X,u) = Xg where H is the
Hamiltonian H(z) = OS(Xﬁ) -|z|, i.e.,

1
(4.7) H=0s(Xom)/fs, fs(z)= =k
In particular, H is homogeneous of degree one, Xy is homogeneous of
degree 0 and H = 0(Xgr).

d IfY =Yy € T,dDT“(T*M \ 0) then Y projects to X = m.Y tan-
gentially to S and ®71(Y) = (271« (Y) = (mY,u), where u(m) =

{ H@} 12, e,
(4.8) uvorm={fs,H}/fs
Here { , } the Poisson bracket on T*M.
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e) &, preserves the Lie brackets.
f) TidDg:El (T*M \ 0) coincides with the space

HpQO> U (T(T*M \ 0))
= {Y | Y is a C? wvector field on T*M \ 0, Ly =0

and Vg € QUL (T(T*M \ 0))), i: S — T*M\ o}.

g) HIQO2 (T (T*M \ 0)) is isomorphic to the space

HIQO2TH2(T* M\ 0) = {h |his a C® function on T*M \ 0,
h is homogeneous of degree 1 and
i*h = hls € Q027 +2(5)}.

h) HIQO2™+2(T*M \ 0) is isomorphic to QO27+2(S).

Proof. For a) we refer to [18], p. 97. Let f € Dg};l(T*M \ 0). Recall
0s = 0|ls = i*6, 6 on T*M \ O the canonical one form, = : T*M \ 0 —
S(T*M) = S the projection, 7(z) = Téf Then f*0 = ((5;{%)*9 =
(7;3;{7 ;?];SS = ('?;:r)r;zs = 6. This proves b). We conclude, according to 4.5.b)
that f is symplectic and homogeneous of degree one. Claims c), d) and e)
are again simple calculations, performed in [18], pp. 97, 98. For claim f) we
use the fact that X g is homogeneous of degree 0 to assure that Yz projects
to m. Yy tangentially to S. Let Y = Xpg = ®,(X,u) € gDy 5 (T*M \ 0) =
@*EdDg:gl(S). Assuming for a moment Y = Xy € C?, we conclude from
4.6.c) that Lx6 = 0. Hence we have only to show that Y = Xy is C? and
Y|s € QU2 (T(T*M \ 0))). The latter would imply that YV|s € C?
(according to the Sobolev embedding theorem), hence Y € C? since Y is
homogeneous of degree zero. Assuming Y|s = Xgl|s € QO™ (5*(T(T*M \
0))), we have TpgDy ™ (T*M \ 0) C HIQO2™+1(T(T*M \ 0)). Consider D.
Let Y € HIQO2 (T (T*M \ 0)). Then, according to 4.6.c) ¥ = Yy for
some H and Y has degree zero homogeneity. Hence it projects to T'S,
7Y = X. Define u by (4.8). Assuming for a moment X € QO>7+1(T3)
and u € Q%3™+1(S), we see by an easy calculation ®.(X,u) = Yg, ie, 2
would be proved. Hence there remains to show

LY = Xy € TDyH(T* M \0) implies V|5 € QU271 (:*(T(T* M\ 0))),
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2. Y € HIOO? T Y = Yy then X = 1Y € Q¥*"HTS) and u €
QO,Z,’I"I‘l(S).

Lets begin with the first assertion Y = Xy = ®,(X,u). We introduce
local coordinates in T'(T*M \ 0), say (z,&,4¢1,%2), © coordinates im M, &
in T*M \ 0, 91,2 over them in T(T*M \ 0) with projections 71, 72. Then
according to [18], p. 99 we have
(4.9)

XHlS(.T,f) = q)*(X,u)|5(a:,§) = ("1”5’ (X)l(a:,é),(X)g(a:,ﬁ) —u(az,ﬁ) : ‘5);

where ( ); are the components of X belonging to imm;. Using a uniformly lo-
cally finite cover of S(T*M\0), (4.9) and X € QO3 +1(T9),u € Q*27+1(S),
we conclude that Y|s = Xgl|s € QU2 H1(i*(T(T*M \ 0))).

To prove 2., we assume Y = Yy € H)QO2™T(T(T*M \ 0)). By as-
sumption Y|g € QU2 HL(i*(T(T*M \ 0))). Set X = m.Y = m.Y|s. Denote
by V¥ the Levi-Civita connection of (S(T*M),gs). Then by choice of lo-

cal orthonormal bases eq,...,ean—1,€am,€2n L S, we see immediately for
i1<r+1
(4.10) X|gs <IYlsl, UVZVX|<|VI(Y]s)l,

which implies X € Q%271(TS). Write as in (4.9)

(4'11) X(m,{) = (-77,57 (X)l(x,f),(X)z(.T,f))
Then, locally,
(4'12) (XHIS - X)(.T,f) = (O,O’O, —’U/(il?,f) ‘5),

which immediately implies u € Q%27 11(3).

This finishes the proof of f).

Consider g) and the map Y = Xy — H = 6(Xpy) given by 4.6.c. We
must prove that H € C% and H|s = i*H € Q%27+2(S). The latter will
already imply H € C3. We immediately obtain from (4.7) that H|s €
Q027+1(8) since H = 0(Xy), H|s = 0(Xx|s), 0 € > t1Q! and Xp|s €
Q927+1(TS). Hence H € C2. The main point is that H|s has even Sobolev
order r + 2. Denote again by dg, V° the operators d, V on S. We have

(4.13) lds(H|s)| < |(dH)|sl, [(V¥) (H|s)| < |(V H)]s].

For nonsmooth objects we have (as usual) to understand this in the
distributional sense. @ We always have to do with regular distribu-
tions. That H|g € Q0%™*+2(S) would be proved if we could show that
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dsH|s € QV™+1(S). According to (4.13) this would be done if we
could show (dH)|s,(VdH)|s...(V"t1dH)|s are square integrable on S.
But (dH)|s = (ixzw)ls = ixy|sw. Furthermore w € br+202 w is
strongly nondegenerate and Xgl|s € Q%27 1(*(T(T*M \ 0))) just imply
that (dH)|s,...,(V™*1dH)|s are square integrable on M. This is Lemma
3.6, 3.7 in [15]. We obtained that H € H!Q0>™+2(T*M \ 0), and from 4.6
it follows that the map Xg — 0(Xg) — Xy(x,) equals to the identity.
Now let h € H!Q®27+2(T*M \ 0). The function h defines a global
Hamiltonian vector field X}, homogeneous of degree zero, satisfying Lx, § =
0. Moreover X}, is C? and solves the equation 4 x,w = dh. We have to assure
that Xp|g € QU2 (*(T(T*M \ 0))). From hls € 2%27+2(S) we conclude
that |h|s, |[dgh| and |(V5)idgh| are square integrable on S. But for i > 1

(VeR)ls < 1(VE)H(hls)l + [(VE) (Rls)l,

since h is homogeneous of degree one. We obtain that |(dh)|s, ..., |(V"T1dh)|s
are square integrable on S, i.e., the right hand side of ix,ws = dh|s is an
element of QL271(S) (with values in the conormal bundle of S). Then
X, € QU2 HL(*(T(T*M\0))) and altogether X, € HIQO2™1(T(T*M\0)).
According to 4.6, the map h — X}, — 6(X}) coincides with id. This finishes
th proof of claim g).

Concerning claim h), the isomorphism is given by h € H1QO27+2(T* M \
0) — h|s . This map is well defined, according to g). It is injective since h is
homogeneous of degree one. It is surjective because for u € Q027+2(S) let h,
be its extension homogeneous of degree one . Then h,, € H1Q%2+2(T*M\0)
and hyls = u. O

Remark. We constructed a topological isomorphism
(4.14) F:dyhl(8) — QO27+2(8).

This isomorphism is topological since all constructed maps in Proposition
4.7 are norm continuous. Here we essentially use Lemma 3.6, 3.7 of [15]. The
isomorphism (4.14) will be very important in constructing local charts on
Dg};l (S). Proposition 4.7. justifies to denote nggl (S) and Dg"gl (T*M\0) by
the same symbol. We can understand Dg:gl (T*M \ 0) as a Hilbert manifold
and a topological group with TidDg:gl (T*M \ 0) = QO2r+2(8),

Summarizing our results, we obtain in the case of (By) the following:

Theorem 4.8. Suppose (M™,g) with (I), (Bs) and
inf ae(Al(gS)lkerAl(gs)J—) > 0.
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Set Dgo(T*M \ 0) = 11312);51(1’*1\4 \ 0). Then

2n — 2
{DS?o(T*M\o),ngdl(T*M\O) r4+1> ”2 +2}

is an ILH Lie group.

5. Pseudodifferential and Fourier Integral Operators on
Open Manifolds.

Pseudodifferential (¥DO) and Fourier integral operators (FIO) are well de-
fined for any manifold, open or closed. But on open manifolds the spaces
of these operators don’t have any reasonable structure. Moreover, many
theorems for ¥DOs or FIOs on closed manifolds become wrong or don'’t
make any sense in the open case, e.g., certain mapping properties between
Sobolev spaces of functions are wrong. The situation rapidly changes if we
restrict ourselves to bounded geometry and adapt these operators to the
bounded geometry. This means, roughly speaking, that the family of local
symbols together with their derivatives should be uniformly bounded. For
FIOs we additionally restrict ourselves to comparatively smooth Lagrangian
submanifolds A of 7*M \ 0 x T*M \ 0 and phase functions also adapted to
the bounded geometry.

A good reference for ¥DO’s are [16] and [20]. Further results are in
preparation (cf. [14]). Since we restrict our applications to the case where
the Riemannian manifold (M™, g) satisfies the conditions of bounded geom-
etry (I) and (Bw), we assume these conditions from now on. Moreover, we
restrict ourselves to the scalar case, i.e., we consider only operators acting
on functions.

We first recall two classical lemmas which play a key role in all forth-
coming constructions.

Lemma 5.1. Assume (M™,g) with (I) and (Bw) ((Bo) is sufficient here),
§ < B2, Then there ezists a uniformly locally finite cover U = {U;}; of M
by geodesic d—balls.

Lemma 5.2. Assume U = {U;}; as above (and (Bs)). Then there exists
an associated partition of unity {;}; such that

(5.1) |VRs| < Cr, k=0,1,2,...,.
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We define now U¥~%°(M) to be the set of all linear operators R :
CP(M) — C (M) which have the following properties.

(5.2) 1. R has Schwartz kernel K € C*°(M x M).
(5.3) 2. There exists a constant Cg s. t. Kr(z,y) =0 for d(z,y) > Cg.
(5.4) 3. VLVIKg is bounded for all i and j.

It follows from the conditions (I) and (Bs) that for any point m € M"™
there exists a diffeomorphism @,,

M > B.(m) = B=B.(0) c R"

such that @,, induces bounded isomorphisms

o~

S (B,(m)) B> H0(B),

o~

4200 (B, (m)) £ b00(B)

with bounds independent of m. After fixing an orthonormal basis in T, M,
®,,, is essentially given by the exponential map.

We now define the class of uniform symbols for our pseudodifferential
operators as follows. Let ¢ € R and denote by U/ S?(B) the set of all families
{am}mem with a,, € C*°(B x R™) and

(5.5) 10§ BB am(z,€)| < Cayp(L + €N,
where Cy g is independent of m. Then {am }m defines a family of operators
am(z, D) : C°(B) — C*°(B)

by

(5.6) am(z, Dy)u(z) = (27)" / / G (3, €)u(y) dydt,
R™ B

where supp v C B.
Define YT~ (B) as the set of all families { R, : C°(B) = C®(B)}mem
such that R,, has Schwartz kernel XR,, € C*(B x B) with

(5.7) 10265 KR, (%,9)] < Cayp,
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where Cy g is independent of m. Finally let L/ ¥9(B) be the set of all families
{Am : CX(B) = C*®°(B)}mem such that

Am = am(z,Dy) + R,

{am}m € USY(B),{Rm}m € UT~(B).

Now we define the space UTI(M) of uniform pseudodifferential opera-
tors of order g on M™ as follows: A pseudodifferential operator A on M™
with Schwartz kernel K4 belongs to UTI(M) iff it satisfies the following
conditions:

1. There exists a constant Cq > 0 s. t.
(5.8) Ka(z,y) =0 for d(z,y) > Ca,z,y € M.
2. K4 is smooth outside the diagonal of M x M.
3. For any d > 0 and 14, j there exists a constant Cs;; > 0 s. t.

(5.9) ViViKa(z,y) < Csi for d(z,y) > 6.
4. If A,, is defined by the following commutative diagram

C¥(B:(m)) —2— C%(Be(m))

expy, J J expy,

cyB) —Ims  0%(B)

then the family {A;,}menm belongs to UT(B).

Remark. We have U~ (M) =UTI(M).
q
A convenient description for the elements A € UP9(M) is given by

Proposition 5.3. Assume A € UVI(M), and € > 0 arbitrary. Then there
ezists a representation A = A1 + Ao

a. Ay € UT° (M)
b. Ay € UTI(M)
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¢. Kay(ay) =0 for d(z,y) > ¢

i.e., up to smoothing operators in UP~°(M) we can always assume that the
support of K 4 is arbitrary dense to the diagonal.

We refer to [16], p. 230/231 for the proof. a

For our applications we additionally restrict ourselves to classical sym-
bols and classical ¥DOs, i.e., we assume homogeneity in the {—variable on
R"™\ {0} and an asymptotic expansion

(5.10) am(2,€) ~ Y amg—;(2,8)
5=0

such that amq¢—;(z,§) is positive homogeneous of degree ¢ — j in £. Here
o0

am(,§) ~ 3 amg—j(@,§) means
=0

k-1
(5.11)  {(1=x(x,8) | am(@,) =) am,g—j(z, &) € Us*(B)
j=1

m

for all k and x(z, ) is compactly supported in the &-direction with x = 1
in a neighborhood of B x {0}.

Remark. Shubin [20] calls such pseudodifferential operators ¥YDOs with

polyhomogeneous local symbols and writes U/ ¥? ho(M) but we omit the sub-
phg
script phg and write simply U¥(M).

We recall some mapping properties and refer to [16] for the proofs.

Proposition 5.4. Any R € UT~°(M) defines continuous maps and ez-
tensions as follows

R C(M) — C2(M)

R:C®(M) — C>®(M) ,

R:& — C®(M),

R :5°Q0(M) — »°Q0(M) .

Proposition 5.5. A € UV(M) defines linear continuous maps
A Q02T — QO2Te

and
A0 — bl



Lie Groups of Fourier Integral Operators 1009

Finally we have

Proposition 5.6.
a. If R1,Rp e UT™°(M) then Rio Ry € Z/I‘I/“’"’(M).
b. If Re UT~°(M) then R* € UT~°(M).
c. If AcUTYI(M) then A* e UTI(M)
d. If AcUID (M), B € UV%2(M) then Ao B € UTLTR(M) .

All proofs are performed locally. Using the uniform boundedness (5.5),
one gets these results for the formulas of the symbols of the adjoint operators
and the product (composition) of operators. O

Finally we recall uniform ellipticity. A € UTI(M) is called uniformly
elliptic if there exist constants Cy,Cy, R > 0, independent of m € M, such
that

C1l¢]? < lam(z, §)| < Cal¢)?

for all |{| > R,z € B,m € M. We denote this class of operators by
EUTI(M).

Remark. Given any real number s, then there exists a uniformly elliptic
operator in EUT* (M), e.g., (1+ A): € EUT*(M).

Theorem 5.8. Given A € EUYY(M), then there exists a parametriz, i.e.,
a PeUT™YM) s. t.

(5.12)  PoA=I+R,, AoP=1I+Ry, Ri,RcUT (M)

The proof is performed locally by establishing explicit formulas for the
symbol {pm}m. This is done as usual by calculation of the terms of the
asymptotic expansion (5.10). Then one fits the local operators together by
a partition of unity. To assure P € U¥~9(M), one essentially uses (5.1). O

Remark. In contrast to the case of compact manifolds, (5.12) does not
mean the invertibility of A modulo compact operators. On open manifolds,
the kernels Kg,,Kpg, are far from being square integrable, i.e., Ri, Ry are
far from being compact operators. As a simple consequence, P is far from
being Fredholm (except in very special cases).
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Taking 5.3 into account, we define as in [1] a formal ¥DO of order ¢
as an element of UWI(M)/UT~°(M). Denote by (UT(M)). the set of all
invertible elements in U¥ (M),

UT(M) = Juv(M)Us= (M) = (Uuw )/LI\II *(M).

q

(UT(M))« is a graded group under multiplication and non—empty as 5.8
shows.

Quite similarly we define uniform Fourier integral operators UF'Y(M, C).
A Fourier integral operator (FIO) on M has essentially 3 ingredients

1. a family a = {am }m of local uniform symbols as above,

2. a conic Lagrangian submanifold (or homogeneous canonical relation)
C CT*M\OXT*M\O0,

3. a family ¢ = {¢m }mem of phase functions.

We will make this precise. Recall that we now always assume that
(M",g) satisfies the conditions (I) and (Be). A homogeneous canon-
ical relation C is a closed submanifold (not in the sense of compact-
ness) C C T*M \ 0 x T*M \ 0 which is conical, i.e., ((z,¢),(y,n) € C
and 7 > 0 imply ((z,7€),(y,7) € C, and which is Lagrangian with
respect to the canonical symplectic form w 6 w = pjw — pjw, where

"M X T*M — T*M,j = 1,2 are the projections and w = —df.
A very important class of examples are the graphs I'(f ) of contact transfor-
mations. Let f € Dr:"l( (T*M)) and f = ®(f) the corresponding homoge-
neous diffeomorphism f : T*M\ 0 — T*M \ 0 satistying f*6 = 6, which is
given by (4.5). Then I'(f) = {((z,£), (y,m)|f(z,£) = (y,m)} is conical and
Lagrangian according to Lemma 4.5.

Uniform families a = {am}mem of local symbols are already defined
but we consider here a slight generalization of (5.5) admitting additional
dependence of a second variable y, i.e., we require

(5.13) |3?3£33am(x,y,§)| < Copy(1+ j€))aled

where Cy, g,y is independent of m. We write 4/ S9(B x B x R"™\ 0) for all such
symbols a = {am}m. Consider ¢ = {¢m }mem with the following properties.
Each ¢, : B x B x R"\ 0 — R is a smooth map, positive homogeneous
of degree one with respect to £ € R™"\ 0, i.e., pm(z,y, 7€) = 7 - pm(z,y,§)
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and dg¢@m, dyepm are # 0 on the canonical support of a,, . Furthermore,
the map

{(z,y,€) € canonical support of an, | depm(z,y,£) =0}
— {(z, dzom (2, 9, 6), v, _dy‘Pm(x,%f)) | (z,y,€) as above}

is a diffeomorphism onto a conical submanifold Cg € T*B\ 0 x T*B\ 0,
where Cg corresponds to C C T*M x T*M under the exponential map.

Such a family ¢ = {@m}menm is called a uniform family of phase func-
tions associated to a = {an,} and we write Y Ph(a)(B x B x R") for the space
of all such families. We say A is a uniform Fourier integral operator of order
g, associated to the homogeneous canonical relation C C T*M \0x T*M \ 0,
written as A € UFI(M,C), if it satisfies the following conditions:

1. A is a continuous linear map A : CX (M) — C*°(M),

2. If the family {A;,}men is defined by the commutative diagram

CX(Be(m)) —2— C%(Be(m))

expy, J J expy,

C®(B) —4m,  C™(B)

then there exist a = {am}m € USY(B x B x R™\ 0) such that

(5.14) Anu(z) = () [ [ e an(a,y, utw)dyde,

R™ B

supp u C B, and for 9 := (exp,) '¢m the map

(5.15) (2,9,8) — (z, do¥(2,y,€), y, —dy$p(,9,§))

is a diffeomorphism from the zero set of d¢t onto a submanifold of C.

Because of our applications, we restrict ourselves to the case where
C=TI(f), fe ngdl(S(T*M)), and we write simply UF'9(f) for the corre-
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sponding class of uniform Fourier integral operators. We set

(5.16) UF~(f) = [UFUf),

(5.17) UFi(r+1) = U UFI(f),
FEDGHH(ST* M)

(5.18)  for —k<gq, UFY (f) = UFI(f)JUF*(F),

(5.19) UF r+1) = ] UF?*(f).
feDght

For Ay € UF%(f1) and Ay € UF%(f5) we have

(5.20) Ai oAy eUFTTR(f 0 fo).

Denote analogously to (5.18) for —k < g

(5.21) UL = Uv Yy

and Dgf = lim DY,

(5.22)  UFP*(x0) = liinL{Fq’k(r +1) = | urek(y).

fEDES,
(5.23) USTF = USIus+1.

Let (UF%*(r + 1)), , (UF%*(c0)), and (UTO*), denote the groups of in-
vertible elements of UF % (r + 1), UF%*(c0) and UTO* respectively. It is
clear from (5.20) that we must choose ¢ = 0 to get invertibility inside one
homogeneous constituent of our graded structures.

Lemma 5.9. Assume the hypothesizes of 4.8. The following is an ezact se-
quence of groups

(5.24) I — U, Ly UF%(o0)), T+ Dy —s e,

where j is the inclusion and w[A] = f , where A € UF°(f), [A] = A +
UF+(f).

Proof. The injectivity of j, the surjectivity of m and #m j C ker 7 are clear.
im j = ker m follows from (5.26). a

Generalizing the ideas of [1] and [2] our strategy is as follows:
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1. We want to construct a local section of 7 in (5.24). For this we need
a chart in ’D;'Sl at id =e.

2. This yields a chart and local section in (5.24),

3. We endow (UT0*), with the structure of an ILH Lie group by forming
Sobolev completions and taking the inverse limit.

4. We endow (UF%*(c0), with the structure of an ILH Lie group, using
these structures of (UP%F), and Dg% in (5.24), the local section of m
and some group theoretical theorems presented in Section 7.

This procedure is carried out in [1], [2] for compact manifolds, but in
the case of open manifolds the analysis is much harder. We first start with
the construction of a local section of 7 in (5.24). This means the existence
of a neighborhood U(id) C D;:gl and a (at least continuous) map o : U —
(UF%(r 4+ 1)), such that 7 o o = idy. For doing this we construct global
phase functions and present an explicit formula for o.

We call a C? function ¢ : T*M x M — R a global phase function for
e=id e Dyt iff

1. dp(T*M x M) is transversal to N := {a € T*(T*M X M)|a(v) =0

for all v € kerm.} C T*(T*M x M), where w : T*(T*M x M) —
M x M,m(0z,y) = (z,y)

and

2. dp(T*M\O0x M)y, := [do(T*M\0x M)NNy]/N:- =T(e) c (T*M\
0xT*M\0,wOw), where ;- is the foliation by isotropic submanifolds
generated by the w-orthogonal bundle (TN, )+ in TT*(T*M x M).

Example. For M™ = R" the function ¢ : T*R"™ x R" — R (&, y) =<
§,T —y >, is a global phase function for e. Consider 0 < 6 < 74,;(M,g),
Qs ={(&z,y) € T*M x M|d(z,y) < 6} C T*M x M. In the definition above
it is possible to replace ¢ : T*M x M — R by ¢|o, : Qs CT*M x M — R
if Qs contains the whole fibers of T*M.

Lemma 5.10. The function @9 : Qs — R defined by po(és,y) =
£x(expz(y)), is a global phase function for e =id € Dg:gl on Q.

We refer to [1], p. 541, 42 for the proof which is local in character and
does not depend on the compactness or openness of M. |
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For § < ri,j(M,g) we can define global symbols a(z,£) € USI () on
Q = Qs by requiring

(5.25) IVEVZa(z, )] < Cap(l+ €172

and assuming an asymptotic expansion of the type (5.10), (5.11).
Let x(z,y) be a bump function on M x M such that suppx C
Us(diagonal) = Us(A) and x = 1 on a neighborhood of the diagonal.

Proposition 5.11. Let a(z,£) € USI() be a global classical symbol of
order q. Then
(5.26)

w(@) — Au(z) = (21)" / / x(@,4)e#0ENa(z, €)] det exp,. |dyde
Tw*MB(s(:II)

s a classical pseudodifferential operator of order q in the former sense, i.e.,
A e UTI(m).

Proof. The fact that A is a ¥DO is well known and follows from the famous
Kuranishi principle. The uniform boundedness (5.5) of the family {am}m
follows from 5.10 and 5.25. O

Now we return to our first task to define a chart in Dg’gl. The most

simple idea would be to endow ’DSH X Fg“ with a Riemannian metric G,
to take the induced metric Gy on the submanifold Dg};l and then apply the
Riemannian exponential map of G to a sufficiently small ball in T(idJ)Dg:gl.
But this will not work since ngal is definitely not a geodesic submanifold,
at least for any reasonable metric on D6+1 X .7:6”’1. We could take the
Riemannian exponential of Gg, but we don’t know it, i.e., we can’t calculate
or estimate this. Therefore we will construct a chart centered at id : T* M \
0 — T*M \ 0 by another method. The framework of our approach here is
already carried out for compact manifolds in 4.2, 4.3, 4.4 of [1], but the case
M™ open has its own features. It requires additional estimates at oco.
Assume (W, g) satisfies the conditions (I) and (Bs). Let y € W, § <
Tin; and (U%(y),y',...,y") a normal chart. Let v = v1£r + - +v"ayin
be a locally defined vector field, |v| = (Uivi)% its Riemannian norm and
vl = et (01)2)% its euclidean flat pointwise norm respectively. We want
to compare |[v| and |v|z;. More generally, consider a locally defined tensor
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field t = (t;i’]’;) Denote as before by |¢| its Riemannian norm and by

[t| = (E(t;i’]’;)z)% its flat euclidean norm. Moreover, denote by |t|y,+1,5

the (r + 1) - Sobolev norm based on Riemannian covariant derivatives, the
Riemannian volume element and the flat pointwise norm.

Lemma 5.12.
a) There exists constants c1,co > 0 such that for any (k,l)-tensor t
(5.27) c1|Vitla,z1 < [Vitlo < eo| Vit p1

forallz € Us,0 < i <r+1,,c1,ce independent of y, depending only
on k,l,r.

b) Ift € QO Y (TFW) and U = {(Uy, ¢x)}» is an uniform cover of W
by normal charts of radius 6 then there exists constants dy,ds > 0 such

that
(5.28) d1 Z [ty ra1,p0 < [tlrg1 < do Z [tluy,r+1,51-
A A
Proof. a) In Us(z) holds
(5.29) k105660 < gi;€87 < kalyeied
(5.30) ks698i&; < gU&iE; < kadY&iE;.

b) This follows from a) using a partition of unity that is bounded up to
order 7 + 1 , the module structure theorem and the fact that the cover is
uniformly locally finite. O

Now we generalize our notion of a global phase function ¢y for e =
id € nggl(T*M \ 0) from above to other f € Dg"gl(T*M \ 0). Consider
again the projection w : T*M x M — M, 7(ag,y) = (z,y), the conormals
N, C T*(T*M x M) of this submersion and the corresponding foliation N
of N. A function ¢ : T*M x M — R is called a global phase function for
a diffeomorphism f of T*M \ 0 iff:

L. dp(T*M x M) C T*(T*M x M) is transversal to N, and

2. D(f) = dp(T*M x M), := [(de(T*M x M)\ Ny ) /N7, where C' :=
{(fE,y,§, —77) | (l’,y,&’]) c C}
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For our purposes we can restrict ourselves to maps ¢ : Q5 C T*M X
M — R.
In local charts we have the following representations:

Nﬂ' = {(x7a719707y777)}
N#' = {(z,R",9,0,y,m)} = one leaf

dcpl(am,y) = ($> «, dw% da% Y, dy‘P)a
hence we have locally

dop(Q)n, = (dp(Q)NNg)/N;
= {(z,0,dzp,dap = 0,y,dyep) | (o, y) € 2}
(5.31) = {(z,9,dzp,dyp) | dap = 0}.

We prescribe a ¢ and want to construct the corresponding f. For
(z,y) € Us(A) € M x M denote v(z,y) = exp;'(y) € TxM and as above

volaz,y) =< a,v(z,y) >

Lemma 5.13. Let h € Q0?72(S), |hl.y2 < €, € sufficiently small and H
be the extension homogeneous of degree one to T*M \ 0. Define g :  C
T*M\0x M — R by

(,OH(Ol:c,y) = ()DO(O‘ivvy) + H(afﬂ) = <a7v($>y)> + H(x,a).

Then there exists an f € D’”“(T*M \ 0) such that g is a global phase
function for T'(f) i.e. , dor((T*M\ 0) x M)y =T(f).

Proof. Let y € M and ey, ...,e, be an orthonormal base of T, M. Let § <
Ting and (U%(y),y',...,y™) the corresponding normal chart. Then v(z, y) €
TM and a € T} M can be written uniquely as v = v ———1—{3, 4+ 0" ,, |z
and a = aqdy' + - - + ady™ respectively. The transversahty property is
substantially a local property and has been established in [1]. We must show
that [dem(Q)n,]" = T'(f) for some f € ’DT’H(T*M \ 0), if |A|,42 < €, for
¢ sufficiently small. The Lagrangian submanifold in T*M \OxT*M\ O
generated by ¢y can, according to (5.31), locally be written as

{(xayadeDH,dySOH | datprr = 0}.

We assume that (y,n) € S(T*M) be given and we have to solve for (z,a),
i.e we have to solve the equations

(5.32) dypn = dy(e,v) = (@, dyv) = —n
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(5.33) dar = 0.

(5.32) yields

oot gem \ TH
a1 T YT 9
= - )
Ovl ov™
On ar T oy )y Y

where 77 = mdy'ly + -+~ + 7udy”l,.. The matrix ()™ equals to JL==t),
i.e., we obtain

ey oy
(5.34) o= =55, a——avinjdylz.

(5.34) can be reformulated as follows: The map v : (z,y) — exp ' (y) maps
Us(A) into TM. Fixing (the unknown) z for a moment, we obtain a map
exp;1(.) : Us(z) — Ty M, its y - differential maps T,Us(z) — Tyey)TeM
and (v(z, )uy) ™t = (v(®,.) gy = (exPg)uy : To(ay) TeM — TyUs, ie., we
can write

(5.35) o = —1 0 (exXPg)sy
The equation (5.33) then becomes

door = dola,v(z,y)) + do H = 0,

0H o0H

15 1

(5.36) vida +---v"da" = — (Edal + - Edan) |—nv;§’

which we have to solve for z. Equation (5.36) as an equation between locally
defined vector fields is equivalent to v* = — e oL 1 < i< n, which is
equivalent to ’

(5.37)

Uli| +...+vn_?__| = — _a_I_{_i| ++Q_H_i| I
oy’ oyn'® doy Oy dan, Oyn ' ) 1=y

which we have to solve for z. There are several way to solve (5.37).
Write the right hand side of (5.37) as —(%—g , a%|x), we can assume

cﬂ(%—f , %)]ﬂ = 01 < 6, (cf.(5.27)). Consider the map F : [0,1] x
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Us(y) — V5(0ru,) , F(t,z) = expzl(y) +t(4E , g z) and set L := {t €
[0,1] | there exists a unique z; such that F(t,z;) = 0} Then the following
hold:

1) L #0, since 0 € L withzg =y

2) There exists a A > 0 such that [0, A\[{C L. This follows from the fact that
dzF| (o) is invertible.

3) L is open, which follows analogous to 2).

4) L is closed: assume ¢; < tg < --- — t*, this implies x;, € Uy, there
exists a convergent subsequence z;, — z* and F(t*,z*) = 0. Therefore

L = [0,1] and there exists a unique # € Us(y) such that exp;'(y) =
0H 0
<6a » JylT >|a——nv*%,

What remains to assure is that 02|( 5’ Oy 9.)| ;1 < 6. This can been seen
as follows: For a covector V' € T*T™*M we have |V| =g(KV,KV)+g(Vh, V)
where K : T*T*M — T, T*M is the connection prOJectlon Any V €
T*T*Us can be written as V = Ajdy! +--- 4+ A, dy™ + Bydal +- - -+ Bpda™.
If V = Bidy' + - - + Bpdy™, then it is purely vertical and ggasaki(V, V)=
g(KV,KV) = g(V,V). This can be calculated from the g”/(z) and the Bjs
i.e., we can apply (5.27). Using uniform boundedness, properties of exp (cf.
[15]) we derive from (5.27) and (5.34), (5.35)

1 1 3 3
5= §|77|y <lale < ghnly = 5

if we choose § < Tinj small enough. If we assume this has been done, o lies
in a 1- neighborhood of S(T*M). By assumption H|s = h € QO2r+2(8),

(5.38)

°|h] < Colhl-+
1
(539)  “ldaHlyy(s) < ldHl,(s) < 5 "ldshl + IR
1
< 5C1ldshlrs1 + Colhlr42 < Colhlry,
hence
0OH 0
. = —1 < — = < doH
B40) ol = lews 0 < | (G )| S omldettl

< e b|daH|U% (5) < c2c1 b|dH|U%(S) < c2¢1Ca|hlrq2 = Cslhlri2.

Choosing |h|r4+2 < Cis we obtain a unique z solving equation (5.33). We
get an orthonormal base at z by parallel translation of e1,...,en € T,Us
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from y to z along the unique connecting geodesic. This yields a normal
chard (Us(z),z,...,2"), y € Us(z). We now insert z into (o, dyv(z,y)) +
dyH(z, o) and obtain

£(z,y) = (adpv(z,y)) +doH(z,a)

3yj j 1 3yj j
- (= - - n dxH
(8’0177 dgv + -+ ERD dzv" | +
8’Uk 8y] 1 3H l
(5‘41) = —@lm le‘l(y) njd.’E + @ICE dz’.

The coordinate free description of (e, dyv(z,y)) is given by

(,dzo(z,y)) = —Bol(expy)ey : Togey)TeM — TyUs(y)] o
(5.42) o [(exp(_.)1 (Y)xy : TeUs(z) = Ty(5,4) T M].

If0#n¢&S(T*M), then o = —nov*_,; remains , but to determine z we apply
the procedure above with 7' = n/|n| and o/ = 7’ o v, whereas ¢ is again
defined by (5.41). Thus we finally get a map f~'(y,n) = (z(y,n),&(y,n))-
This map is well defined . The determining equations and its solutions
can be described coordinate free as shown by (5.35) and (5.42). Using the
geodesic convexity of normal charts and the implicit function theorem, it
is easy to derive that f=! is 1 — 1, onto and of class C' together with
its inverse. f and f~! are C! - diffeomorphisms of T*M \ 0. The fact
that dog(T*M \ 0 x M) is a conic Lagrangian submanifold implies that
f*0 = 0, hence f € C'Dy(T*M \ 0). To assure that f € Dyh'(T x M \ 0)
we have to show that the map f~1 : S(T*M) > n, — & /|| € S(T*M)
belongs to Dy 1! (S(T* M)). To assure that this new f~1 € Dy (S(T*M)) it
would be sufficient that dist ((z,&:/[&z]), (¥,7)) < 7injS(T*M) and that the
corresponding vector field on S(7™* M) would be of class r+1. Hence we have
to estimate form above dist (¢/|¢],7). For this we need an arc from ¢ to 7.
First consider the parallel translation of £/|¢| to the fiber S(T,; M) along the
geodesic exp(sv(z,y)), 0 < s <1, s+ PE/[E], Pi&/|¢| € S(Ty M). This is
a horizontal geodesic in S(T*M) covering the geodesic exp(sv). We obtain
length {Ps£/|€|} = length {exp(sv)} = |v], dist (§, P1&/|€]) = dist (z,y) =
lv|. But P1£/|¢| and 7 lie in the fiber S(T;; M) which is an euclidean sphere.
The distance of two points is the length of the shortest geodesic between
them. But this distance can be estimated from above by the distance in
Ty M multiplied by a factor Cy ~ 1.8, i.e., dist (P1£/[¢],n) < C4|Pr&/|E]—n.
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Now

P¢|n| — nlﬁll ‘Pﬁlnl PEJE| + PEJE] —nlé]
€] €]

< ’P§(|77§||— |§|)l+|P§_,7| =| |n| = [¢] | + |P€ —n| < 2|P¢ —n.

If ¢ = ¢&;dz?|, and P¢ = (& + A&)dz'|y then & + Ag; is the solution & (|v])
of the equation

|P&/1El —nl =

dé;(t) k dz? (t)
S ke () 222 =
dt 6(t) dt 0
where z7(t) are the coordinates of the geodesic exp(]%[v) , &(0) =& Ttis
a simple and well known fact that |A{| can be estimated as

(5.43) |AE| < C5 - T - ol - €] = Cg dist(z,y) - [¢]
Hence
P —nl, = |6idat, + A&ida}, — n| < |&dzt, — ] + Cs dist (z,9) - [¢].

We insert &dz from (5.41) and n = n;dyt|y = %%njdmlly and obtain

ok By 0y’
sty —nl < |-5r Z Sl s = bt | +[Ggrledal|
dy’ 8y’ I oH
640 < |5l phmde!| +|girleds |yy

Next we use the following uniform expansions on M:

1 0
1 n
B(yl, . ,yn) lo-1(y) = + O(dist (z,y)) + o(dist (z,y)),
o(vl,...,v")
0 1
M| =- l ' O + O(dist (z,y)) + o(dist (z,y))
B(ml,...,m”)w_ - Y yY))s
0 1
o) ) o ",
3(51:1,.”’1;17,) |"3(y) - . + ( 15 (:c,y))+0( 18 (wvy))
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Taking this into account and |n|, = 1 we can conclude that the right hand
side of (5.44) can be estimated as

. 3
(5.44) < Gl dist(a,3) + 210 H (s, /o)
< Chdist (z,1) + g bldsh| < Cy dist (2, y) + Cs[lsa-

There remains to estimate || itself .

1€z < o, dzv)| + |dxH(x,0‘)|x <e |<0‘7dxv>|fl + Cs|h|r+2

< e2(|nl + Cylnldist (z,y)) + Cs|hlr+2 = c2 + Crodist (z,y) + Cs|h|rro.
We now reached our final estimate:

(5.45)  dist (€,7)
< dist (z,y) + 2C4[Cg|€|dist (z,y) + Crdist (z,y) + Cs|h|r+2]
< dist (z,y) + 2C4[Cg(cq + Crodist (z,y) + Cs|h|rr2)dist (z,y)+
+ Crdist (z,y) + Cg|h|ry2]
< Cslhlri2 + 2C4[Co(ca + C10C3|hlr+2 + Cslhlr12)Calhlr 2+
+ C7Cslhlr+2 + Cs|hlr12]
< Culhlr+2 + CrzlhlZ s < Cuslhlrta, if [Alrs2 < 1.

We conclude, that if

(5.46) €1 = min{ , Cig’ T”gyl(f) } , and |h|r12 < €1

then there exists a unique vector field X (h) such that
(5.47) f=exp X(h).

To obtain f € D™ (S) we must in addition show that |X (h)|,+1 < co. This
is a rather long and technical estimate, but the established inequalities carry
over in a quite natural manner step by step to pointwise norms of derivatives
(here we use repeatedly (5.27)) and finally to Sobolev norms, applying the
module structure theorem. We omit the details here. We established that
f € C'Dy(T*M \ 0) and f|s = exp X(h) € C'Dy(S).

If we define 8 by (4.6) we obtain (f|s =exp X(h), B) € Dg"gl(S), i.e., the
extended f € DyHH(T*M \ 0). O

Now we sharpen our considerations by proving
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Lemma 5.14. The map h — H —— f given by Lemma 5.13 is a bijection
from a neighborhood V = V.(0) C QU*™+2(S) onto a neighborhood U =
U(id) C Dyt (T*M \ 0) of id € Dy (T*M \ 0). The inverse mapping is
given by

(5.48) fr—H=Hj, H(o)=—{as,exp; (1(f " ())))-

Proof. First we recall the local topology of nggl(S), giving a neighborhood

basis for id € nggl(S). As established in [10], a neighborhood basis for
id € DyT1(S) is given by U = {Us (id)}lSTinj(S), where

(5.49) U%(id) = {epr | | X|r1 < %} , (exp X)(z) = exp, X ().

Then the corresponding basis in Dgﬁ(S) is given by Ui ,g(id) =
{U%’B(id)} . s’ where

;S'rinj
(5.50) Uy o(id) = Us (id) N DGFH(S).
Remark. The Xs in (5.49) must not necessarily satisfy Lx6 = 0 or

Lx60 = u-6. We follow in (5.48), (5.49) the Riemannian exponential, not
the integral curves of X with Lx0 =u - 6.

Considering (5.48), we see that H is only well defined if exp; (7 f~1(£,))
is well defined, i.e., if

(5.51) dist (z, 7 f71(£,)) < Ting (M).

Clearly, 7in;(S, gs) < rinj(M, g), since horizontal geodesics project isomet-
rically to geodesics.
For ¢35 sufficiently small and |X|,4+1 < €2, we have

(5.:52) dist (&2, (exp X) 7 (€2)) < Ting(S) < 7ing (M),
ie., for f € U, g(id), (5.51) is satisfied and

H(E,) = — (&, eXP;I(ﬂ'f_l(fz)))

is well defined. Moreover, the right hand side is homogeneous of degree one.
We must still assure that H|g € Q%27+2(S). The derivatives of H|s lead
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to the derivatives of certain Jacobi fields. Their pointwise norms can be
estimated by polynomials on the pointwise norms of the derivatives of X
which are additionally square integrable. This has been performed in [10].
At the end we get

(5.53) H|s € QU27F2(S).

The gain of one Sobolev index comes from the fact exp X contains already
one integration. Moreover given any €3 > 0, there exists 4 > 0 such that

(5.54) | X|r+1 < €4 implies |H|s|r+2 < €3.

The key for proving (5.54) are the Jacobi field constructions, their estimates
and the module structure theorem.
Setting 3 = 1 from (5.46) and choosing €5 = min{e2, €4}, we obtain

(5.55) H = Hy is for f € U, g(id) well defined,
H|s € Q%272(8) and |H|g|r42 < e1.

(5.55) now permits to construct the sequence of maps
(5.56) fr— H=H;— pg, — fson

In [1] it is proved that (5.56) equals to id. If we set € = min{e,e5}, the
sequence

(5.57) Hv—— oy f= fou — Hy

is also well defined and equals to id according to [1]. We omit the proof that
the constructed 1-1 mapping ¥ : f — Hf — hy = Hy|g is of class ck.
We summarize our result in

Theorem 5.15. (U = U g(id), ¥, Q02™+2(S)) is a CF chart at id €
’Dg,‘Sl(T*M \ 0), where

(5.58) U(f)(a) = —(az, exp;  (7(f 7 (@z))))
for all ag € T*M \ 0.

Now we are in a position to construct a local section o : U C Dgf =
liin Dg:gl — (UF°F(00)). We assume the condition (Bs). For f € UNDg
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and A € UF**(f) and a(z,€) a representative of the classical symbol of A
we now can write in analogy to (5.26)

(5.59) Au(m>=<2vr>-“/ / (@, 9)e? @) ()| det exp, |dydé,
T3 M B;(x)

where x is a bump function as in (5.26) and ¢y is the global phase function
of I'(f) defined in Lemmas 5.13, 5.14. The formula (5.59) holds modulo
UT—(M).

We define the local section o as follows: Let f € U N Dgy(T™M \ 0) and
define o(f) € (UF%*(c0))« by

(560) o(f)u(z) = (2m)" / / (2, )P e Vy(y)| det exp, |dydt,
T M B;(z)

where ¢g(og,y) = vo(os,y) + H(oy), H = ¥(f), i. e op(azy) =
(0w, exp; 1 (y)) — (0w, expy  (n(f 7 (aw))))-

The operator o(f) is a FIO with smooth phase function ¢y ) and ampli-
tude a = 1. Moreover, o(f) is invertible modulo smoothing operators since
f is invertible and its principal symbol is a = 1, hence o (f) € (UF%*(c0)).
for any k. Furthermore, mo(f) = f, hence o is a local section of the exact
sequence (5.24).

6. (UTO*), as ILH Lie group.

We want to endow (U ¥*), with the structure of an ILH Lie group. Consider
[A] € UP? (which means U¥?/UT~>) with principal symbol a, which is
globally defined and behaves well under transformations. Let A, be the
operator given by (5.26) with total symbol aq. Then [4A — Ay) € UTT L. Let
ag—1 be the principal symbol of A— A, and A4_; given by (5.26). Then [A—
Ay — Ag_1] € UTI72. Continuing in the manner, we obtain an assignment

(6'1) [A] € U — (aCI("E’ 5)’ aq—l(x) 5)7 .- )

where aq_1 € C®°(T*M \ 0), satisfies (5.25) and is homogeneous of degree
g — 1 in £, hence not square integrable. We consider their restriction to
S(T*M) and denote aq—j|s again by aq—;. The map (6.1) is still a vector
space isomorphism. Fix some k and consider the assignment

(6.2) [A] € UTPE (ag,aq-1,---,a—g)
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We introduce a uniform Sobolev topology on U¥%E. Let § > 0,s > n and
set

Vi = {(A[4]) e Ut xuwst | |[4] - (4], =
= lag = agla kes +lag-1 — agalgyprea T+ laok - alyf3 < 52}

Lemma 6.1. L = {V;} is a basis for a metrizable uniform structure A%

We omit the very simple proof. a

Let YT0ks = U‘Ilq7k|lq’k’s be the completion.

Proposition 6.2. YTP5S s the topological sum of its arc components,

(6.3) UL =" comp ([A4]),
i€l

and each component is a smooth Hilbert manifold. Here

(6.4) comp ([4]) = {[A'] € YUTIFs

|[A] - [A/]q,k,sl < oo}.

We omit the simple proof which is performed for spaces of connections
or spaces of metrics e.g., in [8], [11]. a
In UT%* composition is well defined.

Proposition 6.3. Composition in UT* extends continuously to U0k
More precisely, composition is a continuous map

(6.5) comp ([4]) x comp ([B]) = comp ([A o B)).

Proof. The elements of U¥%* are dense in UT%%*. Fix [A],[B],[Ao B] €
UTO*, We have to show that for [A’] € comp ([4]),[B’] € comp ([B])

(6.6) [A" o B'] € comp ([A o B])

and that this map is continuous. The proof of (6.6) will also include the proof
of continuity. Represent the operators [A],[B],[A o B] = [C],[4],[B],[A4’ o
B'] = [C"] by the symbols
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a=a(x,é) =a+a1+--+a_g,
b=b(z, ) = bo + by +--- +b_s,
C=C(x,€) =cp+c-1+- -+ cCp,
d=d (€ =ay+a |+ +d, etc.
Then
co = agbo, cp = agpby
n
c_1 = agb_1+a_1by+ Z 3;,;1.(100&1)(),
=1
n
Ly = apbly+aliby+ > Ousap0eby, ete.
=1
Then
(6.7)

|lagbo — agbple+s

= |agbo — agbo + agbo — apbyk+s

< (a0 — ag)bolk+s + lag(bo — by) lk-+s

< |(ao — ag)bolk+s + (ag — ao)(bo — bp)|k+s + lao(bo — bp) e+

< lag — apli+s>**|bo|+Colah — aolk+slbo — byle+s + **F*|ao| - [bo — b k-+s-

Here we applied the module structure theorem in the middle term and in
the boundary terms (5.25) for ap,bg. Next we have to estimate

(6.8)  Je—1 —cilk—14s < aob—1 — agbl 1 |k—1+s + |a—1bo — a’_ 1B |k—1+s

n
+ ) 185,a00¢,b0 — O, 0y 0e )|k -1+
=1

Each single term in (6.8) can be estimated as in (6.7). The general case can
be proved by a simple but very extensive induction. The key inequality is
(6.7) (applied with other indices). O

Proposition 6.4. (UT%*), is a Hilbert Lie group.
Proof. According to (6.4), each component is an affine Hilbert space. Propo-

sition 6.3 implies that L/ ¥%** is an affine Hilbert algebra. Then UTOF),
is open and A — A~! is a homoemorphism. Composition in YT ig
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even smooth since it is bilinear and continuous. Hence the same holds in

(UTOkss), . a

Remarks.

1. If the underlying manifold M is compact then (U ¥%%), consists of one
component (as U¥%** does). On open manifolds, (UT%**), consists of
uncountably many components (as U gOkss does).

2. If we look in (UPO%9), for those As which are invertible in their own
component then this component must be comp ([I]). This can be proved by
easy calculations and estimates.

We established the following inverse systems
s YTORITL g0k g Okso

and o TRy, (g TORS), L (O,
with Y W0F = liinu\lfo”“’s and (UTOF), = liin(l/{\llo’k’s)*.
The tangent space Ty (U WOk:5), can be described as follows:
Ty (UTOF),
= Tjy)(comp (1))« = Tjpcomp ([1])
= T (] + {[4] € UT™**||ag|f s + la—1lf_14s + -~ + lak]? < 00})
= {[A] € UT™**[aoli s + la—1ffyys + - +lagl} < 00}

= zero component of Y T%*:s
o QO,Z,IH—S(S) DB QO,Z,S(S).

This yields an inverse system
e —) 1—'[11 (U\Ij07k73+1)* — CZ-'[I] (U\Ijoakas)* —_ ..
and

liinT[I] UTYks), = {[A] € UTO*|ag,a_1,...a_}, € Q¥>5(S) for all s}.

We denote the latter space by LUTOF := li(I_'IlT[I] (UTO**),. This is in fact
a Lie algebra with respect to the bracket of ¥DOs.

Hence we proved the following
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Theorem 6.5. Assume (M™,g) open satisfying the conditions (I) and
(Bso). Then {({UTOF),, (UTO**),|s > n} is an ILH Lie group and
each (UTO**), is a smooth Hilbert Lie group. Its ILH Lie algebra is
{LZ/I‘I'O”“,T[I] UTY*3),|s > n}. Here LUTY* is isomorphic, as topological

k
vector space, to Y Q052 (9), where Q%2°(8) = N Q0%3(S).
1 S

Corollary 6.6. (UT°), has the structure of a direct limit of ILH Lie groups,

(UT%), =lim (UTOF),.
k

7. An ILH Lie group structure for invertible Fourier integral
operators.

We consider our exact sequence (5.24),
I — UT'*), — (UF"*(00)) — Dy — €

and perform the 4th steps of our program described after Lemma 5.9. We
know already that (U T%F), and Dy are ILH Lie groups, in particular they
are topological groups. ’

We first consider an exact sequence of abstract groups

(7.1) I—H LG Q—se

We assume that H and @ are topological groups and construct a topology
on G such that (7.1) becomes an exact sequence of topological groups. In a
second step we will sharpen the construction to the case of ILH Lie groups.
The frame work of this approach is given in Adams-Ratiu-Schmid [2]. We re-
call without proofs the facts established there and concentrate our attention
to the new features coming from the openness of the underlying manifold

M.
Lemma 7.1. Let
(7.2) I—H-LG5Q—e

be an exact sequence of groups where H and Q are topological groups. Let
U C Q be a neighborhood of the identity e € Q and o : U — G a local
section of w; let V. .C U be a neighborhood of e € Q such that V-V~ Cc U

and assume
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A) the map V xV x H — H given by

(f1, f2, ) — o (f)o(f2) tho (fify )7

18 CONtinuous;

B) for each g € G and W C U such that 7(9)Wn(g)™! C U , the map
W x H — H given by

(f,h) — gha(f)g  o(n(g)fr(g) )"

18 continuous.

Then G can be made into a topological group such that j,m and o are
continuous and T is open.

Remark. If Q is connected then the condition A) is already sufficient.

Assume now H and Q in (7.1) to be ILH Lie groups with H = li(in H*
and Q = liin Qt, s > sg, t > to. Denote by H® and Q! the spaces H and Q

with the coarser topologies of #* and QF, respectively. Then H® and QF are
topological groups.

Suppose U C Q% open (hence open in all Q') , 0 : U — G a local
section and V C U open in Q% such that V- V~! C U. Denote V with the
topology from Q' by V*. Assume that for each t > ¢o there exists an s(t)
such that
A’) The map V* x Vi x H*) — H*(®) defined by

(f1, fas ) —> o(f1) - o(f2) tho(fufs D)™

is continuous;
B’) for each g € G and W C U with w(g)Wn(g)~! C U, the map W? x
H5®) —s #5(®) defined by

(f,h) — gho(f)g o (n(g) fr(g)™") !

is continuous.

Then we derive from Lemma 7.1 that for each ¢ the group G becomes a
topological group G¢, and we obtain an exact sequence of topological groups
for all ¢ > to,

(7.3) I—H® Iy gt Ty g e
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Taking the inverse limit topology, we obtain (7.1) as a sequence of topological
groups.

We recall the right uniform structure of a topological group G. A se-
quence (zn), is a Cauchy sequence with respect to this structure if for any
neighborhood V' of the identity there exists an ng s. t. z,z;} € V for all
m,n > ng.

Lemma 7.2. Let X be a locally Hilbert topological group. Then X is com-
plete in its Tight uniform structure.

Corollary 7.3. H° = H® and O = Q*.
Proof. H° is dense in H®, Q! is dense in Q*. Then apply Lemma 7.2. a

‘Let G* be the completion of G* with respect to the right uniform struc-
ture. It is not yet clear that G is a topological group or even a group.

Lemma 7.4. Let Ut C Q% be open and U N Qfo = U'. Fort >ty , let
Ut =UNQt and Vio C Ut open with Vion Qe = Vo gnd Vt=VhNQt,
t > ty. Assume that o : U — G extends to a local section 6 : Ut — G*
and that

A") The map V* x V* x HW) — H5®) from A') actually extends by & to a
continuous map V¢ x Vt x Hs®) 5 gs(®),
Then G? is a topological group.

Next we want to endow G? with a manifold structure. Define ¥; :
7Y (U?) — Ut x H*®) by

(7.4) Ur: g (m(g),g0(n(9)) ™).

We try to consider this as a bundle chart and move this around on G* by
right translations: Let g € G?, qo = 7(go) and define on 7~ (Ugp)

Uy, s (Ulqo) — Ulgo X H®
by
(7.5) Tgo : g — (m(9), 995 o (n(9)g ) ™)
To obtain an atlas, we need the transition condition that

(7.6)  TgoTyl: (UlaoNUG) x H*® — (Utqe N U'go) x H*®
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is C*® . According to our definitions this is the map

(7.7) (f,h) — (f, ho(fag V)gode 'o(fag ™).

Hence we add the condition
C) For go,Jo € Gt with 7(go) = qo, m(Jo) = go assume that the map (7.6),
(7.7) is C*®)| where k(t) is an increasing function of .

Finally to construct an ILH Lie group structure for G we need that
multiplication G™t* x G" — G" is C* for k < k(r). As pointed out in [2],
p. 30, this leads to the fina] condition

D) Assume for a € G™*, b € G™ with a = 7(a), 8 = w(b) that the map
Ur+ka x U"B x Hs('r) — Hs(r),
(f1, f2,h) — o(fra"taho (faB~)a o (f1, f2B )7
is C* as long as k < k(r).

Summarizing, we obtained

Theorem 7.5. Let
(7.1) I —H—G—Q—e

be an exact sequence of groups where H and Q have ILH Lie group structures.
Suppose there exists a local section o : U — G satisfying the conditions A"),
B"), C) and D). Then G has an ILH Lie group structure and (7.1) becomes
an exact sequence of ILH Lie groups. If Q is connected then the condition
B') follows from A").

For the proofs of 7.1-7.5 we refer to Adams-Ratiu-Schmid [2].

Now we apply Theorem 7.5 to our situation where H = lgn{H |ls > so}
with H® = UTO%%), ,sp=n+1, Q= 1131{Qt|t > to} with Q' = D},
to=n+1and G = (UF*(c0)).,

I — UT), — UF"*(c0))s — DFQ(T* M\ 0) — €

o U CDgY(T* M\ 0) — (UF*(00))«

defined by (5.60). We have to verify the conditions above.
As always now, we assume (M™, g) with (I), (Bs) and

inf O'e(Al(S)lker Al(S))J_) > 0.
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Proposition 7.6. Let o : U C DgQ(T*M \ 0) — (UF0,k(c0))s be defined
by (5.60), V C U be a neighborhood of e € ’Dg?o such that V-V~ € U. Then
the condition A) is satisfied, i.e., the map

(7.8) V x V x (UP), — o),

(7.9) (f1, f2, A) — o(f1)o(f2) P Ao(fifs )7

is continuous and extends as C" map to certain Sobolev completions, which
will be specified below.

Proof. We are done if we can prove the following fact. Let A, B € (UF%F),
near the identity. Then the symbols of Ao B and A~! depend continuously
on the symbols and phase functions of A and B, i. e. if g, H1 = ¥(f1),
YH,y, Hy = \Il(f2)1 o, H = \I’(flfQ)’ og-,H™ = ‘Ij(fl_)’ are global phase
functions for A, B, Ao B, A~!, respectively, and a, b, ¢, ¢ are global symbols,
A', B' operators of the same kind with @1, opr, 0rpm-,a’ etc., then

(7.10)
|H — H'|sob < Pi(|H1 — Hi|sob, |H2 — Hjsob ),
(7.11)
|H™ — H' |sob < Pa(|H1 — Hilsob ),
(7.12)
lc — c[sob < Ps(|a —a'|seb, [b—b'|sob , |H1 — Hilsob , |Ha — Hs|sob ),
(7.13)

la™ — a'"|sob < Pu(la — a'|sob, |H1 — Hilsob )-

Here the P; are polynomials without constant terms and | |go, means certain
Sobolev norms, the Sobolev index of which remains still open for a moment.
Cover M by a uniformly locally finite cover U = {U;}; of normal charts.
Then it is a well known fact that there exist constants C1, Cs s. t.

(7.14) Ci) | Bobs <1 Bob <C2> 1 Bob -
i i

(7.14) immediately implies that we are done if we can show (7.10)—(7.13)
locally, i.e.,

(7.15) |H — H'|sob,u; < C - Pi(|H1 — Hilsob s, | H2 — Halsob,u;),
(7.16)  |H™ — H' |sob,v; < C - Pa(|H1 — Hilsob,u;),
(7.17) |C—Cl|sob,U1. <C-Ps...),

(718) |a_ _al_|Sob,U,- < CP4()
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with C independent of 7. This is more or less explicitly done in [2], Lemma
4.2 and 4.3, pp. 32-35. We recall the initial step. In local coordinates we
can write

Au() = (2m) " [ [ eI Oa(a, epuly)dyds,
Bu(e) = (20) ™ [ [ elemerineOp(a, eputy)dyds,
Ao Bu(w) = (2m) " [ [ elemimhaien e lla o, n)o(y,n)a(€)dedydn
= (am)n [ [ eieeriedet, a(e)as

with Hy = U(f1),Hs = \I/(fg),H = U(f1 0 f2). Hence
(7.19) c(z, &) ~ (2m)7" / / e @V &M gz, n)b(y, £)dydn

we have for (7.17) to establish the continuity of the map

(7.20) SOk 5 SOk s W x W — SOF

(7.21) (a(x, €),b(x, €), Hy, Hy) —> c(z, £)
and its extension to a certain Sobolev completion,
(7.22) SOk 5 GORSE) s Yyttr syt GORSE),

Here S°* is defined by US?/US—+~1, UST = USI(B) = USI(B x R*). If we
could establish the continuity of (7.20)—(7.22), then we would have (7.17) by
difference constructions with the gotten formulas, if these formulas permit
such -a construction. This is in fact the case. We refer to [2], p. 34-35.
The main point is to calculate or estimate (7.19). This has been done in
[2] by the method of stationary phase (as one would expect). Finally the
Sobolev index in (7.17) and (7.20) is §(¢) = 2(t —k —1). The estimate (7.15)
is trivial as we have see from the last representation for A o B. The same
holds for (7.16) and (7.18) which follows from Lemma 4.3 in [2] after some
calculations. a

Now Lemma 7.1 and Proposition 7.6 imply the following
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Theorem 7.7. (UF%F(c0)). is a topological group, (5.24) is an ezact se-
quence of topological groups and the local section o is continuous.

We write in the sequel U F%* instead of U F®*(co) since we consider only
that space. Now let H® = (U/¥%%)s and Q' = (D§%(T*M \ 0))" the space

DjY with coarser topology of ’D&O(T*M \ 0). Proposition 7.6 implies that
for t > 2n and s(t) =t — 2(k + 1) > n the map

VEx VEx T — g0k)s)

(f1, fo, A) — o (f1)o(f2) TAa(fify D7

is at least continuous. Hence we obtain from Proposition 7.1 that (UFo’k)*
becomes a topological group (UF*)! s. t.

I — uO)30) L, (yFOk) Ty (DgS(T*M \ 0))F —s e

is an exact sequence of topological groups for ¢t > tg = max{2n,n+2(k+1)}.
Let (UF%*t), be the completion with respect to the right uniform structure.
We will show that this is a topological group. For this we have to show that
the local section o extends to a local section

G Ut — (UFORY,
and the map in condition A’) extends to a continuous map A”)
(A") 7Vt x V't x (U\I/O’k’s(t))* N (U\IJO’k’S(t))*.

Consider first the extension 0 — &. Let f € U*. The &(f) should be an

k
FIO of order 0 with symbol a(z,§) = 3 a—;j(z,§) where (a—; — a%)|s €
7=0
Q0:24+5()(S) for a smooth a%; € US ~J and phase function ¢, generated by
H = 9(f) with f € D§, and H|s € Q02k+1(S). The definition (5.26) still
makes sense as oscillatory integral of a(z,£). The H(z,&) can be differenti-
ated enough times and ¢ > 2n will be sufficient for this. The continuity of
the extension follows from the procedures in Proposition 7.6, i.e., we have
the condition A”) for ¢t > 2n and s(t) > n. Hence we have established

Theorem 7.8. Assumet > 2n and s(t) =t — 2(k+ 1) > n. Then

I — UOOks®), 1, @FOkt), Ty (DT M\ 0))! —s e
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is an exact sequence of topological groups such that j and 7 are continuous
and 7 is open. Moreover, (5.60) defines a continuous local section

&:U' CDho(T*M\ 0) — (UFOF),.
It remains to assure the conditions C) and D).

Lemma 7.9. Assume t > 2n, s(t) = t —2(k+ 1) > n. For Ay, Ag €
(UFOkY), let w(Ag) = fo, m(Ag) = fo. Then the condition C) is satisfied,
i.e., the map

Ut foniut- ]?0 x (uq,o,k,s(t))* s (u\PO,k,s(t))*7

(f,4) — Ao(ffo ) AcAs o (F7 )™

is of class C"*.

Proof. According to Theorem 6.5, multiplication in (U¥%%*), is smooth.
Hence it suffices to show that

fr—=o(ffah)Acdy a(ffyh) ™!

is C*. For this it is sufficient to show that the map

fr—ro(f)Ac(ffa)~

is C* for f and ffa near id, where we have set A = Aofio_l, fa=m(A). But
this follows from Proposition 7.6. O

Hence we have

Theorem 7.10. Assumet > 2n, s(t) =t —2(k+ 1) > n. Then (UFOFH),
is a Hilbert manifold of class C* modeled by Q%?*1(S) x (UTOH#s(1),

Remarks.

1. Charts in (UF%*?), are defined by right translation of a chart at I. This
implies automatically that right translation in (UF%t), is C*.

2. As we have seen that (U ‘I’O’k’s(t))* consists of uncountable many compo-
nents. The same holds then also for j(UT%5(1)),.

The last condition we have to verify is D).
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Lemma 7.11. Assume t > 2n, s(t) =t —2(k + 1) > n. Then for A €
(UFOkHT), B € (UFO*?),, fo = m(A) fs = ©(B). Then the condition
D) is satisfied, i.e., the map

u}i—r « u};—r > (U\I’O’k’s(t))* s (U‘I’O’k’s(t))*,

(f1, f2, P) — o(fifa ) APo(fo, fgt) A o (frfafg f1t

is of class C' for | = min{r,t}.

Proof. We have that the map in condition A’) (hence B’) is C* and multipli-
cation in DgY(T*M \ 0) is C" as a map Dyl (T*M \ 0) x Dg o(T*M \ 0) —
D} o(T*M \ 0). 0

Summarizing, we state our final main result.

Theorem 7.12. Assume (M™,g) is an open Riemannian manifold satisfy-
ing the conditions (I) and (Bs) of bounded geometry and the condition

inf Ue(Al(S(T*M))’gSI(kerAl)J-) > 0.
Then for any k € Z4
1. {DH(T*M \ 0), D o(T*M \ 0)|r > n + 1} is an ILH Lie group.

2. {UYOF), ,UT%%*), |s > n + 1} is an ILH Lie group and each
(UTO:3), is a smooth Hilbert Lie group.

3. {(UFOF),, UFO*?),|t > max{2n,n + 2(k +1)}} is an ILH Lie group
with the following properties:

a. (UFOk1), is a C* Hilbert manifold modeled on QO%1(S(T* M))x
(UDORE=2k+1)) - Each component of UFO®Y), is modeled by
QO,Z,t+1(S) D QO,2,k+t—2(k+1)(S) D Q0,2,t—2(k+1) (S)

b. The inclusion (UFO*HL), oy (UFORIHL), s CL.
c. The group multiplication (UF%F), x UF%*), — (UFO*), ez-
tends to a C* map

(UFO,k,t—I-T‘)* x (Z/IFO’k’t)* N (UFO,k,t)*’

! = min{r,t}.
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d. The inversion (UF"*), — (UFOF), extends to a C* map
(UFO,k,t-I-'I‘)* — (Z/IFO’k’t)*,

[ = min{r, t}.

e. Right multiplication for A € (UF%*?), is a C' map Ry
(UFO’k’t)* N (Z/{Fo’k’t)*

We finish with a few remarks concerning the corresponding Lie algebras
with differ slightly from the statements in [2]. First we present the version
of [2], 5.2 for the open case.

= ’k7
Lemma 7.13. The Lie algebra of (UF%F*), is Comp, Z/I‘If1 ) ,the 0-

——1,k, . .
component of the completed space U ’ of formal pseudodifferential op-
erators of order one modulo those of order —k — 1 with pure imaginary
principal symbol. The Lie bracket corresponds to the commutator bracket.

Proof. Let c(t) be a C! curve in (UF%%*), with ¢(0) = I. We can write
c(t) = P(t)o(m(c(t))), where P(t) is a C! curve in {¥1** such that P(0) = I
and o(7(c(t))) has the local expression

o((e(®))u(e) = (2m) " [ [ loleme M= Ou(y)ayae

W1th Qo(l',y, 5) - (x - y)é.)a HO(:I’" 5) = Oa Hl(xa 5)]5‘ € 90’2’k+3+1 (S) Diﬁer'
entiation at ¢ = 0 yields ¢/(0) = P'(0) + A, where locally

Au(@) = 2 [ [ eoolewimty(o, eyuly)dyas.

Hi(z,£) is homogeneous of degree one in & for each t. Hence the same

holds for H(z,&), Hj € i - H'QO2 +s+1(T*Mf \ 0). This implies A € i -
g 7k7 . .

Compo U \I/1 . Moreover, as we have seen in section 6 after 6.4 that P'(0) €

~1)k) .
Compy UTO*5 50 d(0) € Compy UT * Tt is easy to see that the map
¢ — c/(0) is surjective and that the Lie bracket is the commutator bracket.
O

Hence we have
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Theorem 7.14. The ezact sequence of ILH Lie groups
I — U9, — UF"%®), — DITF(T* M\ 0) — e
has as corresponding sequence of ILH Lie algebras

——1,k,s

(7.23) 0 — Compy UT*** — Comp, UT
25 HIQO2SHHL(T* A\ 0) — 0,
where o = %x principal symbol.

Remarks.
1. As exact sequence of vector spaces (7.23) corresponds to

k k
0 —s Z 90,2,i+3(5) — (Z 90’2’i+s(5)> D 90,2,k+s+1(5)
=0 =0
— QO,Z,k+s+1(S) —0.
2. The space M*®(I,Bs) = lim M"(I, By) splits into an uncountable
ﬁr_

number of components.
M>(I,By) = Z comp (g;),
el
where

comp (g) = {g'|g' satisfies (I) and (B),g and ¢’

are quasiisometric and |g — ¢'[gr

r—1 %
= ( / (|g — 2+ (V) (V7 - vg’>|§,z> dvozw(w)

=0

< oo for all r}.

g’ € comp (g) implies that (Sy(T*M),gs) and (Sy(T*M),gs), are quasi-
isometric and g5 € comp (gg). Moreover, all functional spaces which we
considered and which enter into the construction of Y T%ks [ FOk:s D3Sp 0
are invariants of comp (g) like the initial spaces /W9, YF'9. We obtain that
the ILH Lie group structure of F% is an invariant of comp (g). We refer
to [8] where we constructed the spaces M" (I, By).
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