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Minimal Surfaces in a Wedge of a Slab

Francisco J. LoreEz ! AND FraNciSCO MARTIN !

In this paper we construct a new family of minimal surfaces in
a wedge of a slab, and study its geometrical properties in depth.
These surfaces arise as a solution to Plateau’s problem for some
polygonal non compact boundaries.

By using these examples as barriers, we prove that any properly
immersed minimal surface in a wedge of angle 6 of a slab, where
6 € [0, [, satisfies the convex hull property. Moreover, we obtain
some non existence results for properly immersed minimal surfaces
with planar boundary.

1. Introduction.

A classical problem considered by Schwarz, Weierstrass and Riemann was
to determine minimal surfaces bounded by straight lines. These authors ob-
tained existence results for minimal surfaces with boundary a given polygon,
where the sides of the polygon could be of finite or infinite length.

A comprehensive presentation of the Schwarz-Riemann-Weierstrass ap-
proach to the solution of Plateau’s problem for polygonal boundaries can be
found in Darboux’s treatise [2, Vol. 1 and 3].

Very recently, Lépez and Wei [9] have obtained an existence and unique-
ness theorem for properly immersed minimal discs whose boundaries consist
of two disjoint straight lines and a segment which meets the lines orthogo-
nally.

In 1966, Jenkins and Serrin in [4] proved an existence and uniqueness
theorem for minimal graphs bounded by straight lines. They obtained sim-
ple, necessary and sufficient conditions to solve the Dirichlet problem in a
compact convex domain bounded by a polygon assuming values +o0o, —co
and continuous data on different straight segments in the boundary.

1Research partially supported by DGICYT grant number PB94-0796.
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Figure 1: A Jenkins-Serrin graph.

In Figure 1, we illustrate a particular Jenkins-Serrin graph. In this case,
the polygon is a rectangle and the data on the four edges are +oo, 0, +00
and 0, respectively.

In this paper, we construct a deformation of these particular Jenkins-
Serrin graphs by properly embedded minimal discs bounded by straight lines
and contained in a wedge of a slab. Essentially, the deformation modifies the
angle formed by the two planes containing the connected components of the
boundary. In [7], the authors have obtained a natural uniqueness theorem
for the surfaces in this new family. Furthermore, we use these new surfaces
as barriers for maximum principle application. So, we have extended the
family of minimal surfaces satisfying the convex hull property, and we have
also proved some non existence results for minimal surfaces with planar
boundaries.

First, we deal with the existence of properly embedded minimal surfaces
whose boundary I'g 4 consists of the following configuration of straight lines:

Fix § € [0,7] and d > 0, and consider two half-lines r{ and r] in
R3, meeting at an angle of . If = 0 this means that the straight lines are
parallel and distinct. Let qi" and g; be two points in ri" and 7, respectively,
such that they are symmetric with respect the inner bisector of this half-
lines. If and only if § # 0, we allow ¢] = q; - We choose qf' and q; in such
a way that either qi" = g; or the half-lines £ and ¢; on r{” and r; starting
at ¢ and g, respectively, do not intersect. Write d = dist(q;", ¢7")-

Let 7 be the plane determined by Ei" and £; and let 7 denote a plane
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parallel and distinct to 7. Let £ and £, be the orthogonal projections
to mg of E’f and £, respectively. Denote g5 (resp. g, ) as the orthogonal
projection to g of g (resp. gi), and label £J (resp. £;) as the segment
(g, a3 (resp. [g7,¢5])- Finally, we write

2 2

ia=U @), ro=U®)

=0 =0

and define

Tog= Fg-d (@] Fe_d'

Figure 2: The curve T'gq.

Then, we study the following generalized Plateau’s problem:
Problem.

Determine a properly immersed minimal surface X : M — R3
satisfying:

(1) M is homeomorphic to the closed unit disc D minus two
boundary points E1 and Es, that we call the ends of M.

(2) X(0(M)) =Tea-

(3) If d > 0, X is an embedding.

(4) In the limit case £f = Ly (i.e., d = 0), the maps X|ps_+
and X|p_,~ are injective, where vt and v~ are the two
connected components of O(M).

(5) X (M) lies in the convez hull, E(Tg4), of Taa, 0 € [0,7[.
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(6) If 0 = w, X(M) lies in one of the two half slab determined
by w1, mo and the plane containing £, €7, i =1,2.

ARERE A

In the limit case § = 0, it is known that 0 < d < ||7]|, where ¥ is the
vector with origin qf and end q; , and the example is uniquely determined
as one of the above mentioned Jenkins-Serrin graphs. See Remark 2, and
Karcher’s work [5] for a good survey.

Concerning to the general case 6 > 0, we have proved the following:

Theorem A. There exists dg > 0 such that, for any d € [0,dp], the above
Plateau’s problem can be solved.

The family of surfaces M arising from the Theorem A is analytical and
depends on two parameters: the angle 6 €]0,7[ and another one r which
concerns to the complex structure induced by the immersion on the disc
with piecewise analytical boundary. So, if we fix 6, there exist ry €] — 1,1]
and a subfamily My C M of proper, conformal, minimal immersions

M9={X9r:Mgr—>R3/TG]—I,TQ]}CM

such that X ,(0(Mp,)) =Tg 40 and M= | ] M.
0€]0,7|
The opening function d :] —1,79] — [0, +-00[ has the following properties:

e d is analytical;
e d is positive in | — 1,74];

o d(rg) = rl—i>n—11 d(r) = 0. In particular d is bounded;

e d has only one critical point 7 €] — 1, 74[, which is a mazimum. More-
over, d(ry) = dp.

In particular, if d €]0,dp[, the Plateau’s problem has two solutions in
Mpy. If d = 0 or d = dp, the problem has a unique solution in My. Finally,
if d > dg, there are no solutions in My.

Next, we are going to make some remarks about the limits of the family
of surfaces M.

As we have mentioned above, the case § = 0 leads to Jenkins-Serrin
graphs. See Remark 2, and [5]. When 6 = m, the resulting family of sur-
faces My = {Xpr : My, — R® / r €] — 1,7} plays a special role in the
Lorentz-Minkowski three dimensional space (see [6] for details). The surface
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X r.(My ) appeared first in [8] and motivated the discovery of the family
of minimal twisted discs studied in [9].

In case 7 = ry, the complete orientable minimal surface without bound-
ary Xpp, : Mgr, — R3 obtained from Xg,,(Mp,,) by successive Schwarz
reflections about straight lines is singly periodic. If in addition 7% € Q, then
the induced immersion Yp : Mj ro/{T) — R3/(T) has four ends and finite
total curvature. Here T is the translation by vector 27, where as above ¥
joins the points qf‘ and q;' .

Figure 3: A fundamental piece of the surface )?9,0 (Mg,,) in case 0 = m/3.

Finally, as » — —1, the surfaces Xy ,.(Mp,) converge to two parallel
convex planar sectors in planes 7;, j = 1,2, connected by the segment that
joins the two vertices of the sectors. See Proposition 3.7 for details.

Hence, if we fix § €]0, 7], the one parameter family of surfaces Xg (Mg ),
r €] —1,7g), starts at a degenerate and stable surface determined by two par-
allel planar sectors, and ends in the unstable example Xg,,(Mp ,,). More-
over, the spherical image of the Gauss map of the immersion Xy, grows
as a function of ». Then the geometrical and physical intuitions suggest
that the immersions Xp ., r €] — 1,rp], are stable, and the immersions Xj ,,
T €|ry, 9] are unstable. Hence, the example Xy ) would correspond to an
almost-stable surface.



688 F.J. Lépez and F. Martin

i

Figure 5: The two solutions in case § = 7/3, d = 0.28 ||7]|. Figure (a)
corresponds to the unstable example, and Figure (b) corresponds to the
stable one.
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Figure 6: (a) The unstable surface Xg,,(Mpy,), for § = n/3. (b) The
degenerate and stable surface determined by two parallel planar sectors, for
0=m/3 and r - —1.

The second part of the paper is devoted to using the new examples as
barriers for the maximum principle application. This kind of technique was
used by Schoen [15], Hoffman-Meeks [3] and Meeks-Rosenberg [11], among
others.

It is well-known that any compact minimal surface in R® verifies the
convex hull property (see for instance [13]). Recall that a surface satisfies the
convex hull property if and only if it lies in the convex hull of its boundary.
In this paper we have proved that this property is also satisfied by any
properly immersed minimal surface (compact or not) included in a wedge of
a slab.

Label Wj as the solid region of R® determined by the intersection of:

e the convex region determined by two halfplanes P; and Ps, meeting
at an angle 0 along a straight line R, and

e a slab W, which is orthogonal to R.

Write F; =W NP, i=1,2, and L = W N R. Moreover, denote Wy as the
intersection of two orthogonal slabs. To be more precise, we have proved:
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Theorem B. Let M be a properly immersed minimal surface, M C Wy,
where 6 € [0, 7[. Then, M is contained in the convex hull of its boundary.

Observe that we are not assuming in Theorem B that 0(M) C 9(Wp).
The hypothesis M C W can not be substituted for the weaker one 0(M) C
Wpy. In Figure 7 we illustrate two examples whose boundary lies in a wedge
of a slab, but none of them is contained in the convex-hull of its boundary.

Figure 7: (a) A minimal disc bounded by Tgg4, for 6 = 7/3 and d = 0.56||7|.
(b) A minimal disc bounded by I'g4, for § = 0 and d = 0.40||]|.

Theorem B does not hold for the wedges Wy, 6 > m, as a suitable piece
of the helicoid or the surfaces in M, shows (see Figure 8). In this sense it is
sharp. However, it holds for surfaces M lying in a wedge Wy,, 61 €]0, 27|,
whose boundary satisfies (M) C Wy C Wy,, 8 €]0, [ (see Corollary 4).

Finally, we have derived some non existence theorems for properly im-
mersed minimal surfaces with planar boundary. Next theorem gives geo-
metrical meaning to the number dy. Let h denote the thickness of the slab
W containing the wedge Wpy.

Theorem C. Let M be a properly immersed non flat minimal surface in a
slab wedge Wy, 6 €]0,]. Suppose that O(M) C F1 U Fy. Then,

dist (L, d(M)) < #‘- .

sin (&)
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Figure 8: A surface Xp,(My,).

The surface Xy, (Mp,) corresponding to the maximum dg of the open-
ingfunction is critical for Theorem C, and so the inequality is sharp.
Write {C1,C2} and {D1, D2} as the two pairs of opposite faces of Wy.

Theorem D. Let M be a properly immersed non flat minimal surface in Wy
such that O(M) C C1UCsy. Assume that O(M) lies in a halfspace orthogonal
to Wy. Then

dz'st(Cl, 02) S dist(Dl, Dz)

Theorem D is a generalization of a classical result by Nitsche (see [12]
and [14]).

This paper is laid out as follows. In Section 2, we give several results we
need in this paper. In Section 3 we present the new family M of minimal
surfaces and study its geometrical properties. In Section 4 we establish

Theorems A, B, C and D.

Acknowledgements. We would like to thank A. Ros for helpful conver-
sations. We would also like to thank Professor H. Rosenberg for suggesting
that we use the new family of examples as barriers for maximum principle
application.

2. Background and Notation.

The aim of this section is to fix the principal notation used in this paper,
and to summarize some results about complete minimal surfaces.
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Let X : M — R? a proper conformal minimal immersion, where M is
a Riemann surface with piecewise analytic boundary homeomorphic to the
closed unit disc D minus two boundary points E; and FEs, that we call the
ends of M.

Remark 1. We say that M is a Riemann surface with piecewise analytic
boundary if and only if M is a subset of an open Riemann surface M’, the
conformal structure of M — §(M) is that induced by M’ and d(M) consists
of a set of piecewise analytic curves. Meromorphic (resp. holomorphic) func-
tions and 1-forms on M are, by definition, the restriction of meromorphic
(resp. holomorphic) functions and 1-forms on M.

The Weierstrass representation of X is denoted by (g,n). Recall that g
is a meromorphic function and 7 a holomorphic 1-form on M. Both of them
determine the minimal immersion X as follows:

X(P)=Re (/P(¢1,¢2,¢3))

where
1) b= 31—, b2 = S+ 7)m, b5 = g

are holomorphic 1-forms on M satisfying:
3
(2) >l P#0.
j=1

Furthermore, g is the stereographic projection of the Gauss map N : M —
S2.

Minimal surfaces containing straight lines have special properties.
Among them, we emphasize Schwarz’s reflection principle (see, for instance,
[13]).

A particular case of minimal surfaces bounded by straight lines was
studied by Jenkins and Serrin [4]. They prove the following interesting
theorem:

Theorem 1 (Jenkins, Serrin). Let D be a bounded covex domain whose
boundary contains two sets of open straight segments Ai,...,Ar and
B, ..., By, with the property that no two segments A; and no two segments
B; has a common endpoint. The remaining portion of the boundary consists
of endpoints of the segments A; and B;, and open arcs C1,...,Cp. Consider
the Dirichlet problem:
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Determine a minimal graph in D which assumes the value +00
on each A;, —oco on each B; and assigned continuous data on
each of the open arcs C;.

Let P denote a simple closed polygon whose vertices are chosen from among
the ends points of the segments A; and Bj. Let o, B be, respectively, the
total lenght of the segments A; and B; which are part of P. Finally, let y
denote the perimeter of P.

Then, if the family of arcs {C;} is not empty, the Dirichlet problem stated
above is solvable if and only if

2 <y and 2B <n.
Furthermore, the solution is unique if it exists.

We state two theorems which summarize the versions of the maximum
principle which we require in the last section of this paper.

Theorem 2 (Interior maximum principle). Suppose M, Ms are min-
imal surfaces in R3. Suppose p is an interior point of both My and Ms, and
suppose TpMy = T,M,. Assume that T,My = {x3 = 0} so that both My,
Mo are given near p as the graphs of two real analytic functions u1 and ug,
respectively. If u1 > ug in a neighbourhood of p, then M7 = M.

A elementary consequence of this result is the nonexistence of compact
nonplanar minimal surfaces with boundary contained in a plane II. Meeks
and Rosenberg proved that this result remains true in the non compact case
if in addition the surface lies in the slab determined by IT and a plane IT’
parallel to II. In fact, they obtained the following:

Theorem 3 (Meeks, Rosenberg). Suppose M C {(z1,z2,23) € R?

xzs > 0} is a properly immersed minimal surface with nonempty, possibly
noncompact, boundary O(M). If x3(0(M)) > 6, then z3(M) > 4.

See [11, Lemma 2.1] for details.
3. The existence results.
In this section we construct the family of minimal surfaces described in the

introduction. Moreover, we present in successive subsections a complete
study of the main geometrical properties of these examples.
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3.1. The Weierstrass representation and symmetry of the new

family of examples.
Take n € [1,2] and r €] — 1,1[. Put r = —cos(zo), o €]0,7[. Consider the

Riemann surface
N = {(z,w) ceC*xC / w2 — (z _ eicco/n)(z _ e—-i:co/n)},

and define in the z-plane:

st = {/\e_%i t A€0,1]}, 57 = {/\e%i : A €]o,1]},
sy = {)\e_"?i A€, oo}, s; = {Ae® : A€ [L,4o0[},
s¢ ={e™™ : tc[zo/n,m/n]}, sy ={e" : t € [zo/n,7/n]}.

Then, label C C A as the connected component of 2~ (C- (U2=0(sj' Us;)))

containing the point

Py = (1,++/2(1 — cos(xzg/n)))-

Define
3) M=C

where C means the closure of C in V.
Finally, label v;" = 271(s}), v; = 27%(s;), i = 0,1,2. Denote

=0

2 2
v=UrH v =U"r-
=0

It is clear that (M) = v" U~~. Furthermore, note that z| .+ and 2| v

are bijective maps onto s;" and s; , respectively, ¢ = 1,2. However, fy(')" and
7o consist of two copies of s(')" and s, respectively. See Figure 9 for more

details.

Since z(M) is simply connected and 0 ¢ z(M) , then the function 2™ +
27" 4 2r is well defined on M. We choose the branch of 2™ satisfying 1™ = 1.
This choice of the branch of z" implies that the function 2™ 4 27" + 2r

has neither zeroes nor poles on M — 9(M).
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Figure 9: (a) The domain z(M). (b) The surface M.

Hence, the function ¢((z,w)) = V2" + 2"+ 2r has a well defined
branch on the (simply connected) domain M — O(M), that can be ex-
tended continuously to M. For convenience, we choose the branch veri-
fying o(Py) < 0. Moreover, note that given zy € (s§ U sy) and denoting
{Pt,P~} = 27 (20), we have o(P*) = —p(P7).

We consider the meromorphic data on M

. dz
(4) g=1z, ¢3=DB—,
zp
where B > 0.
For simplicity, we write
dz
Tr = =)
Zp

and as usual, we denote

(1,02, 93) = — (—=i(1/z + 2)7, (1/2 = 2) T, T) .

|

As M is homeomorphic to a closed disc minus two boundary points, then

X:M—R

P
(5) X(P) = Re /P (61, 62, 63)

is a well defined conformal minimal immersion of M in R3.
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Remark 2. Ifn = 2 and r €]-1, 1[, the immersions associated to the Weier-
strass data (4) are known and correspond to some Jenkins-Serrin graphs
(see Figure 1). Following the notation of [4] and Theorem 2, these minimal
graphs are the only with boundary values 400, 0, 400, 0 on a rectangle.

Extension by Schwarz reflections of these surfaces gives embedded
doubly-periodic examples with two orthogonal planes of symmetry between
adjacent saddle towers. As the quotient of such a surface under its group of
translations has finite topology, then this quotient has finite total curvature
(see Meeks-Rosenberg work [10]).

Karcher [5] proved that the arising Weierstrass data are those described
in (4).

For the reasons explained in last remark, we are going to restrict our
attention to the case n < 2, and in what follows we suppose n € [1,2].

Concerning to its symmetries, let Sy, S, denote the antiholomorphic
transformations on M

Sn((z,w)) = (1/2,w/z), Su((2,w)) = (Z,).
Notice that Sp(Py) = Sy(FP), and

goSy = 1/g,goS =-9
(6) Si(¢s) = —¢3, Si(ds) = ¢s3;

so elementary arguments imply that S; (resp. S,) induces on X (M) a
symmetry with respect to the plane z3 = 0 (resp. z; = 0).

3.2. The boundary behaviour.

The following step is to study the behaviour of X along 8(M).
First, observe that

(7 Sy(v) =77, 1=0,1,2

(8) SN =7, Sh() =7 S(d) =7, Se() =5 -

Introduce the following notation. Let &7 = X(v;) and 4, = X(v;), i =
0,1,2, and label

2
©) r=Juug).
1=0

We can prove the following:
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Lemma 1. The maps X|,+, X|,- are injective, and:

1. The curves £] and €] are half-lines contained in a plane z3 = k, k > 0.
Furthermore, they are symmetric with respect to plane 1 = 0, and the
straight lines containing £ and £] meet at an angle § = (2 — n)7w/n.

2. The curve £5 (resp. £y ) is the image of £f (resp. £7) under the
symmetry with respect to plane zs = 0.

3. The functions z1|,+ and z1|,~ diverge to +o0o and —oo, respectively,
i=1,2. ' '
If n €]1,2], then xa|,+, x2|,~ diverge to 400, i =1,2. In casen =1,

T2+ and z2|,~ are constant.
1 1

4. The curve Za' (resp. £y ) is the vertical segment joining the end points
of &5 and €5 (resp. £7 and £3).

Proof. On~; ,put z =t e™/™ t €]0,1]. Taking into account that p(Pp) < 0,
an analytic continuation argument gives:

d
B t
|tv/En +t— — 2r|

B1(0) = 1 (1/¢+ ) cos(n/m) +3(t — 1/¢)sin(/n)) do(2)
bo(t) = % (1)t — £) cos(m /n) — i(t + 1/¢) sin(r/n)) ¢3(t)-

¢3(t) = —i

These equations imply that ¢; is a half-line contained in a straight line
z3 = k, To — tan(m/n)z; = k', for suitable k, k' € R. Note that this straight
line meets the straight line z3 = k, 1 = 0 at an angle of (2_;::_& Notice also
that Re(¢1(¢)/dt) > 0, and so X| 4 Is injective.

Moreover, it is clear that z| o diverges to —oco. If n > 1, then zo| o
diverges to +o00, and n = 1 implies that za| o« is constant.

The curve 7, consists of two copies, 6; and d2, of s;. We can assume
that 61(¢) and do(t) are the two lifts to M of the curve e®*/™, t € [zg, 7], in
the z-plane, satisfying 61(w) € y; and da(7) € 5, respectively.

Let 6(t) be the lift to M of the curve e/, t € [0, ], in the z-plane.
Observe §(0) = Py and d(zg) = d1(z0) = d2(z0)-

Taking our choice of branches into account, we have

e(8(t) <0, ip(01(t) €R™, ip(da(t)) € RT.
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Then, it is straightforward to check that:

Re (qbi (%)) =0,i=1,2 j=1,2,

and so £, is a vertical segment.
Furthermore, note that:

o (2)) -0 () e () e

and this implies that £ > 0 and X| v 18 injective.

Taking into account the symmetries induced by Sy and S, (7) and (8),
it is not hard to conclude the proof. a

Remark 3. Note that the angle function 6 : [1,2[—]0, 7], 8(n) = (2—n)7/n,
is an analytical diffeomorphism. Hence, we can use (6,7) instead of (n,r)
to parametrize our family of surfaces.

In the following, we label the plane z3 = k as m; and the plane z3 = —k
as mQ.

Moreover, and in the remainder of this section, we fix 8 €]0, 7] (or n €
[1,2[).

Consider §1, §2 and ¢ as in the proof of Lemma, 3.2.
If we label h ;] — 1,1[— R as the height function, i.e.,

h(r) = 2Re (/61 Tr),

then a straightforward computation gives

h(r)zﬁ i dt

. S——)
T Jarccos(—r) y/ —T — COS(t)

where we are using the branch of arccos which maps | — 1, 1] into |0, [.
In what follows, and up to homotheties, we suppose

(10) B = 1/h(r).

In other words, and from Lemma 3.2, we are normalizing the immersion
X in such a way that the distance between the planes 71 and mg is 1 (i.e.,
k=1/2).
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On the other hand and taking into account Lemma 3.2 and the sym-
metries of X (M), the oriented distance d(r) between £ and ¢y is given
by:

(11) d(r) = —2Re ( /5 ¢1> .

This means that:

|d| is the distance between ¢& and £5 .

d > 0 if and only if Z;" and £;" do not intersect, ¢ = 1,2. See Figure 2.

d = 0if and only if £ = £y (i.e., the end points of E;" and £; coincide,
i=1,2).

d < 0 if and only if the half-lines é;" and £; intersect at an interior
point, 1 =1, 2.

See Figure 10.

o

Figure 10: (a) A surface X (M) for § = 27/3 and d > 0. (b) A surface
X(M) for 6 =2n/3 and d < 0.
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3.3. The properness and convex hull property.

Next lemma is devoted to study some topological and algebraic properties

of X.

Lemma 2. The minimal immersion X : M — R3 verifies:
1. X is proper,
2. If 0 # m, X(M) is contained in the convex hull, E(T), of T.

3. If 0 = m, X(M) is contained in the intersection of the slab —1/2 <
z3 < 1/2 and one of the two halfspaces determined by the plane con-
taining £F, £7,1=0,1,2.

1) ™

Proof. Firstly, we are going to study the behaviour of X around E; = (0,1) =
z71(0).
Taking into account the choice of the branch of ¢, one has that

¢3 = —Bz3 ldz + A(z) dz,
where the branch of z"/2 satisfies 1"/ = 1. So
—1¢3 =Bz 2dz — ziz) dz,
z z
izds = —iBz* dz + izA(2) dz,

where A(z) is holomorphic around E; = z71(0) in M, and satisfies

lim Ji(lz) # 0, co.
z—0 27—1
We define
7 1 . B n_
F(z) = —5/;¢3=zn_2z2 1+F1(z),
) . B n
G(z) = §/z¢s=-’n+z““+61(z>,

HE) = [o=-Tst +Hi),

where the limits

F G H
tim 28, G H1(2)
220 ;=17 290 ,FHL 290 LT
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exist and are non zero. Then, X can be expressed locally around F; as
(12)  X(2) = (X2(2), Xa(2), Xa(2)) = (F(2) - G(2), Re (H(2)))

_ (_ iBzz%—l,o) +(01(2), 02(2), 03(2)),

n—

where O;(z)/|#| is a bounded function in a neighbourhood of F1, i = 1,2, 3.
Equation (12) implies that for any sequence {Pn,} in M converging Ej,
the sequence {X(P,,)} diverges in R®. Taking this and the symmetry Sj
into account, the same occurs for sequences converging to Ey = (00, 00) =
271(c0). Hence, we obtain that X is proper.

On the other hand, (12) yields that the limits limp_,g, X3(P) and
limp_, g, X3(P) exist. Using Lemma 3.2 we deduce

. 1 . 1
3) pip, XsP) =5 g K(P) =3
As T lies in the slab —1/2 < z3 < 1/2, then we can use (13) and Theorem
2 to obtain that X (M) is contained in this slab.

Label ¢ (resp. 07) as the plane containing ¢{ and ¢5 (resp. ¢; and
£).

If d < 0, we denote o™ (resp. o™) as the plane parallel to ' (resp. o)
containing ¢; (resp. £3).

Incased >0, weput ot =6+t and o~ =5".

Label also o to the plane parallel to zo = 0 containing EE’,’ and £ .

Let #™ and H~ be the open half spaces determined by ¢ and o,
respectively, and containing I". Let Ho denote the closed half space deter-
mined by oo and containing I' too. Label S as the slab z3'([—~1/2,1/2]),
and finally denote £ = HTNH " NHoNS. Then, a straightforward argument
gives that

o Ifg#mand d<0,then ET)=EULT UL .
e Ifg#mand d>0,then £ =E.

On the other hand, consider {P,,} a sequence in M converging to E1, and
assume that {arg((X1(Pn), X2(Pn))} converges to 6y € [0,27[. Let us prove
that 6y € [7/2—0/2,7/2+ 6/2].
Indeed, from (12) and for m large enough, one has that
iB  n_
— nz2 1(Pm) + dm,

(X2 (Pr), Xal(Pr)) = 5
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where {gn,} is bounded. As arg(z(Pp,)) € [-7/n,m/n], then

e (55 1 ) €[5 - B30 1 B
=[r/2—6/2,7/2+6/2).

Since g, is bounded and (X;(Pp,), X2(Pm)) is divergent, we deduce that
6o € [r/2—0/2,7/2+ 6/2]. This combined with equation (13) gives

(14) Tim_dist (P, £(T) =0,

and this equation holds for arbitrary sequences converging to E;. By using
the symmetry Sj, the equation (14) holds for sequences converging to Es
too.

Let  be a plane which is not parallel to o+ and ¢—, and not intersecting
I'. Let K denote the closed half space determined by s not containing I'.
Taking into account that X is proper and (14), we have that X N X (M) is
compact, and so, by an elementary consequence of Theorem 2, it is empty.
This proves Assertion 2 in the Lemma.

By a continuity argument, it is not hard to deduce Assertion & and
complete the proof. O

Remark 4. By using the same Weierstrass data, (4), for n € [2/3,1[ and
suitable r €] — 1,1[, we can construct minimal examples with the same
boundaries, which are not contained in their convex-hull. See Figure 7.

3.4. Embeddedness.

The following Lemmas are devoted to study under what conditions the im-
mersion X is an embedding.

Let Mt = {(z,w) € M /Im(2) > 0} and M~ = {(z,w) € M / Im(z) <
0}, and define p as the lift to M of the divergent curve |0, +oo[ in z(M). We
parametrize p as follows:

p(t) = 27'(t), t€]0,+ool.

Obviously, the surfaces M+ and M~ are topologically a closed disk minus
two boundary points. Furthermore,

M=MYUM~, MtNM~ =p

and
A(M*) = pU~f Urg Ung, O(M™)=pU~; Uyy Ung.
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Figure 11: The surface X (M ~) when § = 7/3 and r = 0.8.

Lemma 3. If 6 €]0, [, the surfaces X (M) and X (M~) are graphs on the
plane £1 = 0. If§ = 7, the surfaces X(M ™) — (65 U L) and X (M) — (47 U
£;) are graphs on the plane x1 = 0.

Proof. Suppose first that § # w. Note that ¢3/dt < 0, t €]0,+o0[, and so
X3/, is injective. Moreover, from (10) and (13),

lim X3(p(t)) = 1/2, lim X3(p(t)) = —1/2.

On the other hand, p is the fixed point set of S,,. Hence, X (p) lies in the
plane z; = 0.

By using the symmetry S, it suffices to prove that X(M™) is a graph
on z; =0.

Let p; denote the orthogonal projection on the plane z; = 0. Since
X(M)c &) and X(M)NE(T) =T (see Theorem 2), then

2
Uni(6) c a(ea (1)),
=0
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and p;(M™) is contained in the closed domain W = p;(€(T)) of the plane
2

z1 = 0, bounded by U p1(£f). Let Wy denote the closed domain in W
art
2

bounded by X(p) U (U p1(£F)), and label Wy = W — Wy. It is clear that

1=0
the open domain Wj is bounded by the curve X (p).

p1(ZI+)

(i3

Figure 12: The domain p1(M™T).

As the normal vector N(P) at any point P € M* — p does not lie in the
plane z1 = 0, then it is not hard to see that

prlxut—p) : MT = p — p1(M7)

is a local diffeomorphism.

In particular, p1(M™) N Wi is an open subset of W;. However, as X is
proper (see Lemma 3.3), we have that pi(M*)NW is also a closed subset of
W1. Since W7 is connected, either p; (M+)NWy = Wy or p1(MT)NWy = 0.
On the other hand, recall that X3 extends continuously to the ends { E1, Eo}
and X3(E1) = 1/2, X3(F2) = —1/2. This easily implies that only a compact
subset of the zo-axis is contained in p1(M ™), and so p1 (M) N Wy = 0.

A similar argument yields p1(M*) N Wy = Wy, i.e., p1(M+) = Wy. Now
it is easy to deduce that

p1lxa+) M* — pi (M)

is a submersion.



Minimal Surface in a Wedge of a Slab 705

Since X is proper and X (M) C &£(T), the map p1|x(p+) : M — p1 (M)
is also proper, and so, it is a covering. Since p1(M™) = Wy is simply-
connected, p1|x(p+) : MT — p1(M*) is a homeomorphism. This proves
the Lemma for 6 < 7.

If § = 7, use a continuity argument. This concludes the proof. |

Lemma 4. If d(r) > 0, then X(M™) (resp. X(M™)) is contained in the
half space 1 > 0 (resp. z1 < 0).

In particular, d(r) > 0 implies that X is an embedding. If d(r) =0, then
X|p—yt and X|pr_ - are injective.

Proof. In this proof we use similar ideas to those in Lemma 3.3.

By using the symmetry S,, it suffices to prove the Lemma for X (M™T).

First, note that d(r) > 0 and Lemma 3.2 imply that X(8(M™)) lies in
the half space z1 > 0.

Let {Qm} be a sequence in M converging to FEi, such that
{arg((X1(Qm), X2(Qm))} converges to 6y € [0,27[. Let us see that 6y €
[0,7/2+6/2].

Indeed, if m is large enough, then from (12) one has that

(Xl (Qm)a X2(Qm)) =

1B n_
9 nz2 1(Qm) + Pm,

where {pp,} is bounded. As arg(z(Qm)) € [-7/n,0], then

arg <2if’n z%—l(Qm)) € [0, g- + 32—%)”] =[0,7/2+6/2].

As pp, is bounded and (X1(Qm), X2(Qm)) diverges, we have 6y €
[0,7/2+ 60/2]. As a consequence, we obtain also that

(15) lim_dist (Qm, {(z1,22,23) € R® / z; > 0}) = 0.

By using Sp, then a symmetric equation to (15) holds for sequences
converging to Ejs.

Bcause of equation (15) and the properness of X, the same argument as
at the end of the proof of Lemma 3.3 shows that X (M ™) lies in the convex
hull of its boundary. This concludes the proof. a
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3.5. The analytical properties of the opening function d(r).

In order to understand the global behaviour of our family of surfaces, we
are going to carry out a careful analysis of the function d :] — 1,1[— R.
Define § as the lift of the oriented curve e/™, t € [—z0, zo], in the

z-plane, and note that
d(’l‘) = —Re ([¢1> .
)

It is clear that (Sh)«(8) =8 and (S,).(8) = —
Therefore, from 6, we deduce that

/3¢1 = E= —Z'/gz(ﬁ?.-

If we define f ;] —1,1[— R

(16) f(r)= i/gzrr = 2Real <i/5z'rr) = —? /OarCCOS(_T) I—C;S;\/%)—Tldt,

then d(r) is given by

(17) ﬂﬂ:%%.

To obtain the last equality in (16), we have taken into account the choice of
the branch of ¢.

Lemma 5. The functions f, h, and d satisfy the following differential equa-
tions:

n2
f(r)=0.

L (=) (r) = 2 () +
2. (1 —73)R"(r) — 2rh/(r) — %h(r) =0.
3. —d(r)* +n? (2-3n2 —2r2 —n?r?) d'(r)?

+ (4d(r) —3n%d"(r)) n* (=1 +7?) d"(r)
+2n2d'(r) (2rd(r) +n? d®(r) = 2n2r? d®)(r) + n2r1dC)(r)) = 0.
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Proof. Differentiating, one has

d? 2r d 1 ~
(18) 52 () = T, () = T d(h),
d? 2r d 4—n? ~
(19) 23 (27) = T (E ) + A= d(f),

where h and )? are the following meromorphic functions:

N z2n -1

h =

/ 2n(1 — r2)zn (2" + 27" + 2r)3/2’
Fon (n —2) —4rz" — (n + 2)22"

2n2(r2 — 1)(2" + 27" + 2r)3/2°

The function y = 2™ + 27" + 2r is well defined on z(M). Let M, denote
the two-sheeted covering Riemann surface (with boundary) of z(M) where
¢ = /Y is well defined, and label p, : M, — z(M) as the conformal covering
map. Note that, in a natural way, M is biholomorphic to the closure in M, of
p,'(2(M — d(M))), and up this biholomorphism we can consider M C M.

Let a be any simple closed curve in z(M) winding once around e'*o/"
and e~*0/" and let & be a lift of & to M,.

If ¢ is a 1-form on M, then up to a suitable choice of the orientation of

o one has
/w=2/gp.
& F;

Applying the above equality to the one-forms in (19) and integrating by
parts, we obtain 1.

To obtain 2, integrate by parts (18) along any curve in M homologous
to —d9 -+ 01, with the same end points that —ds + 41 and not passing through
(£ei®o/™ ().

Moreover, using 1, 2 and (17), it is not hard to obtain 3. O

Lemma 6. The function d:] — 1,1[— R satisfies:

1. It vanishes at only one point rg €] — 1,1[. Furthermore d(r) is positive
in | — 1,79 and negative in |rg, 1.

2. lim_d(r) = 0. In particular, d is bounded in | — 1,7¢].

r——1
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3. It has only a critical point Ty €] — 1,7¢[ which is a mazimum. In
particular, § [d~1({z})] =2, Vz €]0,d(rp)].

Proof. From (17), it is obvious that d(rg) = 0 if and only if f(rs) = 0.
In order to study the function f, we consider f :] — 1,1[— R given by

fy= [ otnaas

where,

_ 2mzzmz_—3(zm—r) _n
U(T’z)_(zzm—Qrzm+1)3/2’ S

Our purpose is to prove that f(r) = A f for a suitable A > 0.
To do this, observe that

(20)

d*c 2r do 4 —n? d 2~3tmP(r, 2)

dr?  1—r2dr + 4n?(1 —7‘2)(I T dz (m( —1)(1 - 2rzm +22m)%>
where:
P(r,z) = —r—4mr+ 2™ +6mz™ +2r22™ 4+ 2mr2 2™ — 3722 — dmr 224 25™,

Similar ideas to those used in the proof of Lemma 3.5 show that fsatisﬁes
Equation I in Lemma 3.5. Furthermore, it is not hard to check that

2/ 4/T
f(0) = - , f'(0)= —
nT (1+%52) T (32) nT (52) T (%7
_ or 4m—1 T 2m+41 I\ 2m—1 T 4m+41
Flo = ZEITEED) gy - LEE P C),
VT mﬁ
where T' is the classical Gamma function. Thus, it is straightforward to
check that fI(O) = —i—@
£(0) 710

As £(0) and F(0) are positive, then there exists A > 0 such that f(r) =
)\f(r), which implies that f and f have got the same zeroes.

Then, it suffices to make a careful analysis of f.

By deriving, we obtain

do -3/2 d m—1/2
= -2 — .
dr (ZQm —2rz™ + 1)3/2 dz (z2m — 2rz™ + 1)3/2
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Hence, integrating by parts, we obtain

21 7 e i dz <0,V 1,1
ey For=- [ gtz <0 ¥re-L

This implies that fhas at most one zero.

From its definition, it is clear that f(r) > 0, Vr €] — 1,0].

In order to compute the limit of f at 1, we use the Frobenius Method for
the study of ordinary differential equations with singularities (see [1, §4.8]).
Taking into account that f is a solution of Equation I in Lemma 3.5 and
the above mentioned method, we deduce that

(22) f(r) = alog(1 = r)p1(r) + bioa(r)
where a,b € R, (pl(l) # 0 and @;, 2 = 1,2, are analytic at 7 = 1.
As lﬂf (r) = —oo, we deduce a 75 0, and so hm f(r) = —c0. An
T

intermediate value argument gives the existence of a unique zero ry of f
As f(0) > 0, then d(r) > 0, Vr €] — 1,7g[, and so d(r) < 0, Vr €]ry, 1.
This concludes the proof of Statement 1.
In order to prove 2, observe that

.7 00 oy (2™ +1) "
(23) rl_l)ﬁ_ll f(r) = /0 (n T 12 dz € R",

Moreover, it is clear that 0 < +/—r—cos(t) < +/1—cos(t), t €
[arccos(—r), 7], then

dt 2
h(r) > — _2 o)),
v ) /arccos(_r) \/T_CT n og(tan(arccos(—r)/4))

and so
24) B h(r) > lim (=2 log |tan [ ZCSEDN ] 2 4o
ri)n—ll r= r—l>n—11 n & |tan 4 o '

Both (23) and (24) give Assertion 2.

To obtain 3, note that 3 in Lemma 3.5 yields that d”(rp) < 0 for
each critical point 7y €] — 1,7¢[ of d. Consequently, there exists only
one critical point of d in | — 1,79[ and it is a mazimum. Obviously,
d(rp) = Maximum{d(r) : 7 €] — 1,74[}.

Hence, it is clear that § [d~1({z})] > 2, Vz €]0,d(rp)[. If { [d"*({z})] >
2, for some z €]0,d(r})[, then it implies the existence of a local minimum of
d in | — 1, rp[, which is absurd. This concludes the proof. d
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Definition 1. For each 8 €]0, 7], we denote dy as the maximum of the
opening function d(r), r €] — 1, 7).

Remark 5. Since the function d(n, ) is differentiable in [1, 2] x]—1, 1], then
the function § — dy is continuous in |0, 7].
In case n = 2 (ie.,, § = 0), Theorem 2 implies that 0 < d(r) < 1,
Vr €] —1,1[, and Supremum{d(r), r €] —1,1[} = 1, (see Remark 2). Hence,
the function 8 — dy extends continuously to [0, 7], defining dy = 1.
For n € [1,2], it is straightforward to check from (17) that 8¢ > 0, i..,
ad

%<0.

This implies that the function § — dp is decreasing in ]0, 7], and in partic-

ular,
0<dr<dg<1l, 0¢€]0,n][

3.6. Main Theorem.

We summarize the information in the preceding subsections (Lemmas 3.2,
3.3, 3.4, 3.4 and 3.5) in the the following:

Theorem 4. Let 0 €]0,7] and r €] — 1,1][.
Consider the Weierstrass data given by (3) and (4), where n = ﬁr—w and
B s given in (10). Define the immersion X as in (5). Then X satisfies:

(i) X(M) is a properly immersed minimal disk with two boundary ends in
R3.

(ii) X(O(M)) =T =24 UL), where

1. The curves £f and £] are half-lines contained in a plane x3 =
1/2, they are symmetric with respect to the plane 1 = 0, and the
straight lines containing them meet at an angle 6.

2. The curve E;‘ (resp. £3) is the image under the symmetry with
respect to the plane x3 =0 of £f (resp. 47).

3. The curve £f (resp. £y ) is the vertical segment joining the end
points of £ and £5 (resp. £ and £3).

(iii) If 0 €]0, [, X (M) is contained in the convez-hull E(T') of I'. If 0 =,
X (M) is contained in the intersection of the slab —1/2 < z3 < 1/2
and one of the two halfspaces determined by the plane containing Z;F,
¢ ,i=0,1,2.
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(iv) X(M) is invariant under the symmetries with respect to the planes
:121=0 and:v3=0.

(v) If d is given as in (11), then this function of r and 6 measures the
oriented distance between £§ and £y . This means that

1. |d| = dist (¢5,45)-
2. d <0 if and only if £ N L7 #0,i=1,2, and d > 0 otherwise.
3. d=0 if and only if { = £5.

(vi) For each 6 €]0,7], there exists an only rg €]0,1[ such that d(rg) =
0. The function d(r) is negative in |rg,1[ and positive in | — 1,7g[.
Furthermore, lim,_,_1 d(r) = 0 and d(r) has an unique critical point
Ty €] — 1,79[. The number dg = d(rp) is the mazimum of the opening
function d(r) on | —1,7g] .

(vii) X is an embedding if and only if d > 0. Ifd = 0 (i.e., T = 19),
then X|p_o+ and X|pr_o~ are injective, where v and v~ are the
connected components of O(M).

The numbers r €] — 1,1[ and 6 €]0, 7] are analytical parameters of our
family of surfaces. From now on we will refer to Xy, as the immersion
arising in above theorem for the values r and 6. Analogously we indicated
by My, the disc with the corresponding complex structure.

Then we can describe our family of surfaces M as follows:

(25) M={Xg,: My, = R/re]—1,1], 6 €]0,]}.

Note that 6 has a clear geometrical meaning: the angle that £; makes
with £;7, ¢ = 1,2. The meaning of parameter r concerns to the underlying
complex structure of the surface.

Remark 6. Elementary geometrical arguments give that the complete ori-
entable minimal surface without boundary

)’Zgr:ﬁgr —)R?’

obtained from Xy ,.(Mp,) by successive Schwarz reflections about straight
lines is invariant under the vertical translation T by vector (0,0, 2).
The case % € Q and r = 7y is specially interesting. The immersion

Xg = 559 ro i singly periodic and the induced immersion

Yo : My, /(T) — R®/(T)
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has four ends and finite total curvature. If we write 5 = p/q, p, ¢ € N,

gcd(p, g) = 1, then it is not hard to check that:

o If p is even the surface 1\79 re 15 the two sheeted orientable covering of
a nonorientable minimal surface properly immersed in ]@i Moreover,
Yy has four ends, its total curvature is —87(p + ¢) and My ,,/(T) has
genus 2p — 1. A fundamental piece bounded by straight lines of the
surface )Z'g(Mg re)s 0 = /2, is illustrated in Figure 13.

Figure 13: A fundamental piece of the surface )29(1\79 re)s for 6 = m/2,
contained in the slab —1/2 < z3 < 3/2.

e If p is odd the surface X¢,,(Mpr,) is invariant under a translation T
by vector (0,0,1), and the induced immersion

Yy My, /(T") — B3 /(T")

has two ends. Moreover, if ¢ is even (resp. ¢ is odd), Y has total
curvature —87(p + q) (resp. —4m(p + ¢)) and My ,,/(T") has genus
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2p (ESP‘ p). Figure 14 shows a fundamental piece of the surface
Xg(Mg,.e), 0 = 71'/3.

Figure 14: A fundamental piece of the surface Xg(]\% re), for 6 = m/3,
contained in the slab —1/2 < z3 < 1/2.

e The ends of Yy, are embedded if and only if 7/6 belongs to N.
3.7. Stability and limits.

Finally, a few words about the stability of the surfaces Xy,.(My,), r €
] - ]., Tg].

From (16), it is straightforward to check that f(%*) > 0. Since
lim, 1 f(r) = —oo (see the proof of Lemma 3.5), then 79 €]%F,1[. There-
fore, for r = 7y, the spherical image of the Gauss map of X contains a
hemisphere, and so this immersion is unstable.

However, and in the sense explained in the following proposition, the
limit surface obtained as r — —1 is stable.

Proposition 1. As set of points in R3, the surfaces Xg,.(My,) converge
on compact subsets of R3, as r — —1, to the union of the segment
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[(0,0,-1/2),(0,0,1/2)] and the two parallel planar sectors in w1 and ma de-
termined by the planes cos(§)z1 —sin(§)zs = 0 and cos(§)z: —l—sin(%)mQ =0
and contained in the half space zo > 0.

Furthermore, for each € €]0,1/2[, the surfaces Xg,.(My,) N {|zs| <
1/2 — €} converge on compact subsets of R3, as r — —1, to the segment
[(0,0,—1/2 +€),(0,0,1/2 —€)].

An example of these limit surfaces has been illustrated in Figure 6.
Proof. For convenience, we write

dz
=1z = B(r
g7' ) T’T ()22m7

and observe

P
2Xg(P) =Re (/ (1 = g2)mw,i(L + g2)r, 2grnr)> ,

Py

for r €] — 1, 1[. Recall that z(Fp) = 1.

Note that 2(Mp,) = 2(Mg ), 7, v' €] — 1,74], and label Q@ = z2(Mpy ),
T 6} -1, 7‘9].

If we write A = DN, then z|,-1(4) is injective, and so we identify the
sets 271(A) and A.

We deal with the convergence of the family of minimal surfaces
{X9,(A)}, as r — —1.

Introduce the change of variable z = B(r)% z. In the z-plane, A
corresponds to the set B(r)ﬁ - A, the Weierstrass data become

dx
4n on !
mz—”/2\/B(r)mm2” +2rB(r)z-nz™ +1

2 .
gr =iB(r)T 7z, n =—i

and the initial condition is Py = z(P) = B(r)ﬁ.
Taking into account that lim,_,_1 B(r) = 0 (see the proof of Lemma 3.5),
pp—
then, as r — —1, the set B(r)»—2 A converges to 2, and the Weierstrass data

to
dx

g-1=0, na= _ix_Z—T/Z-'
Moreover, note that lim,_,_; z(FPp) = oo.
2
Hence, if r; is a sequence converging to —1 as j — oo, and P; € B(rj)»-2-
‘A, then the sequence Xy r; (Pj) converges in R3 if and only if the sequence
P; converges in U {oo}.
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If P; converges to a finite point (in the z-plane), then 2(P;) =
B (r])%PJ converges to 0 in the z-plane. Thus, it is obvious that X, (P;)
converges to a point in m; (lying in the sector described in the statement of
the lemma).

If P; converges to oo (in the z-plane), an analogous argument gives that
Xor; (Pj) converges to a point of the z3-axis whose third coordinate lies in
[0,1/2]. Furthermore, as d(r) — 0 as r — —1 (see Lemma 3.5), then, for
any g € [(0,0,0),(0,0,1/2)], we can find a sequence P; as above converging
to q.

By using the symmetry S, we conclude the proof of the first part of the
proposition.

For the second part, take € €]0,1/2[. The third coordinate function of
Xy, is continuous at (0,—1) and (oo, —1), as function of (z,7). Then, we
can find é. > 0 and a compact set K, C 2, such that

2(X;  ({lzs| < 1/2—€})) C Ko, Vrel—1,—146][

Hence, if r; is a sequence converging to —1 as j — oo, and in the
z-plane, P; € B(rj)ﬁ - (AN K.), then P; converges to oo, and so, as
we have mentioned above, the sequence X, (P;) converges to a point of
[(0,0,0),(0,0,1/2)].

Taking the symmetry S, into account once again, we conclude the proof.

O

4. Properly immersed minimal surfaces in a wedge of a slab.

By the strong halfspace theorem [3], a properly immersed minimal surface
in a wedge of a slab has non empty boundary. In this section we prove that
such a surface satisfies the convezx hull property. Furthermore, we obtain
some non-existence theorems for properly immersed minimal surfaces with
planar boundaries.

First, we introduce some notation.

Let L be the segment {(0,0,t) : ¢t €] — 1/2,1/2[}. Label

1 1
W= {(331,332,333) eR® : ~3 <3< 5}.

For 0 €]0, 27|, we write

Wy = {(z1,z2,2z3) € W — L : arg((z1,z2)) € [0,6]} U L.
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Define also
Yo ={(z1,22,23) € W — L : arg((z1,z2)) =0} UL,

where 6 € [0, 27[.

Recall that the surfaces Xg,(My,), r €] —1,7¢[, constructed in Section 3
are contained in a wedge of angle 6 €]0, 7] of a horizontal slab. Furthermore
the thickness of this slab is 1. Thus, after a rigid motion (unique if 8 # ),
we can assume that 8(Xg,(Mp,)) C 0(Wp). In the case of § = 7 we choose
the rigid motion in such a way that X ,(M;,) is symmetric with respect to
the plane z; = 0.

For the sake of simplicity, we label Sp, = Xg,(Mpy,). Moreover, we write
Sy instead of Sp,.

We start with the following lemma:

Lemma 7. Let M be a connected properly immersed minimal surface in the
wedge Wp,, 01 < 27, and suppose that O(M) C Xo. Then M is a planar
region in Y.

Proof. Up to a horriothety and a translation in the direction of the z;-axis,
we can assume that:

e The distance from d(M) to the planes z3 = 1/2 and z3 = —1/2 is
positive. As the immersion is proper, the distance from M to the
planes 3 = 1/2 and z3 = —1/2 is also positive (see Theorem 2).

o There exists § > 0 such that z1 > 6, V(z1, 2, z3) € O(M).

First suppose that 6; < 7.
An application of Theorem 2 gives that ¥, N M = (. Then, consider

6o = Infimum {6 € [0,7] : TgN M = 0} .

The theorem holds if and only if 6y = 0.

We proceed by contradiction, and suppose 6y > 0. Note that Theorem
2 gives M C Wy,.

From Definition 1, it is clear that

de,

diSt(L7 6(56’ 'r)) < —F
° 2sin (%1)

, T €] — 1,74,
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Figure 15: The surfaces Sét)o N We, and M.

Up to a translation in the direction of the z;-axis, we can assume

do,

. 00\’
2sin <7°)

and so 9(Sg,») N M = 0, Vr €] — 1,79,]. In the following we prove that, in
fact, Sp,r N M = 0, Vr €] — 1,74,]. Otherwise, we can find 7' €] — 1,7g,]
such that Sg,,» N M # (. On the other hand, taking into account that the
surfaces are properly immersed, we use Proposition 3.7 to infer the existence
of s €] — 1,7g] such that Sg,» N M =0, Vr €] — 1, s]. Let " = Infimum{r €
| —1,79,] : Sgor N M # 0}. Since Sy, and M are properly immersed and
do not have any contact at infinity, Vr €] — 1,7,], then Sg,» N M # 0 and,
obviously, Sg,» N M = 0, Vr €] — 1,r"[. Moreover, the above arguments
imply that:

(26) é >

(So9 s OV M) 11 (8(Sy ) U A(M)) = 0.

Hence, Theorem 2 leads to a contradiction.

In particular, Sg, " M = 0.

Denote by Sgo the homothetic shrinking of Sy, by ¢, ¢ > 1. It is clear
that Sgo and M do not contact at infinity. Taking into account that Sp,
lies in Wy, and z3 ((8(Ss,) — L) N (Xo U Tr)) = {—1/2,1/2}, it follows that
8(Sh, N We,) C {|zs| = 1/2} U L, and so (Sh N M) N (8(Sh,) UA(M)) =0,
t > 1. Reasoning as above, Theorem 2 implies that SZ,O NM=0,t>1.
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For any ¢ > 1, the surface S};o N Wy, splits Wy, into two connected
components, one of them bounded: Int(Sgo), and the other one unbounded:
Ext(Sgo). For t = 1, the surface Sg, also divides Wy, into two connected
components, that we continue calling Int(Sg,) and Ext(Sy,).

Taking into account that M is connected, d(M) C Ext(Sj ) and S§ N
M = 0, then it is easy to check that M C Ext(Sj,), Vt € [1,+0o[. Therefore,
M C Q = ;> Ext(S},). Taking into account that (S, N Eg,/2) — L is a
connected arc diverging to both ends of Sg,, it is not hard to deduce that
Y972 N Q2 = 0. Hence,

MnN 290 /2= @

Since M is connected, this fact contradicts the choice of 6.

Finally, suppose that 6; > 7. Let us see that in fact M C W,;. Otherwise,
My = M N Wy, — W; is a surface contained in a wegde of angle 6; — 7 <7
whose boundary lies in ¥;. So, by using the preceding reasoning, M is a
piece of a plane, which is absurd. This proves the lemma. O

To state the next algebraic lemma, we will need the following notation.
For any @ € S? and y € R3, define

H!={zeR : (@ (z—y)>0}.
As usual, we identify R? = {(z1,22,23) €R? : z3 =0} and S' = S* N R%

Lemma 8. Given @ € S?2 — {(0,0,£1)} and y € R3, there exists dy € S*
and z € R? such that:

o (B5,nW)c(@EnW).
e The map z — (@, (z — y)) ts bounded in (Hg - Hgo) nw.

The proof is merely an exercise. We will omit it.
We can now prove the main result of this section.

Theorem 5. Any connected properly immersed minimal surface in a slab
wedge Wy, 0 €]0, [, lies in the convex hull of its boundary.

Proof. Let M be a minimal surface satisfying the hypotheses of the theorem.
If M is a piece of a plane the result obviously holds. Suppose that M is
not flat.
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Consider @ € S* and y € R?® such that 9(M) lies in HY_. We have to
prove that M C HY . too.

We proceed by contradiction, and suppose that M N (Hy — 8(HY)) # 0.
Let M’ be a connected component of M N HY. If @ = (0,0,+1), and taking
into account that &(M') C d(HY), it is easy to deduce from Theorem 2 that
M' (and so M) is flat, which is absurd. In what follows, we assume that @ is
not vertical. Consider @y € S' and z € R? given by Lemma 4 when applied
to (d,y). If M' C HY — HZ , then, from Theorem 2 we deduce, as above,
that M’ is a planar region, which is absurd. Hence, M' N HZ # 0.

Let M" be a connected component of M' N HZ , and take bo € St or-
thogonal to dy. Since d(M") C (B(Hgo) N Wg) and @ < 7, then the set

{(z,bo) : = € &(M")} is bounded either from above or below.

Up to a rigid motion, we can suppose that dy = (0, 1,0), z = (0,0,0) and
d(M") C Ly. Thus, we can apply Lemma 4 to deduce that M" is a planar
region. This is contrary to our assumptions, and concludes the proof. O

Corollary 1. Let M be a connected properly immersed minimal surface in
the halfslab Wr. Assume O(M) C Wy, 0 €]0,w[. Then M lies in the convex
hull of O(M).

Proof. Tt suffices to prove that M C Wy. Indeed, if M ¢ Wy, take a
connected component M" of M — Wj. Since §(M") C Xy, then, up to a

rigid motion, we can apply Lemma 4 to infer that M" is a planar region in
Y9, which is absurd. (]

Corollary 2. Let M be a connected properly immersed minimal surface in
the halfslab Wy,, 61 €]0,2x[. Assume O(M) C Wy, 0 €]0,w[. Then M lies
in the convez hull of O(M).

Proof. It suffices to prove that M C W, and use Corollary 4. Indeed, if
M ¢ Wh, take a connected component M" of M — W,. Since d(M") C T
and M" lies in a wedge of angle §; — m < 7, then, up to a rigid motion,
we can apply Lemma 4 to infer that M"” is a planar region in X, which is
absurd. O

Theorem 4 can be extended to the case of # = 0. For any d €]0, +o0],
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define

Cdz{(wl,xz,xg)eRS 1 0< 20 < d, —%ngﬁ%}

Theorem 6. Any connected properly immersed minimal surface in Cq, d €
10, +o0|, lies in the convex hull of its boundary.

The proof is as in Theorem 4.

Remark 7. Theorem 4 and Corollary 4 fail in the case of § = w. A simple
counterexample is the surface Sy, for any r €] — 1,7,[. A suitable piece of
a helicoid is another counterexample.

The following theorem represents another interesting application of the
above techniques.

Theorem 7. Let M be a connected properly immersed non flat minimal
surface in a wedge Wy, 0 €]0,7|. Suppose that (M) C Lo U Xg. Then,

) de
dist (L, 0(M)) < ———,
ist ( (M)) < 2sin (g)

where dg s given in Definition 1.

Proof. First observe that the sets (M) MYy and d(M) N Xy are not empty.
Otherwise, Lemma 4 says that M is flat, which is absurd.

Suppose that dist(L,0(M)) > 2—5-,%%7. After a suitable homothetic

in(3
shrinking of M, we can suppose that dist(L,0(M)) > Ef(_ﬁ—)
2

dist(9(M), {|z3] = 1/2}) > 0. ;From Definition 1, it follows that dist(L, >
9(Spr)) < ﬁi—g, and so we can use the surfaces Sy, r €] — 1, 79|, as bar-

and

riers for the maximum principle application. So, reasoning as in the proof
of Lemma 4, we obtain M N Sy = 0.

Consider the homothetic shrinking S§ of Sp by t, t > 1. Following
the proof of Lemma 4, we use these surfaces as barriers to deduce that
MNXg, = (), which contradicts the fact that M is connected. a

The surface Sy s corresponding to the maximum dy of the opening func-
tion, reaches the equality in Theorem 4. Hence, this result is sharp.

Finally, we prove a non existence theorem for properly immersed non
flat minimal surfaces with planar boundary. As stated in the introduction,
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this theorem is a generalization of a well-known result of Nitsche [12] in the
non compact case (see also [14]).
For d €]0, +o0[, label

1
F} = {(xhwz,ws) €Cq: x3= —5},
1 1
F; =< (z1,22,23) € Cyq : z3 = 30

Moreover, for any d €]0, 1[, and ¢t € R, We denote S as the Jenkins-Serrin
graph over the rectangle {t} X [O d] x [—3, 3] with boundary values:

e —oo on {t}x]0, d[x{ 5 2 ,
e 0on {t} x {0,d} x [-3, 3].
See Remarks 2 and 5.

Theorem 8. Let M be a connected properly immersed minimal surface in
R3 satisfying:

1. M C Cq and 8(M) C (FYU F}), where 0 < d < 1,

2. z1 >0, Y(z1,z2,23) € O(M).
Then M is a planar region in Fg U Fé.

Proof.

Suppose M is not flat.

From Theorem 4 we get z1 > 0, Y(z1,22,23) € M. Thus, M N S} = 0,
t < 0. If it is necessary, we take d’, 1 > d’' > d, and translate M in the
direction of the zq-axis, in such a way that the distance from M to the
planes z2 = 0 and z2 = d’ is positive. In particular, M N Sg, does not meet
O(M)Ud(Sy), t > 0.

On the other hand, as the set Cy — (UteR S%) is included in {z3 =
—1}U{zs = 1} and M is not flat, then there is ¢’ > 0 large enough such
that M N S # 0.

Label tg = Infimum{t € R : M N S% # 0}. From the above arguments,
to € [0,4+00[. As M and S}, t € R, are properly immersed, then S'9NM # 0.
Therefore, S* » and M have an interior contact point, and so Theorem 2 leads
to a contradiction. O
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Figure 16: The surfaces S%, ¢t € R, and M.
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