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Energy Minimizing Maps to Piecewise Uniformly
Regular Lipschitz Manifolds

CHANGYOU WANG

‘We prove the optimal partial regularity of energy-minimizing maps
into polyhedral and certain other approximately polyhedral mani-
folds. We also estimate the size of preimages of points in the (k—2)
skeleton of a polyhedral manifold.

1. Introduction.

For a bounded smooth ¢ R™ and a closed X C R, we define
HY(Q,X) = {u e H(Q,RF)|u(z) € X for a.e. z € Q}

of maps u : © — X with energy E(u) = [ |Dul*dz < co. A map u €
HY(Q, X) is energy minimizing if

(1.1) E(u) < E(v),

for every v € H(Q, X), with v|sq = u|gq in the sense of trace. Whenever a,
given Dirichlet boundary data g : 9Q — X admits an extension in H*(£, X),
there exists an energy minimizing extension. It is a very interesting ques-
tion to ask whether such a minimizing map is regular or at least regular
off a small closed set. When X is a smooth compact Riemannian mani-
fold without boundary, the problem has been well studied by many people.
It was first proven by Schoen-Uhlenbeck ([SU], [SU1]) (see also Giaquinta-
Giusti [GG]) that minimizing maps are smooth in € except a closed subset
whose Hausdorff codimension is at least 3. Later, their results were gen-
eralized to p-energy minimizing maps by Hardt-Lin [HL], Fuchs [Fm], and
Luckhaus [Ls] for 1 < p < co. When X is an Alexander space, which has
nonpositive curvature, it was first proven by Gromov-Schoen [GS] and then
by Korevaar-Schoen [KS], [KS1], Jost [J1], [J2], and Serbinowski [St1] that
any minimizing map is Lipschitz continuous in 2 and continuous up to the
boundary 0f? if the boundary data are Lipschitz continuous. In the thesis
[St2], Serbinowski also showed a small energy regularity theorem in case
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that X has curvature bounded above. Our main theorem, stated below,
allows the possibility of X having infinite curvature. When X is a round
cone in R it has been treated by [Lf], [HL1]. As a matter of fact, the
theory developed by Jost [J1] also allows the domain to be certain singular
spaces (cf. also [C], [Lf1] for related results).

In this note, we will consider a special class of Lipschitz submanifolds
X C RK, which is called piecewise uniformly regular Lipschitz manifolds
which include both C! and polyhedral submanifolds (but not varieties with
cusps) and which will be defined below. Our main result is the following:

Theorem I. Let X C RX be a compact k-dimensional piecewise uniformly
regular Lipschitz manifold and u € HY(Q, X) be an energy minimizing map
with ulagq = glan where g : Q@ — X is a given Lipschitz continuous map.
Then

I1. There exists a closed subset 3 C Q, with dimyg ¥ < m — 3, such that
u € C*(Q\ I,N) for some 0 < o < 1. Here dimy denotes the
Hausdorff dimension of a set in R™, and Q = QUOQ. Form =3, T
is discrete.

12. If, in addition, X C R**! is a k-dimensional polyhedron. Then for
any p € Xp_o, either u = p on Q or dimg(u~(p)) < m — 1. Here

u™l(p) = U (ulgys) (D)

Remark II. In fact, it follows from the proof of I2 (see §4 below) that if
p € Xj_o has the property that there is no minimizing geodesics in X passing
through p, then either u = p or dimg(u~!(p)) < m—2. In particular, if X C
R3 is a 2-dimensional convex polyhedron such that X has infinite positive
curvature at each a € X (i.e., the enclosed angle of X at a is less than 27),
then we actually obtain that either u = a or dimg(u~!(a)) < m — 2.

Now we define a piecewise uniformly regular Lipschitz manifold. We will
denote the cone over a Y € SK-1 by

C(Y)={\z|]A >0,z €Y}
The tangent cone of a subset X C RX at a point a is
T—a
[z —al

A k-dimensional piecewise uniformly regular Lipschitz manifold X C RK
is roughly a C! triangulated, uniformly asymptotically conical, Lipschitz

TaXzC(ﬂ€>OClos{ 0<|a:—a|<e,a;€X}).
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submanifold. For k = 1, X is a piecewise C' Jordan curve. For k > 2,
X being a k-dimensional Lipschitz submanifold of RX means that X is a
closed set which is locally the graph of a RE~F valued Lipschitz function
defined on a domain in R¥. Second the triangulation of X is assumed to be a
bilipschitz map from X to the support of a simplicial complex so that, for the
induced skeleta, ) = X_; C Xg C X7 C --- Xj—1 C X = X, each difference
X\ Xj—q, for 1l =0,--- ,k, is an open [-dimensional C' submanifold. Third
we assume that, for each | € {0,--- ,k} and a € X; \ X;_1, there exists
(k — | — 1)-dimensional piecewise uniformly regular Lipschitz submanifold
Y, of SK~1 N (T,X;)* (inductively defined) such that the tangent cone

(1.2) T X =T, (X; \ Xi—1) x C(Ya)(= R' x C(Y,)).

Moreover, for each a € X, there exist neighbourhoods U, (C X) of a, V,
(C RX) of 0, and a Lipschitz map ¥, : T,X NV, — X N U, such that
¥,(0) = a and for some 6, € (0,1),

(1.3) lim sup Lip(‘I’b|T,,XnB(0,r,,,a)) =1,
™40 beB(a,r)N(X:\Xi—1)

foralli € {0,--- ,k}, whererp o = 0, min{r, dist(b, X;_1)}. Finally, if {b,} C
X converges to a € X, then there exists a [-dimensional piecewise uniformly
regular Lipschitz submanifold Z, of SK-1 with —1 <[ < k — 1, which may
also depend on {b,}, and bilipschitz maps T}, 4 : Tp, X — RF771 x C(Z,)
such that T, 4(0) = 0 and

(1.4) blim max{1 + || Ty, o — Id||, Lip(T}, q), Lip(T; %)} = 1.
n—a y

Typa(v)—
Here [Ty, 0 — Id] = supg e, x Dmsl=2,

It is easy to verify that any C'' manifold M C RK is a piecewise uniformly
regular Lipschitz manifold. An example of a k-dimensional piecewise uni-
formly regular Lipschitz manifold with singularity is a k-dimensional poly-
hedron P = U C R¥t1 here U C RF*! is a simply connected bounded
polyhedral domain.

Notice that in the terminology of [GS], a k-dimensional piecewise uni-
formly regular Lipschitz manifold X may have infinite curvature at p €
X},_o. Hence it doesn’t seem possible to apply the analytic method devel-
oped by [GS] directly. In fact, an energy minimizing map here may have dis-
continuity. Moreover, since X has singularity in general, it seems impossible
to have the usual Euler-Lagrange equations for minimizing maps. Our idea
is follows. First we prove the Holder continuity for energy minimizing maps
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into any tangent cone of a compact piecewise uniformly regular Lipschitz
manifold. Then we combine the usual blowup arguments of the domain and
target and the extension Lemma due to Luckhaus [Ls] (a generalization of
that of [SU]) to prove that, at zero energy density points, suitable rescalings
of an energy minimizing map into a compact piecewise uniformly regular
Lipschitz manifold X converge strongly in H! to an energy minimizing map
from the unit ball B C R™ into a tangent cone of X. Both steps involve
an induction on £ (the dimension of X), the structures of tangent cones
(cf.(1.2)), and local approximation property to a piecewise uniformly regu-
lar manifold by its tangent cones (cf.(1.3)—(1.4)). In the process of proving
the boundary regularity, we give a simple proof of the boundary monotonic-
ity inequality (cf. [SU], [HL], [Fm] for smooth X), which covers the case
that X C RX is any closed subset. To prove 12 of Theorem I, we generalize
the dimension reduction argument by [Lf] and [GS].

The paper is written as follows. In Section 2, we prove the continuity
for minimizing maps into tangent cones of a compact piecewise uniformly
regular Lipschitz manifold and the interior partial regularity for minimizing
maps into a compact piecewise uniformly regular Lipschitz manifold. In
Section 3, we prove the boundary monotonicity inequality and boundary
regularity. In Section 4, we prove the Hausdorff dimension estimation for
preimages.

Acknowledgement. The author wishes to thank Professor Hardt for
suggesting this problem. The author is partially supported by NSF DMS
9970549.

2. Interior Partial Regularity.

In this section, we first prove Holder continuity for minimizing maps into
tangent cones of a compact piecewise uniformly regular Lipschitz manifold
and then show the small energy regularity for minimizing maps into a com-
pact piecewise uniformly regular Lipschitz manifold.

Let us first recall both the energy monotonicity inequality and mono-
tonicity of order functions for minimizing maps into cones.

Lemma 2.1. Assume that X C RX is a cone and u € H'(Q, X) is energy
minimizing. Then
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(1) Foranyz € Q and 0 < t < s < dist (z,090),

(2.1) t2—m/ |Du|2+2/ ly — 2™
B:() B (z)\Bt(z)

= sz_m/ |Du|2,
Bs(z)

@
or

(2)
(2.2) Au-u=0, Alu> = 2|Dul?, inQ,
in the sense of distribution.

(3) Fora € Q and 0 < r < dist (a,00). Either u = 0 on B(a,r) or the

) s |Dul? . .
order function N(a,s) = 7@1‘1147 18 monotonically nondecreasing
0Bs(a)

for s € [r,dist (a, 0Q)).

Proof. Since the interior monotonicity equality for minimizing maps can be
proven by only using the variations of domain, (1) follows exactly from that
of [HL] (cf. also [GS]). Let ¢ € C}(, R) be given. Since X is a cone,
w(z) = (1 +téd(z))u(z) : @ — X for |t| small is a comparision map to w.
By minimality of u, we have

d
0=£|t=0/ |Dut|2=2/ Du - D(u¢),
B B

which clearly implies both equations of (2.2). To prove (3), we first notice
that (2.2) implies |u|? is a (nonnegative) subharmonic function. Hence if
faB,(a) |u|> = 0, then the mean-value inequality for |u|? yields v = 0 on
B,(a). Otherwise faBs(a) lu|?> > 0 for all s € [r,dist(a,00Q)) and N(a,s) is
absolutely continuous for s € [r,dist(a,d)) so that it is differentiable for
a.e. s. In fact, for a.e. s € [r,dist(a, 99)),

S, DUl dz + s fop o lDu|2)
faBs(a) ful?

s lm@ | Duf? (faBs(a) |u|2>s
(faBs(a) |“|2)2

d
;EN(G’S) = (

)
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and

(2.3) / ) =7t / ful? + / 9 up.
9B, (a) \ 5 J8B4(a) 8B,(a) 05

On the other hand, approximating the characteristic function of Bs(a) by
suitable test functions ¢, (2.2) implies

(2.4) 2/ |Du|? = / £|u|2, a.e s € [r,dist(a, 09Q)).
Ba(a) 8Ba(a) 05

Combining (2.3) with (2.4), we have

' 2
JoBa@) 192 fom, @) 1UI* = (f5, (a) 1Dul?
—(!—N(a,s) = 952 0Bsle) 8o 0Bs(e) <2 Bele) > .
(Jom. 1u12)

ds
Observe that, by the Cauchy inequality, (2.4) implies

3 oy 3
[ o[ wr) (3R]
Bs(a) 8Bs(a) 8Bs(a) OS

disN(a, s) >0, a.e. s € [r,dist(a, ON)).

Therefore

The proof is complete. O

Corollary 2.2. Let X C R¥ be a cone and u € HY(Q,X) be an energy
minimizing map. Then

for 0 < r < s < dist (a,09).

Proof. First we notice that (2.3) and (2.4) imply

d{ 1 / , 2 / , ,
2.6) — ul® | = Dul*,Vr € (0,dist(a, 9)).
( ) dr (Tm—l 0B (a) ‘ | ) ,rm-1 Br(a) | ] ( (
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Integrating (2.6) from r to s, we get

: | ( [ b |2) <o [ s
T B (a) 8Bs(a)

This, combined with (2.1), clearly implies (2.5). O

Now we are ready to prove the interior partial regularity for energy mini-
mizing maps into a compact piecewise uniformly regular Lipschitz manifold.
It is well known that iterations of the following energy improvement Lemma
and the Morrey’s decay Lemma (cf. [Mc]) yield the interior partial regularity
(cf. [SU], [HL]).

Lemma 2.3. Assume that X C R¥ is a k-dimensional compact piecewise
uniformly regular Lipschitz manifold. There ezxist eg = eo(m,X) > 0 and
00 = 6o(m, X) € (0, 3) such that if u € HY(Q, X ) is energy minimizing and
satisfies, on Br(z) C Q, ™™ [ )|Du| < €3, then

2.7) (Oor)>~™ / Dul? < 2p2-m / | Dul?.
Bogr (@) 2 B, ()

Proof. First notice that if we define ug,(y) = u(z + ry) : By — X then
Ugyr € H'(By, X) is also energy minimizing. Hence we may assume that
=0, r = 1. Suppose that the Lemma were false. Then, for any 6 € (0, 2)
there exist minimizing maps {u,} C H*(Bi, X) such that |, By |Dun|? = €2 |
0 but

(2.8) 92_7”/ |Dun|? > =€2.
Let an, = ]3}—1—[ /, B, Un- Then the Poincaré inequality implies that

(2.9) dist?(an, X) < C [ |un —an> <C | |Dun)® < Ce.
By B,

Hence there exist {b,} C X, with

(2.10) |an — bn| < Cep.

Passing to subsequences, we may assume that there exists a € X such that
b, — a. Denote R, = |b, — a|. Then we proceed as follows.
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Casel. R=1lim, .o —I}nﬁ < 0o: we know

2 2
/ Up — Q <9 / Up — Gn, +R,21+|bg—an|2
By €n B1 €n En
<C
and
U, —al?
/D” =1.
Bl €n

Hence we may assume that v, = l‘ﬂen;“ — v weakly in H! and it is readily
seen that v(B;1) C T, X.

We may always, after passing to subsequences, that there exists ig €
{0,1,--- ,k} such that {b,} C Xj, \ Xip—1-

Case 2. R = oo: we divide it into two cases.

Case 2(a). a € X, \ Xip—1: it then follows from the definition of
X that there exists a [-dimensional piecewise uniformly regular Lipschitz
submanifold Z, ¢ SK-! with —1 < [ < k — 1, and bilipschitz maps
Tona @ T, X — RF'71 x C(Z,) such that Ty, o(0) = 0 and satisfy (1.4).
Since v, = Eﬂ;—bﬂ is bounded in H!(Bj, R¥), we may assume that v, — v
weakly in H!. We need to show that Im (v) C R*'=! x C(Z,). By the
Egroff’s theorem, we can assume that for any § > 0 there exists Es C B,
with |Es| < 8, such that |v,| and |v| are bounded on By \ Es and vy, converges
to v uniformly on By \ Es. By the defintion of tangent cones, we know that

there exists wy, : By \ Es — Tp, X such that
(2.11) [vn — Wn| < 7,

for some 7y, with lim, 7, = 0. Let w, = Ty a(wn) : B1\ Es — RE-1-1x
C(Z,). Then, by (1.4),

(2.12) [T, — v| < [v — vn| + [vn — Wn| + [wn — Dn
< |v = vn| + |vn — wa| + | To,,a — Id]||wn| — 0.

Hence, v maps B1 \ Es to Rk-1-1x.C(Z,). Since ¢ is arbitrary, we conclude
that v maps By to RF~'=1 x C(Z,). Moreover, we see that

dist (b, Xio—
(2.13) lim _EL_LQ =

n—roo €n
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Case 2(b). a € X;;—1. We may assume that there exist {b,} C X;,_1 such
that |by — by| = dist(bn, Xig_1). If

(2.14) [bn — bn| - 00,

€n
we still let v, = Mﬁi’—’k Similar to the discussion of Case 2(a), we can show
that v, — v weakly in H' and Im (v) C RF1-1 % C(Z,), where Z, c SK-1
is given by Case 1. Otherwise, |—b"—€_nﬂ[ — C < oo. Hence one can see that
Jblen_il — 00. Now we repeat Case 2 with b, replaced by b, and v, = %

so that, after repeating finitely many times, there exists {l;n} C Xm, for
some mg € {0,--- ,39 — 1} such that

dist (b, Xmo—1) N
€n

(2.15)

o0,

and there also exists a p-dimensional piecewise uniformly regular Lipschitz
submanifold W, ¢ SX-1, with —1 < p < k — 1, such that v, = "L;kﬂ - v
weakly in H!, and Im (v) C RFP~1 x C(W,).

Now we need to show that v, — v strongly in H! (B%) and v : B% —

ToX ( or R¥1-1 x C(Z,), or R¥F"P~1 x C(W,)) is energy minimizing. In
order to do this, we need to use (1.2)—(1.4) and the extension Lemma due
to Luckhaus [Ls] (cf. also [SUJ).

Lemma 2.4. For a given closed subset X C RX. Let v,w € H'(S™ 1, X),
0<A< %, e € (0,1). Suppose

2
/ ]Dv|2+|Dw|2+|12—w|_=K2.
Ssm~—1 €

There ezist C; = C1(m),Cs = Ca(m) and a map ¢ € HY(B; \ By_y, RX)
such that

9(z) = v(z), V=1,

z
—w(l_/\), Viz| =1- A,

2
D 2<C’K2(1+ < ))\,
/;1\Bl_>‘| d)l =1 (}\)

¢(B1\ B1-») C {y € R¥| dist (y, X) < r}
with r = C’zKe%)\gzzﬂ.
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Now we can proceed as follows.
Case a. Im (v) C T,X: Take any comparision map & € H(B1,T,X)
coinciding with v in B; \ Bi—_),, where 0 < A\¢ < 1 is sufficiently small. By

the Fatou’s Lemma and the Fubini’s theorem, there exists pg € (1 — Ao, 1)
such that

(2.16) / |un, — | = 0, / |Dv,|? + |D3|? < C.
) 9By,
Choose R, — oo such that €, R, — 0. Define

2.1 Up = ———,
(217) O = ax (B, 30

Up, = Pq(en(n))-
Here ¥, is given by (1.3) in the definition of X so that

(2.18) Jim Lip(¥al7, XnB(0,Rnen)) = 1-

Caseb. Im v C RF=1 x C(Z,) for some I-dimensional piecewise uniformly
regular Lipschitz Z, ¢ SK-1, with —1 < I < k—1. Here we consider the case
2(a) above only, since the other cases in case 2 can be handled in the same
way. Taking any comparision map 7 € H(By, R¥"=1 x C(Z,)) coinciding
with v in B; \ B1—),, where 0 < )¢ < 1 is sufficiently small. Hence, by the
Fatou’s Lemma and the Fubini’s theorem, (2.16) holds too. From (2.14), we
can choose R,, — oo such that ¢, R, — 0 and R, < Gadlﬂb:n’iﬁ, where
8, € (0,1) is given by the definition of X. Define

Ryv

2. ~n = TS A0
(2.19) On = (B JOD)

Up = U, (enTa,bn (Tn))-

Here ¥y, and Tgp, : RF1=1 x C(Z,) — Ty, X is given by the definition of
X. Therefore, (1.3) and (1.4) imply that

(2.20) Jim max{Lip(Ta,,), Lip(Ys,l1, XnB(0,Rnen)) } = 1-

Applying Lemma 2.4 to 4, and u,, there exists a map Un € H Y(By, R¥)
such that

z

(2.21) lin(2) = Gin , V)z| < po(l = An),
1- ),
(2.22) T, = Un, Y|z| > po,

(2.23) / |Diin |2 < CAné2,
By \Bpo(l—An)
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A — 0, and dist(d,, X) — 0 uniformly in B, \ Bpy(1-x,)- Notice that
Uy, has its image out of X only in By, \Bpo(l_ An) Put with uniformly small
distance to X. On the other hand, since X is a compact piecewise uniformly
regular Lipschitz manifold, there exist a 79 > 0 and a Lipschitz retraction
map Fp, : Xpy — X (ie. F(y) =y for y € X) such that Lip(Fy,) < Co,
here X,, = {z € R¥|dist(z, X) < no}. Therefore if we define w, : B,, — X
by

wn(2) = Un(2), V2| < po(1 = An)

wn(2) = Fpy(un(2)), Vlz| € (po(1 = An), po)-
Then w,, is a comparision map to u,. Now we calculate the energy as follows.
For simplicity, we only do the calculation in the case b.

b

|Dv|? < lim | Dy, |2
n—oo 00

= lim en—2/ | Duy|?
n—oo B
Po

< lim en“2/ | Dwy, |2
B

n—o0
Po
= lim (/ |D&n|2+/ |D(F,,0(an))|2>
e By (1-2n) Boo\Bpg(1=2n)

2
< lim 6;2(/ D <\Ilbn <€nTa,bn'5n < )))
nree Bop(1-2an) 1=An

+ ID(F ()1
BPO\Bpo(l—An)

< lim €,? (6%Lip2(‘1}bn|TanﬂB(0,Rnen))Lipz(Ta,bn)

n—oo

0

W= [ D+ Lip?(F) |

Bpg Bpo\Bpy(1-2n)

< lim ((1 +0 G)) (1- An)m-2/B |Dv|? + C’)\n>

po(1—An)

1Dén|2>

Since the limit cone R*~!~1 x C(Z,) appearing in case b above is also
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a tangent cone of a k-dimensional picewise uniformly regular Lipschitz sub-
manifold ¥  R¥, the conclusion of Lemma 2.3 follows if we can prove

Lemma 2.5. Assume that X is a k-dimensional compact piecewise uni-
formly regular Lipschitz manifold. Then for any a € X there exists
0o = 6o(m,a,X) € (0,3) such that if u € H'(B1,T.X) is an energy mini-
mizing map then

1
(2.24) g / Duf? < * / | Du?.
Bg 2 Bl

(]

Proof. 1t is done by an induction on k.

(1) k = 1: Since X is a piecewise C' Jordan curve. For a € X7, we know
that T,X = R! and a minimizing v € H(B;, R!) is a harmonic function so
that (2.24) holds trivially. For a € Xo, we have T, X = OA; UOA, and the
angle between OA; and OAj is positive. Here OA; for i = 1,2 is a ray in
R? emmitting from the origin of R2. Observe that there exists an isometric
map F : OA; UOAy — R! so that F(u): By — R! is a harmonic function,
hence u is Lipschitz continuous and (2.24) holds again.

(2) k > 2: Suppose that the Lemma is true for any /-dimensional piecewise
uniformly regular Lipschitz manifold for all 1 < [ < k — 1. We need to
show that the Lemma remains to be true for a k-dimensional piecewise
uniformly regular Lipschitz manifold X. To do it, we proceed as follows. For
a € X\ Xj_1, since T, X = RF we know that a minimizing v € H(Bj, RF)
is a vector valued harmonic function so that (2.24) holds trivially. For
a € X\ X;_1 for some 0 < I < k—1, we know that T X = R! x C(Yy) with Y,
being a (k—I!—1)-dimensional piecewise uniformly regular Lipschitz manifold
in SK=1. Therefore the minimality of u = (u1,u2) : By — R!xC(Y,) implies
that u; : By — R! is a harmonic function and uy : By — C(Y,) is energy
minimizing. Therefore, our proof is complete if we can prove (2.24) for any
minimizing map w : By — C(Y,). To do it, we first observe that we can
assume that |, B, |w|? > 0 (otherwise Lemma 2.1 implies that w = 0 on
Bj so that (2.24) holds trivially). Also notice that, since C(Yy) is a cone,
w € HY(By,C(Yy)) is energy minimizing implies that Aw € H'(By, C(Y,)) is
also minimizing for any A > 0. Therefore, to prove (2.24) for w is equivalent
to prove (2.24) for Aw, for some A > 0. By choosing A = (faB1 |w|2)_% > 0,
we may assume that w € H'(Bi, C(Y,)) satisfies faBl lw|? = 1. Tt follows
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from Corollary 2.2 that

1 -1
(2.25) g™ |Dw|2§(log§> .

Hence for any fixed number ¢y > 0 and minimizer w € H'(B;,C(Y,)) with
Jop, lw* =1 and [ |Dw|* > €f we have

(2.26) gr-m / Dup? < / D,
By 2 B,

2

provided that we choose 8 < e .

Claim. Assume that Y, is given as above. There exist ¢y = 9(m,Y,) >0,
61 = 61(m,Y,) € (0, 3) such that if w € H'(By,C(Y,)) is energy minimizing
satisfying fB1 |Dw|? < €% and faBl |w|? = 1 then (2.24) holds.

Proof of Claim. We use induction on the dimension of Y;. It is easy to see
that (2.24) is true when the dimension of Y, is 0. Suppose that (2.24) is
true for any /-dimensional piecewise uniformly regular Lipschitz submanifold
Z c SE-1 with | < dim(Y,). We want to show that (2.24) is also true for
Y, itself. Suppose that it were false. Then for any 6 € (0, %) there exist
minimizing maps {w,} C H'(B1,C(Y,)) such that

(2.27) / |Dw,|? = €2 |0, / lwn|® =1,
B3 0B,

but (2.24) fails. Denote a,, = |—3713TT faBl wy,. Then

1
lau] < C(m) ( / |wn|2)2 <c.
0B1

The Poincaré inequality implies,

(2.28) / (o — an[? < C(m) / \Dun? < Ce2,
331 Bl

and

1

2.29 dist?(an, C(Y,)) < ——
(2.29) ( (Ya)) 98] Jon,

|wn — an|* < C(m)e.
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Therefore there exist {b,} C C(Y) with |b, — a,,| < Cey. Passing to subse-
quence, b, converges to b € C(Y,). Note that [b| = laBll_% because

|b]> — 6B, |! = |0By| ™! (/ |b|% — lwnl2> — 0, as n — oco.
0B,

Since Ty, (C(Ya)) = R! x T]EnT(Y) and p = dim(Y,) < k — 1, it follows
from the definition of Y, that there exists a piecewise uniformly regular
manifold Z, ¢ SK~!, with ¢ = dim(Z;) < p — 1, and bilipschitz maps
T]%‘ﬁ - T]ﬁ_{ (Yz) = RP~971 x C(Z) which satisfy (1.4). Now we can repeat

the argument similar to that of Lemma 2.3 to show that v, = %E:—bﬂs — v
strongly in H!, where v € H* (B% ,RP~1 x C(Zp)) is an energy minimizing
map. Denote v = (v1,v2) : Bs — RP~9 x C(Zp)). Then we have that

Bs — RP~7is a harmonic functlon and vy : Bi — C(Zp) is a mimimizing
map. Slnce Zp has dimension less than the dimension of Y;. It follows from
the induction hypothesis that (2.24) holds for v for some small 6; so does

(2.24) hold for v. This contradicts with the choices of u,. This finishes
2

proof of the claim. Hence Lemma 2.5 follows by letting 6y = min{e ;g, 01}

Therefore the proof of Lemma 2.3 is also complete. d

Completion of Proof of Interior Partial Regularity..

Lemma 2.6. Assume that X C RE is a k-dimensional compact piecewise
uniformly regular Lipschitz manifold. Suppose that v € H 1(Q, X) is energy
minimizing. Then there exists a closed subset & C Q, with dimg(X) < m—3,
such that u € C*(Q\ I, X) for some o € (0,1).

Proof. Define £ = {z € Q|lim,_ 7%~ ™ 5. (@ )[Dulz > 22-me2} where € is
given by Lemma 2.3. Then it follows from (2.1) and a standard covering
argument (cf. [SU]) that ¥ is closed with H™2(%)) = 0. On the other hand,
for any zg € Q\ X, there exists rg > 0 such that

(2.30) re ™ / |Dul? < 227 ™3
Br, (z0)
It follows from (2.1) that

(2.31) r2“m/ |[Dul® < 2m“2/ |Dul? < €,
B, (z) Brg (o)
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for any z € B o (o) and 0 < 7 < 7. Applying Lemma 2.3 repeatedly, we
know that there exists 6y = 6(m, X) € (0, ) such that for any k > 1

(2.32) (BFr)2™ / |Du)? < 27FeZ,
Beé’r(w)

for any z € B:zg(a:o) and 0 < r < 2. Hence there exists ag = ap(m, X) €
(0,1) so that

(2.33) r-m / |Dul* < C(eo,m, X)r*®,
B, (z)

for any z € Brg (zo) and 0 < r < 7. Therefore, Morrey’s decay Lemma (cf.
[Mc]) implies that u € C* (B o (z0))-
One can follow the dimension reduction argument of [SU] to show that

Y has Hausdorff dimension at most m — 3. The key is to show that the set
of minimizing maps into X is compact.

Lemma 2.7. Assume that X C R¥ is a Lipschitz neighbourhood retraction.
Suppose that {u,} C H'(B1,X) is a sequence of minimizing maps and u, —
u weakly in H'(By, X). Then u, — u strongly in H(B3,X) and u: Bz —
X is energy minimizing. ) *

Proof. Take any comparision map w € H'(B1, X) coinciding with w in By \
Bj_), for some small Ay € (0, %) By the Fatou’s Lemma and the Fubini’s
theorem, there exists pp € (1 — A, 1) such that

(2.34) / = w]? = 0, / |Dunf? + |Duwl? < C < oo.
By 8By,

Applying Lemma 2.4 to u, and w, we have that there exists u, €
HY(B,,, RX) such that

x

in(e) =w (152 ) lel < (1= )
= un(x), |z| = po.

(2.35) / | Diin|? < Cp.
BPO\BPO(l—An)
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dist(n, X) — 0, as Ay, — 0, uniformly in By, \ Byy1-p,)- Let F: Xy — X
be a Lipschitz retraction map. Here Xs, is the do neighbourhood of X in
RX. Define

T

un@) =w (5], el < (1= A

= F(@n(@)), po(l = M) <l < po.

Then w, is a comparision map to u,, we have

/ |Du? < lim | Du,, |*
00 n—ro0 BPQ

IA

lim | Dwy, |?
n—00 BPO

lim / Dw( : ) ‘
n—o0 [ Bpo(l—/\n) 1 —_ An

lim [(1—An)m—2 /
n—r00 Bp

/ | Dw|?.
By

0

)

IA

+ / |Dﬂn12}
Bpo\Bpo(1-n)

|Dw|? + C Lip? (F)/\n]

IA

0

IA

This clearly implies both the minimality of v and the strong convergence of
Up, tO U. O

3. Boundary Regularity.

In this section, we prove that any minimizing map from 2 into a k-
dimensional compact piecewise uniformly regular Lipschitz manifold X is
Holder continuous near 92, provided that g : 80 — X is Lipschitz contin-
uous. The argument is a generalization of [SUL|, [HL]. Three key points
are: small energy boundary regularity, boundary monotonicity inequality,
and nonexistence of boundary minimizing tangent maps.

Here we only sketch the proof for @ = B} = {z = (21,%m) € B :
Zm > 0}. One can refer to [HL] for the modification to a general {2. Denote
T+ = {z = (21,Zm) € Br : rm > 0} for 0 < r < 1. We first give a new
proof of boundary monotonicity inequality (cf. [SU1], [HL] for smooth X),
which doesn’t rely on the nearest point projection from neighbourhoods of
X to X.
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Lemma 3.1. Assume that X C RX is a closed subset. Letu € H'(Bf, X)
be energy minimizing with u|p, = g, where g : Bf' — X is a given Lipschitz
map. Then there ezist 6y = dp(m, g, X) € (0, %) and Cy = Co(m,g,X) >0
such that, for 0 <r < s < g,

(3.1) p2-m / |\ Dul? + / o2~
B BH\BY
< eco(s_”)s2_m/+ |Dul? 4 Co(s — 7).
B

ou )
la]

Proof. We shall consider the energy of a comparision map on B"‘ obtained
by homogeneous extension from (0,...,0, p?). We use the polar coordmates
(r,0,w), center at (0,...,0,p?), and denote the polar angle functions center
at 0 as (¢,w) € [0,F] x S™ 2. Then it follows from [HL] p. 578 that
0 = ¢ +sin"!(psin@).
Now we define
v(r,0,w) = u(p, $,w) : 0 < 6 < O(p)
= g(p? tan(r — 6),w) : O(p) < 6 < .

Here ©(p) = 7 — sin™}(1 + pz)_%. Then v is a comparison map of u, we
have

/ |Du?
B+

P

< [ 1oor

@(p) R(p,¢>) v | v |2
_3 vv -2 s aom—2
/ / /Sm_z Oc’)w sin™“ 6 + 20 sin 0 dw
p? p? 2

+/ dt/ Dy:g (2—:10) dx

0 B! pe—t

p —t
©(p) 2 ov|?
< (m—2)"1R(p, p)™ 2 / / sin™2 0 + 50 sin™ "2 6 dw df
Sm— -2

p? 2 3—-m
14 2
0o \p*—t B, |

=I+1I.
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Here R(p, ¢) = p\/1 + p% —2pcos ¢. It is easy to see that
11| < Cp* /  IDgl* < CLip?(g)p™*,
By~

To estimate I, we use the change of coordinates: (6,w) — (¢,w), and observe
that there exists do = do(g,m, X) € (0, %) such that for any p € (0,4dp)

2
0p 2 pcosf
—| =|l- ————| <1+ 0Cp,
"99 l 1— p?sin?6 ?
sin @ . m—2 . m—2
Snd <1+Cp, sin™ *fdfdw < (1+ Cp)sin™ *¢de dw,
and
R(p,¢) < p(1+ Cp).
Hence

I< (1+Cp)—p—/ IDTU,IQ.
m—2 33;’-

Here 0B} = {z = (1,%m) € 8By|zm > 0} and Dr denotes the tangential
derivative. Therefore,

P 2 : 2 m-+1
Du 2 < (1 -} p)—— Dru —+- (:L P .
/p | | = ( Cc )m—2/é)Bp+ I T ' 1p (g)

This clearly implies (3.1). O

Now we prove boundary energy improvement Lemma for minimizing
maps into a compact piecewise uniformly regular Lipschitz manifold, under
the small energy hypothesis.

Lemma 3.2. Assume that X C RY is a k-dimensional piecewise uniformly
regular Lipschitz manifold. There exist g = eg(m, X) > 0, 8y = 0p(m, X) €
(0,3), and Co = Co(m,X) > 0 such that if w € HY(B],X) is energy
minimizing with ulp, = g, here g : Bf — X is a given Lipschitz map, and
f31+ |Dul? < €2, then

(3.2) 93""‘/ |Du|2§£max / |Dul?, CoLip®g 5 .
B}, 2 Bf
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Proof. If the Lemma were false. Then, for any 6 € (0, %), there would exist
a sequence of minimizing maps u, € H*(B;", X) such that up|r, = gn with
gn : Bf — X given Lipschitz maps and

(3.3) / |Duy|? = €2 — 0,
Bf
and
Lip(gn
(3.4) Lip(gn) _, g,
€n
but
1
2—m 2 -2
(3.5) 6 /B; |Dunf? > 2.

Assume that g,(0) — a € X. For simplicity, we assume that

9.0 =l _ __

€n

lim
n—oo

One can refer to the discussion of section 2 above for all other cases. Hence
there exists a ¢ € Ty X such that g"(o) 2 — g. Define v, = ®a=¢: Bf — X.
Then we know that [ BY |Du,|? =1, and by the Poincaré 1nequa11ty,

/ [oa|* < Cez? (/ [un = gnf* +Lip* (gn) + |9n(0) — alz) <C
Bf Bf

Hence we may assume that v, — v weakly in H'(B;, RX). Since v,|r, (z) =

ﬂs%——‘f — ¢ uniformly (by (3.4)), we know that v|;, = q. Next we show
that

3.6 v:Bj = T,X, and is energy minimizing from B7Y into T, X,
! i

(3.7) vp — v strongly in H'(BY, RE).
4

The proof of the first part of (3.6) is as same as that of Lemma 2.3. To prove
the minimality of v and the strong convergence of v, to v, we apply Lemma
2.4 in the following way. Take any comparision map w € H! (Bf' , ToX)
coinciding with v in B \ B;_ x 20d wlry, = g. Here Ag € (0, 1) is sufficiently
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small. By the Fatou’s Lemma and the Fubini’s theorem, there exists py €
(1 — Ao, 1) such that

(3.8) / v — w|* =0, / | D, |? + Dw|? < C.
8B, +

Bpg Bpg

As in Lemma 2.3, we choose R, — oo such that R,e, — 0. Define w, =
H?ﬁfm : Bf - T,X. Then we know that w,|r, = q. For A, — 0,
denote Qn, = {& = (%1,2Zm) € Bpy(1-1,) * Tm > Porn}(C By). Notice that
00, = AL U A2 where AL = {z = (z1,7m) € O : Tm > poAn} and
A2 = {z = (z1,Zm) € O : Tm = poAn}. Then it is easy to see that
there exists a bilipschitz map Fy, : 2, — B;,';) such that F(ALl) = BB/‘,';,
Fo(A%) =T,, and

(3.9) Jim Lip(F) = 1.
Define 4, : Q, — X by
’&n(fl?) = \Pa(enwn(Fn(m)))‘

Here ¥, is given by the definition of X. One can see from (3.8) that
(3.10) /6 lin —un(F)f =0, /a 1Dl + DB < C.

Hence, we can apply Lemma 2.4 to u, and u, on B;," \ 2, to conclude that
there exist maps n € H'(BJ, \ Qn, RX) such that

(3.11) tn(z) = Gn(z), Yz €0
=un(z), V€ dBf UT.
(3.12) / [Diin|? < CAnél,
B \Qn

and dist (&, X) = 0 uniformly in B;,*;J \ Q. Then, similar to the discussion
of Lemma, 2.3, we have a comparision map py : B/‘,*;] — X to uy,, which is
given by

pn(z) = Un(z), Vz €Y
= Fyo(fin(2)), Va € B\ Q.
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Here F}, is the same Lipschitz retraction map as in Lemma 2.3. Then, as
in the proof of Lemma 2.3, we have

/ |Dv|? < lim | Dy |?
;—0 n—o0 B;})

= lim 6;2/ | Du,, |2
B+

n—o0
PO

< lim e;2/ | Dpy, |2
B+

n—oo
PO

= lim ;> (/ |Dan|2+/
n—00 Q, BT \Q

po \*in

| D Fyo (ﬁn)lz)

< lim €;? <LiP2_m(Fn)LiP2(‘I’a|Taan(o,Rnen))

n—oo
/ |Den'wn|2+CLip2(FnO)/ |D1:Ln|2>
B, Bj\Qn
1
lim (<1+0(—))/ yDv|2+CAn)
n—00 n BE
,0

=/ | Dvl?.
B+

PO

IN

This clearly implies both (3.6) and (3.7). Therefore, we reach the desired
contradiction, if we assume the following Lemma.

Lemma 3.3. Assume that X C RK is a k-dimensional compact piece-
wise uniformly regular Lipschitz manifold. Then, for any a € X, if
u € HY (B}, T,X) is an energy minimizing map with u|ly, = 0, then there
ezists 6 = 6o(m, a, X) € (0,%) such that

1
. 2—m 22 2'
(3.13) 0, /B+ |Du|* < 5 /Bf' | Du|

9

Proof. The proof is based on an induction of k. Here we would like to point
out that the proof of Lemma 2.1 implies

(3.14) Au-u=0, Alul?=2|Dul* in Bf,
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" in the sense of distribution. Hence, similar to (2.5) (cf. Corollary 2.2), we
have

1 _'1
(3.15) gr—m / |Dul? < <log (5» / lul?, V@€ (0,1).
By B

1

The rest of the proof can be carried by the same way as Lemma 2.5 and is
omitted here. O

To obtain the full boundary regularity, we also need

Lemma 3.4. Assume that X C RX is a closed subset. Suppose that ¢ €
HY(Bf, X) is energy minimizing with ¢|r, = constant and ¢(z) = ¢(]%[)
Then ¢ = constant.

Proof. 1t follows exactly from [HL] §5. O

Lemma 3.5. Assume that X C RX is a k-dimensional compact piecewise
uniformly regular Lipschitz manifold. Letu € HY(B{, X) is an energy mini-
mizing map with u|p, = g for a given Lipschitz map g : 31+ — X. Then there
exist o = do(g,m,X) € (0,1) and o € (0,1) so that u € C*° (B;ZJO N{z =
(IL'l,CUm) P Zm < 50})X)

Proof. First we notice that iterations of Lemma 3.2 and Lemma 2.3 imply
that there exist 69 = do(m, g, X) € (0,1) and o € (0, 1) and a closed subset
¥ C T} with H™2(%) = 0 such that u € C* (Bf'”é0 N{z = (z1,Zm) : Tm <
§0}\ X, X) (cf. also [SU1], [HL]). Now we need to show that & = (). Suppose
¥ # 0, then, for any zg € ¥ and 7; | 0, u(zo + 74-) : B — X converges
strongly in H'(Bj, X) to a nonconstant map v : Bf — X, which is an
energy minimizing map such that v|y, = constant and v(z) = v(ﬁ-[), which
is impossible by Lemma 3.4. Here we have used (3.1) and a compactness
result similar to Lemma 2.7. g

4. Hausdorff Dimension Estimation for Preimages.

In this section, we prove I2 of Theorem I. So we now assume X C RF+1 s
a k-dimensional polyhedron and u € H'(f, X) is energy minimizing. For
p € Xp_o, denote Sp = {z € 2\ Zju(z) = p}. When X is a round cone
in R* and p is its vertex, Lin [Lf] proved that S, has Hausdorff dimension
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at most m — 1, provided that u # p. Here we generalize his argument,
which is based on Federer dimension reduction principle [Fh]. Observe that
it suffices to show that dimgS,s < m — 1 for any small § > 0. Here
Sps = {x € Sp : dist(z, 00 U X) > 26}. The key is the following Lemma.

Lemma 4.1. Suppose that {z,},{zo} C Sps satisfy x, — xo. Then there
exists a nonzero energy minimizing map ¢ : R™ — T, X of homogeneous
degree o for some o > 0 (i.e., ¢p(z) = |m|a¢(ﬁ)) such that ¢(0) = ¢(yo) =0
for some yo € 0B1. Moreover, there exists a nonzero energy minimizing
map i : R™ 1 — T, X of homogeneous degree ay for some a; > 0 such that

$(0) = 0.

Proof. We may assume that p is the origin of RX. Since u is continuous near
Sp, there exists dg > 0 such that u(Sps5,) C Vp, where V}, is a neighbourhood
of X at p such that AV, C X for 0 < A < 2. Hence, we can apply Lemma
T Dul?
2.1 to u (with Q = B(zo,dp)) to conclude that N(z,r) = %ﬂ’jl—l— is

8Br(x) [uf?
monotonically nondecreasing with respect to 0 < r < &g for all z € Sp5,.

Therefore, N(z,0) = lim, o N(z,r) exists for all z € Sp, 5, and is upper semi-
continuous. Define v, (y) = ﬂw—"/\tﬁﬂ 7 (B(z0,60) \{Z0}) = \;1V,, where
Tn = |Tn — zo| and Ay = (r;™™ [yp (z0) [u|2)z. For n sufficiently large, we
have N(zg,2r,) < 2N(z0,0). Notice that v, is a sequence of minimizing
maps into A, 'V, C T, X and satisfies

(4.1) / 2 =1, / Dunf2 < 2N(z,0), ¥n >> 1.
aBz B2

Hence {v,} C H'(B2,T,X) is bounded. Applying Lemma 2.6 and 2.8, we
can assume that v, — ¢ in H'NC%(By, T, X) locally so that ¢ : By — T, X is
energy minimizing, and ¢(0) = ¢(yo) = 0 for some yg € dB1(0). Moreover,
¢ #0 and

T fBr |Dg[? .

OB,
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To see these, we may assume that [;, |un[* < 1 for all r € (3,2) and

observe that
24
L= [ funP= [ P
0B, . dt Jop,

€
5] Dwlfac@ [
Bz BZ Br

< eN(z,0) 4+ C(e)(2 —1).

IN

Hence, for sufficiently small € and 7y sufficiently close to 2, we have

In particular, ¢ is nonzero. (4.2) follows from

rfBr |Do|? dx . TaT fBrnr(zo) | Dul?
———— = lim

= N (zo,0).
faBr I¢l2 nreo faBrnr(mo) |u]2

By (4.2) and the proof of Lemma 2.1, there exists h : [0,2] — R so that
L 4(r,0) = h(r)d(r,0) for all § € S™! and r € (0,2). It is easy to see
that h(r) = —N—("';—OQ so that ¢(z) = |a:|N(””°’O)¢(]%[). Since ¢(yo) = 0 for
some yp € 0Bj, we can repeat the same argument with center at yo to
conclude that there exists a nonzero energy minimizing map 9 : R™ — T, X
with homogeneous degree a; for some a; > 0, which is independent of one
direction and (0) = 0. O

Completion of Proof of I2 of Theorem I.

Following [Lf] or [GS], we can show that if dimg.Sp s > m—1 then there exists
a nontrival minimizing geodesic ¢ : R — T, X such that 4(0) = ¢(1) = 0,
which is clearly impossible. O
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