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Potential theory on Lipschitz domains
in Riemannian manifolds:
L Hardy, and Holder space results

MARIUS MITREA! AND MICHAEL TAYLOR?

1. Introduction.

This is a continuation of our paper “Boundary layer methods for Lipschitz
domains in Riemannian manifolds,” [MT]. In that paper we have initiated
a program aimed at extending the layer potential theory for the flat-space
Laplacian on Lipschitz domains in the Euclidean space to the setting of
variable coefficients, and more generally to the context of Lipschitz domains
in Riemannian manifolds.

We recall the general setting, which will also be in effect in this pa-
per. Let M be a smooth, compact Riemannian manifold, of real dimension
dim M = n, with a Riemannian metric tensor, which we assume is Lipschitz.
That is, M is covered by local coordinate charts in which the components
gjx of the metric tensor are Lipschitz functions. (Actually, in [MT] it was
assumed that the metric tensor was of class C1; we will extend the results of
[MT] to the Lipschitz case in §2 of this paper.) Then the Laplace-Beltrami
operator on M is given in local coordinates by

1.1) Au = g7 9;(g7*g"/? Bru),

where we use the summation convention, take (g7*) to be the matrix inverse
to (gjk), and set g := det (gjx). For V € L®°(M) we introduce the second
order, elliptic differential operator

(1.2) L=A-V.

We assume V' > 0 on M and also V' > 0 on a set of positive measure in each
connected component of M \ 2. Amongst other things, this guarantees that

(1.3) L: HY(M) — H-YP(M)
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is an isomorphism, for each p € (1,00), where H*P(M) denotes the class
of LP-Sobolev spaces on M. Let 2 C M be a connected open set that is a
Lipschitz domain; i.e., 99 is locally representable as the graph of a Lipschitz
function.

Consider the Dirichlet boundary problem

(1.4) Lu=0 in Q, Ulag = f,
and the Neumann boundary problem
(1.5) Lu=0 in Q, Byulan =g,

where 8, = 8/0v is the normal derivative on 82. Hereafter, all boundary
traces are taken in the nontangential limit sense. More specifically, given a
function u defined and continuous on §2, set

(1.6) ulan(x) = Z}l_]_f% u(y), z € 09,
yer(z)

when this limit exists. In (1.6), v(z) C Q is a nontangential approach
region with “vertex” at z; cf. [MT] for more details. Furthermore,
a,,ul on = (v, du| 0, Natural estimates (involving the nontangential maxi-
mal function; cf. below) also accompany (1.4)—(1.5).

When Q is a Lipschitz domain in the Euclidean space and L = 67 +
.-+ + 02 is the flat-space Laplacian, these were first treated in [Dah], [JK]
by means of harmonic measure estimates and, shortly thereafter, in [Ver],
[DK] using layer potential techniques. The latter papers, building on [FJR]
where the case of C' domains was treated, made use of boundedness prop-
erties of Cauchy integrals on Lipschitz surfaces due to [CMM] (following the
pioneering work of [C]).

In [MT] we extended these operator norm estimates on Cauchy integrals
to a variable coefficient setting, allowing for an analysis of single and double
layer potentials in the manifold setting described above. To be explicit,
denote by E(z,y) the integral kernel of L1, so

(1.7) L lu(z) = /E(m, y)u(y) dVol(y) Tz €M,
M

where dVol is the volume element on M determined by its Riemannian
metric. For a function f : 80 — R, define the single layer potential

(18) Sf(z) = / Ez,y)f(W)do(y), = ¢00,
on
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where do is the natural area element on OS2, and define the double layer
potential by

(19) D)= [ ggu, y) F@)do(y), = ¢ O9.
N

The following results on the behavior of these potentials were demonstrated
in [MT], extending previously known results for the flat Euclidean case.

Define Q4 := Q and Q_ := M \ ©; note that Q4 are Lipschitz domains.
Given f € LP(09), 1 < p < oo, we have, for a.e. z € 0,

(1.10) 'Sflag_'_(x) = Sflag_ (z) = Sf(z),
and
(1.11) Df|gq, (@) = (:E%I+K> f(z),

where, for a.e. z € 01,

Sf(z) = / E(z,)(y) do(y),
onN

(1.12)
Kf(e)=PY. [ Z—f;(:c, ¥) £ () do ().
o

Here P.V. [, indicates that the integral is taken in the principal value sense.
More concretely, fix a smooth background metric which, in turn, induces a
distance function on M. In particular, we can talk about balls and P.V. [, 59
is defined in the sense of removing such geodesic balls.

Furthermore, for a.e. = € 02,

(1.13) 8,55, (@) = <=F-;—I+K*) (),

where K* is the formal transpose of K. Moreover, the operators
(1.14) K,K*: [P(0Q) — LP(0R2), 1< p< oo,

and

(1.15) S : IP(8Q) — HP(8Q), 1< p< oo,
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are bounded and we have nontangential maximal function estimates

(1.16)  [(VS£)*lzean) < Collfllzeanys  I(DF)*NLe(an) < Collflliran),

for 1 < p < co. Here and in the sequel, if u is defined in Q) then u* will
denote the nontangential maximal function of u, defined at boundary points
by

(1.17) u*(z) :=sup {|Ju(y)| : y € v(z)}, z € oN.

Extending results produced in the Euclidean case by [Ver], we showed in
[MT] that the operators

(1.18) J_r%.r + K, £31+ K" : I2(90) — L*(50)

are Fredholm, of index zero. In particular, if V > 0 on a set of positive
measure in each connected component of M \ €2, then the operators

(1.19) %I + K, %I + K*: L2(8Q) — L?(89)

are invertible. Also, if V' > 0 on a set of positive measure in 2, then

(1.20) -—%I 4K, —%I + K [2(50) — L2(500)

are isomorphisms, while, if V'= 0 on §, then

(1.21) —§I+ K*: L3(89Q) — L3(6%)

is an isomorphism, where LZ(8Q) consists of elements of L2(8Q) integrating

to zero.
Given these results, we can produce a solution to the Dirichlet problem

(1.4) with f € L2(0Q), in the form

(1.22) u="D ( (-;-I + K) - f) ,

and this, in turn, satisfies

(1.23) lu*llz2a0) < ClIfllz2(a0)-
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A solution to the Neumann problem (1.5) with g € L?(0) is given by

(1.24) u=S§ ((—%I+K*)_lg),

and this satisfies

(1.25) (V) *llz2a0) < Cllglizz(an)-

If V =0 on 99, we require [, gdo = 0. Uniqueness of solutions to (1.4)
and (1.5), satisfying (1.22) and (1.25) respectively, was also established.

Also [MT] treated the regularity problem. Given f in the Sobolev space
H2(8Q), the Dirichlet problem (1.4) has a solution satisfying

(1.26) 1(Ve)*llz2a0) < Cliflla12(00)-

Regarding results with LP-data, it was noted in [MT] that interpolation
of (1.23) with the classical result for bounded data yields a solution to the
Dirichlet problem (1.4), for f € LP(952), satisfying

(1.27) lu*l|zra0) < CllfliLean)y, 2 <p< 0.

Also it was noted in [MT] that, in view of results of [Sn], one has invertibility
of (1.19), etc., on LP(0RQ), for |p — 2| < ¢, for some € = ¢(2) > 0. Hence the
LP-solvability for the Dirichlet and Neumann problem, and the LP-regularity
for the Dirichlet problem, are established for |p — 2| < €(Q) in [MT].

One of our primary goals in this paper is to establish the unique solv-
ability of the Neumann problem (1.5), with data g € LP(9%), satisfying

(1.28) I(V)*|loa0) < Collgllzean), 1<p <2,

and the unique solvability of the Dirichlet problem (1.4), with data f €
HP(8Q), satisfying

(1.29) I(Ve)*llzeae) < Collfllmrean), 1<p<2.

For & € R™ and L = Ay, the flat-space Laplacian, (1.29) was first estab-
lished in [Ver], whereas a unified approach to both (1.28) and (1.29) was de-
veloped in [DK]. The setting of Lipschitz domains in Riemannian manifolds
introduces significant additional difficulties which require new techniques
and ideas to overcome. For example, at small scales, one has to understand
the structure of the singularity in the kernel F(z,y) of L~! (cf. (1.7)) along
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the diagonal. Also, at large scales, one has to find appropriate substitutes
for techniques in the flat, Euclidean setting which utilize the asymptotic
behavior at infinity for solutions of elliptic PDE’s; cf. [DK].

In fact, we will solve the Neumann problem (1.5) with data

(1.30) g €5'(89),

the local Hardy space, which we define below. We will show that there is a
unique solution (modulo an additive constant, and assuming |, aqgdo =0,
if V =0 on Q), satisfying

(1.31) I(Vu)*llz100) < Cllgllpa0)-
Also, we will solve the Dirichlet problem (1.4), with f satisfying
(1.32) Vrf € 1(00),

where V7 stands for the tangential gradient, obtaining a unique solution

satisfying
(1.33) I(Vu)*lizrae) < ClIVTfllgia) + Cllfllzra0)-

The LP results mentioned above will follow from these Hardy space results
and the previously described L? results, by interpolation.

By h1(992) we mean the localization of the atomic Hardy space $1,(89).
We recall some definitions. We say a function f € L*®(91) is an atom if

(1.34) supp f C By (z0) N A0

for some zo € 09, r € (0,diam ], and

1
(139) flziom < gy [ Fdo =0
on

Then g € L}(99) is said to belong to HL,(8Q) provided it can be written in
the form

(1.36) g= Za,,f,,, fv an atom, z lay| < oo,

v>1 v>1

and there is the norm

(1.37) |[g[|ﬁ;t(39) = inf {Z lay| : g = Za,,f,,, fv atom} .
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This corresponds to the approach in [CW] considering 02 equipped with
the measure do and the geodesic distance as a space of homogeneous type.
Then we can set

(1.38) b'(9Q) := H5,(0) +C,

where C consists of functions on 82 that are constant on each connected
component of 0. Equivalently,

(1.39) B1(80) = HL,(60) + LY (0R), Vg€ (1,00).

The space h1(89) is “local” in the sense that, under f — ¢f, it is a module
over C"(09), for any r > 0.

There is also the space bmo(99) of functions of bounded mean oscilla-
tion, localized to be a module over C"(92) for any = > 0. It is a deep result
due to [FS] (with complements by [Sar] and by [CW] to apply to the current
setting) that

(1.40) b1(89)* = bmo(dQ), vmo(dN)* = h1(69),

where vmo(99?) is the closure of C(92) in bmo(9).
Analogously to (1.34)-(1.35), we can also define p-atoms on 9 for
(n—=1)/n < p £ 1. The only difference is that the upper bound in the
normalization condition is, this time, 7—(®=1)/P. We denote the ¢? span of
p-atoms by $%,(89) and set

L 1/p
(141)  |gllgz,(a0) = inf {(Z Ia,,|P) 1g= Za,,f,,, fv p-a,tom}.

Also, introduce HP(89) := $%,(8Q) + C and endow it with the natural
“norm”. The analogue of (1.39) remains valid in this setting too. Now,
the precise sense in which hP(0RQ) is “local” is that, under f — ¢f, this
space is a module over C"(89), for any r > (n — 1)(p~! — 1). Let us also
point out that, if (n — 1)/n < p < 1, then h?(09) is only a quasi-Banach
space and that its dual is

(1.42) HP(0)* = C*(89),  a:=(m-1)(p~'-1),

i.e., the space of Holder continuous functions on 952.

We outline the structure of the rest of this paper. In §2 we indicate the
modifications which are necessary in order to extend the L? theory of [MT]
from the context of C! metric tensors to Lipschitz continuous metric ten-
sors. Section 3 contains results regarding the pointwise boundary behavior
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of null solutions of L in Lipschitz domains. In §§4-5 we tackle the Neumann
problem (1.5). Combining techniques developed in [KP] and [MT], we esti-
mate solutions in the case that g is an atom, in order to establish (1.31). In
86 we treat the regularity problem for (1.4). We estimate the solution when
Vrf is a vector atom and use this to establish (1.33).

Our work in §§3-6 makes use of L? results in [MT] which, in turn, is based
on the L2-invertibility results of the operators in (1.19) and (1.20). It is also
of interest to extend these invertibility results to LP(02) for optimal ranges
of p’s, as well as to other function spaces such as Hardy, Holder, bmo(92)
and Besov spaces. We do this in §7 via an approach which emphasizes the
inherent links between the functional analytic properties of the operators
(1.19)-(1.20) on such spaces.

For the purpose of this introduction, let us illustrate this point by indi-
cating the main steps in the proof of the invertibility of %I + K on the Holder
space C*(80) for a € (0, ap) with ap = ap(092) > 0 small. (This extends
results for the ordinary Laplacian in Euclidean star-like Lipschitz domains
given in [Br], where a structurally different approach was presented.) First,
the atomic theory implies that -%-I + K* is invertible at the level of Hardy
spaces h?(992) when p = 1. In turn, with operator bounds on K™ in hand,
this automatically entails the same property for p € (1—¢, 1), for some small
€ > 0. This latter fact is a consequence of rather general stability results
on complex interpolation scales of quasi-Banach spaces established in [KM].
Then the desired result follows by duality.

In §8 we show that the Helmholtz projection is bounded on LP(2) for
3/2—¢e < p < 3+e¢, for some € = £(2) > 0. This extends to the Riemannian
manifold setting earlier work done in the Euclidean setting in [FMM] and
[MMP]. Finally, in Appendices A and B we collect several useful results
about h?(8N2) and Cauchy type operators on such spaces.

2. Layer potentials for Lipschitz metric tensors.

As stated in §1, [MT] studied the single layer potential (1.8) and double layer
potential (1.9) when § was a Lipschitz domain in a compact manifold M
with C! metric tensor. Here we extend this study to the case of a Lipschitz
metric tensor. We retain the other assumptions on 2, V| etc., made in §1.

A good bit of the necessary work was already done in [MT]. In §3 of that
paper it was shown that, if the metric tensor is Lipschitz, then the integral
kernel E(z,y) of (A — V)~! has the following properties. For one,

(2'1) E(ay) € lsoc(M\ {y})a Vs < 2,
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and in fact, if K and K are disjoint compact subsets of M,
(2.2) y— E(, y)lk is continuous from K to C*(K), Vs<2.

Furthermore, in local coordinates, in which the metric tensor is given by
(gjk), we can set

I

(23)  el(z-yy)=C (Z 95 () (@5 — y3) (Tk — yk))_(n—2)/2

for appropriate C = C,,, and then define the remainder e;(z,y) so that

(24). E(z,y)V/9(y) = eo(z — y,y) + e1(z, y).
This remainder satisfies, for each € € (0, 1),
(25) le1(@,9)| < Celz —y[~07%), | Vze(a,y)| < Celz -y~

and, from (2.2) and (2.4),
(2.6)
e1(z,y), Vzei(z,y) are well defined in C°(8Q), for each z € M \ 09.

Note that ep(z,y) is smooth in z € R™ \ 0 and homogeneous of degree
—(n — 2) in z, but only Lipschitz in y. (If the metric tensor is C! then
eo(z,y) is C! in y.) In particular, in (1.8), Sf(z) and VSf(z) are both well
defined for all z € M\ 89, for any f € L'(09), and the limiting result (1.10)
clearly holds. Now we can still bring to bear Propositions 1.5-1.6 of [MT] to
deduce that the estimate on (VSf)* in (1.16) and the jump relation (1.13)
for 0,Sf continue to hold, even for a Lipschitz metric tensor, and we also
have K* : [P(0Q2) — LP(89Q) for 1 < p < oo. Since K is simply the formal
transpose of K*, we also have the boundedness of K, so (1.14) continues to
hold for Lipschitz metric tensors.

Turning attention to (1.9), let us first observe that, since E(z,y) =
E(y, z), it follows that F(z,y) has more smoothness in y than a separate
analysis of the terms in (2.4) would indicate. In particular, we have

(27)  VyE(z,y) is well defined in C°(8Q), for each z € M \ 69,

despite the fact that V eo(z—y,y) is defined only a.e. on M, and is perhaps
not well defined on 9, if the metric tensor is only Lipschitz. Hence, Df(z)
is well defined for any z in M \ 9.

It remains to estimate (D f)* and extend the jump relation (1.11) to the
present setting. This requires understanding the nature of the singularity of



378 Marius Mitrea and Michael Taylor

8,,E(z,y) on 0N2. Note that even though, by a variant of (2.7), 3, E(z,y)
makes (pointwise) sense if z € 90 \ {y} for a.e. y € 99, the formula
(2.4) is not suitable for the task at hand since it involves Vyeo(z — v,y).
Thus, we need a different asymptotic expansion for E(z,y), which avoids
this difficulty.

To do this, use the symmetry E(z,y) = E(y,z) to write

(2.8) E(z,y)V9(z) = eo(z — y,7) + e1(y, T),
so that

(29) _aB;VE;(x’ y) = \/——51_—'-(;)- {alajy 60(.'1? Y, il}) + 0 el(y7 17)}

The point is that, this time, Vyeo(z — v, z) no longer exhibits the problem
we encountered earlier and, moreover, we are differentiating e; with respect
to its first set of arguments, so (2.5)—(2.6) apply.

With these identities and estimates in hand, we are again in a position
to apply Propositions 1.5-1.6 of [MT] to justify (1.11) and the rest of (1.16)
in the setting of Lipschitz metric tensors. Now all the results of [MT] work
with the hypothesis that the metric tensor on M is C? relaxed to just being
Lipschitz.

We mention parenthetically that some of the material of this section can
be pushed to more singular metric tensors, using some techniques developed
in [T1] and in Chapter 13 of [T2]. We pursue this in [MT3].

3. Existence and behavior of boundary values.

We begin with a Fatou-type result for null-solutions (and their gradients)
of the operator L = A — V. We retain the hypotheses on M, Q, L and V
made in §1.

Proposition 3.1. Let u € CL () satisfy
(3.1) Lu=0 in Q, (Vu)*(z)<+oo forae. z€ Q.

Then the pointwise nontangential boundary trace Vu| ezists at almost
every point of 8Q. Similarly, if u € CY (Q) satisfies

(3.2) Lu=0 in Q, u*(z)<+oo for a.e. z € 01},

then u] 59 ezists a.e. on Of).
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Proof. For each k € Zt, set

(3.3) Ar={z€0Q: (Vu)*(z) <k}, Qu:= ] 1(2)
€A,

Recall that y(z) C Q stands for the nontangential approach region with
vertex at = € 9 (introduced in connection with (1.6)). Note that Qx C Q
and A C 8%y. Since (Vu)*(z) < +o00 at a.e. z € 0N, we infer that the set

(3.4) A=00\ ] A
k>1

has zero surface measure. Also, ) is a Lipschitz domain and

(V) *[| Lo (9020) < 00

for each k. Now it follows from the results on the L?-regularity problem in
§8 of [MT] that there exists By C 0Q of zero surface measure such that
(Vu)(z) exists in the nontangential sense at each z € Ay \ Bg.

Thus the pointwise nontangential boundary trace (Vu) | aq €Xists at every
point of 92 except perhaps those in AU (UgBy). Since this latter set has
zero surface measure, the first part of Proposition 3.1 is proven. The second
part is proven similarly, based on the solution of the L2-Dirichlet problem
in [MT]. O

We next obtain conditions guaranteeing that various boundary data be-
long to the Hardy space h1(6<2). Let v denote the unit conormal to 2. Also,
let d, 0 stand, respectively, for the usual exterior derivative operator and its
adjoint, and denote by A the exterior product of forms.

Proposition 3.2. Suppose u € CL_(Q) and (Vu)* € L1(0Q). Then v A
dulaQ € h1(09Q) and

(3.5) lv A dullpa) < ClII(Vu)*llL1(ag)-
Furthermore, if Au =0 in Q, then also 0,u € h1(0R) and
(3.6) 18, ullgr(a0) < ClIl(VE)* (|21 (002)-

Proof. As in [DK], our proof uses two ingredients: the duality result
h1(69) = vmo(0R)*, and Varopoulos’s extension theorem ([Var]), to the
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effect that f € Lip(6(2) has an extension F € Lip(Q) such that |VF|dVol is
a Carleson measure in Q with norm < C|| fllbmo(an)- Recall that a positive
measure u on 2 is called Carleson if

(3.7) (2N B.(p)) < Cr71 Vpe o, r>0.

The least constant in (3.7) is called the Carleson norm of x. Now Varopou-
los’s extension F' also satisfies

(3.8) I1Fllzo@) < Collfllbmoa)s ¥V p < 0.
In particular, with p = n, this implies that |F|dVol is also a Carleson
measure in §2 with norm controlled in terms of || f [lbmo(an)-

Then, with a slight change in notation, i.e., considering f to be a 2-form,
we have

(3.9) Lé (f,v A du) do

/ (6F, du) dVol
Q

< O£ llbmoaey (V) [l 21 (803

integrating by parts, utilizing |0F| < C|VF|+ C|F| and invoking the basic
Carleson measure estimate (cf., e.g., [St]). This proves (3.5).

The proof of (3.6) is similar. In this case, take f to be scalar and use
the identity

(3.10) (Au)FdVol+ [ (Vu,VF) dVol = [ (8,u)f do
[eoraa ] /

to obtain
(3.11) / (Byu)f do| < C||fllbmo(an) (V) *l|1 (50,
aQ
provided Au = 0. This finishes the proof of the proposition. a

If we replace the hypothesis Au = 0 by Lu = h, then (3.11) is replaced
by

(3.12) / (8,u) f do

1719

< Cllfllbmo(an)II(VU)*llLl(an)+/|h+ Vu|-|F|dVol.
Q
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We have

(3.13) llull r/n-1 ) < CN(VH)* (|23 (00) + CllullLr()
so, since V' € L*(9), (3.7) and (3.12) give

(3.14)

J (@1 do| < Cllomotany {1V L300 + sy + Call Lulznin}
a9

for each ¢ > 1. Thus we can prove:

Proposition 3.3. If u € CL (), (Vu)* € L(89), and Lu = h € LI(Q)
for some q > 1, then d,u € §1(99), and we have
/ u d Vol

Q

(8.15)  [|8,ullpr(an) < ClI(Vu)*|lL1aq) + CollLul|ze@) + C

Proof. It only remains to note that

/udVol

Q

(3.16) lullpi @) < + Cl|(Vu)*| 21 (a0

4. Estimates on the Neumann kernel.

In this section we define the Neumann kernel and establish some estimates
that will be useful for results on the Neumann problem in §5. As in §1,
we assume M is a compact Riemannian manifold with a Lipschitz metric
tensor, having a Laplace-Beltrami operator A. Also, V' € L*®°(M) satisfies
V >0on M and V > 0 on some set of positive measure in each connected
component of M \ 2. Assume dim M > 2 and let Q be a connected Lipschitz
domain in M.

We first treat the case when V' > 0 on a set of positive measure in 2, so

(4.1) L=A-V:HYQ) — HY2(Q)*
is invertible. Then the unique solution u € H 15-’(5‘2) to

(4.2) (A-V)u=f inQ, 8u|yy=0
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is given by

(4.3) u(z) = / N(z,)f@) dVoly), zeq.
Q

In this section we produce some estimates on the Neumann kernel N(z,y).
It is easy to see that, for each y € Q, N(-,y) € CL.(?\ {y}). Further local
regularity follows from material in §3 of [MT]. Here we seek further control
of N(z,y) as ¢ — 0 and as z — y. We begin with the following simple
but useful estimate on solutions to (4.2).

Proposition 4.1. Given f € L%(), the solution u € HY2(Q) to (4.2)
satisfies

(44) lull L2n/ (-2 (@) < C I Fll2n/ 4220

Proof. Sobolev’s inequality gives
(4.5) llull g2n/n-23() < C llull 120

The invertibility of (4.1) gives

(4.6) sz < CV) / {|Vul® + VIul?} dVel,
Q

and the variational characterization of u as a solution to (4.2) shows the
right side of (4.6) is equal to C(V) [, uf dVol, so we have

(4.7) ||u||%2n,(,,_2)(9) <C / uf dVol,
Q

from which (4.4) follows. O

Now we obtain a pointwise estimate on solutions to (4.2).

Proposition 4.2. Suppose f € L%() and u € H“?(Q) solves (4.2). As-
sume K C Q is compact and

(4.8) suppf C K.
Then, forz € 2\ K,
(4.9) [u(z)] < C ||fl|p2nsnsa gy dist (z, K)~=D/2,
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Proof. As in [DK], [KP], we can extend u by “reflection” to 4 on a neigh-
borhood €2 of € such that @ € I-Iloc () satisfies

(4.10) Li=f,

where f is obtained from f by such a reflection, and hence is supported on
K, the union of K and its image under this reflection. Here L is a uniformly
elliptic, divergence-form operator with L> coefficients, and we have from
Proposition 4.1 the estimate

(4.11) l@ll 2n/n-2 (@) < C Nl Lonscni2) (@)-

Assume dist (z,K) = ro, z € Q. Then dist (z, K) > ro/A for some A €
(1,00). If ro < inf{dist (y, M \ Q) : y € O}, then

(4.12) Li=0 in B, (z).

If we dilate B,,/4(z) out to a ball of unit radius, we have the L>*/(»~2).norm
of the dilated solution bounded by

(4.13) CllFllpmsmen gy (rg™) 2%
The DeGiorgi-Nash-Moser estimates (cf. [Mor], [GT]) then imply (4.9). O

We can now use (4.3) to estimate N(z,y).
Proposition 4.3. We have

(4.14) |N(z,y)| < C dist(z,y)~ 2.

Proof. Let r := dist (z,y) > 0 and let K := QN B,(y). Applying Proposition
4.2 to f supported in K, we have by duality

(n—2)/2n

(4.15) f [N (=, y)[* =2 dVol(y) <Cr=(-2/2,
QnBr(y)

Now N(z,y) = N(y,z), so N(z,y) also solves a uniformly elliptic,
divergence-form PDE with L* coefficients as a function of y, for y € B,(z).
Hence another application of the DeGiorgi-Nash-Moser theory gives (4.14).
O
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The DeGiorgi-Nash-Moser theory also gives Hélder estimates, with an
exponent depending on the ellipticity constant of L. Keeping in mind that
these uniform Holder estimates apply to the dilates of functions on By,
dilated out to a ball of unit radius, we have:

Proposition 4.4. There ezists s € (0,1) such that
dist(z,z)*
4.16 N - ! O i
(416) IN(zp) - N9l < Ogom S,
for dist(z,z') < %dist (z,y), and

diSt(y y’)s
. N — N N < Ce———L 2
(4 17) I (.’L‘, y) (Ia Yy )I =~ dist (:II, y)"—2+s’

for dist(y,y') < %—dist (z,y)-

Proof. The estimate (4.16) follows from the discussion above, and then (4.17)
follows from the symmetry
(4.18) N(z,y) = N(y, ).

O

We now describe the modifications for the case when V =0 on Q. In
that case, given f € H12(Q)*, the problem
(4.19) Au=f in Q, &,ulm =0,
has a solution v € H2(Q) if and only if fQ f dVol = 0, and the solution is
unique modulo an additive constant. We define
(4.20) T : H?(Q)* — H“?(Q)
by T1 = 0, and, if [, fdVol = 0, Tf is the unique solution to (4.19)
satisfying [, udVol = 0. Then N(z,y) is the integral kernel of this operator:

(421) T7@)= [ Ne i@ dvol), e
Q

As before, one readily verifies that, for each y € Q, N(-,y) € CL.(2\ {y})-
Also N(z,y) still has the symmetry property (4.18). As in Proposition 4.1,
we have

(422) 1Tl p2n/ -2y < Cllfllz2nser2(q)-

The arguments used in Propositions 4.2 and 4.3 also extend, and we see that
the estimates (4.16)—(4.17) also hold in this case.
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5. Hardy space and L7 estimates for the Neumann problem.

We retain the hypotheses on M, A, V and {2 made in §4. Here we examine
the Neumann problem

(5.1) (A-V)u=0 in Q, dul,,=g

In the setting of a Riemannian manifold with C" metric tensor, this problem
was studied in [MT]. Furthermore, as explained in §2, the same results
continue to hold when the metric tensor has only Lipschitz components.
What we shall need here is the fact that, if g € L2(8%2), then (5.1) has a
unique solution u € C*£(Q), V e > 0, satisfying

loc
(5:2) 1(V)* |22 a0y < Cllglizz(aq)-

The solution is given by

(5.3) u=_8 ((—-;-I + K*) - g) :

where
(5.4) —%I + K [2(80) — L2(59)

is shown to be invertible. All this holds if V' > 0 on a set of positive
measure in Q. If V =0 on Q, we assume [, gdo =0in (5.1), the solution
u satisfying (5.2) is unique up to an additive constant, etc.

Here we aim to estimate the L!-norm of (Vu)* when g belongs to the
Hardy space §1(09). This can be done once we estimate (Vu)* when g is
an atom. Recall that an atom on 9 is a function g € L*(992) satisfying

(5.5) supp g C Br(zo) N0Q,

~ for some z € 89, 0 < 7 < diam M, and

1
(5.6) lgllze=o) < == /gda =0.
o0

The following is a key estimate. A result of this sort was first given in KPJ;
our proof is closer in spirit to an argument in [Sh]. For now, assume V>0
on a set of positive measure in 2.
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Proposition 5.1. If g € L*(99) is an atom, then the solution u to (5.1)
satisfies

(5.7 (V)1 (00) < C.

In the proof of this proposition, the following pointwise estimate is useful.
Recall that we are assuming V > 0 on a set of positive measure in 2.

Lemma 5.2. Ifu is as in Proposition 5.1, we have

,rS
dist (z, zg)—2ts’

for z € Q, dist(z,z0) > 4r, where s € (0,1) is as in (4.17).

(5.8) fu(z) <

Proof. The solution u to the Neumann problem (5.1) can be written

(5.9) w(z) = / N(z, 1)) do@w), z€9,
N

where N(z,y) is the Neumann kernel, studied in §4. Since [;, gdo =0, we
can write

610 @)= [Ny - New)lgb) i), aeo
o0
Then the estimate (5.8) follows from (4.17). O

‘We now present the

Proof of Proposition 5.1. Given (5.5)—(5.6), let S := By, (z¢) NOX2, and for
£>2 (and 2°r < diam (), set

(5.11) By := Boe+1,(z0) \ Baer(z0), Sp:= BgNoQ.

We will estimate (Vu)* on each set S;. First

1/2

/(Vu)* do < Cr(»=1/2 {/ [(Vu)* |2da}
/2

< Crn=1/2 {a/I(VU) |2da}

< Cr® 2 igl 200y,

(5.12)
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where the last inequality follows by (5.2). By (5.6), llgllz2(s) < Cr—(n=1)/2
so the contribution coming from S; has the proper control.

Estimates on .S, for £ > 2 will involve several ingredients, including (5.8)
and Caccioppoli estimates. To proceed, we introduce

(5.13) Ip:= /(Vu)* do,
S
for £ > 2, and set
(5.14) Qs i= ©\ Byery(20), % <t<1.

Notice that all domains (5.14) have a uniformly bounded Lipschitz constant
(at least if 2°r is not large; say 2°r < A). Also, pick A so that there is a set
Q of positive measure in Q, disjoint from all the sets B, with 2‘ < A, such
that V> 0 on Q.

Now, we have

1/2

Ie< o923 [ (V)P ao
Se

1/2

(5.15) sc<z>fr><"‘”’"’J [ 1vuyrias
99,¢
1/2

< C(2br)n=172 ¢ / 18,u|? do
kaﬂg,t

The last inequality holds by the analogue of (5.2) for this family of Lipschitz
domains.

Note that, in the last integral in (5.15), 8,u is supported on 8Bge,.(z0) N
Q. Integrating over ¢ € [1/2, 1] gives

1/2
(5.16) I, < C(2tr) =212 f IVl dVol
QNBy_1

- Using the fact that —Au + Vu = 0 on By_; N and keeping in mind the
reflection argument mentioned in §4, we now apply Caccioppoli’s inequality
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(cf., e.g., Lemma 1.1.5 in [Ke]) to this last integral; we arrive at

1/2

(5.17) I < C(2r) =912 / ludvol b |
QNB,

with By := By_9U By_1 U By U Byy1. Now we apply the estimate (5.8) on u
to deduce
,,.s

— —sf
(2[.,-)n—2+s =027 ’

(5.18) I < C(2tr)n=072 gt/
for some s € (0,1). Note that all the r’s cancel in (5.18).
We have from (5.18) that

N
> (VY) llzisy < C,
=1

where N is chosen so that 2Vr ~ A. The estimate of (Vu)* on the remainder
of 89 follows from the same analysis as that for (Vu)* on Sy just done. Thus
Proposition 5.1 is proven. 0O

Given the characterization (1.37)—(1.38) of the Hardy space §1(69), we
have:

Proposition 5.3. The solution operator g — u for the Neumann boundary
problem (5.1) has a unique continuous extension from L%(6%) to h1(8Q),
with .

(5.19) 1(V)* 1 00) < Cllgllyr (a0)-

The modifications needed for the case when V' = 0 on ) follow a well-
worn path so, below, we no longer insist that V' > 0 on a set of positive
measure in ). We state the result for the Neumann problem.

Theorem 5.4. Let g € h1(0Q); if V = 0 on Q assume also [,,gdo = 0.
Then the Neumann problem (5.1) has a solution u satisfying (5.19), and
also u € Clzoze(ﬂ), Ve > 0. If V > 0 on a set of positive measure on 2,
then such u is unique. If V = 0 on 2, then u is unigque up to an additive

constant.

It remains to prove uniqueness, which we now do.
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Proposition 5.5. Let u € CL (Q) satisfy (Vu)* € L}(69). Then
(5.20) Lu=0 in Q, c'?,,u|aQ =0=>u constant in Q.

The constant is zero if V > 0 on a set of positive measure in Q.

Proof. Let © be a smooth vector field on M that is everywhere transverse
to 01, pointing into . Denote by F; the flow on M generated by ©. Let
gt = Fi'g denote the metric tensor on M that is the pull-back of the original
metric g under F;. Also, let A; denote the Laplace operator on M for the
metric g: and do; the surface measure on 952 induced by this metric tensor.
Set v(z) = Ffv(z) = v(Fiz) and Ly = —As + V;. Finally, denote the
Neumann kernel on Q for L; by N¥(z,y).

By the hypotheses on u, for each ¢ > 0, Lyu; = 0 on Q, and ut|§ is
regular enough that we can write (modulo constants if V =0 on Q)

62)  w@) = [ N0 e do), foreach s,
oN

where p; := do;/do is the Radon-Nikodym derivative of do; with respect to
the original surface measure do. In the light of the discussion in §3 and our
hypotheses, we see that

(5.22) —p— —, inL}8Q) as t\,0.

Also, by the results in §4, we have
(5.23) |N*(z,y)| < C(z), uniformly for ¢ € (0, 4] and y € 99.

If V > 0 on a set of positive measure in §, pick A so this holds on F;(£),
for t € [0, A].

The hypothesis that du/dv = 0 on 0N then yields that, as ¢t \, 0, the
integral on the right side of (5.21) vanishes, and the proposition is proven.
O

We now have the following result on the Neumann problem with L? data.

Theorem 5.6. There is an € = £(?) > 0 with the following property. Take
p€(1,2+¢). Let g € LP(09Q). If V = 0 on Q assume also [5,gdo = 0.
Then the Neumann problem (5.1) has a solution satisfying

(5.24) |(Vw)*|lzra0) < Collglle(an)-
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If V > 0 on a set of positive measure in 2, then such u is unique. If V=0
on ), then u is unique up to an additive constant.

Proof. As discussed at the beginning of this section, the case p = 2 was
treated in [MT]. The existence of a solution satisfying (5.24) for p € (1,2]
then follows from Theorem 5.4 by interpolation. The result for [p — 2| < ¢
was also treated in [MT]. Finally, uniqueness follows from Proposition 5.5.
O

6. The Dirichlet regularity problem.

We retain the hypotheses on M, A, V and 2 made in §1. Here we wish to
examine the Dirichlet problem

(6.1) (A-V)u=0in Q, uly,="1.

In the setting of a Riemannian manifold with a C! metric tensor this was
studied in [MT]. There it was shown that, if Vo f € L?(6), then (6.1) has
a unique solution u € C’l%:s (), Ve > 0, satisfying

(6.2) lu*llz2a0) + I(Vu)* [l z200) < ClIVT fliz2(00) + Cll fllz2(80)-

The solution is given by

(6.3) u=35(S71),
where
(6.4) S : L2(69) — HY2(8Q)

is shown to be invertible. Again we recall that the extension of this material
to the setting of Lipschitz metric tensors follows from the material of §2.

Here we aim to estimate the L!-norm of (Vu)* when Vr f, the tangential
gradient of f, belongs to the (vector) Hardy space h1(8<2). This can be done
once we estimate (Vu)* when Vrf is a vector atom. That is, we assume
f € Lip(0R) satisfies

(6.5) supp f C Br(zo) N O

for some zg € 612, 0 < r < diam M, and

1
(6.6) IVTfllzeo(a0) < =7
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For now we merely note that (6.5)-(6.6) imply

c
(6.7) 171200 < —==-

Proposition 6.1. If f € Lip(8Q) satisfies (6.5)-(6.6), then the solution u
to (6.1) satisfies

(6-8) (Vu)*lizran) < C-

Proof. Define S; and By as in the proof of Proposition 5.1. As in that case
we will estimate (Vu)* on each set Sp. First, parallel to (5.12), we have

1/2
(Vu)* do < Crin=1/2 i |(Vu)*|2dcr}
oo | /

S1
< Cr™ D2 {1l 200 + IV Fll 200 }

where the last inequality is a consequence of the estimate (6.2). Since, by
(6.6), Ifllz2a) + IVTfliz2(a0) < C r~(»=1)/2 we have the right bound for
this piece.

As in the proof of Proposition 5.1, we will need a (pointwise) decay
estimate on u. We claim that, under the current hypotheses,

,ra
dist (z, zg)"—2t+e’

(6.10) Ju(z)] < €

for z € Q, for some a € (0,1) independent of the atomic data; we will
establish this result below. Armed with (6.10) we now proceed to estimate

(6.11) I;= [ (Vu)*do
/

for £ > 2. Define Qy; as in (5.9), again for 24 < A. Now, parallel to (5.15),
we have
1/2

I; < C(24r)(n-1)/2 / |(Vu)*)? do

IR
(6.12) s

< C(2¢4r) (172 / [IVzul? + |ul?] do
IR
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The last inequality in (6.12) holds by the analogue of (6.2) for this family of
Lipschitz domaigs. The integrand in the last integral in (6.12) is supported
in 8Bge,+(z0) N 2. Integrating over t € [1/2, 1] gives
1/2
(6.13) I, < C(2tr)n=2/2 / [IVal® + [uf?] dVol §
QNBy_1
which is the analogue of (5.16) in the present context. Since the reflection

argument from §4 is no longer available, this time we invoke a boundary
Caccioppoli estimate in order to obtain

1/2
(6.14) I, < C(2tr)n=9/2 /|u|2dvol ,
QNB,

with By := Bg_a U Bg_; U By U Byy;. That this works is guaranteed by
the fact that u|sgns, = 0; see Lemma 1.1.21 in [Ke] for details in similar
circumstances. Now, as in (5.18), an application of the estimate (6.10) yields

(6.15) I, <C27%,
and hence

N
> (V) lizys, < G
=

where N is chosen so that 27 ~ A. The estimate of (Vu)* on the remainder
of 992 follows by the same sort of analysis as that for (Vu)* on Sy just done.
Thus Proposition 6.1 is proven, modulo the task of establishing (6.10). O

By (6.7), the estimate (6.10) is an obvious consequence of the following
more general result.

Proposition 6.2. There ezists a € (0,1) and C € (0, 00) with the following
property. Given p € 0, r € (0, diam$Y), and f € L*®(090) with support in
B, (p) N 99, let u solve the Dirichlet problem

(6.16) Lu=0in Q, uly,="7.
Then
(6.17) [u(z)| < C ||| (o) T2 dist (z, p)> ™7,

for all z € Q.
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Proof. It suffices to show that, given supp f C B,(p) N 0%,
(6.18)  |Ifllpeo(an) < r2 % — |u(z)| < Cdist (z,p)? "%, Vzel.

To do this, we will show that there exist constants C € (0,0), o € (0,1)
and, for each p € 89, a function ¢, € C(Q2\ p) such that

(6.19) dist (z,p)>""* < @p(z) < Cdist (z,p)> "™ on Q,
and
(6.20) (A=V)pp, <0, in Q.

Granted this, we establish (6.18) as follows. There is no loss of generality
in assuming f > 0. Then the hypotheses on f imply

(6.21) 0<f<pp,ond, (A-V)p,<(A=V)uin Q.

Consequently, the maximum principle implies

(6.22) 0<u<yp,on

which yields (6.18).

It remains to construct the functions ¢,(z). We begin with the case
where § is a Lipschitz domain in R™ and A = Ay is the flat-space Laplacian,
Ao = 0} +---+ 82. Given p € 89, let T, be a truncated circular cone in
R™\ Q, with vertex at p. Extend I', to an infinite cone C, with vertex at p.
We will construct a function 3, on the complementary cone K, = R™\ C,,
from which ¢, will in turn be constructed.

Translate p to the origin and use spherical polar coordinates (r,w) on
R we S, r = |z| = |z —p|. Say S" 'NK, = Op, so K, is the cone
over Op. We produce %, in the form

(6.23) Pp(rw) =By (w),

for some 3, to be specified shortly. In spherical polar coordinates we have
: 0%, n—108¢, 1

(6.24) Doty = 52t 5 T ﬁAssz,

where Ag is the Laplace-Beltrami operator on the unit sphere S™~!. Hence
(6.23) yields

(625)  Aodp(rw) = {Ashy(w) +aln =2+ a)By(w)} r7
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We specify 3, as the solution to
(6.26)  AsBp(w)+a(n—2+a)Bw)=—a1 in Op, B[y, =01,

for certain positive constants a; and b; to be described below.

Note that if a € (0,1) is small enough then a(n — 2 + a) (which is
positive) is smaller than the smallest eigenvalue of —Ag on L?(0,), with
the Dirichlet boundary condition. The sets O, belong to a family of circular
caps in ™! with radii bounded away from 0 and 7. Hence we can take
b1 > 0 large enough and a > 0, a; > 0 small enough to guarantee

(6.27) 1<BW) <A [VB@)I<A Yweo,
for some A € (0,00). Then we have

(6.28) 2 — D" < y(e) < Alo—plP" in K,
and

(6.29) Aop(z) = —ay |z —p|™" "% in K.

Let us move back to Q C M, with a Lipschitz metric tensor. Given
p € 09, pick a coordinate system centered at p such that g;x(p) = d;x. In
this coordinate system

(6.30) A = Ao + Ap(z, D) + By(z, D)

where Ap(z, D) is a second-order differential operator with Lipschitz coeffi-
cients, vanishing at x = p, and By(z, D) is a first-order differential operator
with L® coefficients. Then, with 1, as above, we have

(631)  (A=V)p(@) < —ardist(z,p) ™%, Vz € By(p) N K,

for some ag > 0, p > 0. Pick a cutoff function x € C§°(B,(p)) such that
x = 1on B,/s(p), and set z/zf = x¥p. We have

(6.32) (A =V)¢# (z) < c1 — apdist (z,p) ™ on T,

and (possibly increasing A)

(6.33) A~ ldist(z,p)> " —cp < ¢f(.’c) < Adist (z,p)> ™ on Q,
for some constants c;, ¢y € (0,00). Now, for some v > 0, take

(6.34) 0p = AYF + P,
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where 9? solves
b b
(6.35) (A-V)@°=-1onQ, ¢°,,=

The L* theory of the Dirichlet problem gives 1* € L>(Q) and the maxi-
mum principle implies /*(z) > 1 for all z € . Taking v € (0, o0) sufficiently
large, we have a function satisfying (6.19)-(6.20), and the proof of Proposi-
tion 6.2 is complete. O

Again using the atomic decomposition of h*(952), we have:

Theorem 6.3. Given f € L}(0Q) with V7 f € §1(89), the Dirichlet prob-
lem (6.1) has a unique solution u, satisfying u € C’lzo:e(ﬂ), Ve >0, and

(6.36)  llwllLran) + (V) llzran) < ClIVT fllgran) + CllfliLi(an),
for some C > 0 independent of f.

It remains only to establish uniqueness, which we now do.
Proposition 6.4. Assume that u € CL () satisfies (Vu)* € L}(Q). Then

(6.37) Lu=01in Q, u|=0=>u=0 in Q.

Proof. Take two sequences of approximating domains:
(6.38) Q9 N\ Q.

Let § € C*°(M) be given. For each %, let v; denote the unique solution to
the Dirichlet problem

(6.39) Loy =0 in O, v o0, = 9| o0,

In particular, vy € C1(Q) for each k. Then, for each pair Jsk, Green’s
formula in Q; gives

Ou 8vk
(6.40) / v a; doj = / ; do;.
89; 89;

For fixed k, as j — oo, the right side of (6.40) vanishes, while the left
side converges to [;,vk(8u/Ov)do. Letting then k — oo, we obtain
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J500(0u/dv)do = 0. Since 6 is arbitrary, this gives du/0v = 0. With

this in hand, we obtain from Green’s integral representation formula that

w=01in Q. |
We have the following LP-regularity result.

Theorem 6.5. There is an € = () > 0 with the following property. Take
p € (1,2+¢). Let f € LP(0Q) and assume Vrf € LP(O). Then the
Dirichlet problem (6.1) has a unique solution, satisfying

(6.41)  |lw"llzean) + I(VY)*llzea0) < CIVTfllLea0) + CllfllLe(o0)-

Proof. The existence follows for 1 < p < 2 by interpolating the L? result
(6.2) and the result of Theorem 6.3. The result for |p — 2| < € was treated
in [MT]. Finally, uniqueness follows from Proposition 6.4. a
7. Invertibility properties for layer potential operators.
Once again, retain the hypotheses on M, A, V' and €2 which have been made
in §1. In this section we study invertibility properties for layer potential

operators on several function spaces of interest. We debut with:

Theorem 7.1. Under our standard hypotheses,

(7.1) %1 + K : L9(0Q) — LI(8Q) is invertible, 2 — ¢ < q < oo.
If, in addition, V =0 on Q, then

(7.2) —%I + K* : LE(0Q) — LE(0Q) is invertible, 1<p<2+e.

If, on the other hand, it is also assumed that V' > 0 on a set of positive
measure in ) then

(7.3) —%I + K* : LP(00) — LP(09Q) is invertible, 1<p<2+e.

Proof. The first step is to show that

(7.4) i-;—] + K™ : LP(0Q2) — LP(0NQ) are Fredhlom with index zero
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for any p € (1,2+¢). Once this is proved, the theorem follows from (7.4) and
the fact that the operators in (7.1)—(7.3) are isomorphisms for p = ¢ = 2
(a proof of which is contained in [MT]), via a general functional analytic
argument.

To proceed in this direction, let f € LP(8Q), 1 < p < 2+¥, and set
uy := Sf in Q. Based on the estimates derived in §§5-6, we may write:

(7.5)
1 ‘ 1 .
e < | (314 5) 1| +| (5145 £
Lr(59) Lr(8Q)
Ouz 1 .
=3, + ||| F5I+ K" f
o lize(on) 2 L#(59)

. 1 .
< Cll(Vux) llzo a0y + " <¢§I+ K ) f 1oo0)
P

1 e
< O Vrurlzpm + Ol lsony + | (757 + ) 7

Lr(89)

1 *
= C||Vrusllre(a0) + CISfllLe (o) + ” (=F§I +K ) f
L7(59)

* 1 &3
< ClI(Vus) llizean) + ClISfllean) + “ (?51 +K > f
L7(59)

o 1
x| s olsslumen + | (731 +K7) £
V liLe(89) 2
+ C|S £l (09

el (o)
2 L?(89)

That is, for each p € (1,2 + €) there exists a constant C = C(p, ) > 0 so
that

76 Wlmen <0 (751 +K") 1

<C

LP(8Q)

+ C|ISfllzr a0
L?(8Q)

uniformly for f € LP(852). In particular, :F%I + K* are semi-Fredholm on
LP(8Q) for each p € (1,2 +¢). The fact that (7.4) isvalid for 1 <p<2+e¢
now follows from this, the fact that (7.4) holds when p = 2 (cf. [MT]) and
Lemma 7.2 below. O

Here is the lemma that finishes the proof of Theorem 7.1.

Lemma 7.2. Assume that (Eo, E1), (Fo, F1) are two compatible couples of
reflezive Banach spaces and fiz T € L(Eo,Fo) N L(E1, F1). Let Eg =
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[Eo, E1)g, Fo := [Fo,File be defined by compler interpolation, so T €
L(Eg, Fy) for0<6 < 1.

Then the set of points 6 € (0,1) at which T : Eg — Fy is semi-Fredholm
is open and the indez is locally constant on this set.

Proof. This is a version of Theorem 2.9 in [KM]. O

Theorem 7.3. The operators

(7.7) S:IP(OQ) — HWP(8Q), l<p<2+e,
and
(7.8) L+ K HYP(30) — HY(00), 1<p<2+s,

are well-defined, bounded and invertible.

Proof. Let f € LP(89), 1 < p < 2 + ¢, and again set us := Sf in Qx. We

have
1 ] 1 .
I fll e o) < “ (§I+K ) f + H(—-2-I+K )f
Lr(69) L?(8Q)
= || %= Buy
(7.9) v ||1oaq) OV || Lo(aq)

< Cl(Vu)*|leae) + Cll(Vut) (o (a0)
< C||Vru_||tean) + ClIVTu+ |l Lra) + CISfllLe(a0)
< ClS fllmrea)-

With this in hand, the conclusion about the operator (7.7) follows as in the
proof of Theorem 7.1. All the other points in the theorem also follow from
this, Theorem 7.1 and the intertwining property S(£3I+K*) = (£3I+K)S.
O

An immediate consequence of Theorems 7.1-7.2 is that the solutions to
the LP Neumann, Dirichlet and Regularity problems have natural integral
representation formulas. The specifics are contained in the next corollary.

Corollary 7.4. The solution to the Neumann problem (51 ) with g in
LP(8Q) (or LEON) if V. =0 0n Q), 1 < p < 2+, is representable in
the form (5.3).
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The solution to the Dirichlet problem (1.4) with f € LP(9Q), 2 — ¢ <
p < 00, can be expressed in the form (1.22). Finally, the solution to the
regularity problem (6.1) with f € HYP(88)), 1 < p < 2 + ¢, has the integral
representation formula (6.3).

In order to state our next result, we recall that B (8Q) = BEP(9Q) is the
usual scale of Besov spaces on 9. Also, denote by B5(82) the subspace of
B2(89) consisting of distributions that annihilate constants.

‘Proposition 7.5. There ezists e = e(2) > 0 such that
(7.10)

1 . .
§I+ K: B’l’_l/p(aﬂ) - Bf_l/p(aﬂ) is invertible, VYp€ (3/2—¢,3+¢).

Also, if V=0 in Q,
(7.11)

1 . = - o i
—§I+ K*: Bgl/q(an) — Bil/q(aﬂ) is invertible, Vg€ (3/2—¢,3+¢).
In the Euclidean case, such a result has been obtained in [FMM].

Proof. If we denote by T, the operators in (7.1) and by 71, the operators
in (7.8), then obvious inclusions show that

T;'=T;! on L9%(8Q), Vg€ (2-¢, 00),
(7.12) Tyt =T on HY2(5Q),
T, =T{3 on H''2(80), Vpe(1,2+¢).
It follows that all these operators agree on Lip(9f2), and hence
(7.13) T, =Ty} on LY8Q)NHP(8Q), Vpe (1,2+¢), g € (2—&,00).
Thus we can apply iI + K and (%I + K)™! to various spaces obtained

from those in (7.1) and (7.8) via real and complex interpolation. Complex
interpolation yields

(7.14) -;—I-i— K : H*?(0Q) — H*>P(0R2) is invertible, V(s,1/p) € R,

where the region R. is the interior of the parallelogram with vertices at the
points (0,0), (0,1/(2—¢)), (1,1), and (1/(2+¢),1) in R2. Now we have the
real interpolation result (cf. [BL])

(7.15) (H>P, HVP)g , =BP, o= (1-6)sg+0s, for 0< 0 < 1.
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Hence we have
1
(7.16) §I+ K : B?(02) — BEZ(0Q) invertible, V (s,1/p) € R«.

Taking (s,1/p) € Re for which s+ 1/p = 1 yields (7.10). Finally, (7.11)
follows via a similar argument, plus duality. O

We next establish invertibility results on h(8€2) and bmo(8).

Theorem 7.6. The operators

(7.17) -;-I+K* : h1(00) — H1(09Q) and %I+K : bmo(89Y) — bmo(00)
are invertible. If, in addition, V =0 on Q, then

(7.18) —%I + K 5L(80) — 9L(69)

is also invertible.

Proof. The boundedness of the operators under discussion follows from (1.40)
and Proposition B.6. Next, paralleling the estimate (7.5) in the present
context we arrive at

1 x
Ifllgr00) < Cll(E5T + K*) fllgran) + ClISflizran) + ClISflii@)-
2

It is elementary to check that S is compact on L!(0f2) (using, e.g., the
compactness criterion in [Ed]). Furthermore, S maps h(8(2) boundedly
into H1(Q) and, hence, S : h1(8Q) — LI(R) is also compact for 1 < g <
n/(n—1).

In particular, the operators in (7.17)—(7.18) have closed ranges. Since
L2(8%), L%(99) embed densely in h1(89) and $H.,(99), respectively, we
conclude that the operators i%] + K* also have dense ranges and, hence,
are onto. The fact that they are one-to-one follows from the uniqueness in
the atomic Neumann and Dirichlet problems via a familiar reasoning based
on jump relations. Note that Proposition B.5 is used here. This takes care
of +1I+ K*. Finally, the claim about 3I + K follows by duality. O

We now discuss the issue of invertibility on local Hardy spaces with
subunitary index and Hoélder spaces with small exponent.
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Theorem 7.7. There exist ag > 0 and € > 0 so that

(7.19) -;—I+ K : C*(02) — C%(09Q) is invertible Va € (0, ap)
and

(7.20) -;—I + K* : P (0Q)) — HP(0Q) is invertible Vp € (1 —¢,1).

Proof. We begin with (7.20). Indeed, the family {§?(09Q)},<1 continued
with {LP(8Q)}p>1 is a complex interpolation scale (cf. the discussion in
[KM]). Also, the operator %I + K* maps this scale boundedly into itself for
(n=1)/n < p < co. This follows from [MT] and Proposition B.6. Returning
to the original claim made regarding the operator (7.20), we have this result
based on the fact that the first operator in (7.17) is an isomorphism and
the stability results on complex interpolation scales of quasi-Banach spaces
in [KM]. Dualizing (7.20) gives (7.19) for some small ap > 0. The proof of
Theorem 7.7 is therefore finished. O

Remark. Note that, occasionally, we are led to considering quasi-Banach
spaces, such as hP(99) for p < 1. The same applies to bi’tp (09) for p < 1, the
inhomogeneous version of the #P-span of regular atoms (these are functions
satisfying (6.5) and a version of (6.6) adapted to L?). It is also implicit in
our work so far that %I + K is an isomorphism of b;;f’ (89Q) for p < 1, p close
to 1.

Now, generally speaking, for a linear and bounded operator 7' on some
quasi-Banach space X, the property of being an isomorphism is preserved by
passing to the “minimal enlargement” of X to a Banach space X, its so called
Banach envelope. Quite recently, in [MM], the Banach envelopes of all Besov
and Triebel-Lizorkin spaces have been identified. The relevance of this result
in the present context is that atomic Hardy spaces fit in the scale of Triebel-
Lizorkin spaces. In particular, it is proved in [MM] that h@) = Bh1(60)
and b@l) = B}fs(an), where s = (n — 1)(1—17 —1). Thus, in particular,
%I + K continues to be an isomorphism of Bllfs (09) for each s € (0, sp) with
so = so(0Q) > 0 small. In turn, results as such can be used to solve the
general Poisson problem (with Dirichlet and Neumann boundary conditions)
for the Laplace-Beltrami operator in Lipschitz domains for optimal ranges of
indices. We will address this topic in detail in a separate paper; cf. [MT2].

Continuing our discussion along the lines of Theorem 7.7 we note the
following.
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Corollary 7.8. Assume that the metric tensor on M is of class C*t7 for
some r > 0. Then there ezists ag > 0 with the following property. For any
a € (0,ap) and g € C*(8Q), the L?-solution of the Dirichlet problem

(7.21) Lu=0 in Q, u* € L?(09), ulaa =g,
has the property that
(7.22) u€ C*Q) and |jullgagmy < Cllglloe(an)-

Furthermore, u = Dh in Q for some h € C%(05) with ||h|caaq) =
llull ey

Proof. In the light of Theorem 7.7, we only need to check that

(7.23) D : C*(8Q) — C*(?) is bounded for any « € (0,1).

As is well known, this will follow from the estimate

(7.24)  dist (z,89)17%|VDf(z)| £ Cl|flicacan), uniformly for z € Q.

To see this, fix a function f € C*(99), a point z €  and select p € 02 so
that d := dist (z,8Q) = dist (z,p). Since VD1 € L*(R), there is no loss of

generality in assuming that f(p) = 0.

Next, for a large constant C, split the domain of integration in Df into
{y € 8Q : dist(y,p) < Cd} and Df into {y € 9Q : dist(y,p) > Cd}.
In the first resulting integral majorize the kernel of VD by Cd™™, while in
the second one by Cdist (y,p)”". That this works, is guaranteed by the
expansion (2.4) and the estimates that eg, e; satisfy in the present context,
i.e., when the metric tensor is C1*7, 7 > 0. In this case, it has been proved
in [MMT] that e;(z,y) satisfies (for any € > 0)

(7.25) [V Vyer(z,y)] < Celz — y|~(v~1+e),
Also, from (2.3), it is clear that

(V2e0)(z,9) = O(|2|™) as z — 0 uniformly in y,

(7.26) )
(V.Vye0)(z,9) = O(lz|~ ™)  as 2 — 0 uniformly in y.

These suffice to justify the aforementioned estimates for the kernel of VD.
Finally, on account of |f(y)| < Cdist (y,p)®, the desired estimate, (7.24),
follows. O
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Next we discuss the Neumann problem with data in ?(8Q) for 1—p > 0,
small. To set the stage, let © be a smooth vector field on M which is
transversal to 002 and points into 2. Denote by F; the flow generated by
© on M and introduce g;, doy, v, etc., as in the proof of Proposition 5.5.
If u € C(R), we say that d,u = g € hP(6Q) for some (n —1)/n <p < 1
provided

. Ouy _ e
) lm [ Grtvde /a _ovde, Yy eCo(n)

where o := (n—1)(p~! —1) > 0. An important observation is that the jump
formula

(7.28) 8,Sf = (—%I+K*) f, VY fenron),

continues to hold in this context since, by Propositions B.5-B.6 both sides
depend continously on f € hP(9Q2) and (7.28) is valid for p-atoms, in which
case the L? theory applies.

Theorem 7.9. There ezists € > 0 with the following significance. Fiz p €
(1—¢,1). If V> 0 on a set of positive measure in Q, then the Neumann
boundary problem
(7.29)

ueCHR), Lu=0inQ, Ju=geh?(8Q), (Vu)*e LP(5Q),

has a unique solution, which satisfies

(7.30) 1(Vu)*llzra0) < Cligllyra0)-

If, on the other hand, V = 0 on ), then the same is true for data in $7,(69),
except that uniqueness is now valid only modulo an additive constant.

This extends results for star-like Lipschitz domains in the flat Euclidean
setting from [Br].

Proof. Let us assume first that V = 0 on Q. Recall p; = doy/do. With a
self explanatory piece of notation which emphasizes the dependence on the
metric tensor, we claim that

aut

2

(7.31) € bP(8Q, doy), hence g—?ptebp(aﬂ,da), V>0,
t
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and

aut
A b7 (89, dot)

< Cll(gradsus)*|| 7 (00,dos)
< Cll(Vu)* [l ze (a0

uniformly for ¢ > 0. The first membership in (7.31) together with the
second estimate in (7.32) follow from the constructive approach to atomic
decompositions in R™ developed in [Wi] (building on some earlier work in
[Co] and [La]). Wilson’s approach is rather flexible and extends to the
setting of Lipschitz domains on manifolds since it only employs the ordinary
nontangential maximal operator and cancellations based on integrations by
parts. A typical example of the latter phenomenon is [ p O ut doy = 0, for
any subdomain D of Q (here is where we need V =0 in Q).

Going further, the second membership in (7.31) together with the first
inequality in (7.32) are discussed in Appendix A, whereas the third estimate
in (7.32) is clear. Thus, (7.31)—(7.32) are taken care of. In the case when
V is not necessarily zero in ) we use the previous results for ¢ = u —
Jo E(-,y)V(y)u(y) dVol and we obtain similar conclusions. Let us point out
that all arguments so far work for (n —1)/n <p < 1.

Turning attention to the Neumann problem (7.29), assume first that
V > 0 on a set of positive measure in 2. Existence and estimates follow
from (7.28), the fact that

<C
bP(8Q,do)

(7.32)

(7.33) 5T+ K" 1 52(60) — 12(69)

is invertible (which, in turn, is dealt with much as (7.21)) and Proposition
B.5. As for uniqueness, let us first show that, for each 0 < & < s with s as
in Proposition 4.4,

(7.34) N(z,) — N(z,-), in C*(89) as t\,0,

provided z € Q is fixed. Indeed, since C*°(9§2) — C*(09) compactly and
since, by the results in §4, {N*(z, -) }+>0 is bounded in C*(9%2), it follows that
there exists N(z,-) so that Nt(z,-) — N(z,-) in C*(09) as t \, 0. Now,
if u € CL.(Q) is such that (Vu)* € L?(89) and Lu = 0 on Q, reasoning as
in (5.21)—(5.22) and then letting ¢ \, 0 gives

(7.35) u(z) = / N(z,v) %(y) do(y), foreach z € Q.
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This, the L? theory for the Neumann problem and (5.9) then yield that
N(z,y) = N(z,y). Thus, (7.34) is proved.

Returning to the task of proving uniqueness in (7.29), note that (5.21),
(7.27), (7.34) and (7.32) easily give the desired conclusion when V > 0 on a
set of positive measure in Q. The case when V = 0 on Q is similar and we
omit it. a

We conclude this section with a discussion of the Dirichlet problem (7.21)
with boundary data in bmo(8Q)(C L?(6Q)).

Proposition 7.10. Assume that the metric tensor on M 1is of class C**7
for some r > 0. Then for any g € bmo(0R), the L2-solution of the Dirichlet
problem (7.21) has the property that

dist (-, 00)|Vu|? dVol is a Carleson measure

7.36
(7.36) in Q@ with norm < C’||g||%mo(39).

Proof. Since the second operator in (7.17) is an isomorphism, u has the
form Dh for some h € bmo(0R) with ||A||lyme(a0) = I|9llbme(a)- Therefore, it
suffices to show that if A € bmo(8Q) is arbitrary then dist (-, 8Q)|VDAh|? dVol
is a Carleson measure in 2 whose norm is controlled by ”h”%mo(aﬂ)’

Given the estimates on the kernel of D in [MT], [MMT], this follows with
minor modifications from the corresponding flat, Euclidean result in [FK]
as soon as the square-function estimate :

(7.37) / fuf2 dVol + / dist (z, 80)|Vu(z) 2 dVol(z) < C f luf2 do,
Q Q N

uniformly for u so that Lu = 0 in Q, u* € L?(89), is available. In the
present context, this estimate is a consequence of results in [MT] and §§1-2
of [MMT]. O

Remark. It is also possible to show that the estimate obtained by re-
versing the inequality in (7.37) remains valid. In the present context, a
natural proof can be obtained by adapting the approach in [M]. See also,
e.g., [DJK], [DKPV] for more on related topics. In turn, such an esti-
mate allows one to show (much as in [FN]) that if u is so that Lu = 0 in
Q) and dist(-, 002)|Vu|?dVol is a Carleson measure in €, then Ju aq and
ul aq € bmo(09). Also, a naturally accompanying estimate holds. However,
we shall not develop this point here any further.
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8. Helmholtz type decompositions.

Assume that § is a connected Lipschitz domain in a Riemannian manifold
M equipped with

(8.1) a metric with H>" coefficients, r > max{3, dim M}.

The goal is to establish LP based Helmholtz type decompositions for vector
fields (or, equivalently, 1-forms) in Q. We shall do this in a constructive
fashion and for an optimal range of p’s. The main results are contained in
Propositions 8.1 and 8.3.

To get started, we denote by A!TM the first exterior power bundle
of the manifold M and by d the usual exterior differential operator. The
Riemannian metric naturally extends to the fibers of AT M and we let §
stand for the adjoint operator of d. Finally, let V be the interior product
of forms. As is well known, there is a canonical isomorphism between 1-
forms and vector fields on M. Under this isometrical correspondence, d
and ¢ become, respectively, the gradient and divergence operators, whereas
the interior multiplication by v (the outward conormal to 8) becomes the

scalar product with the unit normal to 9.
Going further, if u € L}(Q,A'TM) is so that du € L}(Q) then we can
define the scalar distribution vV v on M (actually supported on 89) by

82) (vVu,p) :=/<p<5udVol+/(u, dy) dVol, Yo e CHM).
Q : Q

Recall the scale BE(9Q) = BEP(9R) of Besov spaces on 8. Then, (cf, e.g.,
[MMT), the mapping

(8.3) {ue LP(QA'TM) : 6ue LP(Q)}>ur—vVue B, 1»(09)
is well defined and bounded for 1 < p < co, in the sense that
(8:4) lvVulpe,, o0 < C(p) (lullze () + 16wl o)) -

Let us point out that if « € LP(Q, A'T M) has du = 0 then vV u, regarded as

a functional in (Bg__l / q(aﬂ))*, % + % = 1, annihilates constants, by Stokes’

theorem. We denote the collection of all such functionals by BP 1 /p(BQ).
For 1 < p < oo, introduce the closed subspace of LP(Q, A1 T M)

(85)  L5y(Q):={ue P(QA'TM):6u=0 and vV u=0}
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and denote by P the orthogonal projection of L?(Q2, A'TM) onto L3 ;(€).
Analogously, dH'P(R) is a closed subspace of LP(Q,A'TM) for 1 < p <
oo and we denote by Q the orthogonal projection of L?(Q, A'TM) onto
dHL2(Q).

Proposition 8.1. For each Lipschitz domain Q in M, with arbitrary topol-
ogy, there ezists a positive number £ depending on 0 such that P and Q
extend to bounded operators from LP(2, AT M) onto L} () and d H?(Q),

respectively, for each p € (§ —¢€,3+¢€). Hence, in this range,
(8.6) LP(Q,A'TM) = dH'?(Q) © L§,()

where the direct sum is topological.
In the class of Lipschitz domains, this result is sharp. If, however, 0S) €
C! and r = oo then we may take 1 < p < co.

Of course, we will assume without loss of generality that 2 is connected.
To begin the proof, we need a preliminary result.

Lemma 8.2. Let Q be a Lipschitz domain in M. Then there exists £ =
g(2) > 0 so that the Neumann boundary problem

Av =0 1inQ,
ov

(8.7) 5, =9€ BP, 1(09),
v € H'?(Q),

has a unique (modulo constants) solution for each p € (% —¢€,3+¢€). Each
solution satisfies

(8.8) ldvllze(@) < Cligller, , 90)-

Note that in (8.7), the normal derivative of v is to be interpreted as v V dv,
in the sense of (8.2).

Proof. If ¢ > 0 is so that —] + K* is an isomorphism of BP 1/ »(052) for

3 — & < p < 3+¢ then, so we claim, v = S((—3I + K*)~1g) solves (8.7)

and satisfies (8.8). Indeed, due to Proposition 7.5, we only need to prove
that the operator

(8.9) S: Q) — HYP(Q)

l/p
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is bounded for r/(r — 1) < p < 0.

To this end, let II stand for the Newtonian potential in Q at the level
of 1-forms. That is, IT is the integral operator in € whose kernel is the
Schwartz kernel of (—dd —é6d—V)~1 : H=Y2(M, A'TM) — HY2(M, ATM)
for some V as in §1 with V = 0 on Q. Given our assumption on the
metric, IT : L4(Q) — H?>9(Q) for 1 < ¢ < r; see [MMT]. In particular,
oIl : LY(Q) — H™(Q), Vg € (1,7). Recall that Tr : H59(Q) — B{_,,,(69),
1/g<s<1+4+1/q,1< g < oo, is the usual trace operator.

For any reasonable function f on 852 and 1-form g in £, we have

(8.10) / (S, g) dVol = / (Tx(8Tlg), f) dor + / (R, g) dVol,
Q

o Q

where R is an integral operator with a weakly singular kernel (cf. (6.17)
of [MMT]). In particular, R : H=1P(8Q) — LP(Q, AT M) is bounded for
1 < p < 0. From this and (8.10) we deduce that

(8.11) < C”Qlqu(Q,AlTM)“f”B‘il/p(aﬂ)y

/(de,g) dVol
Q

with 1/p+1/q = 1. Now, the fact that the operator (8.9) is bounded readily
follows from this.

Finally, there remains the issue of uniqueness (modulo constants) for
(8.7). This can be done in several ways. For instance, if v is a null-

solution then, from Green’s representation formula, Trv € Bf_l /p(aa) sat-

isfles (—1I + K)(Trv) = 0. Consequently, by the dual of (7.11), Trv must
be a constant on 90 and, further, v = const. in Q. ]

We are now ready to present the

Proof of Proposition 8.1. We follow the approach in [FMM] with natural
alterations. Specifically, recall the Newtonian potential II and define P :
LP(Q,A'TM) — Lf((Q) — LP(Q, A'TM) by setting

(8.12) Pu:=u—dillu—dv, Vue LP(Q,ATM),
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where v is the unique solution to the (scalar) Neumann boundary problem

(Av=10in Q,
ov
3 = vV (u—délu) € Bpl/ (89),

v € HYP(Q),

L/szo'

Note that u — déllu = &dlIu on Q. As we have commented, v V ddllu
integrates to zero over 0. The range p € ( —¢,3+¢), with € small ensures
the solvability of the boundary problem (8.13). By construction, P is well-
defined, linear and bounded and, moreover, I — P maps LP()) boundedly
into dHP(Q2).

Next, we aim at proving that P is onto I? 0(Q). Indeed, so we claim,

(8.13) {

(8.14) Pluy=u VuelIL§y(Q).

To see this, note that if u € L§y(Q) then (A — V)illu = §(A — V)IIu -
[V,6)u = du = 0 on . Hence, if v solves (8.13), then the function v +
8TIu is harmonic, belongs to HP(Q) and has vanishing normal derivative.
Invoking uniqueness for the Neumann problem (cf. Lemma 8.2), it follows
that P(u) = u — déTlu — dv = u as claimed.

The fact that on L2(2) N LP() the operator P acts as the orthogonal
projection onto La,o(Q) is easily seen from (8.12). Thus, P extends to a
bounded mapping of LP(2) onto L%’,O(Q), as desired. From this, the state-
ment about Q = I — P follows as well.

That we may take p € (1,00) when 8Q € C! is due to the fact that, in
this context, the problem (8.13) is uniquely solvable in this range. Finally,
the optimality of the range p € ( % —g,3+¢€) in the class of Lipschitz domains
follows from the counterexamples in [FMM]. a

For each 1 < p < 00, let us now consider
(8.15) IB(Q) := {u € LP(Q,A'TM) : bu=0}.

Proposition 8.3. Let Q) be an arbitrary connected Lipschitz domain in M.
Then there ezists € = () > 0 such that

(8.16) LP(Q,AlTM) dHO’p(Q) ®LY(QY), foreachpe (% —£3+ a) ,
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where the direct sum is topological.
Once again, in the class of Lipschitz domains, this result is sharp. If,
however, 9Q € C! and r = oo then we may take 1 < p < oco.

Again, we need a preliminary result.

Lemma 8.4. Let Q) be a Lipschitz domain in M. Then there ezists € =
€(Q2) > 0 so that the Dirichlet boundary problem

Av=01inQ,
(8.17) Trv=fe€ B}, (0%),
v € HY?(Q),

has a unique solution for each p € (% —€,3+¢). This solution satisfies

(8.18) lollzre@) < Cllflz_,, (60)-

Proof. If ¢ is so that %I + K is invertible on Bf_l/p(aﬂ) for —g— —e<p<
3 + € (cf. Proposition 7.5), then we may take v := D((%I + K)71f) in Q.
Accepting that

(8.19) D: B!, (09) — H'?(Q)

is a bounded operator when 1 < p < r, we deduce that v solves (8.17) and
satisfies (8.18). In turn, the claim about (8.19) is readily seen from the

identity
(8.20) D(Trw) = w + 0II(dw) + R(dw),

valid for any scalar w € HYP(Q), and Gagliardo’s trace lemma. Here R
is an integral operator with a weakly singular kernel; cf. [MMT]. For our
purposes, we only need to know that R maps LP((2, A'TM) boundedly into
H?(Q). Based on these, (8.19) follows.

Thus, we are left with proving the uniqueness of the solution of (8.17).
However, this can be done in a similar manner to the uniqueness part in
Lemma 8.2, by taking advantage of the fact that %I + K* is invertible on

BP,,(8Q) for §—c<p<3+e O

Finally, we are ready to present the
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Proof of Proposition 8.3. Again, we follow closely [FMM]. Here the depar-
ture point is to consider the operator

(8.21) IP(Q,A'TM) 5 u— d(6Ilu — v) € dHP(Q),
0

where v is the unique solution to the Dirichlet problem

Av=01in Q,
(8.22) Trv = Tr(IIu) € BY_,,,(69),
v e HP(Q).

Lemma 8.4 guarantees that this assignment is well defined, linear and
bounded if 3 —& < p < 3+ ¢ for some € = () > 0. Using this and
paralleling the argument in Proposition 8.1 yields the desired conclusion;
we omit the details. The sharpness of the range of p’s is proved in [FMM].
d

A. Remarks on §?(952).

In (1.38) we defined h1(8Q) in terms of $2,(8Q), which in turn was defined
in terms of atoms. As explained in §1, the spaces h?(89) and $%,(8Q) for
(n—1)/n < p <1 are defined analogously. Here we characterize h?(9Q2) for
p in this range in terms of ions, defined as follows. Pick o € (0,1). We say
f € L*(09) is an ion, or an (a,p)-ion, provided

(A1) - supp f S By (o) N9

/ fdo
an
Lemma A.l. For (n—-1)/n<p<1,

a3) 570 ={> ak: f (@p)ion, 3 laP < oo}

for some zo € 99, r € (0,diam )], and

(A.2) 1 fllzoo(aq) < r—m=V/P, <re

Proof. Temporarily denote the right side of (A.3) by K'(89). Clearly
HP(00) C b (82). To establish the reverse inclusion we only need to check
that there exists C > 0 so that

(A4) f (e p)-ion => f € B7(8Q) and || fllpp(o0 < C.
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Then the inclusion b(8Q) C HP(80) will follow from h? () = K, (99) +
L9(89Q) plus the fact that £ — €' if (n—1)/n<p<1,and g > 1.
As for (A4), if f is as in (A.1)—(A.2), we write f = g + h with
, i
"~ A(=o,7) Jon
where A(zo,r) is the area of B,.(zo) NdQ. Thus g is a p-atom, up to a factor
of 1+ |b|. Note that, if £ = £(Q2) > 0 is a constant satisfying

(A.5) h:=br=("V/Pxp o nos f do,

rn—l

(A.6) < A(z,r) <1k, VzedQ, Vre (0,diamQ],

then |b] < C(k). In particular, Ilgllﬁgt(aa) < C(k). The remainder h is a
function we call a charge (or an a-charge); it satisfies

(A7) supph C Br(20) N8R,  ||hlree(aq) < o ("7,
Upon noting that a charge satisfies

k]| Laan) < w2~V A(z, )19

(A.8) < K/ pom(n-1)e-1)/a — G1+1/

provided ¢ := (n — 1)/(n — 1 — &) > 1, the desired conclusion follows. O

The ionic characterization of §?(02) readily shows the following.

Lemma A.2. Let (n —1)/n < p < 1. Then the space h?(09) is a module
over C*(9Q) for any a > (n—1)(p~! —1).

Proof. Suppose that [|¢||ze(a0) < 4 and |p(z) — ¢(y)| < Bdist (z,y)*, for
some o > (n—1)(p~! —1). If f is a p-atom, supported on B, (zg) N9, then
the decomposition

(A9) of=af+(p—a)f, a=¢(0), ll(¢—a)fllLe < Brf= D,

writes f as a linear combination of a p-atom and a [(-charge, where 3 :=
a—(n—-1)(p~!—1) > 0. In particular, M, : h?(82) — bP(8R) is bounded.
O

While independent of the (smooth) background metric used to define a
distance on M, the space h?(92) does depend, generally speaking, on the
Riemannian metric g which induces the surface element do on 6. Specifi-
cally, for further reference we record the following useful observation.
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Lemma A.3. Assume that g and g’ are two metric tensors with continuous
coefficients on M and denote by do, do’ the surface measures induced on
Q. Also, for (n —1)/n < p < 1, denote by hP(0R,do), HP(9R,do’) the
corresponding (homogeneous) Hardy spaces and set p := do’ /do € L>°(09).

Then M,, the operator of multiplication by p is an isomorphism of
hP(0R2, do) onto HP(0K, do”).

B. Cauchy integrals and layer potentials
on h?(09Q), (n—1)/n<p<1.

To begin, let T be a Lipschitz graph in R, of the form z, = ¢(z1,...,Zn-1)
for some Lipschitz function ¢ : R*~! — R. The first result is perhaps part
of the “folklore” of the subject, but we believe it deserves a written proof.

Proposition B.1. There ezists N = N(n) such that, if k € CN(R™\ 0) is
odd and homogeneous of degree —(n — 1), then

(B.1) Kf(z) = / k(z-9)f(y)do(y), =eR\T
T

satisfies the nontangential mazimal function estimate

(B-2) I Loy < C@,T) [|k|gnmsll on 11 1l52,0m,
for each p € ((n — 1)/n, 1], where C(p,T') depends only on p and ||Vl L.

Proof. It suffices to estimate (Kf)* when f € L*°(T") is a p-atom, and con-
sidering the transformations of our various objects under translations and
dilations, it suffices to consider normalized atoms, i.e., f € L*°(T") satisfying

B3)  suppfCB(ONT, ||fllzem <1, / fdo =0,
r

assuming that 0 € I'. The hypotheses clearly yield
(B-4) |lz| 2 2 = |Kf(z)| < Clz|™,
SO

z €T, Jz| 2 2= (Kf)*(z) < Cla|™

(B.5) = / (Kf)*P do < Cp,
T'\B2(0)
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as long as (n — 1)/n < p < 1. The L? theory due to [CMM] gives

(B.6) [ sy P s < G agry < G < +o0,
B2(0)

so we are done. O

Granted Proposition B.1, we can establish the following variable coeffi-
cient extension, by the same argument as used in [MT).

Proposition B.2. There ezists M = M(n) such that the following holds.
Let b(z, z) be odd in z and homogeneous of degree —(n—1) in z, and assume
D2b(z, z) is continuous and bounded on R™ x S™71, for |a| < M. Then

(B.7) Bf() = [t -4)f()doty), s €R\T,
T

satisfies

(B.8) II(Bf)*IILp(r)SC(F)ISIggW 1 DZ6(z, 2)|| oo @n x.57-1)[I.f | 52,r)
als

for each p € (n—1)/n,1].

Proof. This follows by expanding b(z, -) in spherical harmonics,
(B.9) b(z,2) = Y bi(z)p;(/l2]) |z|7®Y,

720
and then invoking Proposition B.1 for each term. Since ||b;||Le||¢jlley <
C,j ™", we can use the p-homogeneity and the subadditivity of | - IIQP(F) to
prove (B.8) by taking « large; compare the proof of Proposition 1.2 in [MT].
O

We are also interested in estimates on

B10)  Bf@) = [duo-u)iwdels) ceR\T.
T

In this case, bj(z) in the expansion (B.9) is replaced by b;(y), which acts as a
multiplication operator on f. Now neither $%, (I") nor h?(T') is a module over
the space of bounded continuous functions, but, for any compact I'o C T,
bP(Lo) is a module over C™(Ty), for 7 > (n — 1)(p~! — 1), so we have the
following result.
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Proposition B.3. In Proposition B.2, assume in addition that D2b(z, 2)
is Holder continuous on R x S™~1, of exponent r > (n—1)(p~' —1). Let
Ty C T be compact. Then

(B.11) I(BF)*llze(re) < € lslliPM IS}I_PI 1D2b(z, 2)llor o) | Fllge (ro)s

for f supported on To.

The following is a simple consequence; compare Proposition 1.5 of [MT].
Denote by C"ST the classical m-symbols p(z, €) which are C" in z, for some
r € [0, 00), while still smooth in & € R™\ 0. Also, let T'g be a compact subset
of T.

Proposition B.4. Ifp(z,§) € C’OS(;1 has principal symbol that is odd in §,
then the integral kernel K (z,y) of p(z, D) has the property that

(B.12) K5 = [ K@), =B \T,
/.

satisfies, for each (n—1)/n<p<1,
(B.13) 1 F)*llzero) < Cllfllbe(re)s  supp f S To

IF(n=1)/n<p<1,r>(n— 1)(p~t-1) and q(&,2) € C™S;' has principal
symbol odd in &, then the integral kernel K (z,y) of ¢(D,z) has the property
that

(B.14) R () = / R(z,9)f(v) do(w), ©€R™\T,
T

satisfies

(B.15) W) * ooy < Clfllgere),  supp f S To-

Proposition B.4 extends to the setting of pseudodifferential operators on
a compact manifold, containing a Lipschitz domain Q, with 8 replacing I'.
In the process, Lemma A.3 is used.

Consider now the single layer potential (1.8), under the hypotheses on
M, , L made in §1 and recall the decomposition (2.4). Now Vzeo(z—9,v)
satisfies the conditions of Proposition B.3 and e;(z,y) satisfies (2.5). Hence
the contribution of e1(z,y) is easy to estimate (e.g., as in (B.5)-(B.6) but
more elementary), and we have:
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Proposition B.5. For (n—1)/n<p<1,
(B.16) (VS 1) o a0y < Clifllgea0)s
uniformly for f € hP(99).

Turning to boundary operators, recall first the notation introduced in
connection with (7.27). Now, if u € C*(Q) is a scalar function and g is a
two-form with coefficients in §P(02) for some (n — 1)/n < p < 1, we shall
say that v A du = g provided '

(B.17) lim / (vs A dug, ¥) dos = / (g, %) do,
129} anN

for each two-form 9 with coefficients in C*(82), where a := (n — 1)(p~! —
1) > 0. Recall that we do not make any notational distinction between
functions and forms with coefficients in hP(952).

Proposition B.6. The operators

(B.18) K* : p?(0Q2) — BP(092)
and
(B.19) v AdS : hP(002) — HP(0Q)

are well defined and bounded for each (n —1)/n < p < 1.

Proof. In dealing with the first operator, there is no loss of generality in
assuming that V = 0 on 2, which we shall do. Consider next f in L?(09Q),

say. Then

(B.20) 0,Sf€bP(0Q) and [10,Sfllgr(an) < CI(VSSF)llLrca0)-

As explained in the course of the proof of Theorem 7.9, this follows by adapt-
ing the results in [Wi] to the present context. Now, (B.20) and Proposition
B.5 imply that

(B.21) ” (—%I + K*) f < Cllfllgr (a0

bP(8Q?)

and, as far as (B.18) is concerned, the desired conclusion follows by the usual
density argument.
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The arguments for (B.19) is similar and we omit it. This finishes the
proof of the proposition. O

In closing, let us point out that by combining the result (1.13) with
Proposition 3.3, we deduce from Proposition B.5 an alternative proof of the
fact that K* and V7S are bounded operators on h1(6Q). Also, if M has
a metric tensor of class C1*" for some r > 0, then we can make use of the
following lemma below to give an alternative proof of the fact that K* and
V1S are bounded on §?(0N2) for 1 —e < p < 1.

Lemma B.7 ([CW]). Let (X, u,d) be a homogeneous space in the sense of
[CW], where d is the quasi-distance and p is the doubling measure on X.
Also, denote by 5P the class of atomic Hardy spaces associated with (X, u, d)
and let m stand for the measure distance, i.e., m(z,y) := inf{du(B) : z,y €
B, B ball}. Consider

(B.22) Tf(z) = /X ko) f@)duly),  zeX,

an integral operator on X. Assume that T is bounded on L*(X,dy) and
that, for some Cy,C1,0 > 0, the kernel satisfies

/]
) ke -kewis 6T o

uniformly for m(z,yo) > Cim(y,yo). Then there exists € > 0 so that
(B.24) T:$5° — HP  is bounded

for1—e < p< 1. If, in addition, Tf integrates to zero for f € L*(X,du),
then we may also take p=1 in (B.24).

Let us check that Lemma B.7 applies to, for instance, the operator K*
on hP(9€). Recall that its integral kernel is (v(z), d. F(z,y)), where E(z,y)
has been introduced in (1.7). From §2 we know that E(z,y)+/g(v) = eo(z—
y,v)+ei(z,y), where eg(2,y) is independent of V and satisfies (7.26) and, if
the metric tensor is C1*7 for some r > 0 then e (z,y) satisfies (7.25). Thus,
in the case under discussion, (B.23) follows by estimating the contributions
from eo(z — y,y) and e;(z,y) separately. Consequently, the operator K* is
bounded on hP(0N) for 1 — e < p < 1. There remains the situation when
p = 1. To this end, assume for a moment that V = 0 on Q. Since in
this case, by the divergence theorem, K*f has a vanishing first moment,
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V f € L?(89), the desired conclusion follows directly from the last part in
Lemma B.7. Now, a different choice of V' will (by the fact that eg(z — vy, y)
is independent of V' and (7.25)), affect K* only by a bounded map from
L1(8Q) into LPo(8Q), for some po > 1. By (1.39), this suffices to conclude
that K* remains bounded for p = 1 also. The argument for V.S is similar.
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