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1. Introduction.

We consider parabolic two-component systems of the form
(1.1) du = 02u — F'(u)

on the whole real axis —co < = < 0o where u = (u1,up) € R?, F(u) is a
given smooth non-negative potential which has the gradient F'(u) which is
Lipschitzean in u. We consider solutions bounded for all z,¢. Such solutions
include in particular z-periodic solutions.

Our main goal is to describe domains in the function space which are
invariant with respect to this equation, and which correspond to stable, spa-
tially chaotic patterns. Existence of such domains may model persistence
of spatially chaotic patterns in many natural phenomena. It turns out that
the spatial behavior can be very complex, and the complexity can be de-
scribed in terms of appropriate algebraic-topological notions. In the scalar
case when u = u;, constant solutions u = m, where m = const satisfies the
. equation F’'(m) = 0, play an important role. Solutions m; of this equation
divide the real line R! into a number of intervals ; = {u:m; <u<mipr}.
If initial data u(z,0) of (1.1) take value in only one of these intervals, then
it is well known that the Maximum Principle implies that the values u(z,t)
stay in this interval for all ¢t > 0 (see [13]). Hence, a geometrical partition of
R! explicitly defines a number of invariant domains in the function space of
initial data of (1.1). In the case of the two - component system we consider
here, the Maximum Principle is not applicable; the topology of the plane
differs from the topology of the straight line. Nevertheless, it is possible to
define geometrically domains in the function space that are invariant under
(1.1). Now an important role is played not by constants, but by special
time-independent periodic solutions of (1.1) which correspond to minimal
cycles of a corresponding Jacobian metric; the cycles determine “holes” in
the plane. These holes create a “soft obstacle” for dynamics (see Remark
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3.6); but if energy is bounded, this obstacle can’t be jumped over and creates
a topological restriction on dynamics and thus defines invariant domains in
the function space. Here we continue research started in [1], [4], [5].

In [1] it was proved that if the graph of F(u) has large enough bumps,
one can introduce a non-trivial topological space D’ in the u-plane. The
dynamical system S; generated by (1.1) that takes u(z,0) to u(z,t), which
is defined on z-periodic functions with period L with bounded energy has
topologically conserved quantities b = h(u(t)) where b is an element of the
fundamental group of the introduced space. The maximal complexity of b
depended on the size of the bumps and the bumps were assumed to be large
if the energy (and complexity) of solutions is large. In [4], [5] a connection
was shown between the homotopy conservation laws and properties of the
Jacobian metric v/2F ds. In the present paper we study the case when the
energy

L
£(u) = /0 %lazu|2+F(u)d:c

of solutions and their complexity is arbitrarily large or infinite (thanks to
unboundedness of L) and describe topological obstacles in intrinsic terms of
the Jacobian metric.

Steady-state solutions of (1.1) play important role in the dynamics. We
consider bounded solutions of the steady-state equation

(1.2) U-F{U)=0
which satisfy the Hamiltonian conservation law
(1.3) |0:U(z)|?/2 = F(U(z)) =0 Vz

that is U(z), 8;U(z) lie on a fixed level surface in R* of the Hamiltonian.
We take F'(u) = Fo(u) + p, Fo(u) > 0, so (1.3) fixes the arbitrary constant
 in the definition of the potential F'

The main object which is responsible for existence of extremely many
stable spatial patterns is a minimal cycle. We consider in this paper the case
when there exist several minimal cycles, that is closed geodesics C; = 0D;
which encircle non-intersecting domains D;. The cycles are contained inside
a larger domain Dy encircled by an external minimal geodesic Cp. We give a
very simple explicit sufficient condition for existence of a minimal cycle C;.
Let C3,C2, C! be three circles encircling disks D! € D? C D? centered at a
point P with radii 7y = 7/(7r+1),72 = r,73 = R respectively. Let F(u) > M
in D2\ D! and F(u) < m on C3. If vVMr/(m + 1) > Rm\/m then there
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exists a minimal cycle C; = 8D; encircling D;, C! C D;. Geometrically
this means that if this condition is fulfilled, the surface corresponding to
the Jacobian metric forms a mushroom which grows on the plane, and the
minimal cycle encircles its leg. This condition gives in particular a simple
criterion for existence of a periodic solution of (1.2). An external minimal
cycle Co which encircles Dy exists if F'(u) has also a “bump” at infinity, for
example if F(u)|u|? — oo as |u| — co.

We consider the domain D” C R?, D” = Do \ U™, D;. The fundamen-
tal homotopy group m1(D”,0) = m of the set D" is a free group with n
generators g; corresponding to counterclockwise cycles in D” around points
P, € D; starting from and ending in a fixed closed contractible base set o
(this set may consist of one base point P,); cyclic permutations of words in
the group correspond to homotopy classes of closed curves without a des-
ignated set o; the set of classes is denoted by 7. A generalized homotopy
element b € 7§° is given as a formal infinite product (irreducible word)
b= 12w gfl‘ without cancellations. Elements of m; are represented by
finite irreducible words.

Figure 1: A curve of class g7 2g3
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We construct solutions with a prescribed homotopy type b € m{° using
minimizers of Jacobian length. When the interval is infinite we prove for
any given b existence of stable steady-state solutions U(z),—c0 < < o©
of the equation (1.2) which belong to generalized homotopy classes b € 7°,
and finite restrictions of which minimize Jacobian length of the restriction.
Note that in geometry existence of minimal geodesics on a manifold in ev-
ery class of the fundamental group of the manifold is well-known starting
from Hadamard (see [8], [9], [14], [16], [21], [22] and references therein).
The strong influence of “big bumps” of the Riemannian metric on the man-
ifold on the topology of geodesics is also well known (see [8],[9]). Geodesics
which correspond to infinite products of generators are related to minimal
geodesics in a cover of the manifold (see [8], [9] and references therein).
The most deeply studied cases are the case of geodesics on a torus T2 and
on surfaces of constant negative curvature (see [3], [15]); in the mentioned
cases topology of the manifold is non-trivial from the very beginning. A
variational approach was recently applied in [10], [11] to construct chaotic
solutions of a Hamiltonian system on a manifold using the topology of the
manifold.

The natural Jacobian metric corresponding to the potential F'(u) from
(1.1) is defined on the plane R, apriori the topology in the u-plane is trivial;
also we do not assume any kind of hyperbolicity. Our paper is not aimed at
studying properties of geodesics, but we are trying to use ideas and notions
from geometry to study dynamics of curves in the plane generated by (1.1).
Since the dynamics of (1.1) cannot be reduced to geodesics (geodesics corre-
spond to equilibria of the parabolic flow), the main point of our research is to
find robust properties of geodesics and robust relations between properties
of geodesics and properties of general curves which are close to them; these
relations have to be stable under the dynamics of (1.1). We managed to do
that through introduction of a non-trivial topology in the u-plane related to
existence of minimal cycles.

Together with steady-state solutions U(z) — minimizers with a given
homotopy type b — we consider initial data «(0) which are close to U in the
sup-norm of C(R) and which have local energy density close to that of U,
namely

o0
/ |F(u(0,2)) + |8:u(0,2)*/2 = F(U(z)) — |0:U (z)[*/2lde < B.
We prove that the generalized homotopy type b is preserved under dynamics
u(t) of (1.1) (in fact B may be not small if F'(u) is large enough inside D;
). We show that an approximate Hamiltonian conservation law holds for
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solutions of (1.1):

(1.4) / - (\/2Fo(u(a:, 1) + 25 — |9zu(z, t)|)2dx <20 V20

Here 60 does not depend on t; convergence of (1.4) implies that
2Fo(u(s, 1) + 241 — |B,u(z, B2

can be not small only on a subset of the real line with a finite Lebesgue
measure; note that (1.3) does not hold strictly for non-equilibrium solutions
of (1.1).

So we classify essentially different invariant classes of (1.1) by two pa-
rameters: Hamiltonian value p = |8,U|?/2 — Fo(U), which is a continuous
parameter (clearly convergence of (1.4) fixes y for solutions of (1.1) like (1.3)
fixes it for solutions of (1.2); and by the generalized homotopy type b € 7f°
which is a parameter of spatial chaos. We study the relation between the
homotopy complexity of the solutions restricted to an interval —L < z < L
and the length of this interval. The number N (L) of homotopy different
restrictions of solutions to a segment of length 2L can be estimated in terms
of quantities similar to entropy. We introduce the following characteristics
of complexity:

0 < hy =lim inf InN(L)/(2L) <lim sup InN(L)/(2L) = h*.
L—oo L—oo

We call h* and h, upper and lower complexity respectively.

As an example we consider the case of a special potential when the
potential F'(u) = F(u,d) is constant outside two very narrow circular rings
with width d and has a small variation in the ring. In this case |h*—ho+/2u|+
|hx — hoy/2p| = O(d) and hyg is a solution of the equation

6_h°w + 6_h0y + e—hoz =1

where w, y, z are lengths of common tangents to the two circles (in the limit
d = 0) and circular arcs between them (see Section 7 for details). To find this
estimate we used topological entropy of the suspended flow (see [25]). Since
spatially periodic solutions are of special interest, we estimate (in the case
d = 0) their number Np,(L). The number Np.-(L) of homotopy different
spatially periodic solutions with period not greater than L is of order

ehOL\/iﬁ
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for large L. Note that we consider the case when the diffusion coefficient
multiplying 62u is v = 1; the general case is reduced to this by changing z
for v/vz. So in the above formula L is a dimensionless length related to the
length scale /v. In case v # 1 one has to replace u by p/v.

2. Reaction-diffusion systems with a positive potential.

We consider the system (1.1) where F'(u) is a potential which has the prop-
erties described in the introduction, in particular F(u) = Fo(u) + u, Fo >
0, > 0 with a fixed p. So

(2.1) F(u)>p >0, YueR2

Later we show that it suffices to impose this condition only for a bounded
set of u rather than for all u.
We impose either L-periodic boundary conditions

(2.2) u(0,t) = u(L,t)
“or Dirichlet boundary conditions
(2.3) u(0,t) = p1, u(L,t) = pa.

Later we consider the equation on the infinite interval.
The energy of a solution on a finite interval is given by the formula

£(u) = /0 g B- 18,2 + F(u)] dz.

The energy equation for solutions of (1.1) with periodic or Dirichlet bound-
ary conditions is

T pL
2.4) Eu(T)) - £(u(0)) = — /0 /o 16,u|2dzdt.

The norm in Sobolev spaces H; is defined by ||ul|2 = [|(—=82)%/2u|>+ ||u||?
where ||u|| is the Lo-norm of u. The space C([0, L]) has the usual sup-norm.
By the Sobolev embedding theorem H; ([0, L]) C C([0, L]).

The following two theorems hold for equation (1.1) with periodic or
Dirichlet boundary conditions.
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Theorem 2.1. For any initial data w(0) € H1([0, L]) which satisfies either
periodic (2.2) or Dirichlet (2.3) boundary conditions there ezists a unique so-
lution u(t) = u(z, t),u(t) € Ha,t > 0, of (1.1) with periodic (2.2) or Dirichlet
(2.3) boundary conditions respectively. It satisfies the energy estimate

(2.5) E(u(t)) < Em(0)) VYt>0.

The proof of existence is based on the Galerkin method and is standard,
see [6]; the inequality follows from (2.4).

Therefore (1.1) generates a semigroup of operators S; : u(0) — u(t)
which acts in H;([0, L]).

The following theorem is standard, see [6], [13].

Theorem 2.2. For every 3 > 0 and every non-empty closed invariant sub-
set E(B) C {€(u) < B} bounded in C([0, L]) the semigroup S; generated
in Hy by the equation (1.1) has a global attractor A(B) which contains an
equilibrium point U such that the energy E(U) = inf ep ) £(v). In particu-
lar, for every bounded in C([0, L]) solution u(t),t > 0 of (1.1) there exists a
solution U of (1.2) which belongs to the omega-limit set of u(t).

3. Minimal cycles.

We introduce the Jacobian (or Fermat-Maupertuis) functional

. L
J(u)=/0 V 2F(u) |0z u|dz,

the value of this functional is determined by the graph of the curve v and
does not depend on its z-parameterization, so

7w= [ " EF(s) |du(s)|.

Here u(s) = u(z(s)), fssl'“’ |du(s)| is the Euclidean length of the curve. If the
natural parametrization |du(s)| = ds is used, the Euclidean length equals
sg — s1, 51 can be taken arbitrarily. Here z(s) is a monotone function,
z(s1) = 0, z(s2) = L. We consider functions u(z(s)) with bounded variation.

Very often we use a parametrization which does not coincide with the
natural and take s; = 0,s9 = 1. For any curve, for which such an integral
is not defined, we put J(u) = +o0.
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The functional J determines a Jacobian length and a Riemannian
metric on R? with the tensor v2F 0;; where d;; is the Kronecker sym-
bol. Jacobian distance between two points Q;,Qs € R? is given by
dist7(Q1, Q2) = inf, J(u) where u(s) connects Q1, Qa.

Very often, abusing notations, we write u(s) instead of u(z(s)); the
parametrization by s is not necessarily the natural Euclidean parametriza-
tion. We also use the letter u to denote functions u(z) as well as points in
the u-plane. The sense of notation is clear from context. Obviously,

L
(3.1) J(w) + % /0 (\/2F(u(:c)) . |azu])2 dz = E(u)
and
(3.2) J(u) < E(v).

Definition 3.1. Let a smooth simple Jordan curve C; bound a domain D;,
C; = 0D; (we always take open domains D; and denote by D; their closure).
It is called a minimal cycle if it has the following minimality property. For
any closed cycle I" which lies in an e-neighborhood O(C;) of the cycle in the
u-plane, ' C O,(C;) N D;, once encircles P; € D; \ O¢(C;) and has a point
Q strictly inside D; at distance €; from C; the following inequality holds:
J(T) > J(C;) + €2 where e > 0 depends on €; and does not depend on I'.

Definition 3.2. A cycle C; encircling D; is called #-stable (with 6 > 0 )
with respect to a cycle C} = 8D}, D} C D;, if for any curve I'’ = u(z), 1 <
& < x5 which lies in D; \ D} and T® N C} # 0 there exists a homotopy
I, 0 <t < 1 of this curve inside the ring D; \ D} which does not change
points of I'® N C; such that I'* ¢ C;, J(I'°%) > J(T?) +6.

Remark 3.1. A minimal cycle C; is es-stable with respect to a cycle C}
which can be chosen arbitrary close to C;, with €3 depending on the distance
between C} and C;. This follows from the following lemma.

Lemma 3.1. Let C; be a minimal cycle which encircles D;. Let u%(z),z1 <
z < o be a curve which lies in O(C;) N D;, with endpoints on the cycle
w0(z1) = Q1 € C;, u¥(z2) = Q2 € Ci and one point u®(zp) = Q strictly
inside C; at distance ¢; > 0 from C;. Than there ezists a homotopy u*(z) in
0.(C;) N D; which transforms the curve into the curve u!(z) with the same
endpoints ul(z1) = Q1, ul(z2) = Qo which takes values in C;. There ezists
a number ez > 0 which depends only on €; such that J(u!) < J(u®) — ea.
The same is true for closed u® without points on C;.
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Proof. The reason we need a proof is that in the definition of a minimal
cycle the curve T is a cycle which once turns around D, and here we may
have many turns.

Since the ring A = O(C;) N D; is homeomorphic to the product
Ci x [0,1/2] we take the homotopy H(t),0 < t < 1/2 defined on the ring A
which shrinks [0, 1/2] to {0}; it is the identity function on the boundary C;j,
H(0)(A) = A, H(1/2)(A) = C; = C; x {0}. Let I' be the arc of C; with
endpoints Q1, Q2 which forms together with «° an oriented cycle G° (cycles
C; are always oriented counterclockwise, orientation of u° is determined by
its parameterization). The curves G® and G! = H(1/2)(Go) have the same
homotopy type g{* where a equals to the rotation number around D;. The
closed curve G° is parameterized by z; < z < z3 (22 < z < z3 is a parame-
terization of I'). We identify z; and x3. The curve G1(s) = H(1/2)(G%(s))
has the induced parameterization. We introduce the coordinate ¢ on C;
which is proportional to the Euclidean distance from u%(z;) along the curve
in the counterclockwise direction and is normalized so that ¢ and ¢+ 27 are
coordinates of the same point. The standard curve G2 C C; is obtained by
passing a times along C; with a non-zero constant speed, it is given by the
formula ¢ = ¢2(z) = 2ra(z — z1)/(z3 — z1); we use the same parametriza-
tion for I'. We have J(G?) = |a|J(C;). There is a homotopy in C; which
connects G and G? (since they are from the same homotopy class; the fun-
damental groups 7;(R?\ D;) and 71(C;) are naturally isomorphic, they are
given by the rotation number). The curves G; and Gs are written using the
coordinate ¢ as ¢1(z) and ¢o(z) respectively with ¢1(z1) = ¢2(z1) by def-
inition, ¢1(z3) = ¢2(z3) = ¢1(z1) + 2ar since they have the same rotation
number. The homotopy connecting them is given by t¢1(z) + (1 — t)d2(z);
it is the identity function on z2 < z < z3.

We take as u! the curve which represents G2 and is composed of the arc
I' = C; \I" and |a| — 1 cycles C;. Its length equals

(3.3) J(u') =l T(Ci) = T ().
Now we give a lower estimate of J(G°):
(3.4) J(G% > |a|T(Cs) + e

This estimate follows from the definition of a minimal cycle when || = 1
( closed curves with || = 1 we call elementary). In the general case we
will show that G includes at least |a| elementary curves, and one of them
passes through @; this yields the estimate. First we make general remarks.
Consider a closed curve u(s), so < s < sg in D; which has a finite Jacobian
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length, lies in the ring A and has a non-trivial homotopy type b = g with
a fixed a # 0 with respect to a point P; € D; \ A (we denote the set of such
curves by Zp). The curve may have self-intersections; if |a| > 1 the curve
must have self-intersections, since by the Jordan’s theorem a simple curve
is a cycle for which o = +1.

An interval [s4, s5] C [so, s¢] is called a rest interval if u(s) = u(ss) Vs €
[s4, s5]; for every rest interval we can find a maximal rest interval which
contains it. An interval [s, s2] C [so, s¢] is called a loop interval if u(sg) =
u(s1) and there exists sg € [s1, s2] such that u(sg) # u(s1). We call the loop
interval [s1, so] simple if for every two points ss, s4 such that s; < s4 < s5 <
s the equality u(ss) = u(s4) implies that [sq4, s5] is a rest interval. If the
homotopy class on a loop interval [si, so] with respect to P; is trivial we call
this interval non-essential (see Fig. 2 where a loop which corresponds to a
non-essential loop interval is shown).

If we have a loop interval [s1, s3], we can modify a curve by a cut-off
operation eliminating the loop, that is by putting u(s) = u(s1),s1 < s < s9
without changing the curve outside the loop interval.

The cut-off operation does not increase Jacobian length and variation; if
the interval is non-essential it preserves the homotopy type. Such operation
allows to obtain from a given u(s) a curve u(s) which has the same type
and has no non-essential loop intervals. It is clear that if the original curve
has a finite number of self-intersections, we can replace non-essential loop
intervals by rest intervals in a finite number of steps.

non-essential
loop

I"”
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In the general case we introduce a partial ordering in the set Zp. We
say that u >> v if u(s), v(s) are defined on the same interval [so, sg], every
rest interval or non-essential loop interval of u is a rest interval of v and
u(s) = v(s) outside rest intervals of v. Starting with a given u and applying
the above modification we obtain in the limit as a minimal element %(s)
which has no non-essential loop intervals and the corresponding curve GP°.
The homotopy type of G° is not changed, h(G°) = h(G?) = o

Every simple loop interval of u(s) has a graph which is a simple Jordan
curve without self-intersections and by Jordan’s theorem the loop belongs
to the class gf:l. Since the type of an essential loop is gz?bl, after applying
" the cut-off operation to a simple (essential) loop interval the homotopy type
o is changed by +1. The Jacobian length of a deleted simple loop is not less
than J(C;) by definition of a minimal cycle. We have self-intersections and
may continue the cut-off operations as long as |a| > 1 by Jordan’s theorem.
After N — 1 cut-off operations we have only one loop interval (the number
N of such operations is finite since v = % has a finite length), and the
resulting curve is of the class @ = +1. Therefore we obtain the inequality
J(G% > NJ(C;). We need at least || subtractions of 1 from « to get
zero, so N > |a|. Therefore we get J(G°) > |a|J(C;), which is a weaker
version (with e = 0) of (3.4).

Consider now the point s = s, u(ss) at distance €; from C;, it lies on
one of the simple loops. We have s, € [s1, s2] with u(s;) = u(sg). The loop '
may be non-essential, therefore we take such s3 > so,u(s3) = u(s;) that the
homotopy type of u(s) on [s1, s3] is giil; the Jacobian length of this loop
G%" is not less than J(C;) + €2 by definition of a minimal cycle. Cutting off
this loop we obtain a curve G of class o F 1. Applying the weak version of
(3.4) to G we get J(G”) > |aF1|J(C;). Since J(G°) = J(G”)+T (G
we obtain (3.4). Comparing (3.4) with (3.3) we obtain the assertion of the
lemma. O

Consider now the case when we have several minimal cycles. From now
on we fix the following notations. We denote by D;, D},i = 1,...,n n pairs
of open domains in the plane, the boundary 8D; = C;,0D} = C} of every
domain is a simple Jordan curve; e-neighborhoods of the domains do not
intersect: O¢(D;) N O¢(D;) = 0 when 1 < i < 5 < n. We denote by P,
a point such that P, € D} ¢ D} c D;. We assume that 8D} lies in an
e-neighborhood of OD; (see Remark 3.1). By C; we denote cycles which are
minimal and 6-stable with resect to C},i = 1,...,n. (Sufficient conditions
for existence of such cycles are given later in this section).
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Definition 3.3. We denote by Z the set of closed continuous curves u(s)
(parametrized by s € [0, 1], u(0) = u(1)) which do not intersect D} and have
- finite Jacobian length. We denote for b € 7} (R? \ U7D}) by Z; the set of
curves from E which belong to b and put

£*(b) = inf J(u).
UuESy
The same definition applies to curves with fixed endpoints when b € 7.

Definition 3.4. We denote by =Z'([0, L]) and =} ([0, L]) the set of functions
u € H;([0, L]) which have graphs from = and Z respectively.

Theorem 3.1. Let C;, i = 1,...,n be the §-stable cycles described above; let
b € m; be the homotopy class of closed curves. Then the sets =, ([0, L]) N
{€(w) < L} where L < £*(b) + 6 are invariant with respect to the flow
defined in H1([0, L]) by the parabolic equation (1.1) with periodic boundary
conditions. Similar statement holds for the Dirichlet boundary conditions
when b € m1. The following approzimate Hamiltonian conservation holds:

(3.5) /0 ’ (VEFu(@) - |a,u|)2dx <28,

Proof. We consider the case of periodic boundary conditions. Consider the
set EpN{J(u) < L} where L < £*(b)+6. According to Definition 3.2 every
curve u(z) from this set lies strictly inside R?\ D}, u(z) NC! =0 Vi,u,z.
Indeed, assume the contrary, namely let there exist a curve u such that
u(s4) € C}. Since C} C D;, we have two possibilities. Either we can find an
interval [s1, so] containing s, such that u(s) € D; for s; < s < s9, u(s1) =
@1 € Ci,u(s2) = Q2 € C;, or the curve does not intersect C;. We consider
the first case. We fix s1, s2 and denote the curve I'g on the segment [s;, s3] by
us(s). By 6-stability we have a homotopy on [s;, so] which takes u,(s) into
ul(s) with J(us) > J(ul) + 6. We do not change u(s) outside [s1, s, and
ut(s),t € [0,1] do not take values outside D; and therefore do not intersect
C},j # i. So we have a homotopy in R? \ ULD} of u(s) into u!(s) which
decreases the Jacobian length by 6, so J(u!) < £*(b) which contradicts the
definition of £*(b). In the second case we again use f-stability and obtain
the same contradiction; thus u(s) cannot have points on C}.

Therefore Z;([0, L]) N {£(u) < L} is invariant with respect to the flow
defined in Hj by the parabolic equation (1.1). Indeed, u(t) is a continuous
function of ¢t and by (2.5) £(u(t)) < £(u(0)) < L. If u(to) € Ei([0,L]) N
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{€(u) < L} then its graph is at positive distance from all C}; therefore it
is true for ¢ < to + €. Hence the set T of ¢ for which u(t) € Z,([0, L]) N
{€(u) < L} is open. On the other hand, the set Z,([0,L]) N {€(u) < L}
is closed in H1([0,L]) since &£(u) is continuous, Hi([0,L]) C C([0,L]) and
~ the set R?\ D} is closed. Thanks to continuity of u(t) and closedness of
2,([0, L)) N {E(u) < L} we conclude that T is closed. Therefore this set is
all t > 0.

Inequality (3.5) follows from (3.1) since u(t) € ([0, L]) and J(u(t)) >
2*(b). a

To make ideas transparent and geometrically obvious, we give now as
an example a special type of a potential when minimal cycles are explicitly
given. We discuss this example in more detail in Section 6.

Example 3.1. We fix two points P;, 2 = 1,2 in the plane (uj,u3) at the
distance 2a > 0; fixing the coordinate system we take the points on the
uj-axis, P, = (—a,0),P, = (a,0). We denote by D;(r) discs of radius r
centered at the points P;, D;(r) = {|lu — P;| < r}, r < a. We fix r3 < a and
assume that the function F'(u) in the r3-neighborhoods D;(r3) of P; depends
only on 7 = |P; — u|, we denote

(3.6) F(u)=f(n) whenn=|u—PF|<rs.

We also assume that there exists 1o, 0 < 79 < 73 such that the function
1v/2f(n) has a strict minimum at this point,

(3.7) v 2f(n) > nov/2f (o), Yn € [no — €,m0 + €], # no.

Lemma 3.2. Let (3.7) hold. Then |u — P;| = no is a minimal cycle.

Proof. Let (n(z), #(z)) be the polar coordinates of a curve in D;(n). Let
n(z1) = n(z2) = no,n(z) < Mo,z1 < £ < z3. One can write the Jacobian
length of a piece of the curve in the polar coordinates at P, on the interval
when n <73 as

T() = / /o) Beuldz = / " V@) (@) + @)

First, we can replace the piece of the curve by a curve with monotonely
varying ¢(z); indeed, if ¢(z) has a local maximum at z¢ € (z1,z2) we have
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é(z}) = ¢(zh) = ¢o for some points z}, zh close to z¢ and we put ¢(z) = ¢o
on (zf,z5). Since

[ VATG@D [ e+ - @] de > 0

the resulting length is smaller. So we assume that ¢(z) is monotone on
(z1,z2). Since it is a cycle, the variation Ay of ¢ is not greater than 2.

If we replace 7(x) by o, we replace 7 by 0 and 1/2f(n)n2 by v/2f (n0)n3,

we obtain for the new curve u
(8 T -I@ = [ |VIRW 1o +of* - 2T e | d

which is not less than

(3.9) \/m/ [ L+ —1}|¢|dx
+/zl [‘/W—\/w(n—o)n%] | dz.

Here 7'y = 7//¢’ = dn/d¢. The first integral is not less than the difference
of two lengths. The second length Ay < 27 equals the variation of the
angle ¢ and can be considered as the length of the interval 0 < ¢ < Ay
in the (¢, Inn)-plane. The first length is the length of the continuous curve
Inn(4) — Inno in this plane. Let zo be a point of maximum of |Inn(é(z)) —
Inno|, |In(n(é(zo)) —Inno| = €3 > 0. If the curve intersects the cycle n = 7o
this difference is minimal when the curve forms an isosceles triangle and is

not less than 2 [e3 + 2] Y2 _ 9x. Therefore,

T(w) — T (@) > e2 = 2/2f (no)nd ([ + 7%]/* = 7).

If the curve does not intersect the cycle n = np and lies strictly inside, let
n1 be the maximal value of 7 on the curve. In this case the variation of ¢

is 27 and the first integral is estimated by 2+/2 f(no)ng ([e3 + m2] 12 7r)
with €3 = | In(n(¢(z0)) — Inn1| > 0. The second integral in (3.9) is not less
than

2 [\/ 2fi(m) — \/2f (770)?73] I, fi(m) = ming—e<n<n f()7°
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Since fi(m) is a continuous function and fi(m) > f(no)ng for m < mo we
have

)

In(n(é(z0)) — lnm| +2 [\/271 ) - \/2f(no)n3]

for n(¢(z0)) < m < no with e > 0. This gives the minimality property. O

Now we give a sufficient condition for existence of a minimal cycle in a
general case.

Definition 3.5. Let C! = 9D, C2? = 9D? be two non-intersecting simple
Jordan curves (cycles) which encircle domains D!, D? respectively, D' c D?,
let B = D2\ D! be a closed band with the boundary 8B = C! U C2%. We
say that the size of B is not less than (p if the following two conditions are
satisfied. First,

(310) e o 8t (@4@Y) 2 o

Second, there exist two sets By, Bo C B such that B\ B; and B\ By are
contractible (a set X is contractible if there is a homotopy of X into X
which starts as identity and ends as a constant) and

(3.11) inf  distz(ut,u?) > Go.

ul€B1,u2€Bs

The distances dists in both formulas are taken in the band B, that is using
the curves confined to B.

Example 3.2. Let P, be a given point, F(u) > M when |u — P;| < ro. We
take C! = {|u — B;| = m}, C2 = {|u — B;| = r2}, r1 < r2. Condition (3.10)
takes the form v2M(rq — 1) > Bo. We introduce polar coordinates 7, ¢
with the origin at P;. We take as Bj the straight line segment originating at
P; at the angle ¢ = 0,71 < < r9. As By we take the symmetric segment
¢ = w71 < n < ra. Obviously, (3.11) takes the form mv2Mr; > Bo. To
maximize By we take r; = ro/(m + 1). Therefore the size of B for such a
metric J is not less than v2Mren/(w + 1).

We will use below the following simple lemma on the Hamiltonian
parametrization.
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Lemma 3.3. For a given smooth curve u(s) on which F(u(s)) > p there
ezxists such a parameterization u(z),0 < z < L that

J(u) =E(u)
and
lE(u)2 1
(3.12) 2% (w) <L< QZJ (u)

where lg(u)is the Euclidean length of the curve u.

Proof. We assume (1.3); by (3.1) J(u) = £(u) in this case. From (1.3) we
obtain the equation for the Hamiltonian parameterization

dz 1
ds — \/2F(u(s))

where s is the natural Euclidean parametrization of the curve. This gives

- /12 \/2F(‘1(su(s))'

Since F' > pu, we have

oF(u(s)) - 2u

/ V2F(u(s))ds J(u)

Hence, we have the second inequality in (3.12). On the other hand,
L
Ip(u) = / |Bpuldz < LY2(28(U)) /2
0

and the lemma is proven. O
First we consider the case when only one D} is given, that is n = 1.

Theorem 3.2. Let D} be encircled by a band B with size not less than (.
Let a cycle C® = 8D3 with D} ¢ D3, J(C®) < 2B8o. Then there ezists a
minimal cycle C; encircling P; € D}, this cycle is 0-stable with respect to
C} with = 20 — J(C?). It determines, with the parameterization (1.3), a
solution of (1.2).
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Proof. The cycle C3 is f-stable with respect to C} on curves of class g;hl.
Namely, let a cycle g which lies in D3\ D} and once encircles D} have a point
Q1 € C} NTy. There are two possibilities. First, there is a point Q' € Ty
which is outside D2. In this case there is a point Qo € C2NTy. We have two
arcs on I'g which connect Q; and Qs, their subarcs connect C} and C? and
(3.10) implies J(I'9) > 2Bo. The second possibility is I'o ¢ B = D2\ D}. In
this case I'g has to intersect B; and Bs. Indeed, the set B\ B! is contractible
in B and Iy is not, so we have a point @} € ['yNB;. Similarly, Q5 € T'oN Ba.
We have two arcs on I'g which connect Q] and Q5 inside B and (3.11) again
implies J(T'o) > 28,. Since Ty once encircles D} it has the same homotopy
type as C3, so there is a homotopy connecting them in R?\ D}; since D3\ D}
is a retract of R? \ Di1 there is a homotopy in D3\ Di1 . Since J(Tg) > 200
we obtain J(To) — J(C?) > 8 with § = 23, — J(C?®), so C? is §-stable.

Consider the set 29 of all curves which encircle once D}, that is have
a homotopy type g} € m1(R2\ D}), let £* = £*(g}) be the infinum of their
Jacobian lengths, we have £* < J(C3) < 2B8,. We take a smooth cycle
CI, J(CI) < £* + €¢j,¢; — 0. Using Lemma 3.3 we parametrize C7 to
obtain a periodic function u(z) with period L; which satisfies (1.3) and
with E(u) = J(u) < F+¢. If B < €5+ let E(Lj,ﬂ) be a subset of
{u € Hy([0, L;]), £(u) < B} consisting of these functions whose graphs once
encircle D} (belong to E9). We can apply Theorem 3.1 to E since we need
f-stability only with respect to curves of type g3.

By Theorem 3.1 the set E is invariant: u(t) € E,t > 0; moreover, it is
bounded in C([0, L;]) since from boundedness of €(u) follows a bound for the
Euclidean length of the graph of u and the graph encircles P;; therefore the
statement of Theorem 2.2 holds. So we have a global minimizer U; of £(u),
E(U;) < €* +¢;. We have L; uniformly bounded from below and above
(Lemma 3.3) so we choose a convergent subsequence L; — L; functions
v¥(z) = Uj(zL;) uniformly bounded in H1([0,1]) since £(U;) are bounded,;
v? are solutions of rescaled (1.2) :

L7?920 — F'(v') =0,0<z < 1.

Therefore they are bounded in C2([0,1]). Passing to the limit as ¢; — 0
over a subsequence we obtain in the limit a periodic solution v € H; ([0, 1]).
Such a solution belongs to C2([0,1]). Therefore we obtain U(z) = v(z/L),
EWU) = J(U) = £*. So we have obtained a smooth solution U of (1.2)
which is a global minimizer of Jacobian length from the homotopy class =9,
J(U) = £ it represents a smooth simple Jordan curve. Equation (1.3)
holds for U since it holds for U;. The curve U(z) has no self-intersections
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since by cutting off the extra cycle at a self-intersection we can make J(U)
smaller.

The derivative 8,U(z) # 0 by (1.3) and (2.1). So the curve C; =
graph(U) is smooth. The curve may be non-unique, so we take such that
the area bounded by the curve is minimal. Clearly, the minimum is attained
since the area is a continuous function of v € H;([0,L]) and L and the set
of considered solutions is compact in H1([0, L]).

Now we prove that the U(z) defined above determines a minimal cycle.

Consider for a given point Q inside C; with dist(Q, C;) > all curves T’
from =9 which pass through Q. Let v(Q) be the infinum of J(I") over such
T. It is attained on a solution U*(z) of (1.2), U*(0) = U*(L) = Q,U* € E,
J(U*) = v(Q). One deduces it as above considering the same invariant set E
of functions as before but subjected to an extra condition u(0) = u(L) = Q.
This condition corresponds to the case of Dirichlet boundary conditions in
Theorem 2.2. The infinum ~(Q) is strictly greater than J(C;). To show
this, assume the contrary, v(Q) = J(C;). First, the curve U* cannot have
common points with C;.

Indeed, every two arcs with common endpoints of any two geodesic cycles
which are global minimizers from = have the same Jacobian length (oth-
erwise we could decrease the lengths of a cycle by interchanging the arcs).
If the lengths are equal, interchanging the arcs we again obtain minimal
geodesics from E?. The curves obtained by interchanging may have corner
points. Since every minimal geodesic is invariant under the parabolic flow
for some L and the flow decreases lengths of non-equilibria, the minimizer
so obtained should be a smooth curve. Therefore the curves at points of
intersection have to be tangent. They are solutions of (1.2) with the same
value of u at z = zo; thanks to the tangency they have collinear values of
0z u(zo); Hamiltonian conservation (1.3) implies that |0zu(zo)| is the same.
Their orientation is the same. Therefore solutions of (1.2) coincide. If the
curves have only one common point they again are tangent and coincide. So
the only possibility left is a curve U* which does not intersect U at all. But
in this case it lies inside C; and bounds area smaller than C; which contra-
dicts the definition of C;. So y(Q) > J(U)+e¢2, with €, > 0 depending on Q;
so C; is weakly minimal. Now we consider €2 = inf(e5(Q)) with the infinum
over Q from the closed set Y = {dist(Q,C;) = n'}; we have eg > 0. We
prove this from the contrary as before, assuming that ez = 0 and choosing
a convergent sequence U*(Q;) of the above solutions with Q; — Qo €Y,
€y — 0. We get J(U(Q;)) = J(U(Qo)) = J(Ci), but this contradicts the
weak minimality. So C; is minimal.
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The cycle C; is 6-stable with respect to C}. Note first that if there is a
cycle T in the band between C® and C}, J(T'9) > J(C;) by construction
of C; as a global minimizer. After that we apply the proof of Lemma 3.1 to
the case when a general curve I has a point on C}, hence one of the cycles
formed by self-intersections has length not smaller than J(C;) + 6, and all
other have Jacobian lengths which are not smaller than [J(C;). This implies
the #-stability. O

Remark 3.2. In the situation of Example 3.2 if F(u) < m when |u—P;| =
R,R > 79, a sufficient condition for existence of a minimal cycle which
follows from Theorem 3.2 is

VMry/(m +1) > Rym.

In this case the cycle C} is given by |u — P;| = ro/(m + 1).

If we have several bands with large sizes and encircling them cycles
with small Jacobian lengths, we obtain existence of several non-intersecting
minimal cycles.

Theorem 3.3. Let D} be encircled by bands B; (bounded by C} and C? such
that D2ND? = § for k # i ) with size not less than B;. Let cycles C3 = D3
satisfy D} ¢ D? c D} and J(CP) < 2B;, and assume that D N D3 = 0
for k # i. Then there exist minimal cycles C; encircling D; C D?. These
cycles are 8-stable with respect to C} if § < 2;— J(C3) fori=1,..,n. The
domains D; do not contain points of cycles C},k # i; moreover, CxyNC; = 0

for k # 1.

Proof. The proof is similar to the proof of Theorem 3.2. Now we minimize
Jacobian length in the class of curves which have homotopy type g} in R2\
UPD} and not in R?\ D} with one fixed i as we did in Theorem 3.2. We
take in the proof €¢; < 6/2, so a quasi-minimizing curve » in R? \U’fD,% with
J(u) < £* +¢; < £* 4 0/2 does not intersect with C',%,k # 7. Indeed, if a
piece of the curve u(s) intersects C} that is u(s«) € C}, it has to intersect
C3 (otherwise it would lie in D} and its homotopy type can’t be g} since
D3 is contractible in R? \ D}). Therefore u(s) € D} for s; < s < sg,
u(s1) € C3,u(se) € C2. It has two arcs connecting C§ with C}; these arcs
intersect C7, therefore their Jacobian length is not less than (. Replacing
the piece of the curve on [s1, s2] by the arc of C§ between points u(s1) € u(s2)
we decrease the Jacobian length at least by 28 — J(C?) > 6 and the
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resulting length is less then £*(b). Since the replacement can be included
into a homotopy in the ring between C§ and C}, the homotopy type of this
curve is again b = g} and we obtain a contradiction with definition of £*(b).
Proceeding as in Theorem 3.2 we obtain a minimizer which gives a minimal
cycle C; for every i. The cycle C; does not intersect C}, k # ¢ and is 6-stable
with respect to C’il. If two minimal cycles Cr and C; intersect, we see as
before that the arcs between intersection points should have equal lengths;
but this contradicts minimality. Like in the proof of Theorem 3.2 we show
that tangency is also impossible. g

Remark 3.3. We may consider a plane as a sphere with a deleted point at
infinity, and take a neighborhood D} = ||R? \ Dy of infinity as exterior of a
cycle Cp; we also take another neighborhood Dcl,' of infinity which is bounded
by a cycle C} C Dj. Below we show that minimal cycles C;,i = 1,..,n
exist inside the external minimal cycle Cp. This observation allows to relax
condition F(u) > u for all u, see below for details.

Theorem 3.4. Let D3 C D C D}. Let an external band By with size By be
bounded by cycles C},C% (C} outside C2). Let F(u) > p > 0Vu € D}, that
is inside C}. Let bands B;,i = 1,...,n with sizes 3; be encircled by cycles C’f’
and all C'?,i =1,...,n be inside DS.

Let J(C?) < 26:,i=0,1,...,n. Then there ezist minimal cycles C;,i =
1,...,n such that the domains D;,i = 1,...,n encircled by them do not inter-
sect and they lie inside an external minimal cycle Co which lies inside C}.
The cycles C;,i = 0,1, ...,n are §-stable with § = min;—o,._n(26; — J(C}))
with respect to C}.

Proof. The proof is similar to the proofs of Theorems 3.2 and 3.3. First
we extend F(u) > u outside C}. Then we prove existence of minimal non-
intersecting cycles C;,i = 0,1,...,n like in Theorem 3.3; the cycles are 6-
stable with respect to C}. Since all cycles constructed are inside C§, the
values of F(u) outside C} do not influence the minimality and 6-stability
properties of all C;, 2 =0, ..., n. O

Remark 3.4. If F(u) > M = M(R;) when |u| > R; we can take as C3 the
circle |u| = Ry where Ry is large enough to include all C; and is fixed. We
take the band By = {R; < |u| < (m + 1)R;1}. Then the size of the external
band is not less than v2M7Ry; if R2M(R;1) — oo when R; — oo the size
becomes arbitrarily large when R; is large.
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Definition 3.7. We denote by Z/([0, L]) and Z; ([0, L]) the sets of functions
u € Hy([0, L]) which have graphs from Z and =}, respectively.

The sufficient conditions for existence of minimal cycles we give above
imply that if a potential Fp(u) has a critical point P, then there exists a
perturbation of this potential, which has an arbitrarily small C%-norm,
such that the perturbed potential has arbitrarily many minimal cycles near
the point Pp. This shows that existence of many minimal cycles is typical.
Note that in the following theorem we discuss properties of the potential
Fo(u) only near the point Py. We also do not assume that Fo(u) is positive
as we do everywhere else.

Theorem 3.5. Let n = m? with an integer m. Let |Fo(u) — Fo(Po)| <
Kolu—Po|®, go > 1 when |u—Po| < do; let p = pE*Ko. Then for sufficiently
small po > O there ezists a function ¥(u) >0, ¥(u) =0 when |u— FPo| > po
and

I¥ler < K'pf~"n

which has the following property. The Jacobian metric corresponding to the
potential F(u) = Fo(u) — Fo(Po) + ¥(u) + p has n minimal cycles contained
in an external minimal cycle which is inside the domain |u — Py| < po.

Proof. We take Fy(Pp) = 0 for brevity. First, the potential F'(u) = Fo(u) +
p>0ifn = |u—Po| < po = (u/Ko)'/%. Let ¥o(n) be a smooth non-negative
function, ¥o(n) = 0 when || < 1/4,¥o(n) > 1 when 1/2 < |n| < 3/4. Let
¥ (n) be a smooth non-negative function, ¥1(n) = 0 when |n| > 1,¥;(n) > 1
when |n| < 1/2. Let m > 1 be an integer, p1 = po/(8m) and B;,i =
1,..,m,n = m2 be points in Do = {|u — Py| < po/4} such that their p1-
neighborhoods do not intersect and lie in Dyo. It is always possible to find n
such points. Now we put

F(u) = Fo(u) + Mo%o(|u — Po|/po) + 1+ My z U1(lu = Bl/p1)-

The external band By = {1/2 < |u — Py|/po < 3/4} has size not less than
V2ZMopo/4. The cycle C§ = {|u — Po| = po/4} has J(C3) = m/2ppo/2-
We take My = 4n2u. The internal bands B; = {1/4 < |u — Pj|/p1 < 1/2}
have size not less than v/2Mip1/4. The cycle C3 = {|u — P;| = p1} has
J (C’i3 ) < 2my/2pp1. We take M) = 32m2u. So conditions of Theorem 3.4
are fulfilled and there exist n minimal cycles inside the external minimal
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cycle Cp. Now we estimate the norm of the perturbation. We have an
estimate of the Holder seminorm || - ||’ of order v (or derivatives of order )

1M1y (Ju — Pil/p1)ller < eMi/p] < exm?pd™7.
Estimating the C-norm we obtain
1M1%1(lu = Bil/p1)lle < esM1 < eap’-

Similar estimates hold for My¥,. Since we can take pg arbitrary small, these
inequalities imply the assertion of Theorem 3.5. O

Remark 3.6. In the scalar case stable constant solutions u = c¢; with
f’(c;) = 0 of the equation 82u— f’(u) = 0 with periodic boundary conditions
create barriers for dynamics of the parabolic equation d;u = 82u — f’(u); the
set ¢; < u(z) < cp is invariant thanks to the Maximum Principle. Minimal
cycles are rather a soft obstacle, they do not create a non-penetrable barrier
for dynamics of the parabolic PDE. One can easily see this by writing (1.1)
in polar coordinates centered at P; in the situation of Example 3.1 :

(3.13) 8 = 820 — n(8:9)* - f'(n),

(3.14) i = 193¢ + 20:10:¢.

Let n = mo = const where 7o satisfies (3.7) (in particular f’(no)no+2f(m0) =
0), let 0:¢ = ¢/ = const where the constant ¢’ is determined from (1.3)
which takes the form

(8z0) + 1%(0:0)% = 2 ()

and let L = 27/¢’. One can easily check that we obtain a steady-state
solution of (3.13), (3.14) which determines by Lemma 3.2 a minimal cycle.
If we take initial data n(z,0), ¢(z,0) such that n(z,0) = ny = const is the
same and ¢(z, 0) perturbed so that [8;¢(zo,0)|? > —f'(n0) /10 at a point zo,
than from (3.13) we obtain 8;n(z0,0) < 0 so n(zo,t) < o for small ¢t > 0,
and the curve u(z,t) gets inside the minimal cycle at z = zo. Nevertheless,
if the energy of perturbation is small, the curve u(z,t) gets only a small
distance inside the minimal cycle according to Theorem 3.1 and Remark
3.1.
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4. Steady-state solutions of a given type.

From now on we assume that there exist n+1 minimal cycles C;,i = 0,1, ...,n
which do not intersect, which are boundaries of domains D; and which are
f-stable with respect to C} = 8D}, i = 1,...,n with a fixed §. The open
non-intersecting domains D;, D}, % = 1, ..., n have properties described in the
previous section; moreover, they lie inside the domain Dy bounded by the
external minimal cycle Cp. We denote D' = D§\UZ , D}, D" = Do\UZ_, D;.

We recall that the fundamental homotopy group w1 (D’, o), where o € D’
is a contractible set, is the set of classes of homotopy equivalent mappings
u from the segment [0, 1] into D’ such that u(0) € o,u(1) € o; there is a
standard group structure on this set. The set of mappings depends on o, but
since o is contractible and D’ is connected, there is a natural isomorphism
between the sets of classes of equivalence, so we identify m1(D’,0) with
different o. Below we fix a point P, € D" and take a contractible o which
contains P,. The contraction of o into P, takes curves with endpoints in ¢
into curves with endpoints in P, which gives the isomorphism of 71 (D', Py)
and m (D', o). So we identify m1(D’, Py) = m1(D’,0). (For more detail see,
for example, [12], [20], [26].) We denote for brevity m (I, P,) = 7.

The homotopy group m; of the disc with n holes D’ is a free group with
n generators g;. Every g; corresponds to a counterclockwise turn around
D;. A pair of arbitrary finite sequences of non-zero integers ki, ..., kx and
i1, ..ty With ;41 # ¢; where i; € {1, ...,n} determine an irreducible word

ki1 _k k
(4.1) b=glgl ... g

The fundamental group 7; consists of all irreducible words and of the unit
element 1 which corresponds to the trivial class. The sum |k |+---+|kn| =
deg b is called the degree of the word b, deg (1) = 0. Obviously, b can be
represented as a product of deg b elements g1, g2, 97 1 g5 ! etc. The group
multiplication in 7 includes the group relations g;g; 1 =1 and g; lgi =1.

The set of all possible words w with letters g;,g;"! without the group
relations is denoted by 7;. The number of letters in a word is called the
degree of the word. Two words wj,ws € Ty are equivalent: w; ~ ws if
they determine the same element b € 7 after cancellations of pairs g;g;! or
9i ' gi-

' The homotopy class h(u) € m; is defined for a curve which lies in D’
and has endpoints in o, such curves are graphs of functions on an interval
[0, L] which have boundary values «(0),u(L) in o; such functions arise as
solutions of Dirichlet boundary problems.
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Homotopy classes of closed curves in D’ correspond to functions satis-
fying periodic boundary conditions. The set of these homotopy classes (we
denote it by 7]) can be described as the set of words from 7; with an addi-
tional equivalence relation: a word b’ is equivalent to the word b if the first
word is a cyclic permutation of the second.

We give a theorem of existence of a periodic solution with an arbitrary
homotopy type.

Theorem 4.1. For every nontrivial homotopy class b € w} there ezists L
and a steady-state L-periodic solution U of the equation (1.2) such that U €
b,

4.2) EU)=JU) =),

and the Hamiltonian conservation law (1.3) holds. The graph of the solution
either coincides with one of C; or lies in Dy and does not intersect C;,i =
0,...,n, that is it lies in D". If the function F(u) is twice continuously
differentiable, then this solution is stable in the Lebesgue space Lo, namely

L
(4.3) /0 [02V () — F"(U)V (2)]V (z)dz < 0

for any smooth L-periodic function V(z).

Proof. The cycles C; are 0-stable with a fixed § > 0. We take a sequence of
smooth curves u;(s) € bin D’ such that J(u;) < £*(b)+¢j, €; < 0/2, ¢ — 0.
Using the parametrization from Lemma 3.3 we find functions u;(z),0 < = <
Lj, J(uj) = E(uj); corresponding lengths (see Lemma 3.3) of z-intervals
are denoted by L;. We take u;(z) = u;(z,0) as initial data for the parabolic
equation (1.1) with the spatial period L;. We obtain using (2.5) that

T (uj(8)) < E(uj(t)) < E(uj(0) = T (u3(0)) < £5(b) + ;.

The set {€(u) < £*(b)+¢;}NEL([0, L;]) is invariant by Theorem 3.1. Bound-
edness of curves in Dy implies boundedness of the sup-norm. By Theorem 2.2
we obtain existence for every j of a stable solution U; of (1.2), which provides
the absolute minimum of energy over the class Z; ([0, L;]), £(U;) < £*(b)+e;.
The curve U; does not intersect the cycles C} (see the proof of Theorem 3.2).
Therefore U; is in the interior of {€(u) < £*(b) + ¢;} N E;([0, L;]). Since U;
is a minimizer of £, its second differential at U; is non-negative, hence Uj is
stable.
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Now we tend j to infinity and €; to zero. By Lemma 3.3 L; are uniformly
bounded from above and below, so we choose a subsequence L; — L > 0.

We have £*(b) + ¢; > E(u;) > £*(b), therefore £(u;) — £*(b) as j — oo.
Absolute values |U;(z)| are bounded since their graphs Uj(s) are in the
bounded domain Dy. Functions U;(z)= U;(L;z/L) are L-periodic solutions
of

(L/L;)*92U — F'(U) = 0.

Therefore U;(z) are bounded in C2. Since all I; are bounded in Ha, we
easily construct convergent sequences U;, U; — U to a solution U strongly
in Hy, EU;) — £4(b), so EU) = £*(b). Since £*(b) < EU) < TU) < £*(b)
we have £(U) = J(U), therefore we obtain the minimizer of J as well as of
£, equation (1.3) holds by (3.1). Like in the proof of Theorem 3.3 we show
that if the graph of U intersects with C;, it should coincide with it. O

For a curve u(s),s € [0,1] which lies in D’ and intersects the set o,
u(s1) = p1,u(s2) = py with p1,pa € o, we consider the restriction of u(s)
on [s1,s2] and denote it by u|f,,s,)- For this restriction the homotopy type
h(ul(sy,s5)) € m1 is well defined.

Definition 4.4. We denote by Z(p;1,p2) the set of curves u(s) in D’ with
fixed endpoints p1,p2 € 0. We denote for b € m by = the set of curves
from E which belong to the class b and put

Z*(b? PI,P2) = uGEil(lpfl 2) J(U)

Definition 4.5. We denote Z/([0, L], p1, p2) and = ([0, L], p1, p2) the set of
functions v € H;([0,L]) which have graphs belonging to Z(p;,p2) and

Ep(p1, p2) respectively.

The functionals £ and J are naturally defined on restrictions of functions
to subintervals:

TUlpen) = [ VIFO@O:U (@)l

EUliz1,29) = / - [F(U(z)) + |6:U(z)[*/2] dz.

z1

Proposition 4.1. Let u(z),z0 < = < z3 be a curve in D', u(zo) =
p1,u(z3) = po with p1,p2 € 0. Let u(z) intersect o at two more points,
u(xl) =p’1,u(:z:2) = p/2 with p’17p,2 €o0,z0 S 21 < T2 < z3.
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(1) If j(u) < e*(b,pl,pz) +C with b = h(“l[zo,zs])) C > 0: then

(4.4)
 (h(tl[5y,22))> P1> ) < T (Wl[y,0)) < €5 (h(utlfzy,25))s PL P2) + €

(ll) Ifg(u) < g*(baplap2) + 4; then

(4'5) e*(h(u|[m1,z2]),P’1,P/2) < S(ul[a:hmg]) < E*(h(ul[ml,zz])ypllypé) +<.

(i) Let deg (h(ulipray) < 4. If J(w) < £(b,p1,po) + C with b =
h(ul(zg,z5)), then T (Ul[z1 z)) < Ra where the constant R, does not
depend on u.

Proof. The first inequality in (4.4) is trivial. If the second is not true,
J (u|[_,,cl ) = £ (h(ulzy,25)), P15 P5) + ¢, ¢" > (. In this case we can replace
a piece of u(z) on [z1,z2] by a curve with the same endpoints pl,p2, the
same homotopy type and with the Jacobian length £*(h(ul(z, z,)); P1, P5) + €
Therefore the length is decreased by at least ¢’ — € > ( if € is small; so we
obtain a new curve u’ with h(u') = b, J(v') < £*(b, p1, p2) which contradicts
the definition of £*. Therefore (4.4) is true. To obtain (ii) we make a change
of paramerization according to Lemma 3.3 so that £(u) = J(u) on every
interval; clearly £* does not depend on the parametrization.

To obtain (iii) note that for any given b € m; we have a uniform bound
£*(b, p1,p2) < £5(b) for all p1,pe. Indeed, one can connect any two points
p1,p2 € o by a contractible curve passing through P, and lying in a small
neighborhood of o so that the length of the curve is uniformly bounded
by a constant K = K(o). Then €*(b,p1,p2) < £*(b, Px, Pi) + K. There
is a finite number of classes ¥ € m; which satisfy deg (b') < d, therefore
corresponding £*(b, P, P,) are bounded by a constant R). Using (i) we
obtain that J (ul[z, ) < By + (= Ra. O

We obtain a simple corollary from Theorem 4.1:

Corollary 4.1. If the graph of the energy-minimizing solution U(z) from
Theorem 4.1 intersects a contractible closed set o C D', that is for 1 < xa
we have u(z1) = p} € o,u(z2) = ph € 0 then

(4.6) j(Ul[mhxz]) = 8(U|[z1,12]) = Z*(h(Ullm,xz])ap,l’Pé)'
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Proof. We can take any zo and p; = p3 = U(zo); we can connect p; with ¢
by a curve in D’ and take the union of this curve and o as a new o. After
that we use Proposition 4.1 with ¢ = 0. O

Now we consider the Dirichlet problem (1.2), (2.3) with the boundary
data p1 = u(0),p2 = u(L) in D". We take a contractible set ¢ C D’ and
assume that p1,ps € c N D".

Theorem 4.2. Let py,ps € cND" Then for every b € m; there exists L and
a steady-state solution of the equation (1.2) , (2.3) such that U € b,

g(U) = j(U) = e*(b7 plap2)

and (1.3) holds. If F(u) € C?(R2), the solution is stable, that is (4.3) holds
for every smooth V() with a compact support in (0,L). If for z; < zo we
have u(z1) = p}| € o,u(z2) = ph € o then the equation (4.6) holds. The
graph of U lies in D".

Proof. The proof is completely similar to the proof of Theorems 4.1 and
Corollary 4.1; now we obtain U which is a global minimizer of £ and J
in Z;([0, L], p1,p2) and Ep(p1, p2), respectively. The only difference is that
when pi,p2 € C; the graph of U may intersect C; at z = 0,z = L not
coinciding with C;. O

When the length of a curve u is infinite, the functionals £(u) and J(u)
are infinite and we cannot define stable geodesics of a prescribed type as
their minima. To be able to pass to the limit as the length tends to infinity,
we need to introduce localized characteristics which have limits. To this end
we use a localization of the homotopy type. This localization depends on
the set o and is defined below. Below we denote by ¢ a contractible set in
D’ which contains a - neighborhood of ¢ in D'.

We consider a curve u(s) in D’ which intersects 0. Let u(s;) =
p1,u(s2) = p2 with p1,p2 € 0. We denote the restriction of u(s) on [s1, s3]
by wl[s,,s,)- The homotopy class of ul, s, in 71 is well-defined and we de-
note it by A(ul(s;,s,))- If u(s1),u(s2), u(s3) € o we have the m1-multiplication
formula:

h(ulisy,s0)) = P(tl[s1,55)) A (¥l [s3,55])-

For a curve u(s) in D’ with endpoints in ¢ for every s. such that u(s,) ¢
o we can find a maximal open interval (s1,s2) which contains s, and on
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which u(s) ¢ 0. When the restriction onto [s1, s2] has the trivial type, we
call the interval non-essential. If [s1, sp] is non-essential, then h(uls, ) =
h(ul[s,s5)) When s1 < s < s3. If a curve u lies in D', has endpoints in ¢ and
belongs to a non-trivial class b, the Euclidean length [g(u) of this curve is
bounded from below: lg(u) > If > 0. Indeed, if [g(u) < 4, the curve u lies
in a d-neighborhood of o and therefore in contractible &, so it has a trivial
type.

Therefore, if a curve u has a finite length, there is only a finite number
of essential intervals.

Definition 4.6. For éau curve in D’ with endpoints in ¢ and with a finite
length we find all essential intervals [s;, s;] and define the following word

N
(4.7) ho (1) = B(ulis; 517) - - - B(ulsys) = [T P(elisrsp) € T
=1

where N is the number of essential intervals, s; is the minimal of all left
endpoints of essential intervals; sy is the maximal right endpoint. When
there is no essential intervals at all, N = 0, hy(u) = 1 is trivial.

In a nontrivial (4.7) s; < s} < 8141 < 57,1, [s1,5]] are essential intervals
of u and [s], s;41] are non-essential intervals for every . It is possible that
S; = Sl+1-

Note that the reducible word hy(u) is defined uniquely by u as well as
the essential intervals [s;, s7]; they depend on o. Since the homotopy type
does not depend on a contractible o, irreducible words for two different o
coincide: if u has endpoints in ¢ and h(u) = b € 7 and o C o’, then we
have

ho(u) ~ hgr(u) ~b.

Here and below ~ denotes the equivalence of words by the group relation;
two words are equivalent if they are related through cancellation or inserting
a finite number of pairs g;g; Lor g; 19;. When two curves ug, u1 are connected
by a homotopy in D', we have h(ug) = h(u1) but h,(ug) may be different
from hy(u1); of course, hy(ug) ~ ho(uy).

Below we define such sets o that hy(u) € 7 gives a detailed enough
information on the localization of elements of h(u) € 7.

Let P, € D" be a base point (we take it as the origin O in the u-plane,
P, = 0). We fix a spider-shaped set o* € D’ (see Fig. 4) which consists of
simple curves o;,% = 1, ...,n which start at the origin and connect it with the
external cycle CJ. The curves intersect only at the origin; they intersect C3
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only once; therefore they divide the interior of C} into n sectors X;; every
sector includes one of the minimal cycles C;. The set o* is contractible, we
take it as a base point of the homotopy group m; = m1(D’,0*). We number
the cycles C; so that the cycle C; is in the sector X; bounded by o; and o;41;
clearly op41 = o01. Consider now (4.7) for this set 0 = o*. The function
u(s) on every essential interval takes values in one of ¥;, so its type is g
where g; is the generator corresponding to C; C X;. If the irreducible word
h(ul(s,,s11) € m1 of a restriction of u(s) on [s1,s}] includes more than one
generator, there exists one more point of intersection with o* u(ss) € o*,
81 < $x < §j. Indeed, different ¥; cannot be connected by curves in D’
which do not intersect o*. So, if there is no point of intersection with o*,
the curve uljs, ¢) lies in one of ¥; and has the type gk. Therefore for every

essential interval h(ulf, o) = gfl‘ and (4.7) takes the form

N
k1 k n ki %
(4.8) he(u) = gi119i22 .. ,gfn = Hgizl € m1.
=1

Figure 4: The set o

Now we give another set o which gives more information, we denote this
set by &. This set will be systematically used from now on.

Let & be a set obtained by adding to o* n arcs o} which lie in the sectors
¥; and connect the origin O = P, — the center point of o — with the cycles
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Figure 5: The set &

Cl,i = 1,..,n. It is assumed that o] have only one point, namely Py, of
intersection with o* and only one point of intersection with C; and C}.
This 2n-leg spider set & is contractible and m(D’,5) = m1(D’,0%) = .
Note that the set & divides D’ into n contractible connected components
Q;. If the type h(ulf,,s;)) € m1 of a restriction of u(s) on [s1, 7] does not
coincide with gfl or with 1, there is one more point of intersection with &:
u(s«) € T, s1 < s« < 8]. Indeed, if there is no intersection with & then this
subcurve lies in one I; and belongs to gf*. If |a| > 1 there is a point of
self-intersection which gives a closed loop with a type of class gftl (see the
proof of Lemma 3.1) which lies in the ¥; and does not intersect . It is of
nontrivial type when C} is inside the loop; but C’i1 is connected with Cy by
o, which must intersect the loop. So |a| = 1. Therefore on every essential
interval h(ul(s, s) = gfl‘,él = £1. So we can write (4.7) with o = 7 in the
form

N
61 O On 4 ~ ()
(4.9) ho(u) = gillgizz -9, = Hgi: € 71, Qi,l = h(ul[sl,sf]) = 92:1-
=1

Theorem 4.3. Let L > 0. Let b€ m. Let L < £*(b,p1,p2) + 6. Then the
set X = E([0, L], p1,p2) N {€(u) < L} is invariant under the dynamics of
(1.1), (2.3) that is u(t) € E4([0, L], p1,p2) N {E(u) < L} for allt > 0 if it
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is true for t = 0. If this set X is non-empty, it contains the attractor A
which includes a stable equilibrium point Z which is a solution of (1.2) and
a global minimizer of £ over X.

Proof. The invariance and existence of the attractor and of Z directly follow
from Theorem 3.1 and Theorem 2.2. O

Remark 4.1. Obviously we can assume that F'(u) may be not positive
inside the cycles C}; in fact we may allow F(u) to be equal to zero at
isolated points inside Cp, but in this case we can’t assert existence of periodic
solutions of arbitrary type; solutions of homoclinic or heteroclinic type can
arise instead, thanks to unboundedness of L;. See for this case [4].

Remark 4.2. When a word b contains at least two different generators, a
curve from this class which has a point on Cil must intersect C;. Therefore
one may slightly relax conditions of minimality and #-stability of the minimal
cycle in Definitions 3.1 and 3.2. Namely, the conditions should be imposed
only on curves which intersect C;; ez and 8 may be put to zero for curves I'
which do not intersect the cycle C;. The statements of Theorems 3.1, 4.1,
4.2 and 4.3 remain true for such b under the relaxed conditions.

5. Equations on the infinite interval.

From now on we take the set & given in the previous section as a base set o.

Consider now solutions of (1.2) and (1.1) on the infinite interval —oco <
z < co. We take a generalized element of the fundamental group of D’ in
the form of an infinite word

oo
(5.1) b= [] g en®
l=—0
where x; = £1 and ki1 = £y if 4,41 = %; the last condition means that the

word is irreducible.

A continuous function u(z) belongs to b € 7{° if there exists a sequence
~Ly — —o0,L} — c0,N — oo such that u(—Ly),u(LE) € o and the
restriction of u(z) on the interval [~Ly, L] belongs to the class

N

by = H gZ‘ € m1.
l=—N
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First we prove for every b € 7° existence of a solution U of (1.2) from
the class b.

Recall that for every w € 7; there exists an unique b € m; such that
w ~ b, that is b is obtained from w by cancellations of g;g;* or g; lg;.

Proposition 5.1. Let w € ;. Let w ~ b = biby € ;. Then w = wiws
where wy ~ by, wa ~ ba.

Proof. Note that if a word w ~ b where b is irreducible, one obtains b by
deleting adjacent pairs of mutually inverse letters g7, g;° ! from w until there
is none left. The word b consists of the remaining letters of w. Inversely,
inserting the pairs into their old positions we obtain from b the word w. Let
cs be the last letter of the subword b; of b. We take as the subword w;
the subword of w which starts with the first letter of w and ends with c,.
Clearly it is obtained from b; by inserting in b; the canceling pairs to the
left of c,, that is b; ~ w;. The remaining letters of w give ws. O

We denote by & a closed contractible subset of D/, which contains a
d-neighborhood (Euclidean) in D’ of the set 0. Obviously, m(D',0) =
m1(D’,&) = m1. Moreover, £*(b, p1,p2) is defined for b € 71, p1,p2 € G-

Theorem 5.1. Let b € 7{°. Then there ezists a steady-state solution
U(z),—00 < = < o, of the equation (1.2) from the class b. It satisfies
(1.3); it lies in D" and U(0) € 0. This solution takes values in D" if it does
not coincide with a periodic solution which coincides with one of minimal
cycles C;. If for z1 < z2 we have U(z1) = p} € 0,U(z2) = ph € o then (4.6)
holds.

If F"(u) is continuous, the solution is stable in Lo(R) that is

(5.2) / ~ [02V(z) — F"(U)V(z)] V(z)dz < 0

—00

for any smooth function V(z) with a compact support.

Proof. Let b7 = H?____j g, b = 7 g3, bj = b;b}. By Theorem 4.2 there
exist L; such that U7 € b; are solutions of (1.2) with the boundary condition
U(0) =U(L}) = Py U7 are minimizers of £ from the class b; = h(U? Iio, L;.])-
Let w; = ha(UjI[O,L;.]) ~ bj.
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By Proposition 5.1 w; = wj‘w;' with wy ~ b w ~ b"' According
to (4.9) we have a one-to-one correspondence between the letters gfl ! of the
word w; and essential intervals [z;,z]] of U?. On taking the L} = zj where

l is the label of the last letter in w; we obtain
h(U|o,z) = b7, R(U |1z, 121) = bF -

Note that since (1.2) does not depend explicitly on z, U(z + y) is also
a solution on [—y, L, —y]. We take y = LY and put Ly = Lj, L;" =
L; — L. Note that the Euclidean length of an arc of U7 corresponding
to every essential interval is bounded from below by a constant [;. By
Lemma 3.3 the length of an essential interval is bounded from below by
(1*)2/(2R;) = c where R; is the same as Ry,d = 1, in Proposition 4.1.
Therefore the lengths L and L+ of supports of both halves of U7 are not
less than jc, c>OandLi—»ooaSj—+oo

Now we choose appropriate subsequences of j which yield the homotopy
type b for the limit function. Let us fix an integer N and consider 7 > N.
We take b = by = [T0-_x gZ‘ and obtain the decomposition b; = b7;b.
By Proposition 5.1 w; = wj;wj with wy; ~ b; and w] ~ b]. From (4.9)
we have (U’ I Ly 0]) = b}, clearly deg(b ) = N + 1. By Proposition 4.1
J (UJ|[_ L;N,O]) < RN_,.1+9 and by Lemma 3.3 the numbers L \; are bounded

uniformly in j. We choose a subsequence convergent to Ly. Similarly
writing b} = bybl; with h(UY| oL} ]) = by we choose a subsequence j for

which L;"N — L'*' Using a dlagonal process we obtain a subsequence of j

for which we have the convergence for every N.

We fix an arbitrary L > 0. The functions U7 are bounded uniformly in j
in C (their graphs are contained in the bounded set Dy). Since the parame-
terization is defined by |8,u| = 2F(u), we have boundedness in C1([-L, L]);
expressing d2u from the equation (1.2) we obtain uniform boundedness in
C2%([-L, L]). Therefore on every finite interval [—L, L] we easily deduce weak
compactness of {U7} in Ha([-L, L]). Using a diagonal process we choose a
subsequence of solutions U7 of (1.2) which converges weakly in Ha([—L, L))
and strongly in Hy([-L, L]) , C([~L, L]) and in C}([-L, L]) on every finite
interval [—L, L] to a solution U(z). Since graphs of U7 are in D”, the graph
of U is in D".

Since U’ 0% N) € o, from convergence in C([—L,L]) it follows that
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U(LE) € 0 and U/(LE) € & for large j. Since & is contractible

N
oy ) ~ ho @l sz~ TT s

Therefore h(U7 |[ Ly L}tr]) = by does not depend on j and we can pass to the
limit and obtain

N
(5.3) h(Ull—Lr_v’L}}]) = tHNng’

that is U € b.

Since (1.3) holds for U7, by convergence in C! we get it for U. The
graph of U is in D”; the boundary of D” consists of minimal cycles C;. If
the graph of U intersects C; it should be tangent to it and by (1.3) the graph
of U should coincide with C; since they correspond to solutions of the same
second order ODE with the same initial data.

One can pass to the limit in (4.3) for any fixed V(z) with a compact
support and obtain that the limit solution U is stable in Lo(R).

Now we prove that (4.6) is true for U. Assuming that (4.6) does not
hold for U on [z1, z9] when U(z;),U(z2) € o, that is

(5.4) / “PU@) +10.U@)/2dz > &, 2, 74) + €1, B = h(U]py.en)

we will obtain a contradiction. Indeed, consider U, U7 on the interval [z7, zo].
We have

1€ Ulfer,020) = EW lizr )] < K2 [IUlfgs,22) = Ul oy g g

where K5 depends on bounds of Hj([z1,zs])-norms of U, U’ on the fixed
interval [z1, zo] and is bounded. If j is large enough, we obtain from (5.4)

659 [ IFG@) 8@ > sk + /2

Since U7 are global minimizers, we obtain from (4.6) (which is applicable to
an arbitrary contractible o, for example to @)

S(Ujl[:z:l,:cz]) = e*(b,7p{7p:'~’;)'
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Comparing with (5.5) we obtain
(56) oW, p}ph) > £V, phoph) + /2

where p] = Ui(z1),p), = Ui(zy) with pl,p} € & since U7zy,25) s in a
d-neighborhood of U|[;, ,] in the C-norm.

On the other hand, the dependence of the length of minimizers with
fixed endpoints on their endpoints has the following general property. If
P15 € 0, |[py — p1| < §,|p2 — ph| < 6, connecting p; with p} and ps with p
by straight line segments (which are in & by definition of ) we obtain

(5.7) |€* (¥, p1,p2) — (¥, p1,0%)| < Ki(lp1 — p1| + |p2 — p3))

where

(5.8) Ki = sup v/2F(u).

u€sT
We have p} = U(z1) € o,ph = U(xz) € 0. Since U7 — U on the interval
[z1, z2), points pl, p} are close to p}, ph and we can apply (5.7). Since p] —
Py, ¥} — p}, for large j we have |¢*(¥/,p),p}) — £*(¥,p}, )| < €1/2. This
contradicts (5.6). This contradiction shows that (5.4) cannot hold. O

Lemma 5.1. Let (3.5) hold on an interval [z1,z2] C [0,L]. Then

V20 +20+47,
(5.9) Lo < o

where Lo = |2 — z1|, Jo is the Jacobian length of the curve u on [z1,x3).

Proof. We have

[ Ve toaal] da < [ [VEFG) - oru] do

z1

z2
< / |\/2F(u) - |8zu|| dx < \/zs — 71V2.
1
This implies

/20 < /Io 2 @ . 2F
Lov2p < LO‘/Q—H‘*'/ |0zuldz < \/Lox/%+/ |Ozul ®) 4o,
z1 z

2F (u)
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Therefore
1 =
Loy/2 < VEVE + =0, o = / |8, ul+/2F (@) dz.
1
This expression is quadratic in /Lo and after solving a quadratic equation
we obtain the estimate (5.9). O

Consider now the parabolic equation (1.1) in the unbounded domain

z € R. We will show that together with a steady-state solution Z with a

given homotopy type and a fixed value of the Hamiltonian given by (1.3)

there exists an open in appropriate topology invariant set of the parabolic

equation consisting of functions which have the same homotopy type. It
gives nonlinear stability for the spatial pattern of solutions.

~ Recall that the norm in the weighted Sobolev space Hj,_p is defined by

oo k )
Il -, = [ 10+ 1aP)?2 Y plu(a)fd.
—o0 0

We extend the function F(u) outside D} so that the first and second deriva-
tives of F'(u) are bounded uniformly in the entire plane. From results of [7]
we obtain:

Theorem 5.2. For any initial data w(0) € Hy_p,p > 1, there exists a
unique solution u(t) = u(z,t) of (1.1) with u(t) € Hy,_p,t > 0.

Therefore the dynamics V' — S;V generated on Hi _, by (1.1) is well-
defined. Obviously, bounded smooth functions, in particular smooth peri-
odic in z functions with an arbitrary period belong to Hy _, if p > 1; periodic
functions form invariant subspaces in this space. Since U(z) is bounded and
by (1.3) 0,U(z) is bounded uniformly in z, solutions constructed in Theorem
5.1 belong to H; _, if p > 1.

Proposition 5.2. Let a curve u(z) lie in D', p; = u(0) € 0,p = u(L) € 0.
Let E(u) < £*(h(u),p1,p2) + C1 and (3.5) hold. Then there ezists such a
L, > 0, which does not depend on u, L, that if i,y € [0, L] satisfy y'—y > L,
then u(z,) € o for somey <z, <y

Proof. Note that by (3.1) J(u) < £*(h(u), p1,p2) +¢1. The set o = 7 divides
D’ into n disjoint contractible subdomains Q;,% = 1,...,n. The internal
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diameter of every disjoint component £2; in J-metric is bounded from above
by a number 2Rq. Changing an arc of the curve inside a component ; with
the endpoints of the arc fixed does not change the type of the entire curve.
Consider an arc which lies in a component ;. If the Jacobian length of the
arc is greater than 2Rq-+(2, (2 > (1 wWe connect the endpoints of the arc by an
arc in €; with the length 2R +€. So we get a new curve with the same type
and the Jacobian length of this curve is less than £*(h(u), p1,p2)+(1—(2+e€
which contradicts the definition of ¢* when € is small. Therefore, if the
Jacobian length of an arc of u is greater than 2Rq + ¢ it intersects o. By
(5.9), if

V20 + /260 + 4(2Rq + (1)
VL.> W

we have the Jacobian length Jy > 2Rq+(;; therefore we have an intersection
with o. O

Theorem 5.3. Let b € n{°, let Z = U € b be a solution of (1.2) which has
the properties described in Theorem 5.1. Let V(z) be a function which has
the following properties : ||V = Z||oR) < €15

(5.10) / : |F(V(z)) +18:V () /2 = F(U(2)) = 18:U(2)[*/2ldz < €.

Let €1 < 6,60 + Kie1 = 01 < 6 where K is given by (5.8). Then there
erists a unique solution u(x,t) of (1.1) such that u(z,0) = V(z), u(z,t) €
D' Vz,t and for every fized t = to > 0 u(tp) € b. This solution satisfies the
approzimate Hamiltonian conservation law

oo 2
(5.11) / (\/2F(u(x, t)) — |0z u(z, t)|) dz <20 Vt>0
-0
and (4.4), (4.5) with { = 6.
Proof. Let L;, L;-" be the same as in the proof of Theorem 5.1 with U = Z.

We have Z(—Lj) = q1,2(L}) = ¢2,Z(0) = g with g1,q2,93 € 0. The
function Z;(z) = Z|_g- 1+ on the interval [~L;, L]] has the homotopy
37

type h(Z;) = b; = H{z_j g;'. We have

0 J
h (ZI[_LJ_—’O]) = IH.QS‘ = b;-, h (ZI[O,—L;']) = ll_Ing' = b;—, bj = bj.b;'.
=3 =
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We restrict initial data V/(z) to the interval [-L7,L]] with V(-L}) €
E,V(L;-") € 7 since €3 < 6.
Consider (1.1) with the Dirichlet boundary condition

w(-L7,t) =V(-L7) =pl, w(L},t) = V(L}) =p} ¥t >0

and with the initial condition u(z,0) = V(z),z € [-Lj, L]].

By Theorem 4.3 we have u;(t) € X = E([-L7,L]],p],p) ¥t > 0,
therefore u;(z,t) € D' are bounded uniformly in z,t, j, that is we have an
uniform estimate in C. For any fixed L,T with LJ* > L + 1 we consider
solutions u; on the rectangle Q = {—L <z < L} x {0 <t < T}. The main
part of the equation (1.1) is linear and the nonlinear term F’(u) is bounded
for bounded v and can be considered as a given function. Using uniform
boundedness of initial and boundary data, Lipschitz dependence of F'(u) on
u and standard properties of linear parabolic equations (see [19], [17]) we
obtain uniform in j boundedness of the first order time derivative and the
second order space derivatives of solutions in C7(Q),y > 0. We can choose
a subsequence of solutions of (1.1) which converges in C(Q) and the time
derivative and second order space derivatives converge in £9(Q) as j — oo;
the limit function u(z,t) is again a solution of (1.1), u(z,0) = V(z). Since
u/(z,t) € D' Vx,t,j it is true for u(z,t). So we have proved the existence of a
solution. Its uniqueness follows from Theorem 5.2. Since every subsequence
converges to the same limit u(z,t), the sequence v/ (z,t) — u(z,t) in C(Q)
together with first time and space derivatives.

The inequality (5.11) follows in the limit from (3.5). We obtain for v’
(4.4), (4.5) from Proposition 4.2 with ¢ = 0. Passing to the limit like in the
proof of (4.6) in Theorem 5.1 we obtain (4.4), (4.5) for .

Now we show that the solution u(t) € b for any fixed t = T. We use the
same approach as in Theorem 5.1. We have

J+
ha(uj(t)hz,j‘,[,;']) = H ggll =w’ ~b;.
I==J_

Since b; = b; b} we have by Proposition 5.1 w; = w; w} with w; ~ b7 The
last essential interval corresponding to the last letter of wy has the right
endpoint LY, (L}, T) € o.

We show that L? are bounded uniformly in j. Consider the rectangle
Q7 ={-Lj <z <0} x{0<t<T} The function u(z,t) restricted
to its boundary determines a cycle I" in the u-plane which lies in D’. The



320 V. Afraimovich, A Babin, and S.N. Chow

cycle consists of four arcs I'1, I'y, I'3, I’y corresponding to the lower, the right,
the upper and the left sides of the rectangle respectively. According to the
boundary condition, u(T'y) = Z(—L;) € 0. The cycle I' has the trivial
homotopy type. Indeed, by decreasing T' we obtain a homotopy which at
T = 0 yields a trivial cycle obtained by passing the same curve first from left
to right (from — L7 to 0) and then backwards; this cycle can be contracted by
moving the right endpoint of the curve along the curve to the left endpoint.
Therefore the homotopy classes corresponding to the curves I'; and I'oUI's =
I's are inverse. Changing the orientation on I's to the opposite (positive
direction on the upper side now corresponds to increasing z), we obtain
that the classes coincide.

By Proposition 5.2 we have zg € [—L,,0], u(zo,T) = po € o, we take the
maximum of all such zo; let A(u;|(-r, —1.]) = boj. The irreducible word by; is
a subword of the irreducible word b;, bo;jby; = bj. We have two possibilities,
bo; C by and by; C b;." . We consider the first case, the second is similar (we
need to consider z > 0 then).

The curve I's consists of three parts: u; given by v/ (z, T), —L; <z < zo;
ug given by u(z,T),zo < z < 0 and u3 given by u(0,t),T >t > 0. We
denote the union of ug,u3 by us. So we have b; = bo;b; with b;.’ = h(uy).
Recall that A(Z |[ L; 0]) = h([s) = b; . We have ho(I's) = wy ~ b; and by
Proposition 5.1 w; = wg;w", w” b”

Now we prove that the degree of b} is bounded uniformly in j. Indeed,

the Euclidean length of the curve I'p is bounded by fo |0;u;(0,t)|dt, and this
integral is bounded uniformly since &;u;(z,t) are bounded in Q. Smce on
zo < z < 0 < z1 uj(z) ¢ o, with u;(zo) € 0,u;(z1) € 0 it has type gflorl
and by Proposition 4.1 it has a Jacobian length bounded by R;. Therefore
the Euclidean and Jacobian lengths of I's are bounded, which implies that
deg (h(us)) < di(T). Therefore deg b < di(T") and deg (h(w’ I[_ I- L‘?])) <
. L]
d1(T). Applying Proposition 4.1 we obtain that J (u’l[_ I- LQ])) < K’ and
* 905
by Lemma 5.1 |L?| < K7 are bounded uniformly in j.
Now we define Ly;. We have

Jo
ho (¥ Olz: 0 - q o¥ = wy ~ b7 H o

l=—j

Since b; = by,by, using Proposition 5.1 we split w;,y = W y,w; y- Like
in the proof of Theorem 5.1 for a fixedt =T and 1 < N < 7 we can find
points L; , which now depend on t, such that u’ (Ljn:t) € 0, Liy < L
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and J
0

ho (W (@)= o) = [] 65 = win(®) ~ by
' -J

Therefore deg (h(u’ (t)|[ Lin L_(i),N])) < N+1. By Proposition 4.1 the Jacobian
length of corresponding curves is bounded by a constant which depends on
N and not on j. By Lemma 5.1 corresponding z-lengths are bounded too.

So Lj_,N(and similarly L;:N) are bounded uniformly in j and we
can choose subsequences converging to Lj'\:,. We obtain in the limit
h(u’ll[_Ll_V’L?V ]) = by and similarly h(u’I[L?V ’Lm) = b}; which implies thaDt
u € 0.

The steady-state solutions of (1.1) are obtained as local minimizers of
energy with a prescribed value p of the Hamiltonian. The solutions obtained
in Theorem 5.1 are parameterized by two parameters: p (it affects solutions
through the potential F'(u) = Fy(u)+ p and corresponding Jacobian metric)
and by the homotopy type b € 7{° which describes their spatial structure.
From Theorem 5.3 follows that the constructed steady state U(z) with a
given p, b is stable with respect to Hy o(R) N Ho; -perturbations. Indeed, if
V —U has a small norm in this space then (5.10) holds as well as an estimate
in C.

Considering p fixed, we study the spatial distribution of the homotopy
elements of the set of solutions in the next section.

6. Complexity of steady-state solutions.

We want to describe how complexity of steady-state solutions we constructed
in Theorem 5.1 is related to the length of an interval on which we consider
the solution. First we give estimates of complexity in the general case. After
that we consider in more detail the situation of Example 3.1, that is a locally
radial potential.

For every element b € 7{° we have by Theorem 5.1 a solution Z €
b,Z(0) € 0. Moreover, Zjg o) € bt, Z(_oo0) € b~ With b~ = H?=_°° gt
b+ =TI2, gi*. We have constructed in Theorem 5.1 such Ly, L} that

0 N
Zi_1-.0 € by, by = I &, Zio,14) € bk, ok = [ o5
l=—N =1

Therefore
w(Zugan) =95 7 (Zss m70) = 95

3_17 -—
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We denote the set of all constructed Z by N (M contains exactly one Z,
for every b).

For every Z, € N and for any 7 the lengths IL;-E_l - Ljil of the inter-
vals corresponding to gfl are uniformly bounded from below by a constant
L, > 0 (since the type is not trivial) and from above by L* according to
Proposition 4.1 and Lemma 3.3.

For every L we denote by L*(L) the maximum of Li < L. We denote
V(L) = h(Zj_L~(1),1+(x)) € ™. We define the number N (L) = Ny (L) of
different homotopy types of z, € N on [—L, L] as the number of different
b'(L).

Since the number of letters of the word (L) is between 2L/L, and
2(2LL//.£,* » 1) we have Npr(L) < 2n(2n — 1)2L/L==1 and Np/(L) > 2n(2n —
1)2L/L7=3,

We introduce a lower complexity h.(N) and an upper complexity h.(N)
hi(N) = lim Linf In Nar(L)/(2L), h* = lim sup ln Np(L)/(2L).
00 L—oo
So we obtain the following statement.

Proposition 6.1.

In2n-1) In(2n —1)
hi(N) > ———= T+ , PFWV) € ———= —I

where n is the number of generators of the fundamental group w1 (D', P).

Now we consider the situation of Example 3.1 (see also Fig. 6) when it is
possible to give more precise information on h.(N). In this case the steady
state solutions can be explicitly described up to a small error. Recall that
we assume that F' is constant far from two points P;, 7 = 1, 2; namely -

F(u) = pfor u ¢ D}, D} = {Ju— P| <o+ d}.

Here d > 0 is a small number and F is radial inside D, that is (3.6) holds
with 73 = 7o + d. It is assumed that (3.7) holds with € = d, that is the
circles C; = {|P, — u| = o} are minimal cycles.

We also assume that the variation

V12 f(n) — \/néf (mo)

drp = sup
no<n<no+d

is small. We denote by u; = +/73f(10) the minimal value of \/72f(n) and
assume that dp < p1/2; we assume dr < c3d with a fixed cs.
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N N

Figure 6.

We fix v1,12, 0 < 11 < mo/a < vp < 1. Clearly, steady-state solutions
u(z) are linear when u(z) ¢ D? and their graphs are straight line segments.
At the same time, when u(z) € D? by Theorem 4.1 the solutions lie in the
rings A; = {no < |u — B;| < mo + d}.

The set o* is now the vertical segment u; = 0, |ug| < 7+ d.

An external minimal cycle Cy is inside the set formed by two horizontal
straight lines |ug| = mo + d and two semicircles |u — P;| = no + d, |u1| > a
(recall that P, = ((—1)%a,0)). The set & is obtained by adding to o* the
horizontal segment ¢’ = {uz =0, |u1| < a — 7o}

Since the function F' in the neighborhood of P; depends only on n =
| P;—u/, the minimizers u(z) = Zy(z) in addition to minimality and (1.3) have
special properties. We restrict ourselves to the case when b includes powers
of different g;, that is Z, does not coincide with one of two simplest periodic
solutions b = g§° and b = g5°; the graphs of these simplest solutions coincide
with minimal cycles C; and Ca. For nontrivial b graphs of u(z) = Z(x)
always include straight-line segments (see Fig. 7).

Consider u(z) on the interval z; < z < zo when it is near P= P
and does not get into the second circle D3. On this interval u(z) can be
considered as a solution of equation (1.2) with a globally radial potential.

From (3.13) , (3.14) we obtain equations in polar coordinates

7" = (@) = f'(n), ng" +2n'¢’ =0
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The second equation implies Kepler’s law
(6.1) n°¢' = My = const.

Therefore ¢’ does not change sign and ¢(z) is a monotone function.
Equation (1.3) in polar coordinates takes the form

(6.2) () +n*(¢')%] = 2f (n).

Denoting 7, the minimal value of the solution 7n(z) at z = zg, 7« > no,
we obtain from (6.2) at z = zo,7 = 0 so 1?9 (zo0)| = +/2f(n)n?. Putting
z = 2 in (6.1) we obtain n?¢/(z) = My = £1/202f(n.)-

We can rewrite J (ul[z, z,]) using (1 3) in polar coordinates centered at
P,;:

) b2
Tulraa) = [ 2Ptz = [~ 2L Dy
z1 1
with ¢ > ¢;. Expressing ¢’ from (6.1) we obtain '

_27°f(m)

2
T (vliz1,20]) = \/27)_2f(17_* .

Similarly, we obtain an expression for the length of the z-interval

$2 1
-:cg—:cl / dx—/ —do.
3

Therefore
®2 2
n
(6.3) 0= —1__4¢
o1 V2nif(m)
Consider now u(z) = Z(z) on an interval [z_,z ] = [L , L] corre-

sponding to h(u[[L+ L+]) = b € m;. When u(z) is outside A,, the straight
line o* has only one transversal intersection with a straight-line segment
of u(z) during a transition from one ring A; into another. When u(z) is
inside A;, ¢ is monotone and u(z) intersects ¢’ |a| — 1 times if the class is
g% between two transitions. Therefore h,(ul[L;;. ’ Lf’]) € 71 is irreducible and

coincides with h(ul;+ L?.]) € .
J I
The points of possible intersection of a curve Z with o = 7 are lo-

cated near five points: p; = (o — @,0),p2 = (a — 10,0),p3 = (0,0),
ps = (0,7m0),p5 = (0,—mo). More precisely, the distance from these points
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9,0

Figure 7: Curve u(z)

to the intersections is not greater than cod, co = co(v1,v2). The restriction
(ul[ng Lf]) has endpoints in & in a cod-neighborhood of one of these five
J ?

points.

Therefore the angles ¢1, ¢o which correspond to the intersection with &
for fixed 79, a, b and depend on f vary in an interval with a width bounded
by c1d (angles corresponding to points of intersection with ¢’ do not vary
at all). So the variation of the length L° from the same class for different
f given by (6.3) is bounded by Kzcid + (¢2 — ¢1)Ka(dr + d) where K3 =
202 /p1, Ky = a®/pf + 2a/p1.

Fix b and consider together with u(z) = Z; a curve v = v, which has the
same type b and has the same geometric properties as u (monotonicity of ¢
in every A;) but in the case d = 0. That means that v(s) is composed of
arcs of minimal circles C; and of straight lines tangent to both of them. In
the integral (6.3) for v we take f(n) = p (recall that for Z, f(n) = p when
n > no + d). The parameterization of v is obtained as a limit of (1.3) by
putting |0;v| = v2p.

According to (6.3) the z- lengths of v with endpoints @', € 7 are the limit
of the z-lengths of pieces u = Z, with endpoints Q4 in cpd neighborhoods of
Q. € o asd — 0,dr — 0. The curve v has the same type b’ € m1(D’,0) as
the arc of v between Q_ and Q4+ ( we assume cod < € and ¢ is so small that
 does not intersect D},i =0, ..,n). The z-length L(v) of v is related with
the Euclidean length Ig(v) of this curve by the formula L(v) = lg(v)/\/2p.

For any interval [z_, z4+] with Q+ = u(z+) € & and with homotopy type
b on this interval [z_,z4] ( Q- is near one of the five points p; and Q is
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c

Figure 8: The set &

near another p; ) we take v, from the same class b; v’ is an arc of v from
the class b’ which starts near p; and ends near p;. Applying the estimate of
variation of z-lengths we obtain:

Lo 2)) — 1B(v)/ V20 | < deg(¥)rd + KudrAg

where Ay is the total variation of the angles ¢; in all D; along u(z) on
[~z_,z4]. We have Ay < 2mdegb’ where degb’ is the degree of the word
b'. Since Ly > 0 we have the estimate degt’ < |z4 — z_|/L«. Therefore we
obtain the estimate which is uniform in ¥':

|IL°(ulp_ z.)) — L°()| < Ks(dF + d)|z4 — z_|/L..
This implies
(6.4) |L%(v)/L%(ul[s_ 2,)) — 1| < K5(dr + d)/ L. < Ked,

when d is small. Denoting the set of all v, by N’ we find the lower and the
upper complexities h(N"), A*(N). Since there is one-to-one correspondence
between restrictions of Z, and related v, using (6.4) we conclude that

In Nv((1 + Ked)L) > In Nav(L), InNar((1 — Ked)L) < In Ny (L)
for large L and small d. Therefore for small d
(6.5) |he(N")/Ba(N) — 1| < 3Ked; |R*(N')/h*(N) — 1| < 3Kqgd.
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These differences are small when d is small.

In the next section we will show that h.(N’) = h*(N’) and find explicitly
its value. We also find asymptotics of number of different periodic solutions
from N’ on a given interval L as L — oo. According to (6.4) this gives
estimates of the number of periodic solutions from N corresponding to F'
with small d and dp.

Remark 6.1. The Bernoulli shift  — [ + 1 determines dynamics of words
from 7¢° and we are able to find topological entropy which describes how
fast complexity of

n
b= [] o, m==1, i4=1,2

il ?
l=—n

increases as n — oco. Since the number of elements equals 4 x 32V, the
topological entropy equals In3 ( this was shown in [1] ). In this paper we
apply a different approach. We study not only the topological structure
of solutions but their spatial structure as well. We consider solutions on a
spatial interval [—L, L] and study how fast the complexity grows as L — co.

7. Suspended flow for minimizers of a special potential.

In this section we consider curves v = v, introduced in the previous section.
Two minimal cycles have centers at points Oy, 02, O; = (—a,0), 02 = (a,0)
in u-plane with the origin O = (0,0). The radii 7o of the minimal cycles
are denoted by R. Generators of the fundamental group are still denoted
by g1, g2. Note that since F'(u) = p in the definition of the Jacobian length
of the restriction J(v|s) of v(z) onto an interval S = [z, z3], we have the
relation

T (V[z1,22)) = V21E(V][z;,25)) = 2pt|z2 — 21].

We put for simplicity 4 = 1/2 and obtain results for x # 1/2 from Section
1 by a simple rescaling.

We consider the problem: how many closed geodesic curves of the consid-
ered type have the length (Euclidean) smaller than a number L, or between
L —1 and L? In the course of solving this problem we also solve a simpler
problem of estimation of the number of arbitrary curves (maybe not closed).

We need to recall a piece of the ergodic theory. Each closed geodesic
corresponds to a irreducible word g = gfll .. .gf: where k; € Z\{0}, 7 =
1,...,n and g; is a generator of the fundamental group m;(D’) where D' =



328 V. Afraimovich, A Babin, and S.N. Chow

Do\{D}uUD}}. Here D}, D} are open disks of radius R/2 centered at points
01, Os.

In order to describe all admissible words we introduced in [1] the fol-
lowing topological Markov chain. It has 4 states denoted by symbols 1, 2,
3, 4. We identified symbols 1, 2 with generators g;,g2 and symbols 3, 4
with elements g; 1,g2_ ! correspondingly. We admitted a transition i — j
if the pair (%,7) does not correspond to the pair gkg,:1 or gk_lgk, k=12
1,7 = 1,2,3,4. So the matrix of transitions, say A = (ai_,-)f, j=1 1s defined as
follows: a;; = 1 if there exists a transition 7 — j, and a;; = 0 if not, ie.,

0

O =
[ N e
e

= O =

The elements of 7§° given by (5.1) can be rewritten in new notations as
follows. One can denote, as usual, by €24 the set of infinite sequences (words)

w=(...w_1wp...Wk...), wi € {1,2,3,4}

with the following property: aww,,, = 1, ¥ € Z (the last condition is
equivalent to the irreducibility of the word). €4 is endowed with the metric

oo

1
dist(w/,w") = Y ST 1k = wk

k=—o00

and is a compact Cantor-like metric space. The shift map 7 : Q4 — €4
is defined by (Tw)r = w41 if (W)k = wg; it is a homeomorphism. The
dynamical system (77, €4) is a topological Markov chain (or a subshift of
finite type) determined by the matrix of transition A. By using the standard
technique of the symbolic dynamics (see, for instance [2]) we showed in [1]
that the homotopic complexity X(An) of an attractor Ay which contains
periodic solutions of all homotopic classes g up to deg g < NV is

K(Ax)=1n (2N + % 3N+ 4 (—1)N - 2)) .

(Homotopic complexity is the log of the number of all words corresponding
to closed curves u(z) belonging to Ap.)

Now we are going to answer the different question: How many homotopy
different closed solutions have z-period < L? This problem is much more
difficult; we consider the limit case with d = 0 of the situation considered
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Figure 9.

in the previous section and we give here only asymptotics for a large L.
According to the results of the previous section this gives estimates of h, and
h* for solutions with d > 0. (Recall that we consider solutions which satisfy
(1.3) which gives the relation between the curve and its z-parametrization).

In other words we consider here a distribution of homotopically different
closed curves v, along their length axis (but not along the “complexity axis”
as in [1]).

The geodesic lines v, can be situated only along the following lines (see
Fig. 9): Circles of radius R centered at points 010, the interval A; By or
B; As and the intervals D1 Dy and C;Co which are tangent to the circles.

For example the closed geodesic of minimal length which represents the
word g1g5" can be represented as OCy A1 B1 D10+ 0Dy By A2C20 or A1 B +
B1D10D3By + BoAg + A2C20C1 A; and the word g;g; is represented as
A1B; + B1Ag + AsBy + B A;.

We give below an algorithm of the representation of a general closed
geodesic as a union of standard pieces of lines.

Let g = aja2...a, be an irreducible word, a), = gf%, k=1,2,...,n.
Define the “adjusted” point M}, as follows: M} := A; if ax = g1, My := B;
if ap = gl_l, My = Ay if ay = g2, My := By if a4 = 92_1. Define now
the “lines of increment” MMy, k=1,...,n—1 and M, M, as shown in
Table 1 (see Fig. 9).
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Table 1

G, Ok41 MM k+1

91,91 A1B1 + B1D;1C1 Ay

91,92 Ai1B; + B1 A,

91,95" | A1B1+ B1D1+ D:0D; + D3 B,
gitar! BiA1+ A41C1D1 By
gitg’ BiA1 + A1B,

97892 | BiA1+ A1C1 + C10Cs + CaAg

92,92 A2B3 + B2 DyC2 A

92,91 AsBs + By A,

92,97 | AsBo+ By Dy + D2OD; + D1 By
95495" By Az + A3C2 D2 By
gzt ar ByAs + Az By

97%91 | BaAz+ 420y + C20C + C1 4,

So, the length of the increment can take only three values: either 27 R, or
wR+2a, or TR+2va2 — R2+2R arcsin % where a := |A1B3|/2, Rarcsin %— =

ID;BQI. Let w := 2R, y := 7R+ 2a, z := 7R + 2v/a? — R? 4+ 2R arcsin %.

Therefore the lengths of the increments can be represented in the form
of the following table.



Infinitely spatially complex solutions of PDE 331

Table 2
Qky Gkl IMZM ’°+1l ey Tt1 IMZM k+1‘
1,1 w 3,3 w
1,2 Yy 3,4 y
1,4 z 3,2 z
2,2 w 4,4 w
2,1 Yy 4,3 Y
2,3 z 4,1 z

Let us recall that the symbols 1,2,3,4 correspond to the elements gy, g9, gi‘l,

92 ! respectively.

Thus, the length of the considered geodesic of the homotopic type
[wi,...,wk] is the sum of the length of the corresponding increments. It
allows us to determine this length as the period of a periodic orbit of a
suspended flow going through the point w = (... [w1.. . wg][wr .. . wk]...).

Recall the definition of the suspended flow of the symbolic dynamical
system (7, 2) where 7 : @ — § is the shift map of a set of symbolic sequences.
Let 4 :  — R be strictly positive. We define the suspension space (related
to ) as , ‘

>, ={wt):wen0<t<yw)

with the identification (w, % (w)) = (7w, 0). The suspension flow 7 (relative
to ¢) is defined as the “vertical” flow on 3, given by 7y (w,t) = (w,t +1)
for 0 < t,t +t' < ¢¥(w). In our case the function 7 is a constant on each
cylinder [wow;]. For example (see Table 2) 9(...w_1 1 2 wy w3...) =y
independent of w_, k > 1 and wj, j > 2. In order to simplify the situation,
we reduce this case to that when ¢ depends only on the coordinate wp,
i.e., P(w) = Y(wo). For that, introduce the new topological Markov chain
(7,u2) with the 12 states which are the admissible pairs (3,5) in the left
columns of Table 2. The transition (m,n) — (p, q) exists iff n = p. (This
procedure is well-known in the symbolic dynamics see, for instance [2].) The
corresponding 12 x 12 matrix of transitions, say B, has now the following
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form
111 000 000 000

000 111 000 000
000 000 000 111
000 111 000 000
111 000 000 000
000 000 111 000
000 000 111 000
000 111 000 000
000 000 000 111
000 000 000 111
000 000 111 000
111 000 000 000

N2 ER w8 e 8@ ne 8

The last column shows the values of the function (%, ) for the corresponding
pair (%,7). The pairs (4,7) is ordered here in the same way as in the first
column of Table 2 (from above, for example the 11th row corresponds to
the pair (4,3)). It is well-known that the topological Markov chains (7, Q4)
and (7,$232) are topologically conjugate (in particular, they have the same
number of periodic points of each period). We define the suspension space
relative to ¢

Z,lf ={(w,t)jw € M2,0 <t < P(w)}

and the corresponding suspension flow. The function ¢ depends only on
wo : P(w) = P(wo) := 9, and takes only the values w,y,z. We use the
results of [24] to find the topological entropy of the suspension flow. It was
proved in [24] that if there exists an integer s such that B* consists of strictly
positive elements (in our case this condition is satisfied) then there exists a
unique unit vector e = {e;} with positive components and a number A > 0

for which

12
(7.1) D bijes =Ae;,  i=1,...12,
j=1

In our case we can explicitly find this vector and this number.

Lemma 7.1. If A is the unique root of the equation

SO RO
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and e is the vector with the following components

7.3 .

. €l =e=¢€7=¢ep= ’

(7.3) 1=es=e7r=eyp 2/ A2 +2) 4 \2(wty)  N2(wtz)
2wtz

7.4 =e;=¢eg=ej = ’

(7.4) €2=65= ¢ =en 24/ A2+2) 4 \2Aw+y) 4 \2(w+2)
/\w+y

(7.5) €3 =ep = eg = €12 =

24/ 22w+2) 1 \2(w+y) 1 \2(w+z)’

then the equalities (7.1) are satisfied.

Proof. In our case the conditions (7.1) can be rewritten as

e1 + ex + ez = A\ey, es+es+es = Meo,
e10 + e11 + e12 = Aes, es+es5+eg = A\Vey,
e1+ es+ ez = Aes, e7 + eg + eg = Aeg,
e7 +es + eg = \Ver, eq + es + eg = Neg,
e10 +e11 + e = Wey, e10 + e11 + e12 = AVeo,
er +es+eg = Neyy, e1 +es + ez = Nejq.

The direct substitution of the expressions (7.5) into these equations shows
their validity provided the equation (7.2) is taken into account. O

It was shown in [24] that a measure of maximal entropy of the suspension
flow is obtained from the stationary Markov measure m in Q9 for which
the probablhty of the state i is e; and the transition probabilities p;; are

% It is simple to show that p;; has one of the values 0, A=%, A~¥
or )\ z, More precisely,

AT =p1,1 = P24 = P310 = P44 = P5,1 = P67 = P7,7 = P84
= P9,10 = P10,10 = P11,7 = P12,1
(7.6) ATV =p12=pos5=7P311= P45 = P52 = P69 = D79 =P335
= P9,11 = P10,11 = P11,9 = P12,2
A™? = nonzero others.

Lemma 7.2. The topological entropy ho of the suspension flow is In \ where
A is the unique root of the equation (7.2).
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Proof. The topological entropy coincides with the measure-theoretic (Kol-
mogorov-Sinai) entropy relative to the measure with maximal entropy for
the suspension flow. In fact, it follows from [24] that it equals In A\. But we
explain it in the following way. Thanks to the Abramov formula (see, for
instance [25]) it is equal to

(7.7) ho = ————h’ﬁg’_:‘)

where hgg(7,m) is the KS entropy of the shift 7 relative to the measure 7.
Let us calculate the integral first. Since 7 is a constant on each cylinder
then

12
(7.8) / pdm = ie;

i=1

2
B V3V A2 +2) 4 N2wty) 4 N\2(w+z)

Now the entropy of a Markov measure is given by

(WAVFE 4 yAPHE 4 ZAwFY),

12

his(T,m) = — Y eipi; logpi;
,j=1

(see for instance [2]). By using equalities (7.6) we obtain

(7.9) -
12 12 12
hgs(T,m) = -A""IA™Y e = AVIATYY e - AInATFY e
i=1 i=1 =1
2 ( \y+2 4 \wtz + )‘w+y)
=InAMwA ™ +yAV +227%)— .
e R Wy eorepy vomm v
Therefore,
hrs(T,m)  InAAYFZ 4 X2 L AU (A~ 4+ yA 7Y + 297%)

f¢dm - (w)‘y+z + y vtz 4 z)‘w+y)

Dividing the numerator and the denominator by A*1¥** we obtain the ex-

pression
InAA™ + A7¥V +277)

which is equal to In A, thanks to (7.2). O
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Corollary 7.1. h,(N') = h*(N") =In ).

Comparing with Proposition 6.1 where n = 2 and using (7.2) we can find
the average length L,y of the homotopy element of solutions from N’ as the

solution of
3—1U/Lav + 3-y/Lav + 3—Z/Lav — 1.

Let us recall the following results of [25] (in these results L — 00).

(i) The number N(L) of periodic orbits of the suspension flow with periods
smaller than L satisfies the asymptotic relation

6h°L
hoL

(7.10) N(L) ~

where hg is the topological entropy of the suspension flow ([25], p. 109).

(i) The number M (L) of periodic orbits of the suspension flow with periods
from L to L+ 1 is asymptotically distributed as the probability density

hoehoL
eho —1°

These results hold under so called weak-mixing conditions. These condi-
tions are satisfied if the function ¢ (w) defined above and a constant are not
cohomologous to each other. Let us recall that two functions v, g are said to
be cohomologous (¢ ~ g) if there exists a continuous function G such that

Yv=9g+GoT—-G.
If g := c is a constant then the equality is rewritten as
(7.11) '(ﬁ(w) = G(‘T(w)) -_ G(w) +c, w € N19.

Lemma 7.3. The function ¢(w) is cohomologous to a constant if and only
ifw=y=z

Proof. Assume that 1(w) is cohomologous to a constant ¢, i.e., (7.11) is
satisfied. The point wp := (...252525...) is 2-periodic (see matrix B).
Therefore, 3(wo) = G(Two) — G(wo) + ¢; T2wo = wo, i.e., P(Twy) = G(wp) —
G(7wo) + c. Therefore, ¥(wo) + ¥ (Twp) = 2¢. But ¥(wo) = y = ¥(Two).
So ¢ =y. The point wy :=(...1,3,12,1,3,12,...) is 3-periodic %(w1) = w,
P(ren) = z = P(r%w1). So, Y(wi) + Y(1w1) + Y(r2w1) = w + 2z = 3,
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ie, ¢ = 242  The point wy = (...1,2,5,1,2,5,...) is 3-periodic and
Y(w2) = w, P(Twy) =y = 1[)(%2_@). Thus, w+ 2y = 3¢, ¢c = %‘9‘3‘ The
equalities ¢ = y = 2422 = 24 jmply o =y = 2. O

By definition, w, y and z cannot be equal to the same quantity, thus
the suspended flow possesses the weak-mixing property for every consid-
ered value of w, y and 2. Obviously, the length of periodic curves v, and
the periods of the corresponding periodic orbits in the suspended flow coin-
cide. Therefore, results of [25], and Lemmas above imply the following main
statement of this section.

Theorem 7.1. The lengths of periodic curves vy are distributed in the fol-
lowing way:

(i) the number of these curves with the length smaller than L, which we
denote by N(L), satisfies

N(L) ~ AL,
(ii) The number of these curves with lengths from L to L + 1, which we
denote by M (L), is asymptotically distributed as

Ao
A—1

(7.12)

where A is a unique root of the equation (7.2): A™ + AV + A2 =1
and w = 27R, y = 7R+ 2a, z = 7R + 2va? — R? + 2R arcsin % are
the parameters of the problem.

Let us consider different two limit cases.

Remark 7.1. Let R go to 0. It is natural to assume that N(L) has to
increase since rotations around circles of radius R almost do not influence
the energy. It is really so. As R — 0 then w ~ 27R, y ~ 2a ~ z and we
can derive that R ~ —zir— or (#)1/(2‘1“) <A< (%R)l/&a), R—0,ie,
N (L) grows “polynomially,” not faster than R~2/(2?) and not slower than
R~L/(2e+1) The expression (7.12) behaves asymptotically as R nRr

_L-1
or —R 2T In R.
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Remark 7.2. If a — oo then quantities N'(L) and M (L) have to, of course,
decrease. In this case w = 2R, y ~ 2a + 7R ~ 2z, a — oo. Asymptotically
for the solution of (7.2) we have

1 a
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