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1. Introduction.

It is well-known that Positive Mass Theorem has a fundamental importance
in Einstein’s general relativity. The positive mass theorem for 5-dimensional
Lorentzian manifolds is therefore interesting in the context of Kaluza-Klein
theory which provides a 5-dimensional general relativity containing both
Einstein’s 4-dimensional theorey of gravity and Maxwell’s theory of elec-
tromagnetism. This idea of Kaluza-Klein was enthusiastically received by
unified-field theorists and was extended to higher dimensions to include
the strong and weak forces (i.e., 11-dimensional supergravity theories and
10-dimensional superstrings). We refer to review article [OW] for higher-
dimensional unified theories from the general relativity side. Mathemati-
cally, the existence of Spin® structures on orientable 4-manifolds provides a
unified treatment on gravity and electromagnetism. In this paper we adapt
Witten’s method and the analytic arguments of Parker and Taubes to such a
Spin® structure. This yields a Positive Mass Theorem (Theorem 1.6 below)
for hypersurfaces in 5-dimensional Lorentzian manifolds.

Let N be a 5-dimensional Lorentzian manifold with Lorentzian metric g
of signature (—1,1,1,1,1), which satisfies the Einstein equations

(1'1) éaﬂ - gaﬁ = Taﬁ7

po |t

where Eaﬁ, R are the Ricci and scalar curvatures of g respectively, Tog
is a symmetric tensor field which is interpreted physically as the energy-
momentum tensor of matter.

Definition 1.1. A spacelike hypersurface M of N is called asymptotically
flat of order 7 if there is a compact set K C M such that M — K is the
disjoint union of a finite number of subsets My, .-, M} — called the “ends”
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of M — each diffeomorphic to the complement of a contractible compact set
in R%. Under the diffeomorphism the metric of M; C M is of the form

(1.2) 9ij = 0ij + ai5

in the standard coordinates {z'} on R*, where a;; satisfies

(1.3)  ay;=0(r""), Bkay=0@""1), §dka;; =O0Fr""72).
Furthermore, the second fundamental form of M satisfies

(1.4) hij =O(™™Y),  Okhiy = O(r~"72).

A U(1) line bundle L over M is called asymptotically flat of order 7 if there
is a trivialization of L over the end and a u(1)-value 1-form A such that on
end M;, the connection on L can be written as

(1.5) daj = 0j + Aji,
where A; is real, and satisfies
(1.6) Aj=0(""h, 84 =072

We will often identify the end M; C M with the corresponding set M; C R*.

The curvature F4 = dA of such a connection on L may be interpreted
physically as the electromagnetic field. For spacelike asymptotically flat hy-
persurface M and asymptotically flat line bundle L, we can define the total
energy, the total linear momentum and the total electromagnetic momen-
tum. They are defined in each asymtotic end M as limits over the sphere
Sg, of radius R in M; C R*.

Definition 1.2. Total energy of end M; is defined as

(1.7) El = lim 04_1 (ajg,-j - aigjj)dﬂi,
R—o0 Rl

total linear momentum of end M; is defined as

(1.8) pie = lim 04_1/ 2(hix — (Sikhjj)dﬂi,
R—o00 SRy

total electromagnetic momentum of end M; is defined as

(1.9) quij = lim ct ( / 2A;d — / 2A,-dm>,
- SRr,1 Sr,1

where C; = 12ws3 and ws is the volume of unit sphere S® with standard
metric.
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Definition 1.3. The current matrix of electromagnetic field on end M; is
defined by

N = (wiij),
where

- 2 2 2 2 2 2
wity =27 (—qfty — qf1a — qfia + aBoa + Glaz + dios);
—1/_ 2 2 2 2 2 2
wigz = 27 (—qj1o + G313 + Gl1a + 934 — Qa2 — 9i23)s
—1/,2 2 2 2 2 2
wiss = 27 (g1 — 13 + 914 — i34 + Gaz — Ti23)>
—1(,2 2 2 2 2 2
wiaa = 27 (q112 + G13 — G4 — Tza — Giaz T Gi23);
wig = Y qukqwg, 1<4,5 <4, i#].
k#{i,5}
When the asymptotic order 7 > 1, these quantities are finite, indepen-
dent on the choice of asymptotic coordinates. Since g;; = —gqy5;, € is real
symmetric. Moreover, {; is traceless.

The following Positive Mass Conjecture was proved first by R. Schoen
and S.T. Yau [SY1, SY2, SY3], then by E. Witten [W, PT].

Theorem 1.4 (Schoen-Yau, Witten). Let N be a 4-dimensional Loren-
tzian manifold with Lorentzian metric g of signature (—1,1,1,1), which sat-
isfies the Einstein equations (1.1), M C N be a spacelike asymptotically flat
hypersurface of order T > % If M satisfies the dominant energy condition

Too 2 ‘ /ZT&, and Too > |T,gl,

then, for each end M), we have

E > sz?,

If Ey, = 0 for some lo, then M has only one end and N is flat over M.

One key point in Witten’s argument is to prove that there is a positive
definite Hermitian metric on Spin(3, 1) spinors. This fact was verified by T.
Parker and C. Taubes [PT] in terms of representation theory of spin group
SL(2,C), and was extended to Spin(4,1) spinors by the author in terms of
representation theorey of spin group HU(1,1). Consequently, Positive Mass
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Conjecture can be proved for spin spacelike hypersurface in 5-dimensional
Lorentzian manifolds [Z1]. It should be true for all spin group Spin(n,1),
an issue we will address elsewhere.

Now since N is 5-dimensional and M is an orientable hypersurface in
N, M has a Spin® structure. It means that there is a U(1) line bundle
L on N such that S ® L7 is globally-defined over M, where S is (locally)
spinor bundle of N, Wthh is not globally-defined on N except that NV is spin.
Denote W = S® L2. W is called the complex Witten-Dirac spinor bundle,
and L is called Spin€ structure. Let A be a U(1) connection 1-form on L,
and denote FA"I as the curvature of L restricted on M. The corresponding
connection on L7 is da =d+ %A. Let V be the metric connection on S.
Then the globally-defined connection V 4 and the metric on W are defined as
follows: write ¢ = s1 ® 01, 1 = so ® 09 locally, where s1,s2 € S, 07,03 € L,
then

Vap=Vs1 @01+ 51 ® JAGl,
(6, V)w = (s1,52)5 - (01,02) -
Obviously, V4 is compatible with the metric (, );y. At each p € M, we
fix an orthonormal frame {es|a = 0,1,2,3,4} with ep normal to M and
e1,e0,€3,e4 tangent to M. (Here, and henceforth, repeated indices are

summed with Latin indices running from 1 to 4 and Greek indices running
from 0 to 4.) Denote {e*|a =0, 1,2, 3,4} as its dual frame.

Definition 1.5. The above M satisfies the charged dominant energy con-
dition if

(110) T > \/ZT& ZFAU, and Too > |Tag| + |Facel

Theorem 1.6. Let N be a 5-dimensional Lorentzian manifold with Loren-
tzian metric g of signature (—1,1,1,1,1), which satisfies the Einstein equa-
tions (1.1), M C N be a spacelike asymptotically flat hypersurface of order
T > 1. Let L be the Spin® structure of complex Witten-Dirac spinor bun-
dle of M with U(1) connection A, which is also asymptotically flat of order
T > 1. If M satisfies the charged dominant energy condition (1.10), then,
for each end M;, we have

\/ |Qu? + 2 |quagizs + quaquaz + quadios| if |R|=0,
P+ (/271 Qu + PP if |Pl#0,

E >
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where |Pi| = \/32; %, Qi = |/ ¥ic; 4 ond B, = |P|™" (pu1, pi2, P13, pia)?
if |P| # 0. If Ej; = 0 for some ly, then M has only one end and N, L are
flat over M. Moreover, pior = 0, qioi; = 0.

We also prove an analogous theorem for 4-dimensional Lorentzian man-
ifolds in the appendix. Namely,

Theorem 1.7. Let N be a 4-dimensional Lorentzian manifold with Lorentz-
ian metric g of signature (—1,1,1,1), which satisfies the Finstein equations
(1.1), M C N be a spacelike asymptotically flat hypersurface of order T > %
Let L be the Spin°(3,1) structure of N with U(1) connection A, which is
also asymptotically flat of order T > % over M. If M satisfies the charged
dominant energy condition (1.10), then, for each end M;, we have

E > \/|Pl|2 + Qi + 2 lprqias + preaist + a2l

where |P)| = />, %, |Qi] = \/ i< q?ij. If Eiy = 0 for some lo, then M
has only one end and N, L are flat over M. Moreover, pjx =0, g15:; = 0.

2. Spinors.

Let N be a 5-dimensional Lorentzian manifold, and M be a spacelike hyper-
surface in N. Denote H as the field of quaternions. The hyper-unitary group
HU(1,1) = Spin®(4,1) is the double covering group of connected Lorentz
group SO(4,1) (see [Hal, p272). A Spin® structure on N is a globally de-
fined HU(1,1) xz, U(1) bundle W over M locally of the form W = S®L3.
For any X € End(W), denote X* the adjoint of X under HU(1,1) x 2, U(1)
Hermitian structure. Denote

R={X € End(W),X = X*,Trace(X) = 0}.
There is an invariant metric on X defined for X,Y € R by,
(xyph%%amwmmy

Moreover, for any X € T*N with coordinate (zo, z1, 2, z3,z4), We have a
canonical identification of X to an element in R, i.e.,

(2.1) X»-»(””0 m),

- —xo
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where z = 1 + 2] + 2z3J + z4K. As in [Z1] one can prove that this defines
an isometry T*N = N.

The spinor bundle W has a HU(1,1) X z,U(1) invariant Hermitian metric
defined by

() =& -m—& e

for ¢ = (£1,&2)t € W, = (m,m2)t € W. This metric is not positive definite.
The Clifford multiplication is the map T*N @ W — W that sends X ® ¢
to X¢, where X¢ means that spinor ¢ is mutiplied by the corresponding
matrix (2.1) of covector X. Obviously, XY + Y X = —2g§(X,Y) - Id. The
choice of a timelike covector e gives another Hermitian metric on W by

(¢1 "»b) = (60¢7¢) = El ‘m+ 52 * 12

for ¢ = (£1,&2)t € W, 9 = (m1,m2)* € W. This new metric is positive definite
and Sp(1) x Sp(1) Xz, U(1) invariant. Furthermore, for any X € TN,
z € Ty M, spinors ¢,9 € W, we have

(2.2)
(X¢, ¥) = (&, X¥), (2¢, ¥) = (¢, z9), ("¢, ¥) = (4, ™).

The proofs of above facts are similar to those in [Z1]. By (2.1), we get a
canonical representation of the coframe

0 1 0 ) 0 1

oo h) 4= (h0)

2 (01 s (07 AL (0 K
I10) J o) K 0 )

Now we derive the Pauli representation. We identify H = C? as follows:
For any zg = z1 + x2] + z3J + 24K = (21 + z2I) + J(z3 — 24]) € H,
we identify it to z¢ = (21 + zoi, z3 — 24i)® € C2. Since I -z = I(z; +
zol) + J(=I)(z3 — z4I), J -z = J(z1 + 22]) — (3 — 24]), and K -z =
J(=I)(z1+z2I) — I(z3 — z4I). We can obtain the following canonical Pauli
representation

(2.4) I»-»((‘) fi>, JH(CI’ "01), K._,(fi B‘).
For any zp,yy € H, we have Re(Zpyn) = Re(Thyc). This fact implies
that, for any ¢,¢ € W, Re (¢, ¢) g = Re (@, ¥), Where (, )y is quaternions

(2.3)
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Hermitian metric on W and (, ). is the corresponding complex Hermitian
metric on W while W is viewed as a complex rank-4 bundle.

Obviously, W = W+ @ W~ over M, where W* = {¢ € W : x¢ = +¢}
(* = —ele2e3e?). The ‘half spinor bundles’ W+ are orthogonal w.r.t. metrics
(, ) and (, ). Moreover, since €% = %€, e preserves W*. Now the space
of 2-forms of M splits as the self-dual part /\+ and the anti-self-dual part

- +
N> N* = span{el,el, ef}, where
ei:el/\e2:l:e3/\e4,
(2.5) el =elnedtetné?

ei{=el/\e4:l:e2/\63.

Define the Clifford multiplication of 2-form on W by: (e!Ae?) = e'e’ (i # 7).
A straightforward computation shows /\:': WT = 0. Furthurmore,

I 1 1,1 I _2 2.1 I3 _ 3.1 I 4 __ 4.1

(26) ele =—evel, ele®=—e"e,, e_e”"=¢€,, e e =¢€"e,
2.7)  elel= —ele_{_, ele? = ezei, eled = —e3ei, elet = e4e_{_,
(2.8) efel= —elef, eKe? = e2ef, eKe® = e3ef, eKet = —e4ef,
and

I _J K J _K I K _I J
(2.9) ejey =2el, eyel =2, ele, =2ey,
(2.10) elel = 2K eleK =2el | eXel =2¢7.

3. Hypersurface Spin® Dirac operator.

Let N be a 5-dimensional Lorentzian manifold, and M be a spacelike hy-
persurface in N. Fix a point p € M and an orthonormal basis {e,} of T,N
with ep normal and e, es, e3, e4 tangent to M. Extend ej, es, e3, e4 to
an orthonormal frame in a neighbourhood of p in M such that (V;e;), = 0.
Extend this to a local orthonormal frame {e,} for N with (ﬁoej)p = 0.
Let {€*} be the dual frame. Then (Vie?), = —h;;e®, (V;e?), = —hyjed,
where h;; = <§ieo,ej>, 1 £ 4,5 < 4, are the components of the second

fundamental form at p. The metric connection V and V, together with
a U(1) connection A on L, induce two connections on W. These induced
connections on W, which we denote by V 4, V 4 respectively, are related by

~ 1 .
(3.1) Vai=Va+ §hi,-e°ef.
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By definition, V4 is compatible with the metric ( ), i.e.,
a((¢,9) x i) = ((Vat9) + (6, Faw)) #1.

Using (2.2) and (3.1), we can prove that V4 is also compatible with the
metrics (, ) and (, ), ie,

d((fﬁ, ) * ei) = ((VAi¢, 1/)) + ((75, VAH/’)) * 1.
d(<¢7 P) * 6z’> = (<VAi¢,",b> + <¢, VAi¢>) * 1.

In a local orthonormal coframe {e'} of M, Spin® Dirac operator D4 and the
hypersurface Spin® Dirac operator Dy are defined by
Dy=€Va, Da=¢eVy,
respectively. Obviously, D, is self-adjoint with respect to the metric (, ).
We also have the following standard Weitzenbdck formula:
R 1

D =\7;;VA+Z+§F£4,

where R is the scalar curvature of M, and FA"I is the restriction on M of
the curvature of L. From (3.1), we have

~ H
Dy= Dy+ Eeo’

where H = 3" hy; is the mean curvature of M. Moreover,
d( (e, ) * e") = (<DA¢,¢> - <¢, DA¢>) %1
= ((Dat,v) - (#, Dav)) +1.
and
a( (8 Vaw) xe) = ((Vait, Vi) = (& (~Vai + hijee!)V i) ) * 1.

It follows that the adjoints under the metric (, ) are D% = Da, 5; = Dy,
~j§h- = —V; + hijelel. With the information, we can easily derive (as in
[Z1]) the following two Weitzenbdck formulas,

1

2 i

~ 1 1 .
(3.2) D% =V4Va+ 1B+ H?) - EV,-HeOe’ +

-~ 1 .
(3.3) =ViVa+ E(Too + Tose®e’ + FY).
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The integral form of Weitzenbock formula (3.3) is
~ 2 ~ ~ 12 1 L~ .
60 [ [Tud +(0Fs)~|Bas| =5 [ (4.0} ¢,
M oM
where R = 2(Too + Toie%€* + FY), and [ef, ef] = e'el — elé'.
Now recall that M and L are asymptotically flat of order 7 > 1 with

asymptotic coordinates {dz’} on the end. Orthonormalizing {dz’} yields an
orthonormal coframe

e =dzt + %aikd:ck + O(r""‘l).
Denote €° as dz®. Then, on each end,
Vaj =9 - irkjldmkdml + -;-Aji +O(r=2m7 1),
Dp=da?d; - irkjldxj dzFdz’ + %d:c0 + %d:chji + 0@,

where I = %(c%gkl + Ogkj — Okgj1) = O(r~™"1). Therefore Dy gives the
maps for the weighted Holder spaces

crew) 24 cte (w) 24 b ,w)

T

defined by connection V4 on W. Here we are using the weighted spaces
defined in the papers of Bartnik [B] and Lee-Parker [LP]. For constant
spinor ¢g, dj¢0 = 0, we have Dg¢g € ch (W), and D?%¢o € CE’f_Q(W).

7—1
The following lemma can be easily proved in the spirit of [PT].

Lemma 3.1. Suppose M, L are asymptotically flat of order 7 > 1 and ¢,
{#:} € W are C! spinors which satisfy V 4¢ = 0, Vad; =0 for each i,

(i) Iflimz_oo #(z) = 0, where the limit is taken along M in one asymp-
totic end, then ¢ = 0.

(i) If {¢:} are linearly independent in some end, then they are linearly
independent everywhere on M.

Proof. By the assumption, we have V 4;¢ = —%h,-jeoej ¢. Then

416 | = 2[Re(V a0, )| < ClhlIaP.

Therefore the lemma can be proved in the same way as Lemma 4.1, [Z1].0
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Lemma 3.2. If M, L are asymptotically flat of order 7 > 1 and the charged
dominant energy condition (1.10) holds on M, then the map

D P (w) — %, (W)

is an isomorphism.

Proof. First note that the lower order term in (3.2)
(l(R +H?) - 1v,-He"e" + 1F}¥>

lies in C’O > o(W). Consequently, Theorem 9.2(d) of [LP] shows that D2 4 is
an 1somorph1sm provided it is injective. To show injectivity, suppose that
o€ Ci’f (W) satisfies 1~)igb =ViyV Aé+ Rep = 0. Integrating over the region
M, C M inside radius r in asymptotic coordinates, we have

/M, |6A¢'2 + <§¢’ ¢> = -/6M, <¢, 6Ai¢’> * el

<¢’ §Ai¢> = <¢7 (VAi¢ + iI:h/i.7'eo.ej.(]5>> = O('r'"27'"1)’

and Vol(8M;) = O(r®) by (1.2), (1.3). Hence the right hand side of the
above integral vanishes in the limit as 7 — co. Therefore v Ap=0on M.
Hence ¢ = 0 by Lemma 3.1 (i), and the proof of the lemma is complete. [

But

Theorem 3.3. If M, L are asymptotically flat of order 7 > 1 and the
charged dominant energy condition (1.10) holds on M, then for any con-
stant spinor ¢o on ends, the following boundary value problem has a unique
solution ¢ € C(W),

(3.5) { .5A¢ = 0

limr oo = do.

Proof. Since D2 490 € C’O" Q(W), Lemma 3.2 show that there is unique
¢ € C’2°‘(W) such that DA¢>1 = —DAqSo Then ¢ = ¢ + ¢o satisfies
D2%¢ =0. Let ¢ = Dagp € C22 (W), then

/M, o] + (R ) = /aM, (0. V) e = /6 , 06 =0

as r — 0o. Therefore V49 = 0 on M. Hence ¥ = 0 by Lemma 3.1 (i) and
¢ is the unique solution of (3.5). O
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4. Positive Mass Theorem.
In this section, we will prove Positive Mass Theorem.

Proof of Theorem 1.6. Fix a constant spinor ¢ # 0 on M; and ¢ = 0 on
the other ends. Let ¢ = ¢o + #1 be the solution of (3.5) with ¢; € C**(W).
As in [Z1] we have

(4.1) /M '6A¢'2 + <¢>, §¢>
/OMOO <¢0, [dwi,dwj]ﬁAj¢o>
1

. 1 S .
= = 1 J . 1 - 7 J K i
= 2/3 <¢0, [dz*, dz ]VJ¢0> *x dx’ + 4/3 <¢0, [dz*, dz ]AJ1¢0> * dx

= % > <<¢0’ El¢0> + <¢0, plkdwodwk¢o> +y <¢o, dxidquliji¢0>> ,
i<j

N =

l

We next simplify these terms algebraically. For this we temporarily drop
the subscript on @o, writing ¢o = (¢, ¢~) € W+ @ W—. Similarly, we drop
the subscript [ from Ej, P, Qi, 4, pi; and gy;;. When |P| # 0, we choose
¢~ so that ppdz®dz*¢™ = —|P|¢~. Then
(90, rda®dstpo) = (4%, prda®daho™) + (47, peda®dar )
= —|P||gof*.
Denote the self-dual part of total electromagnetic momentum of end M; by

g =27 q2 + g34), @3 =27 Hq3 +qa2), ¢ =27 (qua + go3),

and anti-self-dual part of total electromagnetic momentum of end M; by
42) ¢ =27 (q2—34), 5 =2 (@3 — aa2), 95 =27 }(q1a — g3)-
Let gt = e:’i_qi" + eiq;' + efq{{, g =elgr +elgy + eKqz, then

>~ (0, daidaiayigo) = (4%, q*ig*) + (¢, g7ie™ )
(4.3) i<i

<¢+7 (¢F — |P|"% prpjdatq=da? )i¢+> :
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Using (2.6), (2.7), (2.8), (2.9) and (2.10), we obtain

pkpjda:ke‘i do’ = ( — peprdzFdzt — pkpgda:kd:z2 + pppadzFdz®
+ pkp4d:1:’c d:z:4) eﬁ_
= (¢} + 73 — 7% — Pl + 2p1pade’do® — 2puprdatda’
+ 2p1padatdzt + 2p2p3da:2da:3)e£_
= [} + 93 — P} — i + (prps — pap2)e]
+ (p1pa + pops)el ] el
= (p% +p3—p3 — Pi) ey +2 (p1p4 + p2p3> el

+2 (p2p4 - p1P3> eX.
Similarly, one finds that

prpjdztel do? = 2(?2:03 - p1p4> el + (P% ~p3+ 15— pi) el
+2 (:mpz + p3p4> ef’
kK35 _ I J
prpjdr-e’ dx’ = 2(;01?3 + p2p4) ey + 2(p3p4 - plpz) ey

+ (18 - p3— B3 +9}) e

Denote

c1=qf —|P|” ((p? +p3 —p3 — p3)ay + 2(paps — P1P1)dy
+ 2(p1p3 + pap4)gs ),
. —2 — . s92 2,2 o\ _
c2=q; —|P| (2(171:04 + pop3)qy + (P — P35 + P53 — Pi)4>
+ 2(p3ps — P1P2)q5 ),
cs=qf —|P|7? (2(P2p4 — p1p3)q; + 2(p1p2 + P3pa)ay

2y —
+(p%—p§—p§+p4)q3)-
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When |P| =0, we set

= g — IS (62 + 53— 3 — sD)ar +2(sas — s190)35
+2(s183 + 3234)q§),

=g —|S|7 (2(8134 +5283)q7 + (7 — 53 + 53 — s§)gz
+2(s384 — 8182)%7),

c3 = qé" - |,S'|—2 (2(3234 — 5153)q; + 2(s152 + $354)q5
+(sf - 53— 53 + sD)ay ),

where s1, 52, 53, 54 are arbitrary real numbers such that S| = /3", s? # 0.

We choose ¢~ by sgdz®dzF¢t = —|S|¢~. Then we can repeat the above
calculation, replacing py by si. Therefore,

Z <¢0a dxidxj%ji¢o> = <¢+, (eicl + e_‘{_cz + 6503)i¢+>

1<j

= 2<¢+, (Ier + Jea + ch)i¢+>.

By the Pauli representation (2.4), we have

Re > (o, da'dalqisigo ) = 2Re(gt, Ccgt),
1<j
where
_ —C1 —icy + 3
C= < icg +c3 c1 ) !

which has real eigenvalues A = +|C|, |C| = 1/>_; c?. Now we take ¢t to be

the eigenspinor of eigenvalue — |C| with |q5+|2 = —%— We obtain
1 ~ 2 ~
E—|P|-|C| = 4C; /M ]qus] + <¢, R¢> > 0.

Next we compute |C|. Denote

tk={ ISI7 s if |PI=0,
PI7'pe if |PI#0.



648 Xiao Zhang

Obviously, Y, tz = 1. A straightforward computation gives
2
((t% + 3 — 13 — t3)g7 + 2(tats — tita)gy + 2(t1ts + t2t4)q3_)

2
wy (2(t1t4 +tots)gr + (3 — 3+ 13 — t5)qy + 2(tsts — tita)qs )

2
+ (2(t2t4 — tits)qy + 2(tita +tats)gy + (85 — 13 — 45 + t3)q5 )
= (¢7)* +(92)* + (3)>
Therefore
2 _ _ _
ICP = (af)? + (@3)* + (a3)* + (a7)* + (a3)* + (3)?
—2(83 + 13 — t — tDqf qf — 4(tats — t1ta)gf gz — 4(tats + tota)ai a5
— d(t1ta + tata)gg g7 — 208 — 5 + 13 — 13)q5 @5 — A(tats — tita)qd g3
— A(toty — t1t3)qd g7 — A(tate + tata)gf a5 — 2(82 — 13 — 3 + tD)aT a5
1 o
=5 1QI* + T*0T,
where T = (t1,to, t3,t4)!. Now we show when |P| = 0, there is an another

choice of constant spinor ¢o such that the third term in (4.1) has sharper
value. First, by mean value inequality and (4.4),

45) 1O < 2@+ (6 + @)+ (60)* + (@)* + (1)) = Q.
On the other hand,

Re) <¢0, dmidzjq,-,-iqso> = %e<¢+, q+iq5+> + §Re<¢", q—i¢—>

i<y
= 2Re(4+, Q*4+) — 2e(47, Q7¢7),
where
Q+=( —qf —iq§*+q§L) Q-=< -1 —ig +g )
g+ 4 ’ iy +a35 4

When |P| = 0, we can choose ¢*, ¢~ freely. So we choose ¢* to be the
eigenspinor of eigenvalue — |Q*| of @, and choose ¢~ to be the eigenspinor

of eigenvalue |Q| of Q such that |¢+” + |67 |* = 1, |Q*| = \/Ti(g)?,

Q7 =1/32:(g7)? Then,

~Re Y (g0, dutdriazito) =2|@*| ¢+ +2(Q7| [¢[".

i<j
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We choose ¢~ = 0 if |QF] > |Q~, and ¢+ = 0 if |QF] < [Q~|. Thus

_mez <¢0, dwidijiji¢o> = 2max{ |Q+| ; IQ_I }

i<j

= \/IQI2 + 2 |q12934 + 13942 + Q1423

By (4.5), we know to get a sharper result by choose constant spinor in this
way when |P| = 0. The proof of the first part of Theorem 1.6 is complete.
Now suppose E; = 0. Then pyp =0, 1 < k < 4, c;;=0,1<j<3and
q1ij =0, 1 < 4,5 < 4. Take constant spinor {11, : 4 = 1,2, 3,4} which form
a basis of W on M; and 91, = 0 on all other ends M;, where we take W
as complex bundle. Let 1), be the solutions of D A%, = 0 constructed from
this data by Theorem 3.3. The vanishing of F; then implies v A%y =0 and
1, — 0 uniformly on each end except M;. But this contradicts Lemma 3.1
(i) unless M is the only end of M. By Lemma 3.1 (ii), {¢, : p = 1,2,3,4}
are linearly independent everywhere on M, so in a local frame {e;} of M,

1~ 1 e e = =
~1 apijete P, + o aihu = (VaiVa; = Va;Viai =V g, e)¥n = 0.

In terms of (2.3), (2.4), we obtain

E,ﬂl Fa; —Rf, R;'J'gl Rmo1 + Ruo2l _R1303 ﬁij04i
R;’;g R+ —R,ﬂl Faij Rzloa Rijosi Rym Rijoi
Rijor — Rq(ml —Rjjo3 + R1104l —Rijii—Fay R+ Rjjsi
Rijos + Rl_704l RzyOl + sz02l —Ro + Ry5i 1l — Fagj

where
=y o= - =y = - =1 = -
Ry = Rijio & Rijas, Ry = Rijis+ Rijas,  Rjj3 = Rijis £ Rijos.

This immediately implies that, over M, Eijaﬁ = 0, Fa;; = 0. Therefore
Too = 0 by the Einstein equations, and Roio; = 0, F40; = 0 by the charged
dominant energy condition. Thus the proof of Theorem 1.6 is complete. [J

5. Appendix: Analogue on 4-Lorentzian Manifolds.

In this appendix, we assume N is a 4-dimensional Lorentzian manifold with
Lorentzian metric g of signature (—1,1,1,1), which satisfies the Einstein
equations (1.1), and M is a spacelike hypersurface in N which is asymptot-
ically flat of order 7 > 1. Let L be a U(1) line bundle which is a Spin(3,1)
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structure of N. We assume L is also asymptotically flat of order 7 > % over
M. The total energy, the total linear momentum and the total electromag-
netic momentum of each end of M can be defined same as (1.7), (1.8), (1.9)
except that we integrate over the sphere in 3-dimensional asymptotically flat
ends.

Proof of Theorem 1.7. Let V be (locally) SL(2,C) bundle. The complex
spinor bundle W of N is equal to (V ® L%) e (V*® L%). Note that Lz
is globally-defined over M since every orientable 3-manifold is spin. Now
the Clifford multiplication can be defined as follows: For any X € T*N
with coordinate (zo, 1, Z2, z3), We identify it to the corresponding elements

X € Hom(V® L% — V*® L?) and X° € Hom(V*® Lt — V ® L2),

To—xT1 To+ir o+ —x9 — iz
X 0 .1 2 3 : X9 0 .1 2 3 ).
T9 —1T3 o+ T1 —I9+1L3 To— T1

Then the Clifford multiplication T7* N @ W — W is defined by X ® (¢, 7)* =
(Xn, X7¢)'. We refer to [PT, Z2] for details. Now let ¢o = (£0,0)",
t

pirdz’dzF o + Z dz'dz? qi;5igo = (Cufo, ClZ"]O)

i<j
where
Cle = ( piL— Qa3 —pi2 + @31 — (P13 — qu12) )
¢ —pi2 + qi31 + i(pi3 — q12) —pi + Q23 ’
C, = ( —(pu1 + qio3) P2 + @31 +i(pi3 + qu2) ) .
K P2 + @31 — i(pi3 + qu2) D11+ Q23

Note Cy¢ has eigenvalues £,

e = V(i1 — @123)? + (P12 — @31)? + (P13 — q112)?,

and Cj, has eigenvalues A,

Aip = V/ (i + @23)? + (o2 + @131)% + (i3 + qu2)?-

We choose spinor ¢o = (£o,70) such that & is the eigenspinor of eigenvalue
—M\i¢ and 7 is the eigenspinor of eigenvalue —A,. Moreover, €02+ [mo|? = 1.
Then

<¢o, szdivodwk¢o> + Z <¢>o, dwidijuji¢0> = —Alg|50l2 - Azn|770|2.

i<j
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We choose 19 = 0 if Mg > Ay, and &o = 0 if A\e < Ay, Thus, if M satisfies
the charged dominant energy condition, then

E > \/IPzI2 +|Qul? + 2 |pr1gios + praqis1 + Pisqual-

If Ejy = 0 for some lp, then M has only one end, pix = 0, qii; = 0, and
Ragys = 0, Fpap = 0 over M. Thus the proof of Theorem 1.7 is complete.]
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