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inequalities on parabolic stable bundles over Kahler 

manifolds 
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Let X be a compact complex manifold with a smooth Kahler metric 
and D = YHLI ^i a divisor in X with normal crossings. Let E be a 
holomorphic vector bundle over X with a stable parabolic structure 
along D. We prove that there exists a Hermitian-Einstein metric 
on Er = E\-x\£) and obtain a Chern number inequality for a stable 
parabolic bundle. 
Without the assumption that the irreducible components Di of D 
meet transversely, using Hironaka's theorem on the resolution of 
singularities, we also get a Chern number inequality for a more 
general stable parabolic bundle. 

1. Introduction. 

Let X be a compact Kahler manifold of complex dimension n with a Kahler 
form LJ. Let E be a rank r holomorphic vector bundle over X. It is proved 
that E is stable if and only if E admits a Hermitian-Einstein metric, under 
the assumption that E is indecomposable ([N-S], [Dl], [D2], [D3], [U-Y]). 
The theorem yields Bogomolov-Gieseker inequality easily, which says that, 
if E is stable, 

(2C2(E) - —Ci(£)2) • M"-2 > 0. 

Let D = YALI A be a divisor in X with normal crossings, we introduce a 
parabolic structure of E with respect to D which consists of flags of El^ 
and weights attached to the flags, we define the notion of parabolic stability 
of a parabolic structure (see Section 2). Set X = X\D, E' = i?|x- In section 
3, we construct a metric KQ on E' with the property that |i</r0|;f0 G ^(X) 
(p > 1). In Section 4, we construct Kahler metrics u)a (0 < a < 2) on X 
and show that (X,uja) satisfies the three assumptions in Section 2 of [SI]. 
It is proved in Section 5 (Proposition 5.10) that the parabolic structure is 
parabolic stable if and only if (J5, KQ) is analytic stable (Definition 5.2, also 
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see [SI],p.877), which yields one of our main results (Theorem 6.3) that the 
parabolic stability of a parabolic structure is essentially equivalent to the 
existence of a Hermitian-Einstein metric on E/ with respect to ua for some 
0 < a < 2. Furthermore, we prove a Chern number inequality in section 7 
(Theorem 7.5) for a stable parabolic structure. 

In section 8, we prove a Chern number inequality (Theorem 8.3) for a 
more general stable parabolic structure. In this case, we do not assume 
that the irreducible components JD; of D meet transversely, and we need not 
suppose that the flags of E^ satisfy the compatibility condition (Definition 
2.1 and Definition 8.1). We use a theorem of Hironaka [H] on the resolu- 
tion of singularities to get complex manifold X by successively blowing up 
submanifolds such that the proper transforms D* of A, (i = 1, • • • ,™>) do- 
not meet each other. Let q : X —► X be the canonical map, and let UJ be a 
Kahler form on X. We show (Lemma 8.5) that the stable parabolic struc- 
ture of E along D = Yl^Li A induces a stable parabolic structure of q*E 
along D* = YllLi D* on X using the Kahler form q*uj + SUJ for sufficiently 
small e > 0. Then Theorem 7.5 yields another main result of this paper, the 
Chern number inequality Theorem 8.3. 

If D is a smooth divisor, Li-Narasimhan [L-N] construct a metric KQ on 
E' with \FKO\KO £ If(X) (p > 2). If X is of complex dimension 2, they 
show the equivalence between the stability of a parabolic structure and the 
existence of a Hermitian-Einstein metric on the bundle, using the restriction 
of the Kahler metric UJ to X. 

Parabolic bundles over Riemann surfaces is treated in [MS, B, K, Na-St, 
P, SI, S2]. 

Acknowledgement. The author would like to express his gratitude to 
Prof. G. Tian for his advising in the construction of the metrics on the 
bundle. He would like to express his gratitude to Prof. M. S. Narasimhan 
for his explaining the Hironaka's theorem. 

2. Parabolic stability over Kahler manifolds. 

Let X be a compact Kahler manifold of complex dimension n with a Kahler 
metric CJ, D a divisor in X with normal crossings. Let X = X \ D, the 
restriction of u to X gives a Kahler metric on X, we fix it once for all. Set 
D — ]Ci=i ®i where the irreducible components A of D are smooth and 
meet transversely. 

Let E be a holomorphic vector bundle over X, £" = E\x- Define I to be 
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the set of all tuples of integers (fci, • • • , kj) with 1 < j < n and 1 < ki < m. 
For each J = (fci, • • • , kj) e /, denote by Xj the smooth variety defined as 
the intersection of D^ • • • Dfc •. 

Definition 2.1. A parabolic structure on E with respect to D consists of 

a) flags of EID^I < i < m) : 

Efo = Ft 3 H 3 • • • 3 ^ D {0} = i4i+l 

where F/+1 is a proper subbundle of F/ (1 < I < mi — 1), and 
the flags satisfy the following compatibility condition: For every 
J = (fci,--- .kj) e IJ{FJSi\Dki...Dkj,l < i < i,l < I < mki} yields a 

flag of E\Dkl~.Dk. which is a refined flag of {jpf*)^...^., 1 < / < m^J 

for each i € {1, • • • , j}. 

b) weights a^, a^, • • • , a^. attached to F-f, i^, • • • , F^, satisfying 0 < 
ai<4<...<<i<l. 

A holomorphic vector bundle E with a parabolic structure is called parabolic 
bundle. 

Definition 2.2. We define the parabolic degree of a parabolic bundle E by 

ra    mi 

:E 
=1 1=1 

par deg E = deg £ + JT g rankiFl/F^aj deg[A] 

where [A] is the line bundle defined by the divisor A, deg £ (resp. degfA]) 
is the degree of £* (resp. the degree of [A]) in the usual sense using the 
Kahler form cu. 

Suppose that V is a proper coherent subsheaf of E with quotient torsion 
free. Then there is a natural flag of V)^ by coherent subsheaves 

vfo = F{VD--.D Fiy D {0} = F^+1V 

induced by Fj n V D ■•■ D F^. n V D {0}, clearly, n, < mi. Let us 
define the weights attached to the flag by aKV) = the largest aji. such that 
FiV C Fl n V, i.e., the subscript fc is the largest integer with the property 
that FfV CFl,l<l<ni,l<i<m. 
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Definition 2.3. We define the parabolic degree of V by 

m    rii 

par degV = degV + Y^J2 rank(FlV/Fl+1V)a\(V) deg[A] 
i=i 1=1 

Definition 2.4. We say that a parabohc bundle E is parabolic stable if for 
every proper coherent subsheaf V of E with quotient torsion free we have 

par deg V     par deg E 
rankV rankE 

3. Construction of metrics on vector bundles. 

Let E be a parabolic bundle over X as given in Section 2. At a point p G D 
through which j(l < j < n) of the A pass, we may choose local holomorphic 
coordinates in a neighborhood U = An = {\zi\ < l,i = 1, • • • ,n} of p = 
(0, • • • ,0) such that D fl U = {zi • • • Zj = 0} is the union of coordinate 
hyperplanes. The complement U* = U\UnD = (A*)jxAn-j is a punctured 
polycylinder P*(j, n) given by {(zu • • • , 2n)IN < Ml * * * Zj' + 0}. 

Definition 3.1. If {ei, • • • , er} (r = rankE) is a holomorphic basis of E in 
An satisfying the property that, for any iG{l,---,i}: 

{er_r^!+1, • • • , er\ is a basis of F^. over U fl A, 

{^-r^.x+n ' * * 'er} is a basis of ^-i over U n ^^ 

{er_rt+1, • • • , er | is a basis of i^ over U fl A 

where r/ = rankF^l = !,••• ,mi, we say that it preserves the flags on 

The following lemma is clear. 

Lemma 3.2. There is a holomorphic basis {ei,--- ,er} of E in An such 
that it preserves the flags on U fl D. 

Proof. We choose a holomorphic basis {ei, • • • , er} of EID^-DJ^ 
such that it 

preserves the flag F yielded by {F/bi-D,,! < / < m^, 1 < i < j}.  Since 
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F is a refined flag of {-F}*l£i—Dj» 1 < I < ™>i} for each i e {1, • • • , j}, the 
basis {ei, • • • , er} can be extended naturally so that it preserves the flags on 
U n D. This proves the lemma. 

Let {ei,--- ,er} be a holomorphic basis of E in a neighborhood Upi 

of Pi 5 {/i? • • • ? /r} a holomorphic basis of E in a neighborhood I7p2 of p2. 
Suppose that (/i, • • •■ , /r) = (ei, • • • , er)^, i.e. fp = ea5a/5 in l/pj n f/p2 ^ 0, 
Up1 fl C/p2 fl D = U^=1Dfci (1 < j < n). Assume that {ei, • • • ,er} (resp. 
{/i> * * * ? /r}) preserves the flags in Upi (resp. in UP2). Then on each Dfc^i = 
1,2, •••,j), 

(1) 5^ = 0ifr-rfi1 + l</3<r-rfi,    a<r-rfi1 

here rf* =rank Fz
fci, 2 < I < mki + 1. 

For each i = 1, • • • , m, we choose a metric on the line bundle [Di] defined 
by the divisor A- Let ai be the canonical section of Di which vanishes on 
Di. We may assume that its langth |<7i| < 1. We put cr = o-j ® • • • <g> crm, 
which is a section of [D], then |cr| = nj|crj| < 1. 

Put p} = Oj if r — Tj < I < r — r*+1, where rlj = rankFj, j = 1, • • • , mj. 
Set 

/? = 

5l = 

V -r* 

Now we construct a metric H on jB|p«yjn). Let {ei, • • • , 67.} be a holomorphic 

basis ofEinU preserving the flags on UdD. Assume that UdD = U^-DA-, 

we define the metric H so that its matrix with respect to {ei, • • • ,er} is 

(5^)2 '' * (^)2- Set (ej1""^', • • • , ek
r
v"kj) = (eh • ■ - , er)f3^ • • • ^, it is well 

defined in a small neighborhood of any point x € P*(j,n), and it is a 
holomorphic basis of Ef there. It is clear that with respect to the basis 
(e1

1" J, • • • , er1" 3) the matrix of H is identity. 
There are finite neighborhoods Ui and Vi(i = !,••• ,JV) such that, 1) 

Ui DD Vi and UiVi D D; 2) associated to each Ui there is a unique j-tuple 
(fcij * * * 5 fcj) with 1 < j ^ n such that 17, D D^ fl • • • fl Dfy is an open 
coordinate chart of D^ fl • • • Pi D^- disjoint from any other Dk (k ^ k^ 
I = 1, • • • , j).   Let C/Q = X \ UM.   Then {C/f | i = 0, • • • , iV} is a finite 
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covering of X. Suppose that {tpi e CQ
0
^) | i = 0, • • • , iV} is a partition of 

unity corresponding to the covering. In each Ui (i = 1, • • • ,iV) we choose a 
metric Hi on Ef as above and in UQ we choose a smooth metric on E. We 
define a metric KQ on i?7 by 

N 

(2) K0 = Y/i;iHi 
2=0 

Lemma 3.3. Let i^o &e the metric on E' defined above, then its curvature 
form satisfied that \FK0\KO € If(X)(p > 1). 

Proof. It is clear that, in Uk \ (U^fc0i)(fc = 1, • • • , N), \FKo\Ko e L
00. Sup- 

pose that Uii fl C/i2 D I?fci (1 < ii < ^V"? 1 < *2 < N), D^ - • • 2?*- is assoiated 
to C/"^, DfaDiz • • • D^. is associated to Ui2. Let {ei, • • • , er} be a holomor- 
phic basis of E preserving the flags on U^ fl D, and let {/i, • • • , fr} be a 
holomorphic basis of E preserving the flags on Ui2 (ID. We write fp = eagap, 
then 

Ui 5 * *' rJr ) 

= (/i • • • fr)Pkl(3l2 ■ ■ ■ fa = (et ■ ■ • er)9^^ ■ ■ ■ fa 

= (ef 1"'fcil, • • • , ej1""^1 )(far1 • • • ((lk2)-l{fa)-lgfapl2 ■ ■ ■ fa 

where g is the matrix with elements gap. 
Set 

G = (/?fci)-Vfcl = (GQ/j) 

By (1) we can see that GQ^ are able to be extended holomorphically to D^ 
and that G^p = H^pa1^ {a ^ /?) where 

lap > min{ af1 -a^, 1 - (a*1 - a^) | t = 2,..- ,7^^ + 1 } > 0 

and iJa^ are able to be extended holomorphically to D^-   So, using the 
k\"'k- k\"'k- 

holomorphic basis {el 
J1,--- ,er 

:'1), applying the fact that GQ,/? are 
holomorphic away from the divisor, we can calculate the curvature form 
and obtain 

^o = %i1KI2(7-1)^1^fcl+^ 
where 

7 > min{ aj* - ^I1, 1 - (aj* - af^) | i = 2, • • • , mkl + 1 } > 0, 
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A is smooth, ak -£- is smooth. 

Similarly, if nj^t/^ D U^JD^., we can show that, in nj^L/^, 

(3) 

where 

3=1 

7,- > mm{ a/ - a^, 1 - (a^ - a^) | i = 2, • • • , mkj + 1 } > 0, 

ak.£. is smooth (j = 1, • • • ,/), A is smooth. Therefore the lemma follows. 

4. Singular metrics on manifolds. 

Recall that a; is a Kahler metric of X. For 0 < a < 2 we define 

2 
w, 'a = \/ZT 

where Ca is a constant large enough so that uja is a Kahler metric on X. 
We set UQ = a;. 

For any point p G D, we choose a neighborhood t/p of p. Assume that 
{zir " 5^n) is a coordinate system in Up such that UpnD = {zi- >Zj = 0} 
Then we can see that, in Up \ D, u;a is quasi isomeric to 

i n 
2_^ Icril^dzi A d^i +  yj dziAdzi 
2=1 t=i+i 

Applying the weighted Sobolev inequality proved in [St] (Theorem 2.2.56), 
we obtain, for any / G C00(X) 

{L l/rH~cw)' - Ca ((IMIv /|2dF)2 + (/, l/I'M""^)2) 
if 2 < r < ^ETJ where dV is the volume element of a;, v is the gradient 
with respect to cu. 

SmceinUp\D,\Vf\* = Z»=1\§ff, 

(4) 
vaf\2>ca  X)He 

.i=i 

5/ 
^Zj 

i=i+l 

a/ 

>Caknv/i2 
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we have the Sobolev inequality: 

{Ll/|Wa)' - Ca \ (L' Va fl2dVa) 2 + (L lfl2dVc 

if 2 < r < ^Ef, where dV^ is the volume element of u;a, and Va is the 
gradient with respect to uja. 

Therefore, we have the following proposition. 

Proposition 4.1. (X,u;a) satisfies the three assumptions in [SI] (Section 
2), that is, (1) (X, CJQ,) has finite volume; (2) there exists an exhaustion 
function (j) with Aa<j) bounded; (3) if f is a nonnegative bounded function on 
X with Aaf >-B {Be LP(X),p > n), then ||/||Loo(x) < C(\\B\\LP{X) + 

\L^{X)) ^here Aa is the Laplace operator with respect to uja. 

Proof Assumption (1) is clearly satisfied. We set <f) = log |cr|2. Then Aa</> = 
-y/^lhaddci). The Poincare-Lelong formula ([SABK], Ch. II, Section 1, 
Theorem 2) yields that it satisfies Assumption (2). To prove Assumption 
(3) is satisfied, it suffices to show that the Moser's iterative argument [Mo] 
(also see [G-T], Ch. 8) works on the manifold (-X",a;a), which is guaranteed 
by the Sobolev inequality that we proved above. 

5. Analytic stability and parabolic stability. 

Let E' = i£|x, K a Hermitian metric on £", let djc = djc + d be the 
Hermitian connection of K, FK the curvature of d^- 

If {KOLFKIK € L1
{X^UJOC)) (0 < a < 2), where Aa is the contraction with 

respect to the Kahler form u;a, we can define (see [L-N], [SI]) the analytic 
degree of (£, K) by 

da{E,K) = l-± j tr(AaFK)dVa 

■J—l   f 
= -=— /  trFK A *u)a 

27r   Jx 

L trFK A y-^- 
2ir   Jx (n-1)!' 

If V is a proper coherent subsheaf of E' with quotient torsion free, we can 
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define the analytic degree of V (see [L-N], [SI]) by 

da{V,K) = ^I tr(AaFKW)dVa 

= ^JX tr(nAaFK)dVa -l-J \dir\lWadVa 

where TT is the orthogonal projection with respect to the metric K onto V in 
the complement of an analytic set. The analytic set is of codimension > 2, 
outside which V is a proper subbundle of Ef. 

Let SK = SK^E') denote the vector bundle of self-adjoint endmorphisms 
of E' with respect to K. 

Definition 5.1 ([L-N]). Suppose that K, H are Hermitian metrics on E' 
with the property that lAai^l^ € Ll{X,u)a) and |Aa.Fij|# 6 L1(X,a;a). 
Let H = Kh. If 

a) iJ, K are mutually bounded; 

b) \dh\Kj„a e L2
(X,<JQ) 

then we say that H and K are compatible with respect to uja. 

It is proved in [L-N] (Lemma 3.4) that, if K and H are compatible with 
respect to a;a, then da(E, K) = da{E, H). 

Definition 5.2. Suppose that K is a Hermitian metric on E' with the prop- 
erty that \AaFK\K G L1(X,a;a). We say that (E, K) is analytic stable with 
respect to cja, if for every proper coherent subsheaf V of E' with quotient 
torsion free, 

d^K) ^da(E,K) 
rankV rankE 

We compute the analytic degree of (E, KQ) with respect to uja where KQ 

is defined in Section 3. For this purpose, we introduce a metric Ki of E over 
X. We adopt the same notations as that in Section 3. Let H' be a metric on 
E\/^n whose matrix with respect to the basis {ei, • • • , er} is identity. Then 
we choose, in each Ui (i = 1, • • • , TV), a metric fff on E as above, and define 
the metric Ki by 

N 

Ki ^ofeo+y^jfe- 

Proposition 5.3. do(E,Ko) =pardegE 
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Proof. Set K^Ko = h, then tr FKo =tTFKl + ddlog det h. 

do(E7Ko) = degE + ^-t f ddlogdethA 
27r   Jx 

We have 

♦a; 

do(E, Ko) = deg E + £1 J dd log det f n(^)2 j A 

+ ^^ / dd log det ( U^)"2^ ) A ^ 

By the Poincare-Lelong formula ([SABK], Ch.II, Section 1, Theorem 2), we 
have 

doiE.Ko) =pardegE+^- f ddlogdet (Yl(ST2h) A ^ 

By the construction of the metrics Ko and Ki, it is not difficult to see that 
logdet(f]i(S'2)-2/i) can be extended smoothly to X, so the last term on the 
right hand side of the identity vanishes, this proves the proposition. 

It is clear that 

r (v7111 (A) ££i ^l^l2-a + Ca^Y'1 

Jx (n-1)! 

= C^-1 [ trFKl A ^1— 
Jx (n-1)! 

and 

(^ (A) IXi ^l^l2-Q + c>)n_1 

,A-^ ^ '■ /  99 log det h, 
Jx (n-1)! 

= C2"1 /  99 log det/i A   ^ 
Jx 

,71-1 

(n-1)! 

So, we have the following proposition 

Proposition 5.4. 

da(E,Ko) = (Z-1pardegE 



Hermitian-Einstein metrics and Chern number inequalities 455 

Then we consider the parabolic degree and the analytic degree of a co- 
herent subsheave of E. 

Proposition 5.5. Let V be a proper coherent subsheaf of E with quotient 
torsion free. 

1) If Ki is a metric on E 

deg V = 
2-K 

f tr(AFKlW)dV 

2) // KQ is the metric defined in Section 3, we have 

par deg V = do(y, KQ). 

Consequently, \d7r\K0 G L2(X). 

Proof. By a theorem of Hironaka ([H],p.l45, Corollary 2), we can find a 
complex manifold X, which is obtained by successively blowing up complex 
submanifolds, such that the following holds. Let q : X —> X be the canonical 
map and let {P/1*}^ = 1, • • • ^N) be the components of the exceptional 
divisor S; then there exist positive integers {mi}(i = 1, • • • , JV) such that 
the canonical map from q*(V) to q*(E) maps q*(V) isomorphically onto a 
proper subbundle of q*(E) ® O^rriiP?*). 

We first prove 1), i.e., 

deg(V) = y^Jx M^tfilv) A *w- 

Note that for any choice of a metric 7 on q*(V) we have 

deg(V) = ^J„tr(FJ)A*q*(uJ). 

Now consider the metric on q*(V) obtained from the metric on q*(E) ® 
0(-miff*), where we use on q*(E) pullback of Id and on each O(i^) 
some metric. Let \Si\ be the norm of the canonical section of 0(Ppi) with 



456 Jiayu Li 

respect to the metric, we have 

degV = 

27r  Jx\s 

/ tr(Fy) A *q*(uj) 
JX 

^  !     tr{q*{FKlW))/\*q*{") 
Jx\s 

f   -^aiogi^A^H 
Jx\s    * 27r   ix\s 

27r 

I tr(FKlW) ^*" + ^rJ5ts -T^l0g |,Si|2 A *9*(a;) 

=
 ^/:

<r(i7'i"lk)A*a; 

where Ci^ff1)) is the first Chern form of C>(Jf'). 
Prom now on, we suppose that Ki is the metric of E defined in this 

section. 
It is clear that 

trFKoW = trFKlW +dd\ogdet((K1\v)-1(Ko\v)) 

Using 1) we have 

do(V1Ko) = degV + V^ / ddlogdetdldlvyKKoW)) **u 
to  Jx 

We will use blow up as above to calculate the second term on the right hand 
side of the last identity, which equals 

f ddlogdetiiq^K^^r^q^Ko^v))) A *<?» 
JXKa-HD) 27r   Jx\q-HD) 

We denote by D* the proper transform of A, we may assume that g"1^) = 
Sill A* + & is a divisor with normal crossings. 

Suppose that the flag of V^ by coherent subsheaves is 

V\Di = F{V D • • • D i^V D {0} = 2^+1V; 

the weight attached to the flag is a\(y), • • • , aj^V) (see Section 2).  Let 
a = ranfcV. 
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Put Sj = aj if a - rj < I < a - r*+1 where rj = rankF^V, j = 1, • • • , rij. 
Set 

At = 

Bl = 

( \<\ 

\ 

25\ 

V nilii^i25" 
where cr? is the canonical section of Dh 

We have 

27r   Jx\q-KD) Jx\q-KD) 

27r   Jx\q-HD) 

A *5*(a;) + 
27r /        aaiogdet (n(^B')) A *9*H 

Jx\q-HD) V i / 

Letp G g"1^)- Assume that DJ, • • • ,D^P?\' • • ,P6
nb pass through p. Sup- 

pose that /i,--- ,/a is a holomorphic frame of q*(V) in a neighborhood 
Up of p and that / is a holomorphic frame of C?(—raii1^), assume that 
fi = 9ijq*(ej) ® / where ei, • • • , er is a holomorphic basis of E around q(p) 
preserving the flags, g = (gij) is a matrix with constant rank a. Further- 
more, we may assume that fi = g*(efci) ® / on D* = Uj=1Dj, i = 1, • • • , a, 
that is gf/lz)* =0 if j ^ ki and fl^Ji)* = 1. We have 

(fi,fj)H' = guVji 

(fufMH)=n wi^ n i^i2/3?ft% 

Here H is the local metric on E' defined in Section 3, Hf is the local metric 
on E constructed in this section, /?* is defined in Section 3. 

Let (zij • • • , zn) be a local coordinate system around p and P™* is defined 
by zi = 0, i = 1, • • • ,6. Then 

(5) 

(6) 

(7) 
(b b 

H    Zi      n      ZjVlmdzi A dZn 
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By (5)r(6) and (7) we can see that 

>X\q-HD) 

= 0 

We therefore have 

/ ddlogdetmK^v^tfiKo)^)) A *q*(u,) 
27r    Jx\q-HD) 

tiU       \   27r    Mff-1^) / 
ma N      j—rr     « 

+E E 3 E ^ /-     ^log WA *9*(w) ^j=? t^ 27r Mr^D) 

m     a 

= EE4deg[A] 

ddlog\ai\2A*q*(u) 
X\D 

So 
do(V; JKQ) = par deg F 

This completes the proof of the proposition. 
Similarly we also have 

Proposition 5.6. Let V be a proper coherent subsheaf of E with quotient 
torsion free. 

4a(V;Kb) = C2-1pardegV 

Proposition 5.7. Suppose that KQ is the metric constructed in Section 3. 
If K and KQ are compatible with respect to a;a; then rfa(^ K) = da(y, KQ). 

Proof Let h = KQ
1
K. We adopt the notations in the proof of Proposition 

5.5. In particular q : X € X is the blow up. We shall prove 

/ Saiogdet ( H^rVWl.TGOrV(*0l,*(V)) J A *q*(ua) 
Jx\q-HD) VV / 

= 0 
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For any point p G q~l{D), around it we use the holomorphic frame e\ '"'' ' 
defined in Section 3. 

Suppose that 

fi = 9'ijq*(e?'-'k))®f 
and 

It is clear that 

9ij = 9'ijq* I II", "" I if rfc(J%+1) < j < rfc(F4) 

where ki = 1, • • • ,m/. 
We have 

{<f{h)fufj)H = 9l
ilhl59>j5(f,f) 

Here H is the local metric on Ef defined in Section 3. 
Since gV* = a? nUi^tn \h\Ko £ ^(X), \dh\Ko^a 6 L2(X,u>a), using 

(6) we can show the claim, which yields the proposition. 
Finally, we consider the equivalence between parabolic stability and an- 

alytic stability. 
The following lemma is a corollary of a theorem of Siu ([Siu], Theorem 

4.5). 

Lemma 5.8. Suppose that A is a thick set in P*(fco,n — 1)(0 < ko < n — 
1), assume that Q is a coherent analytic sheaf on P*(fco,n — 1) x A and 
that J7 is a coherent analytic subsheaf of Q with quotient torsion free on 
P*(A;o, n - 1) x A*; where A = {|*| < 1}, A* = A \ {0}. If for every point 
p G -Aj^r|{p}xA* can be extended to {p} x A as a coherent analytic subsheaf 
of0\{p}xA t then T can be extended uniquely to a coherent analytic subsheaf 
ofg onP*(ko,n-l) x A. 

Li-Narasimhan showed in [L-N] (Lemma 6.2) that the extension of a 
coherent subsheaf of Er = E\x is a local problem. So applying Lemma 10.6 
in [SI] and using Lemma 5.8 at most n times, we can prove the following 
proposition. 

Proposition 5.9. Suppose that KQ is the metric on E' = E\x constructed 
in Section 3. If V is a proper coherent subsheaf of E' with quotient torsion 
free and |97ry|xo € L2(X), then it extends to a coherent subsheaf of E. 
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Proposition 5.10. Suppose that E is a parabolic bundle, assume that KQ 

is the metric constructed in Section 3. Then E is parabolic stable if and only 
if (E, KQ) is analytic stable with respect to u;a. 

Proof Using (4) we can obtain 

/ \d7rv\KodV<Ca f \dnv\Ko^dVa. 
Jx Jx 

So the proposition follows from Proposition 5.4, Proposition 5.6 and Propo- 
sition 5.9. 

6. The existence of H-E metrics . 

In this section we prove one of our main theorems in this paper. 

Definition 6.1. A Hermitian metric H on E, = E\x is called Hermitian- 

Einstein with respect to ujai if AaFjj = 0 where i^p = FH — XukE^ ls *ke 

trace free part of the curvature FH, I is the identity endomorphism of E1. 

Definition 6.2. Suppose that E is a parabolic bundle, K is a Hermitian 
metric on Ef = E\x, we say that it is compatible with the parabolic structure 
with respect to a;^ if K and KQ are compatible with respect to u;a, where 
KQ is defined in Section 3. 

We set 

70 = min{ a] - o^, 1 - (a\ - a]^) \ I = 2, • • ■ ,mi + 1, i = 1, - • • ,m }. 

Theorem 6.3. Let X be a compact Kdhler manifold of complex dimension 
n and D a divisor ofX with normal crossings. Let E be a holomorphic vector 
bundle with a parabolic structure along D. IfEis parabolic stable there exists 
a Hermitian-Einstein metric with respect to uja for any 2(1 — 70) < a < 2 on 
E' compatible with the parabolic structure with respect to &&. Conversely, if 
E is indecomposable and Ef admits a Hermitian-Einstein metric with respect 
to uja (t) < a < 2) compatible with the parabolic structure with respect to (ja, 
then E is parabolic stable. 

Proof. If E is parabolic stable, by Proposition 5.10 we know that (E,KQ) 

is analytic stable with respect to ua for any 0 < a < 2. According to (3) 
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we know that we can choose any 2(1 — 70) < a < 2 such that \AaFK0\K(l € 
L00(X). Theorem 1 in [SI] yields that there is a H-E metric on Ef compatible 
with the parabolic structure with respect to uja. 1 

Conversely, suppose that H is a H-E metric compatible with the 
parabolic structure with respect to ujai we have par deg E = C^~nd0i(E, H). 
Suppose that V is a proper coherent subsheaf of E with quotient torsion free, 
by Proposition 5.6 and Proposition 5.7 we have par deg V = C^~n(ia(V,£r). 
Then by an argument similar to the one used in the proof of Theorem 7.3 
in [L-N] we can show that E is parabolic stable if E is indecomposable. 

7. Chern number inequality (I). 

Suppose that if is a Hermitian-Einstein metric on Ef compatible with the 
parabolic structure with respect to uja (2(1—70) < a < 2), which is obtained 
in Theorem 6.3. It was proved in [SI] (Proposition 3.4) that 

(8) (2C2(E, H) - ^Ci(E, tf)2) Mn-2 > 0 

where r = rankE. 

Cl{E,H) = ^=±trFH, 

C2(E, H) = -^(trFn A trFH - trFH A FH) 

Since det H = det #0, we have Ci{E, H) = Ci(E, KQ). 

Lemma 7.1. 

/ C2(£;,#)Au,r2< / C2(E,Ko)Au2'2 

Jx Jx 

Proof. It suffices to show that 

/ tr(FH A FH) A u^-2 < f tr(FKo A FK0) A u^2 

Jx Jx 
Suppose that / is a compactly suppored function on X, and we set v = 
—Anyf—iddf. Simpson [SI] showed that 

/ f(tr(FKQ A FKo) - tr(FH A FH)) A CJ^ 
Jx 

n-2 

27r 
J tr(SFK0)v A wr2 " ^ / tr^(s)(ds)dKoS)v A d? 
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where es = K0 
1H1 ^(s) is constructed as in the definition of Donaldson's 

functional (see [SI] Section 5). 

We choose 

/(, = max{o,1 + Mf} 

Set Xp = {x e X\ log |c7|2 > —/?}. We now recall how one gets H from KQ 

(see [SI] Section 6 and Section 7). 

One solves the heat equation 

detiJ = detKo 

on Xp with Dirichlet boundary condition H\dXp = -^o- K the solution is 
denoted by Hp{t), one shows that .ff/^t) —► fi'(t) in C1,0 over compact sets 
in X, as /? —* oo. iJ(t) is a solution of the heat equation, and there exists a 
subsequence £$ —► oo such that H{ti) —> iJ weakly in ^Zoc* 

Set e^ = 11(3 = K^lHp{t) in X^ and 5/3 = 0 outside X^.  Since ([SI], 
Lemma 3.1 (c)) 

^trhp = -V=ltr(hp(AaF^ - AaF&0)) + {dhp)hp 
Ko,uja 

and ■gfotrhpldXp ^0, because tr/i^ > r = trhp\dXpi where Aa is the Laplace 
operator with respect to u;a, we have 

/, 
\(dhp)h] dV* < C. 

Ko.Ua 

Here C is a positive constant independent of (3. 

By Proposition 5.3 and Lemma 7.1 in [SI] we can see that |fy?|;r0 is 
bounded on both side. So 

hdspl^dV^C. 
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We have 

/   Utr(FHl3AFH^A^-2 

= [   fMFK0AFKo)A^-2-^ f   HspFK^vAul-2 

JXp *"    JXp 

Note that splexp = 0, fplaxp = 0, we have 

tr(spFKo)v\dXfi = 0 

and 
tr(ty(sp)(dsp)dKQSp)v\dxfi = 0 

In X^ 

v = —Any/^lddfp = —ddlog |cr|2 

By Poincare-Lelong formula, we have 

/   Utr(FHpAFHp)A^-2 

JXp 

<  f   fi3tr(FKoAFKo)Au2-2 

JXp 

+ % [   \trAaFKo\dVa + ^ f   [dsp&^dVa 
P JXp P JXp 

By the Riemman bilinear relations, one gets 

tr(FH0AFHp)Au2-2 > -ClAaify,)2^ 

Since 
Sup|AQ^|<sup|Aai^0|<C 
Xp Xp 

and trFjjp = trFKo, we have 

tr(FHp AFup) /\uT2 > -Cul lp  ^ * MpJ 

Letting (3 —> oo, using Fatou's lemma we obtain 

/ tr(FH{t) A FH(t)) A un-2 <  f tr(FKo A FKo) A u^2 

J X J X 
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Applying Fatou's lemma again, we get 

/ tr{FH A FH) A u^-2 < [ tr(FKo A FKQ) A u^2 

Jx Jx 

Proposition 7.2. Let X be a compact Kdhler manifold of complex dimen- 
sion n and D a divisor of X with normal crossings. Let E be a holomorphic 
vector bundle over X with a parabolic structure along D. Let KQ be the 
metric of E' constructed in Section 3. If E is parabolic stable, for any 
2(1 — 70) < OL < 2 such that 

2C2(E,Ko)-—C1(E,Ko)2 

r 

where r = rankE. 

The proposition follows from Lemma 7.1 and (8). 

Lemma 7.3. 

Jx 

= / C1(E)AC1(E)ALjn-2 

Jx 
m    rrii 

+ 2 E E 4rank{Fi/Fi+l) deg(E| A) 

) Mn-2 > 0 

i=l 1=1 

+ E ( \Y,4rank{Fi/Fi+l)\ I ^afranfc^/l^jj A • DA 

where Di • Dj = Jx Ci([Di]) A Ci([Dj]) A u>n~2 is the intersection number of 
Di and Dj(i,j = !,••• ,ra). 

Proof Suppose that Ki is the metric constructed in Section 5.   Set h = 
K^KQ, then trFKo = trFKl +ddlogdeth. So, 

CiiEtKtfiAdiEtKo) 
2 

(«rFid + dd log det h) A (trF^ + dd log det h) 

= C^-)   {{^FK,? + 2brFKl A ddlogdeth 

+dd log det h A dd log det h) 
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We adopt the same notations as that in the proof of Proposition 5.3, we 
have 

f d^KiOACiCfMsoAwr2 
Jx 
=(^)7^)2Awr2 

+ 2 (^EP)   J^ trFKl A ddlog detC^C^)2) A <"2 

+ 2 C^p)   J trFKl A dd log detCIIi^)-2^) A ^2 

+ r^)   / aaiogdetcn^^^^Aaaiogdetcni^)2) Aa;r2 

+ (^Y^)  f aaiogdet(ni(5
i)-2/i) A aaiogdet^c^)-2^) A J, 

     o 

+ 2 (^H    / aaiogdet^^)2) Aaaiogdet^^)"2^) Aa;2 

By the construction of the metrics Ki and KQ, it is not difficult to see that 
logdet(n;(S2)~2/i) can be extended smoothly to X, so 

/ trFKl A aaiogdet^^^)"2^) A u^"2 

Jx 
= f ddlogdetiUiiS^h) AddlogdetiUiiS1)-2^ AUJ^ 

Jx 

= f aaiogdet(ni(5
i)2)Aaaiogdet(ni(5

i)-2/i) ACJS 
Jx 

-2 

Thus the Poincare-Lelong formula yields the lemma. 
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Lemma 7.4. 

+ 2X:Ea'deg(i;,//i?m) 
»=1 Z=l 

m    TTij 

+EEw)2ronfc(^/^Vi)A2 

x=l 1=1 

where D? = J^C'ifDi] A CijX);] A ujn~2 is the self-intersection number of 
Du(i = I,--- ,m). 

Proo/. It is clear that 

where /i = K^KQ. SO, 

i^o A FKo = F^ A F^ + 2FKlAd(h-1dKlh) + d(h-1dKlh)Ad(h-1dKlh) 

Note that 

d(h-ldKlh) = dUShy^K^Sh)) - dih-^s-^K^h) 

where 5 = 11;(S^)-2.   By the construction of the metrics Ki and KQ we 
know that (Sh) can be seen as an endomorphism of E, we have 

2   ^ 
n-2 

[^ ) Jx 
tr(FKoAFKo)Au;2' 

2 

(^)   /,triFKl A ^(,l"1('5-1%15)/i)) A a;2- -2 

2 

^O)    / tridih-^S^dK^h) A dih-^ST^Sm A u£- 



Hermitian-Einstein metrics and Chern number inequalities 467 

A simple calculation shows that 

2 

m    mi 

= -EEaldeg(F//i7iVi) 
i=l z=i 

Similarly, we have 

2-n r^^TN 2 
-2 'a     \2irJ   J Hdih-HS-^S^Adih-^S-^SmA^ 

£p\   Jx tridiS-'dK.S) A diS-^S)) A a;""2 

m    rrii 

This completes the proof of the lemma. 

Theorem 7.5. Let X be a compact Kdhler manifold of complex dimension 
n and D a divisor ofX with normal crossings. Let E be a rank r holomorphic 
vector bundle over X with a parabolic structure along D. If E is parabolic 
stable, the following Chern number inequality holds. 

m    rrti m    mi 

{Cl -2C2)+2Y,YJ 
ai d^(Fi/Fi+1) + £ £(*?) Van^/i^i) A2 

i=l 1=1 i=l 1=1 
m    TUi 

1     / o 
< 

r 

1      / 771      TUi 

r    C? + 2 E E ^nk(Ff/Fi+1) deg(E\Di) 
\ i=l 1=1 

m     / rrii 

+ E    E^^W/^+i        [^oirankiFJ/Fl^Di • Dj 
ij=i \i=i ))  \i=i ) 

where Di • Dj is the intersection number of Di and Dj (iyj = 1, • • • ,ra), 
Df is the self-intersection number of Di, C2 = J-^C2{E) A a/1"2, C2 = 
/xCi(E)ACi(£;)Aa;n-2. 
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Proof. By Proposition 7.2, we have 

2 / C2(£, ffo) A a;r2 > !LZ^ / Ci^, Ko) A Ci(E, ^o) A < 

for any 2(1 — 70) < a < 2. that is, 

-2 

mis 
2 

,n-2 

2 

-~H^?)   J^o^rF^A^'2 

so 

2 

") X<r(FKoAi?ko)Aa;r2 
1  /,/ZT\2   /• 

trF^o A trFK,, A w; 

2^ , 
2 

,n-2 

r("2r)   X' 
Then the theorem follows from Lemma 7.3 and Lemma 7.4. 

8. Chern number inequality (II). 

In this section, we assume that D is a divisor in X and that D = Y^Li Di 
where the irreducible components Di of D are smooth, we do not assume 
that Di meat transversely. Let E be a holomorphic vector bundle over X, 
we shall define the notion of parabolic structure of E along D and the notion 
of parabolic stability for a parabolic bundle, we shall derive at last a Chern 
number inequality for a stable parabolic bundle. 

Definition 8.1. A parabolic structure on E with respect to D consists of 

a) flags of E\Di (i = 1, • • • , m), 

E\Di =FiDFiD:-DF*niD{0} = F^+1 

where F/+1 is a proper subbundle of Fi(l = 1, • • • ,ra; — 1). 

b) weights a|, • • • , a^. attached to i^, • • • , F^. satisfying 0 < a\ < • • • < 

otL < 1. 
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A holomorphic vector bundle E with a parabolic structure is called 
parabolic bundle. 

We define the parabolic degree of a parabolic bundle E by 

m    mi 

par degE = degE + Y^Y^ a]rank(Ff / Fi+1) deg[A] 
2=1   1=1 

Suppose that V is a proper coherent subsheaf of E with quotient torsion 
free. There is a natural flag of V]^ by coherent subsheaves 

V\Di= FtV D ... D F^V D {0} = Fii+1 

induced by F{ n V D • • • D Fl
m. n V D {0}. We define the weights attached 

to the flag by al(V) = the largest aj. such that F/F C F| n V, I = 1, • • • , n*. 
We define the parabolic degree of V by 

par degV = degV + J2J2 *\(V)rank(F}V/Ft+1V) deg[A] 
i=i 1=1 

Definition 8.2. We say that a parabolic bundle E is parabolic stable if for 
every proper coherent subsheaf V of E with quotient torsion free we have 

par deg V     par deg E 
rankV rankE 

In this section we mainly prove the following Chern number inequality 
for a parabolic stable bundle. 

Theorem 8.3. Let X be a compact Kdhler manifold of complex dimension 
n. Let D = Y^Li Di be a divisor in X where the irreducible components Di 
of D are smooth. Let E be a rank r holomorphic vector bundle over X with 
a parabolic structure along D. If E is parabolic stable, 

m    mi m    raj 

(C? - 2C2) + 2 J2 E ai tez(Fi/FU) + E BaDVanW/Fm)A? 

2=1   1=1 2=1   1=1 

1    / m    mi 

^ 7    Ci + 2 E E 4rank{Fi/Fi+l) deg{E\D) 
\ 2=1   1=1 

m     I mi \ \     / rrij \ 

+ E    E^^W/^Vi E«l~n*(^/^n))A-Di 
»J=1 \l=l /    \l=l I 
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where Di - Dj is the intersection number of Di and Dj (i,j = 1, ••• ,m); 

Df is the self-intersection number of Di, C^ = J-^Ci{E) A C\{E) Aujn~~2, 
C2 = JxC2(E)Aujn-2. 

Proof We use the theorem of Hironaka ([H],p.l45, Corollary 2) again. By 
successively blowing up complex submanifolds, we can find a complex man- 
ifold X such that the following holds. Let q : X —> X be the canonical map 
and let {i^ni}(i = 1, • • • }N) be the components of the exceptional divisor 
S. Let D* be the proper transform of Di (i = 1, • • • ,ra). We may assume 
that D* do not meet each other, and that q~1(D) = YITLi D* + S forms a 
divisor with normal crossings. 

Note that q*cj is a Kahler metric on X \ 5, but it is not a metric on S. 
Suppose that 5 is a Kahler metric on X, then for any e > 0, (JJ£ = q*uj + eu 
is a Kahler metric on X. 

The parabolic structure of E along D induces a parabolic structure of 
<f £ along D* = YALI 

Di which consists of 

a') flags of q*E\D* (i ■= 1, • • • , m) 

flTEtoy = ^IJD. D 5*P3|fl. D • ■ ■ q*F^\Dt D {0} = q*Fini+1\D. 

b') weights a\, • ■ ■ , al
m attached to the flags. 

Set 

par deg q*E = deg^ q*E 
m   mi 

+ J2^2airank(q*Fi\D*/q*Fi+l\D*)degq.U)[D*} 
i=l 1=1 

where 

so 

degg.wq*E=   [c1(q*E)A*q*uJ 

= fci{E)AbJ = degE 
Jx 

degrcj[A*] = /_ Ci([A*]) A *q*" = deg[A] 

par deg q*E = par deg JB. 
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Put 

par dege q*E = deg^ q*E 
m    mi 

+ E E 4rank{q*F!\D*/q+F}^|D?) deg^[A*] 
i=l 1=1 

where 

deg^ q*E =  I Ci(q*E) A *(g*a; + su) = degE + 60(e) 
Jx 

deg^JA*] =  / C^Dj]) A *(g*a; + eZ) = deg[A] + Sfc) 
Jx 

and 5i(e) —> 0 as e —> 0 (i = 0, • • • , m). 
So par deg£ q*E = par deg E + 6(s) where tf (e) —> 0 as s —> 0. 
Let F* be a proper coherent subsheaf of q*E with quotient torsion free. 

(9~1)*^*L-i(X\s) can be extended to X as a coherent subsheaf of E: we 
denote it by V. Similarly, we can define par deg V* and par dege F* by 

pardegVr* = degg.Ci;V
r* 

772       Tlj 

+ E E akOron*^ J!f Ifl. (V*)/q*Fi+1 \D* (V*)) deg^JD*] 
i=l Z=l 

and 

pardegeF* = degWey* 

+ E E 4(V*)rank(q*Fi \Dt (V*)/q*Fi+1 ^ (V*)) deg^ [A*] 
2=1   i=l 

It is clear that par deg V* = par deg V and par deg£ V* = par deg V + 77(e), 
where 77(e) —> 0 as e —♦ 0. 

The following lemma is obvious. 

Lemma 8.4. E is parabolic stable if and only ifq*E is parabolic stable with 
respect to q*(jj. 

Furthermore, we have 

Lemma 8.5. Suppose that E is parabolic stable.    Then q*E is parabolic 
stable with respect to LJ£ for sufficiently small e. 
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Proof. If q*E were not parabolic stable with respect to CJ^, there would exist 
a proper coherent subsheaf V* of q*E with quotient torsion free such that 

pardeggF* > pardeg£q*E 
rankV*     ""    rankq*E 

On the other hand, since q*E is parabolic stable with respect to q*(jj (Lemma 
8.4), we have 

par deg V*      par deg q* E 
rankV* rankq*E 

We consider degg^((Vr*)* ® g*^). 
By (9), we have 

en) deg^^an*®^^) 
= rankV* deg^ g*^ - rankq*E deg^^ F* 

\ rankq*E rankV* J 
(^ m    rti 

i=l 1=1 

.rank{q*Fi\D*{V*)/q*Fi+l\Dt{V*)))&egq.„m 

^ 2=1   /=1 > 

+ C(£) 

where C(e) —> 0 as e —> 0. 
By (10), we have 

(12)    degg.w((y*)*®g*£;) 

> ranfcVranfcg*E    __ £5>f (^ 
\ i=l Z=l 

ranfc(g*F/|D?(^)/9*^Vib*(^)))degg.Ji); 
rn    mi 

1=1   i=l / 

(11) contradicts (12) when e is sufficiently small, because deg^^F*)*® 
g*E) = deg(y* ® J5) is an integer. This completes the proof of the lemma. 
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Now we can finish the proof of Theorem 8.3. 
Since (X, UJ£) is a compact Kahler manifold, D* = YALI A* ^s a divisor 

in X, and D* (i = 1, • • • , m) do not meet each other. Since E is parabolic 
stable, q*E is parabolic stable with respect to UJ£ for sufficiently small e. By- 
Theorem 7.5 we have 

(Cf - 2CI) + 2 £ £ a* degu,e(g*JP/b./g*FzV1b.) 
i=l Z==l 

m    mi 

i=l «=1 

*      / 771      771^ 

^ r    Cie + ^'EJ2airank^Fi\Dt/<l*Fi+1\Dt)deglVe(E\Dt) 
1=11=1 

771        / TTlj > 

+ E nl<*\™nk{q*Fi\Dt/q*Fi+l\Dt) 
i,j=l  \Z=1 y 

(E^^(?*^'b;A*^ili>;) 

^^([ADACXQ^DA^- 

,71-2 

where 

0^=   / C1(q*E)AC1(q*E)Ai 
Jx 

C£2=   [c2(q*E)Aujr2 

Jx 

Letting e —> 0, we get the desired inequality.  This completes the proof of 
the theorem. 
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