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Eigenvalues of strings and cylinders with variable
mass density
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1. Introduction.

This paper proves sharp inequalities for the frequencies of vibration of strings
and cylindrical membranes, under either fixed or fixed—free boundary con-
ditions. We establish such inequalities also on the “generalized” cylinder,
which is the cross—product of an interval with a homogeneous Riemannian
manifold. The goal is to better understand the effect that inhomogeneities
in the mass distribution have on the frequencies of vibration.

Theorem 2, for example, says roughly that for a vibrating string fixed
at one end and free at the other, moving mass towards the free end will
tend to decrease the frequencies. To make this more precise, suppose w is a
positive function on the interval (0, L) and Aj(w) is the j-th eigenvalue of the
weighted Laplacian w™'d?/dz? on that interval, under Neumann boundary
conditions at x = 0 and Dirichlet boundary conditions at x = L; this means
that for some eigenfunction 1),

o) + Nj(wywp; =0 for z € (0,L),  9}(0) = ;(L) = 0.

Physically, A; (w)l/ 2 is proportional to the j-th characteristic frequency of
a string with mass density w that is free at the lefthand end and fixed at
the right. The precise statement of Theorem 2 is that if the total mass
Js w(z) dz in each subinterval (0, s) is at least s, then

*(5) > 5° ()

W) = 4" N

for all positive integers n and all convex increasing ®. Here A;(1) is the j-th
eigenvalue of the unweighted Laplacian d?/dz?, that is, the j-th eigenvalue

(1.1)
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for the homogeneous string with mass density w = 1. Note that taking
®(a) = a? for p > 1 yields a result for the spectral zeta function, and that
taking n = 1 gives A;(w) < A;(1), which means that moving mass towards
the free end of the string certainly decreases the fundamental tone. Of
course, this movement of mass might increase the j-th frequency for 7 > 1, if
we unwisely choose to move mass towards a nodal point of the corresponding
eigenfunction of the homogeneous string. Thus it seems impossible to get a
simple inequality that holds for each A; individually, which is why we resort
to “averaging” the eigenvalues by summing their reciprocals, in (1.1).

The rest of this introduction provides context for “isoperimetric” eigen-
value inequalities of this kind. First, it is intuitively clear that if we make a
string (or membrane) heavier, it will vibrate more slowly. It is reasonable to
suppose, also, that we can slow down the vibration by simply moving some
of the mass of the string from places where the string vibrates very little
towards places where it vibrates a lot, while not increasing the total mass. A
result along these lines was proved by P.R. Beesack and B. Schwarz [4], who
showed that for the interval (—L, L) of length 2L fixed at both ends, one
has Aj(w) < A1(w«), where w, is the symmetric increasing rearrangement
of w; note that on each subinterval (—s,s), the string with density w has
more mass than the string with density w,, and so the w-string “should”
vibrate more slowly. B. Schwarz [26, Theorem 1] extended this result to cir-
cular membranes, and Z. Nehari [23, Theorem II] found a similar result for
superharmonic w; see [17, Theorem 4] for a generalization of these results.

The first eigenvalue is fairly well understood, then, but it is not clear
how the higher eigenvalues should be affected by this shifting of mass around
the membrane, since the higher eigenfunctions have complicated patterns of
nodal lines. In general we cannot hope that a single mass density exists
for which all the eigenvalues are extremal, and so we average the higher
eigenvalues in order to get an extremal result. Two such averages for which
results are already known are the spectral zeta function

21
2 5y

j=1"7

for fixed exponent p and, more generally, the ®-functional
- 1
* ()
]z:; Aj(w)

for positive integers n and convex increasing functions ®. (Take ®(a) = o?
to recover the zeta function from the ®-functional.) In [18], for example,
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the author and C. Morpurgo studied the ®-functional for simply (and dou-
bly) connected membranes under Dirichlet boundary conditions, with the
extremals being obtained by conformally mapping the membranes to disks
(and annuli). The ®-functional was shown to be convex in w, also. The au-
thor’s paper [17] deals with inhomogeneous circular membranes with mass
concentrated towards the center and develops extremal results for the spec-
tral zeta function, results that fail for the ®-functional.

Incidentally, in two dimensions the operator w™!A is exactly the
Laplace-Beltrami operator for the metric wg (where g denotes the euclidean
metric), and so our results for cylinders fall readily into spectral geometry.
See the papers of S.-Y. A. Chang [9] and B. Osgood, R. Phillips and P.
Sarnak [24] for somewhat related results on determinants of Laplacians, on
various manifolds.

This paper proves only lower bounds on 1/);, or equivalently, upper
bounds on A;. Few sharp bounds in the opposite direction are known; most
famous is surely the Faber-Krahn estimate A1(€) > A;1(Q*) for the funda-
mental tone of a domain 2 under Dirichlet boundary conditions (with Q*
being the ball of the same volume as Q). J. M. Luttinger [19] extended
the Faber-Krahn estimate to the trace of the heat kernel by showing that
Yoo e @) > PR ) for all ¢ > 0. For further sharp estimates
on eigenvalues, see the books by G. Pélya and G. Szegé [25] and C. Bandle

[2], and the survey paper [1] by M. S. Ashbaugh and R. D. Benguria.

The next section presents results under fixed—free boundary conditions,
and Section 3 does the same for the fixed boundary conditions. Then Sec-
tion 4 describes open problems and conjectures, in particular for the trace
of the heat kernel. See the Appendix for summary tables of the results in
this paper and in [17], along with some discussion of the relative strengths
of the three “mass concentration” hypotheses we use.

My thanks go to the Columbia University Mathematics Department for
its hospitality during the summer of 1997, and to William Minicozzi for a
helpful conversation.

2. Results for mixed Dirichlet—Neumann
boundary conditions.

Fix L > 0 throughout this section.
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Fixed—free strings.

Take a bounded positive function on the interval (0, L), that is, take w €
L2(0,L) with w > 0 a.e. Consider the eigenvalue problem with mixed
Dirichlet—-Neumann boundary conditions:

—p"(z) = Mw(z)p(z) forO<z< L,and  4'(0) = (L) =0.

Physically, we think of the interval (0, L) as representing an inhomogeneous
string fixed at the righthand end and free at the left, and having mass density
w(z). The eigenvalues A give the squares of the frequencies of the string’s
modes of vibration. In this eigenvalue problem, the operator —w~!d?/dz?
on (0, L) is positive and has a discrete spectrum {\;(w)}, with 0 < A;(w) <
A(w) < A3(w) < -+ — oo. See Section 5 for further properties of the
eigenvalues and eigenfunctions.

Our first theorem says that if we redistribute mass towards the free end
of the string then the fundamental tone A\; goes down, exactly as intuition
would suggest. Note that we do not need pointwise control of the mass
density, just control of its integral.

Theorem 1. Take w,v € L*(0, L), with w >0 and v > 0 a.e. and
S S
(2.1) / w(z)dz > / v(z)de  for all s € (0,L).
0 0

Then
A(w) < A (v)

with strict inequality unless w = v a.e.

See Section 7 for the proof, and [17, Theorem 4] for a similar theorem on
the ball with Dirichlet boundary conditions. The hypothesis (2.1) says that
the string with density w has more mass in each interval (0, s) near the free
end of the string than does the string with mass density v.

The theorem does not extend to the second eigenvalue: one can take
v = 1 and apply perturbation methods to show that a function w exists
with [J w(z)dz > s for all s but with Ay(w) > Ag(1). This makes sense:
imagine taking mass from around the maximum point at z = 2L/3 of the
second mode g(z) = — cos(3wz/2L) for the string of density 1 and moving
the mass leftwards, placing the mass near the node of vibration at z = L/3
and thus allowing the frequency to increase.
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The theorem does extend to the higher eigenvalues in an average sense,
when v = 1. Specifically, we will examine sums of finitely many reciprocal
eigenvalues and convex means of these reciprocals; the spectral zeta function
will be a special case. In order to state these extensions we need to develop
some properties of the higher eigenvalues. Before doing so, though, we
remark that the reciprocal 1/); is a reasonably natural object to consider
since it is precisely the j-th eigenvalue for the inverse of the Laplacian (that
is, the Green operator).

The first property we need is a lower bound of Weyl type: for some
a € (0,1) that depends on w,

(2.2) Aj(w) >aj?  forallj>1,

which is a special case of (5.3). From this it follows that we may define the
zeta function of the operator w—'d?/dz? on (0, L) to be

i 1 for p > L
= )\j(w)P 2

The zeta function derives its name from its similarity to the Riemann zeta
function. We also define the ®-functional

>+ (sa7)

J

for convex increasing ® and n either a positive integer or +oc0. Obviously
this gives the zeta function when n = 400 and ®(a) = a? for fixed p > 1.
The monotonicity principle for the ®-functional says that:

decreasing the function w pointwise will increase every eigen-
value, and hence will decrease the ®-functional.

For suppose w and v are positive functions with w > v. Then obviously the
minimax principle (5.1) implies that Aj(w) < A;j(v) for all j, and this proves
the monotonicity principle, since ® is increasing.

The next theorem weakens the hypotheses of the monotonicity principle
in the case that v = 1, by showing that the monotonicity principle holds
provided only that the average of w is at least 1 on every subinterval starting
at the free end of the string.
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Theorem 2. Take w € L>*(0, L), with w > 0 a.e. and

(2.3) / w(z)dz >s  forallse (0,L).
0

Let n be a positive integer or +0o. Let ®(a) be convex and increasing for
a >0, with ®(0) =0 and ®(\;(w)™!) > 0. Then

- 1 u 1
(2.4) 3 (_> >Ye (_)
j; Aj(w) J; (1)
with strict inequality unless w =1 a.e.

Corollary 3.

o0 %P
(2.5) Z S > L ~(7) @r-1cen)  prapz

with strict inequality unless w = 1 a.e. (Here ¢ is the Riemann zeta func-
tion.)

Both theorem and corollary will be proved in Section 8. Note that A;(1) =
(2§ — 1)2(w/2L)%; we give the corresponding (trigonometric) eigenfunctions
explicitly in Section 8.

Very roughly speaking, the theorem says that concentrating the mass
near the free end of the string will tend to decrease the frequencies of vibra-
tion. For example, we can choose ®(a) = a in Theorem 2, and with n = 1
this choice gives A1 (w) < A1(1), which is a special case of Theorem 1 above.
In addition, see Section 4 for remarks on the choice ®(a) = e~*/% (which is
convex for small a) and its relation to the trace of the heat kernel.

The assumption in the theorem that ®(\;(w)~!) > 0 rules out the trivial
case where both sides of (2.4) equal zero. That trivial case would have ruined
the theorem’s “strict inequality” statement. Also note that the hypothesis
(2.3) certainly holds if w(z) is decreasing and fo wdz > L.

The conclusion (2.5) need not be true for p near 1/2; cf. [17, §3].

Fixed—free cylinders.
Write C := (0,L) x S for the cylinder of radius 1 and length L > 0, and

take a bounded positive function w on the cylinder: w € £%°(C) and w > 0
a.e., with respect to Lebesgue measure dzdf on C. Consider the following
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eigenvalue problem on the cylinder with Neumann boundary conditions at
the lefthand end and Dirichlet conditions at the righthand end:

=AY = dwy for 0 <z < L and all 0,

and
oY
(0,0) = ¥(L,6) =0.
Here ) .
o
A=52 T o

denotes the usual Laplacian on the cylinder. Physically, we think of the
cylinder as an inhomogeneous membrane fixed at the righthand end and
free at the left, and having mass density w(z,0). Note that A\;(w) > oy
by (5.3), and so the zeta function 752, A;j(w)? of the operator w™'A on
the cylinder makes sense for p > 1. For a more detailed development of the
eigenvalue problem, see Section 5.

The next theorem is the analogue for the cylinder of Theorem 2 for the
inhomogeneous string, and we prove it in Section 9. Most of the discussion
around Theorem 2 remains pertinent here.

Theorem 4. Take w € £((0,L) x S'), with w > 0 a.e. and

s prm
/ / w(z, §) dfdz > 27s for all s € (0,L).
0 JO

Let n be a positive integer or +oo. Let ®(a) be convexr and increasing for
a >0, with ®(0) = 0, ®(A\y(w)!) > 0 and [* ®(1/a) da finite. Then

- 3o (k) 2 55 (k)

j j=1

with strict inequality unless f02 "w(z,0)dd = 2r for almost all z € (0, L).
If in addition ®(a) is strictly conver, then (2.6) holds with strict inequality
unless w =1 a.e.

Of course, when w = 1 we have eigenvalues

() 5> 1} ={k*+ (2 - 1)*(n/2L)* : k € Z,£ > 1},
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by separation of variables. See Section 9 for this. Also, see Section 4 for
comments on the choice ®(a) = e~*/%, in relation to the trace of the heat
kernel. Lastly, note that [16, Theorem 6] builds on work of J. Hersch [14,
p. 32] to prove a result that has flavor similar to Theorem 4 but that does
not require any assumptions on the distribution of mass.

A computational result for a particular generalized cylinder.

The preceding subsections concern the fixed—free string (0, L) and cylin-
der (0,L) x S, and give results for both the first eigenvalue (Theorem 1)
and the ®-functional (Theorems 2 and 4). Naturally one wonders whether
these results can be generalized to (0, L) x M, for more general Riemannian
manifolds M. For the first eigenvalue the results do indeed generalize: see
Theorem 8 below. For the ®-functional the results need not successfully
generalize, as we will see for the torus M = S! x S1. This will involve
looking at the first 53,199 eigenvalues of (0,7/2) x S! x S'. Note that we
investigate only for length L = 7/2, though for other values of L a similar
approach should be possible.
Write
D :=(0,7/2) x S* x St

for the cross product of the interval of length 7 /2 with the torus, and take
a bounded positive function w € £>(D) with w > 0 a.e. (with respect to
Lebesgue measure dzdfidfy). Consider the following eigenvalue problem
on D with Neumann boundary conditions at the lefthand end (z = 0) and
Dirichlet conditions at the righthand end (z = 7/2):

~Ay=dwyp  for (z,01,62) € D,
and
0
%(Oa 917 02) = '1/1(7'('/2, 91, 02) =0.

Here o2 o2 o2
A==+ —5+—=—
22 967 " 02
denotes the Laplacian on D. For a fuller description of the properties of the
eigenvalues \;(w), see Section 5.
The next result is a partial analogue for D of Theorem 2 for the string
and Theorem 4 for the cylinder. We will prove it rigorously for n < 119 and

numerically for n < 53055
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Computational Result 5. Take w € L*(D), with w > 0 a.e. and

s pr2w p2w
(2.7) / / / w(z, 01, 02) db1dfadx > (2m)%s  for all s € (0,7/2).
0 JO 0

Let n be a positive integer with 1 < n < 53055. Let ®(a) be conver and
increasing for a > 0, with ®(Ay(w)~1) > ®(0). Then

(2.8) i¢ (ij—w)) = g‘b (E%)

J=1

with strict inequality unless f02" 02" w(z,01,0:) df1dfy = (2m)? for almost
all z € (0,7/2). If in addition ®(a) is strictly convez, then (2.8) holds with
strict inequality unless w =1 a.e.

We discuss the theoretical and numerical evidence for this computational
result in Section 10. We will reduce the question to showing positivity
of 1370 trigonometric functions for z € (0,7). Numerical work strongly
supports this positivity claim, but this falls short of a rigorous proof. For
1 < n <119, though, we do prove Computational Result 5 rigorously.

The number 53055 is not necessarily the largest number for which the
result holds, but it is close to being optimal because a function w € £L°(D)
exists with w > 0 a.e. such that w satisfies (2.7) but

3199
(2.9) Z

For this we need only show that a certain trigonometric function is negative
at x = 0.446m, which we do numerically. (See Section 10.)
The numbers appearing in the above results are related by the fact that

(2.10) 1370 = )\53055(1) < )\530@(1) =..-= )\53199(1) = 1371.

To check (2.10) by computer, it helps to recall that by separation of variables,
the generalized cylinder D with mass density 1 has eigenvalues

() 5> 1} = (k2 + K+ (20— 1) ky kp € Z, > 1)

(listing with multiplicity).
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Generalized cylinders with mixed boundary conditions.

By strengthening the hypotheses in the preceding results, we obtain theo-
rems valid for all n and for a much wider class of product manifolds.

Definition. Call a Riemannian manifold M, homogeneous if its isometry
group is transitive, meaning that for each z,y € M an isometry 7 of M,
exists with 7(z) = y.

Let M, be a compact, connected, homogeneous Riemannian manifold of
dimension N > 1. For example, My could be the circle, sphere, torus or
real projective space, or it could be a compact symmetric space, a compact
connected Lie group, or a compact quotient G/H in which G is a connected
Lie group with compact Lie subgroup H (see [6, pp. 247-251, 351-353]).
Write dV for the volume element on M, and V(M) for the total volume of
M. The eigenvalue problem on the generalized cylinder (0,L) x M is

—Ap = wyp for (z,0) € (0,L) x M,
and
3_2(0,9) =¢(L,0) =0 forall d € M.

Here A = 82/022 + Ay, where Ay is the Laplace-Beltrami operator on Mj.
The operator —w ™A on (0,L) x M is positive and has a discrete spectrum
{Aj(w)}, with 0 < Aj(w) < Ag(w) < A3(w) < --- — oo. Section 5 details the
properties of these eigenvalues, in particular the lower bound of Weyl type
Aj(w) > aj2/(+N) which implies that the zeta function of the eigenvalues
makes sense for p > (1+ N)/2.

In almost every one of our results so far, the extremal case has been
when w = 1. More generally, one can try to establish results in which
the extremal case occurs when w is some radial mass density function, not
necessarily constant. The next result has this form.

Theorem 6. Take w,v € L¥((0,L) x M), withw >0 and v > 0 a.e. and
with v independent of 6 € M, so that v =v(z). Assume

(2.11) /Mw(a:, 0)dV(9) > V(M)v(z)  for almost all z € (0, L).
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Let n be either a positive integer or +00. Let ®(a) be conver and increasing
for a > 0, with ®(0) = 0,®(\(w)™!) > 0 and [" ®(1/a¥*N)) da finite.
Then

n n
(2.12) d @ ( ) > ( )
j=1 J j=1
with strict inequality unless [y, w(z,0)dV(0) = V(M)v(z) for almost all
z € (0,L). If in addition ®(a) is strictly convez, then (2.12) holds with
strict inequality unless w = v a.e.
In particular, averaging w over M decreases the ®-functional:

i‘l’(x (w) .Z‘D(A <w>)

7=1
where W(z) == [, w(z,0)dV (0)/V(M).

The theorem is proved in Section 11; note that it extends [16, Theorem 1],
which is essentially just the “cylinder” case M = S! of Theorem 6.

The hypothesis (2.11) is fairly strong, but as the proof of the theorem
makes clear, to weaken that hypothesis one would seem to need to know
nontrivial properties of the eigenfunctions of v™!A.

The generalized cylinder with decreasing mass density.

The hypothesis (2.13) in the next theorem ensures rather strongly that the
w-mass is concentrated towards the free end (where z = 0); note that we
also assume the total mass is at least L-V (M), which is the total mass of the
homogeneous manifold with mass density 1. These hypotheses are stronger
than those in Theorems 2 and 4 and Computational Result 5.

Theorem 7. Take w € L£>((0,L) x M), with fo Sy w(z,8)dV (0)dz >
L- V(M) and w >0 a.e. and with

(2.13) T — / w(z, 0) dV (6) decreasing for x € (0, L).
M
Let n be either a positive integer or +00. Let ®(a) be convez and increasing

for a >0, with ®(0) = 0,®(A1(w)™!) > 0 and [ ®(1/a¥+N))da finite.
Then

o S (k) =520 ()

Jj=1
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with strict inequality unless [,,w(z,0)dV(0) = V(M) for almost all z €
(0,L). If in addition ®(a) is strictly convez, then (2.14) holds with strict
inequality unless w =1 a.e.

We prove this theorem in Section 12.

To be careful, we know only that the integral f;, w(z,8)dV () appear-
ing in (2.13) is defined for almost all z, and so our hypothesis should be
interpreted as meaning that a decreasing function of x exists that equals the
integral in (2.13) for almost every z € (0, L).

The first eigenvalue of the fixed—free generalized cylinder.

We conclude the section with a comparison theorem for the first eigenvalue
of the generalized cylinder (0,L) x M, analogous to Theorem 1 for the
string. See also [17, Theorem 4] for a similar theorem on the ball with fixed
boundary conditions.

Theorem 8. Take w,v € L>*((0,L) x M) with w > 0 and v > 0 a.e. and
with v independent of 0 € M, so that v = v(z). If

(2.15) /0 ) /M w(z, 0) dV(8)dz > V(M) /0 o@)ds  forallse (0,L)

then
A1(w) < A1(v)

with strict inequality unless w = v a.e.

See Section 13 for the proof. Observe that our hypothesis (2.15) in this
result is weaker than our hypotheses in Theorems 6 and 7.

3. Results for Dirichlet boundary conditions.

In this section we briefly consider analogous eigenvalue problems for strings
and cylinders with both ends fixed. The eigenfunctions are now required to
equal zero on the entire boundary. (For a fuller treatment of the technical
aspects, see Section 5.) Again we fix L > 0, but now for convenience we
consider the string (—L, L) and cylinder (—L, L) x St of length 2L, fixed at
==L

For the string with Dirichlet boundary conditions, the analogues of The-
orem 2 and Corollary 3 are:
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Theorem 9 ([17, Theorem 2]). Take w € L®(—L,L). Assume w > 0
a.e. and

(3.1) /s w(z)dz >2s  forallse (0,L).

—S8

Take n to be either a positive integer or +oo. Let ®(a) be convex and
increasing for a > 0, with ®(0) = 0 and ®(\1(w)~!) > 0. Then

< 1 . 1
3.2 o (———) >) @ (—)
@32 ; Aj(w) ; Ai(1)
with strict inequality unless w(z) + w(—z) = 2 a.e. If in addition ®(a) is

strictly convez, then (3.2) holds with strict inequality unless w =1 a.e.

Corollary 10 ([17, §2]).

L — 1 2L\
-Zl Aj (w)P = Z (P (_ﬂ._) ¢(2p)  forallp>1,
1=

j=1"7

with strict inequality unless w = 1 a.e. (Here { is the Riemann zeta func-
tion.)

Recall that for the homogeneous string, A;(1) = (jm/2L)2, with the eigen-
function being trigonometric.

The hypothesis (3.1) says roughly that the w-mass is concentrated to-
wards the middle of the string, away from the fixed endpoints. Intuitively
we expect this to lower the frequencies of vibration, and that is what the
theorem says, in an average sense.

The next result shows, however, that the preceding theorem for the fixed
string does not carry over completely to the fixed cylinder, unlike the sit-
uation in Theorem 4 for the fixed—free cylinder, and instead holds only for
n < 4. Essentially, Theorem 4 is better than Theorem 11 because sums
of sines of odd multiples of = are better behaved than sums of sines of all
multiples (see Lemmas 15 and 16 in Section 6).

Theorem 11. Take w € L2®((—L, L) x SY), with w > 0 a.e. and

s 2w
/ / w(z,0)dfdz > 27 -2s  for all s € (0,L).
—sJO
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Assume 1 < n < 4. Let ®(a) be conver and increasing for a > 0, with
d(A\1(w)™1) > ®(0). Then

- 1 - 1
(33) ¢ (1) 220 (55)
2\ 5@) 22 (5w
with strict inequality unless f02 "lw(z,0) + w(—z,8)]dd = 4r for almost all
z € (0,L). If in addition ®(a) is strictly conver, then (3.3) holds with strict
inequality unless w =1 a.e.

Furthermore, for each n > 4, positive numbers L;(n) and Ls(n) exist
with Li(n) < Lg(n) such that the theorem still holds for n provided
L € (0,Li(n)] U [La(n),+00). We see, then, that the problem lies with
the middle range of cylinder lengths L, between L;(n) and Ly(n); the the-
orem can indeed fail for these intermediate L values, as can be seen (for
n = 5) by arguing along the lines of [17, Theorem 3].

We prove this theorem in Section 14, as well as showing there that we
can take, for example, L1(5) = v27/2 and Lo(5) = v/57/2. Somewhat
longer arguments show that we can take L;(6) = 7/2 and Lo(6) = v/57/2.

Generalized cylinders with fixed boundary conditions.
Again let M, be a compact, connected, homogeneous Riemannian manifold

of dimension N > 1. The eigenvalue problem on (—L, L) x M is
—AyY = wyp for (z,0) € (-L,L) x M,

and

P(£L,0) =0 forall € M.

Here A = 02/02% + Ay, with Ay being the Laplace-Beltrami operator on
M,. Again Section 5 discusses the properties of these eigenvalues.

The next theorem is the analogue for Dirichlet boundary conditions of
Theorem 6. Its statement differs from that of Theorem 6 only in writing
(=L, L) instead of (0, L), but we state the theorem anyway so that we can
refer clearly to it later on.

Theorem 12. Take w,v € L2((—L,L) x M), with w > 0 and v > 0 a.e.
and with v independent of § € M, so that v = v(x). Assume

(3.4) /M w(z,0)dV(0) > V(M)u(z)  for almost all z € (=L, L).
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Let n be either a positive integer or +co. Let ®(a) be convez and increasing
for a > 0, with ®(0) = 0,®(M\(w)™!) > 0 and [" ®(1/a¥*+N))da finite.
Then

(3.5) En:‘b (37(1{07) = gq’ (E%E)

J=1

with strict inequality unless [, w(z,0)dV(0) = V(M)v(z) for almost all
z € (=L,L). If in addition ®(a) is strictly convez, then (3.5) holds with
strict inequality unless w = v a.e.

In particular, averaging w over M decreases the ®-functional:

iq’ (v@) Zg‘b ()

where W(x) = [), w(x,0)dV(0)/V(M).

The theorem is proved in Section 15; note that it extends [18, Theorem 1(b)],
which is essentially just the “cylinder” case M = S of Theorem 12.

The hypothesis (3.6) in the next theorem amounts to a strong assumption
that the w-mass is concentrated towards the middle (where z = 0). Note
also that in the theorem we assume the total mass is at least 2L - V (M),
which is the total mass of the homogeneous manifold with mass density 1.

Theorem 13. Take w € £L°((—L, L) x M), with [*, [}, w(z,0) dV (8)dz >
2L - V(M) and w > 0 a.e. and with

(3.6) =z /M [w(z, 8) + w(—=z,0)]dV(0) decreasing for x € (0,L).

Let n be either a positive integer or +00. Let ®(a) be conver and increasing
for a > 0, with ®(0) = 0,8(A;(w)™!) > 0 and [;" ®(1/a¥+N))da finite.
Then

o Sel)Ee()

J=1

with strict inequality unless [;[w(z,0) + w(—z,8)]dV () = 2V (M) for al-
most all x € (0,L). If in addition ®(a) is strictly convez, then (3.7) holds
with strict inequality unless w =1 a.e.
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We prove this theorem in Section 16.
Being careful, we know only that the integral

/ (i, 6) + w(—z, 6)] dV (6)
M

appearing in (3.6) is defined for almost all z, and so our hypothesis should
be interpreted as meaning that a decreasing function of z exists that equals
the integral in (3.6) for almost every z € (0, L).

Notice that the “decreasing mass” hypothesis (3.6) is automatically sat-
isfied if w is smooth and superharmonic (so that Aw < 0), since in that case
the function in (3.6) is concave and even in z.

The first eigenvalue of the fixed generalized cylinder.

We finish with a comparison theorem for the first eigenvalue of the general-
ized cylinder (—L, L) x M under Dirichlet boundary conditions, analogous
to Theorem 8.

Theorem 14. Take w,v € L®((=L,L) x M) with w > 0 and v > 0 a.e.
and with v independent of § € M, so that v = v(z). Assume v is an even
function of x € (=L, L). If

S

(3.8) /_s /Mw(a:, ) dV (0)dz > V(M) g v(z)dz  forallse (0,L)

then
A1(w) < A1(v)

with strict inequality unless w = v a.e.

See Section 17 for the proof. The hypothesis (3.8) says that the membrane
with density w has more mass near the middle (z = 0) than does the mem-
brane with mass density v.

4. Conjectures and questions.
The trace of the heat kernel.

Many open questions revolve around the trace of the heat kernel, which is
the functional ) et (also known as the partition function). For example,



Eigenvalues of strings and cylinders with variable mass density 409

do the extremal results for the ®-functional in Theorems 2, 4, 6, 7, 9, 12 and
13 hold also for the trace of the heat kernel? For Theorem 13, for example,
the question is whether or not

oo (e}
Z e~ hiw)t > Ze"\i(l)t for allt >0

under the hypotheses of Theorem 13.

Certainly these inequalities for the trace of the heat kernel are all true
for ¢ > 2/X(1) (for t > 2/A1(v), in Theorems 6 and 12), simply by ap-
plying the corresponding theorems with ®(a) = e~%/*, which is convex and
increasing for a € (0,t/2]. For small time ¢, though, we proceed to show
that the conjectured results for the trace of the heat kernel fail under mixed
Neumann-Dirichlet boundary conditions, although they do hold for small
time under purely Dirichlet boundary conditions.

Theorems 2 and 9 can fail for the trace of the heat kernel, for small time,
by the same reasoning used in the “N = 1” case of [17, §3]: the point is
that the small time behavior of the trace of the heat kernel is dominated by
aterm [ \/w(z)dz/Vt.

Theorems 4, 6 and 7 can also fail for the trace of the heat kernel for
small time, but here the reasoning is more subtle. Take M = S! and define

w(z,0) =1+

L2—2/:c sind, v(z,0):=1,

for z € [0, L], 6 € R, so that w and v satisfy the hypotheses of Theorems 4,
6 and 7. The operator w™'A equals the Laplace-Beltrami operator of the
metric wg on the cylinder C = (0,L) x S!, where g denotes the euclidean
metric on the cylinder, and so putting f = 1 in [7, Th.7.2] gives the asymp-
totic expansion

Z e=Ns(w)t _ BTe3ug(C)

(41) = CAmt
length,,,(OgeeC) — length,, (OaxedC)
+ g bt o(1
as t — 0+.

From our definitions of w and v we know that

L p2r
areaqy, (C) = / / w(z,0) dfdx = 2w = area,y(C)
o Jo
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and
27
length,,; (FgeeC) = Vw(0,0)df < 2m = length,,, (OgeeC)
0
and

2m
length,,;(OfixedC) = Vw(L,0) df = 21 = length,,, (JxedC).
0

From (4.1) it follows that

(o)

Z e—)\j(w)t < ie—)\j(v)t

for all small ¢, as we wished to show.

Of course, all this leaves open the possibility that Theorem 6 (respec-
tively, Theorem 7) might be true for the trace of the heat kernel in higher
dimensions, where N > 2. Note that for “nice” w, the first order asymptotic
formula for the trace is

oo L (1+N)/2
—X;(w)t _ fo fM w(z, 6) dfdz —N/2
(4.2) D e Mt = (const){TF N3 +O0@t™ N2 ast— 0+,

=1

and when N > 2 the integral on the righthand side is strictly minimal for
w = v (respectively, w = 1) by Holder’s inequality, in view of the hypotheses
in the theorem.

For mixed boundary conditions, then, our conjectures about the trace
are false. For purely Dirichlet boundary conditions, the situation seems
more promising. Indeed, the analogues of Theorems 12 and 13 for the trace
of the heat kernel are true for small time when N > 2 and are “almost
known” to be true when N = 1, as we now explain, and so it is reasonable
to hope that they do hold for all time.

We assume w and v satisfy the hypotheses of Theorem 12 or Theorem 13;
for Theorem 13, we set v = 1. In particular, then,

(4.3) /_ Z /M w(z, 8) dV(8)dz > /_ LL /M o(z) dV (6)dz.

For technical convenience, assume also that w and v are smooth and bounded
away from zero. We assume N = 1, since for N > 2 we can successfully
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argue like around (4.2). We want to show that

o0 [e 9}
(4.4) Z e Nt > Ze"\j (vt for all small ¢ > 0.
j=1 j=1

Since N = 1, the manifold G = (—L, L) x M is two dimensional and the
asymptotic formula for the trace of the heat kernel (under purely Dirichlet
boundary conditions) is then

%0 length,, (O
Ze—,\j(w)t _ areay,(9) _leng wg(99) +0(1) as t — 0+,
=1

Arrt 8/nt

which translates to:

L
ie—,\j(w)t 2 Jyw(z,0) dV(0)da
- 47t

45 7= [ y ]
fM Vw(=L,0) + /w(L,8)| dV ()
- W +0(1)

as t — 04+. We might as well assume equality holds in (4.3), since otherwise
(4.5) shows that (4.4) is true. We will show that

(4.6) /M [Vo(L.0) + V(L) dv (6)
< /M [Vo(=L) + V(D)) v (6).

If the inequality is strict then (4.4) will follow from (4.5), using the equality
in (4.3). This is the sense in which the heat kernel results are “almost
known” to be true for small time, when N = 1. Of course, it is conceivable
that when equality holds in (4.6), the heat kernel result (4.4) might fail for
small time, but deciding this question would require a more detailed study
of the asymptotics of the trace.

To prove (4.6) for w as in Theorem 12, observe first that because of the
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equality in (4.3), equality must also hold in (3.4) for all z, and hence

/ Jw(EL,0)dV (6)
M

1/2
<VV(M) ( / w(xL, 9) dV(9)> by Cauchy-Schwarz
M
=V(M)\/v(£L) by equality in (3.4)

_ /M Jo(EL) dV (6),

which gives (4.6). To prove (4.6) for w as in Theorem 13 and for v = 1, note
that ‘

| [VatL o+ Vo) ave)
M

—L 0 Lo
< 2/ \/W( L, )2+ w(L, ) dv (6) by concavity of v/
M

1/2
<V2V(M) </ [w(—L,0) + w(L, )] dV(0)> by Cauchy—Schwarz
M
< 2V(M) by (3.6) and the equality in (4.3)

_ / [Vo=D) + vo(D)] av (),
M

which is (4.6) again.
Other directions.

Few sharp upper bounds on the ®-functional, trace of the heat kernel or
zeta function are currently known; this paper presents only lower bounds.
See the remarks at the end of Section 1. Note that an upper bound for the
®-functional of the vibrating string (N = 0) was proved by D. Banks [3,
Theorem 2.2], with the extremal mass density being a step function.

To read about known extremal results for the zeta function of the
Laplacian and the trace of the heat kernel (on various manifolds), see
(16, 17, 18, 19, 21, 22]; also, H. L. Montgomery’s paper [20] can be in-
terpreted as extremizing the trace of the heat kernel for flat tori with a
given area, and [9, 24] examine the determinant of the Laplacian.
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5. Technical details.

This section explains the properties of the eigenvalues and eigenfunctions
that are needed in this paper. We work with the generalized cylinder, stating
occasionally the simplifications that can be enjoyed for the cases of the string
and cylinder.

Mixed Dirichlet—Neumann boundary conditions.

Fix L > 0. Let M, be a compact, connected, homogeneous Riemannian
manifold of dimension N > 1. Define the generalized cylinder to be the
product of M with the euclidean interval (0, L):

G :=(0,L) x M,

with the Riemannian product metric on G. When M equals the unit circle
S!, we obtain the standard cylinder of length L and radius 1. By convention,
in this section only we also allow M to be empty (with N = 0), in which
case we identify G with the interval (0, L). Readers interested in these two
special cases can simplify the following remarks considerably.

Write dV for the volume element on M induced by the metric g, with
V(M) denoting the total volume of M,. Thus we have a product measure
element dzdV (6) on G.

Let w € £*(G) with w > 0 a.e. Consider the following eigenvalue
problem on G with mixed boundary conditions:

—AyY = wyp for (z,0) € (0,L) x M,

%(0,9) = ¢(L,6) =0 forall & € M.

Here A = 8% /02 + Ay, where Ay is the Laplace-Beltrami operator on Mj.

(When M = S, we have Ay = 82/96%.) We also write V = 8/0z + V,,.
We claim that the operator —w™'A on G is positive and has a discrete

spectrum {\;j(w)}, with 0 < Aj(w) < Ao(w) < Ag(w) < -+ — oo. Further-

more, the eigenvalues are given by Poincaré’s minimax principle in terms of
the Rayleigh quotient:

- Sy [V[2 AV (6)dz
(5.1) Aj(w) = min max [ PwdV()ds
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where L; ranges over all j-dimensional subspaces of the trial space H%lw(g)
with

HL. (G) := the closure in H(G) of
{4 € HY(G) N C*(G) : (z,6) = 0 for all §, when z is near L}.

Here H'(G) denotes the usual Sobolev space on the generalized cylinder G
known also as W12(G). Note that our trial space H,; (G) does not depend
on w. In (5.1) and elsewhere in the paper we use the notations

[Vy|?  for (09 /0x)2 + g(Vgth, Vi),
Vo Vi for (8¢/0z)(0¢)0z) + g(Vedp, Vyih).

We claim in addition that the eigenfunctions 1,03 € H}, (G) are contin-
uous and satisfy —A; = Aj(w)wyp; weakly in H, 1..(G), and that the first
eigenfunction 71 is unique up to constant factors and is never zero.

For the preceding facts, argue as in [5, pp. 53-61,71] and [12, pp. 212—
214]. Note that the boundedness and positivity a.e. of w ensures

/ WPw dV (0)dz
g

is finite and positive when 9 € £2(G),9 # 0. The connectedness of M
ensures that A\; < 2. We will neither need nor use this next remark, but it
is interesting that 1; is continuous on (0, L] x M with t;(L, ) = 0 for all 6,
which is the classical Dirichlet boundary condition, and if 9; is C?-smooth
up to the boundary at = = 0 then (8v;/0z)(0,8) = 0 for all §, which is the
classical Neumann boundary condition.

Many times in this paper we use the following variational characteriza-
tion of the sum of reciprocal eigenvalues. For its proof by induction from the
minimax principle (5.1) and for a discussion of its history, see [2, pp. 99-100].
The characterization says that for each m > 1:

(5.2) Z = (w)— sup Z / / 2w dV (6)dz,

{1/)17 a¢m}

where {1,...,%m} is required to be a collection of m llnearly inde-

pendent functions in H}. (G) with orthonormal gradients, fo S Vi -
Vp; dV (0)dx = 6;5 .

Finally, we will need a lower bound of Weyl type: for some a € (0,1)
that depends on w,

(5.3) Aj(w) > o) for all j > 1,
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and this can be seen as follows. By the minimax principle above, Aj(w) >
llwllzx;(1), and X\j(1) ~ (const.)5%/(4N) by Weyl’s law [10, p. 9] for the
elgenvalues of A on the Riemannian manifold G of dimension 1+ N. Since
also A;(w) > 0, the lower bound (5.3) follows. The argument is even easier
for the interval (0, L), since there we know \;(1) = (2§ — 1)%(w/2L)2.

Note that since \j(w) > aj?/(+N) | the zeta function

Z)\(w

of the operator w™'A on G converges for p > (1 + N)/2.
Purely Dirichlet boundary conditions.

Redefine G := (—L, L) x M. Except for some obvious changes, everything
described in the previous subsection remains true for the eigenvalue problem
on G with purely Dirichlet boundary conditions ¢ (+L,6) = 0 for all § € M,
provided the space H, . (G) is replaced everywhere with the Sobolev space

Hy(9).

muz:

6. Two trigonometric lemmas.

The following lemma about sine functions of odd multiples of z helps in
proving Theorems 2, 4 and 7.

Lemma 15. Let m > 2 and suppose {c;}7_; is a decreasing sequence of
positive numbers, with ¢1 > ca. Then

m
ch sin(2j — 1)z >0  forallz € (0,7).
j=1

To prove this lemma, first notice that for each fixed k > 1,

k k
sinz Z sin(2j — 1)z = %Z [cos(2j — 2)z — cos(2jz)]
j=1 j=1
1
=3 [1 — cos(2kz)] = sin®(kz)
and so
k )
o o sin®(kx)

(6.1) ;sm(% -z = g
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Next, write c;p41 := 0 and observe that
m m k
> ejsin(2i — Dx =Y (ck — cer1) Y sin(2j — 1)z
j=1 k=1 Jj=1

This last quantity is nonnegative for all z € (0,7) by the identity (6.1),
since ¢ > ck+1, and is actually positive because the k£ = 1 term is positive:
(cy — cg)sinz > 0.

The next lemma, about sine functions of multiples of z, helps to prove
Theorem 13.

Lemma 16. Let m > 1 and suppose {cj};,”:l is a decreasing sequence of
positive numbers. Then

Zc—,jsinja:>0 for all z € (0, ).
=17

To prove the lemma, write ¢;,41 := 0 and notice that

LA i k. sinjz
Z - S jrT = Z(Ck — Ch+1) Z P
=17 k=1 =1 7

This last quantity is nonnegative for all z € (0,7) because cx > ck4+1 by
assumption and Z;?:l(sin jz)/3 > 0 by [29, p. 62], and the quantity is
actually positive because ¢, > cg41 for some k (using that ¢; > 0 = cpt1).

7. Proof of Theorem 1.

Let ¢; be a first eigenfunction for v~'d%/dz? on (0,L), so that —f =
A1(v)vep; weakly in HY . (0,L). We may assume 9; is positive because, as
we remarked in Section 5, v, is continuous and never zero. To prove the
theorem, simply adapt the proof of Theorem 8 in Section 13; start at (13.1),

remove all occurrences of [, and dV'(6), and write:

d/dx instead of V,
d?/dz® instead of A,
w(+) instead of  w(-,0),
(2.1) instead of  (2.15).
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8. Proof of Theorem 2 and Corollary 3.

We first prove the theorem, then at the end we deduce the corollary.
Assume for a moment that we know the result when ® = id., namely

LI | UL |
(8:1) ; Aj(w) z ; Ai(1)

foreach m =1,2,3,...,+oo, with strict inequality for each m unless w =1
a.e. Then extend ® to be convex and increasing from R to R by putting
®(a) = 0 for a < 0. The conclusion (2.4) then follows immediately from
(8.1) and the majorization technique of Hardy, Littlewood and Pdlya [18,
Prop. 10]. For the equality statements of Theorem 2, suppose that equality
holds in (2.4). Note that both sides of (2.4) are finite-valued, since \; > a;>
by (2.2) and since ®(a) < a®(1) for all a € (0,1) by convexity of ®. Also,
® is non-constant on (—oo, A;(w)~!] because ®(\1(w)~!) > 0 = &(0) by
hypothesis. Further, we can assume ® is not linear on [0, A\; (w) 1], because
if it were linear we could simply refer to the equality statement of (8.1).
Thus case (ii) of [18, Prop. 10] applies (with 8 = 0) and gives that equality
holds in (8.1) for some m, and so w =1 a.e.

Thus we have only to prove (8.1) and its equality statements. Fix a
positive integer m. Recall from (5.2) that

m 1 m I
(82) = Sup / 1/)210 d(l?,

j; Ai(w) {wl,...,wm}; o '’
where {¢1,...,%mn} is required to be a collection of m linearly indepen-

dent functions in H}, (0,L), with fOL Yis dz = &;5. Take 91,... ,9m €
H}..(0,L) to be linearly independent smooth eigenfunctions of d?/dz? on
[0, L] that satisfy ——1,&9’ = \j(1)%; and

Jo iyl de L
(8:3) () =S and | iy ae = 5,
0 *j
so that
m 1 m L
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We explicitly construct these (trigonometric) eigenfunctions v; below. By
using v¥1,...,%n as trial functions in the characterization (8.2) we get a
lower bound on } 7%, Aj(w)~L, with

(8.4) Z)\(w) ZA )—Z/ 2w — 1] do
/E'lﬁj s)2 {/sw(m)da:—s} ds
=—/0 {/Osw(a: d:c—s} Z% (s)2ds

by parts, since 1;(L) = 0. Next, recall the hypothesis (2.3), which says that
Jo w(z)dz > s for all s. Thus it suffices to show that

d & 0
(8.5) %g%(s) <0 forallse(0,L),

because then

=1 = 1
2 %@ 2 25D

with strict inequality unless [; w(z) dz = s for all s (i.e., unless w(z) = 1 for
almost all z), and this gives (8.1) (except for the strict inequality statement

for m = +o0, which we handle later).
Our immediate goal, then, is to establish (8.5). For this we use the

following explicit formulas for the eigenfunctions 9; and eigenvalues A;(1):

W;(x) = (2;/_-8—1_1/)7T cos<(2j ;;)%33) and A;(1) = ((2]_2—[/_1E>2

Clearly the 1; are indeed eigenfunctions of d2/dz? on the interval (0,L),
with eigenvalues A;(1), and they satisfy the boundary conditions ¢}(0) =
¥;(L) = 0 and also the normalizing conditions (8.3). By substituting the 1;
into (8.5) and differentiating, we see that it is enough to show

" sin(2j — 1)z
——>0 for all z € (0, 7).
; (27 -1) (®.7)

Since this follows from Lemma 15 with c; := (2j — 1)1, we have proved
(8.5).
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To complete the proof of Theorem 2 it remains only to prove the strict
inequality statement of (8.1) when m = +oo. Along the way we will give a
direct proof of (8.1) itself for m = +o0. Start by letting m — oo in (8.4),
which yields

(8.6) i#—i—l_>/Li¢2[w—1]dx.
AW AN T Y

Using the definition of 1); and the double angle formula for cos? gives that

> 8L~ 1 (27 — D)mz
;?ﬁj(x)?— ;2—2(2]__1)2 cosz( 5T >

=1
_ 4L 1 4L Z cos(kmz/L)
-2 T2 2
™l Tk
L 4L cos(kmrz/L)
Syt E Ll T e
kodd

This last expression is the Fourier cosine series of the even function L — |z|
for x € [-L, L], and so

> Wj@@)?=L-z forallze (0,L).
j=1

Hence by (8.6),

oo

1 1 L
ZAj(w) _;A,-a) 2/0 (L~ 2)w(z) — 1] dz

(8.7) =1 L
=/0 {/ w@)dm_s}ds

by parts. Now (8.1) with m = +4oo follows from the hypothesis that
Jo w(z) dz > s for all s, and if equality holds in (8.1) for m = +oo then (8.7)
implies [j w(z)dz = s for all s, or w(z) = 1 for almost all z, completing
the proof.

The inequality (8.7) is actually an equality for all w, for the reasons
given at the end of §5 of [17]. This gives us a physical interpretation of the
sum 72, Aj(w)~! of the inverse square frequencies of our inhomogeneous
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string:

o0

> 5

J=1

/ (L — z)w(z) dz
= (the gravitational moment about the fixed endpoint atz = L).

See [28, Ch. V,VII], [27], [11], [17, §5], and the references therein, for
more on Green functions and sums of infinitely many reciprocal eigenvalues,
in one dimension.

Finally, we prove Corollary 3. Fix p > 1 and let ®(a) := a? for a > 0,
so that ® is convex and strictly increasing. The inequality in the Corollary
follows immediately from Theorem 2, and because \;(1) = [(25 — 1)7/2L)?,
the equality in the Corollary is easily established:

i /\j(ll)P B (%)Qp > k% B @)2,, (2% = 1)¢(2p).

kodd

9. Proof of Theorem 4.

Our initial goal is to prove the Theorem without the ®’s, that is,

= 1 G |
(9.1) >
; Aj(w) ; A;(1)
for each m = 1,2,3,..., with strict inequality for m > 2 unless

2w
/ w(z,0)df = 2w
0

for almost all z € (0,L), and strict inequality for m = 1 unless w = 1
a.e. Assume (9.1) for now, and extend ® to be convex and increasing from
R to R by putting ®(a) = 0 for a < 0. The conclusion (2.6) then follows
immediately from (9.1) and the majorization technique of Hardy, Littlewood
and Pélya [18, Prop. 10]. For the equality statements of Theorem 4, suppose
that equality holds in (2.6). Note that both sides of (2.6) are finite-valued,
since \; > aj by (5.3) and [*®(1/a)da is finite by hypothesis. Also,
® is non-constant on (—oo, A\;(w)~!] because ®(A\1(w)~t) > 0 = &(0) by
hypothesis. Further, if n = 400 then @ is not linear on [0, A1 (w)™!], because
J* ®(1/a) da is finite. Thus either n < +oo and case (iv) of the equality
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statement of [18, Prop. 10] applies, or else n = +oo and case (ii) of [18,
Prop. 10] applies (with 8 = 0). In any event, we get from [18, Prop. 10] that
equality holds in (9.1) for some m, and so f02 " w(z, ) dd = 2 for almost all
z € (0,L). If in addition ®(a) is strictly convex for a > 0, then by case (v) of
the equality statement of [18, Prop. 10] we obtain that 1/A;(w) = 1/A1(1).
Hence equality holds in (9.1) for m = 1, and so w =1 a.e., as desired.

In proving (9.1), we can assume Ap+1(1) > An(1), as we now explain.
For suppose that (9.1) and its equality statements are known to hold for all
m satisfying Apm41(1) > Apn(1). Note that Apt1(1) > An(1) for infinitely
many m values, in particular for m = 1. Suppose m; and ms are consecutive
such values and that mgo = my + k for some k > 2, so that

’\m1(1) <Am+1(l) =+ = ’\m1+k(1)'

We wish to show that (9.1) and its equality statements hold for all m between
m1 and m1 + k. But if m; < m < mj + k then either A\, (w) > A\ (1), in
which case \j(w) > A;(1) for all j between m and m; + k inclusive and so

m 1 mi+k 1 my+k 1
f{;&(w) =0 'F%l X (w)
mi+k 1 mi+k 1
DB v vy
= 1
N ; Ai(1)’

or else Ay (w) < Am(1), in which case Aj(w) < (1) for all j between mj+1
and m inclusive and so

m 1 mi 1 m 1
Y 5w W R I wery
j=1"7 j=1"7 j=mi+1 7
mi 1 m 1
> + )
j=1 A.7(]') j=mi+1 A.7(]')
j=1 >\.7(1)

Thus (9.1) and its equality statements hold for all m between m; and m;+k,
as promised. Hence we can assume from now on that Apmi1(1) > Ay (1).
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We begin to prove (9.1) by collecting facts about the eigenvalues and
eigenfunctions of the homogeneous cylinder C, with w = 1. To start with,
the eigenvalues {\;(1) : j = 1,2,3,...} can be computed by separation of
variables to be

{pe =K+ (20— 1)2(x/2L)? : k€ Z,0 > 1},
with corresponding normalized eigenfunctions

sinkf, ifk>0 }

Yre(z, 0) := \/2/(mwLAg) cos[(2¢ — 1)mx /2L] x { 1/v2, ifk=0
coskd, ifk<O

satisfying —Atpe = Apere. Now, {tre} is a linearly independent set in

H'. (C) and it satisfies the orthonormality condition

/V’lﬁke . V’I,Dk/g/ dfdz = Jkklégg/.
[

Let
Ii={(k,2): Me < Mn(1)}.
Then I contains exactly m elements since Am(1) < Am41(1), and the
numbers Ag¢ for (k,£) € I are a permutation of the eigenvalues A;(1) for
ji=1...,m.
From (5.2) we have

1
Z = sup / ¢2'w dbdz,
= Ai(w)

{¢17 ﬂl’m}] =1

where {91, ... ,%m} is required to be a collection of m linearly independent
functions in H},,(C), with [, Vi); - Vip; dddz = &;;. By using the functions
e as trial functlons in this variational characterization, we obtain that

2/\(1 > Z /|¢ke| w dfdz
j=1"7

(k)el

cos2[(2Z — Dz /2L

kpel
sin?k6, ifk>0

2w
X / 1/2, ifk=0 ) w(z,0)dodz.
0 cos?kf, ifk <0
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Since (k, ) € I if and only if (—k, £) € I, we deduce that

L 2
/ cos?[(2¢ — 1)z /2L) / w(z, §) dfdz
0

L Jo

-y 2L / " inl(2 — 1yms/I] / | / " o, 0) dbdzds
2L )\ke 0 0 JO

by parts in . We show below that

(9.2) Z 26)\— ! sin[(2¢ — 1)7s/L] >0  for all s € (0, L),
(k,0)el

and so from the hypothesis [ f02 "w(z,0)dfdz > 2ms in the theorem it
follows that

i ! > Z -1 Lsin[(QE—l)ws/L]wsds
)\j(w) - L2)\y 0

glvmg (9 1). If equality holds in (9.1), then by the above argument,
fo w(z,0) dddz = 27s for all s and so [>" w(z,0)dd = 2 for almost
all z. Lastly, if equality holds in (9.1) for m = 1, then the equality state-
ment of Theorem 8 (with v =1, M = S!) gives that w =1 a.e.

To complete the proof of the theorem, we must establish (9.2), or equiv-
alently,

é*
(9.3) D cesin(20—1)z >0  forall z € (0,7),
=1

where
I(0) :=A{k: (k,£) € I},
£* := the largest £ > 1 such that I(¢) is non-empty,

(2¢ — 1)(/2L)
=2 7 (20— 1)2(n/20)2"

kel(e)

Now, Lemma 15 in Section 6 will imply (9.3) once we show that {c,} is
strictly decreasing. (We can assume £* > 2 since (9.3) is trivial when £* =
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1.) To show ¢; > cpq1, first write J(€ + 1) = {-K,--- ,K} and I(¢) =
{—-K*,--- ,K*}, where K < K* since I(¢+1) C I(¢). Then invoke the next
lemma at y; = (26 —1)(7/2L) and yo = (2(€+1) — 1)(7/2L) to deduce that

K
U1 Y2
> 2 S L )
C =2 Z k2 +y% k—Z_K k2 +y§ Co41

This completes the proof of Theorem 4.

Lemma 17. For each fized nonnegative integer K,

K Y
yr—= Z 2. .2
wek BTy

is strictly decreasing for y > 0.

The lemma is true for y > K by direct differentiation. For 0 < y < K we
observe that

Ly Sy y
Z 2.2 Z 2 2“2 2. .2
Moy L A S A
y

k2+y2’

= 7 coth(my) — Z

|k|>K
using a series for coth [13, p. 44], and this proves the lemma because coth
is strictly decreasing and y — ZI KK y/ (k% + y?) is strictly increasing (for
0<y<K).
10. Evidence for Computational Result 5.

As usual, we begin by reducing to the case & = id. Assume for a moment
that we know

L UL |
(101 25w 22N

for each m with 1 < m < 53055, with strict inequality when m > 2 unless

2 p2m
/ / w(z, 01, 02) do1dfy = (27)2 for almost all z € (0,7/2),
o Jo
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and strict inequality when m = 1 unless w = 1 a.e. Now extend ® to be
convex and increasing from R to R by putting ®(a) = ®(0) for a < 0. The
conclusion (2.8) then follows immediately from (10.1) and the majorization
technique of Hardy, Littlewood and Pélya [18, Prop. 10], by setting a; :=
Aj(w)~tand b; := Aj(1)7! for 1 < j < 53055, and setting a; := 0 and b; := 0
for j > 53055. For the equality statement of (2.8), suppose that equality
holds in (2.8) and note that both sides of (2.8) are finite-valued since n is
finite. Also, ® is non-constant on (—oo, A;(w)~!] since ®(A1(w)™1) > ®(0)
by hypothesis in the Computational Result. Thus case (iv) of the equality
statement of [18, Prop. 10] applies and we get that equality holds in (10.1)
for some m, and so f02 i f027r w(z, 61, 02) d1dfs = (27)2 for almost all z €
(0,7/2). If in addition ®(a) is strictly convex for a > 0, then by case (v) of
the equality statement of [18, Prop. 10] we obtain that \;(w)™! = A\ (1)~L.
Hence equality holds in (10.1) for m = 1, and so w = 1 a.e., as desired.

We have still to try to prove (10.1) and its equality statements. The case
m =1 of (10.1) is a simple case of Theorem 8 (with v = 1, M = S x S1),
which we prove in Section 13, and so we can fix m with 2 < m < 53055 from
now on.

In establishing (10.1), we can also assume Apt1(1) > Am(1), by the
same reasoning as we used in the proof of Theorem 4. Note here that indeed
Am+1(1) > A (1) for m = 53055, by the computer calculations summarized
in (2.10).

We begin to establish (10.1). To start with, the eigenvalues {);(1) : j =
1,2,3,...} can be computed by separation of variables to be

Pakoe = k2 + k2 4+ (28— 1)2 1 ky,kp € Z,£ > 1},
with corresponding normalized eigenfunctions

9 sinki 6y, ifk; >0
— === cos[(2{ — 1)z] 1/v2, ifk;=0
VT Nyt coskify, ifkj <0
sin kefly, if ko >0
X 1/\/5, ifka=0
coskafla, if ko <O

Yhykot (2,01, 02) =

satisfying —AYk ko0 = AkikotWkikoe. NoW, {9k, k,¢} is a linearly independent

set in H}. (D) and it satisfies the orthonormality condition

[ Tt Vg dbrdbade = Sy Seu b
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Let
= {(k1, k2, €) : Meyhpe < Am(1)}.
Then I contains exactly m elements, since A4 1(1) > Am(1). The numbers
Aot for (ki,k2,£) € I are a permutation of the eigenvalues Ai(1) for j =
1,...,m.
From (5.2) we know that

1
;)\j(w)—{

where {41, ... ,%,} is required to be a collection of m linearly independent
functions in H}M-Z(D), with fD Vb - Vp; dO1dbodr = d;j. By using the
functions 4y, k,s as trial functions in this variational characterization, we
obtain that

=1
;1 Aj(w)

m
sup / V2w dfydbydz,
wl,...,¢m}; D’

2 )

(kl 1k2 1Z) el

4 w/2 2 p2m
N ey
Akikae Jo o Jo

T
(k1,k2,0)€l

/1> [Pk kot |*w dB; dOod

sink10;, ifk; >0
xq 1/2, ifk; =0
cos?k16,, ifk; <0

Sil‘l2 k292,
1/2,
cos? kofs,

1

Since (k1, k2,£) € I if and only if (—ky,k9,£) € I, and (k1, ko, £) € I if and

only if (k1, —ka,£) € I,

1
25w 2

>

(kl 1k2 7£)€I

T3 Nk kot

ifkg >0
ifkg =0

w(:v, 91, 92) d&ldegdx
if kg <0

/ " cos?[(2¢ — 1)z]
0

2T 27w
X / / w(a:, 01, 92) d01d92d:c
0 0

- 5

(kl,kg,l)EI

20 —
T3 Nk kot

1 /2 .
/0 sin[2(2¢ — 1)s]

s 2w p2w
X / / / ’LU(CL', 91, 02) d01d02da:ds
0 Jo 0
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by parts in z. We show below (numerically) that

(10.2) > -1 sin[2(2¢ —1)s] >0  for all s € (0,7/2),
(ki ko 0)el k2t

and so from the hypothesis [; 02" 02" w(z, 01, 02) df1dfsdx > (2m)2s it fol-
lows that

i 1
j=1 /\] (’UJ) B (k1,k2,8)€l

= 2 Z

(el ikt i

> 420 1) sm[2(2£—1)s]sds

)\kl ket Jo

giving (10.1). If equality holds in (10.1), then by the above argument,

s p2m p2m
/ / / w(z, 01, 02) d61dOrdx = (27)%s
0 Jo 0

for all s and so f 'w(x 01,02) d105 = (2m)? for almost all z, as desired.
The “proof” of the Computational Result would be complete if we could
rigorously prove (10.2), or equivalently,

e*
(10.3) Zdz sin[(2¢~1)z] >0  for all z € (0,7),
=1

where (with A = A\, (1))

I(0) i= {(Kk1, ko) : k2 + k% + (20— 1)® < A},
¢* := the largest £ > 1 such that I(¢) is non-empty,
(2¢-1)

dg = Z — 5
(k1,k2)€I(E) ki + k3 + (20— 1)

Since we want this to hold for all m < 53055 and since, by (2.10), An,(1)
is an integer less than or equal to 1370, it suffices to establish (10.3) for all
positive integers A < 1370. Now, for A < 8 (or m < 21), (10.3) is obviously
true because £* = 1. And for 8 < A < 24 (or 21 < m < 114) one can check
by hand that £* = 2 and that d; > dp for each A, so that (10.3) holds by
Lemma 15. For A = 25 (or m = 119) we get £* = 3 and d; > ds > d3, and
so again (10.3) holds by Lemma 15. However, this method breaks down for
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A = 26 (or m = 143) because one then has £* = 3 and dy > d; > ds, so
that Lemma 15 cannot be used. In fact, it is not clear to me how to prove
(10.3) rigorously for 26 < A < 1370 (particularly for large A), but I used
a double precision Fortran program to check numerically that the lefthand
side of (10.3) is indeed positive for each A < 1370 at each of the million
z-values: z = mi/108,0 < i < 10°. The program tests at each z-value to see
whether the lefthand side of (10.3) is less than 10~%; this tolerance of 10~
should allow plenty of room for round-off errors to be detected.

The above method of proof for Computational Result 5 breaks down for
m = 53199, because the inequality (10.3) fails for A = 1371. I cannot show
this by hand, but a simple computer program can be used to show that when
A = 1371, the lefthand side of (10.3) is negative at = = 0.446m, equalling
approximately —0.02. Equivalently, the lefthand side of (10.2) is negative
at s = 0.223m.

It does not follow that Computational Result 5 itself fails for m = 53199,
but it fails nonetheless. We omit the proof of this failure (i.e., of (2.9))
because it follows the lines of [17, Theorem 3].

11. Proof of Theorem 6.

Again we commence by reducing to the case ® = id. Assume to begin with
that we know

= 1 - 1
(11.1) >
25w 2 2 50)
for each m = 1,2,3,..., with strict inequality when m > 2 unless

Sy w(z,0)dV(0) = V(M)v(z) for almost all z € (0, L) and strict inequality
when m = 1 unless w = v a.e. Then (2.12) and its equality statements can
be proved by adapting the majorization argument in the first paragraph of
Section 9 (but of course, using that ;" ®(1/a?1+M) da is finite rather than
that [{* ®(1/a)da is finite).

Thus we have only to prove (11.1) and its equality statements. Fix
m > 1. Take v1,...,%m € HL. ((0,L) x M) to be linearly independent
eigenfunctions of v"*A on (0,L) x M that satisfy

(11.2)

oy VP AV©ds o G v 0de = 6
K= foLfM%z'vdV(@)d:v o /O/M Vi Vs dV(0)dz = 0,
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so that
m 1 m L )
= YivdV (0)dz.
ve ;AAN
By using %1,... ,%¥m as trial functions in the characterization (5.2) we get

a lower bound on Y771 Aj(w)™!, so that

m 1 m 1 m L \
Z/\j(,w) _Z)\.(U) 2 ;/0 /Mil)j[’w—v]dV(O)dx

j=1 j=1 "

L m
=[] 002wl 6) - () dV ©)da.
Next, because v(z) is independent of 8 € M, for each isometry 7 of M,

we have that the functions ¥ (z,7(0)),... ,¥m(z,7(8)) are eigenfunctions
of v"!A on M that satisfy (11.2). Hence by the same argument as above,

m 1 m 1 L m | ) 2w ) . )
;Aj(w) “ZA,.(U) 2/0 /M;%(w, (6))*[w(z, 8) — v(z)] dV (6)da.

i=1

The isometry group G of M, is a compact Lie group with respect to
the compact-open topology (see [15, Theorem VI.3.4]), and G is not 0-
dimensional in view of its transitivity on M. Hence G possesses a normal-
ized bi-invariant Haar measure H (see [6, pp. 247,251]). Integrating over all
isometries 7 (with respect to H) gives that

LA | o1
g&w‘ng
L m
A\, T 2 T)wlx — U\ xT.
;A@L;w,@wmn<m (2)]dV (8)d

Furthermore, the right-invariance of Haar measure and the transitivity of
the isometry group (that is, the homogeneity of M) imply that for some
fixed 6y € M,

3 i\Ts T 2 T)= - i, T 2 T or a.
/G;%(,(@)) dH(7) /GZ%(,(HO)) dH(7)  forall § € M.

Jj=1
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Hence we can pull this term out of the #-integral, giving

LA T |
D v Red Byvry

L m
i\, T 2 T wl\xr —_ T T
;AL;W,%DMU&Hﬂ)NWMM,

from which (11.1) follows in view of the hypothesis (2.11) that the means
of w over M are at least as large as those of v. The equality statement for
(11.1) also follows, when m > 2, since 9? is everywhere positive.

For the equality statement when m = 1, note that (as in Section 13) the
first eigenfunction v¥1(x,8) = ¥1(zx) is independent of § € M, and so it is
easy to use the hypothesis (2.11) to establish the inequalities in (13.8). The
argument following (13.8) then yields the equality statement of (11.1) when
m=1.

12. Proof of Theorem 7.
Notice that if we define v = 1, then all the hypotheses of Theorem 6 are
satisfied except for (2.11). Hence we can mimic the proof of Theorem 6 in

Section 11 up until the final step, where (2.11) is applied. By specializing
(11.3) of that proof to v = 1, we see that

~ 1 &1
129 2570y ~ 250

L m
(x, T 2 T w(z, 0) — i
;AL;M,%»MUAHﬁ)mmm

and that our remaining tasks are: to show this last quantity is positive unless
(12.2) / w(z,0)dV(0) = V(M) for almost every z,
M

and to show that if Aj(w) = A1(1) then w = 1 a.e. In proving all this, we
can assume Ap,+1(1) > A\pn(1), by the same reasoning as used in the proof of
Theorem 4.

To start with, the eigenvalues {);(1) : j = 1,2,3,...} can be computed
by separation of variables to be

{Dre = pi + (20— 1)3(n/2L0)? : k >0, > 1},
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with corresponding eigenfunctions

satisfying —Atre = Apetre, Where the vy are the eigenfunctions of A, on
M (chosen to be orthonormal in £2(M,)) , with —Agvy, = pgvg. Note that
0= po < pp < pg < ---. Now, {Ype} is a linearly independent set in
H. ((0,L) x M) and it satisfies the orthonormality condition

L
(12.3) / /M Ve - Vi AV (8)d = Sy Ser,
0

so that the 1y, satisfy the conditions (11.2), with v = 1.

Let I := {(k,2) : A < An(1)}. Then I contains exactly m elements
since A (1) < Am+1(1), and the numbers A for (k,£) € I are a permutation
of the eigenvalues A;(1) for j = 1,...,m. Using the ¢4, in place of the 1,
in (12.1) and defining

(12.4) Pz) = /M[w(m, 6) —1]dV(6) forz € (0,L)

shows that we want to prove

L
(12.5) /0 /G 5™ e(e, 7(60))? dH(r) F(z) dz > 0

(k,0)erl

unless F(z) = 0 a.e.; we show separately later that if Aj(w) = A1(1) then
w=1 a.e.

Recall that by hypothesis in the theorem, F' is decreasing. By changing
F on a set of measure 0, we can assume that F is right-continuous.

We can rewrite (12.5) as

L&
2 o (20 =)z
(12.6) /0 Z 7 eecos <T> F(z)dz >0,

=1

where £* is the largest £ such that I(¢) := {k > 0: (k,£) € I} is non-empty

and
1 1

ep = — v (T 2 T).
=7 2 T O ALY o e
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Using the double angle formula for cos? turns (12.6) into

(12.7) / Z T eecos <(2€ L1)7ra:> F(z) dz

+ ; Ter [ /0 /M w(z,0)dV (6)dz — L - V(M)] >0,

The second term is nonnegative by hypothesis, in this theorem, and is strictly
positive unless

L L
/ F(z) do = / / w(z,8)dV(0)dz — L - V(M) =
0 0 JM
We aim now to show that the first term in (12.7) is nonnegative and is

in fact positive unless F' is constant. This will prove that (12.7) holds unless
F =0 a.e. After integrating the first term in (12.7) by parts in z it becomes

Lt
ee . ((20—Dmz
/0 EZ:;%_lsm( 7 dF(z),

and since dF' < 0 by our hypothesis (2.13), it is enough now to show that

Eoe (20 - D)7z
(12.8) 22/ 1sin( 7 )>0 for all z € (0, L).
/=1

Obviously (12.8) follows from Lemma 15 if {e;} is decreasing. But I(¢+1) C
I(¢) because of our definition of I, and so from the definition of e, we easily
deduce that {eg} is indeed decreasing.

Lastly, suppose A;(w) = A1(1). Then (12.7) must fail to hold for m =1
and so (by above) F' =0 a.e, or [;, w(z,8)dV(0) = V(M) for almost all z.
In particular, Theorem 8 applies (with v = 1) and hence w = 1 a.e., which
is our desired equality statement in the case m = 1.

13. Proof of Theorem 8.

The following proof is based on the proof of [17, Theorem 4], which deals
with the ball under fixed boundary conditions.

Let 11 be a first eigenfunction for v™!A on (0, L) x M, so that —Aq; =
A1(v)vyy weakly. We may assume 9 is positive because, as we remarked
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in Section 5, 1) is continuous and never zero. Also vi(z,6) = 9¥1(z) is
independent of @, since the first eigenfunction for v™1A is unique up to
constant factors (see Section 5) and 1 (z,7(0)) is such a first eigenfunction
for every isometry 7 of M; use here that v = v(z) is independent of § € M
and that the isometry group on M is transitive. Therefore 1 (z) is positive
and satisfies —} = A\;(v)vy); weakly in H},. (0, L). Hence

L
(13.0) () = M)/ ) =20) [ [ a)o(a) dedp

is C1l-smooth, with 1(L) = 0 and
(13.2) ¥i(s) <0  forall s € (0,L).

By the Rayleigh principle, using v as a trial function for A;(w) yields
that

JE [0 V12 dV (6)da
5 [y $wdv(@)dz

(13.3) A (w) <

And since 11 (L) = 0, integration by parts in s gives that

(13.4)
L L
2 = 2 wis S
| [ stwavers= [ [ w0avea
L s
(13.5) =2 /0 D1 (81 (s) /O /Mw(a:,e) 4V (9)dzds
L s
(13.6) >=2 [ @i [ [ v ave)dads
by (2.15) and (13.2)
L
(13.7) = /0 /M¢%vdV(0)dm.
Therefore

Js Ly VAP AV )z _ [ [y V1V (O)de _ ..
o fytwdv@)dz ~ [ [y 93 dV(0)de ’

which is the inequality we want.

(13.8) A(w) <
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If A1(w) = Ai1(v) then equality reigns in (13.8) and so 91 is a Aj(w)-
eigenfunction for w™!A, as well as being a \;(v)-eigenfunction for v—!A.
Hence

Mgy _ A

A(w)  Mi(v)
weakly in H!. (0,L), and thus 9w = t;v a.e. Because 1 is positive,
w = v a.e. as claimed.

= v

14. Proof of Theorem 11.

Once more, we start by reducing to the case ® = id. Fix n > 1. (For the
theorem itself we take n = 4, but for the remarks following the theorem we
want to consider arbitrary n.) Assume for a moment that we know

"1 =1
() ; Aj(w) 2 ; Ai(1)

for each m with 1 < m < n, with the inequality being strict when m > 2
unless fozﬂ[w(x, 0) + w(—z,0)] df = 4w for almost all =z € (0, L), and being
strict when m = 1 unless w = 1 a.e. Then (3.3) and its equality statements
follow, by exactly the same argument as in the first paragraph of Section 10.

Thus we have only to prove (14.1) and its equality statements. The case
m = 1 is a special case of Theorem 14 (with v = 1, M = S'), which we
prove in Section 17, and so we can fix m with 2 < m < n from now on.

We begin to prove (14.1) by describing the eigenvalues and eigenfunctions
of (—~L,L) x S1, with w = 1. The eigenvalues {\;(1) : j = 1,2,3,...} can
be computed by separation of variables to be

{Me =K+ (n/20)? : ke Z,¢ > 1},
with corresponding normalized eigenfunctions

trz e sinkd, ifk>0
De(,0) 1= —— x{ cos (grg)’ if £is odd }x 1/v3, ifk=0
T L\ke sin (4£), if£is even coskO, if k<0

satisfying —Avge = Aetore. Then {trs} is a linearly independent set in
H}((=L, L) x S') and it satisfies the orthonormality condition

L o
/ [ Ve Ve dods = bt
- Jo
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Let I be a collection of m distinct ordered pairs (k, £) such that the numbers
Ake for (k,€) € I are a permutation of the eigenvalues \;(1) for 1 < j < m.
(This set I need not be unique.)

By using the vy, as trial functions in the variational characterization for
Yoy Aj(w)” ~1 (for which adapt (5.2)), we obtain that

i/\J (w) = > > / /2" |[Yke|*w dfdz

j=1 (k0)el
2 cos %rf' , if £is odd
Ake sin? ” , if £is even
{ sin®kf, ifk>0

1/2, ifk=0 )w(z,0)dlidz.
cos’kd, ifk<0

(ke e

The same argument holds if we replace I by {(k,%) : (—k,¢) € I}, and
averaging the two resulting inequalities gives

1 (L cos?(&2), iflisodd | [
. 27 L)\ [—L { sin? (£2), if £is even } /0 w(z, 0) dfdz

(k) el
— 1 /L cos? (g—f) , if £is odd
- (hDel 27LAke Jo | sin? (£), if £iseven
2w
[w(z, 8) + w(—z, 0)] dbdz
E(—l)“‘l L s 2w
= Z AL2\ / Sin(Zﬂ”s/L)/ / w(z,0)dzds by parts in z
(k Z)EI ke 0 —sJO
2w
= Z ATy / sin(¢m(L — s /L)/ / w(z, 0) dzds.
D I4L )\kg

We show below that

(14.2) 9(y) == Z £ sin(fy) >0  for all y € (0, 7),
(eer M
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provided m < 4, and so from the hypothesis [°_ f02 "w(z, ) dfdx > 27 - 2s
in the theorem it follows that

~ 1 Ir L
Z)\ () 2 Z LQ_)\ke,/o sin(¢w(L — s)/L)sds

(k,0)el

1
Z N, 1)’

(k, e)eI =1

giving (14.1) for n= 4. If equality holds in (14.1), then the above argument
gives that [°_ f w(z,0) ddde = 2r - 2s for all s, and so [ [w(z,0) +
w(—2z,0)]df = 4 for almost all z, as desired.

We must still prove (14.2). We begin by proving it when I lies on the
union of the Z-axis and the line £ = 1, that is, we assume [ has the property

(k,¢) eI = eitherk=0or¢=1.

Note also that by the definition of I, if (0,4) € I and 1 < ¢ < ¢ then
(0,¢") € I. Hence we can write

9(y) = <2L> }: smgﬁy) + csin(y)

/=1

for some ¢* > 1 and some nonnegative constant c. Since Zf;l ¢~ Lsin(fy) is
positive for y € (0, 7) by [29, p. 62], we have proved (14.2) in this case.
Next, from the definition of I it is clear that

(k, 3) el, Mo <A = (k/, el) el

Consequently when m < 4, the set I cannot contain (%1, 2), and so it lies on
the union of the ¢-axis and the line £ = 1. Thus (14.2) holds when m < 4,
which proves (14.1) for n < 4; this proves the theorem.

It remains to justify the remarks made after the theorem. From now on,
then, assume n > m > 5. The existence of the numbers Li(n) and La(n)
is easy to explain: if L is sufficiently close to 0 then I must lie on the line
¢ =1, and if L is sufficiently close to +oo then I must lie entirely on the
l-axis, with & = 0. In both cases (14.2) holds and we are done. Of course, it
might be possible to improve upon the values of L; and Ly found this way,
and this we do for L;(5) below.

We must still establish the claimed values of L;(5) and Lo(5), for n = 5.
We have considered m < 4 above, and so we need only consider m = 5 and
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show that (14.2) holds so long as L < v/2r/2 or L > +/5m/2. Write

T \2
== (31)
so that Agp = k2 + £2z. If L € [v/57/2,+0) (so that z < 1/5) then
Mo3 =9z <144z = A2 and so I can be chosen to lie on the union of the
¢-axis and the line £ =1 (since I has only 5 elements), so that (14.2) holds.
This shows that we can take Lg(5) = v/57/2. Now assume L € (0,v/27/2]
(so that z > 1/2). Notice that we can suppose either (1,2) € I or (—1,2) € I,
since otherwise I would lie on the union of the ¢-axis and the line £ = 1 and
we would be done. By symmetry we can assume (1,2) € I. Then

I= {(07 1)7 (17 1)7 (—'17 1)7 (07 2)7 (17 2)}

and for y € (0, 7) we have
1 2 2 2 .
g(y)—{;-l—l_l_ }smy+{4 +1+4 }sm(2y)
D I in
Tz 142z z 1+4z oSy pemy

1+ 2 - 1-I- 4 sin
z 14z z 144z y

0

v Vv

(since z > 1/2), and from this it follows that we can take L;(5) = v/2m/2.
15. Proof of Theorem 12.

Simply modify the proof of Theorem 6 in Section 11. Note that now z €

(=L, L) and so we integrate f_LL rather than fOL, for example. Furthermore,

the ; should now belong to H¢((~L, L) x M) rather than to H . ((0, L) x

For later reference, the analogue of (11.3) that we obtain is:

(15-1) ZA( ) Euv)

A\, T 2 T wlx — v\ xZ.
z/_L/G;wJ(, (60))? dH( )/M[ (2,0) — v(z)] dV (6)d
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16. Proof of Theorem 13.

We prove the theorem by making the following changes to the proof of
Theorem 7 in Section 12. Write:

Theorem 12 instead of Theorem 6,

(3.4) instead of  (2.11),

specializing (15.1) instead of  specializing (11.3),

IE instead of [ in (12.1), (12.3) and (11.2),
[w(z,0) + w(-z,0)]/2  instead of w(z,6) in (12.2),

HY((~L,L) x M) instead of H}, ((0,L) x M),

and in (12.4) define
Flz) = /M [w(z, 6) + w(~z, 6) — 2] AV (6)

instead of F(z) := [y, [w(x,8) — 1]dV (6), using also for (12.5) the evenness
of Y2, in z (see below).

Furthermore, the eigenvalues should now be {\ie = uy, + (¢n/2L)2% : k >
0,£ > 1}, with corresponding eigenfunctions

cos (ez’fl‘f) if £ is odd }

1
Ye(z, 0) == \/ITUk(e) { sin (‘2"5) if ¢ is even

Also, we replace the material from (12.6) onwards with the following:
We can rewrite (12.5) as

L& 2 (Linx : :
Z27r cos® (££), if £ is odd
(16.2) /0 ot I { sin? (£2L ), if£is even F(e)dz >0,

where £* is the largest £ such that I(¢) := {k > 0: (k,£) € I} is non-empty
and ) .
= _— 60))? dH ().
o 2 it GO Jyerto?asio

Using the double angle formulas for cos? and sin? turns (16.1) into

(16.2) /Z—eg( 1)1 co ( )F(:c)d:r

T e, [ /_ ) /M w(z,8)dV (0)dz — 2L - V(M)J >0
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The second term is nonegative by hypothesis, in this theorem, and is strictly
positive unless

/OL Flz)dz = /_LL /M'w(a:, 6) dV (8)ds — 2L - V(M) = 0.

We aim now to show that the first term in (16.2) is nonnegative and is
in fact positive unless F' is constant. This will prove that (16.2) holds unless
F = 0 a.e.; we show later that if A\j(w) = A1(1) then w = 1 a.e. After
integrating the first term in (16.2) by parts in z it becomes

/OL o e (IZW(LL )) iF ().

Since dF' < 0 by our hypothesis (3.6), to establish that this quantity is
nonnegative (and is positive unless F' is constant) it is enough to show

c e . (In(L—x) I 0.L

(16.3) Z—E_SHI(_—_L——) >0 forallz € (0,L).
£=1

Obviously (16.3) follows from Lemma 16 so long as {e;} is decreasing. But

I(€+ 1) C I(£) because of our definition of I, and so from the definition of

e; we easily deduce that {e;} is indeed decreasing.

Lastly, suppose Aj(w) = A1(1). Then (16.2) must fail to hold for m =1
and so (by above) F' = 0 a.e., or [,/ [w(z,0) + w(—=z,0)]dV(0) = 2V (M)
for almost all z. In particular, Theorem 14 applies (with v = 1) and hence
w =1 a.e., which is our desired equality statement in the case m = 1.

17. Proof of Theorem 14.

To prove the theorem, adapt the proof of Theorem 8 in Section 13; simply
write:

(-L,L) x M instead of (0,L) x M,

H}(~L,L) instead of mn(O L),

= instead of [ in (13.3), (13.4), (13.7) and (13.8),
. instead of [ in (13.5) and (13.6),

(3.8) instead of (2.15) in (13.6).

Lastly, observe that 1(z) is even in z, because v(z) is assumed to be even
and the first eigenfunction for v~1A is unique up to constant factors.
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Appendix A. Summary of results and boundary conditions.

Here we summarize the hypotheses and conclusions of the theorems both
in this paper and in the related work [17]. We hope this gives the serious
reader a clearer understanding of the structure of these papers.

This paper examines inhomogeneous strings and cylinders, under either
mixed Dirichlet-Neumann boundary conditions (the “fixed—free”) case or
purely Dirichlet boundary conditions (the “fixed” case). For most of the
results, the extremal is the homogeneous string or cylinder with mass density
identically 1. Our hypotheses on w ensure, in the fixed—free case, that w has
more mass than 1 does near the free end of the string/cylinder, and in the
fixed case, that w has more mass than 1 near the middle. Specifically, we use
three different kinds of hypotheses, for the fixed—free cylinder (0,L) x S*:

(H1) “more mass on subcylinders”:

s promw
/ / w(z,0) dodx > 2rns  for all s € (0, L),
o Jo

(H2) “more mass on circles”:

27
/ w(z,0)dd > 27 for all z € (0, L),
0

(H3) “decreasing mass on circles”:
2
T / w(z,0)dd  is decreasing for = € (0, L)
0

and fOL 027r w(z,0) dfdz > 2nL.

In each hypothesis, w has more mass near the free end z = 0 than does
the mass density identically 1. It is easy to check that (H2) = (H1) and
(H3) = (H1) but not conversely, and that (H2) and (H3) are not compara-
ble. Observe also that the hypotheses can be adapted to the cylinder with
fized boundary conditions (see Theorems 11, 12 and 13), and to strings (see
Theorems 2 and 9, which use a “mass on subintervals” variant of (H1)).
Table 1 classifies the theorems in this paper according to their domain,
boundary conditions, type of hypotheses and conclusions. In the second
column of Table 1, “gen. cylinder” refers to a generalized cylinder (0, L) x M,
where M is a compact homogeneous Riemannian manifold (so that M has
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Domain BCs Hypothesis | Conclusion
Theorem 1 interval | fixed—free H1 first eigenvalue
Theorem 2 interval | fixed—free Hi ®-functional, all n
Corollary 3 interval | fixed—free H1 zeta function
Theorem 4 cylinder | fixed—free H1 ®-functional, all n
. ®-functional,
Comp. Result 5 | gen. cylinder | fixed—free Hi1 n < 53055
Theorem 6 | gen. cylinder | fixed—free H2 ®-functional, all n
Theorem 7 | gen. cylinder | fixed—free H3 ®-functional, all n
Theorem 8 | gen. cylinder | fixed-free H1 first eigenvalue
Theorem 9 interval fixed H1 ®-functional, all n
Corollary 10 interval fixed H1 zeta function
Theorem 11 cylinder fixed H1 ®-functional, n <4
Theorem 12 | gen. cylinder fixed H2 ®-functional, all n
Theorem 13 | gen. cylinder fixed H3 ®-functional, all n
Theorem 14 | gen. cylinder fixed Hi first eigenvalue

Table 1: Summary of results in this paper.

Domain BCs Hypothesis Conclusion
(17, Theorem 1] | ball fixed H1 zeta function
[17, Theorem 2] | interval, dim. 1 | fixed Hi ®-functional, all n
[17, Theorem 3] | ball, dim. >2 | fixed H1 ‘I’i‘l“‘s"t;’?ja\}l)
(17, Theorem 4] | ball fixed H1 first eigenvalue
(17, Corollary 5] | disk, dim. 2 fixed | curvature > 0 | zeta function

Table 2: Summary of results in [17].

transitive isometry group). When M is a circle this is just the standard

cylinder.

Table 2 similarly classifies the theorems in the related paper [17]. Note
that Theorem 9 and Corollary 10 of this paper are directly quoted from [17].
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