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Curvature has Umbilical Hessian in a K-Surface
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1. Introduction.

1.1. Introduction to the problem. Let M be any compact, oriented
smooth Riemannian surface without a boundary, and M4, a,,...a.} (where
a; > 0, V1 <14 < n) denote a K-surface associated with M. A Riemannian
metric g is said to be well defined or smooth in M4, a,,....a,} if it satisfies
the following two conditions: (1) g is smooth everywhere on M except in a
set of singular points {p1,p2, -+ ,pn}. (2) For any i(1 <4 < n), the metric
g has a singular angle of 2mwa; at the point p;. Therefore, the scalar curvture
of any metric which is defined in a K-surface must have a §—distribution in
M; and have a concentrated weight at every singular point of the metric.
(This is the reason why we called it K-surface.) Two smooth Riemannian
metrics on M{q; a5, a,) 2r€ pointwise conformal to each other if they are
related by a multiple of a smooth positive function on M. An old and en-
during problem in 2 dimensional Riemannian geometry and real analysis
is whether there always exists a “best metric” in any pointwise conformal
class in a K-surface. Of course, the answer to this question really depends
on what the “best metric” is. In this paper, we propose to consider two
metrics as the likely candidates of the “best metric.” The first is the ex-
tremal metric, which is a critical point of an energy functional (L? norm
of the scalar curvature function). The second metric has a property that
its scalar curvature function has an umbilical Hessian. In other words, the
2nd covariant derivative tensor of the scalar curvature function of the met-
ric is pointwise proportional to the metric tensor. For convenience, we use
the abbreviation “HCMU?” to denote this second metric (the Hessian of the
Curvature of the Metric is Umbilical). Both extremal metrics and HCMU
metrics are defined in section 2. The extremal metric includes the HCMU
metric as a special case; both metrics include the constant curvature metric
as a special case. While we believe that the extremal metric is the ultimate
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choice of the “best metric,” we concentrate on studying to what extent the
topology of the underlying surface is determined by the presence of a HCMU
metric in this paper. Our main result is:

Theorem 1. Let g be a HCMU metric in a K-surface M(q4; oy, an}- Then
the Euler-Lagrange character of the underlying surface should be determined

by
X(M) =Y (1-ai)+(n—j)+s

=1

where s is the mumber of critical points of the curvaure Ky (excluding the
singular points of g). Here we assume that ai, oo, ....a; (0 < k < n) are the
only integers in the set of prescribed angles {a1, a9, -+ ,0n}; and assume
that {pj+1,--- ,pk} are the only local extremal points of Ky in the set of
singular points {pj, 0 < j < k}.

This theorem has an important implication:

Theorem 2. If none of the prescribed angles in a K-surface is an integer
multiple of 2m, this K-surface supports a HCMU metric if and only if it
is a football with two different angles at the two poles. Furthermore, any
HCMU metric in these footballs must be rotationally symmetric and uniquely
determined by the area.

Another corollay of Theorem 1 is:

Corollary 1. If g is a HCMU metric in a K-surface Mo, oy, 0, then
1. The curvature K is continuous on all of the singular points of g.

2. Any singular point of metric g whose singular angle is not an inte-
ger multiple of 2 (i.e.,{Pk+1, Pk+2;" - - »Pn}), must be a local extremal
point of Kg.

3. The curvature K, does not have any smooth saddle point.

k
4 ) (=) + (n— k) < x(M).

i=1
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Theorem 1 was proved by studying the structure of a special Killing
vector field. The method is elementary, geometrical. The most important
step is to show that this Killing vector field must only have a finite number
of singular points. In the proof, it is not assumed that the scalar curvature
of HCMU metric is bounded. However, we do assume any HCMU metric
must have a finite energy and area since it is a critical point of the energy
functional.

1.2 Historical Remarks. The classical uniformization theorem asserts
that every pointwise conformal class, in a smooth surface without a bound-
ary, admits a constant curvature metric. Unfortunately, the parallel state-
ment in a K-surface is not always true. For instance, there is no constant
curvature metric in a football if the two angles at the two poles are differ-
ent. However, every football does support a HCMU metric. Since a constant
curvature metric is also a HCMU metric, one might be tempted to ask if
there always exists a HCMU metric in any pointwise conformal class in a K-
surface. The answer to this question is no; and we will give some necessary
conditions for the existence of a HCMU metric in a K-surface. The remain-
ing question is: what should the “best metric” be so that every pointwise
conformal class will admit one? To answer this question, we propose the
following problem:

Conjecture/Problem 1. Is any smooth Riemannian metric in a K-
surface pointwise conformal to an extremal metric?

Observe that a HCMU metric is also an extremal metric; and a constant
scalar curvature metric is also a HCMU metric. According to [10], these
three kinds of metrics are identical in any smooth surface without a bound-
ary. If the problem 1 had a positive answer, it then included the classical
uniformization theorem on a smooth surface as a special case. There have
been numerous attempts to generalize the classical uniformization theorem,
mainly focusing on the solvability of the scalar curvature equation (2.4) on
a given K-surface. Independently, [12] and [13] have found some sufficient
conditions for a K-surfaces to admit constant curvature metric. Under some
restrictive conditions, [6] gave some necessary conditions for a K-surface to
support a constant curvature metric. However, [3] had constructed a se-
quence of constant curvature metric in S? with 3 singular points, where the
singular angles could be made arbitrarily large. Also in [3] , E. Calabi gave
a sufficient condition which should be satisfied by the three singular angles,
so that S? with these angles will support a constant (positive) curvature
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metric.

There will be no uniformization theroem in a K-surface if we consider
only the constant curvature metric as the “best metric.” Therefore, we
think the extremal metric may be a better candidate for the “best metric.”
If the problem 1 had been positively solved, it would be clear one should
focus on the understanding of the topological obstructions to reduce the
equation (2.3) to (2.4) and to reduce the equation (2.1) to (2.3)(these three
equations are given in section 2). The present paper will answer to what
extent the existence of HCMU metric in a K-surface restricts the topology of
the underlying K-surface. Even though a constant curvature metric is also a
HCMU metric, they shall be excluded from the discussions here. Therefore,
a HCMU metric, in this work, must have a non-constant scalar curvature
function.

E. Calabi[4] has constructed a smooth HCMU metric ¢° in 53, o0y It
was not known to him whether there exists any other HCMU metrlc on this
K-surface. In [2], E. Calabi shows that any extremal Kahler metric must
have maximized symmetry determined by the complex structure. He raised
the question if the space of extremal Kahler metrics in same DeRham class
is connected and if it could have different energy levels, since any extremal
Kahler metric must be a local minimizer. At least in dimension 2, the answer
to these questions are all negative. Using the main theorem, another HCMU
metrics in 5'%’2’2 are constructed explicitely. This metric demonstrated less
symmetry and is not locally isometric to the metric constructed by E. Calabi;
and the two metrics have different energy levels. However, these two metrics
are connected in the same DeRham class.

Recently, we learned an ambitious program of Donaldson [18] where he
puts a Riemannian metric ! in the space of Kahler metrics such that the
later becomes an infinite dimensional symmetric space. The conjecture (or
question) he raised is whether such a symmetric space is always geodesically
convex. His program shows that a positive answer to this conjecture (or
question) leads to the uniqueness of the smooth extremal Kahler metric in
each Kahler class up to holomorphic transformation. Therefore, the above
mentioned non-uniqueness example of degenerated extremal Kahler metrics
becomes rather interesting and need to be further understood. Noticed
that any HCMU metric is a degenerated extremal K&hler metric. Follow
Donaldson’s program, in [17], we proved the following results: a) the space
of K&hler metrics is convex by CL! geodesic; b) it is a metric space; c)the
extremal Kahler metric is unique in each Kahler class if the first Chern class

lthis metric is also introduced by Mabuchi [20] and S. Semmes in [19].
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is strictly negative. The details of these results will be appeared else where.
These results certainly make these examples we constructed here much more
interesting.

Another significant implication of these examples is that the solution of
the Euler-Lagrange equation 2.1 is not unique, even under a very strigent
boundary conditions. Both Calabi’s metric and the one constructed by
author have uniformly bounded curvature; the two metrics differ in the
neighborhood of the singular points only by a smooth positive function on
52. Calabi’s metric has more symmetry and has less energy. We conjecture
it is a real minimizer in its DeRham class.

A few words about the organization of this paper. In section 2, we intro-
duce the vaiational problem, give two versions of Euler-Lagrange equations
and then prove the two versions are equivalent. Also in this section, we
define the three kinds of metrics discussed here. In section 3, we first show
Calabi’s construction of a HCMU metric in Sp22. Then we use the Theo-
rem 1 to analyze all the HCMU metrics in 53’2’2. Using these information,
we construct explicitely two different HCMU metrics in 537272. In section 4,
we study the Killing vector field of a HCMU metric. In section 5, we give
the proof of the main theorems. In section 6, we give proof to a techni-
cal lemma which gives an estimate of the curvature function near a conical
singular point.

Acknowledgments. The author wishes to thank Professor M. C. Wang
for many helpful and stimulating conversations during the course of this
work. Thank also to Professor R. Schoen for his continued support and
encouragements. Also to my advisor Professor E. Calabi for his warm en-
couragements during the past two years.

2. Euler-Lagrange Equations.

An extremal metric is a critical point of the following energy functional:

E(g) = / K,2dg.
M\ {p1,p2,"* ,pn}

The appropriate variational space for this functional is the space of all
smooth Riemannian metrics with a fixed area in a fixed pointwise conformal
class. Let go be a generic smooth metric in My, oy, «,, the function space
is then:

S(go) = {w € H**(M)) g = [ dgo}
M\{pl sP2y vpn} M\{plvpza"' ,pn}
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For any ¢ € S(go), the corresponding metric g = €2 - go is smooth in
the K-surface My, s, - Conversely, for any smooth Riemannian metric
in My, a0, ,0n, there exists a function ¢ € S(go) C H?%(M) such that
g = e? - go. Observe that the function space is a subset of H22(M), not a
subset of H, ;";f(M \ {p1,p2, - ,Pn}). If a metric is deformed in a pointwise
conformal class, the structure of the conical angle at each singular point

should be preserved. The Euler-Lagrange equation of this functional is:
(2.1) NgKg+ Kg2 = C (generic constant).

Equivalently, in a local complex coordinate chart,

0
% Kg 22

where K _ is the 2nd-order covariant derivative of K. We will show these
two Euler-Lagrange equations are equivalent shortly. Any metric satisfies
the equation (2.1) or (2.2) is called an extremal metric, even if it is only a
critical point of the energy functional.

The Euler-Lagrange equation has two special cases. The first special

case is:

(2.2) =0,

(2.3) K,,, =0.

Any metric is HCMU if and only if it satisfies this equation (2.3). The
second special case is:

(2.4) Ky =c, where cis a constant.
For any singular point p;(1 < 7 < n), g can be re-written in a local coordinate
chart (U, z)(z(p;) = 0) as:
1
(2.5) g=h(z, z)m|dz|2, h(0) >0, VYzel.
For any p & {p1,p2, - ,Pn}, We can choose a local coordinate chart
(U, z)(z(p) = 0), such that metric g can be written as:
(2.6) g=e¥EA|dz2, Vzel.

The scalar curvature is:

Ayp
-

(2.7) K, =
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where “A” is the real Laplacian operator with respect to the local Euclidean
metric. Equation (2.3) can be re-written as:

? K, 0K, 0p(z72)
2.8 = g _ g . 2L — .
(2:8) Kq 122 0 22 2 0z 0z
Therefore, the equation for a HCMU metric is not elliptic type. According
to equation (2.8), any metric is HCMU if and only if the gradient vector field
of its scalar curvature function is holomorphic. This vector field is defined
as:

(2.9) VK, = V-1K, ’z _\/_ —2.

0K, 0
0z 0z

Proposition 1. The “real version” Euler-Lagrange equation (2.1) is equiv-
alent to the “complex version” Euler-Lagrange equation (2.2).

Proof. We first derive the “complex version” Euler-Lagrange equation (2.2)
from the “real version” Euler-Lagrange equation (2.1). Observe that the
real Laplacian operator and the complex Laplacian operator only differ by
a constant. Thus, Ay = 2e72¢ - 3% %. The equation (2.1) can be written
as follows:

,0 0
9. 97 9
0= 0F 1 R=0

By differentiating the above expression with %, the results are:

,0 9 9 dyp o aK
9z 9z 0% 0z 0z 9z 9 _
e —4 2 +2K, - 5-K, = 0.

Exchange the order of differentiation of K in the first two terms, substitute

2 2
K, = —2%%# into the first “K,” of the third term, and then get rid of
the common denominator e?#. The above equation then becomes:

o 9 0 Op 0 0 o0 9 0

= = = 4T T K —4—

5205 0 TV mas K e 5: P s e
The last equation can be rearranged as:

o (90 0 0 0

=0.
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The last equation is exactly the complex Euler-Lagrange equation(2.2). To
derive the real Euler-Lagrange equation(2.1) from the complex equation
Euler-Lagrange(2.2), one just go through the above procedures in exactly
the reversed order. Therefore, the two equations are equivalent. a

Two theorems about the HCMU metric will be given before concluding
this section.

Theorem 3. Any HCMU metric must be a local minimizer for the energy
functional E.

This theorem should be read with care. We consider only those deformations
of a metric which vanish in a small neighborhood of the set of prescribed
singular points. The proof of this theorem is the same as the proof in [2].
Readers are refered there for detailed proof. Whether a HCMU metric is a
local minimizer, with respect to a general deformation which preserves the
conical angle structure at each singular point, is not known.

Theorem 4. If the scalar curvature of a HCMU metric is a constant in a
small open set, the scalar curvature must be a constant everywhere.

Proof. Let g be a HCMU metric with a scalar curvature function Kj.

The gradient vector field V_U-(Tg) is a holomorphic vector field. If K, is
a constant function in a small open set O C M \ {p1,p2, - ,Pn}, then
ﬁ(—; vanishes in this small open set. This further implies VK, = 0
in M\ {p1,p2,- -+ ,Pn}. Therefore, K, must be a constant function in
M\ {p1,p2, - ,pn}. The theorem then holds true. O

3. Examples of HCMU metrics in S3,,.
3.1. Calabi’s examples.

It is known that there exists a unique rotationally symmetric HCMU metric
in any football if the area is given. In this subsection, we will show how E.
Calabi uses a HCMU metric in a football to construct a HCMU metric in
5’%’2’2. Let gpg be a HCMU metric in the football S¢ 1135 let p denote the

pole with an angle of %" and let ¢ denote the pole with an angle of %ﬂ Let

8?2 = {z-plane} | J{z = oo}; let { = . Two group actions v and g in
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z=\infty

Figure 1: Calabi’s metric on 53,2’2

52 are defined such that:
1 2
v(z):;, p(z) =z-¢, VzeS*

Let G be the group generated by three elements: the identical map, v and
p. The order of group G is 6. G acts on S? proper discontinuously. A
generic G—orbit in S2 consists of 6 distinct points. There are three singular
G— orbits in S?; and these orbits are:

{0,00}, {1,6,¢% {-1,-¢ ¢}
The group action induces a natural projection 7 as the following:
m:8% = 8%/G.

For any z € S?%, m(z) = [z] is the G-orbit where z belongs to; and
7~ 1([2]) represents the set of points in S? which share a G-orbit with z. If
[2] is neither of the orbits [0], [1] and [—1], then = is a local isometric map
from a small neighborhood of z to its image [z]. = is a local 2-sheet covering
at [2] = [1],[~1]; and a local 3-sheet covering at [z] = [0].

Define a holomorphic map (see figure 1) f : S2/G — Si312 such that:
f([0]) = p, f([-1]) = ¢, and f([l]) = B (any regular point) in Si1 1y
This map is then uniquely determined by f([1]). Consider the pulled back
metric ¢° in S2:

gO S f* Ipq-
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By definition, g° is a HCMU metric in S2. This metric is smooth everywhere
except possibly on the following 8 points: z = 0,00; and z = —1, —(, —(2;
and z = 1,¢, (2. However, gpq has an angle of %” at p and the projection
7 has a three sheet covering at f~!(p) = [0]. Therefore, ¢° has an angle
of 27 at the two points z = 0 and z = co. Consequently, ¢° is smooth
in these two points: z = 0 and z = oco. Similar arguments show that g°
is smooth on the three points: z = —1,z = —¢ and z = —¢2. However,
g° has a singular angle of 47 at the three remaining points z = 1,z = ¢
and z = (2. Moreover, if f([1]) is deformed along a “waist” line(i.e., arc
“ABCD”) in S}; 15, We obtain a 1-parameter local isometric deformations of
the HCMU metric in S§,2,2. This local isometric deformation preserves the

global symmetric of g°.
3.2. Applications of Theorem 1.

It is not known to E. Calabi then that whether the above HCMU metric is
unique in S§’2’2. However, we learn after theorem 1 that it is not unique. We
have constructed another HCMU metric in 53,2,2 which has different enengy
level with Calabi’s metric. To certain extent, Theorem 1 offers a “blue print”
of a HCMU metric in any K-surface. Following this “blue print,” one may
construct a HCMU metric in a K-surface in a systematic fashion.

To illustrate this point, we will examine all of HCMU metrics in the
K-surface 52{2,2,2}. Let g be a HCMU metric in 5’2{2’2,2}. Following the
notations in theorem 1, g has three singular points {p1,p2,p3} and g has
an angle of 47 at each of these three points. Let s denote the number of
smooth critical points of K;. We will divide our discussions into four cases,
according to the number of the saddle points of K; among the three singular
points of g.

1. If all of the singular points of g are local extremal points of K, then
7 = 0. Theorem 1 then implies :

(3—-0)+s=x(S% =2.

However s > 0 since s is the number of smooth critical points of K.
Therefore, this case is impossible.

2. If exactly two singular points of g are local extremal points of Ky, then
7 =1. Theorem 1 then implies:

(1-2)+B-1)+s=2

or s = 1. Therefore, the following three statements hold true:
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(i) g must have exactly one smooth local extremal point of Kg;

(i) g must have two singular extremal points of K, with angles
47,41 respectively;

(iii) g must have a singular saddle point of K, with an angle of 4.

Using this information, we have explicitly constructed a sequence of
surfaces S%,2a,2a with HCMU metric g, for any o > 0.

3. If exactly one singular point of g is a local extremal point of K, then
j = 2. Theorem 1 then implies:

1-2)+4(1-2)+B-2)+s=2,
or s = 3. Therefore, the following three statements hold true:

(i) g must have exactly three smooth local extremal points of Kj;

(ii) g must have one singular local extremal point of K, with an
angle of 4m; (2) g must have two singular saddle points of K,
with singular angles of 47,47 respectively.

Using this information, we have explicitly constructed a sequence of
surfaces 53,2,2 with HCMU metric g.

4. If none of the singular points of g is a local extremal point of K, then
j = 3. Theorem 1 then implies:

1-D+(1-2)+1-2)+(3-3)+s=2

or s = 5. Therefore, the following two statements hold true: (i)
g must have five smooth local extremal points of K,; (ii) ¢ must
have three singular saddle points of K, with singular angles of
4m,4m,4m respectively. Using this information, we can construct a
HCMU metric in S35,. It turns out that this is exactly the HOMU
metric constructed by E.Calabi via a different method.

3.3. Constructions of HCMU metrics.

We will first construct a HCMU metric in 53,2,2 as suggested in case 2.
Consider a football with angles 4ma(a > 14) and 7 respectively at the two
poles p, q. Equip this football with a rotationary symmetric HCMU metric.
Then the curvature function decreases monotonely along any meridian from
p (with angle 47 ) to g (with angle 7). Choose any point A in the football
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Figure 2: HCMU metric on 53,2,2

other than p,g. Consider the meridian passing through A. Let B be any
point in this meridian ﬂ\p which situated between g and A. Now cut _the
football along the arc ¢gBA. The arc qBA becomes two identical arcs: qBA
and qB’ A. Construct two identical copies of this football which are cutted
open exactly the same way, and re-glue the two footballs together via the
open arcs (the arc @1 in one football glues together with the arc qBA in
the other football, while the arc qB’A in one football glues together with
the arc q/BTﬁl in the other football). The resulting surface is S2, while the
resulting metric has three singular points where the metric has singular angle
4ma, 4ra, and 47 respectively: Point p and p; has angle 4wa respectively;
point A has 47 angle; point ¢ is a smooth point after gluing. This metric
is clearly HCMU, but not locally isometric to the metric constructed by E.
Calabi. In fact, These two HCMU metrics in S3,, have different energy
level. Assuming the area is 27, then the total energy of the metric given by
E. Calabi is 327, while the metrics just constructed has an energy of 527.
It remains open if calabi’s metric is the real energy minimizer.

We now proceed to construct a HCMU metric as suggested in case 3.
Consider a football with angles 27 and 473 respectively. As before, equip this
football with a rotaionally symmetric HCMU metric. Then the curvature
function strictly decreses from one pole with bigger angle to the other pole.



Metrics whose curvature has umbilical Hessian 279

Consider the double covering of this football. It is a football with angles
47 and 873 respectively. The HCMU metrics are locally identical in both
footballs. Now cut both footballs into two identical pieces along two opposite
meridians. We then obtain four pieces of surfaces. Reglue them together
as indicated in figure 3: the arc CE in 2nd football piece glue with CE at
the third football piece, CF' in 2nd football piece glue together with CF
in the 3rd football piece; the arc BE at 3rd football piece with BE at 4th
football piece; etc- - - . Clearly, the resulting surface is S2, while the resulting
metric has three singular points with angles 4, 4w, 47 : point A, E and F
have singular angles 47 respectively; point B, C and D are smooth after the
gluing. This HCMU metric is also different from the one constructed by E.
Calabi. However, they have same total energy. Furthermore, there is a local
isometric path from Calabi’s metric to this one.

Figure 3: Example 3 of HCMU metric in 53,2’2

We could also re-construct Calabi’s metric in a similar fashion as sug-
gested in case 4. We will skip this part.

4. Killing vector field of a HCMU metric.

Unless otherwise specified; let g be a HCMU metric whose curvature is not a
constant function on M4, ay.... a,}; let {p1,p2, -+ , Pn} be the set of singular
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points of g. We will define a special Killing vector field, and then prove that
this Killing vector field has no cluster singulipoint.

Recall that the gradient vector field VK, is holomorphic since g is
HCMU. Hence, the real part of ﬁfg} must be a Killing vector field. Let

V' denote this Killing vector field. In a local coordinate chart, we have:
(4.1) V=12 (voikz2 - ymikEl
9 9z 99z)"

Let Sing(?) denote the set of all singular points of vector field V. Itis
evident that Sing(V ) must be a subset of the union of the singular set of
the metric g and the critical points of K in M \ {p1,p2, - ,Pn}

Sing? C {all smooth critical points of Kg} U {P1,D2, -y Pn}-

We will prove that V has only a finite number of singular points. It will be
proved first that any cluster point of the set of singular points of V must be
a singular point of the metric as well. The strategy is to study the behavior
of V' at any non-cluster singular point, and eventually use this information
to conclude that none of the singular points of V' is a cluster point. The
next proposition gives some fundmental properties of this singular set.

Proposition 2. Any cluster point of Sing(v) must be a singular point of
the metric g.

Proof. Suppose that ¢ & {p1,p2, -+ ,pn} is a cluster point of Sing(_v)).

There exists a sequence of points {4;, ¢« € N} C Sz'ng(Y_/)) which converges
to the point g. There is only a finite number of singular points for the metric
g. The sequence of points {A;} could then be chosen so that every A;(Vi) is
a smooth point of g. Therefore, A; (Vi) must be a smooth critical point of
K,. Consider a small Euclidean disk B which contains g in its interior. The
gradient vector field V_K; must have an infinite number of zero points in
B. This implies that @E is identically zero in B since it is a holomorphic
vector field. Consequently, K is a constant in B. Theorem 4 then implies
that the scalar curvature must be a constant function in M\ {p1,p2, - ,Pn}
which contradicts the initial assumption about a HCMU metric. O

For any p € M \ Sing(?), there exists a unique integral curve of i%
which passes p. Denote the complete extension of this integral curve as Cp.
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The central object of this study is this vector field and all of its integral
curves. Unless ot}_lgrwised claimed, the term “integral curve” means the
“integral curve of V._”_)The next proposition gives some basic facts about
the integral curves of V.

Proposition 3. 1. Any two integral curves of V' will not intersect at
any point p & Sing(?). In particular, no integral curve of V has a
self intersecting point in M \ Sing(V).

2. In M\ Sing(X—/)), any integral curve of gradient flow of curvature K,

—
can not intersect an integral curve of V. more than once.

This proposition follows readily from the definitions of a Killing vector
field and a gradient vector field of the scalar curvature function.

Lemma 1. Foranyp € M \Sing(Y_/)), if the closure of Cp does not intersect
Sing(l_/’), i.e., Cp Sz'ngv =0, then C, must be a closed curve.

I —
Proof. Since C, () Sing(V') = 0, there exists a small number ¢ > 0 and an

open ¢ neighborhood B¢ of Sing(V) such that C, C M \ B¢. Suppose that
Cp is not a closed curve, then C, must have a cluster point in M \ B¢. Let
Cp:[0,T) —» M\ B¢ (T < o0) be a parameterization of C such that:

C(0)=p;  CG)=V(G(t), Vte[0,T).

Suppose ¢ C M \ B€ be a cluster point of Cp,. Since g is not a singular point
of V), a sequence of points {t; — T, i € N} could be chosen such that:

hm Cp(ti) =q,
and (see figure 4)
lim Cl(t:;) = lim V (Cp(t:))
1—0Q0

R (1m6) = 7.

The last equality holds true since q is not a singular point of V. Consider
the integral curve of the gradient flow of curvature K at gq. This curve is
perpendicular to Cy, and it will inevitably intersect C, more than once,
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G
N~ - V(L)

. V(Cp ()

—= V(@

Figure 4: Closed curve

which contradicts with proposition 3.2. Therefore, C, must be a closed
curve. The lemma holds true. O

Let €2, denote the space of all of the integral curves of V' which meets
p; let |Q,| denote the cardinality of 2. For any point p ¢ Sing(T/)), there
exists a unique integral curve of V' which passes the point p. Hence Q, is
well defined, and it contains two elements ( one integral curve enters into p
and one leaves from p). However, at a singular point p of _X7, it is not clear
what “an integral curve of V' pass p” means, since either V is not defined
or vanishes at the point p. To clarify this point, an integral curve C of
V is said to be in Qp(p € Smg(v)), if and only if there exists a sequence
of points in C which converges to p. In other words, if C & ), there then
exists a small disk B, center at p such that C'[|Be = 0. By this definition,
an integral curve C' € Q, might spiral around p an infinite number of times
without ever reaching p. However, it will be proved that this is impossible.

If Q, # 0, we want to define a partial relation on the space §2,. We
first deﬁne this relation under the assumption that pJ is not a cluster point
of Smg(?). Eventually, we will show that Szng(V) does not have any
cluster point at all. Now choose a small enough Euclidean disk B, so that p
is the only smgular_pomt of V in B. According to proposition 3, any two
integral curves of V' can never intersect at any point other than the point
p. Hence, modeling after the orientation of a clock, for any three points
C1,Cs,C3 € ), we define the relation C1 < Cy < C3 if and only if C,Cs
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and Cj are in the anti-clockwise direction (see figure 5).

C
2

Figure 5: Orientation of integral curves

A point p is said to have a dense distribution of the integral curves
of V if the following condition holds true: for any two curves C1,Cs € Qp,
there always exist two additional curves C3,Cy in ), such that the following
relation holds true:

C1 <xC3<Cy<Cy=<Ch.

If, for any two integral curve C3 and Cj such that C7; < C3 < Cy < Oy,
there always exists an integral curve Cs such that

Cl-<03-<05-<04-<02,

we call that p has a dense distribution bounded by C; and Cs. Noticed that
Cs may equal to C7, while Cy may equal Cs.

Lemma 2. For any point p € Sing(Y—/)) which is not a cluster point of
Sing(?), there ezists no dense distribution of the integral curves of V.
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Proof. Suppose there is a dense distribution of integral curves of V near P
and we want to draw a contradiction from this assumption. Consider two
small Euclidean disks B CC B satisfying the following three conditions: (i)
p € B CC By; (ii) Bin Sing(‘—/) = {p}; (iil) at least two integral curves of
V initiate from B are in Q)p. We claim that for any point ¢ € 9B, then the
integral curve Cy must be in £2,. Otherwise, suppose that g is such a point
that Cy € Q,. Suppose that the parameterization of 0B as ¢ : [-T,T]| — By
such that ¢(0) = g and ¢([~T,T]) = 0B. Suppose further that ¢(¢) move in
anti-clockwise direction as t increases. Since C, ¢ €}, there exists a small
neighborhood of ¢ such that any integral curve of V', initiated from any point
in this neighborhood, will not be in Q,. Suppose that [T, T3] C [T, T
is the biggest interval in [T, T such that the following two conditions hold
true: (1) for any point t € (=T1,72), Cyz) € Qp; (2) Both integral curves
Ce(—my) and Cyry) are in €,. (see figure 6).

Figure 6: Dense distribution of integral curves

According to the condition (iii), the two points ¢(—T1) and ¢(T3) are
different points in €,. However, the dense distribution condition of the
integral curves can not be held true with respect to these two points C,_r)
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and Cyr,). Therefore, our claim must hold true. In other words, all of
the integral curves initiated from 0D must be in €,. We then adjust the

curve OB slightly so that OB transects all of the integral curves of V.

Consider the local maximal point of K, in this closed circle. There exists
at least one local maximal point. Suppose that A is such a point. Recall
that K| is invariant in any integral curve of _17; the point A is then a local
maximal point of K;. Therefore, every point in the entire integral curve Cy

is a local maximal point of K. This implies that the VK, vanishes in the

—
integral curve C4. VK, then vanishes everywhere. Consequently, the scalar
curvature is a constant function, which contradicts the initial assumption of
a HCMU metric. This proves the lemma. a

Lemma 3. For any point p € Sing(v) which is not a cluster point of

Sing(V), there exists mo dense distribution of the integral curves of v
bounded by two integral curves C1 and Co

Proof. Consider a small open disk B centered at p. Denote the sector
bounded by C; and Cy as O. For any point ¢ € dB() O, following the
proof of the previous lemma, the integral curve C; must be in (2,. Accord-
ing to theorem 6 in the Appendix, the curvature are asymptotically same
at any two integral curves which are in €,. This imples that curvature are
actually same of any two integral curve of (), since the curvature is invariant
at each integral curve. Therefore, the curvature function is constant in O.
This implies that the curvature is constant everywhere in M. This is a clear
contradiction with the initial assumption on a HCMU metric. The lemma
is then proved. O

Lemma 4. Ifp € Sing(V) is not a cluster point of Sing(—‘?), then either
), is an empty set or it has a finite number of points.

Proof. We prove this Lemma by drawing a contradiction. Suppose that this
Lemma does not hold true for this point p. Then |2,| must have at least a
countable number of points. According to lemma 2 and 3, there is a sequence
of curves {C;, ¢ € N} C Q, such that the following two conditions hold: (1)
C1 < C; < Cip1 < C1, Vi(> 2) € N. (2) For any 7 > 0, there exists no
integral curve C; € §, such that C; < C} < Ci;+1. Any integral curve of —17,
which is closed to C; and on the positive side of C;, will always follow along
Cj; this curve will then turn before hitting p and go along the negative side
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of Ciy1. (see figure 7).

Cl "

Figure 7: Singular angle is finite

Therefore, we have
£(C;, Ciq1) =, Vi € N.
The last equality implies the following equation:
Angle at p > Z(C1,Cm+1)

= Z Z(C;, Cir1) = mm — oo.

i=1

This is also impossible because of the initial assumption that all of the
singular angles are finite. Consequently, this Lemma holds true.

Lemma 5. Ifp € Sing(‘—/)) is not a cluster point of Sing(V) and Q, # 0,
then Q, has an even number of points. Moreover, g has an angle of |Qp| -7
at the point p.
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Proof. Let B ‘tﬁ a small Euclidean disk containing p as the only singular
point of Sing(V'). Suppose that {Ci,Cy, -+ ,Cn}(m = [€|) are all of the

integral curves of V in 2, such that:
Ci1<Cy<--<Cp<Ch.

For any (1 < 7 < m), let O(¢) denote the small sector in B bounded by
C; and Cj41 in the anti-clockwise direction. (Observe that Cy,y1 = C; and
Om+1 = 01).

m

B=Jo0(), 0i[0it1 = Cis1, 90 e JCita-
i=1

Any integral curve of V near Ci in Oy will follow along Cp; this curve
will then bend before hitting point p and follow along Cj4;. Recall that
the scalar curvature K, is invariant on each Cx(V0 < k < n). If K in-
creases ( resp: decreases) from 0O; to the interior of O;, then K, decreases
(resp:increases) from 00;;1 to the interior of O;y;. (see figure 7). This
statement holds true for all ¢ = 1,2,--- ,m. Without the loss of generality,
we suppose that K increases from 00; to the interior of O;. Then K, de-
creases from 0Oy to the interior of Os, etc. Finally, if m is an odd number,
K, must then decrease from 00,41 to the interior of O, 1. Recalled that
Om41 = O1. This is a contradiction. Consequently, m = || must be an
even number. Following the proof of of Lemma 4, we have:

£(Ci, Ciy1) =m, Vi€ [1,m].

The total angle of g at the point p is:

> > 4(Ci,Ciy1) = mm = |Q| - .

i=1

d

Corollary 2. Ifp € Sing(Y_f)) and p is not a cluster point ofSing(v); and
if the prescribed singular angle of the metric g at the point p is not an integer
multiple of 27, then Qp = 0. Moreover, p must be a local extremal point of
Kg; and all of the integral curves of V in a small neighborhood of the point
p are topologically concentric circles which contain p in their interiors.
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Proof. Since p € Sing(V) and the angle at p is not an integer multiple
of 27, lemma 5 implies that €, = . Let B be a small Euclidean disk
Whi_cp contains p as the only singular point of V. I every integral curve
of V' in B must eventually leave B, there then exists at least one integral
curve which meets the point p. This is a contradiction since we assume that
0, = 0. Therefore, there exists at least one integral curve of V, denoted
by Co, that never leaves B. Since Cp ¢ €2, Co must be a closed curve in
B. According to Proposition 3, Cy does not have any self intersecting point
in B. Therefore, Cy must be a topological circle. Let D denote the interior
of Co, then p € D. (Otherwise there exists another singular point of v
in D C B). Any integral curve of V in D must be topologically a circle
since it can not intesect with dD. For the same reason as Cj, these circles
must contain p in their interiors. Therefore, these circles are topologically
concentric. Thus, g is rotationary symmetric in D\ {0}. Since the curvature
K, is not a constant in D \ {0}, then K, achieve either local maximum or
minimum at p, following the theorem below. (]

Theorem 5. If g is a rotationary symmetric HCMU metric in a punctured
disk D\ {0} with finite area, then K, continuous at z = 0. Moreover, if K,
is mot a constant, then it achieves either local mazimum or local minimum
at z = 0.

Proof. Let u = —In |z|, then any rotationary symmetric metric g in D \ {0}
can be expressed as a metric in S x [b, 00) for some b > 0:

g =M (du? + d6?).
The metric has finite area if

o0
/ 22y < co.
b

The metric is HCMU if
Ou? Ou Ou

9 ([ o, 9K,

—_— .9 ) =0

ou (e Ou
Therefore, Kj(u) = c- % for some constant ¢. If ¢ = 0, then K} = 0 and
K, is a constant for all u. If ¢ > 0, then K| strictly increased when u — oo.

0,

or
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Thus, K, achieves local maximum at z = 0. Similarly, if ¢ < 0, K, achieves
local minimum at z = 0.
We can define

o (o]
Ko=) = Ky0)+ [ Kywdu=K,0)+c- [ #0du.
b b
Clearly, K, is then finite and continuous at z = 0. O

Corollary 3. Every critical point of the scalar curvature Ky, on M \
{p1,p2, ..., pn} must be a local extremal point of K.

Proof. We prove this corollary by drawing a contradiction. Suppose that p
is a smooth saddle point of K;. Then p is a singular point of V'. If Q, =0,
corollary 2 then implies that p must be a local extremal point of K,. This
contradicts the initial assumption about p. Therefore, 2, # 0. According
to Lemma 5, |Q,| must be a even number. If |[Q,| = 2, then p is not a saddle
point of K,. Hence |Q,| > 4 and the metric g has an angle of |Q,|-7 > 47 at
p, However, p is a smooth point of g. This is a contradiction. Consequently,
this corollary must hold true. a

Proposition 4. If C is an integral curve of V' which bounds a topological
disk D in M\ {p1,p2,:*- ,Pn}, and if C contains no singular point of V,

there then exists exactly one singular point of V in D which is a smooth,
local extremal point of Kg. Moreover, for any Euclidean disk Dq which
contains D in its interior, there ezists a mazimal topological disk D C Dy
such that the following two statements hold true: (1) 8D is an integral curve
of V, it either tangents with 0D _or passes a singular point of V in Ds.

(2) All of the integral curves of V' in the interior of D are topologically
concentric circles

Proof. Since D C M\{p1,p2,- -+, Pn}, there is no cluster point of Sing(V) in
_)

D. There are at most a finite number of singular points of V' in D. Suppose

that there are m such points and suppose that they are {g1,¢2, - gm} C

Smg(l—/'))ﬂD According to corollary 3, any ¢;(1 < ¢ < m) must be a
local extremal point of Kg; all of the integral curves of V near g; must be

topologically concentric circles. Consider the index of the the vector field v
in D Since V agrees with the tangential dlggctlon of 0D, the total index
of V' in D must be 1. However, the index of V' at each singular point is 1.
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Therefore, there is exactly one and only one singular point in D. The proof
for the rest of this proposition is clear. a

Now proposition 3.1 could be restated as following:

Proposition 3.1. Any two integral curves of V' will not intersect at any
point p ¢ {P17P2a T ’pn}~

Proof. Let C; and Cy be two integral curves of V. Suppose that they
intersect at a point q & {p1,p2,- - ,pn}. Then ¢ is a smooth critical point
of K4. Therefore, all of the integral curves of V near q must be topologically
concentric circles. This is an apparent contradiction. Hence this proposition
holds true.

Lemma 6. Any point p € {p1,p2, - ,pn} is not a cluster point of
Sing(V).

Proof. Suppose that p is a cluster point of Sing(v). Choose a small Eu-
clidean ball B such that the following two statements hold true: (1) B con-
tains p as the only singular point of the metric g; (2) OB ﬂSmg(V}) = 0.
Suppose that {g;, 7 € N} is a sequence of points in Sing(‘—/))\{pl,pg, e+, Dn}
such that the following holds true:

lim ¢; = p; {¢;,7€e N} C B ﬂSing(V).

For any i € N, ¢; is a smooth critical point of K,. Therefore, all of the
integral curves of V near g; are topologically concentric circles. According
to proposition 4, there exists a maximal disk D; C B such that ¢; € D; and
all of the integral curves of V are topologically concentric circles. Consider
the sequence of maximal disks {D;,i € N} in B. For any % # j, D; and
Dj can not intersect at any point other than p. Therefore, we have either
D;ND; = {p} or D;ND; = (. Either there is an infinite number of pairs
(3,7) so that D;( D; = {p}, or there is an infinite number of pairs (4, j) so
that D; (Dj = 0. In the first case, (see figure 8), without loss of generality,
we may assume that D; (D, = {p}, Vi # j. \
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Figure 8: No cluster point

For any ¢ > 1, consider the section bounded by D; at p. The interior
angle at p bounded 0D; (towards the interior of D;) is m. However, there is
an infinite number of such interior angles at p. Therefore, the singular angle
at p must surpass oo, which contradicts the initial assumption that all of
the singular angles are finite. Therefore, the first case is not true. Consider
the second case now. We may assume that D; N D; = §,Vi # j. Since
D;(Vi > 1) is a maximal disk in B, there then exists a point ¢; € dD; () 9B.
Since {g;,7 € N} is a sequence of points in a Euclidean circle B, there must
exist a cluster point ¢ € OB such that ¢; — g. The integral curves of v
at {¢;} must converge to the integral curve of V at g since {q,¢;, ¢ € N}
are smooth points of V. On the other hand, all of the disks D; are in B.
Therefore, the Euclidean area of D; must converge to 0. let p;o denote the
unique singular point of V in the interior _o)f D;. Observe that any point
other than p is not a cluster point of Sing(V ). Passing to a subsequence if
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necessary, we may assume that p;o0 — p. Consequently,the disk D; converges
to a double curve from ¢ to p. Thus the geodesic curvature of dD; at ¢; must
converge to oo as ¢; — ¢. This is a contradiction since g is not a singular
point of V. Therefore, p is not a cluster point. Thus, the Lemma is proved.
O

5. Proof of Theorem 1 and Theorem 2.

For reader’s convenience, we copy the statements of Theorem 1 and Theorem
2 here.

Theorem 1. Let g be a HCMU metric in a K-surface M\{a1, a2, -+, on}.
Then the FEuler-Lagrange character of the underlying surface should be de-
termined by

X(M)=) (1-a)+(n—j)+s
i=1

where s is the mumber of critical points of the curvaure Ky (excluding the
singular points of g). Here we assume that a1, az, ....a; (0 < k <n) are the
only integers in the set of prescribed angles {a1, a2, -+ ,an}; and assume
that {pj+1,-- ,pr} are the only local extremal points of K, in the set of
singular points {p;, 0 < j < k}.

Theorem 2. If none of the prescribed angles in a K-surface is an integer
multiple of 2=, this surface supports a HCMU metric if and only it is a
football with two different angles at the two poles. Furthermore, any HCMU
metric in these footballs must be rotationally symmetric and uniquely deter-
mined by the area.

Proof of theorem 1. We first decompose Sing(V) into two parts:
Sing(‘—/) = 81 S2 where

S1 def {pe sing(_V_)) 1 Qp = 0}, Sa L {pe Sing(v) QY # 0}

For any point p € Sg, then |Q,| =21 > 4. Lemma 5 implies that g has
a singular angle of 27 - [ at the point p. Therefore, p is a singular point of
g and p € {p1,p2, - ,pk}. Consequently, we have: Sy C {p1,p2,--- ,Pr}

For convenience, suppose that So = {p1,p2, -+ ,pj} (j < k). Forany 1<
i <4, g has a singular angle of 27 o; at p;. Since Qp, # 0, Lemma 5 then
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implies that |2p,| = 2a;. The indexes of vector field V at these points must
then be:

—

indexp,(V)=1-0;, V1<i<j

Recall that
{p1, 72, ,pa} C Sing(V) =81,

and
Sy = {p1,p2,- - ,Pj}-

Therefore, {pi,j < ¢ < n} C S1. According to the definition of S, the
indexes of vector field 1_/) at these points are:

inde:z:pi(V) =+1,Vji<i<n.

Observe that {g;,V 1 < ¢ < s} are all smooth critical points of K,. Thus we
have:

= {pj-i-la T apn} U{ql’ q2,° " ,Qs}'

According to Corollary 3, all of these points {q1,g2, - ,¢s} are local ex-
tremal points of K;. The indexes of the vector field V' at these points must

then be
indezg, (V) =41, V1<i<s.

The total index of vector field V' must equal with Euler-Lagrange character
of M, thus

Zmdea:q (_17) + Z indexy, (_‘7) + Zzndexpz(_‘?) x(M),

i=j+1

J
+(n—5)+ Y (1— o) = x(M).
i=1

This proves the theorem. a
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Proof. Now we want to prove the corollary 1 of this theorem. Recall that
for any ¢ (1 < ¢ < k), we have o; > 2. The above equation then implies:

k
Z(l a))+(n—k) < z(l—az)+(n J)
i=1 i=1
<Y (1—a)+(n—j)+s=x(M).
i=1

corollary 1.4 is then proved. Corollary 1.1 and 1.2 follow from Corollary 2,
Corollary 1.3 follows from Corollary 3. O

Proof of theorem 2. Let g be a HCMU metric in M \ {a1, g, -+ ,a,}. We
will follow the notations of theorem 1. Observe that none of the prescribed
singular angles is an integer multiple of 2w. Corollary 1 then implies:

0+ (n—0) < x(M).

Thus, x(M) = 2, or M = S?, and n < 2. The K-surface must be one of
the following three surfaces: (1) a 2-sphere S? if n = 0; (2) a tear drop
S2 a>0,a#1if n=1;(3) afootball S{a «ay} if = 2. Theorem 2 then
implies:

0+ (n—0)+s=x(M)=2,

or s +n = 2. The following two statements hold true: (1) g has exactly

two singular points of 1_/'); (2) both of these two singular points are local
extremal point of K, : one is a local maximal point and the other is a
local minimal point. According to corollary 3, all of the integral curves of
the V must be topologically concentric circles near each extremal point.
This consequently forces all of the integral curves of V to be concentric
circles as well. Therefore, the metric g is rotationally symmetric. The scalar
curvature function of g must be a constant function if M = §2 and M =
52, ap(01 = @2). That contradicts the initial assumption about a HCMU
metric. Consequently, M = S2(a # 1) and M = 52 (1 # o). In [15],
it is shown that a HCMU metric in S2(a # 1) or M = Sgl a1 # a2)
must be uniquely determined by the area. These HCMu metrics had been

explicitly constructed in [15]. O
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6. Appendix.

In this section, we consider the oscillation of metrics and its scalar curvature
near a singular point in a sequence of concentric circles centered at the
singular point. For any function ¢(z) in an open set of z = 0, define the
oscillation function as:

Olp(e)) = max le(z) =)l

Suppose z = 0 is a singular point of metrics with a conical singular angle,
and suppose the metric can be expressed locally as:

g=e*|dz|?

Follow the definition of a conical singular angle, then lim(.) O(p(z)) =0. We
—

want to show that the scalar curvature function K = —;Af:é has the same
property near the singular point:

Theorem 6. For any HCMU metric, the curvature function is also asym-
topically equal along every direction. In other words, lin(l) O(K(z)) = 0,
Z—>

where z = 0 is a singular point of the metric g with a conical angle.

Let D be an open unit disk centered at z = 0. Let u = —Ilnr =
—In+/22 4+ y2 and 0 = tan"'yz. The domain D \ {0} becomes an infinite
cylinder {(u,0)|0 < u < oo,—7 < 0 < 7} via this transformation. Let
P(u,8) = p(e ™ cos, e *sin @) — u. Then v satisfies the following inequal-
ities:

[es) 2w
/ / % ¥)2e™ddu < Oy,
0 0 u,6

[e) 2w
//ewdb?du <0,
0 0
32

where Ay g = 5 + a%zg. According to theroem 2.2 in [16], ¥(u) — —o0
uniformly. Consider D = (—1,1) x (0,27). For any sequence of numbers
u; — 00, we define

(6.1)

pi(u,0) = P(u+u;,0), Vie N
Ao P(u+ u;, 0) 2P0
- :

Ki(u,0) = K(u+ u;,0) = —
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Lemma 7. For any u; — oo, then || m22py — 0 In particularly,
”V‘Pi”LP(D) — 0, for any p > 1.
Proof. Consider the curvature equation:

_Au’e (pz — K’,’ . 62(101'..
Observe that [ K?e*idud6 < C and ¢; — —oo, we have:

||Au,9<Pi||L2(f)) — 0.
Since the oscillation of ¢; approaches 0 as i — oo,

il 225y — O-

This in turn implies that:

IVeillopy = 0, Vp>1.

Lemma 8. Near the singular point, the curvature function satisfyies

Proof. For any sub-domain [u1,us] x S!, integrate both sides of the Euler-
Lagrange-Lagrange equation:

DNuo K+ K2 ¥ =C-e¥

over this domain, we obtain:

—(U1,0)d0 — %(Ug,e)de

/21r OK 2w 0K
o Ou o
2 u1
=/ / (=K% +C-e*)duds.
0 ug

The right side is stictly bounded for all u; and ug, and goes to zero if both
uy and ug approach co. Thus,

) 2 oK
lim %(ul,e)da =c

uU—00 0
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for some constants ¢. Let us define

c-—/ aKzu
2 Dau Y

Then,
zl-l-»nolo a=c
Clearly,
3K (u 6)dodu =0
Therefore,
15 sty < € IV Kill o
and

oK;
I5 sy < € IV2Kill o) + C

for some constants C' independent of 1.
On the other hand, we have:

3 K; B BK Opi(w, W)
0 w? 5‘w ow

where w = u + v/—160. Therefore,

=0

Ki,ww =

9% K;

15 25y < 44/ IVEillas) - 1Veill ooy

(6.2) <4-6-(C+C- V2K ),

for some ¢; — 0 as 7 — oo.

297

From the Euler-Lagrange equation, since the conformal parameter func-

tion ¢; is asymptotically rotationally symmetric, we can show that

lim K;(u,0) - e?(®9 = 0.
71—00

Following from this estimate, then we have || AK;| 1 py — 0. Equation (6.2)

then implies

IV2Kill oy < €
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for some €; — 0. That implies that
||V2Ki||L2(D) -0

as 1 — 00. d

Proof of Theorem 6. The previous Lemma implies

V% — 0
90 1 12(p)
and
“ % — 0, Vp>1.
Thus theorem 6 readily follows from here. O
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