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Twenty years ago, Calabi and Yau each proved that a complete noncom-
pact Riemannian manifold with nonnegative Ricci curvature must have at
least linear volume growth [Yau]. This was proven by studying the Buse-
mann function, b = b,, associated with a ray, =,

b(z) = lim (R — d(z,7(R)).

lim
R—o0
In [So2], the author proved that if such a manifold has linear volume growth
then its Busemann functions are proper. The simplest examples of manifolds
with linear volume growth are the metric product manifolds, X x R, whose
cross sections, X x {r}, are level sets of the Busemann functions.

In this paper we prove that a complete noncompact manifold with non-
negative Ricci curvature and linear volume growth must be close to be-
ing such a metric product manifold asymptotically [Theorem 34]. That
is, as r — oo, the set b~1([r,r + L]) becomes close to b~1(r) x [r,r + L]
in the Gromov-Hausdorft topology where the closeness depends linearly on
diam(b~1(r)). See Section 2. The proof involves a careful analysis of the
Busemann function using the recently-developed Cheeger-Colding Almost
Rigidity Theory [ChCo]. We also use this method to prove the following
theorem.

Theorem 1. If M™ is a manifold with nonnegative Ricci curvature and
linear volume growth, then it has sublinear diameter growth,

; -1
i Hem®(R)) _
R—oo R

1This material is based upon work supported under a National Science Founda-
tion Graduate Fellowship.
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Examples of manifolds satisfying the hypothesis of this theorem for which
diam(b~1(R)) grows logarithmicly appeared in [So2]. Applications of this
theorem to the analysis of harmonic functions on manifolds with nonnegative
Ricci curvature and linear volume growth will appear in [So3].

In addition to studying manifolds with nonnegative Ricci curvature, we
study manifolds with a quadratically decaying lower bound on Ricci curva-
ture,

(=) (} =)

b(2)? for all z € b~ ([ro, 00)),

(0.1) Ric(z) >

where v can take any value in [O, ﬂ%) This bound is implied by the
traditional quadratically decaying lower bound on Ricci curvature defined
using the distance function from a base point [ChGrTa).

Such manifolds also have a lower bound on their volume growth,

Vol(Bgy(R))
_ s >
T >C >0,

(0.2) lgri) 101(1)f
where p = (n — 1)(1/2 —v) +1 > 0 [ChGrTa]. If one is given the (n-1)
Hausdorff volume of a compact set, S C b~1(r1) C b~1((r0,00)), then there
is a precise lower bound, C = Cg, depending upon that volume [So2, see
Corollary 7]. In section 1.1, we review this and a relative volume comparison
theorem for Busemann functions that is needed for this paper.

Definition 2. We say that a manifold, M", has minimal volume growth if
it has a quadratically decaying lower Ricci curvature bound as in (0.1) and

lim sup Vol(Bzo(R))

=W<x
P Rp 0 ’

where p = (3 —v)(n—1) + 1.

Note that a manifold with nonnegative Ricci curvature, v = 1/2, has
minimal volume growth if it has linear volume growth.

In contrast, we will say that a manifold satisfying (0.1) has strongly
minimal volume growth with respect to the compact set, S C b71(r1), if

(0.3) lim sup Vol(Bxy(R)) _

C
R—o0 Rp 5

where p = (3 — v)(n — 1) 4+ 1 [see also Defn 8].



The Almost Rigidity of Manifolds 161

In Section 1.2 we state and prove a rigidity theorem for the end of a man-
ifold with strongly minimal volume growth [Theorem 9]. First we show that
the given level set, b~!(r1), is a compact smoothly embedded submanifold.
Then we prove the end of the manifold is a warped product,

b7 ([r1,00)) = b7H(r1) Xpppyasz—n [r1,00).

That is, it has a metric of the form

1 )2
(0.4) db® + (3) Y

T1

where go is the induced metric on b= (r).

In particular, a manifold with Ricci > 0, v = 1/2 and strongly mini-
mal volume growth has only one end and that end is an isometric product
[Cor 10].

In [So2], there are examples which demonstrate that the strongly minimal
volume growth condition in Theorem 9 is necessary. These examples have
nonnegative Ricci curvature and linear volume growth,

lim Vol(Bg,(r))

T—00 T

= Vo < oo,

but their ends are not isometric product manifolds.

In the second section of this paper, we prove the corresponding almost
rigidity theorem, Theorem 33. Here we add the assumption that Ricci > 0
everywhere on the manifold along with the quadratically decaying lower
bound on Ricci curvature, (0.1), with v now in [0,1/2] and minimal volume
growth. These conditions imply that the Busemann function is proper [So2,
Theorem 19].

Theorem 33 roughly states that such a manifold is asymptotically close in
the Gromov-Hausdorff sense to a warped product manifold with a metric as
in (0.4). More precisely, we show that for r sufficiently large, the compact
region b~*([r,r + L]) is close to a warped product, X, x ¢ [r,r + L] with
the warping function, f(s) = (s/r)(1/27%) where X, is a length space close
to b=1(r), [Theorem 33]. This closeness depends linearly on the diameter
b=1(r).

It is important to note that a manifold with minimal volume growth and
with globally nonnegative and quadratically decaying Ricci curvature is not
asymptotically close to a unique warped product manifold. In particular
a manifold with nonnegative Ricci curvature and linear volume growth has
regions, b=!((r,r + L)), which approach isometric product manifolds, X, x
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(r,r + L), but X, may change slowly as r approaches infinity. Examples
where X, alternates between two different Riemannian manifolds appear in
[So2].

In order to precisely state Theorem 33, we must define localized distance,
the metric which we will be using on the regions, b=!([r,r + L]). This defi-
nition and a definition of the Gromov-Hausdorff distance appear in Section
2.1. The statement of Theorem 33 and the related Theorem 34, along with
a discussion of their consequences appears in Section 2.2. The proof appears
in Section 2.4 after a Section 2.3, which relates Cheeger and Colding’s work
on almost rigidity and maximal volume to our condition of minimal volume
growth.

Lastly, in Section 3 we focus on manifolds with globally nonnegative
Ricci curvature, v = 1/2, and linear volume growth. The same lemmas used
to prove our almost rigidity theorem in Sections 2.1 and 2.3 are directly
applied to prove two results on the diameter growth of such manifolds. In
Theorem 45, we prove that the localized diameter of the level sets of the
Busemann function grows sublinearly. This theorem is stated in Section
3 after defining localized diameter in Definition 44. This theorem is then
employed to prove the Theorem 1 stated above, in which the diameter of
the level sets are measured in the ambient manifold, M™.

The author would like to thank Professor Cheeger for suggesting an
analysis of manifolds with minimal volume growth and for numerous en-
lightening conversations. She would also like to thank Professor Colding for
helpful discussions on his work in almost rigidity theory. Finally, she is very
grateful to the Courant Institute of Mathematical Sciences for its generous
support in her years as a graduate student.

Background material can be found in [ChEb], [BiCr] and [Ch].

1. Strongly Minimal Volume Growth and Rigidity.
1.1. Background on Volume Growth.

We now review some definitions and theorems regarding special sets in
noncompact manifolds with quadratically decaying lower Ricci curvature
bounds. See [So2]. This background will be used to study both the rigidity
and almost rigidity of such manifolds later in this paper.

All geodesics and rays are parametized by arclength.

Definition 3. Let v be a ray, b,(z) be its associated Busemann function
and z € M™. A ray, 7, : [b(z),00) — M, emanating from z is called a
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Busemann ray associated with « if it is the limit of a sequence of minimal
geodesics o; from z to v(R;) in the following sense,

7(b(@) = lim o;(0).
00
Note that v;(b(z)) = z. Note also that v, need not be unique.

Definition 4. Given a compact set, K, contained in M™ and a ray, v, let
QK)={z: 32 € K3t >b(z) s.t. z=n,(t)}

Let
Qg5 (K) = Q(K) N7 ([s1, 52]).-

In [So2, Cor 15], the author proved the following volume comparison
theorem.

Theorem 5 (So2, Thm 5, Cor 17). Let
: L 2 2
Ric> (n—1) i /b(z)

whenever x € b~!([rg,0)) where v € [O, T’Z’f—l)) Let r1 > ro and let K be

a compact set contained in b~1((—o0,r1]).
Then there ezists a nondecreasing function, V(r), such that

Vol,—1(QK) Nb~1(r))

fr(%_v) (n_l)

(1.1) V(r)=

almost everywhere in [r1,00).
In particular, for almost every so > s1 > r1 we have

V(s1) _ Vol(K)N b_l(sl, $9)) V(sg))
(1.2) P < - < p
where p = (1/2 —v)(n—1) + 1.

This theorem was proven using the following series of comparison man-
ifolds which were also employed in [ChGrTa).
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Definition 6. The comparison manifold, M}’{,’s, is a warped product mani-
fold diffeomorphic to R™, with the metric dt? + Jg(t)2go where

1 1
R+e¢ R—t+¢e\2™ [(R—t+e\2™"
1.3 J, t) = — -
(1.3) Re(t) = =5, ( < R-l—s) +< R+s) )

and go is the standard metric on the sphere. Here € := 0 when v > 1/2.

These manifolds satisfy the following Ricci curvature bound,

01 -
(R —d(y,0) +¢€)?’

(1.4) Ric, >

Note also that

R—r n—
(1.5) lim Rors JR®)" 71t (rg)? — (ry)?

R—oo }};__:;l JR.e(t)n_l dt - (7'3).'0 — (7‘1)1’.

These comparison manifolds, (1.5), and the Relative Volume Comparison
Theorem [BiCr,GrLaPa] will be used to prove our rigidity theorem.

The following corollary of Theorem 5, defines the precise constant, Cg,
mentioned in the introduction and allows us to define strongly minimal vol-
ume growth for ends.

Corollary 7. Given M™ as described in (0.1) and given any R > 71 > 1o
and any Ro > 0, let S = B, (Ro) Nb~1(r1). Then

(1.6) Vol(Bay (R + Ro — 10)) > Cs (RP — 2)
wherep= (1 —v)(n—1)+1>0 and Cs = Vol,_1(S)/(pr?™1).

Definition 8. Given r; > ro, we say that a region, b=1((r1,00)), in a man-
ifold, M™, has strongly minimal volume growth with respect to a given ball
B,,(Rp), if it has a quadratically decaying lower Ricci curvature bound as
in (0.1) and

. Vol(Bgy(R) Nb~X((ry,
Jim. Ol(Buo )Rp (r1,29))) _

where S = B,,(Ro) Nb~%(r1) and p = (% —v)(n—1)+1.
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1.2. Strongly Minimal Volume Growth and Rigidity.

In this section we prove the following rigidity theorem.

Theorem 9. Let M™ be a complete noncompact manifold with a ray vy and
a Busemann function b : M — R and a quadratically decaying lower Ricci
curvature bound as in (0.1). Suppose b~'((r1,00)) has strongly minimal
volume growth with respect to a given ball, By (Ro). Then b~1(r1) is a
smoothly embedded submanifold contained in Br,(v(0)) and

b~ (fr1,00)) = b7 (r1) Xp/rpyarz— [r1,00)-

Note that we are only prescribing the manifold’s properties on one end
or on a subset of that end, b~!([r1,00)), and we only prove that that end is
rigid. The rest of the manifold can have larger volume growth and any kind
of curvature.

When v = 1/2, this theorem combined with [So2, Cor 23] and some
simple calculations imply the following corollary.

Corollary 10. Let M™ be a complete noncompact manifold with globally
nonnegative Ricci curvature such that
lim VOl(BfBO(T))

T—00 r

=Vol,_1 (Ba:o (Ro) n b“l('rl)) .

Then M™ has only one end and that end is an isometric product manifold,
b=1(r1) x [r1,00) where b=1(r1) C By, (Ro).

It is important to note that the Busemann function, in general, is not
a smooth function, although its gradient is 1 almost everywhere. In order
to prove that the level sets are smooth on a manifold with strongly mini-
mal volume growth, we will show that the Busemann function satisfies the
following elliptic partial differential equation in the weak sense:

(n—l)(%—v).

(1.7) Ab = ;

This equation is satisfied by the function b on a manifold with a metric of
the form

(%—v)2
(1.8) db? + (3) go-

To
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Recall that we plan to prove that the end, b=1([r;,00)) has a metric of this
form. We can then use elliptic regularity to obtain smoothness.

We first show that manifolds with strongly minimal volume growth have
proper Busemann functions and the ratios, Vol,—1(b=1([re,73))) /(7§ — 75),
are constant with respect to r and r3 [Lemmas 11 and 12]. We then com-
pare these regions to subsets of annuli about (R) using the fact that the
Busemann function’s level sets are compact [Defn 13, Lemma 14]. Recall
that

b(z) = lim R - pr(z) where pr(x) = d(z,7(R)).

We then employ the Relative Volume Comparison Theorem of [BiCr] and
[GrLaPa] combined with the volume estimate on these regions, to control
Appg in a weak sense [Lemma 18]. Then taking R to infinity we show that
b(z) satisfies the elliptic equation (1.7) in a weak sense [Lemma 20]. Once
we have proven that the Busemann function is smooth, we use the Bochner-
Weitzenboch Formula to prove that the metric is rigid [Lemma 1.53].

Lemma 11. For M™ as above, let K = By (Ro) Nb~1((—o0,71]). Then
b7} (fr1,00)) C Q(K)

and thus the Busemann function, b, is proper.

Proof. By [So2, Lemma 4], Q(K)Nb~!([r1,00)) is a closed set. Thus if there
exists a point in b~1([r1, 00)) which is not in Q(K) then there exists a a ball

By(8) € b7} ([r1,00)) \ Q(K).

Let s =b(q) +6/2 and t = b(q) — 6.
Let U = b~ 1([t, s]) N By(6). Thus

(1.9) Voln—1(QUT) Nb~1(s)) > Voln_1(By(6) Nb71(s)) > 0.
Applying Theorem 5 we have,

Voln_1(QUT) Nb~1(s))

(1.10) Vol(Q(T) Nb~([s, 7)) > "; — s

sp—1
Let 79 be a real number such that

Bzy(r2) D ((T) Nb1(s)) U (Q(K) Nb~1(s)).
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By the definition of Q(K) [Defn 4], for all p € Q(K)Nb~([s,t]) there exists
z € K such that v,(b(p)) = p. So,
d(p, QEK)Nb~Y(s)) <b(p) —s<t—s.
Thus,
By (r + 72— s) Nb71([r1,00)) D (UK) N b~1(s,m)) U (QO) N b71(s,7)))
where the union is disjoint. So by Theorem 5 we have,

Vol(Bay(r + 12 = 8) Nb~1([r1,00))

(1.11) lim
T—00 7P — sP
Vol(QUK) Nb~L(ro, 5)) Vol,—1(Q(0) Nb71((s)))
2 P + = ’
sP —1ry psP

However, by the strongly minimal volume growth, we have

o Vol(Bgy(r + 72 — s) Nb7([r1, 00))) _ Voly_1(Bzo(Ro) Nb71(r1))

r]:l>oo rP — gP p’rﬁ)
—1
(1.12) < Vol(Q(K)ﬂbp (rl,s))’
sP —r]
and so,

Vol,_1(Q(0) nb71((s))) = 0,
which contradicts (1.9).
Thus
b7} (fr1,00)) € Q(K).
This implies that b~1(r) C By, (r —r1+ Ro) for any r > 71, so it is compact.
Furthermore, for 7 < 71, b~1(r) is a subset of the closed tubular neigh-

borhood T}, _,(b~1(r1)) as can be seen by using Busemann rays to travel
from b=1(r) to b=%(r;). Thus b is a proper function. O

Lemma 12. Given M™ as described above, then the ratio

_ Vol 1 (UK) Nb7H(r))

1.13 1%
(1.13) (r) F(E-v)(n-1)

is a constant function for all v > 71, and, thus,

Voln_l(b—l(['r‘g,'l‘g,])) _ Voln_l(b_l(rl) N Bzo(RO))

1.14
-9 =) -

for allrs >rq > 7.
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Proof. Let K = B, (Ro) Nb~%(r1) as in Lemma 11. By the definition of
Q(K), we know that for all z € Q(K) N b~—1(r1,7) there exists =’ € K C
B, (Ro) such that z € v, ([r1,7]); so

(1.15) Q(K) Nb7Y((r1,7)) C Byo(r — 71 + Ro).
Note also that
(1.16) Knbi(r) = QEK)Nb1(ry),

for our choice of K. Strongly minimal volume growth, Theorem 5, (1.15)
and (1.16) imply that for any b > a > 7

Vol,_1(K Nb~1(ry)) - lim Vol(Bgy(r — 1+ Ro)) Nb71([r1,00))

1.17 i
( ) pf‘{'_l r]i»oo rP — T:zl’
-1
L18) s i VOHQUO) 08 r1,1)
T—00 P —ry

> Voln_l(K N b_l(’r'l))

= prll,_l .

Since all the inequalities must be equalities and the limit in (1.18) is mono-
tone, we get

(1.19)

Voln_1(KNb71(r1)) _ Vol(QUK)Nb~(r1,7))
pri! - P —r{ ’
for any » > 7. Subtracting (1.20) with » = a from (1.20) with r = b, and

reworking the equation gives

Vol(QK) Nb~Y(a, b))

(1.20)

1.21

(1.21) % —op

is a constant with respect to a and b. Then applying Lemma 11, we obtain
the lemma. O

The fact that the Busemann function is proper in a manifold with
strongly minimal volume growth makes it much easier to prove that the
metric is rigid than if this were not the case. We need not trace through
the rather involved proof of Theorem 5 with its unions of star-shaped sets
about points in b~1(R) [So2]. Instead we use the following very simple sets.

First we fix r3 > 71 > 19. We will prove that b~1([r1,73]) is isometric
to the appropriate warped product manifold 5= (r;) X (b/ry)(1/2=v) [r1,73] and
that b is smooth on b~!([r1,73]). To do so we fix g9 < (r3 —r1)/10 and take
T4 = 2713.
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Definition 13. Let R > 74 and r1 < a < b < R we define the inner
annulus,

(1.22) SZb,R = AnnR_b,R_a(fy(R)) a) SZ;%R)
where
S;?R)z {‘7([0, L)): o is a min geod s.t. 0(0) =y(R),o(L) € b_l((—oo, 7.4])} )

We will often write only S, pp = Sg‘fb, B

Recall that b(z) = limp_,oc(R— pr(z)) where the convergence is uniform
on compact sets. So given any € > 0 and any compact set like b= ([ry, 74)),
there exists R, = R:V™ such that

(1.23) b(z) < R—pr(z)+e VYR>R..
On the other hand, by the definition of b(x), we have

(124)  b(@) 2 lim (s — d(z,7(R)) — d(r(R),(s))) = R - d(z,7(R).

Thus the inner annuli, S, 4 g, are close to the compact regions b~([a, b)) as
described precisely in the following lemma.

Lemma 14. Let 11 < a < b < r4. Then for all € > 0 there ezists R, =
RV™ as defined in (1.23) such that

Sa+e,b—€,R - b—l([a, b]) - S -—E,b+€,R

for all R > R,.

Proof. Fix R > R..
Suppose = € b7 1([a,b]) C b~Y([r1,74]). Then by (1.23) and (1.24), we
have
L,=pp(z)e[R—b—¢,R—a+e]

Thus there exists a minimal geodesic ¢ from ¢(0) = v(R) to o(L;) =z €
b"l([rl,m]). So
TE Sa—-s,b+s,R‘
On the other hand, if y € S,4cp—¢ R, then there exists L > 0 and a
minimal geodesic, o, from o(0) = v(R) to o(L) € b~1([r1,74]) and there
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exists t € [R — b+ ¢, min{R — a — ¢, L}] such that y = o(¢). Since o(L) €
b=1([r1,74]), we can apply (1.23) to get,

b(o(L) < R—L+e¢
Thus
b(y) < b(o(L))+d(o(L), y) = b(o(L))+L—d(y,¥(R)) < R+e—(R—bte) =b.
Meanwhile, by (1.24) we have,
b(y) > R—d(y,7(R)) 2R—(R—a—¢) >a
and we have y € b~1([a, d]). 0

Thus the volumes of the regions between Busemann level sets can be
compared to the volumes of these inner annuli. On the other hand, the
volumes of the inner annuli can be controlled using the Relative Volume
Comparison Theorem on the star-shaped sets, Sy, r g about y(R) [BiCr,
GrLaPa, Ch]. We can bound the Ricci curvature from below using the
following lemma which is a direct consequence of the techniques used in the
last proof.

Lemma 15. Given any ¢, let £, =€ if v < 1/2 and €, = 0 otherwise.
There exists Re"™ as defined in (1.23) such that for all = in the star

shaped set, S;’5'p, we have

(n—1) (% —?)

(1.25) Ricy > (R—d(y,7(R)) + €0)2

for dl R > R,.

Thus we have the same lower Ricci curvature bound as the comparison
manifolds of Definition 6 if we consider y(R) to be the base point.

We will now control the mean curvature of the level sets of pgr within
Sr1,R,R using the comparison manifolds, M}’%’E, of Definition 6 combined with
the above lemma regarding Ricci curvature and the Relative Volume Com-
parison Theorem. To control the mean curvature from below we will employ
the volume estimates on the regions between Busemann levels and the re-
lationship between those regions and the inner annuli. We begin with some
facts and definitions regarding the mean curvature of a distance function.
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Definition 16. Let mp(z) be the mean curvature with respect to the inward
normal of the sphere of radius d(z,y(R)) about v(R) evaluated at z. Recall
that this mean curvature is well defined along minimal geodesics to y(R) and
is equal to Ap(z) where it is defined. See, for example, [Ch].

Given z € M", let mpe(x) be the mean curvature with respect to the
inward normal of the distance sphere of radius pr(z) about the origin in the
comparison warped product manifold, Mg ..

Lemma 17. The comparison mean curvature satisfies
_ -(n-1) (1 R+ ¢ — pr(z)
.26 =" | = th | L —_— L
(1 ) ’ITI,R,E(.’L') R+€_pR(-'L') 2+'UCO og R+€

and as R goes to infinity, we have

. _—=(n=1) (1
(1.27) I%E’réomR,e(x) i 5 +v(-1)
uniformly on compact sets.

The proof of the lemma is an exercise on warped product manifolds and
can be found in [Sol].

We now need to show that the mean curvature of spheres around y(R),
mpg(x) approaches m. g(x) as R approaches infinity and ¢ goes to 0. Then,
in some weak sense we will have

—(n—1)(1/2 - v)
b(z)

(1.28)  Ab(z) = — lim Ap(z) =— lim mpg(z) =
R—oo R—oo

Since Apg(z) and Ab(z) are defined on different subsets of M, we need to
prove (1.28) very carefully. In the next lemma we will only obtain a weak
estimate on limp_,o mp(z) using the strongly minimal volume growth, but
that will suffice.

Lemma 18. Let M™ have the properties defined at the beginning of this
section. Fizrg > r1. Then for all § > 0, there exists €5 > 0 such that for all
€ < g5 there exists Rs(e,71,73) > 2r3 and there exists a constant, Cr, 5 Rte,
such that imp_.o Cry r3,R+e = Cry;ry > 0 such that for all R > Rs(e,r1,73),
we have,

]

T3
(129) 0< / / (Apr(z) — mis(@)) dvoldi < .
8=T1 Ss,rg,R(K) T1,73,R+e

Furthermore, the integrand is nonnegative.
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In this lemma dvol is the volume form on M™. The integral over
Sap,r(K) can be best understood using the following definition. Recall
Definition 13.

Definition 19. Let ©(R) C TM,(g) be defined as

Op =074 =
= {0'(0) : o is a min geod s.t. 0(0) = y(R),o(L) € b1((—o0,74))},

Given any 0 € Op, let Agr(t,0) be the warped product of the Jacobi fields
along exp,(g)td which are 0 when ¢ = 0 and whose first covariant derivatives
are orthonormal when ¢ = 0. We set Ag(t,6) to be continuous up to and
including the cut point. After a cut point it is set to be 0.

So dvol = AR(t,0) vg dt where vy is the volume form on the unit sphere.

Proof of Lemma 18. Let r4 = 2r3 > r3. Let Sgpp = ngb, g as in Defini-
tion 13.
Given any € > 0 and R > r3, let

(1.30) J(t) = Je,,r(E)

be the Jacobi field defined in Definition 6 where €, = ¢ if v < 1/2 and
gy = 0 otherwise. By the Bishop Volume Comparison Theorem [BiCr], the
lower bound on Ricci curvature in the comparison manifolds, (1.4), and
the Ricci curvature bound on S, g, [Lemma 15], we know that 31(1:(5,_0) is
nonincreasing for ¢ € [0, R — r1] and § € ©r. We wish to show that this

ratio is almost constant.
First we note that, by Definition 19 and (1.24),ifa < b <r4 and 6 € Op
such that ezp,(g)(tf) is minimal for ¢ € [0, R — a], then

blezpyr)((R—a)f)) < R—(R—a) <r4.

So by Definition 13, exp.,(r)(t0) € Sap,r for all t € [R — b, R — a] and we
have
R—

(1.31) VOl(Sa,b,R) = / / AR(t,0)dvy dt
R-b JOp
Thus, by the Relative Volume Comparison Theorem,

R— R—r —
Vol(Srs,”,R) _ fR_,,;S foR AR(ta 9) dvg dt > R—T43 JR.s(t)n Ldt

Vol(Sry,r3,R) - f}lj__:: f9a AR(t,0)dvpdt — 5__?;1 JRe(t)n1 dt’

(1.32)
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By Lemma 14, we know that for any £ > 0, there exists R, such that
Vol(Srs,re,R) < Vol(b_l([’r3 —¢&,m4+¢€]))
Vol(Sr,rs,r) ~ Vol(b~1([r1 +¢&,73 —€]))
By the strongly minimal volume growth and Lemma 12, we have
Vol(b™1([rs — &,74 + €])) _ (rg+e)P—(r3—e)P
Vol(b_l(['rl +é&,r3— 6])) (1‘3 - S)p - (7‘1 + S)p

On the other hand, by (1.5),

R—r —
(1.35) lim Rory TR® A (ra)? = (ro)?

Reoo [ Jp (tyn-tdt  (rs)P — (r)?

(1.33) VR > R..

(1.34)

Given any ¢’ > 0, there exists €5 > 0 small enough that the right hand
side of (1.35) is within ¢’ of the right hand side of (1.34) for all € < &4/, and
there exists Ry large enough that the the right hand side of (1.35) is within
¢’ of the right hand side of (1.32). Thus the inequalities in (1.32)-(1.35) are
almost equalities, and we have the following.

For all 6 > 0, let &' = §/(2Vol(Sr, r5,R)), there exists €5 > 0, such that
for all € < &4, there exists

(1.36) Rs(g,71,73) = max{R., Ry },
such that we have

R—r R— -
- Jroes Jop AR, O) dvedt [T Jr (1) dt < o8

T e f, AR(t,0)dvedt  [aTt Jpe(t)nldt

—r3

(1.37) 0

By multiplying both sides of (1.37) by Vol(S,, r,,r) and multiplying both

sides by [ 5_—; ' Jr.e(t)" "L dt, we have,

R—r3 R—r
0< / / AR(t,0) dvg dt / J@)"dt
Or

R—ry R—r3

R—r R—r3
- / / AR(t,6) dug dt / T dt
Or

R—r3 —T4
R—r3
(1.38) < / (I at.
o

As mentioned above, "?(?T(:’f)r is nonincreasing. We wish to show that this

ratio is almost constant using (1.38).
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Note that,

R—a R—r3
(1.39) / / An(t,0) dvp dt = / AR(6) 91 gy,
R—b Jog —r

op J) 1

By substituting this into (1.38) and by subtracting and adding

AR(R —rs, 0) R—r1 1 /R—rg 1
—_—— L dy J@)"dt J@)" dt
©gr '](R - 7‘3)”_1 ’ R—rs3 ( ) R—r ( )

to (1.38), we get

R—r3

J)"1dt + I / J(t)"1dt,
R—r4

R—r3

5 J@O"ldt > I, /
R—r4 R—r3

R—7q

where

R-r3 AR(t,0) Ag(R—rs,0) n—
(1.40) I = s /(_h (J(t)n—l - J(R - ?”3)"'1> J()" " dvg dt

and

R—r1 Ag(t, 0) Ap(R —r3,0)) n—
(141) L= /_r3 /OR ( JEn1 J}ZR_T;;H—I ) J ()" Ldvydt.

Since %@r is decreasing, the integrands of I; and I are both positive.
Thus, Iy < 0 and

Ar(R—r3,0)  Ag(t,0)

(J(R—r3))" T (J(t) T J(@)" v dt < 6.

R—ry
(142) 0< /
R—7r3 Or

Thus the ratio, .’;1—(’:%—_0%—, is almost constant.

Given 0 € Op, let dy € (R — 74,00] be the distance to the cutpoint of
v(R) along ezp,(g)(td). Then Ag(t,6) is smooth for ¢ € (0, dy), continuous
for t € [0,dp], and O for ¢ > dg. Since the mean curvatures are evaluated
with respect to the inward normal, we also know that

(49 G o, (R)10) = ~ o (cop (B)10)),

for t € (0,dg), where AR(t,0) = o 2 AR(t,8). See, for example [Ch].
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Let 79y = maz{min{t,dp}, R—r3}. We will use this function to seperate
off the differentiable part of the integrand of (1.42).

R-r1 AR(R —-73 9) AR(””G ‘ 9))
) SO L) Y () dug dt
R-r3 /(—)R (J"‘I(R —r3) Jn—l(re,t) (ro,) dvg

fon AR(res,0)  Ar(t 0))
’ 222 ) TN rg,) dup dt < 6.
/R—rs /eR< Jr=l(g)  JrL(e) (ra.t) dve

Since t > rg; > R — r3 and the ratios are decreasing, both integrands
are positive. Thus we have,

R—r Ap(R—13,0) Ag(res,0)
o</ / (R 1 b )J"‘ltdvdt<6.
—R-rs JoR Jn-—l(R _ 7.3) Jn—l(t) ( ) 0

0<

The function Ap is differentiable in this integral, so

B=r1 * Agr(l,6)
0</ / ( / ( R )dl)J"'ltdvdt<6,
R—r3 JOR Rerg dl \ J*1(0) (t) duy

L (et ory oo
R/ ARr(l,0)dldvedt < 6.
/ —R—rs /e /I=R_r3 (AR(l,e) Ty ) Faei) Rl O ddve
Recall that Sgr—¢ r,,r Only consists of points on minimizing geodesics from
7(R) to b-1((—o0,74]). Thus

SR_t’T37R = {exp"/(R) (le) : 0 e @R’l e [R - r3, re,t)}

and exp,(p) is invertible on Sgp_t-5 k. Let | = pr(z) and 6 be defined
such that = = exp,(r)(l0) where £ € Sgp-_tr3,r. Furthermore dvol =
AR(l,B) dl dllo on SR—t,T3,R'

So we have

R=n AR(L,0) (I s
0<— / / ( o )duozdt<——
t=R—r3 JSR_t,rq,R AR(Z,G) J"_l(l) Crl,rs,R+€v

where

Jeol
(1'4'4) Crl ,T3,R+€u = ; €U( ) )

(R—-m1 >r?>l>R—r3) ( Jg;l (l)
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Since this integral avoids cut points of y(R), we have

R—r1

0<— / (—Apr(z) + Mpe(z)) dvol dt <
t=R-r3 JSR_t,rq,R

0
CTI:”'SyR‘i‘S .

Setting s = R — t, we are done proving (1.29) with Rs(e,r1,73) defined in
(1.36).

Finally, for all v € [o, ﬂ%] we know that

lim C Clim omm G4 (Rt )
Reoo TvTafite = gl rlst’S{}Sm —(" + &)vt1/2 4 (R+e)Z(l +¢&)—vt1/2
(' +¢)vt1/2

= min ————— > 0.
r1<t'<l'<rs (l/ + S)—U-I-l/z

a

In Lemma 18, the estimate on Apg(z) involves a double integral. This
can be studied as a single integral over a region in the isometric product,
M xR, where we define the eztended Busemann function, b(z, s) = b(z), and
the extended distance function, pr(z,s) = p(z). Note that the Laplacians of
these extended functions on M X R are the same as the original functions’
Laplacians in M because the extended functions are constant in s.

Proposition 20. Let M™ be as defined above.
Then the Busemann function with respect to that ray, b(z), is smooth
and

(1.45) Ab(z) = = 12842 —v)

on b~1((r1, 0)).

Proof. Choose any 1 € b~1((r1,00)). Let h = 51—14_&, and let
b1 = b(z1) — h,ba = b(z1) + h, and r3 = b(z1) + 2h.
Define the open set, U, as follows:

(1.46) U={(z,s): s€(by,ba), z€b(s,b9)} C M xR.
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We will prove that /
- _(n=1)(1/2-v)
Ab(z,s) = bz, )

in the weak sense on U.
By Lemma 14, there exists R} such that

b~ ([s,b2]) C Sszish,bz+h,R - S§£3h,r3,R'
for all R > R;"™. Thus, since by — h > 71,
(1.47) Uc{(z,9): s€(r,ms), z €557 -

Let ¢ : U — R be a smooth nonnegative function with compact support.
By Lemma 18 and (1.47), we know that for all § > O there exists £5 > 0,
such that for all € < &5, there exists Rs(e,71,73) and Cr, r, R4+e as defined
in Lemma 18, such that

0

(1.48) 0< /U 8(2,9) (Apr(a) — po(z) dvoldt < o

Here we have used the fact that the integrand of (1.29) is nonnegative and
the integrand here is still nonnegative.

Note that Apr(z) = —A(R — pr(z)) since R is just a constant. Note
also that pg(z) = pr(z, s). Using the fact that the cut off function, ¢, is 0
near the boundary to integrate by parts, we get

/U o(z,s) (Apr(z)) dvol dt =
= [ #(e,5) (~AR= pa(z ) dvol e
(1.49) - /U —Ad(z, 5)(R — pr(z, s)) dvol dt

By the uniform convergence of b(z) on U C b~!([r1,r3]), we know there
exists Rsr, ry such that

(1.50) |R — pr(z,s) — l_)(:l:, s)| <6 VR 2 Rsrirs-
Furthermore, by Lemma 17, there exists Rs such that

mpe(x) — —n—1) <% + v(—l))

(1.51) o)

<6 VR2>R;
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Substituting (1.49),(1.50) and (1.51) all into (1.48), for
R> maX{R67 Réo,rl,rsy Ré(rly 7‘3)},

we have

- (n—1)(% -v) )
/U—-Aqﬁ(m, s)b(z, s)+¢(z, s) (———5(7’27——> dvol dt < m+25Vol(U)

Where the integrand is nonnegative. This equation no longer depends on R
or g, so it holds for all § > 0. Taking ¢ to 0 we see that

Ab(z, ) = 2= gzilﬁ ? )

in the generalized sense on U.
By elliptic regularity, we know that b(z,s) is differentiable on U and
satisfies

Ab(z, 5) = P D1/2=0),

(1.52) o)

The fact that b(z, s) appears on both sides of (1.52) allows us to pull up its
differentiability by its bootstraps as high as we want.
Note that
B.’Bl (h/z) x (bly b1 + h/2) cy,
so b(z) = b(z, by + h/4) is smooth on By, (¢/2) and satisfies the differential
equation, (1.45). This can be done at each z; € b71((r1,00)), so we have
proven the proposition. O

We can now use this proposition combined with the Bochner Weitzen-
boch formula to prove that b=1((r1,00)) is a warped product and thus the
Busemann function is smooth on b~1([r, c0)).

Lemma 21. Let M™ satisfy (0.1) with v € [0,(n + 1)/2(n — 1)). Suppose
the Busemann function, b(z), is a solution of

(1.53) Ab(z) = (’Z(;)l) @ - (v))

on some subset, b~1((r1,00)) C b~1([ro, o0)),
Then b=1([r1,00)) is isomorphic to the warped product,

b7 ([r1,00)) = b7H(r1) X pppy1/2-v) [r1,00).
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Proof. First, we write the Bochner Weitzenboch Formula applied to <7b.
That is, we substitute \7b = £ into the formula,

1 .
SAE€) = 079" 6arkbs + 979" (bars + Eras — rsa)és + Rim€iém,

of [Boc, Lemma 2], to get
%AI v b2 = |Hess b|*+ < vAb, b > + < Ric\7 b,7b > .

We now use the fact that | 7 b| = 1, the differential equation (1.53) and the
Ricci bound to get

0> |Hess b® + (1/2 — (v))(n — 1) < wb71, b > +(n — 1)(1/4 — v?) /b2
Thus,
0> |Hess b +(1/2— (v))(n—1) < =b"2 b, vb > +(n—1)(1/4—v2)b72,
and
|Hess b|? < (n—1)b72(1/2 — v)(1 = (1/2 +v)) = (n — 1)b2(1/2 — v)2.

On the other hand,

2
1
2 _ 2 2 .
(1.54) |Hess b|* = E b + E bi; >0+ — (E bm)

i) i£1 i#1

by the Cauchy-Schwartz inequality and the fact that b;; = 0. So,
|Hess b > n—}-i ((1/2 = @)(n = 151 = (n - 1b~2(1/2 — v)".

Thus the inequalities must be equalities in the Cauchy-Schwartz inequality,
(1.54), so
bij =0 Vi,j and bry = by Vk,1# 1.

Using the formula for the Laplacian of b once again we get
bii = (1/2 —v)/b,
and so we can solve for the warping function, f(b),

(3-v)
f”(b) — M RN f(b) = ( b ) f(TO)'

b 0
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Thus b~1((r1,00)) is the desired warped product.

To complete the proof, note that the boundary, 5~1(r;), must be isomet-
ric to a rescaled b~1(r) for any r > rq. So it is smooth and can be included
in the warped product. 0O

This completes the proof of Theorem 9.

Note that if we only had the condition of minimal volume growth, then
we could prove a series of lemmas similar to the ones proven here to show
that Ab is approximately equal to (n — 1)(1/2 — v)/b in a weak sense. We
could then apply Cheeger and Colding’s Almost Rigidity Theory to prove
the Theorem 33. Rather than imitating their methods from scratch, we will
adapt one of their key theorems to our situation. However, the reader should
understand that it is the control on the weak Laplacian of the Busemann
function that gives us the almost rigidity.

2. Minimal Volume Growth and Almost Rigidity.

In this section, we examine the asymptotic properties of a manifold with
a quadratically decaying lower Ricci curvature bound, (0.1), and minimal
volume growth. [Recall Definition 2]. We wish to show that compact regions
in such a manifold are Gromov-Hausdorff close to warped product manifolds
[Theorem 33]. To do so, we will apply the following theorem proven in [So2].

Theorem 22 (So2, Thm 19). Let M be a manifold with nonnegative
Ricci curvature, a quadratically decaying lower Ricci curvature bound, (0.1)
with v € [0,1/2], and minimal volume growth. Then the Busemann function,
b(z), has compact level sets and their diameter grows at most linearly,

(2.1) diam(b}(r)) < Cp|r+1|  Vr>ro.

In order to apply this theorem, we will assume that all our manifolds
have globally nonnegative Ricci curvature for the remainder of the paper.
Thus the regions b~!([r,r + L]) are compact. These are the compact regions
which are proven to be close to warped product manifolds in the Gromov-
Hausdorff sense in Theorem 33.

The precise statement of the almost rigidity theorems, Theorems 33
and 34 will appear in 2.2 after the Gromov-Hausdorff distance and related
concepts are defined.
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Before going on, it is important to note the following facts from [So2,
Cor 23] reviewed in Section 1.1. The function,

Vol,_1(b71(r))

(2.2) V(r)= F(1/2=v)(n—1)

is nondecreasing as a function of r in any manifold with a quadratically
decaying lower Ricci curvature bound, and, if the manifold also has nonneg-
ative Ricci curvature and minimal volume growth, then

2.3) lim Yon-1(0"(r)

rooo  p(1/2—-v)(n-1) = Vo < 00.

In fact Vo = V) of the minimal volume growth definition [Defn 2] unless the
manifold splits isometrically, in which case Voo = V5/2.

Both the constants Cp and V., will be refered to in the proofs of our
almost rigidity theorem and our diameter growth estimate.

2.1. Almost Rigidity and the Gromov-Hausdorff Metric.

There are a number of equivalent definitions of the Gromov-Hausdorff metric
on the space of metric spaces. Here we will use the Gromov-Hausdorff map
to define this metric, since ultimately we will use both the Gromov-Hausdorff
closeness and the particular Gromov-Hausdorff map to prove our diameter
theorem. See [GrLaPa) for more details.

Definition 23. Given € > 0, the Gromov Hausdorff distance , dgu(X,Y)
between two compact metric spaces, X and Y, is less than ¢ if there exists
a Gromov-Hausdorff map, Fgy : X — Y which is e-almost onto,

(2.4) T: (Feu(X)) D Y,
and e-almost distance preserving,

(2.5) Idy(FGH(:El),FGH(:l:z)) — dx(z1,22) I <E.
The Gromov-Hausdorff map need not be continuous.

Note that this definition is not quite symmetric. However, if there exists
Fgp : X — Y with the above properties then the map Fgy : Y — X, such
that Fou(y) equal any z € X such that dx(y, Fgu(z)) < ¢, is 2e-almost
distance preserving and 2e-almost onto.
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Definition 24. Given any subset, U, of a length space, IV, we can define a
localized distance function,

(26)  dy(z,y) = inf{L(c([0,1])) : ¢(0) = z, (1) = 3, ([0, 1]) € U}.

In particular, if we chose any constants a and o’ such that 0 < o/ < a <
(b—a)/2 then we can define

(27) da/(x, y) = dr‘l(a+a’,b—a’) (1:, y)

as a distance function on r~(a + o/, b — &) and its restriction d®® to the
subset 77!(a + a,b — @). There is a discussion of these two functions in
[ChCo, Section 3.

Note 25. A localized component of r~((a + o, b — @)) is a set of the form
Unr~Y((a+a, b—a)) where U is a connected component of r~!((a+a, b—c)).
Thus d*% (z,y) is finite iff z and y are in the same localized component.

When we say that two spaces are Gromov-Hausdorff close each of which
has more than one such component, then we have paired off all the localized
components and shown that each pair is Gromov-Hausdorff close. In partic-
ular, there are the same number of localized components [ChCo]. Note that
in a warped product manifold localized components are connected compo-
nents.

We now present a particular theorem of Cheeger and Colding which is
especially useful in the study of manifolds with minimal volume growth.
This theorem states that manifolds with lower Ricci curvature bounds and
almost mazimal volume with respect to a distance function, r, are Gromov-
Hausdroff close to certain warped product manifolds [ChCo, Thm 4.85].
First we provide a definition of almost mazimal volume.

Let m;(r~1(a)) denote the mean curvature of r~!(a) at the point z. We
will omit the subscript  when it is unimportant.

Definition 26. Let N™ be a Riemannian manifold and K C N™ compact.
Let r(z) = d(z, K) be the distance function to K. Fix b > a > 0.
If the region r~(a,b) C N™ has the following three properties for some



The Almost Rigidity of Manifolds 183

positive smooth function, f and some w > 0

| @)
(2.8) Ricyn(z) > —(n—1) (@)
-1 _f(a) on r-(a
Vol(r=1(a, b)) J2 frY(r) dr
(2.10) Voln1(r1(a)) >(1- w)—f"*l(a)

then we say that the region 7~!(a,b) has w-almost maximal volume with
respect to the function f.

Theorem 27 (Cheeger and Colding). [ChCo, Thm 4.85]
Let N™ have Ricci > A. Let K C N™ be compact and let r(z) = d(z, K).Let
f be a smooth nonnegative function.

Suppose a region 7"1((a,b)) C N™ has w-almost mazimal volume with
respect to f.

Then there exists a bound,

(2.11) U(w) = U(w|n, f,a,b,a,d, &, A, diam(r~1(a, b))
such that
ul;ii% U(wln, f,a,b,a,d, ¢, A, diam(r~(a,b)) = 0.
and there exists a length space, X, such that
der(r~((a+a,b—a)),X x; (a4 a,b— @) < U(w)

where the region r~1((a, b)) is endowed with the localized distance functions,
d>e’.

Note 28. The length space, X, defined by Cheeger and Colding is a length
space defined to be arbitrarily close to the set, r~1(a + /), endowed with a
localized distance function dyy with

(2.12) U=rYa+d —€a+d —¢).

See [ChCo, Prop 3.3].
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Note 29. More important for our purposes is the fact that the Gromov-
Hausdorff map for this theorem is defined,

(2.13) Fon(z) = (n(z), ().

Here n(z) = fx(7(z)), where fx : r"!(a + o) — X is a Gromov-Hausdorff
map and 7(z) is any point in 7~!(a+a’) closest to  [ChCo Thm 3.6]. Note
that Fgy is not a uniquely determined function, nor is in continuous.

Note 30. In the process of proving that Fgy is almost onto, see Lemma
3.38 of [ChCo], Cheeger and Colding prove a formula which implies that for
any t € (a + a,b — a), the restricted function,

(2.14) Fom : 77 Ht) — X' x5 {t}

is almost onto. (See [Sol, Section 4.2] for more details). Thus X’ and
X can be best described as being Gromov-Hausdorff close to any given
level set r~1(t) rescaled by f(t) with the localized distance function dy of
Theorem 27.

The fact that Foy is a Gromov-Hausdorff map between level sets will
be crucial to our proof of Theorem 45.

Note 31. The estimating function
(w|n, f,a,b,a,d, €, A, diam(r~(a, b))

of the Cheeger-Colding Theorem depends on the warping function, f, only
through the following quantities:

(2.15) K 2 Slllpb] [£(r)] K3 2 sup,¢py |f/(7)]
r€la,

(2.16) K, > sup 1 K4 2> sup,gpa );’—’((T?-
re_[a,b] f(’l‘) ’

Note that we normalize f(r) so that f(a) = 1. See [Sol, Sections 4.1-4.2]
for details.

Remark 32. Cheeger and Colding do not state this theorem exactly as we
have written it above. In their statement, the functions ¥, N and D do not
depend on diam(r~1(a,b)) but instead on a function V.

Vol(Bu(q))

(2.17) V(u) = qErl-I} (ap) Vol(r—1(a,b))
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By examining Prop. 4.50 and Lemmas 3.28 and 3.32 of [ChCo], where the
dependence on V is introduced, and Prop 2.24 of [ChCo], which describes
the properties of this function, it is clear that this dependence can be re-
placed by dependence on the minimum Ricci curvature, A, the dimension, n,
and the diameter of the set measured with respect to the standard metric,
diam(r~'(a + @, b — ). The restatement in Theorem 27 is convenient for
our purposes.

2.2. The Asymptotic Almost Rigidity of Manifolds
with Minimal Volume Growth.

We can now state our asymptotic almost rigidity theorem. Recall the Defi-
nition 2 of minimal volume growth. Recall the constant Vo of (2.3).

Theorem 33. Let M™ be a manifold with a ray vy, nonnegative Ricci cur-
vature everywhere,

(n—1 (3 -2%

(2.18) Ricci(z) > b(2)?

on b_l([ro,oo))

where v € (0,1/2] and minimal volume growth.

Then for any given € > 0 and L > € > 0, there ezists a sufficiantly large
constant, Ve [ < Vi, such that if

(2.19) Vol 1y (b7 (r1)) > Ve p(ry) ("D 1/270)

then there exists a length space X, such that

deH (b_l ((r1+e,rm+ L)), Xrite Xpasz-vy (11 + &1 + L)) <
< ediam (b71(r1)).

This Gromov-Hausdorff closeness is from level set to level set [Note 30/, so
in fact X,, is Gromov-Hausdorff close to any level b~1(s) rescaled by the
warping function f(s) as long as s € (ry +&,71 + L).

The distance function on b=1((r1+e,m1 + L)) and b=1(s) is the localized
distance function, db-1(r14¢/2,r1+L+e/2)-

The following is a corollary of the above or can be proven directly with
a simplification of the above theorem’s proof.
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Theorem 34. Given a manifold, M™, with nonnegative Ricci curvature and
linear volume growth, for any given € > 0 and L > € > 0, there exists a
sufficiantly large constant,

(2.20) Ver < lim Vol—1(b"1(R)) = Vo
such that if

(2.:21) Voln_1y(07(r1)) 2 Ve,r, >0
then

den (b"1 ((ri+eri+1L), X x(r1+e,m+ L)) < ediam (b‘l(rl)) .
Here X, is a length space such that
deH (Xrl,b"1 (r1 4 s)) < ediam (b'l(rl)) .

All spaces in this theorem are endowed with the localized distance function
dy with U = b‘l(rl + &‘/2,’!‘1 +L+ &‘/2).

Theorem 34 essentially asserts that once a level set has a large enough
(n — 1)-volume, then the nearby region is almost an isometric product of
that level with an interval. Note that we are forced to shift our region over
slightly in order to be able to match the components of the region to that
of the level. Cheeger and Colding are only able to control the distances of
a subregion of the original region because the estimates on the Hessian of
the distance function are only controlled on subregions of the region where
the volume is controlled. For this reason, all the distance functions are also
localized inside subsets of the original region.

Note that these manifolds do not necessarily converge to unique warped
product manifolds even if the diameter of the Busemann level sets is uni-
formly bounded. In [So2], there are examples of manifolds satisfying the
hypothesis of Theorem 33 for which there exist 7; — oo such that

(2.22) b~ ((ras, r2s + L)) = X x (0, L),
and
(223) b—l((r2i+1, T2i4+1 + L)) —Y x (0, L),

where X and Y are not isometric. In order to force the manifold to be asymp-
totically close to a unique isometric product manifold we would have to add
additional conditions on the speed at which Vol,_1(b~1(r)) approaches V.
See Remarks 42 and 43 after the proof of Theorem 33.
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2.3. Minimal Volume Growth and Almost Maximality.

In this section we begin a proof of both Theorem 33 on asymptotic almost
rigidity and Theorem 45 on the diameter growth of manifolds with minimal
volume growth and globally nonnegative Ricci curvature. The key ingredient
in both proofs is the application of the Cheeger Colding Theorem 27. Here
we provide a series of lemmas which relate our hypothesis of minimal volume
growth to their hypothesis of almost mazrimality. Recall Definitions 2 and 26.

In order to study noncompact manifolds with minimal volume growth,
we do not examine standard distance functions, but instead we examine
Busemann functions. The following lemma asserts that Busemann functions
are distance functions on certain regions (See [Sol] for the proof).

Lemma 35. Letry be a real number. Letr(z) = d(z,b~(re)). Thenr(z) =
9 — b(z) on the region b~!(—oo,rs].

Recall that Theorem 22 states that the Busemann level sets are compact
on manifolds with minimal volume growth and globally nonnegative Ricci
curvature. Thus r(z) = d(z,b~!(r2)) of the above lemma can be used as our
distance function in the Cheeger-Colding Theorem [ChCo, 4.85].

Cheeger and Colding showed that regions with almost maximal volume
were almost warped products. Here, we are studying compact regions in
noncompact manifolds with minimal volume growth. These ideas are re-
lated because in a manifold with minimal volume growth, annuli about in-
creasingly distant points, v(R;), have almost maximal volume. Such annuli
converge to regions between level sets of the Busemann function, b,. See
Lemma 14 and [So2].

In the next lemma we show that once a Busemann level set in such
noncompact manifold has sufficiently large (n-1)-volume, then any region
beyond that level is w-almost maximal. Recall, also the definition of the
w-almost maximal volume property in Definition 26 and of V4, in (2.3).

Lemma 36. Let M™ be a manifold with a ray v and Ricci curvature bounded

below as in (0.1) with v € [0, (n + 1)/2(n — 1)). Suppose M™ has minimal

volume growth and that the level sets of the Busemann function are compact.
If r1 is large enough that

Vol,_1 (b_l (7’1))
"'117 <w

(2.24) 0< Vi — Voo
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then for all ro > r1, the region, b=1((r1,r2)) = r~1(0,72 — r1), where r(z) =
ro — b(z) = d(z,b71(rs)), has the w-almost mazimal volume property with

respect to the function f(r) = (ro — r)(%_”).

Proof. First, it is easy to check that f(r) is the appropriate function for the
Ricci bound because

GE) PN S S WA S W G Vi
-0 5ES =~ -0 (30) (-3 ) o =
(3~
== D gy
As for the mean curvature bound we know
(0) (n _ 1) — (% - ’U) (7‘2)(_%_’”) — _(n — 1) (% - ’U)
£(0) (r2)(37) T2
Using the Laplacian Comparison Theorem [Ch] and (1.7) which tells us the

Laplacian of the Busemann function on our comparison warped product
manifold, we get,

(2.25) (n—-1)

(2.26) —(n=D(E=v) 5 ppo —m(b~Y(rg)) = m(r~1(0)).

T2
Thus we have verified the mean curvature requirement.
So now we need only show

Vol(r=1(0,b)) f i) d
(2:27) Vo,a(r-1(0)) = 17 O—fW

or equivalently,

I n—1)(%—v
wwwmm>awﬁﬂ<%’%
Voln_l(b"l(rg)) - (7‘2)("'_1)(%_1))
By Theorem 5 we have

Vol(b~A(r1,ra)) _ J7? Volno1(b71(s)) ds
Vol,_1(b=1(re)) ~ Volp—1(b71(r2))

n— 1y
(52 ()" as) Vatuos (70)
>

- Voln_l (b_l(’l‘g))

Vol y (b7 (ry)) Ji2 B VGE db (T_z)w-l)(%—v)
- Vol,_1(b=1(r3)) (7‘2)(”—1)(%_”) r1

(2.28)
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So we need only show

Volp_1(b~(r T (n=1)(3-v)
(2:29) Voln_igb-lgrgg (ﬁ) 2 (=)

Now we are given

(Voo _ Voln_lgb“l('rl )) )

Tin—l)(xz—v)

(2.30) <w

Veo

Using the monotonicity,

Voluy(b7(r1) _ Voln_1(b~*(r2))

2.31 < W
(2:31) e=le=n NCEET R
1 2

we find
Voln—1(b~(r2)) _ Voln—1(b7(r1))
r(n—n(%-v) T(n—l)(é—v)
(2.32) 2 - < w.

Voln_l(b_l!rz))
(n—=1)(5-v)
T2

Cancelling the terms involving 72 and rearranging this equation, we obtain
(2.29) and we are done. O

In the Cheeger Colding Theorem 27, the given region has a fixed lower
Ricci curvature bound, diameter bound and comparison warping function.
It is shown that the region is almost a warped product if its almost max-
imal volume estimate, w, is sufficiently close to 0. The Gromov-Hausdorff
closeness depends on

(2.33) U(we L|n, f,a,b,a,d, €, A, diam(r~1(a, b)))

and ¥ only approaches 0 when all the other parameters are fixed.

In our situation, we are examining the asymptotic behavior of a sequence
of regions contained between Busemann levels, b~1(ry,r2), where r; and ro
approach infinity. Thus our set K = b~(r3) will not be a fixed set and the
diameters of the regions, b=1(r1,72), will be changing. Thus we must rescale
the regions before applying the Cheeger-Colding Theorem.
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Lemma 87. Let NP be a Riemannian manifold with a region r7(ay,b;)
that has w-almost mazimal volume with respect to a function fi. Let N§
be the manifold N7* with its metric scaled down by D?. Then ry(z) =
(r1(z)—a1)/D is a distance function on the region ry (0, (b —a;)/D) in N§.
Furthermore, if we let fa(t) = fi(tD+a1)/D then the region, r3((0, 252)),
has w-almost mazimal volume with respect to this function fs.

The details of this proof can be found in [Sol, Lemma 4.10].

Clearly, the rescaling of the manifold will affect other parameters in the
Cheeger-Colding theorem. In particular, the distance between levels sets,
r~1(a) and r~1(b) may become very small. This is a problem because the
Cheeger-Colding Theorem requires that there be fixed constants b—a > o >
o/ > 0. While we cannot employ the Cheeger-Colding Theorem to prove the
Gromov-Hausdorff closeness in this situation it is easy to see that a thin set
must be close to a warped product regardless of its volume properties. See
[Sol, Lemma 4.11] for details.

Lemma 38. Given a manifold, M™, a compact subset, K, and a distance
function r(z) = d(z, K). Given any e > 0, if

(2.34) b—a<6€-—:i—
then
(2.35) deu(r~(a,b),r71(a) x; (a,b)) < e.

where the distance function on r~'(a,b) and r='(a) can be any localized
distance function, dy, where U D r~1(a,b). (See Defn 24).

Before rescaling regions between level sets, we would like to estimate
their diameter. Three different estimates are obtained in the following lem-
mas. The first lemma is simple but is used to prove both Theorem 33 and
Theorem 45.

Lemma 39. Let M™ be any complete noncompact Riemannian manifold
with a Busemann function, b. Then, for all r1 < 79,

(2.36) _ diam(b™(r1,r2)) < diam(b™1(r2)) + 2(ra — r1).

Proof. Given any z in b~!(r1), there exists a Busemann ray, v, which is
parametrized by arclength, such that v;(r1) = = and v, (r2) € b~1(rs). O
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Thus to control the diameter of a region we need only control the diam-
eter of the boundary closer to infinity.

The next lemma gives an explicit bound on the diameter of the boundary
as a function of the diameter and volume of the first level set. This lemma
cannot employ the Busemann rays to travel between the levels and thus
requires minimal volume growth and globally nonnegative Ricci curvature.
The techniques used to prove this lemma were developed in [So2].

Lemma 40. Let M™ be a manifold with Ricci > 0 everywhere. Suppose
it has Ricci Curvature bounded as in (0.1) with v € [0,1/4] and minimal
volume growth.

Given any 0 < € < 1/2, we can find a level set with a sufficiently large
volume

am e oo ()

such for any L > 0 and any 3 > 71 the level sets b~1(r3) and b~!(r3 + L)
are Hausdorff close as subsets of M™

dg (b7(r3), b (rs + L)) < ediam (b= (r3+ L)) + L
and the difference between their diameters is controlled

(2.38) |diam(b~1(r3)) — diam (b~ (r3 + L))| < e diam(b~ (r3 + L)) + 2L.

Proof. By the last lemma, we know that
(2.39) b~Y(rs) C T5 (b7 (rs + L)) .

Thus the diameter of the first level set can be no larger than that of the
second level set plus 2L,

(2.40) diam(b~1(r3)) < diam(b~1(rs + L)) + 2L.

So now we must bound diam(b~(r3 + L)) from above and show that it
is contained in the appropriate tubular neighborhood of b=!(r3). We will do
this proof by contradiction.

Let D = diam(b~'(r3 + L)). Suppose that

(2.41) b~ rs + L) ¢ Tiep/2) (g ro+L+enya(b7(r3))) -
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Then there is a point z € b~!(r3 + L) such that
(2.42) By (eD/2) N Qs s L4ep2(67 (7)) = 0.

Thus, by Theorem 5, we have

Vol(B,(eD/2)) <
< Vol(b™Y(rs + L —eD/2,r3 + L +€D/2))

- Vol(S0ry4 L—eD/2,r3+L+eD/2 (®71(r3)))

(e ) (e iF)) (1o o).

On the other hand, by the Relative Volume Comparison Theorem [Bi] [Gr-
LaPa] and Ricci > 0 everywhere, we know

sD/2>"

(2.43) Vol(B.(¢D/2)) > Vol(B:(R)) ( 7

We set R = diam(b™1(r3 + L)) +2(¢D/2) = D + 2(eD/2) to insure that the
ball of radius R contains b~1(rs + L —eD/2,73 + L). Thus

Vol(By(eD/2)) > Vol (b7} (rs + L —eD/2,r5+ L)) (E]?z/zy

, Vol (li—ll(rz)) (<73+L+§1_?)P_ (,.3+L_ %)P) .

3
_ eD/2 "
D+2(D/2))
This last line employs Theorem 5 once again.
Using these two bounds for Vol(B,(eD/2)), we have

((r3+L+%>p— (r3+L_%)_)p) (Voo"‘ Voln_z_;g:1(r3))) R

Vol,_1(b~1(r3)) (( sD)p ( sD)p)
L+22=) — L - = .
prg_l r3 + L+ = 3 + I

(oas)
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which we can rewrite as
(Veoprd ™! = Vol,_1(b71(r3))) e/2 \"1
Voln—1(b~1(r3)) (1+¢)) 2

Now we take r3 large enough for our volume estimate given by our choice of
r1 in (2.37) and get

(2.44)

n —1 _ ol -1 r
(2.45) %(2528) . Veorr v oi 1(671(r)
(2.46) o (Veaprd™ = Voln_1(57(r3)))

Voln_l(b_l(rg))
e/2 \"1
(2.47) > <(1 T &_)) §

which is a contradiction.
Thus our assumption in (2.41) does not hold and instead we have

(2.48) b"Y(r3 + L) C Tiep/2) (rg,rarLrens2(b7(r3))) -

Since all points in Oy, r4+L+eD /g(b_l('r3)) are on segments of Busemann rays
running from b~1(r3) of length less than or equal to L + £D/2, we have

(2.49) Qs ratLten/2(b71(73))) C T(ryeny2) (67 (r3)) -
So, combining (2.48) and (2.49) we get
(2.50) b~ (rs+ L) C T(r4epja+eny2) (071 (r3)),

where D = diam(b~(r3 + L)).
The lemma then follows. O

We end this section with an easy rough estimate for a lower bound on the
diameter of a Busemann level set as a function of its (n-1)-volume. Once
again we restrict ourselves to manifolds with nonnegative Ricci curvature
everywhere. However, we do not assume that we have minimal volume
growth.

Lemma 41. In a complete noncompact manifold with nonnegative Ricci
curvature such that b=1(r) is compact, we have

Vol,_1 (b—l (7,))> (1/(n-1))

(2.51) diam(b™'(r)) > < w, 2"
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Proof. Let d = diam(b™1(r)).
For any z € b71(r), By(2d) D b=1(r,r + d), so

(2.52) Vol(B,(2d)) > Vol (b= (r,r + d))
By the Bishop Volume Comparison Theorem [Bi, BiCr],
(2.53) wn(2d)™ > Vol(B,(2d)).

Since b is Lipschitz we can employ the Coarea formula [Fed 3.2.11] and
Lemma 5 to get,

(2.54) Vol(b~Y(r,r +d)) > (d)Voln_1(671(r)).
Thus

(2.55) wr(2d)"™ > (d)Volp—1(b71(r))

and

> Vol,—1(b71(r)) .

2.56 -1
(2.56) d" o0

2.4. The Proof of the Asymptotic Almost Rigidity Theorem.

We now prove Theorem 33. Throughout this section M™ satisfies the hy-
potheses of this theorem. See Section 2.2.

We will begin by rescaling the region, b~1(ry,71 + L + €), so that the
diameter of the rescaled region is bounded above. Then we can apply the
Cheeger Colding Theorem. Since,

(2.57) diam(b~ (r1,r1 + L +€) < 2(L + €) + diam(b~ 1 (r; + €)
by Lemma, 39, we divide the metric by D? where
(2.58) D = diam(b~Y(r1 + L +¢)).

We will first prove that given any € > 0 and any L > & > 0 there exists V¢ 1,
sufficiently large that if

(2.59) Voln_1y (672 (1)) > Ve p () (" D1/2=0)
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then

(2.60)
deH (b_l ((r1+&,m1+ L)), Xry4e Xpa/2-v) (11 +&,71 + L)) <€D,

where
o \1/(n—1)
(2.61) e < e (g) ™

2 (ar) "V 4 AL 4+ 4e

This strange choice of ¢ has been made so that later we can replace the
dependence on diam (b~(r1 + L + €)) by diam (b=!(r1)) using Lemma 40.

We let 7(z) = d(z, b~ (r1+L+¢€)) = (r1+L+e—b(x))/D in this rescaled
region. Note that r(z) increases as b(z) decreases and that this region is
thus 7~1(0, ) where

__L+s

(2.62) b="%

When b < 2¢/, the region is “thin” and we know
(2.63) deu(r~(a,b),r1(a) x; (a,b)) < €.

for any warping function f by Lemma 38. Thus (2.60) holds when we rescale
back to the original region.

So we will assume b > 2¢ and apply the Cheeger-Colding Theorem to
obtain (2.63). First we must bound all the parameters in

(2'64) W(w|n7 f7 a? b, a7 a’? E) A7 diam(r_l(a" b)))’

of the Cheeger-Colding theorem for our rescaled region. We set n = n, the
dimension of our manifold. Since Ricci > 0 globally, we have A = 0. We
have a = 0 and
_L+e < L+¢
D ~ <Voln_.1(b"1(r1+L-ii) ) (1/(n—1)
271

(2.65) b

by Lemma 41 which provides a lower bound on the diameter in terms of the
volume. If we take

(2.66) Voln1(b7 (r1 + L+€)) > Ve 1 > Voo /2,
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we can bound b from above by a constant

L+e .
(Vw/z)(l/(n—l))

(2.67) b<

211
The other parameters can be set o/ = @/2 and x = o’/2 where

€ be

(2.68) * = TGam@ N+ Lte)  (Lte)

so they are all bounded from below and above as well.
The warping function, f, normalized such that f(0) =1, is

r — Dr\ (@™
(2.69) f(r) = (—“;—llflm—D—> .

To employ the Cheeger-Colding Theorem, we must bound this warping func-
tion as described in Remark 31. More specifically, to bound the constants,
K;, uniformly for all values of r; since we will have to vary r; to obtain
the w-almost maximality required by the Cheeger-Colding Theorem. This
is especially troublesome because D = diam(b~1(r; + L +¢)) depends on r;
and may approach infinity.

To bound the constants K; which depend on f, we will use the fact that
the diameter of the Busemann levels grows at most linearly [Theorem 22].
We must chose

1
r1 + Db\ (27
. K = = =1
(2.10) = sup 110 = (P4 55)
We need
1
. " )_(5_,,)
271 Ky> s = .
21) 22 S (r1+Db

Now b is bounded above and below so we need only worry about r; and D
as 7, approaches infinity. By the at most linear diameter growth, we have
D,, < Cry;s0

e () ()
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and K> exists. We must chose K3 such that
K3 > sup |f'(r)]
re[0,b]
- (-9 (5552) T (55|
~eonl\2 1 + Db 1+ Db

= (% - ”) (7'1 f Db) (n -:lDb)(—%—v) ‘

Once again we verify that the right hand side is bounded as r; goes to
infinity,

e D o\
rico (5 "”) (1'1 ¥ Db) (m n Db) =

<5 (wa)

Finally we need to chose Ky such that

f(r)
f(r)

Ky > sup

T€[0,b]

e (9] 2 () (22252
ey \2 1 + Db 1 + Db

2 v 2 1+ Db r1+ Db )
Once again we check if this is bounded as r; approaches infinity

uh (é - v) (% * v) (rl f Db)2 (n -?Db) jE
(32 (5) (wa)

Thus we have uniformly fixed our constants Kj.
For fixed € and L and keeping all our parameters bounded as above, we
can find an w; 1, depending only on € and L such that

1
2

(2.73) U(we,p|n, f,a,b,0,0, € A, diam(r~(a, b)) < €,
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where €’ is defined in (2.61).
If we can show that r~!(a,b) is wer-almost maximal, then by the
Cheeger-Colding Theorem we have

(274)  deu (ra+a,b—a),Y xf(at+a,b—a)) < €,

where Y is a length space and each level b~1(s) is in fact mapped by the
Gromov-Hausdorff equivalence map almost onto f(s)Y [Note 30]. The dis-
tance function on the metric product and the region are the localized dis-
tance functions d»® = dr-1(ata/,b—o’) defined in Definition 24.

By the Lemma 37 we need only show that b~1(ry, Ry + L + ¢€) has We, I~
almost maximal volume to show that the rescaled region r~!(a,b) is we,r-
almost maximal as well. By Lemma 36, we know that if we take r; large
enough that Vol,_;(b=1(r1)) > Ve, where

(2.75) Ver > (1—wer)Veo

then b1 (r1, R1+ L+¢) has w, 1 -almost maximal volume. Thus (2.74) holds.
If we rescale the region 7~!(a + o, b — «) back up to the original region
b~1(r1 +€,71 + L), then we can rescale (2.74) to get

(2.76)
don (571 ((r1 + €71+ L)), Xryve Xasz-my (1 + 6,11+ L)) < &' D,

where the distance function on these spaces is the localized distance function,
dy=1(r,+¢/2,r1+L+¢/2)- Lhe distance function rescales in this manner because
o = a/2 = €/(2D). Since this closeness holds on each level set, X, 4 is
close to b~1(ry + €).

Thus we have obtained (2.60). To complete the proof of our theorem we
need to show that (2.76) holds if we replace the e’diam(b~(r1 + L +¢€)) by
ediam (b1 (r1)). '

This may require us to take 71 a little further out so that the volume of
its level set is close enough to Vo, to employ Lemma 40. That is, we take

Voln—1(b~'(r1)) NN _ Ve
(2'77) przl,_l > V;:,L > Voo [1- ‘6" > T,

which implies that

Vol ) (U2 Y

(2.78) Voo prt 2+2(1/2)
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So we by Lemma, 40, we know that
(2.79) diam (b~ (r1 + L +¢)) < 2diam(b™ (1)) + 4(L +¢).
Using this information, we can rewrite our estimate in (2.60) as

der (071 ((r1 +&,71 + L)), Xry4e Xpr/2-0 (11 + 6,71+ L)) <
(1/(n-1))
:(42)

w—n2"

<
(1/(n-1))
(2 (=2 +4(L+s))
Voo 2 \ 1/ (n—1))
€ ('w—n/Q“)
(1/(n-1))
(2 (=) +4(L+s)>
By (2.77), we have Vol,—1(b~1(r1)) > Vio/2; so by Lemma 41 we know that

Vol(b—l(rl))(l/(n—l)) >< Voo/2 )(1/("“1))

Wy 2™ w — n2"

diam(b~(ry + L +¢))

< (2diam(b~*(r1)) + 4(L + €)) .

(2.80) diam (b71(ry)) > (

Since D/(2D + 4(L + €)) is a decreasing function of D, we can substitute
this diameter estimate in the Gromov-Hausdorff estimate to get

dey (b_l (r1+er1+ L), bt (ri4+e)x(r1+emr+ L)) <
< ediam(b=1(r1))
(2diam(b=1(r1)) + 4 (L +¢))
= ediam(b™1(r1)).

(2diam (b~ (r3)) + 4(L +€))

and we have completed the proof of Theorem 33.
Note that in V; 1, was chosen in (2.75) and (2.77). O

We could also consider manifolds in which the function,

_ Volaoy (b71(r))

rp—1

(2.81) 0(r) =V ,
decreases at given rate. This would give us results which are stronger than
those implied by minimal volume growth but weaker than those implied by
stongly minimal volume growth.
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Remark 42. If we assume that §(r) decreases sufficiently fast, regions of
increasing length, like 5=1(r, 2r), could be shown to be Gromov-Hausdorff
close to warped product manifolds. This can be seen because we know
that for any fixed set of parameters, we can choose §(r) such that Gromov
Hausdorff estimating function satisfies

(2.82) U(8(r)|n, f,72r,a,d,€,0,Dr) < e.

Note that we are using at most linear diameter growth here to say that the
diameter of b~1(r, 2r) is less than Dr, for some constant, D. Note also that
we do not bother to rescale the manifold. Such a theorem would tell us that

(2.83) dar(b71(r,2r),b71(r) x5 (r,2r)) <.
In particular, we would truely see the warping of such a manifold.

Remark 43. If we were to take a function, §(r), that decreased even faster,
the manifold could be shown to be close to a unique warped product mani-
fold. That is, if we choose §(r) such that for all r > rg we have

(284) \Il(d(r)ln, f7 a=r, b= 27', «, CYI, €, 0, .D'I“) <€ (51;) ,
then
(2.85) dor (571 (r, 2r),b71(r) x4 (r,2r)) <& (51;) ,

—1
Since our Gromov-Hausdorff map is from level set to level set, if we let b 7 y)

denote a level set with a localized metric rescaled by the warping function
f(r), then

o (95 (3)

Then, for all k,

b~1(ro) b1(2Nro) Tl €
s don (T ) <o 3 () < o

k=1

Thus,
(2.88) derr (b7 (ro, 00), b7 (ro) X £ (ro,0)) < €

and the manifold is close to a unique warped product manifold.
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3. Linear Volume Growth and Sublinear Diameter Growth.

In this section, we show that a manifold with nonnegative Ricci curvature
everywhere and linear volume growth has sublinear diameter growth [Theo-
rems 45 and 1]. We prove this both for diameters measured in the ambient
manifold and for localized diameters as defined below in Definition 44.

In the previous section, we proved that in such a manifold, the region
b=1((r,r+L)) is almost an isometric product after rescaling by the diameter
and taking r large. Thus the “diameters” of b~!(r) and b~ !(r + L) are
close but only after rescaling by the diameter of b=1(r). To get sublinear
diameter growth, we need to control increasingly long regions, b=1((r/2, 2r))
which allows us to compare b~1(r/2) to b=1(2r). Here we will rescale by
dividing out by r and we use the fact that diam(b=1(r)) < Cpr where Cp is
the constant from Theorem 22, before applying Theorem 27 of [ChCo] and
Lemmas 36, 37, and 38 from Section 2.3.

Recall the definitions of localized distance and localized component from
the Section 2.1 [Defn 24, [Note 25]] .

Throughout this chapter, “diameter” and diam, stated alone, refer to
the diameter measured in the ambient manifold. We will now define the
localized diameter or, more precisely, the s-almost intrinsic diameter.

Definition 44. Given any s > 0, let U = b"(R — 5, R + s). The s-almost
intrinsic diameter or localized diameter of a level set of a Busemann function
is

3.1)

diamg(b~1(R)) = max{diamy(V Nb~}(R))) : V is a conn comp of U},
where
(3.2) diamy(VNb Y(R)) = sup inf  Length(c).

. _ [+ Oyl v
WEVNb—1(R) c(0§[=:c,]c)(cl)=y

This kind of diameter has been analyzed by Abresch and Gromoll [AbG]].
They proved that the almost intrinsic diameters of distance spheres in a man-
ifold with nonnegative Ricci curvature grow linearly. This almost intrinsic
diameter of the sphere of radius R was defined to be the diameter of the
largest component of the sphere measured with respect to a localized dis-
tance function dy where U = Annp(1_¢) R(14¢)- Thus the almost intrinsic
diameter was measured in terms of increasingly thick annuli.
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In Theorem 45 below, our almost intrinsic diameter of Busemann levels
is also measured in this way. However, we prove that the diameter of the
Busemann levels grows sublinearly and we assume that the manifold has
linear volume growth.

Theorem 45. Let M™ be a manifold with nonnegative Ricci curvature and
linear volume growth. Then given any ¢ € (0,1), we have sublinear almost
intrinsic diameter growth,

(3.3) i Jiamsr(”'(R)) _

R—00 R 0.

After proving this theorem, we conclude the paper by showing that man-
ifolds with linear volume growth and nonnegative Ricci curvature have sub-
linear diameter growth as well [Theorem 1]. This final theorem does not
follow directly from the sublinear almost intrinsic diameter growth because
of the lack of control on the number of localized components of the level
sets.

Lemma 46. Given any 1 > 0 there exists Ry, > 0 such that for allT > Ry,
there exists a length space, X,, such that

(3.4) der(®™1([r/2,3r]), X; x [r/2,3r]) < ¥r
where the localized distance function on b=1([r/2,3r]) is dw where
(3.5) W =b"1((r/2 — 4r/2,3r +r/2)).

Furthermore the Gromov Hausdorff Equivalence map from b~1([r/2, 3r]) to
X, x [r/2,3r] is (n(z),b(z)) where 7w : b"1(s) — X, is a Gromov-Hausdorff
equivalence map itself for all s € [r/2,3r] with respect to dw .

Before proving this lemma, we make a few remarks pointing out some
useful implications. Note that we are strongly using the fact that X, x
[r/2,3r] is an isometric product.

Remark 47. Since Fgy is almost onto, for all (z,s) € X, x [r/2,3r] there
exists z, € b~1([r/2,3r]) C M™ such that dx, x (/2,3 (FeH(2s), (z,8)) < Pr.
In particular, dx, (7(zs), ) < ¥r and |b(zs) — s| < ¥r. Furthermore, for all
Y1,Y2 € b_l([r/za 37‘])’ dx, (W(yl)’ 77(:':'2)) < dW(ylay2) +yr.
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Remark 48. In Lemma 46 we have implicitly stated that the region, W =
b=1((r/2 — 4r,3r + 9r)), has the same number of connected components
as X, x (r/2,3r), which is the same number of componenets as X, itself.
[Note 25] So if z and y are in the same connected component of W, 7(z)
and 7(y) are in the same connected component of X,.

On the other hand, as mentioned in [ChCo], if z and y are in the same
connected component of X,, then the points zs,ys € b~1(s — ¥r,s + 9r)
mentioned in Remark 47, are in the same connected component of b~ (s —
4ypr, s + 49pr). This follows by dividing up any curve, C, between z and y
in X, into points, z* of distance less than +r apart. Then there exist points
zt € b~1(s — ¢, s + %) as in Remark 47, such that

dw (2%, 75) < dx, x5 (For(ah), Fer(e5™)) + ¢r
< dx, (m(z3), m(25th)) + |b(zh) — b(aith)| + r
< dx, (n(z}),2") + dx, (2}, 2"1) + dx, (2", w(2itT)) + 3¢r
< 3yYr + 3yYr = 6yYr

Thus a piecewise geodesic from zs to ys can be drawn through these points
and will remain in the set b=1(s — 44, s + 49r).

Proof of Lemma 46. Fix any ¢ € (0,1/2). Let w > 0. We will choose the
value of w later. Let Ry ., be large enough that

(3.6) Voln_1 (b7 (Rypw(1/2 =) > (1 —w) Vo

where Voo = limp 00 Voln—1(b~1(R)) as in (2.3). Thus, by Lemma 36, we
have for any r > Ry, .,

(3.7) U=b"Yr/2—14r 3r +yr)
has w-almost maximal volume [Defn 26] with the distance function

(3.8) p(z) = d (z, b7 (3r + ¢r))

and f(p) = 1. By Lemma 35, p(z) = 3r + ¢r — b(z). If we rescale this
region by dividing the metric by 72, it still has w-almost maximal volume
by Lemma 37.

The rescaled region, U, can be described as the region between two level
sets of a distance function, p(x) which is the rescaling of p(z), as follows:

(3.9) U =p510,5/2 + 24).
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By Lemma 39, we have

diam(b=1(r/2 — ¢r, 3r + 9r)

r
< 2(5/2 + 2¢)r + diam(b=1(3r + +r))
- T

diamrescaled(U) =

<5+4¢¥+Cp

where Cp is the diameter growth bound in Note 22. Now set the parameters
a = Oa b= (5/2+2¢)a f(p) =1, A= 0, D= (5+4¢+CD), a = 11[}7 o = ¢/2)
and x = ¢ /4 and apply the Cheeger-Colding Theorem 27.

Thus there exists a function,

(3.10) ¥ (w) = ¥Y(wn,1,a,b,0,d,x, A, D),

which converges to 0 as w converges to 0, such that there exists a length
space Xy, v, depending on o =1/2, and x = v/4 and U, such that

(3.11) der (P (4,5/2+ ), X x ($,5/2+ %)) < ¥(w)

where the metric on 7~ (1, 5/2+%) is dw where W = r~1(¢)/2,5/2+3¢/2).
By Remark 29, the Gromov-Hausdorff map has the form Fgp(zr) =
(7(z), 5(z)) and by Remark 30, m : p~1(t) — Xyu is also a Gromov-
Hausdorff map.

We now choose wy, small enough that ¥(wy) < +. Rescaling the infor-
mation back up to full size, we know there exists Ry = Ry, of (3.6) such
that for all 7 > Ry, there exists X, such that

(3.12)  dam (o (¥r, (5/2)r +9r), Xp x (¥, (5/2) 7 +9r)) < Y.

Here the metric is rescaled to dy where W = p~1(3/2r, 5r/2+ 3r1/2). The
Gromov-Hausdorff map has the form (7(z), p(z)) and 7 : p~1(t) — X, is
also a Gromov-Hausdorff map. This easily implies the lemma using the fact
that b(z) = 3r + ¢r — p(z). O

Using the above lemma, we can now compare the localized diameters of
nearby level sets.

Lemma 49. Let M™ have nonnegative Ricci curvature and linear volume
growth. Fiz & € (0,1/2]. Given any ¢ € (0,6/10), if r > Ry of Lemma 46
then for any r1,r9 € [r,2r] we have,

(3.13) |diamg,, (b7 (r1)) — diamg,, (b~ (r2)| < 69 Nsr
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where N is a uniform upper bound on the number of points x; € X, such
that d(z;, z;) > (6 — 44)r. In particular,

" e (02140

where Cp 1is the constant bounding diameter growth of Theorem 22.

Proof. By Lemma 46 we know that
(3.15) der(b~([r/2,3r]), X x [r/2,37]) < ¢r-.

We first prove that Ns is a uniform upper bound on the number of points
z; € X, such that d(z;, z;) > (6 — 4¢)r.

Let z1,z5...xy be a maximal set of such points in X,. By Remark 47
there exists y; € b™1((r — ir,r + 9r)) such that dx, (7(y:),z;) < ¥r. In
particular,

(3.16)  dw (i, ¥j) > dx,x[r/2,31(Fer (i), For(y;)) — ¥r

(3.17) > dx, (7(y:), m(y;)) — ¢r
(3.18) > dx, (%, z5) — dx, (7(yi), zi) — dx, (x5, 7(y5)) — ¥
(3.19) > (8 — dap)r — 3pr = (35/10)r.

Thus B,,(6r/10) are disjoint balls in b=!(r — ér/5,r + ér/5).

Recall the linear diameter growth constant, Cp > 1, of Theorem 22.
Since y; are in b~1(r — 6r/5, 7+ &r/5), which has diameter less than or equal
to 2(6r/5) + Cp(r + ér/5) by Lemma 39, we can apply the Relative Volume
Comparison Theorem to bound the volumes of the balls from below.

Vol (B,,(6r/10)) > (6r/10)" Vol (By,(Cp(r + dr/5) + 267 /5))

(Cp(r + ér/5) + 267/5)"
> (%) Vol(b~(r — r/5,r + 6r/5)).
Since the balls are all disjoint,
N
Vol (b7 ((r — 6r/5,7 4 67/5))) = Y _ Vol (By,(6r/5))
i=1

(&)*Vol(b~1(r — 67 /5,7 + 67/5))
[0Co(A+ o))" !

>N
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and we have the uniform estimate for Njs.
We now prove that for all s € [r, 2r],

(3.20) diamss(b1(s)) < diam(X;) + 3¢YNsr,

where diam(X,) is the diameter of the largest connected component of X.
Recall Definition 44 of the almost intrinsic diameter. Let U = b™1(s —
0s,s — ds) and let V' be the largest pathwise connected component of U; so

(3.21) diamy (b~1(s) N V) = diamss (b1 (s)).

Let z and y be any pair of points in b~1(s) N V. We claim that for all & > 0,
there exists a curve, ¢, contained in V from z to y such that

(3.22) L(c) < diam(X,) + 3Nsyr +¢.

Once we have proven the claim, (3.20) is proven.

Fix e. To find a curve, ¢, we first note that z and y are in the same
connected component of b-1(r/2,3r). Thus n(z) and m(y) are in the same
connected componenet of X,. So there exists a curve, C¢, in the length
space X, between 7(z) and 7 (y) such that

(3.23) dx, (m(z), 7(y)) < L(Cx) < dx, (n(z),7(y)) + €.
Let po = w(x),p1,p2,...pN = 7(y) be equally spaced points along C. such
that N = N5+ 1. Thus d(p;, pi+1) < (6 — 49)r and

N-1
(3.24) > dx, (pi pir1) < L(Ce).

i=0
By Remark 47, there exists z; € b~!((s — 4r, s + 9r)) such that zo = z,
zy =y and dy, (7(z;),p;) < ¢r. Thus,

d(zs, zit1) < dw(zi, Tip1) < dx, (m(zi), m(ziy1)) +Pr
< 3Yr +dx,(pi,pit1) < Or—or < ds,

where W = b~1(r/2 — 9r/2,3r + ¢r/2) as in Lemma 46. So a minimal
geodesic from z; to x;; 1 is contained in b~!((s—ds, s+3ds)) C W. So thereis a

piecewise minimal geodesic curve from z to y contained in b~1((s—ds, s+4s))
of length,

N-1 N-1
Y dw (@i, zi41) < ) dx, (pi, pit1) + No3yr

< L(C¢) + 3Nsyr
< diam(X;) + € + 3Nsyr.
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This piecewise geodesic satisfies our claim, (3.22), and (3.20) follows.
We now prove that for all s € [r,2r],

(3.25) diam(X,) < diamss(b~1(s)) + 3.

First recall that diam(X;) is the diameter of its largest connected com-
ponent, Z, C X,. Let z and y be any pair of points in Z,. There exists
p,q € b~1((s — %r, s + 9r)) such that

(3.26) d(m(p),z) < ¢r and d(m(g),y) < Pr,

as mentioned in Remark 47.

Now, p and ¢ are in the same connected component of b=1((s—§s, s+3s5))
by Remark 48 and by the fact that b=1((s — &s,s + ds)) contains the region
b=1((s — 4apr, s + 43pr)). So for all € > 0, there exists a curve Ce € b~1((s —
ds,s + ds)) C W which almost achieves the sé-almost intrinsic distance
between p and ¢ and

(327) dw (p, q) < L(Ce) < das(p, q) + & < diamss(b7(s)) + <.
On the other hand, by (3.15),(3.26) and the triangle inequality,
(3.28) dw (p,q) > dx,xr/2,37(Fer(p), Fer(q)) — ¢r

Combining (3.27) and (3.28), taking € — 0 and then maximizing over all =
and y in Z,, we have (3.25).

It is easy to see that (3.20) and (3.25) applied to s = r; and s = 7o
alternatively, imply the lemma. O

We can now prove the sublinear almost intrinsic diameter growth theo-
rem.

Proof of Theorem 45. We need to show that given any ¢ € (0,1/2), we have
sublinear almost intrinsic diameter growth,

. diang(b"l (R)) _
(3.29) R!Lmoo 7 =0.

Given any € > 0, let

(3.30) 1 = min{6/10,e/3Ns}.



208 Christina Sormani

Thus by Lemmas 46 and 49, there exists Ry, such that for all » > Ry and
for all ' € [r, 2r],

(3.31) diamg (b71(r")) < er + diams, (b71(r)).
Thus, applying this repeatedly to r = 2/6R. and 7’ = 2r, we have
diamarsp (671(25R.) < €2"71R, + diamgge-1p, (671 (2"71R.))
< e2571R, + e2¥ 2R, + diamggr—2p_(b71(2"72R:))
<e(2* 1+ ..+ 2+ 1)R. + diamsg, (b"1(R:))
< e2¥R. + diamsg, (071 (R:))
For all R > R, there exists k such that R € [2¥R,, 2¥t1R,] so by (3.31), we
have

diamsp(b~Y(R)) <42 diamgrsp, (b71(2FRe))
R 2*R.

(3.32)

Combining this with the above estimate and taking R to infinity, we get

diamsp(b~1(R)) €2*R, + diamsp, (b™'(Re)) _ 3e

lim sup 2 se+2lim %R,
Since this is true for all € > 0 we have sublinear diameter growth. O

We now prove our final theorem, Theorem 1, that

diam(b~1(R)) _

R—o0 R 0.

(3.33)

Proof of Theorem 1. By Theorem 22 of [So2], we already know that
diam(b~1(R))
R

If we assume that the diameter growth is not sublinear, then there exists a
sequence, r;, approaching infinity such that

diam(b~1(r;))

Ti

(3.34) < Cp < co.

(3.35) >0 >0 Vi

So there exist z;,y; € b~1(r;), and there exists, o;, a minimal geodesic from
x; to y; such that L(o;) = hyr; where h; € [C, Cp).
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Suppose there is a subsequence, ;, such that
(3.36) i, C b7 Y([ry;/2,3ri;/2)).

Then we have a minimal geodesic of length h;;r;; contained in this region,
EYo)

(3.37) diam1 (rij)(b'l(rij)) > hi;ri; 2 Cpri;.

This contradicts the sublinear 1/2-almost intrinsic diameter growth of the
manifold [Theorem 45]. Thus there exists N such that for all ¢ > N, o; is
not a subset of b‘l(ri /2,3ri/2).

Let
. = b(o;(t
(3.38) S tef%l}ffn] (0i(t))-
and let
(3.39) T, = tel[l(}%,] b(o;(t)).

For all ¢ > N either 2S; < r; or 2T;/3 > r;.

Suppose there is a subsequence, z_,,, such that 2T;,/3 > r;;. Then oy, is a
minimal geodesic which starts at z;; in b~ l(rz ), passes through a point, a:
in b=1(2T;, /3), passes through a point in 5~1(T;,), continues back through
a point, y;. in b~1(2T;;/3), before returning to y;; in b~1(r;;). Thus there
are points z;. and y;_ in b~1(2T;;/3) with a minimal geodesic between them
of length at least 2T, /3 which remains in b~1(2T}, /3, T;;). So

(3.40) diamy o7, /3071 (2T;;/3)) = 2T5, /3.

As r;; goes to infinity, T;; approaches infinity, and then (3.40) contradicts
Theorem 45 with § = 1/2. Thus there exists N’ such that 27;/3 < r; for all
i> N';s02S; <r; foralli > N'.

We would like to use the same trick with the S; of (3.38). but first we
must show that S; diverge to infinity.

Suppose there exists R, and there exists a subsequence ¢; such that
Si; < R. Thus there exists t;; such that oy, (t;;) € b=1(R). Since this level set
is compact a subsequence of the o;; must converge. Since L(a, ) > Crri;,
this subsequence must converge to a line. So by the Splitting Theorem of
Cheeger and Gromoll, the manifold is split [ChGl]. However, this implies
that b~1(r;) is totally geodesic and so S; = r;, which contradicts 2S; < r;.
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Thus S; diverges to infinity and S; < r;/2. Then o; is a minimal geodesic
which starts at z; in b~*(r;), passes through a point, } in b~1(25;), passes
through a point in 671(.S;), continues back through a point, ¥/ in 5=1(25;),
before returning to y; in b~!(r;). Thus there are points z} and y/ in b=1(25;)
with a minimal geodesic between them of length at least 25; which remains

in 571(S;, 25;). So
(3.41) dz'am%@si)(b"l@si)) > 28;,
which contradicts Theorem 22 for § = 1/2 as S; approaches infinity.

Thus C7, of (3.35) cannot exist, and the manifold has sublinear diameter
growth. O

Similar theorems may be provable for manifolds with a quadratically
decaying lower bound on Ricci curvature, but one must be careful to rescale
X, as it is compared to each level set.
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