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Structure of the image of (pseudo)-holomorphic
discs with totally real boundary condition

DAESUNG KwoN! AND YoONG-GEUN Ou?

In this paper, we prove that the image of a (pseudo)-holomorphic
map from the unit disc with its boundary on a given totally real
submanifold is represented as a finite union of the images of “sim-
ple” discs allowing multiplicity with boundaries on the same totally
real submanifold. This in particular fills a technical gap in relation
to the Fredholm and the intersection theory of Gromov’s (pseudo)-
holomorphic discs, which has been present in the literature on the
applications of pseudo-holomorphic discs.

With an appendix by Jean-Pierre Rosay
1. Introduction.

In recent papers [03,4], the second author has studied the structure of J-
holomorphic discs with totally real boundary condition, in relation to the
Fredholm theory of J-holomorphic discs and its application to the problems
of symplectic topology of Lagrangian submanifolds. We refer the readers to
[03,4] for some motivation and importance of such a study. We also refer
to [C] for the study of local structure of the image (near singularities) of
classical analytic discs with totally real boundary conditions in several com-
plex variables. This paper [C] in particular contains the examples that show
how complex can be the local structure of boundary singularities of analytic
discs with smooth, but not real analytic, totally real boundary conditions
even in the classical context.

A general perception in the literature concerning the Gromov theory of
J-holomorphic discs, misguided by the experience from the results on the J-
holomorphic spheres, has been that as in the case of J-holomorphic spheres,
any J-holomorphic disc should satisfy either
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(1)
(1.1) dw(z) #0 and w(w(2)) = {2} for some point z € D* or

(ii) it should be a multiple covering of a J-holomorphic disc satisfying
(1.1).

(See e.g. [P], [02] and [L].) Just as the applications of J-holomorphic
spheres to the structure of rational symplectic 4-manifolds [M2], to the Floer
homology of symplectic manifolds [F], [HS] and to the theory of Gromov-
Witten invariants and quantum cohomology [R], [RT], [MS] have illustrated,
this structure theorem for the spheres has been an important ingredient
especially when one studies intersection theory and compactification of the
moduli space of pseudo-holomorphic spheres. It is natural to believe that
the corresponding structure theorem for discs will bear similar importance
in its applications to symplectic topology of Lagrangian submanifolds (see
[P], [L] and [O2]), and to the theory of fillings by (pseudo-)holomorphic
discs (see e.g., [H], [Y2]). This structure theorem has not been carefully
addressed in the literature. See [Y2] for some study of structure of the
image of pseudo-holomorphic discs in symplectic 4-manifolds under the “one
sidedness” condition, which had been introduced by [BG] in the classical
context of several complex variables.

The second author pointed out in [O3,4] that the presumed structure
theorem for discs does not have the same form as mentioned above for
spheres, and is a theorem to formulate and prove, which should require
a non-trivial proof. In [O4], he also made a first step to this goal by proving
the following theorem, among other things, which can be considered as the
J-holomorphic analogue to the more classical theorem in several complex
variables. (See e.g., [St], [GS]).

Theorem 1.1 [Theorem I, O4]. Let R C (M,J) be a totally real sub-
manifold and w : (D?,0D?) — (M, R) be a non-constant J-holomorphic
map such that it extends smoothly to the boundary and

“Int D?Nw™}(bA) is connected and simply connected

2
(12) (after adding a discrete set of points)”

Then we can write

~

(1.3) w=wob

where w : (D%,80D?) — (M, R) is a J-holomorphic disc with smooth exten-
sion to the boundary, which is injective away from a discrete set of points
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in the interior of D? and b : D?> — D? is a finite Blaschke product. In other
words, b is of the form with s > 1

z— oy

b(z) = e

1 —apz
k=11 ay,

where ¢ s a real constant and oy are complex constants with |ag| < 1.

Following [St], [O4], we call the map like w a simple map. In the above
theorem, the hypothesis (1.2) cannot be dropped as shown by the following
example given in [Remark 3.3, O3]: Consider the holomorphic map

(1.4) w:H—C, w)=2z

where H C C is the upper half-plane. Identify CU{co} = S? and HU{co} =
D?c Cand 8H =R c C. If k is odd and at least 5, this map does not
satisfy (1.1) but cannot be written as a multiple covering of a simple disc. In
this example, the set Int D?\w™1(bA) is not connected. See [Example 2.4,
La] for the case when Int D?\w™!(bA) is connected but not simply connected
even after adding a discrete set of points.

These examples show that structure of the images of J-holomorphic discs
is more complex than that of spheres in general. What makes things more
complex for the case of discs, unless we impose the condition (1.2), is that
unlike from the case of spheres, the multiplicity of the image point will not
be constant but vary as the examples above show. Certainly any map of
the form in (1.3) has constant multiplicity. In fact, as far as we know, most
of the results in the classical theory of analytic discs in several complex
variables escape this unpleasant phenomenon because they usually consider
proper holomorphic maps of the type

f:A—CN\I, A=IntD?

where T' € CV is a compact subset of CN (e.g. T' = totally real subman-
ifolds). In other words, these cases do not allow the boundary image to
pierce through that of the interior. In respect to this, the main structure
theorem below may be new even in the classical context of analytic discs in
several complex variables.

The above mentioned non-constantness of the multiplicity is due to the
“piercing’ of the boundary into the interior when we do not assume (1.2).
It has not been a priori clear what would be the correct formulation of the
structure theorem in general, which question was left open in [O4]. However



34 Daesung Kwon and Yong-Geun Oh

based on the results from [M1,3,4] and [O4], it is not difficult to show that
the set A\w~1(bA) is a finite disjoint union of open domains in A c C.
(See Corollary 4.3 below.) Each of these domains, after possibly adding a
discrete set of points in the interior will become an open domain in A with
genus g possibly bigger than zero. Then the main question to ask is whether
domains with genus g > 1 will really occur in this union. We denote

e
(1.5) A\w™l(b4) = |  E;
j=1

and by Ej the domain obtained by adding a discrete set of points in E;.
(See Section 4 for more precise definition of E;.)

It turns out that Ej are always simply connected when (M, J) does not
allow a J-holomorphic sphere but high genus components can occur if (M, J)
admits a J-holomorphic sphere (see Example and Corollary 4.11 in Section
4). This gives rise to the following interesting result in C™.

Corollary. If J is any almost compler structure tame to the standard
symplectic structure on C" (e.g., the standard complez structure on C"),
Ej defined as above are all simply connected for any J-holomorphic disc
w: (D?,0D?%) — (C™, R).

However even when (M, J) allows a J-holomorphic sphere, we can still
prove the following theorem which proves that at least the image of E; under
w is the same as that of a map from (D2 8D?) — (M, R) (see Lemma 4.6
and its proof for the details).

Theorem I [Theorem 4.4]. Let {E; }§=1 be the connected components in
the union (1.5) and E be as above. Then we can  further decompose, if
necessary, each domain E into the finite union U,E’ so that w|z B can be

reduced to a map w : (D2,8D?) — (M, R) with Imw =Im le“ and

(1.6) [w|Ej] = Z [wi] in Hy(M,R;Z)

%

(See Corollary 4.11 for more detailed structure of the image of w when some
E; is not simply connected.)

Since wg- s satisfy (1.2), combining Theorem 1.1 and Theorem I, we ob-

tain our main structure theorem.
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Theorem II (Main Structure Theorem). The image of a J-holomor-
phic disc with totally real boundary condition can be represented as a finite
union of simple J-holomorphic discs (with multiplicity) with the same to-
tally real boundary condition. Furthermore this representation preserves the
homotopy class in mo(M, R).

This theorem completes formulation and proof of the structure theorem
that has been used in the literature. Once we have this structure theorem,
one can then safely repeat the same kind of arguments as those for the
sphere case in the generic transversality result, the structure of Gromov
compactification of the moduli space of J-holomorphic discs and intersection
theory of J-holomorphic discs that have been needed in the applications (e.g.
in [P], [L] and [02]).

The proof of Theorem I turns out to involve quite complicated combina-
torial arguments, which are originally due to the first author, based on the
local structure of piercing by the boundary through the interior image. The
essential tool for the analysis of this piercing phenomenon is Proposition
3.5. This is a unique continuation principle of the image along the bound-
ary, which has some independent interest in its own right. Unlike the case of
interior, the unique continuation fails in general due to “branching off” and
so requires certain restrictions in its application as imposed in Proposition
3.5. We include several figures in the course of the proof, which we hope
helps readers grasp main arguments in the proof.

We next study a finer structure of the “net” w~!(bA) in A and the image
of w: (D? 0D?) — (M, R).

Let ¢% : A — E (identified with a disc as in (4.16)) be a Riemann map
and denote

w§=w|]§;o¢;~:A—*M.

Since w| 7 is continuous up to the boundary and so is the Riemann map
7

PiA— E;, w} is continuous up to boundary with w%(8D?) C R. By the

standard boundary regularity theorem, w§ is smooth up to boundary. And

it follows from the definition of E? that w allows a factorization like (1.3).
We denote the corresponding simple map by ﬁ; and the Blaschke product
by bi, i.e.

_17 )

i~ 7
’wj—'wjob_,,.

We first quote the following theorem proven in [O4], which tells the
structure of the image of simple maps.
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Theorem 1.2 [Theorem II, O4]. Let @ : (D%, 0D?%) — (M, R) be a sim-
ple J-holomorphic map. Then the following alternative holds:

(i) there is a point z € dD? such that

@ N @(2))NOD? = {2z} and diw(z) 0.

(ii) the multiplicity of kK : bA\ X — Zy is two except at a discrete set of
points where X is the set of critical values. Furthermore, the image
A := Image W becomes a smooth immersed branched Riemann surface.

In particular, If (M, J) does not carry any closed J-holomorphic Riemann
surface (e.g. like C"), then only the alternative (i) must hold.

Definition 1.3. We call a simple map satisfying (i) type I and one satisfy-
ing (ii) type II.

Examples of type I and II are the maps in (1.4) for £ = 1 and k = 2,
respectively.

A priori, both types of the simple map could occur as {5;'- ’s in the de-
composition in Theorem II. Due to Theorem 1.2, we may assume that the
number of components in the decomposition is greater than 1. It is rather
surprising that in the decomposition in Theorem II, only one of the two
types can occur.

Theorem III. Let U§=1E;: be the decomposition in Theorem II, and w;'-,iﬁ;
and b} defined as above, Then we have the alternative:

(i) all @’s are of type I

(i) all ﬁ?; ’s are of type II: In this case, the images of all 175; ’s coincide as
a set. Furthermore, in this case, the multiplicity of K : A — Z4 is
constant(on the open dense set of A\ X where X is the set of critical
values).

If J is integrable near R and R is real-analytic, we can strengthen (i) to

(i) all 17)'; ’s are of type I and the union of the images of any two consecutive
1'53-, Gﬁ such that j # k, forms a closed branched Riemann surface.

Examples of the cases (i) and (ii) are provided by maps in (1.4) with &
odd and with k even, respectively.
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As the example in the appendix shows, the result (') fails to hold if we
just assume that R is smooth (but not real analytic). See Proposition 6.6
where both integrability of J and real-analyticity of R are essential to apply
the reflection principle.

Using Theorem III (3’), one can prove a more precise structure theorem
than Theorem II for the case of integrable J near R and real-analytic R.
We refer to Corollary 6.3 below for this. In fact in this case, the whole
proof of Theorem I can be considerably simplified using Proposition 6.6. It
rules out the branching phenomenon along the boundary in the real analytic
case which complicates the image of general smooth cases as the map hy
illustrate in Rosay’s example in the appendix.

Note that for the map w : (D?,8D?) — (C", R) with respect to an al-
most complex structure J tamed with the standard symplectic structure,
the alternative (ii) was ruled out in Proposition 5.1. Furthermore from The-
orem III (¢'), it also follows that there cannot be more than one connected
component in the above decomposition, provided J is integrable near R and
R is real-analytic. In particular, noting that C® does not allow any closed
holomorphic Riemann surface, this immediately implies the following result,
which seems to be a new result even in several complex variables.

Corollary 6.3. Consider C™ with its standard complex structure Jy and let
R be a real-analytic totally real submanifold in C*. Then for any holomor-
phic disc w : (D?,6D?) — (C*,R), A\ w™l(bA) is connected and simply
connected (after adding a discrete set of points) and so w allows the factor-
ization (1.3).

After the first version of this paper was completed, responding to the
question asked by the second author, J. -P. Rosay has constructed a counter
example to Corollary 6.3 for a smooth R, which is included in Appendix 1.
This example shows that the real-analyticity is essential in Corollary 6.3.
And while this paper was in submission, Lazzarini sent us his preprint [La]
that contains a result which is weaker than ours. But we learned from his
paper [La] that there is some error in the statement of [Theorem I, O4] in
that the second author overlooked the possibility that Int D*\w™1(bA) is
connected but not simply connected (after adding a discrete set of points).

The second author would like to thank Jean-Pierre Rosay for his contri-
bution to the appendix. We would also like to thank the unknown referee
for pointing out some error in our formulation of Theorem I in the previ-
ous version, providing the example in Section 4 and raising the question of
the homology class which leads us to writing Appendix 3, and Lazzarini for
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sending his preprint to us.
2. Preliminaries.

In this section, we organize various theorems on the local structure of J-
holomorphic discs which we borrow mainly from [M1], [FHS] and [O4].

Let (M, J) be an almost complex manifold and let R C M be a (maxi-
mally) totally real submanifold with respect to J, i.e.,

dimR = -;—dimM and TRt JT R for all =z € R.

We denote by D? C C the closed unit disc and A = D?\0D? the open unit

disc. A smooth map
w: (D? 8D% — (M, R)

is called a J-holomorphic disc with the boundary condition R if w satisfies

1) {Jodw=dwoj

w(dD?) C R

where j is the standard complex structure on D? C C. We also denote
by Be(0) the open disc centered at 0 with radius € > 0 and by D.(0) the
semi-disc centered at 0 with radius € > 0 and with boundary

0D(0) = (—e,e) cRC C.
Following the notations from [O4], we denote

A = Image of w|p2
bA = Image of w|gp2

and introduce the multiplicity function k : A — Z.
Definition 2.1. We define the integer valued function k : A — Z, by
w(a) = #(w™'(a)), a€Ad

and call it the multiplicity of a.

We now quote several results on the local structure of J-holomorphic
discs (with boundary) from [FHS] or [MS], and [O4].
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Lemma 2.2 [Corollary 2.3, FHS; Corollary 2.2, O4]. Let (M,J) be
an almost complex manifold and R C M be a totally real submanifold with
respect to J. Let w : (D¢(0),0D(0)) — (M, R) be a smooth solution of

ow ow
(2.2) {% W)z, =0

w(z,0) € R for z € (—¢,€) = 0D,(0).

Then there ezists 6 > 0 such that dw(z) # 0 for all z with 0 < |z| < 6. The
corresponding result also holds for J-holomorphic maps u : B¢(0) — M.

Lemma 2.2 implies that the set of critical points of a non-constant J-
holomorphic disc is discrete. In the following two lemmas, F denotes either
the disc or the semi-disc.

Lemma 2.3 [Proposition 3.1, FHS; Corollary 2.3, O4]. Let (M,J)
and R as above and let wy,wy : E. — C™ be non-constant smooth solutions
of (2.2). If the co-jets of wy and we coincide with 0, then

w1 = wa.

Lemma 2.4 [Lemma 2.2.2, MS]. Let w: E — (M, J) be J-holomorphic
with dw(0) # 0. Then there is a local chart o.: U — C™ near w(0) such that

aow(z) = (z,0,...,0)
da(w(z)) o J(w(2)) = ida(u(z))

for z€ Enw™}(U).

Combining Lemma 2.3 and 2.4, one can deduce the following useful re-
sults. (See [Lemma 2.2.3, MS] or [Corollary 2.4, O4] for the proof, respec-
tively.)

Lemma 2.5 [Lemma 2.2.3, MS]. Let u,v : B(0) — (M,J) be non-
constant J-holomorphic maps with

u(0) = v(0), du(0) #0.
Assume that there are sequences z,, £, € B¢(0) such that

u(zy) = v(€u), ;}Lr{.lo zy = ;}l»nc}o £u=0, 2, Z0#E,.
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Then there is a holomorphic map ¢ : Bs(0) — B(0) with0 < § < ¢, ¢(0) =0
and

v=uo¢
on B;(0).

However we cannot expect the obvious analogoue of this for the semi-disc
case. One reason for this is that the images can be in “different” sides of
the totally real submanifold and another is that they can also branch off as
Rosay’s example in Appendix illustrates (see Remark 6.4 and Proposition
6.6).

For the semi-disc case, we could expect only the following. The proof
used for Lemma 2.5 cannot be applied to the boundary point because general
J-holomorphic disc cannot be extended across its boundary as a smooth J-
holomorphic map, unless J in integrable and R is real analytic near the
point. We refer readers to the proof in [O4] for this point.

Lemma 2.6. [Corollary 2.4, O4]. Let w; : (D(0),0D,,) — (M,R) be
J-holomorphic with

w1(0) = wz(O), dwl(O) 7& 0.

Assume that
Imwi|ap,, (o) = Imwalap., (0)-

Then the following alternative holds:
(i) Imwy and Imwy overlap on some open neighborhoods of 0 or

(ii) dwe(0) # 0 and Im w1UIm wy smoothly matches up along the boundary
8D,(0) near 0.

One special case in Lemma, 2.6 is worthwhile to separately mention and
will be very useful for later discussions: Suppose that for ¢ = 1,2, w; :
(De;(0),0D;(0)) — (M, R) be J-holomorphic with

w1(0) = w(0), dwi(0) # 0 # dwz(0)

such that there are some neighborhoods U; and Uz of 0 in D(0) respectively
and

Im wy |6D51 onvy = Im 1“2101752 OR2N
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We assume that w; : U; — M are one-one, which can be always achieved by
choosing smaller U;’s if necessary. Denote

dD, (0)NU;y = (=0},83) =: Ay
dD,(0) N Uy = (—02,62) =: A2

for some 6} > 0. Now consider the diffeomorphism

-1
(2.3) (wzlAz) o wllAl : A1 — Az.

We provide the boundary orientation to A; C 0D, (0) induced from the
complex orientation in D, (0) C C.

Corollary 2.7. Let w;’s, A;’s as above. Then the following alternative
holds:

(i) if the diffeomorphism (2.3) preserves the orientation, then Lemma 2.6
(i) must hold.

(ii) if the diffeomorphism (2.3) reverses the orientation, then Lemma 2.6
(ii) must hold.

3. Local structure of piercing.

As we mentioned in the introduction, it is essential to analyze how bA pierces
through A for the purpose of understanding structure of the images of J-
holomorphic discs. We study this piercing by analyzing the “net” on A
provided by w™1(bA)NA. In this section, we derive several results concerning
the local structure of this piercing based on the results from Section 2. We
will always assume that all (local) J-holomorphic maps appearing below
have a finite number of critical points, and a discrete set of isolated self-
intersections points (away from the critical values). For example, all the
results in this section will apply to the maps obtained by restricting the
domain of any given J-holomorphic map w : (D?,8D?) — (M, R).

The following notion of the collar neighborhood turns out to be useful
for this purpose.

Definition 3.1. For a point z € D?, we say that U C D? is a collar neigh-
borhood of z (or A) if OU = X is an embedded piecewise smooth arc contain-
ing z.
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The following lemma tells us that if the boundary of J-holomorphic disc
is contained in the interior image of another such disc near a regular point
of it, then images of the two discs should overlap in a collar neighborhood of
the boundary of the first disc. Because of the branching phenomenon as we
mentioned before, we cannot expect this if we replace “the interior image”
by the boundary image of the second disc.

Lemma 3.2. Let u : (D((0),0D.) — (M,R) and v : B{(0) — M be J-
holomorphic. Let {z,} C 8D? and {w,} C B2 be sequences with

u(zy) =v(wy) and

“li_)r{.loz,‘=0, 2, #0, Jllxgow“=0, w, # 0.

Suppose in addition that dv(0) # 0. Then there exists a collar neighborhood
U C D.(0) of z with A\ = dU, an arc contained in 8D? such that

w(U) C v(B(0)).

Proof. Without loss of any generality, we may assume that (M,R) =
(C™,R") and we are given two J-holomorphic maps

u: De(0) = C", v:B0)—C"

such that

u(z,) = v(wy), ;}i—{%oz“ =0= ,}i_,ngow“’

by restricting the maps to neighborhoods of 0 respectively. By Lemma 2.4,
we may further assume

u(2) = (2,0,...,0), J(2,0,...,0)=4
for z € B¢(0) and
u(z) = (a(2),b(2)), a(z) €C, b(z) € cr-1

for z € D¢(0) such that u(dD(0)) C R") and b(z,) = 0.

If co-jet of b(z) at 0 does not vanish, then there is a non-negative integer
¢ such that b(z) = O(|z[¢) and b(z) # O(|z|**!) and hence J(u(z)) =i+
O(|2|%). Consider the Taylor expansion up to order £ — 1 of the equation

Ou

Ou
e + J(u(z))gg; =0
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on D.(0). Then we have

Oug ~ .Oup

e za—y =0, forze€ D.(0)

where uy is the Taylor expansion of u up to order £. So, there exists a
nonzero a such that
b(z) = az + O(|2|*+!)  for z € D,(0)

and hence b(z) # 0 in some open neighborhood of 0. This then implies that
the images of v and u do not intersect away from 0 in the neighborhood,
which contradicts the assumption in the lemma. Therefore co-jet of b(z) at
0 must vanish.

Since J(z,0,...,0) = for z € B(0), b(z) satisfies the equation

ob Ou
0= o2 + pro (J(a, b)a—y>

= g—i +pro ((z + /0 1 Dy(J(a, b))dr - v2) %)

o b
= 55 Tig, T (4D()

in a neighborhood of 8D,(0) in D(0) where pry : C* — C"~! is the projec-
tion and the operator A is defined by

1 Ou
(A€)(2) = pra ( /0 Dy(J(a, 7b)dr) '%5) ().
Since b(z,0) € R*~! and the oo-jet of b at 0 vanishes, By Lemma 2.3,
b(z) = 0.
This finishes the proof. a

An immediate corollary, when combined with Lemma 4.1 and 4.2 in the
next section (see especially the remark after Lemma 4.2), is

Corollary 3.3. Let w : (D?,0D?%) — (M, R) be a J-holomorphic disc with
dw(z') # 0 for some 2’ € w™l(w(z)) N A where z € dD?. Suppose that
Ao C 8D? is an arc with z as one end point and that there ezists a collar
neighborhood V' of Ao such that

w(V) Cw(A).
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Then there exists a collar neighborhood U of an open arc A = 8U containing
z in its interior with

w(U) Cc w(A).

This corollary shows that the following branching picture of the images
cannot occur.

Figure 1.
The following objects appear often in later discussions and so we assign
a special name to them.

Definition 3.4. We call k-armed asterisk the union of £ embedded arcs
A1,...,Ag in the plane that share one end point z from each as drawn in
Figure 2. We call semi-asterisk an asterisk U.I;-::l)\j C D¢(z) with

ALU N C OD¢(2)

as drawn in Figure 2. We call each ); in the asterisk an arm and the
shared end point the center of the asterisk. We always order the arms
either clockwise or counterclockwise in the plane.
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5-armed asterisk 5-armed semi-asterisk

Figure 2.

The following proposition is the crucial tool in the proof of the main
theorem. Roughly speaking, it shows that as long as the boundary of one
disc does not intersect with the interior of the other, “overlap” of the images
of two discs uniquely propagates along the boundary of discs. Recall that it
is a well-known and an immediate consequence of Lemma 2.3 that overlap
of the interior images of the two discs uniquely propagates.

Proposition 3.5. (Unique continuation of the image).
Let w; : (D¢;(0),0D¢;(0)) — (M, R) fori=1,2 be two J-holomorphic maps
satisfying the following properties:

(i) they can be smoothly extended to a meighborhood De with € > ¢ of
D, (0) in HC C.

(ii) w1 (0) = ’w2(0)

(ili) dwi(z) # 0, w;i(2) # w;(0) for any z with 0 < |z| < €, respectively for
i=1,2.

(iv) Int D, (0) Nw;™? (wj (8D69 (0))) is discrete in Dy, \ {0}, for alli,j =
1,2.

(v) there exists some d > 0 such that

dist (p, wi (De;\De;)) >d >0
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where p = w1(0) = wy(0).

If there ezist collar neighborhoods U; of (—€;,0) in D, (0) with OU; =
(—€i,0) for i = 1,2 and with w1(U1) = wa(U2), w1(0U1) = wy(0Us), then
we can find collar neighborhoods V; of (—e€;,0;) such that 6; > 0 and

w1 (V1) = wa (V).

-€, 0 5, & 0

Figure 3.

Remark 3.6. (i) The hypothesis (v) can be always obtained by choosing
€.s smaller if necessary.

(i) This proposition fails to be true if we drop the hypothesis (iv), i.e.,
allow the image of the boundary to pierce through that of the interior.
For example, consider the two maps

wi(z) =z, wo(z) = 2% : (D(0),0D(0)) — (C,R)

and start with the intervals (0,¢;) for appropriate 0 < ¢; < € for
i=1,2.

(iii) This proposition rules out the following branching phenomenon un-
der the hypotheses in the proposition, which otherwise could occur.
Compare with Figure 1.
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Figure 4.

To prove this proposition, we start with two lemmas. The first lemma
rules out folding of the image (See Figure 5). The second one is a continu-
ation lemma, of the collar neighborhood.

Figure 5.

Lemma 3.5.1. Under the hypotheses as in Proposition 3.5, there cannot
be any pair of collar neighborhoods U of (—01,0) and V' of (0,82) for some
0 < 01,02 < min{e;, €2} such that

w;(U) = w;(V)

foranyi#j, 1<i,j <2

Proof. Because of (iii), w; are immersed on (—¢;,€;)\{0} for ¢ = 1,2. Suppose
the contrary that there exist such neighborhoods U,V and assume without
loss of any generality that

w1(U) = wa(V).
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Since self-intersection points can accumulate only at critical points, there
exist some 0 < 8] < 61 < 01 and 0 < 95 < 89 < 85 and collar neighborhoods
A, B of (—61,—6},) and (85,82) in D, (0) and D,,(0) respectively such that
wi |4 and wsy|p are one-one and

wi(A) = wa(B), wi(=67) = wy(d3), wi(—d1, —87) = wa(6h, &2).

Then we consider the map (wl|,4)_1 ows|p : B — A. Because (wl|A)'1 o
wz|p : B — A is holomorphic and so preserves the complex orientations of
B, A C C, the diffeomorphism

-1 _ _
(wll(—gl,—t?i)) °w2|(55,§2) 1 (85, 02) — (—61,—07)

must preserve the induced (boundary) orientations which are nothing but
the standard orientations on them. However this is impossible by Corollary
2.7 because we assume wj(—07) = wo(d5) from (ii) and hence this finishes
the proof. a

Lemma 3.5.2. Under the same hypotheses as in Proposition 3.5, there exist
some 01,69 > 0 such that

w1((0,61)) = w2((0, 82)).
Proof. Suppose the contrary, say, that there exist a sequence of points z; €
(0, €1) with z; — 0 such that

(3.1) wi(z5) & wa((0, €2)).

By the continuity of w; and by (v) for a sufficiently large jo, we can choose
a smooth curve ¢ : [0,1] — D¢, (0) such that

CO(O) € (—61,0), Co(l) =z,
(32) co(t) € Tnt Dy (0) \wi* (ws(0D (0)))  and

d
dist(p, wi(co(t))) < 5 for0<t< 1.

It follows from (3.2) and (v) that

(33) wi(co) Nw2(De;\De,) = 0.
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Define
to = sup{t € [0,1] | w1(co(t)) € Im wo}.

From (iv), the main hypothesis on the collar neighborhoods U; , U and
hypothesis (3.1), it follows that

0<ty <.
By the continuity of wy and from (3.3) we derive that
w(co(to)) = wa(z) for some z € D, (0).

From (3.2), z € Int D (0). Since dwi(co(to)) # 0 # dwa(z) from (iii), we can
choose a small disc Bs(z) C Int De,(0) by Lemma 2.5 such that wjo¢ = wo
on Bj(z) for a holomorphic map ¢ : Bs(z) — Int B, (0). Therefore we can
find ¢; > to such that wi(co(t1)) C Im we which contradicts the definition
of tp. Hence, we have proved Lemma 3.5.2. d

Proof of Proposition 3.5. Again by choosing sufficiently small ;5;’3, we may
assume that the map

-1 _ 5
(wll(ofl)) ° w2|(o,?s'2) : (0,d2) — (0,61)

becomes a diffeomorphism. Since w1(0) = wy(0) from (ii), this diffeomor-
phism must preserve the orientations on (0, 6;)’s. Therefore Proposition 3.5
immediately follows from Corollary 2.7 (ii) and Lemma 2.5, which finishes
the proof. O

The next proposition shows that even when the boundary image of one
disc penetrates into the interior image of the other, overlap of the image
uniquely propagates across the arms of certain asterisk, at least near the
center of the asterisk. We recommend readers to see Figure 6 before reading
the statement of this proposition.

Proposition 3.7. Let w : (D(0),0D(0)) — (M, R) be a J-holomorphic
map with dw(z) # 0 on D¢(0)\{0}, and let C = f:f Aj C D(0) be a (k+2)-
armed semi-asterisk in D¢(0) centered at 0 such that w(C) C R and w| o\{0}
is an embedding (away from a discrete set of points). And let u: A — M
be a J-holomorphic map such that all the points in (w(C)\w(0)) NImu, if
any, are reqular values of u.
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Suppose that there ezists a collar neighborhood Uy of A1 and an arc 61 C
A and a collar neighborhood Vi of 01 such that
(34) w(A1) = u(d1) and w(U;) = u(V1).

Then there ezists a set of arcs 61,09, ... ,0k+2 in A that share one of end
points from each, and collar neighborhoods Uy, V; of Xy C Ay and &y respec-
tively such that

(3.5) w(Ny) = u(dp) and w(Up) = u(Vp)

foralll < ¢ < k+2. Note that in particular the union Uk_i_'f d; is connected,
and that some of 6;’s could be overlapped with one another.

Figure 6.

Proof. When k = 0, C = (—¢1,0] U [0, €2) for some 0 < ¢; < €. From (3.4)
and Corollary 3.3, there exists 0 < €j, < ez and a collar neighborhood N of
(—e€1,€5) in D¢(0) such that

w(N) C Im u.

Consider the subset u~!(w(N)) C A. Certainly this contains the collar
neighborhood V3 Nu~!(w(N)) of 8; in A.

Let z; € A be one of the end points of §; in A such that w(0) = u(z1).
Tt will be enough to prove that the connected component of u~!(w(C N N))
containing d; contains a non-trivial connected arc d2 having 21 as one end
point. Then it will follow

u(d2) = w((0,€3))
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for some 0 < €5 < €, and so (3.5) for £ = 2. However this immediately
follows from the fact that u : Bs(21)\{21} — M is immersed for some § > 0,
and so u : Bs(21) — Im u is a branched covering and an open map. This
finishes the proof of Proposition 3.7 for k = 0.

Now suppose that we have proven the proposition for 1 < 2 < k 4+ 1,
and consider the case £ = k + 2. Consider the asterisk C' = C\{\¢4+2}
and apply the Riemann-mapping theorem to make C’ into a (k + 1)-armed
semi-asterisk. Applying the induction hypothesis, there exists a sequence of
{07} 1<e<k+1 consisting of connected arcs sharing one of the end points from
each such that there exist sub-arcs 0 € X, C A,

w(Ap) = u(%)
and collar neighborhoods Uy, V; of X, and J; respectively with
w(Ue) = u(Vp).
Finally consider the 2-armed asterisk C” = Agy1 U g2 C D(0). First

note that the collar neighborhood Uy obtained above lie in the side towards
the arm Ar as drawn in Figure 7.

_ D; (0) _
PO 5 010w
3
¢ ! O“k+1) 0
Figure 7.

We extend the collar neighborhoods Uy and Vi1 to bi-collar neigh-
borhoods of A}, 41 and x4 respectively to obtain another collar neighbor-
hoods Uy, and V[ ; of X ; and 0ky1 respectively in the other sides,
which still satisfy (3.5) but this time Uy, lie in between the arms Axi;
and Agt+2. Now we apply the Riemann-mapping theorem to this region and
denote the corresponding Riemann map by ¢ and then the composition
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wo ¢ : (Ds(0),0D5(0)) — (M, R) and u satisfy the hypothesis of Proposi-
tion 3.5, and so we can choose dit2, A}, 1o and Uy, Viyo satisfying all the
requirements by applying Proposition 3.5. This finishes the proof. a

4. Proof of Theorem I and II.

We analyze structure of the set A\w™!(bA) in this section. ~When
A\w~1(bA) is connected and simply conncected, Theorem I [O4] gives a
complete answer and so we assume that A\w~!(bA) has more than one
connected component or has at least one non-smply connected component.
As a first step, we prove that A\w~!(bA) has only finitely many connected
components. The following lemma shows that if there is any accumulation
point of self-intersections, the limit point must be a critical point. The case
in which the limit point is in the interior was studied in [M1], and so we will
consider only the case where the limit point lies in the boundary 8D? of D2.

Lemma 4.1. Let w : (D% 8D?) — (M, R) be a J-holomorphic map, z €
8D? and X be an open arc in OD? containing z, in its interior. We fiz a
sufficiently small collar neighborhood U of A. Assume that there is a sequence
{zx} € w(0D?) Nw(IntU) such that klggo zp = w(z). Then we must have

dw(z) = 0.

Proof. Suppose the contrary that dw(z) # 0. By applying Lemma 2.4 and
considering local pieces of w near z, we may assume (M, R) = (C*,R™) and

u: D(0) —» C*, u(z) = (2,0,...,0), J(2,0,...,0) =1.

Furthermore, there is a given sequence {z,} C Int D(0) such that

n 3 —
(4.2) u(z,) € R", pan;oz“ =0, z, #0.
But u(z) ¢ R™ for z ¢ 0D.(0). This gives rise to a contradiction. O

Unlike the case of closed curves (see [M4], [Si]), it is unlikely that the
number of self-intersection points of discs is finite in general. (See some
examples in [C] from which we believe one can construct a counter example).

Denote by X c D? the set of critical points. We recall the multiplicity
function ,

k:A— 7Ty
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and denote
A ={a € A| k(a) =k} and

S = DA\w™1(4,).

We call S the set of self-intersection points of w and denote by So C S the
subset of isolated self-intersection points of at least two different branches
of the image.

Lemma 4.1 together with the corresponding results for the interior in
[M1] implies that So\X is a discrete subset of D?. We next quote a useful
result from [O4].

Lemma 4.2 [Lemma 4.4, O4]. There ezists a positive integer M > 0
such that
1<k(a) <M< o0

for all a € bA (and so for alla € A).

Since the “vertices” of the “net” A\w~!(bA) must be critical points of
w in A and the number of different branches of ANw™!(bA) at each vertex
must be finite by Lemma 4.2, we have the following immediate corollary of
the above discussion

Corollary 4.3. A\w™(bA) has only a finite number of connected compo-
nents.

‘We now denote

k
A\w(b4) = [ E;
j=1

where {Ej};;l is the set of connected components. Note that the isolated
points in U¥_, E;\ E; are exactly
So N w1 (bA) =: S

Here we denote by E; the closure of E; in D?, not in A. We add the points
in Sy to Ej to define

Ej = Ej U (S(I) ﬂIntFj) C A.

Then we have

k
(4.3) (A\w(b4)) U Sy =[] E;

j=1
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where E‘j are open subsets of D? which are domains in C without discrete
holes in its interior.

Remark. The boundaries of Ej are not simple closed circles, but finite
unions of simple closed circles and closed arcs attached in general. Moreover,
an inner boundary can be a finit union of closed arcs only.

o
eyl

Figure 8. _
The following example shows that in general E; may not be simply
connected even after adding a discrete set of points. (See [Example 2.4, Lal)

Example. Consider the complex plane C with coordinates z = z +iy. We
identify S2 = CU {oo}. Let B C S? be the closed disc with the radius 1/2
centered at 1+ 4 and let D be the complement to the interior of B in S2.

Then we consider a map F : S? — S2, F(z) = 2% and let w be its
restriction to D. Denote by I Image w|sp. Note that I" is a smooth embed-
ded circle in S? and hence a totally real submanifold in S2. For the map
w : (D,0D) — (M, R) where M = S? and R =T, it is easy to check that
D\ w}(T) contains a connected component which is non-simply connected
(even after adding a discrete set of points).

With this example in mind, we prove the following theorem. We will
postpone proof of the statement on the homology class to Appendix 3.

Theorem 4.4. In (4.3), we can further decompose, if necessary, each do-

main E‘j into the finite union UzE; so that E]z are simply connected and

so w|g: can be reduced to a map w: : (D?,6D%) — (M,R) with Imw =
J
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Im w| B and

[wlé,-]=Z[w§] in Ha(M, R; Z,).

K2

Before giving the proof of this theorem, let us give the proof of Theorem
IL.

Proof of Theorem II (assuming Theorem 4.4). From Theorem 4.4, it follows
that
5)

where E’; 's can be identified with simply connected domains as in (4.16).

k nj

Image wI A= U U (Image w

j=1i=1

For each given E;-, we choose a Riemann-map qS;- :D? - E} and consider

L= wo ¢§. : D2 — M which is continuous up to the

J
boundary. Since the Riemann-map ¢>§- :D? - E’; is proper i.e., maps 8D?
to OE} and w(dD?) C R, we have w(dD?) C R. Then by the boundary
regularity theorem (see [O1] or [Y1]) for J-holomorphic discs with totally
real boundary condition, wj; : D? — M is smooth up to the boundary and
defines a smooth J-holomorphic map

the composition w

wi : (D?,0D?) — (M, R).

Furthermore, D?\(w#)~!(w%(8D?)) is connected and simply conncected by

the construction of E; and w; Now we apply Theorem 1.1 to wg- to conclude
that there exists a Blaschke product b; : D?> — D? such that

i _ g
w; = w; © by

with @¢ : (D?,8D?) — (M,R) is a simple map. Combining the above
discussion, we have finished the proof of Theorem II. a

Now, the remaining section will be spent to prove Theorem 4.4 except
the statement on the homology class. There are two main steps in the proof:
the first is the step of decomposing the domain F; into

Ej = UE;

so that E; are simply connected, and the other is the step of reducing the
image w|g; to that of a map from the disc D2,
J
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Suppose that at least one of E‘j ’s is not simply connected. Then we can
find Ej,, by taking an innermost one, such that its boundary 0Ej, is not
connected. Then it will

Figure 9.
i.e., consist of one outer boundary and a finite number of inner boundaries
contained in A where each inner boundary contains, if any, only simply
connected E}’s in its interior. Note that some inner boundary may not have
interior, and not be equal to UyOE}) where Ej’s are the domains contained
in the inside of the inner boundary. See Figure 9.

4.1. Step I: Decomposition.

For the convenience of notation, we assume E; = Ej,. Denote by B the
outer boundary and {B3}™; be the set of connected components of the inner

boundary.
In this subsection, we will prove the following result.

Proposition 4.5. There erist mutually disjoint connected collar neighbor-
hoods Up,, Vp; of B and B} respectively such that

B = (7a.0(+7)

w(Tp,) =w (VBg) —w (E)

and
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for all i. Furthermore we have
8Up, =B1[[C1 8V =B5[] G5,

where Cy,Ch C Ey are some connected union of piecewise smooth arcs con-
tained in Ey (See Figure 15).

We take partitions

(4.4) ODN\X = H/\,, B\X = ]_[u,, Bi\X = ]_[5z

j=1

where \;, u; and & are connected open arcs without critical points of w
and the orderings are taken clockwise. By refining the partitions further if
necessary, we may assume that any pair from w();)’s, w(p;)’s and w(d%)’s
is either identical or disjoint except p0331bly away from a discrete set of
intersections. We have

k;

Interior of B} = H (E’i,j\Bé) (ki > 0)
j=1

where Ei,j ’s are the domains inside B} among the set of Ey’s. We denote
k; _

(4.5) Fi=Bju || JoE;;
j=1

By the choice of Ej, it follows that each F* must be connected.
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B; =

F =

© O

Figure 10.
Now consider a (collar-)neighborhood U of 8D? in D? and open
neighborhoods V* of Uf':l Ei,j such that U and V* are all disjoint and

(Unw~1(bA)) \ Sy consists of disjoint open arcs one or both of whose two
ends lie in &D?. See Figure 11 below.

Figure 11.
Since w(Bj) C bA = w(8D?), there exist A € {\;}1_;, 6 € {6i} and collar
neighborhoods Uy € U and Vj C V* of X and 4% respectively such that they
satisfy

(4.6) w(Uy) = w(Vi), w()) = w(d) C w(BE) C w(F?).

We would like to note that the collar neighborhood Vi may not be con-
tained in Ey but in E;j, for some j; € {1,2,--- ,k;}.
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Claim I. bA = w(8D?) = w(F?).

Proof. Obviously, w(F*) C bA and so it is enough to prove
bA(= w(8D?)) C w(F?).

By cyclically re-ordering {);}, {5;} if necessary, we assume A = A; and
5 =4t

The claim immediately follows from the following lemma which proves
that the overlap in (4.6) propagates along all the components {}; };.:1
through.

Lemma 4.6. Let ig be fized. For each A, there is an arc 6}:’ C F and
collar neighborhoods Uy, and V;' of N, and 6};" respectively such that

w(U) = w(V®).

Proof. We will prove this by induction. For k = 1, it follows from (4.6).
Suppose we have proven it for any 1 < £ < k and consider the case for
k + 1. We consider a small collar neighborhood W of Ay UAxy; in U and
the neighborhood V' chosen above.

Figure 12.
In general, W Nw™1(bA) becomes an r-armed (semi)-asterisk C with A
and A4 as the initial and the final arms respectively (see Figure 12). We



60 Daesung Kwon and Yong-Geun Oh

order these arms {u;}_; counterclockwise with pu1 = A, pr = Aep1. We
now apply Proposition 3.7 to the maps

wl(W,aW) and w:V"® - M

and find a sequence of arcs, vi,--- ,v, C V%, sub-arcs ,ug C pj and collar
neighborhoods V; and U} of v; and p} respectively such that

w(vj) = w(ky) and w(U}) = w(V})

and v;’s share one of the end points from each and in particular

r
U v;j is connected.
=1

Since vy = % C Fi and F% is a connected component of w=1(bA), it
follows that

,.
U v; C Fro,
j=1

Note that due to the way how we partitioned in (4.4), we can extend p;. and
v, correspondingly V;/ and U/ until p. becomes a full edge of p, = Agy1 s0
that

w(vr) = w(it), w(Vy)=w(;)

in F, we have proven the existence of fy,ic‘fi_l, Ug+1 and Vi1 required as in
Lemma 4.6 by setting V! = Vi41 and U} = Ug41. 0O

Note that since Ey N w=!(bA) and E; ; Nw~!(bA) are at most discrete,
we can apply the unique continuation for the interior image (Lemma 2.5) to
w|g, and w|g,,; to derive the following lemma.

Lemma 4.7. If there are open sets U C Ey and V C E;; such that w(U) =
w(V), then 5 _
w(Br) = w(Ei ;).

In particular, _ _
w(0FE1) = w(0FE; ;).

Using Claim I and Lemma 4.7, we can choose disjoint collar neighbor-
hoods of By and Bf in E; with the same image (see Figure 14).

Claim II. For each i, we can choose disjoint collar neighborhoods Ug, and
VB;' of By and B respectively such that

IntUp, Ulnt Vg C B and  w(Up,) =w (VBé-) .
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Proof. First note that w(B;) C bA = w(F*) by Claim I for any i. Therefore
for any p; € {/.Lj};=1, there exists an arc v; C F*\X such that there are

collar neighborhoods U; C E; and Vji of pu; and v; respectively with
(4.7) w(Uj) =w(V}) and w(u;) = w(y)-

Here Int V}i may either be contained in El or in Ei,gj for some £;, as we
mentioned above. But, we now prove that we can choose them so that

(4.8) v; C By and Int V}i c Ey.

Assume that ij' C Ei’gj.

Figure 13.
By applying Proposition 3.5 to w|-}-3-— and w|
1

repeatedly along B; and

851-,21., we get collar neighborhoods U and V' of B; and BE},@ , respectively
such that

IntUCE;, IntVcEy, and wl)=uwl).
In particular,
(4.9) w(B1) = w(0Eiz,)-
And, by Lemma 4.7,
(4.10) w(Er) = w(E;y,) and w(0E:) = w(dE;y,).
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Since Bj C 8E}, from (4.9) and (4.10),
w(B}) C w(By).

Moreover, from (4.10), we can choose an arc 7; C B} and a collar neighbor-
hood 173’ C E; of §; such that

w®) =w(y) =wly) and w(V})=w(V})=wlj).

Hence comes the proof of (4.8).
Now, we apply Proposition 3.5 to w|E— repeatedly along B; and B, then
1

we get collar neighborhoods Up, and VB% of B; and B} respectively such
that
IntUp, Ulnt Vs C i and  w (Up,) = w (VBi) .

By taking Up, and VB’ smaller if necessary, we may assume that they are
disjoint from one another. This finishes the proof of Claim II. |

By applying Claim II for each 7, we can choose disjoint collar neighbor-
hoods Up, and Vp; of By and B in Ej respectively such that

w(Ug,) = w (VBg)
Int Up, UInt Vi C B

w|g, (wlﬁ1 (UBI)) =Up, U (UiVBé) :

Here the last condition is possible because the multiplicity of B w(El) —

Z is constant (on an open dense subset of Ei\ X) from the construction of
E;.
Denote by Up, be the closure of Ug, in F;. If Up, U (UiVBé ) # En,

there exists 20 € Up, with dw(zg) # 0 such that Be(zp) N (UiVBg ) = @ for
some small € > 0. (Note that w(Up,) = w(VBé )-)
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Figure 14.

Then for any z € w™!(w(z0)) with z € (Up, U (UiVpi))\(Up, U (UiVp;))
there exists some § = §, > 0 such that Bj,(z) has intersection with only one
of the elements in {731,733 }. Therefore, we can analytically continue Up,

and Vp; across zp € Up, and each z € w™(w(z)) in UiVB% so that
(i) there exists some € > 0, Be(20) N (Uing ) =0.
(ii) Us,, Vp; are still mutually disjoint

(iii) w(Up,) = w(Vp;) for all ¢

(iv) w(w(Ug,)) = Up, U (UiVBi;).

By taking a maximal such extension of Up, and VBg , We may conclude that
there are mutually disjoint connected collar neighborhoods Up,, VB;‘ of By

and B} respectively such that

~

E, = (UBl U (UiVBé))

and
0 ) =0(V) =u(B)

for all i. Moreover, we have

oUp, = B; HCI 373;‘ = B} H Cs,
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where Cy,C} C Ei are some connected union of closed piecewise smooth
arcs contained in F; (See the following example). This finishes the proof of
Proposition 4.5.

Figure 15.

4.2. Step II: Reduction.
For the notational convenience, we denote
C3 = C1, By = B1,Vpg = Up,

and

5\(Xuso)=HA;'..

Note that since C} is a compact subset of A = Int D%, C3N (X USp) is finite
by the result in [M4], the above union is a finite union.

Lemma 4.8. Let i be fized. For each )\j-, there is /\}'cj which is different from
A;- such that

(4.11) w(A}) = w(Xj,)

-1
and (w ¥ ) ow
kj

IR /\j. — X;'c]- reverses the induced orientations.
5
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Proof. Note that A; is shared by VB;‘ and VB;" for some i’ # i. Let V* C

VB{,’ C E1\Vp; be a collar neighborhood of L. Since w(Vp;) = w(VBg) and

so w(C3) = w(CY), there exist some k; and a collar neighborhood U*i C Vi

of )\}'cj such that w(V?) = w(U*). By the local injectivity of w applied to

a regular point z; € /\;, it follows that from Corollary 2.7 that the map

(w A Ylow
7

IR /\§ — Afcj must reverse the induced orientation. Od
j

Note that )\}'cj may not be unique in general. We now fix £ and denote
by &; an arc A}, corresponding to A} as in Lemma 4.6. Due to (4.11) and to
the choice of d}, for a given collar neighborhood U; C V B of A}, there must

" exist a collar neighborhood V; C VB&" for some ' # i such that

(4.12) w(U) = w(V)).

By continuing w|y; across 6% into B}, we can find a (bi-collar) neighborhood
W} of §; so that o
W\ Vi C Vp;

and the images of w Ui and le;’\V;’ match smoothly along w(\é) = w(d}).

We call a sequence A%, - - /\fz a chain, provided that

(1) each consecutive pair ’\Z’ /\}'c +1 have a common boundary point zk,k =

1o =1
(2) {di,---,03} are as in Lemma 4.6 and and each consecutive pair 67, 8% +
share a common boundary point s, k=1,--- ,£—1

(3) the set {U%,--- U}, Vi, -, V}} can be chosen to be pairwise disjoint.

We denote by zxo (respectively zs) the other end point of A\ (respectively
81), by zxe (respectively zs,) the other end point of A (respectively 7).
Since there are only finite number of A%’s, there exists a maximal chain.

Lemma 4.9. If {\}, -, )} is a mazimal chain, then
(4.13) (u/\—;) U (U5—;> = Ct
and

(4.14) Tao = Ts0, Txhe = Top.
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Proof. First note that if (4.14) holds, then it follows from the connectedness
of C* that (4.13) must also hold. Suppose the contrary that at least one of
the identities in (4.14) does not hold, say

(4.15) Tae F Top-

It follows from (4.15) that there exists an arc X}, ; C C*\ Let )\é 41 be the arc
attached to z), and 5{ , be the corresponding arc chosen as in Lemma 4.6.
We will show that &}, can be attached to zs. If only two edges of {C}
meet at z5, we can choose collar neighborhoods Ue 115 V;z ' of /\f 1 (54 41 such
that

w(Uiy1) = w(Vi), IntUj C Vg and  IntV, C Vpy

for some i’ by a similar argument as in the proof of Proposition 3.5 (See
Lemma 3.5.2). When more than two edges meet at x5, we can still apply
Proposition 3.5 to the domain containing V}f_i_l and prove that there is an

arc 6@;1 attached to 6_}; such that

</\ U>‘§+1> (‘Sz ‘52,+1)

and collar neighborhoods U} 1 V;_;_l of /\2 1 5};’_,_1 such that

w(lUi,) =w(Vi,), IntUi; CVg and IntVF, C Vg

(See Figure 16.) Since w(C3) = w(C} ), there is an arc §i ; C C§ attached
to &} such that
w(8z41) = w(8p41)

and collar neighborhood Vei_l_1 of 6}; 41 such that
w(Vei-I-l) = w(Vzi+1)~

It is easy to check that Int Vj,; C B1\V ;. It follows that {Xi, -+, Xj, Ay}
and {6}, --,0p,8;,,} satisfy (1) and (2). We now show (3), which will
contradict to maximality of the chain {Xj,---,A;}. If (3) fails, i.e., Uy,

and V;'H cannot be chosen to be disjoint, we must have

i _ i
Aby1 = Gpp-

Because of the definition of 6; in Lemma 4.6, this implies that the image
of w must “fold” along this arc and so there must exist a critical point on
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this arc which contradicts that the arcs are free of critical points (See the
beginning of Step II: Reduction). This<finishes the proof. a

Figure 16.
We now define an equivalence relation ~ on V Bi' for x € U§-=1)\;- and

(/AS U§'=15;' by

(4.16) z~y iff ze€ )\;, Y€ 5;-, w(z) = w(y).

We may assume without loss of generality that BVBg is a piecewise smooth
simple closed circle. It follows from Lemma 4.9 that DB;’ = VB,:; / ~ has
a topological boundary Bj and its interior is topologically a disc. Recall
that for some neighborhoods W} of &} such that Wi\ V} C Vi), w(U?) and
w(W;\Int V) matches smoothly along w(A}) and that (w 5 )" low

BUN A —
5;- reverses the orientation. Therefore Int D Bi has a complex structure away
from at most finite possible singularities, which is induced from Int VBg;- We
extend the complex structure across the finite points and find a Riemann
map _
¢i: A —IntD Bj
which extends continuously up to the boundary.
We define a continuous map @* : Int Vg / ~ — M by

@([a]) = w(a)
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which is J-holomorphic with respect to the induced complex structure on
Int VB,j, / ~ away from the finite points, and which is continuous up to the
boundary whose boundary image is contained in R. Finally we define the
map w' : A — M by the composition

'wi =1;i0¢i.

This map is continuous up the boundary whose boundary image is con-
tained in the totally real submanifold R, and J-holomorphic away from at
most finite points. By the boundary regularity theorem and the removable
singularity theorem [O1, Y1], w® becomes J-holomorphic everywhere on A
and is smooth up to boundary. This finishes the proof of the following

Proposition 4.10. 'w|—(7 ) wlv . can be reduced to maps from (D2,8D?)
B Bi

toi(M, R) and in particular their images are the same as the images of J-
holomorphic discs with boundary in R.

So far we have shown that by further decomposing the innermost non-

simply connected component E; into

(4.17) Up, U (U732> ,

wlg, and wl  ’s can be reduced to maps from the unit disc according to
1 B}

2
the above equivalence relation (4.13). We note that
0Dp, = B; = the outer boundary of El.

We glue D2\E1 and Dp, along B and form the union (D2\El)UD31. This
union has a naturally induced complex structure and is again topologically
a disc. Hence it is biholomorphic to the standard disc. Since the above
arguments applied E~71 depends only on the fact that OE; consists of one
outer boundary and a finite number of inner boundaries such that each inner
boundary only contains simply connected Ey’s in its inside, we can repeat
the whole process to an innermost non-simply connected component, if any,
of the union (4.14). This finally finishes the proof of Theorem 4.4 by setting
E; to be the discs we have obtained in (4.16).

In the above, we have used the connected region D?\ Ei to glue with
Dp, to produce a topological disc.
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Now let us choose, if any, the connected regions in D? which are inside
of By and have their boundaries in B} (see Figure 10). Consider D* that
is the union of these regions and VB{;' This is a topologically disc with
boundary 8733 N E’l. Hence, if we quotient D* by the equivalence relation
(4.16), D'/ ~ becomes a sphere S2, which has a naturally induced complex
structure. Moreover w naturally induces a J-holomorphic map from the
union, u : $? — M. Since w(Up,) and w(T/_Bé )’s coincide as a set, the
unique continuation theorem implies that the image of w and u coincide,
ie.,

u(S?) = w(D?).

Hence, we get

Corollary 4.11. If one of Ej ’s is not simply connected, then we can reduce
w to a map u : S2 — M such that Imageu = Imagew. In particular, if
(M,J) (e.g., C*) does not admit a J-holomorphic sphere, all Ej becomes
simply connected. In particular, when (M,J) = C", all Ej are simply con-
nected.

5. Proof of Theorem III.

By Theorem 4.4, we now know that each connected component Ej in (A \
w‘l(bA)) U S} can be decomposed to U,E;:. We will abuse our notation to
denote by E; the discs we obtain in (4.16). In this section, we further study

the finer structure of the “net” w~1(bA) and the image of w : (D?,8D?) —
(M, R). _
Let d)j- A — E; be a Riemann map and denote

w§~=w|E}o¢§:A—>M

Since w| 7 1s continuous up to boundary and so the Riemann map qu. A —
J

E;, wj- is continuous up to boundary with w} (0D?) C R. By the boundary

regularity theorem, wj~ is smooth up to boundary and by the definition of

E;:, w§ allows a factorization like (1.3). We denote the corresponding simple
map by ﬁ; and the Blaschke product. by b;, ie.,

(5.1) wh = @ o bl

We first quote the following theorem proved in [O4], which describes
structure of the images of simple maps.
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Proposition 5.1 [Theorem II, O4]. Let @ : (D? 8D?) — (M,R) be a
simple J-holomorphic map. Then the following alternative holds:

(i) there is a point z € OD? such that

(5.2) @Y (W(2))NOD? = {z} and Dw(z)#0.

(ii) the multiplicity of k : bA\ X — Zy is two ezcept at a discrete set of
points where X is the set of critical values. Furthermore, the image
A=Image W becomes a smooth immersed branched Riemann surface.

In particular, If (M, J) does not carry any closed J-holomorphic Riemann
surface (e.g. like C"), then only the alternative (i) must hold.

Definition 5.2. We call a simple map satisfying (i) type I and one satisfy-
ing (ii) type II.

This is the main theorem we prove in this section.

Theorem 5.3. Let U;?=IE;. be the decomposition in Theorem 4.4, and w}, @}
and bg. defined as above, Then we have the alternative:

(i) all {6; ’s are of type I

(ii) all '&7;'- ’s are of type II: In this case, the images of all w;’s coincide as
a set. Furthermore, in this case, the multiplicity of Kk : A — Zy is
constant(on the open dense set of A\ X).

Proof. From Proposition 5.1, each 1'5;'- is either type I or type II. Suppose

that there is at least one 'LE; of type II. Then since ﬁ)'; is simple, we can
decompose

(5.3) A} \ X = (UpAk) U (Urd)

so that S’[Eﬂék)_l o Wjl|x, : Ak — O is orientation reversing, where A;'. =
(¢;)‘1(EJ’) and X is the set of critical points.
The domains E;' which also come from of the decomposition of Ej, satisfy

w(0E) = w(dEY).

It implies that A%’s can be decomposed as (5.3) and hence wi’s are of type
II.
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Assume that E}c is adjacent to E;. Let OAL = Ugty such that @}y,
is smooth. From the assumption that E! is adjacent to Ej, in particular
EY with the decomposition (5.3), there is some t;, such that wj(tm) =

~ig _ ~ip . ~ig - ~ig . . . .
W (Amr) = W;°(6my). Since (wj |5m,) o w?|y , is orientation reversing,
. it \=1  ~i it =1~ . .
3 0 (3 10
either (@ls,,) " o WPy, or (Wilsn) o @ ls,, must be orientation pre-
. . . ~it =1 ~i

() 10
serving. Without loss of any generality, we may assume (wkltm) o W Ix,.
is orientation preserving, i.e., there are collar neighborhoods U,/ of A, in

K;‘) and Vj, of t,, in A}, such that
TP (Upy) = W} (Vim).-
Applying Proposition 3.5 inductively along 8A;-° and DAL, we have
WP (DAR) = Wh(DAL).
So, we find an arc s, in OAL such that
~ =1

(wk|3m) ow; |55
is orientation preserving. This implies that

Ei(tm) = 1‘17;‘c(sm)-

Clearly, t,, is not equal to s,,. Since ﬂ)';.° (BA;") = ﬁ};(aA};), for each arc
component t; of BA}; \ X, there is an arc component s; # t; such that
Wt (tg) = Wi (se). So we can conclude that @i is also of type IL

By repeating this for each pair of adjacent domains, we have proven that
all G; must be of type II if there is one 1’17; of type II. The other statement

in (ii) can be proven by similar arguments and hence the proof of Theorem
5.3. a

6. The case of integrable J and real-analytic R.

In this section we restrict to the classical case in which the almost complex
structure J is integrable (at least near R) and the totally real submanifold
R is real-analytic, unless otherwise stated..

For the integrable J and real-analytic R, we can refine Theorem 5.3 (i)
as follows:
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Theorem 6.1. Suppose that J is integrable near R and R is real-analytic.
Then in the case of Theorem 5.8 (i), the union of the images of any two
consecutive G;,@'i such that j # k can be reduced to the image of a J-
holomorphic sphere.

We first state several immediate corollaries of Theorem 5.3 and 6.1.

Corollary 6.2. We assume the same for R and J as in Theorem 6.1. For
any J-holomorphic discw : (D?, 8D?) — (M, R), there always ezist a simple
disc W : (D?,0D?) — (M, R) such that the image W is the same as that of
w as a set (without counting multiplicity).

Proof. If w is already simple or the number of components in the decompo-
sition (4.3) is 1, then there is nothing to prove and so we assume that w is
not simple and the number of components is greater than 1. In this case, w
must belong to one of the two cases in Theorem 5.3.

In the case of (ii), the image of w coincide with the image of any {5;?. By

composing this with the Riemann map from A to E]’?, we are done.

_In the case of (i), we apply Theorem 6.1. Then for any two consecutive
@, We,5 # k, let E be a domain containing E?, Ef and some open arcs in
8Ef N 8E£ so that E is simply connected. Since w? (BEZ ) = wﬁ(aﬁﬁ), we
may consider w|z as a map w' : 82 — M which is J-holomorphic map. So,
there is a map @' : S2 — M which is injective away from a set of points
which is discrete in S2 \ {critical points} and has the same image with w/'.
Let A be a connected arc in S? such that @w'(\) C R. Now ¢ be a Riemann
map A — S2\\. Then @' o ¢ will be such a required map. O

Note that for the map w : (D2 8D?) — (C" R) with respect to an
almost complex structure J tamed with the standard symplectic structure,
the alternative (ii) was ruled out in Proposition 5.1. Furthermore from
Theorem 6.1, it also follows that there cannot be more than one connected
component in the above decomposition, provided J is integrable and R 1is
real-analytic. This immediately implies the following result which seems to
be new in the classical context of several complex variables.

Corollary 6.3. Consider C" with its standard complex structure Jy and
let R be a real-analytic totally real submanifold in C*. Then for any Jo-
holomorphic disc w : (D?,8D?) — (C™ R), A\ w™(bA) is connected and
simply connected (after adding a discrete set of points) and so allows the
factorization (1.3).
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Remark 6.4. It follows from the example in the appendix that the result
Theorem 6.1 fails to hold (and so Corollary 6.3, 6.5 and 6.7 below) for the
smooth cases. The main obstruction comes from the fact that one cannot
perform the reflection argument for non-integrable J or not real-analytic
R. This reflection principle is needed to prove Proposition 6.6 below. The
example in the appendix also shows that Proposition 6.6 does not hold for
the smooth cases.

Another interesting corollary of Theorem 6.1 is the structure of the “net”
in the case of (i).

Corollary 6.5. Assume that w : (D?,0D?) — (M, R) satisfies (i) in The-
orem 5.3. Then the “net” w™l(bA) allows a black-and-white coloring on A
such that the images of w; from Ej ’s with the same color are all the same as
a set. In particular, all the interior nodes have even number of edges coming
out.

Figure 17.
The remaining section will be spent to prove Theorem 6.1.
Let D,(0) be the semi-disk centered at 0 with boundary (—¢,€) in the
lower half plane of C. We will need to prove an analogue to Lemma 3.5.2
for the maps

wy : (De(0),0D((0)) — (M, R)
wy : (De(0),8D,(0)) — (M, R)

satisfying all the hypothesis on Proposition 3.5.
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Proposition 6.6. Let

wy - (D€1 (0)’81)61(0)) - (M’ R)

ws 1 (De; (0),0D¢,(0)) — (M, R)
be J-holomorphic maps satisfying (i) — (v) in Proposition 3.5. Suppose
that there ezist collar neighborhoods U; of (—€;,0) in D, (0) with OU; =
(—e€i,0) for i=1,2 and w;|ay; is an embedding, and that the diffeomorphism

-1 . .

(w1|(_€1’0)) 0 Wa|(—ey0) : (—€2,0) — (—€1,0) preserves the orientations

induced from the complez orientations on D, (0) and De,(0) respectively.
Then we can find collar neighborhoods V; of (—e€;, d;) such that §; > 0 and

w1 (V1) = wy(0V32).

In particular, by Corollary 2.7 (ii), the union wy(V1)Uwa(V2) forms a smooth
surface possibly with a branched point at 0.

Proof. Since we assume that J is integrable, R is real-analytic and

we(8D,,) C R, we can apply the classical reflection principle to ws to get

a map Wy : (Dg(0),8D,(0)) — (M,R). We can check that w; and Wy

satisfy the assumptions in Proposition 3.5. So, from Proposition 3.5, there

are &; € (0, ¢;) and collar neighborhoods W; of (—e;, d;) for ¢ = 1,2 such that
w1 (Wh) = wo(Wa).

Since wo(—€g, 62) = Wa(—¢€q, d2), This finishes the proof. a

From this proposition together with the argument used in the proof of
(4.8) or (4,10), we get the following.

Corollary 6.7. Let w;. : EJ‘ — M and 'w;?, : EJ’“, — M be two restriction of
w such that BEJ’ and 0EVJ'“, share at least one edge. Then
(1) Ty i} k 1k
In particular, the union B := w} (BE’J‘) = w;?, (GE]",) becomes a compact
closed branched Riemann surface.
(i) The multiplicity of B becomes one for the case of type I and two for
the case of type II.

Now, the proof of Theorem 6.1 can be achieved by applying Corollary
6.7 inductively with respect to an ordering of EJz by a connected chain of

E’; ’s. This finishes the proof of Theorem 6.1.
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Appendix 1 (by Jean-Pierre Rosay).

We show that the hypothesis of real analyticity of R is needed in Proposition
6.6 (and so in Theorem 6.1, and Corollaries 6.3, 6.5, and 6.7.) The results
do not generalize to the case when R is only smooth. It is not completely
clear whether the real analyticity of R is needed for Corollary 6.2.

By A we denote the open unit disk, bA is the unit circle and A = AUBA.
A (smooth) holomorphic disk in C2 is a smooth map from A into C2, whose
restriction to A is holomorphic.

Proposition A.1. There ezists a non-constant (smooth) holomorphic dick
in C2, and My a 2-dimensional totally real manifold in C? such that f(bA) C
My and f71(f(bA)) disconnects A.

Remark A.2. This cannot happen, by Corollary 6.3, if M5 is real analytic.

Construction of f and Ms.

1) Let D* and O be smooth by bounded, simply connected, regions in
{Sz > 0} (in C) such that

bDT MR = [=1,+1]
BT NR = [-1/2,+1/2]

Let h* be a conformal map from Dt to QF, normalized so that
ht[-1/2,1/2] = [-1/2,+1/2], (kT extending smoothly to D).

The main fact is that At = 0 on [~1/2,+1/2] and ShT > 0 on
([_17+1] - [_1/2a+1/2])
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2)

3)

4)
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Figure 18.

Define D—,Q~ by symmetry with respect to the real axis and f~ by
Schwartz reflection:

D~ ={z2€C,ze D"}

N ={ze€C,zeQ7}

h™:D™ - Q7, h™(2) = ht(Z).

Let D = DY U D~ U (=1/2,+1/2). By Schwartz reflection, there
exists h holomorphic on D such that k|D* = h*. For later use, set
also h(£1/2) = hT(£1/2) = h=(£1/2).

Construction of M.

Claim. There ezxists a smooth totally real manifold My in C? such
that (2,h*)(bD7) and (2,h~)(bD™) C Ms. (Where (z,h*) denotes
the maps z — (z,h*(2)).

The only difficulty is at the points z = +1/2, where (z,h"(z)) and
(z,h~(z)) “bifurcate”. Let M = {(z,h*(z)) +i(0,t), —1 <z <
+1, t € R}. This is a smooth totally real manifold. Taking ¢ = 0,
we see that it contains (z,h%)([-1,+1]). Taking ¢t = —2Sh(z), we
see that it contains (z,h~(2))([-1, +1]), since AT (z) — h~(z) is purely
imaginary, for —1 < z < +1.



Structure of the image of (pseudo)-holomorphic discs 7

Extending MY to a totally real manifold containing (z, hE)(bD?F) is
now “soft”. One can, for example, set, for € small enough: M, =
MJuMFuM;.

ME = {(z,h*(2)) +i(0,t), z€bD* - (-1,+1), —e<t<e}.

Note. The above construction shows that the real analyticity of R
is needed in Proposition 6.6.

5) End of construction.

Let G be a conformal map from A into D. For simplicity impose
G(0) = 0,G'(0) > 0. This yields G([0,1)) = [0,1/2), by symmetry.
Let F be the holomorphic map from A into C? defined by

F(2) = (G(z*), h(G(?)))-
Notice that F' extends continuously to bA by
F(2) = (G(z%), h*(G(2))),

+ depending whether SG(2?) > 0 or < 0 for z; € A, 2 close to z
(if G(2%) = £1/2, F(z) = (£1/2,h(+1/2)). Since z € bA implies that
G(2?) € bD, F(bA) C M,. But also

F([-1,+1]) = {(z, i(2)),0 <z < 1/2} C Ma.

Let A; = A —[0,1]. It follows from the above that F(bA;) =
F(A U [0,1]) C M. but since F is even F7'F([0,1]) D [-1,+1].
So F~1(F([0,1])) disconnects A;. Let 9 be a conformal map from A
onto Aj. Set f = F o). The pair (f, M) gives the desired example.

Note. Although the smoothness of f could be checked by following
the construction, it also follows immediately from the continuity of f
and the fact that f(bA) C My (M; totally real, and smooth).

Appendix 2.

Rosay’s example in Appendix 1 however still has constant multiplicity 2 and
allows the factorization. In this appendix, we provide an example that has
points of two different multiplicities and so does not allow the factorization.
We will follow the same notations as in Appendix 1.
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We consider the map
x: At = A, x(2)=2°
where At = {z € A | Sz > 0}, the upper semi-disc. Note that
x(bAT) = bA U [-1,1].

Let M, be the totally real submanifold and G be the map from A into D in
Appendix 1. Define the map F(z) : At — C2 by

F(2) = (G(x(2)), MG (x(2)))) -

Since x(bA*) = bAU[~1, 1], we have correct boundary condition F(bA*+) C
Mj. Then it follows that F has points of two different multiplicities (in fact,
1 and 2). Composing F with a conformal map ¢ : A — A™T, we have
obtained the seeked example g = F o ¢ : A — C2? with g(bA) C M,.

Appendix 3.

Since the decomposition in Theorem 4.4 uses cutting and pasting, it is not
apriori clear that the homology class is preserved under decomposition. In
this appendix, we prove that this is indeed the case.

Theorem A.3. The homology class is preserved under the decomposition
in Theorem 4.4. (Theorem II).

Let E be the (innermost) non-simply connected component used in 4.1
(Decomposition). Let Bj be the outer boundary and U{Bj be the inner
boundaries of E. Then U{Bi’s bound simply connected domains G; such
that 0G; = Bi. Asin 4.1 (decomposition), we decompose

E=U§E
and denote by w' : (D?,8D?) — (M, R) the reduction of w|z; defined as in

4.2 (Reduction).
By the way how we obtain the decomposition in Theorem 4.4, Theorem

A.3 will be an immediate consequence of

Proposition A.4. Let E and w' be as above. Then we have

e
[wle] = ]
0

mn HQ(M, R; Z)
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Proof. As in 4.1 (decomposition) and 4.2 (reduction), we decompose
oE' =By [] C*

where C¢ ¢ C¢ and BY = B; (See figure 15.)
Recall that in 4.2 (reduction), we have decomposed each C* into the
union of two connected piecewise smooth arcs

Ct=CiucCt

such that
w(C}) = w(Cj).

Furthermore we also have
w(C) = w(CF) for all 4, k.
More precisely, we have
O =UpX; Cj=Uid;

for a maximal chain {\{,---,A;} chosen 4.2 (Reduction). Since both C}
and C} are arcs (and so contractible to points) with the same images under
w and by the way how the maximal chain is defined, we can continuously
deform w into w : (E,dE) — (M, R) so that

w(UC*) = { one point}

and
[w] = [w] in Ho(M,R;Z).

Obviously we also have
[1IJ|E-,»] = [wIE-i] in Ho(M, R;Z).
Now it is immediate to check that
[b]g:] = [w'] in Hy(M,R;Z).

Hence the proof of Proposition A.4. O
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