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0. Introduction. 

Parmi toutes les surfaces bordees par une meme courbe de Jordan fermee, 
quelles sont celles qui minimisent I'aire? Que dire de leur regularite? 

Ce probleme porte le nom du physicien beige Joseph Antoine Ferdinand 
Plateau. En 1850, il observe experimentalement des solutions en immergeant 
des structures metalliques a Timage de ces courbes dans de Peau savonneuse. 

Ces deux questions vont tenir en eveil les mathematiciens durant plus 
d'un siecle. Riemann, Schwarz, Weierstrass, Lamarle et beaucoup d'autres 
au 19eme siecle obtiennent des resultats dans de nombreux cas particuliers. 

1930 et 1931, Tapproche moderne de Jesse Douglas et Tibor Rado par 
le calcul des variations permet une premiere reponse globale. 

Ils montrent Texistence d'un minimum pour I'aire dans I'ensemble des 
surfaces homeomorphes au disque et bordees par une meme courbe rectifi- 
able 7 de Rn. 

L'equation d'Euler associee a la variation de I'aire montre que toutes 
les solutions de ce probleme sont des surfaces minimales, c'est a dire des 
surfaces de courbure moyenne nulle. 

Les solutions de Douglas-Rado sont des surfaces minimales, mais dans de 
nombreux cas, pour certaines courbes, elles ne sont pas un minimum absolu 
pour I'aire. 
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II est facile par exemple de construire un contour comme dans la figure 
1, oil la surface de genre 1 (Voir Figure 1-a)) est d'aire plus petite que le 
disque (Voir Figure 1-b)) solution de Douglas-Rado. 

Get exemple suggere a J.Douglas une reformulation du probleme de Plateau. 
On cherche dorenavant a construire une surface minimale bordee par une 
courbe de Jordan donnee en prescrivant la topologie de la solution. 

II faudra attendre les annees 60 avec les travaux de Federer, Fleming et 
Almgren sur les courants pour bien comprendre Pexistence et la regularite 
des surfaces d'aire minimisante. 

Plus generalement, on s'interesse a Pensemble des surfaces minimales 
bordees par une meme courbe. Quelle est leur nombre, leur topologie? 
Quelles sont celles qui minimisent Taire?... 

Dans le cadre de cette recherche, R.Courant dans son livre [5] en 1950, 
propose un principe du pont dont il suggere une preuve. Les deux exemples 
qui suivent illustrent bien I'interet de cette construction. Le principe du 
pont, c'est la possibilite de connecter par un ruban P d'epaisseur £ > 0, deux 
surfaces minimales Si et 52, bordees par 71 et 72. Par petites deformations 
de SilJS^lJP on obtient une nouvelle surface minimale S£, bordee par 
une courbe j£ constituee de Punion de 71,72 et de deux courbes paralleles 
eloignees d'au plus une distance e > 0 (Voir Figure 2). De plus, on demande 
a S6 de converger vers Si (J S2 quand e —> 0. 

Fig 2 

Certains contours de R3 possedent au moins deux solutions de Douglas- 
Rado. Par exemple, pour deux cercles dans des plans paralleles, on peut 
ajuster la distance entre les plans pour que la catenoide moins un petit 
ruban soit d'aire egale a la surface des deux disques plus le ruban (Voir 
Figure 3). Ces deux surfaces ont la topologie du disque et sont toutes deux 



Bridge principle for constant and positive Gauss curvature surfaces   499 

minimales. 

GA Fig 3 
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On va construire, grace a ce principe, une courbe rectifiable qui va border 
un nombre infini de surfaces minimales. Elles auront toutes la topologie du 
disque. 

On considere le contour 71 de la figure 3 et un contour 72 geometrique- 
ment similaire mais de taille differente. Chacune de ces deux courbes est 
le bord d'au moins deux surfaces minimales dont la topologie est celle du 
disque. Par le principe du pont, on obtient un contour (Voir Figure 2)) qui 
borde au moins quatre surfaces minimales, qui de part et d'autre du pont 
ont soit 1'apparence de Gi, soit celle de G2. On reitere cette operation No 
fois. La courbe obtenue borde 2^° surfaces minimales. Par decroissance 
geometrique de la taille des contours et des ponts, on obtient a la limite une 
courbe rectifiable qui borde un nombre infini de surfaces minimales, toutes 
topologiquement des disques (Voir Figure 4). 
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Fig 4 

On doit a W.Fleming [7] I'exemple suivant sur la topologie d'une solution 
du probleme de Plateau. A partir de la courbe de la figure 1, et d'une 
application iteree du principe du pont comme ci-dessus, on obtient la courbe 
73 de la figure 5-a). 
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Cette courbe borde un disque minimisant en ne connectant que des sur- 
faces de genre 0, de type S2 comme dans la figure 5-b). En remplacant la 
premiere surface, par une surface de type 5i, on obtient une surface mini- 
male dont la topologie est celle du disque a qui on a rajoute une anse (Voir 
Figure 5-c)). Cette derniere surface est d'aire plus petite que la premiere. 
Dans la figure 5-d), on obtient une autre surface d'aire inferieure et de genre 
2. En reiterant cette operation, on a une suite minimisante de surfaces min- 
imales pour Taire et dont le genre augmente. Pour cette courbe rectifiable 
la solution du probleme de Plateau est de genre infini. 

Fig 5-a 

Fig 5-b 

Fig 5-c 
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Fig 5-d [13] 

Dans Pesprit de ces deux constructions, P.Levy [14] en 1948, construit 
des exemples et offre des arguments pour 1'existence du principe du pont. 
II faudra attendre 1982, pour que W.Meeks et S-T Yau [16] publient une 
demonstration d'un principe du pont pour les surfaces stables et orientables 
de R3 qui justifie la construction de P.Levy. En 1984, Lawson et Michel- 
son [15] publient un principe du pont faible pour les surfaces orientables 
et stables de M71 qui ne permet pas de justifier les exemples de non unicite 
evoques. En effet, leur construction necessite que le ruban ou le pont arrive 
tangentiellement aux surfaces considerees. Si G?i et G2 sont bordees par la 
meme courbe, le pont ne pourra pas etre tangent aux deux a la fois. Jusqu'a 
present, aucune de ces demonstrations ne convient pour un principe du pont 
dans le cas de surfaces instables. En 1987, N.Smale [20] public un principe du 
pont faible pour toutes surfaces minimales regulieres dans n'importe quelles 
dimensions et codimensions. Sa preuve reste valable dans le cas des surfaces 
instables de nullite 0 et pour les surfaces de courbure moyenne constante non 
nulle. Sa demonstration necessite egalement un ruban tangent aux surfaces. 

C'est B.White [23] et [?] qui etablit le theoreme du pont fort pour 
les surfaces minimales stables et instables qui justifie les constructions de 
P.Levy, mais aussi de J.Hass [9] et P.Hall [10]. II construit un pont en 
contraignant le bord du ruban a rester dans une sous- variete que Ton peut 
choisir transverse aux surfaces qu'il connecte. 

Une question non resolue aujourd'hui concerne Texistence d'une surface 
minimale de genre 1 bordee par deux courbes convexes contenues dans deux 
plans paralleles (Voir Figure 6-a)). W.Meeks conjecture qu'une telle surface 
n'existe pas. Grace au principe du pont fort, on peut montrer que de telles 
surfaces peuvent exister si les bords ne sont pas convexes. En prenant deux 
fois le meme morceau de catenoide stable, bordee par deux cercles dans des 
plans paralleles, on peut construire un pont en haut et un autre en bas (Voir 
Figure 6-b)). La surface minimale qui en resulte est bien de genre 1, mais 



502 Laurent Hauswirth 

elle est bordee en haut et en bas par des courbes non convexes en forme 
d'halteres (Voir Figure 6-c)). 

Fig 6-a 

^SX 

Fig 6-b 

^==/^or 
Fig 6-c 

Tous ces theoremes concernent les surfaces de courbure moyenne con- 
stante. Pour les surfaces de R3, il existe une autre fonction de courbure: 
la courbure Gaussienne ou courbure de Gauss. Alors que Tequation liee au 
probleme de trouver une surface de courbure moyenne H prescrite est de 
type quasi-lineaire, la recherche d'une surface a courbure de Gauss K > 0 
prescrite conduit a une equation fortement non lineaire, de type Monge- 
Ampere. 



Bridge principle for constant and positive Gauss curvature surfaces   503 

Le probleme de Dirichlet pour les graphes de courbure de Gauss con- 
stante et positive est resolu sur des domaines convexes par Cafarelli, Niren- 
berg et Spruck [4] en 1984. Ils utilisent la methode de continuite dont le point 
central est une estimee C2 difficile a obtenir. En 1992, Hoffman, Rosenberg 
et Spruck [11] etendent ce resultat pour les graphes au-dessus des anneaux 
plans. 

B.Guan et J.Spruck [2] montrent par la meme methode que deux courbes 
convexes dans des plans paralleles bordent une K-surface dont la topologie 
est celle de Tanneau. Ce resultat n'est toujours pas montre dans le cas des 
H-surfaces. 

Cependant, sauf pour quelques cas particuliers, on ne connait pas le 
nombre de K-surfaces que borde une courbe. H.Brezis, J.M Coron [3] et 
M.Struwe [21] ont montre que pour une courbe donnee I'existence d'une 
"petite" H-surface, impliquait I'existence d'une "grande" H-surface. 

H. Rosenberg conjecture que de nombreux theoremes valables dans le 
cadre des H-surfaces, restent vrai dans le cadre des K-surfaces (et vice-versa). 
Dans 1'esprit de ce principe, cette these montre qu'il existe un principe du 
pont faible pour les K-surfaces. Le ruban P devra etre tangent aux surfaces. 
On ne pent pas contraindre le bord du pont a rester dans une sous-variete 
transverse aux surfaces. Par exemple, si une telle construction etait possible, 
on connecterait deux calottes spheriques bordees par deux cercles situes 
dans un meme plan (Voir Figure 7). On obtiendrait alors une K-surface 
bordee par une courbe plane possedant des points d'inflexions, obstruction 
a I'existence de surface de courbure de Gauss positive. 

Fig 7 

La preuve de ce theoreme est similaire a celle de N.Smale [20], dans 
le cas des H-surfaces. On reformule le probleme en un theoreme de point 
fixe de Schauder en linearisant I'equation. Ce point de vue a ete introduit 
par R.Schoen et utilise avec succes par Kapouleas[K] pour construire de 
nouvelles surfaces de courbure moyenne constante non nulle. Par les memes 
methodes, M.Traizet [22] a construit des surfaces minimales completes et 
plongees en recollant des surfaces de Scherk simplement periodiques. II etait 
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done pertinent de s'interesser a cette methode dans le cadre des K-surfaces. 
Remerciements. Je remercie Harold Rosenberg pour son soutien et ses 
nombreux conseils tout au long de ce travail. 

1. Theorem. 

In 1987 N. Smale proved [20] a bridge principle for constant mean cur- 
vature hypersurfaces of Mn without Jacobi fields. In this paper we prove, 
the same principle for surfaces immersed in M3 with constant and positive 
Gauss curvature without Jacobi fields. More precisely, we prove the follow- 
ing result: 

Theorem 1.1. Let 81,82 be compact, immersed hypersurfaces o/R3
; with 

boundary, of constant Gauss curvature K{Si)i=i^2 = C > 0, in particular 
they are strictly locally convex. Assume that {Si)i—i^ are analytic up to their 
boundaries (with 0 < f3 < 1) and these surfaces do not have normal Jacobi 
fields which vanish on the boundary. 

Let qi and qi be points of dSi and 882 - 
Then we can find an embedded path 7, connecting the boundaries of 

81,82, intersecting Si U 82 only at its end points such that for any tubu- 
lar neighborhood T of 7, there exists a bridge inside T, connecting dSi and 
882 such that the resulting configuration spans M, a constant Gauss cur- 
vature surface with K(M) = C > 0, which is diffeomorphic to Si and 82 
joined by a thin strip. 

Moreover M is a small perturbation of Si and 82 joined by the strip. 

Without loss of generality, up a dilation, we may assume that the Gauss 
curvature K(Si)i=ii2 = 1. By a bridge, we mean two nearby curves and by 
a strip, a diffeomorphic copy of an interval x interval. 

To prove this theorem, we apply the same technique as N.Smale [20] for 
H-surfaces. We construct a family of approximate solutions M£ of class C4"5 

with a certain path 7, and a tubular neighborhood T of 7. The parameter 
e > 0 is the width of the strip S£. We attach this strip to (Si^i^.in a 
neighborhood of (qi) 1=1,2- We need the surfaces to be analytic up to their 
boundaries to make an analytic extension in a neighborhood of 91,52 (see 
section 2). This will be the only place where we need analytic surfaces. 

We look for a solution as a normal perturbation of M£ by linearizing the 
Gauss curvature and reformulating the equations as a fixed point problem. 
Since the linearized operator is strictly elliptic when M6 is strictly locally 
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convex and the quadratic term is slighty different, we contract Me very 
carefully. 

We construct M6 so that \K — l|c0(Me) = \K — l|c0(se) < c£2> in Par- 
ticular M£ is convex (see section 3) and E(u) is small enough (see section 
2). 

We choose a path 7, which is alternatively plane and on spheres with 
radius 1 (see section 3). 

For each 71, an embedded path as in theorem 1.1 and each tubular 
neighborhood Ti of 71, we can construct a strip in Ti, along an embedded 
path 70 C Ti, which is composed of planar and spherical arcs by jumping 
from one sphere to an other by planar curves. 

Notations. 

For ^ : S —> R3 a compact C^P hypersurface immersed in M3 with 
boundary C4'^, TS and NS denote the tangent and normal bundles of S, 
TqS and NqS the corresponding fibers at q G S. 

N will be the unit normal vector field in R3 of S, which orients the 
surface, N € C3^(S,R3) and if U € CS^(NS) is a section, there exists 
u e C3^(S, R) such that U = uN. 

A is the symmetric operator associated to the second fundamental form. 
Then there exists at each point q of S, an orthonormal basis (ei(q))i=i^ of 
TqS, eigenvectors associated to (^2)2=1,25 the eigenvalues of the operator. A 
surface strictly locally convex satisfies (^2)1=1,2 7^ 0 and ^1,^2 are of the 
same sign. 

We orient the surface such that (^2)2=1,2 > 0. 
K(q) is the Gauss curvature at q of S and K e C2'/5(5, R) with 

K = detA = K1K2 

Let u G C0'
a(5) be a C3'a real function on S, zero on the boundary dS with 

0 < a < (3. If \u\ci is sufficiently small then u induces a C3>a immersion 
*u = ^r + u]Sf : S —> R3 and ^u = * on dS. In the following we often 
identify S with ^(S) and we note Su = ^u(S) the small normal perturbation 
ofS. 

Let SQ > 0 be small enough so that for u G D = {u G C0
,a(S) : \u\ci < 

£o}> Su is a surface immersed. 
K(u) denote the Gauss curvature of Su, K(u) G C1'Q:(Sr), moreover 

K : D C Co'a(S) —* Cha(S) 
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is a C00 map of these Banach spaces. The Jacobi operator associated to the 
Gauss curvature of S is (see [19]) 

Lu = ^- (tu) lt=0 = div Ti Vu + 2KHu 

where H is mean curvature on S and Ti = trace(A)I — A. L is a uniformly 
elliptic operator, self adjoint, Fredholm of index 0 when S is strictly locally 
convex. A Jacobi field is a normal variation uN of 5, u = 0 on dS, which is 
a solution of the equation Lu = 0. 

2. Reformulation of the bridge theorem. 

We reformulate theorem 1.1 as an elliptic boundary value problem on 
the approximate solution Me. We construct M£(see section 3) so that 
^(s) : Me —► R3, the immersion, satisfies CQ

1
 < \D^(e)\ < CQ and 

|\I>(£)|C4,/3 < CQ for a constant Co > 0 large enough, independent of e > 0 
the width of the strip. 

Let £o > 0 be chosen (depending only on CQ) SO that \u\ci < SQ implies 
that *(£) + uN is an immersion and let D = {u G CQ'^M

6
) : \u\ci < SQ} 

with 0 < a < p. 
To prove theorem 1.1, we would like to find u G D C CQ'^M^) such 

that K{u) = 1 and show that u is small as e —> 0. 
Applying Taylor's theorem, we have for u G D: 

where 

K(u) = K + Lu + E{u) 

K = K(0) =  Gauss curvature of M£, 

Lu = ^(tu)\t=o = divTiVu + 2KHu, 
at 
f1 d2K E{u) = j^l-T)-^{Tu)dT. 

L is a uniformly elliptic operator since M£ is strictly locally convex for each 
s > 0 small with the coefficients of Ti depending on the coefficients of the 
second fundamental form (see section 1). In particular if support(u) C S*, 
i=l,2, then Lu = LSiu, where LSi is the Jacobi operator for Si. As we are 
assuming LSi has no kernel we will see that L has no kernel for e sufficiently 
small. 

In section 6 we prove: 
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Lemma 6.1.  There exists positive constants ei and do such that for all 
£ < £l 

dist(spec(L),0) > do > 0 

ei anddo depend only on MaxMe\2KH\ an(imini=i?2dist(spec(L's'i),0),spec(L) 
set of eigenvalues of L = {A G R|(L + X)u = 0 has a non zero solution u € 

C0
3'"(M*)}. 

We also note that L : C^a(M£) —► C1'a(Me) is a self adjoint uniformly 
elliptic (linear) operator. Then it is standard (see [18]), that spec(L) is a 
discrete set bounded from below and increasing to oo. 

Using lemma 6.1 we formulate the problem as a fixed point problem: 

K(u) = 1^K + Lu + E{u) = 1 

^ u = ~L-l(K - 1) - L"1^)) & u = J(u) 

where J(u) = -L"1^ - 1) - L"1^^))- 
By standard elliptic theory 

L-1 : C1'a(M£) —♦ C^a(M£) 

is a continuous map, for any 0 < a < /?, e < £i. (K — 1) G C1'Q:(M£) and 

E : D c C^a(M£) —> C1'a(M£) 

is a continuous map for any 0 < a < /?. Therefore: 

J : D C C^a(M£) —> C^a(M£) 

is a continuous map for any 0 < a < /?, s: < ^i. 
We recall the Schauder fixed point theorem (see [8]). If P is a convex, 

compact set of a banach space B and if J : P —► P is a continuous map, 
then J has a fixed point. 

We solve J(^) = u for some u G D by using the Schauder fixed point 
theorem. 

The appropriate sets to look at are as follows. For £<£i,0<a</3,0< 
a < 5, we define P(£, a, a): 

P(e,<7,a) = {* G C0
3'a(M£) : Mco < £2'75-a, 

ClearV P(e, a, a) is a convex, closed and bounded set in CQ
,a(M£).  Now 

for a' < a, P(s,cr, a) C Co'a (M£) and is in fact compact as the inclusion 



508 Laurent Hauswirth 

Co'Q(M£) —► Cl'a\M£) is compact (see [8]). It will follow from lemma 5.3 
that if u € P{e)(T)a) then \u\ci < c£1>75~a~0' for some constant depending 
only on CQ. SO P(e,(7,a) C D for e < £2 for £2 > 0 small enough (so J is 
defined on P(e, cr, a)). 

We reformulate theorem 1.1 as follows: 

Theorem 2.1.   XTiere erriste a   >  0;  a  >   0  anc? e  >  0  depending on 
Coido,Si, S2 such that for all e < s: 

J : P(e, a, a) —> P{£, a, a) 

is a continuous map. 

This implies theorem 1.1. Since P(e, a, a) is a compact subset in 

Cl^{Me) for any a7 < a and J : D C C^a,(M£) —-> C^ {Me) is continu- 
ous, it must have a fixed point u G P(e, a, a). 

Now for u G P(6:, cr, a), Ju = v + w where v and w are solutions of the 
linear equations: 

Lv = -(K-1) 
Lw = -E{u). 

Thus proving theorem 2.1 involves estimating v and w in terms of e in 
various norms (we must show that v + w G P(£, cr, a) if -u G P(6:, <J, a)). 

Since (ii!" — 1) does not depend on u, estimates of v gives bounds on 
P(e, cr, a) and smallness of \K —1| in norms L1, L2, C0'a assure that v will be 
small in norms C1'01, C0 and H2. Recall that \K —1| is a function depending 
on the construction of the approximate solution M£ (see section 3). 

We estimate the C0 norm of v by a Sobolev inequality (see section 4) and 
by standard elliptic theory (see corollary 6.1). We use a Schauder estimate 
(see lemma 5.2) and the previous C0 bound of v to obtain the C2'^ norm of 
v. 

There can be some explosion of the C2'a norm since the constant of the 
Schauder estimate behaves like £-2 (see section 5); this is a consequence of 
the width of the strip and the fact that the Schauder estimates are local. 

Interpolation inequalities (see lemma 5.1) give the C1^ norm. 
Then we can hope that E(u) will be smaller than \K — 1| in norm L1, L2 

and C0'a (see lemma 7.1) to obtain a better estimate for w (see the beginning 
of the section 7). 

In the case of H-surfaces N.Smale constructs a family of approximate 
solutions and a set P(e, cr, a) such that v G P(s, cr, a) and u G P(£, cr, a) 
implies that \u\co < s1'5-*7 , |*z|C2,o < e-o,5-a-o- and \u\ch(X < C£0>5-<*-^ 
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In his lemma 6, under the hypothesis \u\ < 1, \Vu\ < 1 he gets for a 
constant C > 0: 

\E(u)\ < C (rj\u\2 + \Vu\2 + TI\U\\VU\ + \u\\D2u\ + |Vw|2|I>2tx|)  (pointwise) 

where r/ is a regular function on M£, such that \rj\co < ce~l. But r] appears 
in the particular construction of the approximate solutions of N.Smale. Since 
terms |JD

2
^| which behaves like £~0-5 are coupled with \u\ and IV-ul2, \E(u)\ 

will be small enough (\E{u)\co < c£0^~3a) to obtain a good estimate for w. 
In the case of K-surfaces, under the hypothesis \u\ < 1, \Vu\ < 1 and 

\D2u\ < 1, we obtain in lemma 7.1: 

\E(u)\ < C (\u\2 + \Vu\2 + \D2u\2) (pointwise). 

We need Mc2,<* small enough to have a good estimate of \E(u)\co,ct(\u\C2,oc 
can't behave like £-0'5). 

\K — l\co < cs2 implies that |T;|^O < c£:2'75(see (3.13) and section 7- 
(VI)) and thus \v\C2,c < cs0'75-0" (see lemma 5.2)and \v\c3^ < c£-0-25-a 

(see lemma 5.4). 
If u E Pie, cr, a), interpolation inequalities (lemma 5.3) gives that \u\C2 < 

c£o.75-a an(j g^^ ^n ^e smaj]_ enough (see section 7). 

To obtain C0 bounds of v, w we use L1 and L2 norms of (K—1) and E(u). 
Since |JE?(U)|X,I < c|it|^2 and \E(u)\L2 < c\u\C2\u\H2 , we define P(e,(j, a) 
with a H2 bound. We use that E{u) € C1'a(M£) to get a bound of \w\H2. 
For these reasons we apply the Schauder fixed point theorem in C^ and 
we construct and attach the strip carefully in the section 3. 

In section 4,5,6 we prove some technical lemmas which allow us to esti- 
mate solutions of Lu = F, F € C1'a(M£) as well as the eigenvalue bounds. 
Next, we use these lemmas to estimate v and w in section 7. 

3. Construction of approximate solutions. 

Let qi and q2 be points of dSi and 882. We extend (5^)4=1^ to (S;)i=i52 
an open neighborhood of (qi)i=i,2 with K = 1 > 0 by analyticity of the 
constant Gauss curvature surfaces. 

Let 61,62 be unit tangent vectors of S^S^ at qi and q2, orthogonal to 
asi, 682. 

Let Pi = (NqiJei) and P2 = (AT^,62) be planes of E3, and let Bi,B2 be 
spheres of radius 1 with their centers respectively at Pi and P2, such that 
(£1)2=1,2 H (Si U S2) = 0. (£t)i=i>2 are K-surfaces with K = 1. 

Let j(t) be a smooth embedded path parametrized by arclength on [0, IQ] 

such that: 
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1. 7 : I = [0, IQ] —> R3 with 7(0) = 91,7(^0) = 92 and 7 n {S1 U ^2) = 
{91)92} for«€ [0,fo]. 

2. 7,(0) = ei,7/(/o) = e2. 

3- 0 < |Y'(i)|. 

4. There exists ti,t-2,t3,t4 some values in [0, IQ] and ro > 0,ri > 0 small 
enough, such that 

• Vte[0,2ro],7(*)cPin5i 

. V*€[2ro,ti],7(«)cPi 

• Vte[ti-ri,*2 + ri],7(t)cBi 
• Vi € [i2)*3]>7(*) is a planar curve. 

• V* e [ta - n,u + n], 7(*) c B2 
• Vte[h,lo-2r0],1(t)cP2 

• Vi € [lo - 2ro, Zo], 7(*) C P2 n S'2. 

We note: 

6(t) = y^) A n(t) 

7"(t) = k(t)n(t) 

with fc(t) 7^ 0 by 3). When the curve is plane, we have n'(t) = -k{t)^'{t) 
and b(t) a constant vector. 

Let T be any tubular neighborhood of 7. We construct a strip as a C4"5 

foliation of curves along 7 in T. 
Let Pt = iV7(t)7(t) the normal 2-dimensional space to ^(t) at 7(4), with 

the orthonormal frame (7(*),n(t),6(t)). Then for each t, we construct a 
piece of curve Ct passing through j(t) in Pt parametrized by arclength on 
[—7*2^2] with Ct(0) = 0 where r2 > 0 is small enough such that Ct C T. 

Then, let x, y be functions C4^ on [0, IQ] X [—r2, r2] such that for t fixed 
and s G [-r2, r2], Ct(s) = x(t, s)n(t) + y(t, s)b(t). 

We consider the C4^ surface Sr2 parametrized by: 

Fr2:[0,Zo]x[-r2,r2]^R3 

(t, 5) —> 7(t) + x(t, s)n(t) + y(t, s)b(t) 
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with ^2(^,0) = 7(t). Let N(t) be the normal vector to 5r2 on j(t). Then 

Ft(t,0)AFa(t,0) 
ini)     \Ft(t,0)AFs(t,0)\- 

Let K(t,s) be the Gauss curvature of Sr2 at Fr2(t, s) and K E C2^(Sr2yR). 
We will need an estimate of \K — l|c0(sr ) m terms of r2. 

Since 

rs d2K 
(3.1) K(t, s) = K{t, 0) + sKs(t, 0) + /   {s - h)-^(t, hs)dh] 

if K(t, 0) = 1 and Ks(t, 0) = 0 we have 

d2K 
|^-l|co< ds2 "2- 

C0 

In the following lemma we study, conditions on x, y to have K(t, 0) = 1 and 
Ks(t, 0) = 0. For r2 > 0 small enough, Sr2 will be strictly locally convex 
(K > 0). Then we construct a bridge in T which satisfy these conditions. 

Lemma 3.1. Let S be a compact surface in R3, C4'^ up to the boundary, 
strictly locally convex and let 7 be a planar embedded curve of S parametrized 
by arclength of class C4^ 

7(i):[0,ro]^M3 

Assume also that the unit normal vector to S at ^(i) is 

N(t) = cosa(t)n(t) + sina(t)6(t) 

where a(t) is a C3'^ function 

a(t):[0,ro]—+M 

with0<a(t) < f. 
We can locally parametrize the surface S for ro > 0 small enough by 

G:[0,ro]x [-7*0, ro] —> R3 

(t, s) —> 7(t) + X(t, s)n(t) + Y(t,s)b(t). 

Where X,Y are C4'^ functions on [0,ro] x [—ro,ro] such that the curve 
Ct(s) = X(t, s)n(t) +Y(t, s)b(t) is parametrized by arclength with Ct(0) = 0. 

Let K{t,s) be the Gauss curvature of S at G(t,s). 
In the following we note f for f(t), a function which depends only on t, 

and its derivative f\ 
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k cos ex. 
1. If S is a K-surface with K — 1, then with R — ;—^ we have: 

1 + (a')2 

(a) X(t,0) = Y(t,0) = 0 

(b) Xt(t,0) = Yt(t,0) = 0 

(c) 

(e) 

(f) 

(i) 

X3(t,0) = sin a 

Ys(t,0) = —cos a 

(d) Xtt(t,o) = y«(t,o) = o 

Xss(t,0) = — cos a 

YssfaO) = — sin a 

Xst(t,0) = a'cos a 

Yst(t,0) = a/sin a 

(g) xttt(t,o) = Yttt(tJo) = o 

Xtts(t"> 0) = OL" cos a — (a/)2 sin a 

Ytts(ti 0) = a" sin a + (a7)2 cos a 

Xsstytj 0) = —52 cos a - — sm a 

is5t(*, 0) = -—2 sm a + — cos a 

^sss(^O) = —smacosa- — —^ 4sina 

/.\ ^r    ,   ^N 1 3fc   .  o a" sin a 
0) IWt, 0  - —2 + — sm2 a - —  

RA cos OL      R kR cos a 
2a/i?/sina     4 sin2 a 

fci?2 cos a        cos a 
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2. Reciprocally if S is a surface with Gauss curvature K not necessarily 
constant and if X, Y verify a)-]), with N as above then K(t, 0) = 1 and 
Ks(t,0) = 0 forte [0,r0]. 

Proof 1) 

• Ct(0) = 0 =» a) and a) implies b), d), g). 

• Ct(s) parametrized by arclength implies X^ + Vj2 = 1 and 

Gs(t,0) = Xsn + ys& 

orthogonal to N(t) implies c). 

• c) =» /) =* h). 

• e) =>z). 

Then we have to prove e) and j). 
Since 

X-i + Y? = l X2 ' ^ 

we have on S 

XSXSS + YSYSS = 0 and X2
SS + Y^ + XSXSSS + YSYSSS = 0, 

which implies by c) for each point (t,0): 

(3.2) Xss sin a — Yss cos a = 0 

and by a), b), c), d), f) and e) for each point (t,0): 

(3.3) —2 + Xsss sin a - Ysss cos a = 0. 

We write K(t,s) in terms of X,YpxpY,D2X, D2Y and by a), b), c), d), f) 
we have: 

(3.4) K(t, 0) = k cos a(Xss cos a + Yss sin a) - (a')2 = 1 

which gives e) with (3.2). Now by e) we have (3.3). 
Since S is a K-surface, we have K3(t, s) = 0. As above we write Ks(t, 0) 

in terms of X,Y,DX,DY, D2X, D2Y, D3X, D^Y, and by a)-i) we have: 

a"     2k2 k 
(3.5) Ks(t, 0) = — — cos a sin a - —^ sin a + 

k cos a(Xsss cos a + Ysss sin a — — sin a) H ^—h 4fc sin a = 0 
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which gives us j) with (3.3). 

• proof of e). 

By direct computation with 7" = kn, n' — —Jcy' (k > 0 since S is strictly 
locally convex) and b' = 0 (since 7 is a planar curve ): 

= (1 - kXW + Xtn + Ytb 

= Xsn + Ysb 

= (XtYs - YtXsW - Ys(l - kX)n + Xs(l - kX)b 

= -(ktX + 2kXt)f' + (fc(l - kX) + Xu)n + Yttb 

= Xssn + Yssb 

= -kXsi' + Xstn + Ystb 

= {Gt,Gt) = {l-kX? + X? + Y? 

= (GS,GS)=X2
S+Y? 

— (Gu Gs) — XtXs + YtYs 

Gt(t,s) 

G,(t,s) 

GtAGs(t,s) 

Gait, s) 
(3.6) G.s(t,s) 

Gst(t, s) 

gn(t,s) 

922 (t,s) 

9i2(t,s) 

and 

(3.7) K(t,s) = eg-f 
(911922 - 512) 

2 \2 

(see [DoC]) since \Gt A Gs\ = ^911922 - #12 with 

e(t, s) = (Gt A Ga, Gtt) = -(k'X + 2kXt)(XtYs - YtXs) 

- ys(l - kX)(k(l - kX) + Xtt) + XsYtt{\ - kX) 

g(t,s) = (GtAGs,Gss) 

(3.8) = XSYSS(1 - kX) - YSXSS{\ - kX) 

f(t, s) = {Gt A Gs, Gst) = -kXs(XtYs - YtXa) 

- YsXst(l - kX) + XsYst(l - kX) 

Then by a), b) c),d), f), we have: 

<mM) = i 
5i22(*,0) = l 

512(*,0)=0 

e(t, 0) = fccosa 

^(t, 0) = Xss cos a + y^s sin a 

f(t,0) = a' 
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Thus (3.4): 

K(t, 0) = k cos a(Xss cos a + Yss sin a) — (o/)2. 

Then with (3.2) we have the following system: 

{Xss sin a — Yss cos a = 0 

k cos Oi{Xss cos a + Yss sin a) — (a')2 = 1 

Thus: 
v   - r   siria 

cos a 

A ss = — cos a 
Kcosa 

which gives us e). 

• proof of j). 

By derivation in s of (3.6) we have: 

9\u{t, s) = -2kXs(l - kX) + 2XtsXt + 2YtsYt 
922s(t,s) =0 

5i2S (t, s) = XtsXs + XtXss + YtsYs + YtYss 

and by a)-f): 

fflls(*)0) = —2A;sino; 

522s(i,0) = 0 

g12s(t,0) = 0 

By derivation in s of (3.8) we have: 

es(t, s) = -(k'X + 2kXt)s(XtYs - YtXs) - (k'X + 2kXt)(XtYs - YtXs)t 

-Yss(l-kX)(k{l-kX) + Xtt) 

+ kYsXs(k(l - kX) + Xtt) - Ys{\ - kX)(-k2Xs + Xus) 

+ XssYtt{l - kX) + XsYtts(l - kX) - kX*Ytt 

gs(t, s) = (1 - kX)(XsYsss - YSXSSS) + kXs(YsXss - XSYSS) 
fs(t, s) = -kXss(XtYs - YtXa) - kXs(XtYss - YtXss) 

+ (1 — kX)(XssYst + XsYsts — YssXst — YsXsts) 
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and by a)-f): 

es{ti 0) = 2fc XsYs — kYss — YsXtts + XsYtts 

= a,f — 2k2 cos a sin a — — sin a 
H 

k 
gs(t, 0) = Xsss cos a + Ysss sin a - — sin a 

JrC 

Rf 

fsfa 0) = (XssYst + XsYsts — YssXst — YsXsts) = — -^2 

By derivation in s of (3.7) we have: 

Ks(t, 0) = (esg + egs - 2ffs) - 2{gllg22 - gh)s(eg - f2). 

Then: 

a"     2k2 k 
Ks(t, 0) = —■ — cos a sin a — -^ sin a. 

R       R R 

+ k cos a I Xsss cos a + Ygss sin a — — sin a 

2a'R'     A1   . 
H 52" +4fcsina. 

Thus with (3.3) we get the following system: 

3fc 
Xsss cos a + yscS sin a   = — 

a 
+ — sin a + 

sma 
kRcosa  '   i? ^"^ '  jR2cosa 

2Q:/i2/ 4sinQ; 

—2 + Xsss sin a - ysss cos a = 0 
fcjR2 cos a      cos a 

and 
Y     —  s ~~ R? 

1 sin a 
cos a cos a 

3A:   . a"      2a'R'     A  . 
Xsss = -smacosa- — - ^^ -4sma 

gives j). 

2) Reciprocally, K(t,0) and Ks(t, 0) depending only of a)-j),k, k', the calculus 
of (3.4), (3.5) above is true. ■ 

Now we construct the bridge Sr2 by piecewise. 
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1) For t e h = [0, ti] U [i2, £3] u [U, Jo]* 7 is a planar curve. For s e [—ro, ro] 
we define Ct{s) = x(t, s)n + y(t, s)6 with i? = fc by: 

x(tjs) = i? fl - cos —j 

j/(t,s) = -jRsin(-^J . 

We consider the embedding: 

Fi:Jix[-r2,r2]—►R3 

(t, 5) —► 7 + x(t, s)n + y(t, 3)6 

Since 7 is a smooth curve, Fi is a C4^ embedding of h x [—r2, ^2] for r2 > 0 
small enough, and l-Fil^/s < Co, I^Di^il > CQ

1
 for Co > 0 large enough 

independent of r2. Moreover Fi verifies lemma 3.1-2). 
We have: 

(a) x(t>0)=2/(*,0)=0 

and a) implies 6), d), g) of lemma 3.1. 

s s 
xs(t, s) = sin — and y5(t, s) = - cos — 

implies 
a;a(t, 0) = 0 and ys(£, 0) = -1. 

Then 
Ft(t,0)=j' &ndFs(t,0) = -b 

which implies N(t) = n. 
Then x, y verify a)-j) of lemma 3.1 with a = af — a" = 0 and R — k for 

t G ii*. we have a), b), c), d), g) and c) => f) => h). 

Xss{t, s) = — cos — and yss(t, s) = — sin — 

implies 

(e) xas(t, 0) = — and yS8(t, 0) = 0 

e) implies i). 

/ 1    •    s       i        /     \        1 s 

Xsss{t, s) = -■=■ sm — and ysss(t, 5) = -^ cos — 
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implies 

(j) Xsssfa s) = 0 and ysss(t, s) = —^. 

Then for t G Ji, we have K(t, 0) = 1 and ifa(t, 0) = 0 by lemma 3.1. 

2) For t e [h— ro, £2 + ro] U [ts — ro, ^4 + ro], 7(t) is a curve of the K-surface 
Bi U ^2, with if = 1. Then we take Ct parametrized as above of length 2r2 
such that Ct C Pt n (£1 U £2) and Ci(0) = 0. Then 

F2:l2X [-r2,r2]—> M3 

(*, 5) —> 7 + x(t, 5)n + y(t, 5)6 

is a C4'^ embedded for r2 > 0 small enough and 

F2(l2 x [-r2,r2]) CB1UB2- 

Then 
#(*,*) = 1 fort€/2. 

Let 
^   = fFiif(t,3)G/ix[-r2,r2] 

r2      \F2if (t,5)e/2x[-r2,r2] 

Since for t 6 h n h, 7 is a piece of great circle of the spheres Bi or B2 
(Their centers are in the plan Pi, P2), then Pi = P2 for t G /1 fl h and Pr2 

is a C4"5 embedding of [0, fo] x [-"^2j^2]- 
Clearly [Prslc4^ < ^o and |jDPr2| > C^1 for Co > 0 large enough. 

Now we smooth out the embedding in small neighborhood of qi and #2, 
so that the strip is smoothly attached to Si U 1S2. 

Let F£ be the restriction of Pr2 = P: 

F£ = P|[2ro,Zo-2ro]x[-^]  with 0 < ro < 1 small enough. 

We claim that we can extend F£ to [-£,£] x [0,Zo] so that it's image is a 
C4'^ extension of Si U S2 and 

\F£\C^ < Co,        \DF£\ > Co"1 

for Co > 0 large enough independent of e. 

3) For t £ I3 = [0, ro], 7 is a planar curve of S^. Let N(t) = cos cm+sin ab be 
the normal vector on Si at 7(4) defined on [0,2ro]. Then a(t) : [0,27-0] —> M 
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is an analytic map, since a K-surface is analytic in its' interior. Moreover 
a(0) = 0 implies 0 < a < 7r/4 for TQ > 0 small enough. 

We can locally parametrize Si around 7 by: 

G: [0,2ro] x [-e,e] —> M3 

(t.s) —* 7 + X(t, s)n + Y(t, s)b 

where X,Y satisfy Lemma 3.1-1). 
Let x, y be functions defined on [0,2ro] x [-£, e] by: 

x(t,s) = R (cos a - cos (a + ^)) + y f Xsss(t,0) + -^ sina 

y(£, s) = i2 (sina - sin (a + -^)) + y \Ya88(t,G) - ^ cosa 

with B = f™"   and Xsss(t, 0), ysss(t, 0) defined in j) of Lemma 3.1. 
1 + {OL'Y 

We claim that x, y verifies a)-j) of lemma 3.1: 
Since 

(a) rr(t,0)=y(tJ0) = 0 

we have b), d), g). 

xs(t, s) = sin (a + ^) + y (x88a(t, 0) + -^ sinaj 

j/s(t, 0) = - cos (a + ^) + y f ySas(t, 0) - ^ cos « 

implies 

(c) x5(t, 0) = sin a and y3(t, 0) = - cos a 

and we have f),h). 

xss(t, s) = ^ cos (a + ^) + 5 ^Xsss(t, 0) + -^ sin a 

yM(t, s) = i sin (a + -|) + 5 ^ysss(t, 0) - -^ cos a 

implies 

(e) x3a(t, 0) = - cos a and yM(t, 0) = - sin a 
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and we have i). 

Xsss(t, s) = --52 sin (a + — J + Xsss(t, 0) + -^ sin a 

Vsssit, s) = -jg cos (a + — J + ysss(t, 0) - -jg cos a 

implies 

(e) xsss (t, 0) = Zsss (t, 0) and ysss («, 0) = Ysss (t, 0) 

Thus 
a:(i,0)   =X(t,0) y(t,0)   =Y(t,0) 

Dx(t,0)   =DX(t,0) Dy(t,0)   = DY(t,0) 
D2x(t,0)   =D2X(t,0) D2y(t,0)   = D2Y(t,0) 
D3x(t,0)   =D3X(t,0) D3y(t,0)   = DzY(t,0) 

Let <f>i be a cutoff function on R such that: 

<f>i : R —► R and 0 < fafr) < 1 

2 
3ro 

^i(*) = lfort<^ 

0i(t) = 0 for t > 

and max|Dfc^i| < ci, |Dfc<^i|(Q) < ci for k=l,2,3,4 and 0 < a < 1, for some 
constant ci independent of s. 

Let F3 be the embedding of [0, ro] x [—e, s] defined by: 

F3:[0,ro]x[-£,e]—►R3 

(t, s) —» 7 + (^X + (1 - ^i)x)n + (faY + (1 - ^i)y)6. 

Then using a Taylor expansion for x,y,X,Y in s, it's easy to see that F3 
verify the lemma 3.1 and: 

\DF3\ > Co"1 

I-F3lew ^ Co- 

4) For teh = [ro, 2ro], 7 € Pi = (iV(0), ei) n S^ 
Let </>2 be a cutoff function on R such that: 

^2 : R —► R and 0 < ^(t) < 1 

<h(t) = 1 for t < ^ 

^2(t) = 0 for t > —- 
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and max.\Dk<h\ < cs, |-Dfe^2|(a) < c3 for k=l,2,3,4 and 0 < a < 1, for some 
constant C3 independent of s. 

Let F4 be the embedding of [ro, 2ro] x [-e, e] defined by: 

F4 :[ro,2ro]x [-s,e] —^ M3 

(i, s) —► 7 + xn + yb 

with 

x(t, s) = R (cos/3 - cos (p + ^)) + y (/i(*) + ^2 sin^ 

y(t, s) = R (sin/3 - sin (/? + ^)) + i- (/2(i) " ^2 cos^ 

where 

/3 = </>2a 

fc cos /? 
XL  = 

l + (/3')2 

1 3*;  . 2        ^sin/3      2/3% sin/3     4sin2/3 
^2^ _ i?2cos/5 + B" 

sin 0 " *;# Cos /3      kR2 cos /3        cos /3 

Since a and cfc are C00, then /3 is C00 and F4 is a C4'^ embedding of 
[ro, 2ro] x [-£, s] for e > 0 small enough. Moreover it's clear that x, y verify 
a)-j) of lemma 3.1 with N(t) = cos fin + sin/36. 

We define the C4'13 extension of Fe near qi by: 

** = 

Vi if (t, s) € ([2ro, ti] U [t2, £3] U [£4, 'o - 2ro]) x [-e, e] 

F2 if (t, 5) € ([£1, £2] U [£3, £4]) x [-£, e] 
Fsif (£,s)G[0,ro]x [-e,s] 

F4if (£,s)€[ro,2ro]x[-e,e] 

Similarly, extending i^ near 52, we get a C4'13 embedding 

tf£:[0,Zo]x [-£,£]—>R 

with ^(£,0) = 1 and ^(£,0) = 0, with the C4-^ bound 

(3.9) \D^e\ > CQ
1
 and |*e|C4^ < CQ. 
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Now to construct a C4'^ approximate solution Me we need to move the 
boundary of the strip towards 7 in a sufficiently nice way: 

Let f be a function on [0,00[ whose graph is smooth such that: 

! 

m = 1 
m=l-iort>\ 

fit) < 0 for 0 < s < 

and the graph of / is smoothly tangent to the y-axis. 
Let 

(3.10) m = { 
e   K£ 

ef 
lo-t 

te 

te 

te 

Mi 
■e e- 

4'Zo-4. 

Now we get a family of thin strips S£ defined by 

S£ = {(M) 6 [0,/o] x [-e,e]/\s\ < f£(t)} 

and M£ = 3x1)321) S£. Thus M£ is a C4^ surface up to the boundary dM£, 
that is Si connected to 52 by a strip of width s that contains 7, and is itself 
contained in T. We will often identify S£ with ^(5^). M£ is embedded if 
Si and 52 are embedded. 

Since ^ parametrize the strip, we can find a finite collection of 
parametrizations of M£, ({^'j^j))j=i...J with \I>i = ^fii = S£ and 

> M£ , i = 1...J covering Si U 52. 
Of course CQ~ < jD^ij < CQ SO lengths and volumes are equivalent in 

ill and ^(fti). If gij is the metric tensor induced by ^1 and (g^) = (gij)"1 

then we have 

22 (\9ij\c3>P(Se) + \9%3\c*>0(Se)J ^ C0 

A"1/ < (gij) < M 

A-1/ < (gi:>) < XI 

*i : Vj 

I — identity matrix 

For CQ > 0 and A > 0 some constant independent of e. M£ is an approximate 
solution in the sense that the Gauss curvature of M£ is near 1 in the norm 
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C1^. K = 1 on Si U S2 and on Se we have by construction and (3.1): 

d2K, 

Since d2K 

fs dzK 
K{t, s) = l+       (s- h)-TY(t, hs)dh 

depends on a bound of ^£ in the norm C4 we have: 
C0(5£) 

2 

e 

(3.11) \K-l\c*{M£)<cie 

Then 

(3.12) /    \K-l\v= [  \K-l\P<c1e
2PVol{S6)<C2e2P. 

Thus 

,3^ |K-l|I/l(Me)<C3S3 

l^-lb(Me)<C3S2'5 

Moreover since if (t, 0) = 1 we have in the same way: 

(3.14) \K - l|ci.«(Me) ^ c^1""" and \K - l|ci(M*) < c^ 

for some constants 01,02,03,04,05 independent of e. 

4. Technical lemma. 

As in [20], we prove a technical lemma to obtain a C0 estimate. We use 
the same technique and obtain a \U\LV terms to the right hand side since the 
mean curvature is only bounded. 

Lemma 4.1. Let T be any positive constant.   Then for u G C2(M£) with 
u\dMe identically zero and \u\11 < T we have 

Hco < Cp {\ div(riVu)|LP + IIXILP}
1
^ 

for any p > 1; where Cp depends only on F, Volume(Me) and p7 and where 
ep > 0 with ep —> 0 as p —> 1. 

Proof. We prove this using a Sobolev inequality and a standard iteration 
procedure. In the proof 01,02... will be constants independent of e. By a 
result of Allard and Michael-Simon (see [1], [17]) we know that 

(/M2)a<ci|(|Vt;| + |ff||f;|) 
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for v e CQ(M
£
), where H is the mean curvature, Vv is the gradient of v 

and ci depends only on n. Applying this to v = us with u e C£(M£) and 
s = q/(2 - q) for 1 < q < 2, one easily derives the Lq Sobolev inequality 

(4.1) (I InvfV-^ ^^ <c2^J \Vnv\^ ^ + (J \nv\^ ^ 

since \H\ is bounded on Me compact. 
Moreover for u € C2{Me) we have: 

(4.2) -div(TiV|^|) < |div(riVw)| 

to prove (4.2), let xi, x^ be a system of local orthonormal coordinates. Then 

divffiVM^div^J^) 

= — (T ■■—\ — + T ——— 
dxj \   l3dxi) \u\ ^ dxidxj\u\ 

du du  u2  _ u 
13 dxi dxj \u\3 |^| 

So we have (4.2). 
Now let k € M, k > 2 and integrate by parts to get: 

J M*-1 divCTiV|«|) = -(k - 1) J \u\k-2 (V|«|) (TiV|n|) 

<-C3(fc-l)   f \u\k-2\V\u\\2 

since Ti is positive definite. And so by (4.2): 

(4.3) c3(k -i) J Mfc-2|VM|2 < J \u\k-l\ div(riv«)| 

(Integration by parts is justified as the integral on the right is finite). Now 

/iviun2=^yi«i*-2ivHi2 

combining this with (4.3) we get 

(4.4) j |V|«|fc/2|2 < |c4fc f \u\k-l\ div^Vu)!!. 
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For 1 < q < 2, we apply Holder's inequality to get 

||VHfc/2r<c5(y|VHfc/2|2 9/2 

Now apply (4.4) to the right hand sides and (4.1) to the left hand side of 
the above inequality and we get with t — q/(2 — q): 

(4.5) 

1/9     / r NVA2 

J\u\kty<ceUjMu\^   9+(J\u\Wy) 

<c7((/|VMfc/2|2)1/2
+(/Hfc)1/2y 

< c9 (k j \u\k-l\ div (TiVu) | + J H^HV 

Let 8 > 0 be small, and apply Holder's inequality twice to the right hand 
side of (4.5): 

(J Mfct)    <cJkJ \u\k-l\ div(riV«)| + J H^ltxl) 

< cio [J Itip-^'J (k\ div^Vu)]^ + \u\Ltt) 

< en (j \u\ktl-SJ (fc| divmVu)^., + ML«e) 

where ^ is the conjugate exponent tl~~s/{tl~6 — 1) of t1'6. Now, letting k = 
t6\ i=l,2...(t with q close enough to 2 to have k = t* > 2) and 7^ = |it|^t«+i, 
the above inequality gives us the recursion formula with £ = & = ***: 

(4-6) !   fci 
< (cnO^i-i (I div(riV«|L*4 + HL«4))?. 

Since £ > 1, iterating (4.6) gives us: 

(4.7) £ < ciatid div(TiVu|Lt4 + |«|Lte))fliJ0
Sil 
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where, 

_(^-i)(^-i)-iM^-i) 

*+i 

i=2 

3=2 

The idea is to let i —> oo in (4.7) and use the fact that \u\co = limsupli 
as i —> oo. It is easy that Zopt; < logt6Y^LiJt~6^ < oo and so cio£; < en 
(which depends on 8). Also, 0 < SJI < 1 and thus IQ

11
 < C12 < max(l,r). 

Finally it is not hard to show that 0* is increasing in i and satisfies ^ < 
6i   < 1. Denoting 0 = 06 = Zzra^ocA, and letting i —> oo in (4.7) we get 

Mco < ci3(|div(riVti)|L*, + \u\Lt8))e'. 

Letting p = ts = tl~6/(t1-6 — 1) and recalling that t = q/q — 2 the above 
inequality implies lemma 2. ■ 

5. Schauder estimates. 

Let M£ be a C3^ surface of R3, with dMe of class C3^ for 0 < s < 
£i, 0 < /3 < 1 and L an elliptic differential operator on C2'a(M£). We 
assume: 

a) There exists a finite collection of C3^ parametrizations U = {(O?, ^j)} 
j=l,...J, ^j : Qj —> M£. 

b) For each x G fij there is a closed ball of radius £, B£ with x G -B£ C Slj. 

c) X^j |*ilc* ^ Co^1"^ and (JD^Ico > C^1 for fc = 1,2,3 and for 0 < 
R V . 

J3 
a < /?, ^ • I^jlcfc.a < Cos1 k a for some constant Co > 0 independent 
of ^ > 0. 

d) The metric on il^ satisfies 

XI < M < A"1/ 

A/ < (5y) < A"11 

for some constant A. 
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e) (Straightening out the boundary) If XQ e 0 fl ^(dAP), (fi, *) € U, 
there exists a C3^ parametrization $, straightening out the boundary 
with <b(xQ) — 0 

$ : B£/A(xQ) H Q, —► R^ = {x e R2/x2 > 0} 

$(B£/A(xo) n V'^dM6)) C R x {0} 

|*lc* < ^oe1"* 

|$lcfc.« < Cos1"^"" for fc = 1,2,3 and for 0 < a < 0 

l^lco > Co"1 

f) If u e C2^{Me) and x = (xi, X2) are coordinates for (fi, *) 6 17 then 

Lix = aijUXiXj + biUXi + cu 

in fl, where the coefficients ay, &», c are C0'01 and satisfy 

A/ < {aij) < A"1/ 

2^(|aij|co + £a\aij\co,oc) < Co 

ij 

X;(e|6i|co + e1+0|6i|co,«)<C7o 

(^Hco+e^lclco^^Co, 

the constant A and CQ don't depend on e. 

Explosions as in c) and f) require that in the case of H-surfaces we attach 
the strip Se, in a neighborhood of (gi)^!^ with a cut off function satisfying 
\Dk(j>\ < c£~k and then \I/j verify these assumptions. 

Clearly Me constructed in section 3 satisfies a), b), c), d) since the C3^ 
bounds of ^j(}=1...3) is independent of s (see 3.9) and the width of the strip 
is s. 

Condition e) is obviously true when x is a boundary point of Si or S2 as 
(Si)i=i72 don't depend on e. If XQ 6 dtti = dS£, then e) follows from (3.10) 
and the definition of S£, since dS£ is locally a graph over [0, Zo] of a function 
of the type x —> eF(x/e) where F is C3^ and C^1 < \DF\ < CQ. 

Lu = divTiVxx + 2KHu is elliptic since M£ is strictly locally convex. 
Since the coefficients of Ti depend on the coefficients of the second fun- 
damental form (see section 1), their bounds in C0,Oi depend on bounds of 
l^lc3.* and we have f). 

Finally, under the above assumptions N.Smale proved. 
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Lemma 5.1. Let a > O.Then for u £ C^'^M6) we have the following 
estimates, for 0 < a < (3 

\u\c2 ^ crea\u\c2,oc + C^e    \u\co 

l^lc1'" ^ ae\u\c2,oc + Cae     ^l^lc0 

Mc1 < cr£:1+Q!|^|c2^ + C(je~x\u\CQ 

where Ca is a constant depending on a and CQ. 

Lemma 5.2. Ifu € C^W) and Lu=F, 0 < a < (3 then 

\u\c2.a < Ca{e-*\F\co + \F\{a) + e-2-«\u\co} 

for all s < e(a), where Ca depends on a, Co, and A. 

Even if the construction of M€ satisfies better bounds than assumptions 
a), c), d), e), f) we can't have an explosion smaller than in Lemma 5.2. This 
explosion comes from b) and a necessary cut off function on B£ which verify 
\Dk(j)\ < ce~k to prove the local Schauder estimate (see [20]). 

Since we want to apply, the Schauder fixed point theorem in the Banach 
space CQ'a(M£), we establish two Lemmas of the same character. 

A direct application of local interpolation inequalities (see [8]) (As in 

lemma 5.1) gives us: 

Lemma 5.3. Let a > 0.   Then for u 6 C3,a(Me) we have the following 

estimates, for 0 < a < (3 

\u\C3 < cr£a\u\C3,a + Ca£~3\u\co 

Mc2'** ^ cr£\u\C3,c* + Cae~2~a\u\co 

\u\C2 < a£1+a\u\C3,a + Ca£~2\u\co 

Mc1'* < ve2\u\c3^ + Ccr^^Mc0 

l^lc1  < cre2+a|i/|C3,a + CaS^lulco 

|^|c0'a ^ a£3\u\C3,oc + Ccr£~Q;|'M|cO 

where Ca is a constant depending on a and Co- 

in our case Lu = divTi Vu + 2KHu, we have ay = Tiy, h = djTuj, c = 

2KH and Me of class C4^ implies: 
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(f) aij^bi^c are C1'" and satisfy: 

2^(1^1:; Ic1 + l^ilc1.") ^ Co 

Y;mci + i^icLa) < Co 
i 

(|c|ci + Mci.cO < ^o 

Which gives us: 

Lemma 5.4. J/u 6 Co'a(Me) anrf I«=if, 0 < a < /3 i/ien 

Me*- < Ca{£-
Q|F|ci + |VF|(a) +e-3-a\u\c0} 

for all e < e(ot), where Ca depends on a, Co, and A 

Proof. We have by differentiating the equation Lu = F 

L(V«) = VF - (Vay)iiIiXj. - (VbOtix, - (Vc)« 

By applying lemma 5.2, we have: 

|Vu|c2,« < Ca{e~a(|F|ci + |aijIcicle2 + l^lci^lci + lclci|«lc0) 
+ |VF|(a) + IVaij-I^Hca + |Vfei|(a)|M|cri + |Vc|(a)|«|co 

+ loiilcil^uka) + Nci|Vu|(a) + |C|CI|«|(Q) 

+ e-2-Q|V«|co} 

and by (f)): 

|Vn|c2,a < Ca{£-
a|F|cl + |VF|(a)} 

+ CoCa(e-a|u|C2 + |L>2«|(Q)) 

+ CoCa(e-QHcl + |Vu|(a)) 
+ CoCa(£-QMco + M(a)) 
+ CQ£-

2-Q|n|C7i 

and by lemma 5.3 we have: 

e~aMC2 + |r>2u|(Q) < o-e|«|C3,a + C^e-2-"^!^ 

£-aMci + |V«|(a) < ae2\u\c3,a + C0e-
x-a\u\co 

e_a|«|co + |it|(a) < <Te3|u|C3,a + Co-e^lii^o 

£"2"a|«|ci < <r|ti|c3.« + C^e^^Hco 
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Then with a — l/2CoCa, by substracting the |tx|c3,c* terms on the right, the 
lemma is proved. ■ 

6. Eigenvalue bounds and L2 estimates. 

Lemma 6.1 is proved as in [20] and we redo here for a complete proof of 
the theorem. 

Lemma 6.1.  There exists positive constants si and do such that for all 
e < EI 

dist(spec(L),0) > do 

ei and do depend only on maxMe \2KH\(i.e. on Co) and min^i^^),^ = 
dist(spec(L5i),0). 

Proof. If lemma 6.1 were false, then there would exist a sequence of eigen- 
values Afc = Afc(efc) k = 1,2... such that A^ —» 0 as k —> oo (and e^ —> 0), 
and a sequence of eigenfunctions uj^ such that 

yw Luk = -XkUk and      \uk\   = 1. 

ci,C2... will be constants depending only on Co,di and cfe. First we show 
that l^fclc0 is bounded. This follows easily from lemma 4.1: 

\uk\c0 <cp{\- h^k - 2KHuk\Lp + KILP}
1
"

6
" for p > 1 

(Note that lemma 4.1 applies here as I^IJ^I < ci). Now 

j - Xkuk - 2KHuk\LP < (\Xk\ + \2KH\co)\uk\LP, 

so \uk\co < C2\uk\]~ep and \uk\L2 = 1 imply \uk\co < C2. 
Also integrating the eigenvalues equation by parts, we have: 

fukdivTxVuk + [2KHul = -A* f \uk\2 

co J \Vuk\2 < (lAfcl + \2KH\co) J \uk\2 

|Vufc||2   < C3\uk\2L2  < C3. 

Let (BsCoe(Qi))i=i12 be small geodesic ball about qi of radius 5Co£. Since 
CQ"

1
 ^ \D^fj\ < C'o, B2Co£(qi) contains deformations of the boundary where 

the strip is attached (see section 3). Let Se = ^i(S£)U i?5co£(<?i)U Bscosfa) 
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Since Vol(S£) < c^e and / \uk\2 = 1, we can assume that 

1/4 </ Kl2 

(by chosing a subsequence if necessary). Let $ be a cut off function,defined 
on Si by 

$(x) 

0 

log(r/Z) 

r <$, 

log(l/e/2) 
1 £1/2 <r 

where ^1/2 = 3Co£ and r(x) = geodesic distance from qi to x.   So $ is 
lipschitz and thus H1. By integrating in geodesic polar coordinates 

f C f UV c 

\V$\L2 < c(logC1/2)'1/2 -» 0 as £,£ -> 0. 

-1/2) 

(Here y^dx is the volume measure in linear coordinates on the geodesic ball 
Bp', i/gdx = y/grdrd6 and we used the fact that ^/g is bounded). Now let 
$j € C2(5i) j=l,2... so that $j —> $ in C0 and H1 norms as j —> oo and 
$j = 0 on B2Coe(9i)- Also let Afc and u^ be as above. Then Vkj = $jUk € 
H^(Si) and 

IwfcjlLa > 1/4. 

We have the orthogonal decomposition under L 

L2(Si) = H+®H- 

where H+(H-) is the direct sum of the eigenspaces of LSl with positive 
(negative) eigenvalues. For w € L2(5'i), let w+,w~, be the orthogonal 
projections onto H+, H- respectively. Now 

IKA2 = IK/+1K/< ci 

and so |^|c0 ^ c5 since iJ_ is finite dimensional. Thus |^|c0 ^ c6 since 

\vk,j\c0 < c4 and i;fcj = v£j + v^r Letting cf1 = iiiiiit=i,2(di) we have by 
standard Hilbert theory: 

1/4 < J Hf + j |^.|2 < c7 ( jv+jLvkJ^ + l/^-^fc,. 
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We show that the terms on the right goes to zero, getting a contradiction 
when j —> oo and k —» oo. Now 

1/ vk:j
Lvkj\ < y Xji-^vkj + 2T1VukV$j + ukdivTiV^) 

< eg (xk + IVukltflVQjltf +   Av^divTiV^j 

If we let j —> oo and k —> oo, the jBrst two terms tend to zero since IVt^lz,2 

is bounded and [V^l^ -> |V$|L2 as j -> oo and [V*!^ -^ 0 as k -» oo 
(e - 0). 

So we must show that the third term on right tends to zero. 

Integrating by parts 

I f I      I f I     I f 
/ i;fciiu*divTiV*J <   / V^^TiV$J +   / vj^V^TiV^ 

I «/ l     l «/ |     i t/ 

< cio (|V^.|L2|V^|L2 + iv^biv*,-!^) 

as remarked above, the second term on the right tends to zero. Since 
|V$j|L2 —► 0, it suffices to show that \Vv^AL2 is bounded. However, this 

follows from the fact that H- is finite dimensional and that \Vv'j~ \ui is 

bounded. For example v^ = aiAi + ... + a/A/, / = index of Si, {AJ 

i = 1,.../ a smooth orthonormal basis for iJ_ and (]Ca?)1//2 < c. Then 
^vkj = aiVAi...ajVAj is clearly bounded in L2. 

Thus we've shown that JvkjLvkj tends to zero. The proof that 

f v~£jLvkj tends to zero is identical, except that IVV^JIL
2
 is bounded since 

\^vkj\L2 and IV^JIL
2
 are bounded (independent of e). This completes the 

proof of lemma 6.1. ■ 

For the rest of the paper H+,H- will denote the direct sum of the 
eigenspaces of L in L2(M£:) corresponding to the positive(negative) eigen- 
values. So L2(Me) = i7+ © H- is an orthogonal sum, invariant under L. As 
above, if u G L2(M£), u = u+ + u~ for unique u+ G H+, u~ G H-. We have 
the following: 

Corollary 6.1. For u e Co'a(M£) we have 

(a) |7i|22 < Ci(|^+|co + |^-|co)|L^|Li 

(b) \u\Hi < C2\Lu\L2 
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where Ci,C2 depends only on do and CQ the constant of ellipticity of Lu. 

Proof By standard Hilbert space theory 

[\u\2= f\u+\2+ f\u-\2<^(  [u+Lu\ + \[u-Lu 

from which a) follows. Thus 

Mz,2 < -j- (\u+Lu\Li + \u~Lu\Li) < Ci\u\L2\Lu\L2 

and so |it|jr,2 < Ci\Lu\L2. 
Using a) and integrating 

u div TiVu + u2KHu = uLu 

by parts, we get: 

\Vu\l2 < CI(|TX||2 + ML2|Lu|L2) < C2\Lu\2L2 

Which gives us b). 

7. Proof of the theorem 2.1. 

Let 71,72,73 be the following constants: 71 = 2,75,72 = —0,25,73 = 
1,75. Let u e P(s, cr, a), 0 < e < si, 0 < a < 1/2,0 < a < (3, and recall that 
Tu = v + w, where Lv = — (K — 1) and Lw = —E(u). To prove theorem 
2.1, we claim that it suffices to establish the following estimates: 

(VI) Hco < Kxs^-9 

(V2) \v\C3ja < K2S^-a~e 

(V3) \v\H2 < K3s^-e 

(Wl) \w\co < Jie^-pl 

(W2) |^|C3,a   <  J2S^-p2 

(W3) |Ti;|H2 < J3£ft~P3 

for all e < £(a, Co, do, 81,82) where Ki,K2,Kz are constants that may 
depend on 6,a,Co,do,Si,S2 and where 6 can be taken arbitrarily small; 
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^1)^27^3 may depend on cr, a, Co,do)5'i)52; /?i,/?25/?3 are constants such 
that 

ft > 2,75,    02 >-0.25    /?3>1,75 

and finally pi, ^2? P3 are functions of cr and a such that p; —» 0 as cr ^> 0 and 
a->0. 

(V1)-(V3) and (W1)-(W3) implies theorem 2.1 for the following reasons: 
Fix a — a and a = a so small that Pi — pi > 7; i=l,2,3 and then fix 
0 = a/2. Now of course Ki and J; are fixed constants. Letting K = 
Max{Ki, K21 Kz, Ji, J2, J3}, we can take e so small that: 

Kie^-*'2 + J^-^ < 2Kefi-*l2 < e*-* i + 2 
^^72-^/2-5 + j2eP2-P2 < 2^72-^/2-a < £72-a-a 

for all e < s. That is, the right hand inequalities are true for s < e = 
(2K)~2/CT. Clearly then, by the definition of P(e, cr, a), v + ^ € P(e, cr, a), 
for all s < s,since the left hand sides of the above inequalities are just upper 
bounds for v + w in the norms defining P(e, a, a). So it suffices to establish 
(V1)-(V3) and (W1)-(W3). 

Estimations of (V1)-(V3). 

Again ci,C2,... will be constants independent of e. We first establish a 
L2 estimate of v: 

From corollary 6.1-b and (3.13) 

(7.1) \v\Hi <c1\K-l\L2<C2e2>5 

and so by lemma 4.1, applying to v+ and v~, gives us 

l^lco < ^{IdivCTiV^lLP + I^ILP}
1
"^ for p > 1 

but for 1 < p < 2 

I div(Ti W^ILP + I^ILP < cs(\(K - 1)^ + IV^LP) 

<C4(|(ii:-l)±|L2 + |^±|L2)<C5^5 

since M£ is compact and bounds on 2KH depend only on C2 bounds of 
parametrizations (|t;|L2 < C2S2'5 due to (7.1)).  Thus |^±|co < C6^2'5(1"ep) 

and CQ — CG(P) (recall ep —> 0 as p —> 1). 
Combining this, corollary 6.1-a gives us 

\v\l2 < cre^-^lK - l|Li < c86
5'5-2'5^ 
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and 

(7.2) \v\L2 < CQe2J5~e with 6 close to 0 as p -> 1. 

Now we prove (V.l) using lemma 4.1 and (7.2). 

Mco < cp{\divcriV^iLP + \vkp}1-6" < CIO{\K - i\LP + M^}1-^ 

For p close to 1, \K — 1\LP < ci\Ex with x close to 3 (see 3.12). 
Then when p -> 1, \K - 1\LP < cue2'75-9 and by (7.2): 

\v\co < cueV'75-9*1-^ 

which gives (VI) for p close to 1: 

(VI) \v\co < Kxe2'™-6 

(V2) follows from lemma 5.4, (VI) and (3.14): 

Mc».« < Ca{e-<*\K - l|ci + |V(ff - 1)|(Q) + e-z-a\v\co} 

then 

(^2) |t;|03fa < K28-
0'25-^ 

Now lemma 5.3, combined with (VI) and (V2) imply that 

|V^|co < ciss1'75"^ 

\D2v\c, < cue0'75-*11 

where, C13 = ci3(/ii),ci4 = cudj.i) and m > 0 can be chosen arbitrarily 
small. 

Now we prove (V3).   First of all, by standard elliptic theory (see [8], 
[18]), there exists a constant C15, depending only on Si and 52 such that 

(7.3) \Z\H2<c15{\LZ\L2 + \Z\L2} 

for all Z e H2(Si) n H£(Si),i = 1,2.   Let <£ be a cut off function on 5i 
satisfying 

(f)(x) = 1 if x outside 2?5coe(gi) 

<l>(x) = 0 if x e B3c0e(qi) 

and \W(j)\co < CIQS'
1
, \D2(f)\co < cire-2. 
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Let Bi = B^Coefe)^ = 1? 2. We will estimate / |i}2?;|2 separately, on the 
pieces Si/B^ Bi 1=1,2 and S£. Applying (7.3) to Z = (j)v and using the fact 
that support of (Vk(f)), k = 1,2 is contained in Bi with Vol(Bi) < ce2. We 
have: 

Mjj2(5l/Bl) < cis{\<l>(K- 1) + 2r1V^V(/> + ^divTiV(/>|L2 + \(j>v\L2} 

< c18{£2'5 + e-^VvlcoVoliBi)1/2 

+ Mcois-1 + e-^Vol^)1'2 + e2'75} 

^CiQS1'75-^2,     Ci9 = Ci9(M2) 

One can derive the same estimate for S2/B2 and so 

(7.4) \v\lP{M*/S*) <c20£lJ*~^,    C20 = C20(^3) 

With^ = 5iUB2U*i(5£). 
Now for i = 1,2, 

(7.5) Mi^) < ctMc* {VoliBi))1'2 < CsiS1'75"^4,    C21 = C21(M4) 

So we must estimate 

/ l^2^!2 = f  \D2v\2^jdtds 

For (Qi, ^1) we express L as section 5-/') and as in the proof of lemma 
5.4, by differentiating Lv = — (K — 1) with respect to t we get on S£: 

(7.6) -L(vt) = Kt + dtaijvXiXj + dtbiVXi + dt(2KH)v 

with the coordinates x = (#1, X2) = (£, 5). 
Integrating 

vtLvt = v* divTiV^ + vt2KHvt 

by parts on S^ we get: 

(7.7) /  \Vvt\2 < C22 (  / vtLvtl +   f vt2KHvt\ +   f    ^(TiV^J-c j 

where e is the outward unit normal to dSe.   But now v is zero on the 
boundary which is parallel to the t-axis. 

Then vt(t, e/2) = vt{t, -e/2) = 0 for t G [e, Zo - e] (see (3.10)). Thus 

/    vt(TiVvt).e= [    vt(T1Vvt).e+ [    ^(TiV^.e 
JdS£ JdSl JdS^ 
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where 

dSl = {(t, s) 6 dS£/t = 0 and t = k} 

dSe
2 = {(t, s) € dSe/Q < t < e and IQ - e < t < IQ} 

Then Vol(dSl) < C2ze and Vol{dS%) < ewe therefore 

/ 
Jds* 

vt(TiVvt).e < C2Ae\Vv\Co\D<1v\Co < C25^3'5   ^j     C25 = €2^5) 

and (7.7) becomes 

/   |V^|2<c22 

< C22 

(7.8) 
/   vtLvt 

/   vtLvt 
Js£ 

+ c26|V^|^oS + c27s
3'5-^ 

+ C28£3'5"Ai5,    C28 = C28(M5). 

The first term on the right hand side of (7.8) is estimated by using (7.6) and 
(V1MV3). 

/   vtLvt  < C29 < /   \vt\\Kt\ + \vt\\dtaijVXiXj\ + \vt\\dtbiVXi\ + |t;t||ftcu| > . 

Then by (3.14) and by section 5 - /'): 

/   vtLvt < cso {\Vv\co\K - l|ci£ + |v|cib|c2£+ blci£+ lvlci|vlc^} 

<C31e
3^-^,      C31 = C3l(/i6) 

so together with (7.8) 

(7.9) /    |V^|2 < Csse3'5^7, C32 = C32(M7). 
Js* 

Now, we claim that for x € S£ 

(7.10) \D2v\ < c33{\Vvt\ + |Vt;| + M + \K- 1|} 

This follows from the equation Lv = — (K — 1) and the fact that L is uni- 
formly elliptic (independent of e). 

Lv = — (K — 1) is of the form aijUXiXj + lower order terms = F. Since 
^22 > AQ, we get 

I^s| < C34{|w«| + l^tsl + |lower order terms| + \F\}. 
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However 
\utt\ + \uts\ < C35|Vvt| 

and so (7.10) follows. 
Combining (7.9) with (7.10) we get 

(7.11) /  \D2v\2 < cse^3'5^8,C36 = csel/xg). 
Js* 

Finally putting together (7.4), (7.5) and (7.11) we get 

(V3) \v\H2 < Kse1'7*-"* 

where fig can be taken arbitrarily small. 

Estimation of (W1)-(W3). 

We prove (W1)-(W3) in a manner similar to the proofs of (V1)-(V3) 
and since Lw = —E(u)^ we will therefore need to estimate E(u) in the 
C0, C0'a, C1, C1^ and Lp norms.To do this we prove the following: 
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Lemma 7.1. For u 6 P(e, cr, a) we have: 

a) \E{u)\ < KA (\u\2 + \Vu\2 + \D2u\2) (pointwise) 

b) \VE(u)\ < K5 (\u\2 + |V^|2 + \D2u\2 + \D3u\(\u\ + \Vu\ + |D2^|)) 
(pointwise) 

c) IB^Ico^Kee1'5-2- 

d) |£;(^)|ci<^7s
0'5-2- 

e) \VE{u)\a<K8e0^-2<7-a 

for all £ < £i,£i sufficiently small and K^^...Ks are constants depending 
only on CQ, AQ and a. 

Proof. First note that c),  d) follows from a),  b)  and the definition of 
P(e, a, a). To prove a), b), e) recall that 

f1 d2K 
E(u) = ^(l-r)1^(ru)d7 

So it suffices to show that ||U£(™)|, |V^(rix)| and |V^(rtx)|(a) are 
bounded by the quantities on the right hand side of a),b) and e), respectively 
for 0 < r < 1. 

Let (fi, $?) E U.   Since ^(r) = ip + ruN is a local parametrization of 
MTU, we have by (3.7): 

K(T) =    hi(r)b22(r) - bnir)2 

1   ;        (^ll(T)^2(T)-^12(r)2)2 

where we've abbreviated K(T) = K(TU), with 

6y(r) = (?MT) A^a.2(r),^a..a.i(r)) 

where 
^(T) = il)Xi + TOAT^. + r^.AT. 

Then 

H2K 
^■(ru) = K(™)" = (5-

2)"6 + 2(ff-
2y6' + (ff-

2)6" 

V^(™) = Vir(rn)" = fcVGT2)" + (5-
2)"V6 

+ 26/v(5-
2), + 2(<r2)/w + 6"v(5-2) + (<r2) w 
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where g = cfet(^(r)) and b = det(6^(r)). 
And by appendix lg)-li) and ls)-lu) we obtain a); by appendix lg)-ll) 

and ls)-lx) we prove b) and e). ■ 

Proof of (W1)-(W3).    In order to prove (W1)-(W3) we will first have to 
estimate E(u) in L1,!,2 and LP^p > l,p near of 1.   1/1,1/2... will denote 
functions of a and a that tend to zero as a and a tend to zero, ci, C2... will 
be constants independent of e. 

By lemma 5.3, we know that 

\Vu\co < cie1'75-07 

and 
\D2u\co < de0'75-". 

First we estimate \E(u) l^i. 

By lemma 7.1-a) we get by the definition of P(£, cr, a) 

\E(u)\Ll<KAJ(\u\2 + \Vu\2 + \D2u\2) 

< C2\u\2H2 < C3£
3'5-2a 

which implies 

with p = 1 + 6 it's easy to see that 

\E(u)\LP < c4e
3>5-»* 

with C4 depending on 6. 

\E(u)\L2 < cs (|ti||4 + |V^|24 + \D2u\l4) 

< C5 (|^|C
0
I^IL

2
 + |Vix|tfo|Vu|i,2 + \D2u\co\D2u\L2) 

< CG\U\C2\U\H2 

which implies that 
\E(u)\L2<c7e

2t-»*. 

First we prove a L2 estimate of w. . 
By corollary 6.1-b): \ 

(7.12) \w\Hl < C8|£(u)|L2 < CgS2'5"^3 
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applying lemma 4.1 to w* we get, after setting p = 1 + 6(6 close to 0): 

< Cio^2'5-^3)1"^ < cue2'5-"4 

Now we use corollary 6.1-a): 

Hi2<c12e
2'5-^|E(n)|L1 

Then 

(7.13) \w\L2 < cue3-'6. 

Now we prove (Wl) using lemma 4.1 and (7.13) 

Mco < Ci5{|^(«)|LP + ML2}1_ep 

which give (Wl) after setting p = 1 + 6, with /3i = 3 and pi = 1/7. 

(Wl) \w\co < Jie3-^ 

(W2) follows from lemma 5.4 and lemma 7.1: 

Mc- < c16{£-a|£;(«)|ci + \VE(u)\{a)+s-3-a\w\co} 

< c17s-a-us 

which give (W2) with /% = —a and p2 = vs- 

We prove (W3) like (V3). 

Lemma 5.3 implies that 

\Vw\co < cige2-"9 

\D2w\co < cxge1-™ 

As in (V3) it follows by (7.3): 

Mim/Bi) ^ C2o{|^(«) + STiV^V^ + WdivTiV</.|L2 + |<HL2} 

(7.14) < caie2""11 

and 

Htf2(Bi) ^ C22|I)2w|coe 

(7.15) ^csse2-''12. 
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Since 

we must estimate L /^e) |-D2/^|2 and we proceed as in (V3). 
By differentiating Lw = —E(u) with respect to t we get on S£: 

(7.16) -Lwt = dtE(u) + dtaijwXiXj + dtbiWXi + dt(2KH)w. 

And integrating by parts on 5£, wtLwt we get: 

(7.17) 
/   \Vwt\2 < C26 \   /   ^t^^t +   /   wt2KHw-l 

+ /     wt(TiVwt).e > 
Jdse ) 

and as in (V3): 

(7.18) 

and 

(7.19) 

Moreover by (7.16) 

wtLw] 

/     wt(TiVwt).e 
Jdse 

L wt2KHwt 

< C27e|Vty|co|£>2it;|co < C2ssA~1/u 

<C29\Vw\2coe<c3o£4~l/15. 

L < c31{\Vw\L2\VE(u)\L2 + \Vw\co\D2w\cos 

+ |Vu;|^oe + IVxylcoltylcoe}. 

By lemma 7.1-b) we get 

|V£7(ti)|L2 < 032 {\u\2L4 + \Vu\2Li + \D2u\l4 

+ \(\u\ + \Vu\ + \D2u\)\D\\\L2) 

< C33 (|w|c2|ulff2 + l-C^boMff2) 
< C34(£0'75-CTe1'75-<T + e-0,25-a£l,75-<r) < ^^LS^a 

Then by (7.12) and the previous estimate: 

(7.20) 

/, 
wtLwt 

+ e£2-^£3-^) 

< c37e
4-^. 
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Then (7.17), (7.18), (7.19) and (7.20) give 

(7.21) /   \Vwt\
2 < csge4-"19. 

Js* 

Since (by (7.10)) 

|£>2H < c{\Vwt\ + \Vw\ + \w\ + \E(u)\} 

we get by (7.21), (Wl) and lemma 7.1-c): 

f  \D2w\2 < C39 I f  {Vwtl2 + \Vvj\coe + \w\2coe + |£(u)|^o£ j 

< C40£4-I/20 

which gives (W3) by (7.14), (7.15) with fa = 2. 

8. Appendix. 

Proposition 1. There exists a constant Kg depending only on Co and XQ 

such that the following estimates hold, for 0 < r < 1, and for e sufficiently 
small: 

(a) id 

hJ 

(b) 

£141 < tf9(M + |Vu|2) 
id 

Xy«l<«) < Kse2'™—" 
1,3 

(c) 

X;I»&I<^(M2+IV«I2) 
id 

r3,5-2o--a ^W/jkc) < K9s
3 

h3 

(d) 

^2\9ijxk\ <Kg 
id 

Z2\9ijxk\(a) < Kg 
hJ 
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J2\9'ijXk\<K9(\U\ + \Vu\) 
hi 

(e) 

(f) 

(g) 

.(h) 

(i) 

0) 

(k) 

hJ 

Y, b-kl < KM2 + Miv«| + \D2
U\\VU\) 

hi 

hJ 

*J 

hi 

IJ 

E l/'l < ^9(|«|2 + |Vu|2) 
hi 

*J 

hJ 

M 



(1) 
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X;KI<^9(H
2+IV«I2+IV«IP2«I) 

hi 

£lCI(«)<i^2'5-2<r-a 

(m) 

(n) 

(o) 

(P) 

(q) 

(r) 

h3 

hj 

h3 

E^.I^^H + IVnl + l^nl) 

hj 

Y^ 1^1 < K9(\u\2 + IVt^l2 + \u\\D2u\ + \Vu\\D2u\) 
id i,3 

,215-2cr-a 

*,J 

*j 

E I6WI ^ tf»(M + |Vtt| + \D2u\ + \D\\) 

Ei^jw^^-0-25-^ 
*J 

E K**\ ^ K^u? + iVu|2 + |jD2u|2 + |u||L,3u| + iVuiiI,3ui) 
a,5-2<7-a 

»J 
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£l&l(a)<^9 
W 

(t) 

(u) 

(v) 

(w) 

*lJ 

£ Ife'l < Kg(\u\ + |V«| + |I>2tx|) 

h3 

£ |6"| < ^(H2 + |V«|2 + \D2u\2) 

£ \b"\{a) < K^*-**-" 
hJ 

id 

hJ 

Y^\b'Xk\<K9(\u\ + \^u\ + \D\\ + \D3
u\) 

hi 
0,25-O--Q: El^U^^e-0'; 

*,J 

X; Kk\ < K,{\u\2 + |Vtx|2 + \D2u\2 + |«||I>3«| 

(x) +\Vu\\Dzu\ + \D2u\\Dzu\) 

Y,Kk\i«) <K^-2°-« 
hi 
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Proof of the proposition 1. 
As usual ci,C2... will be constants depending only on Co and AQ. Since 

u e P(e, a, a), it follows from lemma 5.3 that: 

II       ^ „    -0,25-o- 
p|c3 < ci£ 

II ^ ~  ^0,75—a—ex 
PIC2'" ^ cl£ 

II       ^ ^  J),75-<T 
Plc2 < cle 

II ^ ^   -1,75—<7—a 
Pic1'" — cis 

II        / ^  _1,75—o- 
\u\cl < CiE ' 

II *>- „  ^2,75-cr-a 

Moreover we get from the expression of ipx^r) (see lemma 7.1): 

Qijir) = (^^xj) + m {(il>Xi,NXj) + (NXi^Xj)) 

+ T2uXiuXj+T2u2(NXi,NXj) 

Since NXi G TM. 
Using the fact that \u\ < 1, |Vn| < 1 and \D2u\ < 1 so that higher 

powers of these are dominated by lower powers, using j^lc^ is bounded 
(independent of e) it is straightforward to establish la)-lf) by derivation. 

By example: 

9ijXk = uXk ((iPXi,NXj) + (NXi,ipXj)) + u ((^i, NXj) + (NXi^Xj))Xk 

+ 2TuXiXkuXj + 2TuXiuXjXk + 4:TuXku(NXi,NXj) 

+ 2TumNXi,NXj))Xk 

Then for 0 < r < 1 

\g'ijXk\ < C2 (|«| + |V«| + |Vti||I>2«| + |«||V«| + h|2) < Kg(\u\ + |Vn|) 

which gives us e). 
The proofs of lg)-ll) are done exactly in the same way with g = 511522 - 

gl2 combining with la)-If). 
We have (see lemma 7.1): 

kj(r) = (Vfei (r) A Vx2 (T), 4>XiXj (r)> 
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Then 

•^(T) A ipX2(T) = (ipxi A ipX2) + ru(ipXl A NX2 + NX1 A ipX2) 

+ TUX1 (N AipX2)+ TUX2(ipxi A N) 

+ T2
U

2
(NXI ANX2) + T2

UUX2(NX1 A N) 

+ T2
UUX1(N A NX2) 

iixiXjir) = ipXiXj + TuNXiXj + TuXjNXi + TuXiNXj + TuXiXjN 

Thus 

WxiXjiT)] <C3 

\^Xixj(ry\<c4(\u\ + \Vu\ + \D2u\) 

\^iXj(rr\ = 0 
IV'xiWA^WI <C5 

1(^*1 (r) A ^2(r))"| < C7(H
2 + H|Vn|) 

Thus we get lm)-lo) and ls)-lu) by derivation of &„ (r) like for ^(r). 
Moreover 

|^^(r)|<c8(l + p3n|) 

WX^TYI < c9(M + |V«| + \D2u\ + \D3u\) 

\i>xixjxk(T)"\ = 0 

\(^X1(T) AlpX2(T))Xk\ < ClO 

K^xxCr) A<MT))y < cii(|ti| + |V«| + |£>2«|) 

KV-xiW A ^2(r))2fc| < c12(|n|2 + |Vu|2 + \u\\D2u\) 

Then the proof of lp)-lr) and lv)-lx) are done exactly in the same way with 

b = 611622 - &i2- 
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