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curvature surfaces.
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0. Introduction.

Parmi toutes les surfaces bordées par une méme courbe de Jordan fermée,
quelles sont celles qui minimisent ’aire? Que dire de leur régularité?

Ce probléme porte le nom du physicien belge Joseph Antoine Ferdinand
Plateau. En 1850, il observe expérimentalement des solutions en immergeant
des structures métalliques & I’image de ces courbes dans de I’eau savonneuse.

Ces deux questions vont tenir en éveil les mathématiciens durant plus
d’un siecle. Riemann, Schwarz, Weierstrass, Lamarle et beaucoup d’autres
au 19°™€ siecle obtiennent des résultats dans de nombreux cas particuliers.

1930 et 1931, 'approche moderne de Jesse Douglas et Tibor Radé par
le calcul des variations permet une premiere réponse globale.

Ils montrent l'existence d’un minimum pour l’aire dans ’ensemble des
surfaces homéomorphes au disque et bordées par une méme courbe rectifi-
able vy de R”™.

L’équation d’Euler associée & la variation de l’aire montre que toutes
les solutions de ce probléme sont des surfaces minimales, c’est & dire des
surfaces de courbure moyenne nulle.

Les solutions de Douglas-Radé sont des surfaces minimales, mais dans de
nombreux cas, pour certaines courbes, elles ne sont pas un minimum absolu
pour l'aire.
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Il est facile par exemple de construire un contour comme dans la figure
1, out la surface de genre 1 (Voir Figure 1-a)) est d’aire plus petite que le
disque (Voir Figure 1-b)) solution de Douglas-Radé.

Cet exemple suggere & J.Douglas une reformulation du probleme de Plateau.
On cherche dorénavant & construire une surface minimale bordée par une
courbe de Jordan donnée en prescrivant la topologie de la solution.

Il faudra attendre les années 60 avec les travaux de Federer, Fleming et
Almgren sur les courants pour bien comprendre ’existence et la régularité
des surfaces d’aire minimisante.

Plus généralement, on s’intéresse & l'ensemble des surfaces minimales
bordées par une méme courbe. Quelle est leur nombre, leur topologie?
Quelles sont celles qui minimisent 1’aire?...

Dans le cadre de cette recherche, R.Courant dans son livre [5] en 1950,
propose un principe du pont dont il suggére une preuve. Les deux exemples
qui suivent illustrent bien l'intérét de cette construction. Le principe du
pont, c’est la possibilité de connecter par un ruban P d’épaisseur € > 0, deux
surfaces minimales S et Sa, bordées par 1 et 2. Par petites deformations
de S1{US2(JP on obtient une nouvelle surface minimale S¢, bordée par
une courbe . constituée de I'union de 71,7y2 et de deux courbes paralléles
éloignées d’au plus une distance € > 0 (Voir Figure 2). De plus, on demande
3 S¢ de converger vers S1 | JS2 quand € — 0.

Fig 2

Certains contours de R3 possédent au moins deux solutions de Douglas-
Radé. Par exemple, pour deux cercles dans des plans paralléles, on peut
ajuster la distance entre les plans pour que la caténoide moins un petit
ruban soit d’aire égale & la surface des deux disques plus le ruban (Voir
Figure 3). Ces deux surfaces ont la topologie du disque et sont toutes deux
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minimales.

G/-(‘- Fig 3

On va construire, grice & ce principe, une courbe rectifiable qui va border
un nombre infini de surfaces minimales. Elles auront toutes la topologie du
disque.

On consideére le contour 7; de la figure 3 et un contour o géométrique-
ment similaire mais de taille différente. Chacune de ces deux courbes est
le bord d’au moins deux surfaces minimales dont la topologie est celle du
disque. Par le principe du pont, on obtient un contour (Voir Figure 2)) qui
borde au moins quatre surfaces minimales, qui de part et d’autre du pont
ont soit I'apparence de G, soit celle de G3. On réitére cette opération Np
fois. La courbe obtenue borde 2™ surfaces minimales. Par décroissance
géométrique de la taille des contours et des ponts, on obtient a la limite une
courbe rectifiable qui borde un nombre infini de surfaces minimales, toutes
topologiquement des disques (Voir Figure 4).

Fig 4

On doit & W.Fleming [7] 'exemple suivant sur la topologie d’une solution
du probléeme de Plateau. A partir de la courbe de la figure 1, et d’une
application itérée du principe du pont comme ci-dessus, on obtient la courbe
~3 de la figure 5-a).
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Cette courbe borde un disque minimisant en ne connectant que des sur-
faces de genre 0, de type S comme dans la figure 5-b). En remplacant la
premiere surface, par une surface de type S1, on obtient une surface mini-
male dont la topologie est celle du disque & qui on a rajouté une anse (Voir
Figure 5-c)). Cette derniére surface est d’aire plus petite que la premiere.
Dans la figure 5-d), on obtient une autre surface d’aire inférieure et de genre
2. En réitérant cette opération, on a une suite minimisante de surfaces min-
imales pour l'aire et dont le genre augmente. Pour cette courbe rectifiable
la solution du probléme de Plateau est de genre infini.
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Fig 5-d [13]

Dans Pesprit de ces deux constructions, P.Lévy [14] en 1948, construit
des exemples et offre des arguments pour l’existence du principe du pont.
Il faudra attendre 1982, pour que W.Meeks et S-T Yau [16] publient une
démonstration d’un principe du pont pour les surfaces stables et orientables
de R3 qui justifie la construction de P.Lévy. En 1984, Lawson et Michel-
son [15] publient un principe du pont faible pour les surfaces orientables
et stables de R™ qui ne permet pas de justifier les exemples de non unicité
évoqués. En effet, leur construction nécessite que le ruban ou le pont arrive
tangentiellement aux surfaces considérées. Si G; et G sont bordées par la
méme courbe, le pont ne pourra pas étre tangent aux deux & la fois. Jusqu’a
présent, aucune de ces démonstrations ne convient pour un principe du pont
dans le cas de surfaces instables. En 1987, N.Smale [20] publie un principe du
pont faible pour toutes surfaces minimales réguliéres dans n’importe quelles
dimensions et codimensions. Sa preuve reste valable dans le cas des surfaces
instables de nullité 0 et pour les surfaces de courbure moyenne constante non
nulle. Sa démonstration nécessite également un ruban tangent aux surfaces.

C’est B.White [23] et [?] qui établit le théoréme du pont fort pour
les surfaces minimales stables et instables qui justifie les constructions de
P.Lévy, mais aussi de J.Hass [9] et P.Hall [10]. Il construit un pont en
contraignant le bord du ruban & rester dans une sous- variété que ’on peut
choisir transverse aux surfaces qu’il connecte.

Une question non résolue aujourd’hui concerne l’existence d’une surface
minimale de genre 1 bordée par deux courbes convexes contenues dans deux
plans paralléles (Voir Figure 6-a)). W.Meeks conjecture qu’une telle surface
n’existe pas. Grace au principe du pont fort, on peut montrer que de telles
surfaces peuvent exister si les bords ne sont pas convexes. En prenant deux
fois le méme morceau de caténoide stable, bordée par deux cercles dans des
plans paralleles, on peut construire un pont en haut et un autre en bas (Voir
Figure 6-b)). La surface minimale qui en résulte est bien de genre 1, mais
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elle est bordée en haut et en bas par des courbes non convexes en forme
d’haltéres (Voir Figure 6-c)).

Fig 6-c

Tous ces theorémes concernent les surfaces de courbure moyenne con-
stante. Pour les surfaces de R3, il existe une autre fonction de courbure:
la courbure Gaussienne ou courbure de Gauss. Alors que I’équation liée au
probléme de trouver une surface de courbure moyenne H prescrite est de
type quasi-linéaire, la recherche d’une surface & courbure de Gauss K > 0
prescrite conduit & une équation fortement non linéaire, de type Monge-
Ampere.
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Le probléme de Dirichlet pour les graphes de courbure de Gauss con-
stante et positive est résolu sur des domaines convexes par Cafarelli, Niren-
berg et Spruck [4] en 1984. IIs utilisent la méthode de continuité dont le point
central est une estimée C? difficile & obtenir. En 1992, Hoffman, Rosenberg
et Spruck [11] étendent ce résultat pour les graphes au-dessus des anneaux
plans.

B.Guan et J.Spruck [2] montrent par la méme méthode que deux courbes
convexes dans des plans paralléles bordent une K-surface dont la topologie
est celle de I'anneau. Ce résultat n’est toujours pas montré dans le cas des
H-surfaces.

Cependant, sauf pour quelques cas particuliers, on ne connait pas le
nombre de K-surfaces que borde une courbe. H.Brezis, J.M Coron [3] et
M.Struwe [21] ont montré que pour une courbe donnée l'existence d’une
”petite” H-surface, impliquait ’existence d’une ”grande” H-surface.

H. Rosenberg conjecture que de nombreux théorémes valables dans le
cadre des H-surfaces, restent vrai dans le cadre des K-surfaces (et vice-versa).
Dans ’esprit de ce principe, cette thése montre qu’il existe un principe du
pont faible pour les K-surfaces. Le ruban P devra étre tangent aux surfaces.
On ne peut pas contraindre le bord du pont & rester dans une sous-variété
transverse aux surfaces. Par exemple, si une telle construction était possible,
on connecterait deux calottes sphériques bordées par deux cercles situés
dans un méme plan (Voir Figure 7). On obtiendrait alors une K-surface
bordée par une courbe plane possédant des points d’inflexions, obstruction
a Pexistence de surface de courbure de Gauss positive.

Fig 7

La preuve de ce théoréme est similaire & celle de N.Smale [20], dans
le cas des H-surfaces. On reformule le probleme en un théoréme de point
fixe de Schauder en linéarisant 1’équation. Ce point de vue a été introduit
par R.Schoen et utilisé avec succeés par Kapouleas[K] pour construire de
nouvelles surfaces de courbure moyenne constante non nulle. Par les mémes
méthodes, M.Traizet [22] a construit des surfaces minimales complétes et
plongées en recollant des surfaces de Scherk simplement périodiques. 11 était
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donc pertinent de s’intéresser a cette méthode dans le cadre des K-surfaces.
Remerciements. Je remercie Harold Rosenberg pour son soutien et ses
nombreux conseils tout au long de ce travail.

1. Theorem.

In 1987 N. Smale proved [20] a bridge principle for constant mean cur-
vature hypersurfaces of R® without Jacobi fields. In this paper we prove,
the same principle for surfaces immersed in R® with constant and positive
Gauss curvature without Jacobi fields. More precisely, we prove the follow-
ing result:

Theorem 1.1. Let S;,Sy be compact, immersed hypersurfaces of R3, with
boundary, of constant Gauss curvature K(S;)i=12 = C > 0, in particular
they are strictly locally convez. Assume that (S;)i=1,2 are analytic up to their
boundaries (with 0 < 8 < 1) and these surfaces do not have normal Jacobi
fields which vanish on the boundary.

Let q1 and g9 be points of 0S1 and 05s.

Then we can find an embedded path -y, connecting the boundaries of
S1,Ss, intersecting S1 U S only at its end points such that for any tubu-
lar neighborhood T of v, there exists a bridge inside T, connecting 851 and
08y such that the resulting configuration spans M, a constant Gauss cur-
vature surface with K(M) = C > 0, which is diffeomorphic to S1 and Sz
joined by a thin strip.

Moreover M is a small perturbation of S1 and Sy joined by the strip.

Without loss of generality, up a dilation, we may assume that the Gauss
curvature K (S;)i=1,2 = 1. By a bridge, we mean two nearby curves and by
a strip, a diffeomorphic copy of an intervalxinterval.

To prove this theorem, we apply the same technique as N.Smale [20] for
H-surfaces. We construct a family of approximate solutions M¢ of class c4P
with a certain path 7, and a tubular neighborhood T of . The parameter
e > 0 is the width of the strip S°. We attach this strip to (S;)i=1,2 in a
neighborhood of (g;)i=1,2. We need the surfaces to be analytic up to their
boundaries to make an analytic extension in a neighborhood of g1, g2 (see
section 2). This will be the only place where we need analytic surfaces.

We look for a solution as a normal perturbation of M*® by linearizing the
Gauss curvature and reformulating the equations as a fixed point problem.
Since the linearized operator is strictly elliptic when M?® is strictly locally
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convex and the quadratic term is slighty different, we contruct M¢ very
carefully.

We construct M® so that |K — 1|coazey = |K — 1|oo(se) < ce?, in par-
ticular M* is convex (see section 3) and E(u) is small enough (see section
2).

We choose a path «, which is alternatively plane and on spheres with
radius 1 (see section 3).

For each ~;, an embedded path as in theorem 1.1 and each tubular
neighborhood T} of 7;, we can construct a strip in 77, along an embedded
path o C T1, which is composed of planar and spherical arcs by jumping
from one sphere to an other by planar curves.

Notations.

For ¥ : § — R3 a compact C*# hypersurface immersed in R3 with
boundary C*#, TS and NS denote the tangent and normal bundles of S,
T¢S and N,S the corresponding fibers at g € S.

N will be the unit normal vector field in R® of S, which orients the
surface, N € C3P(S,R3) and if U € C3# (NS) is a section, there exists
u € C3P(S,R) such that U = uN.

A is the symmetric operator associated to the second fundamental form.
Then there exists at each point q of S, an orthonormal basis (e;(g))i=1,2 of
T,S, eigenvectors associated to (k;)i=1,2, the eigenvalues of the operator. A
surface strictly locally convex satisfies (k;)i=1,2 # 0 and ki, kg are of the
same sign.

We orient the surface such that (k;)i=1,2 > 0.

K(q) is the Gauss curvature at q of S and K € C?A(S,R) with

K = detA = k1k9

Let u € Cg’a (S) be a C3 real function on S, zero on the boundary 85 with
0 < a < B. If |u|c1 is sufficiently small then u induces a C3* immersion
U, =¥ +uN:S — R3and ¥, = ¥ on 8S. In the following we often
identify S with ¥(S) and we note S, = ¥,,(S) the small normal perturbation
of S.

Let g9 > 0 be small enough so that for u € D = {u € C3**(S) : |u|cr <
€0}, Su is a surface immersed.

K(u) denote the Gauss curvature of S, K(u) € C1%(S), moreover

K : D c C¥*(S) — CY*(S)
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is a C*° map of these Banach spaces. The Jacobi operator associated to the
Gauss curvature of S is (see [19])

d
Lu = d—I:(tu)|t___0 =divIi1Vu+2KHu

where H is mean curvature on S and T} = trace(A)I — A. L is a uniformly
elliptic operator, self adjoint, Fredholm of index 0 when S is strictly locally
convex. A Jacobi field is a normal variation uN of S,u = 0 on 9S, which is
a solution of the equation Lu = 0.

2. Reformulation of the bridge theorem.

We reformulate theorem 1.1 as an elliptic boundary value problem on
the approximate solution M®. We construct M¢(see section 3) so that
U(e) : M® — R3, the immersion, satisfies C;' < |D¥(e)] < Co and
|¥(e)|cas < Cp for a constant Cp > 0 large enough, independent of € > 0
the width of the strip.

Let 9 > 0 be chosen (depending only on Cp) so that |u|c1 < €9 implies
that ¥(e) + ulN is an immersion and let D = {u € C’g’a(M‘E) s uler < g0}
with 0 < a < 6.

To prove theorem 1.1, we would like to find u € D C C’g’a(M €) such
that K (u) =1 and show that u is small as € — 0.

Applying Taylor’s theorem, we have for u € D:

K(u) =K+ Lu+ E(u)
where
K = K(0) = Gauss curvature of M*,
Lu= %Itg(t’u)h:O =divT1Vu+ 2K Hu,

1
B(u) = /0 (1—T)%(Tu)d7’.

L is a uniformly elliptic operator since M* is strictly locally convex for each
£ > 0 small with the coefficients of T} depending on the coefficients of the
second fundamental form (see section 1). In particular if support(u) C S;,
i=1,2, then Lu = L%u, where LS is the Jacobi operator for S;. As we are
assuming L°¢ has no kernel we will see that L has no kernel for ¢ sufficiently
small.

In section 6 we prove:
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Lemma 6.1. There ezxists positive constants €1 and dy such that for all
e<er
dist(spec(L),0) > dp > 0
g1 and dy depend only on Maz pr|2K H| and min;— 2 dist(spec(L5:), 0), spec(L) =
set of eigenvalues of L = {\ € R|(L + A)u =0 has a non zero solution u €
3,a £
Co™ (M*)}-

We also note that L : Co®(M¢) — CL2(M®) is a self adjoint uniformly
elliptic (linear) operator. Then it is standard (see [18]), that spec(L) is a
discrete set bounded from below and increasing to co.

Using lemma 6.1 we formulate the problem as a fixed point problem:

Ku=1leK+Lu+E({u)=1
su=—-LYK-1)- L YE®) & u=J(u)
where J(u) = —L7YK — 1) — L™YE(u)).
By standard elliptic theory
L7 ol (M®) — (M)
is a continuous map, for any 0 < a < 3,6 < 1. (K — 1) € CH*(M¥®) and
E: D C CO*(M®) — Ch(M?)
is a continuous map for any 0 < o < . Therefore:
J: D C C&¥*(M®) — C3*(M®)

is a continuous map for any 0 < o < 3,¢ < ¢3.

We recall the Schauder fixed point theorem (see [8]). If P is a convex,
compact set of a banach space B and if J : P — P is a continuous map,
then J has a fixed point.

We solve J(u) = u for some u € D by using the Schauder fixed point
theorem.

The appropriate sets to look at are as follows. Fore <e1,0 < a < 3,0 <
o < 1, we define P(e,0,q):

P(e,0,0) = {u € CI*(M®) : |u|go < 27577,
|u|03’a < 8—0.25—&—0, |uIH2 < 81,75—0‘} )

Clear'y P(e,0,a) is a convex, closed and bounded set in C’g’a(M ). Now
for o/ < a, P(g,0,a) C C’g’a (M*) and is in fact compact as the inclusion
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CE(Me) — Cg’o‘l (M?¢) is compact (see [8]). It will follow from lemma 5.3
that if u € P(e,0,a) then |u|c1 < ce™~*7 for some constant depending
only on Cy. So P(g,0,0) C D for € < g3 for €2 > 0 small enough (so J is
defined on P(e, o, )).

We reformulate theorem 1.1 as follows:

Theorem 2.1. There exists & > 0, & > 0 and € > 0 depending on
Cby, do, S1, 59 such that for all e < &:

J:P(e,6,8) — Pl(e,0,a)
is a continuous map.

This implies theorem 1.1. Since P(g,5,a) is a compact subset in
Cg’al(Ms) for any o/ <a@and J: D C Cg’o‘l(M“') — Cg’o‘l(Ms) is continu-
ous, it must have a fixed point u € P(g,d,@).

Now for u € P(e,0,¢), Ju = v+ w where v and w are solutions of the
linear equations:

Lv=—-(K-1)
Lw = —E(u).

Thus proving theorem 2.1 involves estimating v and w in terms of £ in
various norms (we must show that v+ w € P(e,0, ) if u € P(g, 0, a)).

Since (K — 1) does not depend on u, estimates of v gives bounds on
P(g,0,a) and smallness of |K —1| in norms L', L2, C%* assure that v will be
small in norms C1%, C° and H?. Recall that |K —1| is a function depending
on the construction of the approximate solution M* (see section 3).

We estimate the C° norm of v by a Sobolev inequality (see section 4) and
by standard elliptic theory (see corollary 6.1). We use a Schauder estimate
(see lemma 5.2) and the previous C° bound of v to obtain the C% norm of
v.

There can be some explosion of the C%* norm since the constant of the
Schauder estimate behaves like e~2 (see section 5); this is a consequence of
the width of the strip and the fact that the Schauder estimates are local.

Interpolation inequalities (see lemma 5.1) give the C1* norm.

Then we can hope that E(u) will be smaller than |K — 1| in norm L!, L?
and C%* (see lemma 7.1) to obtain a better estimate for w (see the beginning
of the section 7).

In the case of H-surfaces N.Smale constructs a family of approximate
solutions and a set P(e,0,a) such that v € P(e,0,) and u € P(e,0,a)
implies that |u|go < €% | |u|g2,a < e7%57%77 and |u|gra < %7070,
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In his lemma 6, under the hypothesis |u| < 1,|Vu| < 1 he gets for a
constant C' > 0:

[E@)| < C (nlul? + [Vl + nful[Vu| + [u]| D*u| + [Vu/*|D*u]) (pointwise)

where 7 is a regular function on M¢, such that |n|co < ce™!. But n appears
in the particular construction of the approximate solutions of N.Smale. Since
terms | D?u| which behaves like e 70 are coupled with |u| and |Vu|?, |E(u)|
will be small enough (|E(u)|co < ¢£%°73%) to obtain a good estimate for w.

In the case of K-surfaces, under the hypothesis |u| < 1,|Vu| < 1 and
|D?u| < 1, we obtain in lemma 7.1:

|E(u)| < C (|Juf* + |Vul®> + |D?ul?) (pointwise).

We need |u|g2,« small enough to have a good estimate of |E(u)|co,«(|u|g2,e
can’t behave like e7%95).

|K — 1|co < ce? implies that |v|co < c£®™(see (3.13) and section 7-
(V1)) and thus |v|c2.e < ce®75~% (see lemma 5.2)and |v|cse < ce™0-25—2
(see lemma 5.4).

If u € P(e, 0, ), interpolation inequalities (lemma 5.3) gives that |u|c2 <
ce®™? and E(u) will be small enough (see section 7).

To obtain C° bounds of v, w we use L! and L? norms of (K —1) and E(u).
Since |E(u)|p1 < clul?, and |E(u)|2 < clu|cz|u|pz , we define P(e, 0, )
with a H2 bound. We use that E(u) € C1*(M¢?) to get a bound of |w|g:.
For these reasons we apply the Schauder fixed point theorem in Cf;‘"’ and
we construct and attach the strip carefully in the section 3.

In section 4,5,6 we prove some technical lemmas which allow us to esti-
mate solutions of Lu = F, F € C1*(M¢) as well as the eigenvalue bounds.
Next, we use these lemmas to estimate v and w in section 7.

3. Construction of approximate solutions.

Let g1 and g be points of 857 and 9S3. We extend (S;)i=1,2 to (S])i=1,2
an open neighborhood of (g;)i—1,2 with K = 1 > 0 by analyticity of the
constant Gauss curvature surfaces.

Let e, e2 be unit tangent vectors of S7,S5 at ¢; and g¢o, orthogonal to
951, 0Ss.

Let P; = (Ny,,e1) and P> = (N,,, e2) be planes of R3, and let By,By be
spheres of radius 1 with their centers respectively at P; and P,, such that
(Bi)i=1,2N (S1US3) = 0. (B;)i=1,2 are K-surfaces with K = 1.

Lct 4(t) be a smooth embedded path parametrized by arclength on [0, lo]
such that:
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—

e . I = [O,lO] —_— R3 Wlth ’Y(O) = ql,"y(lo) = q9 and nym (Sl USQ) —
{q1,q2} for t € [0, o).

2. 7'(0) = e1,7'(lo) = ea.
3.0 < [Y(8)].

4. There exists t1, t2, t3,t4 some values in [0,lo] and 79 > 0,71 > 0 small
enough, such that

e Vt € [0,2ro],v(t) C PLNS]

o Vt € [2ro,t1],7(t) C Pa

e Vt € [t1—r1,t2 +71],7(t) C By

e Vt € [ta, t3],y(t) is a planar curve.
o Vt€ [ts —r1,ts+11],7(t) C By

o Vit € [ta, lo — 2r),7(t) C P2

o Vt € [lo — 270, lo],v(t) C PN S5.

We note:

N0
®=rae)
b(t) = () A ()
+1(8) = k(t)n(t)

with k(¢) # 0 by 3). When the curve is plane, we have n'(t) = —k(t)7'(t)
and b(t) a constant vector.

Let T be any tubular neighborhood of 7. We construct a strip as a cp
foliation of curves along 7 in T.

Let P, = N,()7(t) the normal 2-dimensional space to v'(t) at (%), Wlth
the orthonormal frame (vy(t),n(t),b(t)). Then for each t, we construct a
piece of curve C; passing through v(t) in P; parametrized by arclength on
[—rg, 9] with C;(0) = 0 where ro > 0 is small enough such that C; C T'.

Then, let z, y be functions C*P on [0, lg] x [—72, T3] such that for t fixed
and s € [—7g, 2], Ci(s) = z(t, s)n(t) + y(t, s)b(t).

We consider the C*# surface S,, parametrized by:

Fr2 : [O, lo] X [—7‘2,7‘2] — R3
(t,5) — v(®) + z(t, s)n(t) + y(t, 5)b(t)
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with F;,(t,0) = ~(t). Let N(t) be the normal vector to Sy, on (t). Then
Fi(t,0) A Fy(t,0)

|F3(t,0) A Fy(t,0)]

Let K(t,s) be the Gauss curvature of Sy, at Fy,(t,s) and K € C*8(S,,,R).

We will need an estimate of |K — 1|co(s,,) in terms of 3.
Since

N(t) =

d?K

(3.1) K(t,s) = K(t,0) + sK,(t,0) + /Os (s—h)

if K(t,0) =1 and K,(t,0) = 0 we have
d?°K 2

—_—F To.
d32 co 2

[K - 1[00 <

In the following lemma we study, conditions on z,y to have K(¢,0) =1 and
K,(t,0) = 0. For r3 > 0 small enough, S,, will be strictly locally convex
(K > 0). Then we construct a bridge in T which satisfy these conditions.

Lemma 3.1. Let S be a compact surface in R3, C4P up to the boundary,
strictly locally convez and let v be a planar embedded curve of S parametrized
by arclength of class C*P

3() : [0,70) — RS
Assume also that the unit normal vector to S at y(t) is
N(t) = cos at)n(t) + sin a(t)b(t)
where a(t) is a C>P function
a(t) : [0,70] — R

with 0 < oft) < 7.
We can locally parametrize the surface S for rg > 0 small enough by
G : [0,70] X [~r0,70] — R3
(t,5) — 7(t) + X (¢, s)n(t) + Y (¢, )b(2).
Where X,Y are C*# functions on [0,7q] x [-70,70] such that the curve
Ci(s) = X(t, s)n(t) +Y (¢, s)b(t) is parametrized by arclength with Cy(0) = 0.
Let K(t,s) be the Gauss curvature of S at G(t,s).

In the following we note f for f(t), a function which depends only on t,
and its derivative f’.
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1. If S is a K-surface with K =1, then with R = m— we have:
1+ (a)?
(a) X(#,0)=Y(t,0)=0
(b) X:(¢,0) = Y3(¢,0) =0
Xs(t,0) =sina
© By
5(t,0) = —cos
1
Xss(t,0) = = cosa
R
(@) g
Yss(t,0) = 7 sin o
¢ Xst(t,0) = @’ cos
(®) Yst(t,0) = o' sina
(9) Xi14(t,0) = Y34(£,0) = 0
N Xus(t,0) = o cosa — (&) ?sin
() Yiis(t,0) = o/’ sina + (o/)2 cos o
/ /
Xsst(t,0) = —% coso — % sin o
() meR
Ysst(t,0) = — e sina + 7 cos a
3k . o’  2d'R’ .
Xsss(t,0) = Esmacosa “ R IR 4sino
. 1 3k . 4 o sina
) Yous(t,0) = Roosa R Y tReosa

20/R'sina 4sin?a

kR2 cos o cos o
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2. Reciprocally if S is a surface with Gauss curvature K not necessarily
constant and if X,Y verify a)-j), with N as above then K(t,0) =1 and
Ks(t,0) =0 for t € [0,7q].

Proof. 1)
C(0) = 0 = a) and a) implies b), d), g).

Ci(s) parametrized by arclength implies X2+ Y2 =1 and
Gs(t,0) = Xsn + Y5b

orthogonal to N(t) implies c).

c) = f)=h).

°¢e) =1).

Then we have to prove e) and j).
Since

X24+v2=1
we have on S

XsXss + }/;Yss =0 and X323 + Yfg + XsXsss + Y;'Y:sss = 0>
which implies by c) for each point (t,0):

(3.2) Xsssina —Yiscosa =0
and by a), b), c), d), f) and e) for each point (t,0):
(3.3) % 4+ Xgsssino — Yygs cosa = 0.

We write K(t,s) in terms of X,Y,DX,DY,D%X, D?Y and by a), b), c), d), f)

we have:
(3.4) K(t,0) = kcos a(Xss cosa + Ygssina) — (o/)2 =1

which gives e) with (3.2). Now by e) we have (3.3).
Since S is a K-surface, we have K,(t,s) = 0. As above we write K,(t,0)
in terms of X,Y,DX,DY, D2X, D2Y, D3X, D3Y, and by a)-i) we have:

a// 2

2k . k.
(3.5) K,(t,0) = 7 T g cosasina— ysina+

20/ R’

R2

k
k cos o(Xsss cos o + Ysgssina — — sina) + +4ksina=0

R
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which gives us j) with (3.3).

o proof of e).
By direct computation with v = kn, n’ = —k+/ (k > 0 since S is strictly

locally convex) and b’ = 0 (since v is a planar curve ):

Gi(t,s) = (1—-kX)y + Xen + Yib

Gs(t,s) = Xsn+ Ysb

Gi A Gty s) = (X1Ys — ViXs)y — Ys(1 — kX)n + Xs(1 — kX)b

Gu(t,s) = —(ke X + 2kX:)Y' + (k(1 — kX) + Xy)n + Yieh
(3.6) Gss(t,8) = Xssn + Yssb

Gst(t,s) = —kXsY + Xan + Yab

gui(t,s) = (Gr,Gy) = (1 - kX)* + X7 + 77

g22(t,8) = (G, Gs) = X + Y7

g12(t, 8) = (G, Gs) = Xth + 1Y

and
eg — f?
(911922 - 9%2)2

(see [DoC]) since |Gt A Gs| = 1/g11922 — g%, with

e(t, s) = (Gy A Gy, G) = —(K' X + 2kX3) (XsYs — YiXo)
= Ys(1 - kX)(k(1 — kX) + Xp) + X Yu(1 — kX)
g(t,s) = (Gy A G5, Gss)
(3.8) = X, (1 — kX) — Ys Xoo (1 — kX)
f(t,8) = (Gt A Gs, Gst) = —kX(X:Ys — V2 X5)
=Y Xot(1 - kX) + X Yot (1 - kX)

Then by a), b) ¢),d), f), we have:

(3.7) K(ts) =

911(t,0) =1
922(t» 0) =1
912(t,0) =0

e(t,0) = kcosa
g(t,0) = Xsscosa + Yyssina
f(t,0) =
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Thus (3.4):
K(t,0) = kcos a(Xs cosa+ Yissina) — (o/)2.
Then with (3.2) we have the following system:

Xessina—Y,scosa=0
kcos a(Xsscosa + Yssina) — (o/)? =1

Thus: )
Y, = X.. sin o
cos o
1 n2
Xes + (o) cos o
k cos o

which gives us e).

e proof of j).

By derivation in s of (3.6) we have:

gus(t, S) = -—2sz(1 - kX) + 2X:: X + 2V, Y

g223(t7 S) =0
gl2s(ta 3) = thXs + Xths + Y;SSYS + YtYss

and by a)-f):
9115(t,0) = —2ksina
g22s(t,0) =0
g12(t,0) =0

By derivation in s of (3.8) we have:

515

es(t,s) = —(K'X + 2k X)o(XiYs — ¥1X,) — (K'X + 26X)(X,Ys — YiXs)s

~Yas(1 = kX)) (k(1 — kX) + Xu)
+ kY Xs(k(1 — kX) + Xit) — Yo(1 — kX) (=K% X, + Xuss)
+ XY (1 — kX)) + X Yis(1 — kX) — kX 2V,
gs(t,8) = (L — bX)(XsVsss — Vs Xsss) + b Xs(VsXss — XsVis)
fs(ty8) = —kXoo(XeYs — VX)) — kX (Xt Yss — Vi Xss)
+ (1 — kX)) (XssYst + XoYats — Yos Xst — Y Xets)
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and by a)-f):
es(ta 0) = 2k2Xs}/s - kytss - Ythts + XsYtts

=a" — 2k?cosasina — o sin'a

9s(t,0) = Xgsscosa + Ysgssina — o) sin o
RI

fs(ta 0) = (Xssyrst + Xsnts =Yoo X5t — YsXsts) = R2

By derivation in s of (3.7) we have:
K(t,0) = (esg +egs — 2f fs) — 2(g11922 — 9%2)5(69 - fz)

Then:
o 2k2 . .
— — —cosasino — ﬁsma

K(t,0) = 7 7
+ kcosa (Xsss cosa + YygsSina — %sina)

2o/ R’

+ T2 + 4k sin a.
Thus with (3.3) we get the following system:
o 3k sin o
X i = —_—— —q] -
sss 08 @ + Yoss sin kR cosa + Roe + R2cosa
2o'R’ 4sino

kR2cosa cosa

1 .
Xssssina — Ygsscosa =0

2 +
and 1 .
Ytsss = 5 ssS Sno
R2 cos o cos o
Xoss = 3k sin & cos o of 20K 4sin o
ST R kR kR?
gives j).

2) Reciprocally, K(t,0) and K,(t,0) depending only of a)-j),k, k’, the calculus
of (3.4), (3.5) above is true. |

Now we construct the bridge S,, by piecewise.
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1) For t € I} = [0,t1] U [t2, t3] U [ta, L], v is a planar curve. For s € [—rg,70]
we define Cy(s) = (¢, s)n + y(t, s)b with R = k by:

s
z(t,s) = R (1 — cos -ﬁ)
. (S
y(t,s) = —Rsin (ﬁ) .
We consider the embedding:

F1 ZI1 X [—7‘2,1‘2] — ]R3
(t,8) — v+ z(t, s)n + y(t,s)b

Since v is a smooth curve, F} is a C%?# embedding of I; x [~rg,79] for rg > 0
small enough, and |Fi|cas < Co, |DFi| > Cg! for Co > 0 large enough
independent of ro. Moreover F verifies lemma 3.1-2).

We have:

(@) z(t,0) = y(t,0) =0

and a) implies b), d), g) of lemma 3.1.

. S S
zs(t, s) = sin v and ys(t,s) = —cos o
implies
z4(t,0) = 0 and y;(¢,0) = —1.
Then

Fy(t,0) =+ and Fy(t,0) = —b

which implies N(t) = n.
Then z,y verify a)-j) of lemma 3.1 with a =o' = o” =0 and R = k for
t € I;: we have a), b), ¢), d), g) and ¢) = f) = h).

1 s 1 . s
Tss(t,s) = RS R and yss(t,s) = RSn g
implies
(e) Tss(t,0) = % and ys5(t,0) =0
e) implies i).
\ 1 . s 1 s
Zsss(t,8) = —msing and ysss(t, s) = Vel
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implies
1
@'.
Then for t € I, we have K(t,0) =1 and K;(¢,0) = 0 by lemma 3.1.

(.7) Tsss (t, 5) =0 and Ysss (ta S) =

2) For t € [t; —ro,t2 + 70 U [t3 — 0, ta + 0], ¥(2) is a curve of the K-surface
B1U By, with K = 1. Then we take C; parametrized as above of length 27,
such that C; C P, N (B1 U By) and C(0) = 0. Then
F2 : I2 X [—7‘2,7‘2] — R3
(t: S) — 7+ m(t) S)n + y(t’ s)b

is a C%? embedded for 79 > 0 small enough and
FQ(IQ X [—’7‘2,7‘2]) C B1 U Bs.

Then
K(t,s) =1fort € I.

Let
o= Fyif (t, S) el x [—7‘2,7‘2]
o F if (t, S) el x [—7‘2,7‘2]
Since for t € Iy N I, 7 is a piece of great circle of the spheres By or By
(Their centers are in the plan P, P,), then Fy = F; for t € I; NI and F;.,
is a C%P embedding of [0, o] x [~r2, 7).
Clearly |Fy,|ces < Co and |DF,,| > Cy! for Cy > 0 large enough.

Now we smooth out the embedding in small neighborhood of g; and go,
so that the strip is smoothly attached to S; U Sa.
Let F be the restriction of F,, = F":

Fe = Flar lo—2r0]x[—c ] with 0 < 79 < 1 small enough.

We claim that we can extend F to [—¢,€] x [0,lo] so that it’s image is a
C4P extension of S; U Sy and

|Felgas < Co, |DF| > C;'!
for Cy > 0 large enough independent of €.

3) For t € I3 = [0,7g], v is a planar curve of S]. Let N(t) = cosan+sinab be
the normal vector on S} at ~(t) defined on [0, 2ro]. Then a(t) : [0,2r0] — R
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is an analytic map, since a K-surface is analytic in its’ interior. Moreover
(0) = 0 implies 0 < a < w/4 for o > 0 small enough.
We can locally parametrize Sj around <y by:

G : [0,2r0] x [-£,6] — R
(t.s) — v+ X(t,s)n + Y (2, s)b

where X,Y satisfy Lemma 3.1-1).
Let z,y be functions defined on [0, 2ro] x [—¢, €] by:

z(t,s) =R (cosa — cos (a + %)) + s_; ( sss(t,0) + }; sma)
y(t,s)=R (sina —sin (a + %)) + %3- (Ysss(t, 0) — % cos a)

k
with R = cczs ?;2 and Xes(t,0), Yess(t,0) defined in j) of Lemma 3.1.
We clalm that z,y verifies a)-j) of lemma 3.1:
Since
(a) 2(t,0) = y(t,0) = 0

we have b), d), g).

2

zs(t,s) = sin (a+ R) - Xsss(t,0) + =5 L sma)

+
ys(t,0) = — cos( ) + — (Ysss (t,0) — 1 —3 COS a)
implies
(¢) z4(t,0) = sina and y,(t,0) = —cosa
and we have f),h).

1 s 1

zss(t,s) = 7 ¢os (a + 1_%) +s ( Xsss(t, 0) -|— 5 sin a)
1 . s 1

yss(t,8) = R sin (a + §> +s ( Yiss(t, 0) — 55 cos a)

implies

1 1 .
(e) zss(t,0) = R oosa and yss(t,0) = R sina
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and we have i).

1 . s 1 .
Zsss(t, s) = — g sin (a + ﬁ) + Xss(,0) + R sine

1 s 1
Ysss(t,8) = T3 08 (a + E) + Yiss(t,0) — T3 cosa

implies
(6) zsss(t7 0) = Xsss(t, 0) and ysss(t; 0) = Ysss(ta 0)
Thus
2(4,0) = X(t,0) y(t,0) =Y (1,0)
Dz(t,0) = DX(¢,0) Dy(t,0) = DY (t,0)
D?%z(t,0) = D?X(t,0) D?y(t,0) = D?Y(t,0)
D3m(t, 0) = D3X(t, 0) D3y(t, 0) = D3Y(t, 0)

Let ¢1 be a cutoff function on R such that:
1 R— Rand 0< ¢1(¢) <1
$1(t)=1fort < %0

$1(t) =0 for ¢t > %

and max |D*¢;| < 1, IDk¢1|(a) < ¢y for k=1,2,3,4 and 0 < a < 1, for some
constant ¢; independent of ¢.
Let F3 be the embedding of [0, 7] X [—¢, €] defined by:

Fy:[0,70] X [—¢,6] — R3
(ts) — v+ (1 X+ (1—d1)z)n + (1Y + (1 - ¢1)y)b.

Then using a Taylor expansion for z,y, X,Y in s, it’s easy to see that F3
verify the lemma 3.1 and:

|DFy| > Cy*
|F3|ca.8 < Co.

4)Forte Iy = [7‘0,27‘0], yeP = (N(O),el) N Si
Let ¢9 be a cutoff function on R such that:
¢2:R— Rand 0 < ¢o(t) <1
¢da(t)y =1fort < %

7
¢o(t) =0 for ¢t > %
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and max |D*¢s| < c3, |Dk¢>2|(a) < ¢3 for k=1,2,3,4 and 0 < a < 1, for some
constant c3 independent of €.
Let F4 be the embedding of [rg, 2rq] X [—¢, €] defined by:

F4 : [‘7‘0,27‘0] X [—8, 6] — R3
(t,s) — v+zn+yb

with
3
z(t,s) =R (cos,B — cos (,3+ —]%)) + % (fl(t) + %sinﬂ)
3
y(t,s) =R (sinﬂ —sin (ﬂ+ %)) + % (fg(t) - —];—2cos,6>
where
B = ¢aax
_ kcosp
B=1v oy
filt) = %Sinﬁcosﬂ— I’f—; - %? —4sin g
1 3k B'sinB  28'Risinf 4sin? B

p— — —q 2 -_— -
120) = Freosp T RO P kReosp  KRPcosB | cosP

Since @ and ¢9 are C®°, then B is C* and Fy is a C*%# embedding of
[ro, 2ro] X [—¢, €] for € > 0 small enough. Moreover it’s clear that z,y verify
a)-j) of lemma 3.1 with N(t) = cos n + sin 3b.

We define the C*P extension of F. near ¢; by:

Fyif (t, S) € ([2To,t1] U [tz,tg] U [t4, lo— 27’0]) X [—E, 8]
Fy if (t,8) € ([t1,t2] U [t3, ta]) X [—¢, €]

F3 if (t,5) € [0,70] X [—¢, €]

Fyif (t,s) € [ro, 2r0] x [—¢,€]

‘I’g=

Similarly, extending F; near g, we get a C%# embedding
U, :[0,l0] X [-&,6] — R
with K (¢,0) = 1 and K;(t,0) = 0, with the C*# bound

(3.9) |ID¥| > Cyt and |¥e|cas < Co.
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Now to construct a C%# approximate solution M¢ we need to move the
boundary of the strip towards v in a sufficiently nice way:
Let f be a function on [0, co[ whose graph is smooth such that:

f(0)=1
f(t)=%fort>%
f’(t)<0for0<s<1

4
and the graph of f is smoothly tangent to the y-axis.

Let
ef <§> te [0, i—]

(3.10) fet) = '2&: te [g’lo - 45_1]
ef <l0;t> te [lo - Z,lo]

Now we get a family of thin strips S¢ defined by

= {(t,5) € [0,l0] x [~&,¢]/Is] < fe(£)}

and M¢ = S;US3USe. Thus M¢ is a C*P surface up to the boundary dM¢,
that is S7 connected to Sz by a strip of width e that contains v, and is itself
contained in T. We will often identify S° with U.(S¢). M* is embedded if

S1 and Sy are embedded.

Since VU, parametrize the strip, we can find a finite collection of
parametrizations of M®, ((Q,¥;))j=1..s with ¥; = ¥, = S5° and
V;:Q; — M*, ¢ =1...J covering S; U Ss.

Of course Cyy 1< |D¥4| < Cp so lengths and volumes are equivalent in
Q4 and U1 (). If g;; is the metric tensor induced by ¥ and (g¥) = (g;;) !
then we have

2 ('9’7’ oo (se) + 197 lcsit?(ss)) < Co
4,7
AT < (i) <M

AT < (g9) < AT I = identity matrix

For Cy > 0 and A > 0 some constant independent of . M€ is an approximate
solution in the sense that the Gauss curvature of M€ is near 1 in the norm
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C®. K =1on S;US, and on S we have by construction and (3.1):

s 2K
K(ts)=1+ /O (s — h) - (t, hs)dh

Since dd%{— co(se) depends on a bound of ¥, in the norm C* we have:
(3.11) |K — 1co,) < c1€?
Then
(3.12) / |[K — 1P = / |K — 1P < c16®PVol(S.) < coePe
Me= Se
Thus
K-1 o < c3ed
(3.13) | lLiqare) < ea

|K - 1|L2(Me) < 6382’5
Moreover since K (t,0) = 1 we have in the same way:
(3.14) |K - 1|CI,Q(ME) < 0481_a and |K — 1|CI(ME) < cse

for some constants cy, ¢z, ¢3, ¢4, c5 independent of €.

4. Technical lemma.

523

As in [20], we prove a technical lemma, to obtain a C° estimate. We use
the same technique and obtain a |u|r» terms to the right hand side since the

mean curvature is only bounded.

Lemma 4.1. Let ' be any positive constant. Then for u € C?(M?®) with

ujgpre identically zero and |u|p1 < T we have

lulco < Cp {| div(Ty V)| Lo + Julre } %

for any p > 1, where C, depends only on T, Volume(M*®) and p, and where

ep >0 withe, — 0 asp — 1.

Proof. We prove this using a Sobolev inequality and a standard iteration
procedure. In the proof ci,cs... will be constants independent of €. By a

result of Allard and Michael-Simon (see [1], [17]) we know that

(/ |v|2)% <er [ (90l + )
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for v € C}(M*), where H is the mean curvature, Vv is the gradient of v
and c; depends only on n. Applying this to v = v® with u € C}(M*®) and
s =q/(2—q) for 1 < g < 2, one easily derives the L7 Sobolev inequality

(2—q)/2¢ 1/q 1/q
0 (Juamn) ™ o) " ()

since |H| is bounded on M® compact.
Moreover for u € C2(M*¢) we have:

(4.2) —div(T1V|u|) < |div(T; Vu)|

to prove (4.2), let z1, 2 be a system of local orthonormal coordinates. Then

div(TyV|u|) = div <T1,J gu lul)

0 ou\ u Ou Ou 1

=55, (Bogz ) 1+ g e
Ou Ou u?

—Tlij'a?i'a—m—j-lulg div (T1Vu)| I

So we have (4.2).
Now let k € R, k > 2 and integrate by parts to get:

J 1l @ 1ul) = (6= 1) [ ol (91ul) (T V)
< —ea(k=1) [ o2V
since T7 is positive definite. And so by (4.2):
(4.3) c3(k—1) / |ul*~2|V[u|? < /IUIk'II div(T1Vu)|
(Integration by parts is justified as the integral on the right is finite). Now
k/2|2 k? k—2 2

V]2 = = [l

combining this with (4.3) we get

(4.4) / V[ul2? < |eqk / ¥ div (T3 V).
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For 1 < q < 2, we apply Holder’s inequality to get

a/?
J vtttz <es ([ o)

Now apply (4.4) to the right hand sides and (4.1) to the left hand side of
the above inequality and we get with ¢ = ¢/(2 — q):

(/ IUI’“)%S%«/ |V|u|'°/2|q) (f IUI’°"/2> )2
<er (( / IVIuIWP) # (1 )1/2)

<aa 19028 + [1ult)
< cg (k / lul*=1| div (T1 V) | + / |u|k_1|u|).

Let 6 > 0 be small, and apply Hélder’s inequality twice to the right hand
side of (4.5):

(1) Ve ([ =t aiveriva) + [ ultul)

o\
<ew ( [l ) (K] div(Ty V) s + Jul )

(4.5)

o\ (1) k=
<en ( [l ) (] div(Ty V) s + [ulgs)

where t5 is the conjugate exponent ¢!~ /(t1=% — 1) of t1=4. Now, letting k =
t% i=1,2...(t with q close enough to 2 to have k = t® > 2) and I; = |ufpssi+1,
the above inequality gives us the recursion formula with & = &; = t%:

e e z
I; < (en) /€I ¢ ( | div (T V| pes + |uls)E
(6115)‘ B (| div(T1Vu|p:s + |U|Lta))5

Since £ > 1, iterating (4.6) gives us:

(4.6)

(4.7) I; < caoti(| div(T1 Viul s + |ulpe))* 152
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where,
B (t‘% _ 1)(t5(i—1) — 1)...(t6j -1 .
%= 1614561 _46G-D (=i,
1 ..

i+1
= [0y,

j=2

i+l

9,’2 E Sij-
Jj=2

The idea is to let ¢ — oo in (4.7) and use the fact that |u|go = limsupl;
as i — oo. It is easy that logt; < logt} Z;”:l §t7% < 0o and so ciot; < c11
(which depends on §). Also, 0 < s;; < 1 and thus I§* < ¢13 < max(1,T).
Finally it is not hard to show that 6; is increasing in i and satisfies t—l‘;' <
0; < 1. Denoting 0 = 05 = lim;_.0;, and letting i — oo in (4.7) we get
lulgo < er3(| div(TiVu)|pes + [ulpes)).

Letting p = ts = t17%/(t1=% — 1) and recalling that ¢t = q/q — 2 the above
inequality implies lemma 2. ||

5. Schauder estimates.

Let M€ be a C3P surface of R3, with dM*® of class C3# for 0 < € <
€1, 0 < B <1 and L an elliptic differential operator on C%%*(M¢). We
assume:

a) There exists a finite collection of C*# parametrizations U = {(£2;, ¥;)}
j=1,...J, ‘Ifj : Qj — ME.
b) For each z € (2; there is a closed ball of radius €, B. with z € B. C ;.
¢) 2 1¥jlex < Coe'~* and |D¥;|co > Cy! for k = 1,2,3 and for 0 <
a < p, Zj || ke < Coel™*~= for some constant Cp > 0 independent
of e > 0.
d) The metric on ) satisfies
M < (gij) < AT
M < (g9) < AT

for some constant A.
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e) (Straightening out the boundary) If zop € @ N ¥~1(OM®), (2, ¥) € U,
there exists a C%8 parametrization ®, straightening out the boundary
with @(wo) =0

® : B.jy(z0) NQ — RE = {z € R*/zy > 0}

®(B,/4(z0) NTTH(OM®)) C R x {0}

|®|Ck < C'oel—k

|®|ghie < Coel™F fork=1,2,3andfor0<a<pf
|D®|co > Cyt

f) If u € C?>*(M*) and z = (z1,z9) are coordinates for (2, ¥) € U then
Lu = ajjugz; + biug,; + cu
in Q, where the coefficients a;j, b;, ¢ are C%* and satisfy
M < (ai) < A7
> (laijlco + £%aijlcoe) < Co

J
> (elbilgo + € [bi|go.) < Co

3

(€%lelco + €*T%(c|go.) < Co,
the constant A and Cjy don’t depend on e.

Explosions as in ¢) and f) require that in the case of H-surfaces we attach
the strip S¢, in a neighborhood of (g;)i=1,2 with a cut off function satisfying
|DF¢| < ce™ and then U; verify these assumptions.

Clearly M® constructed in section 3 satisfies a), b), c), d) since the C3/#
bounds of ¥;(j=1...J) is independent of € (see 3.9) and the width of the strip
is €.

Condition e) is obviously true when z is a boundary point of S} or Sy as
(S;)i=1,2 don’t depend on €. If zg € 901 = 9S°, then e) follows from (3.10)
and the definition of S¢, since 95° is locally a graph over [0, lo] of a function
of the type z — eF(z/e) where F is C3# and C;' < |DF| < C.

Lu = divIT1Vu + 2K Hu is elliptic since M¢ is strictly locally convex.
Since the coefficients of 77 depend on the coefficients of the second fun-
damental form (see section 1), their bounds in C%* depend on bounds of
|¥|cs,« and we have f).

Finally, under the above assumptions N.Smale proved.
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Lemma 5.1. Let 0 > 0.Then for u € C%%*(M?) we have the following
estimates, for 0 < a < 3

I’ulcz < 0'8a|‘u|02,a + CUS_2I'U.|00
[u|cre < oelu|czea + Coe™ 7 u|co

lulor < o™ ulgza + Coe ™ ulgo
where C, is a constant depending on o and Cy.
Lemma 5.2. If u € C2*(M?) and Lu=F, 0 < a < (3 then
|ulgza < Cafe™|Flco + | Flay + €72 |ulco}

for all e < e(c), where Cy depends on a, Cp, and A.

Even if the construction of M¢ satisfies better bounds than assumptions
a), c), d), e), f) we can’t have an explosion smaller than in Lemma 5.2. This
explosion comes from b) and a necessary cut off function on B, which verify
|D¥¢| < ce™* to prove the local Schauder estimate (see [20]).

Since we want to apply, the Schauder fixed point theorem in the Banach
space Cg’ "*(M?*), we establish two Lemmas of the same character.

A direct application of local interpolation inequalities (see [8]) (As in
lemma 5.1) gives us:

Lemma 5.3. Let 0 > 0. Then for u € C>*(M¢) we have the following
estimates, for 0 < a <

ulas < oelu 3,a+C¢,8—3u 0
C C C
[u|cze < o€lulcsa + Coe ™2 %|ulco
|’u|02 < 0’€1+a|u|03,a + 058—2|u|00
u|ore < 0€2|u|cae + Coe™ | ulco
C
luler £ U€2+a|u|03,a + Ca€_1|u|oo

|ulco,a S 0'83|U|03,a + Ca-&'—alulco

where Cy is a constant depending on o and Cp.

In our case Lu = div T Vu + 2K Hu, we have a;; = T1i5,b; = 0;T1;5,¢ =
2K H and M¢ of class C4P implies:
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() aij, b, c are CH* and satisfy:

> (laijler + lasjlone) < Co

ij
> (Ibilor + Ibilore) < Co
(Ieler + lelgra) < Co
Which gives us:
Lemma 5.4. If u € Co*(M¢) and Lu=F, 0 < a < § then

[ulcsa < Cal{e™|Flor + [VF(a) + €7 *Julco}

for all € < e(a), where C, depends on o, Cp, and X

Proof. We have by differentiating the equation Lu = F'
L(Vu) = VF — (Vai)ug;z; — (Vbi)ug, — (Ve)u
By applying lemma 5.2, we have:

[Vulcra < Ca{e™(|Flcr + aijlorlulcz + [bilor|uler + |elor|uleo)
+IVF|(o) + [Vaijllulcz + [Vbillulcr + Vel @)lulco
+laijler | D?ul () + [bilct [Vul @) + lelor [l
+& 27| Vu|co}

and by (f’)):
[Vulgza < Ca{e™|Flor + [VF (o)}
+ CoCale™*[ulc2 + | D?ul(q))
+ CoCo(e™ulcr + |Vul(q))
+ CoCale™*ulco + |ul(a))
+ Ca5—2_a|’u|cl
and by lemma 5.3 we have:
£ ulgz + | D?ul(a) < oelt|csa + Coe™2%|ulgo
e fulon + [Vul(e) < 02%ulosa + Coe™ = uloo
eulco + ul(ay < 0 fulone + Coe®lulgo
e ulor < olulgse + Coe™> " ulco
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Then with o = 1/2CyC,, by substracting the |u|gs.« terms on the right, the
lemma is proved. |

6. Eigenvalue bounds and L? estimates.

Lemma 6.1 is proved as in [20] and we redo here for a complete proof of
the theorem.

Lemma 6.1. There exists positive constants €1 and do such that for all
e<eg
dist(spec(L),0) > do

€1 and do depend only on maxye |2KH|(i.e. on Cy) and min;— 2(d;),d; =
dist(spec(L5¢), 0).

Proof. If lemma 6.1 were false, then there would exist a sequence of eigen-
values A\, = Ag(ex) k = 1,2... such that Ay — 0 as k — oo (and &, — 0),
and a sequence of eigenfunctions uy such that

L’U,k = —)\kuk and /]uk|2 =1.

c1,ce... will be constants depending only on Cp,d; and do. First we show
that |ug|co is bounded. This follows easily from lemma 4.1:
luglco < Cp {| — Mur — 2K Hug | + |ug|re} % for p > 1

(Note that lemma 4.1 applies here as |ug|z1 < ¢1). Now

| = Meur — 2K Hug|rr < (M| + |2K H| o) |uk| L7,

S0 |ug|co < CQlUkl}l;ep and |ug|r2 = 1 imply |ug|co < co.
Also integrating the eigenvalues equation by parts, we have:

/ukdivT1Vuk+/2KHu% = -x\k/l’u,k|2

o / Vurl? < (Al + [2K H]eo) / 2
|Vug|32 < cslugl3 < cs.

Let (Bscye(gi))i=1,2 be small geodesic ball about ¢; of radius 5Cpe. Since
Cy 1< |D¥;| < Co, Bacye(g:) contains dfiformations of the boundary where
the strip is attached (see section 3). Let S¢ = W1 (S¢)UBsc,e(q1)UBscye(g2)
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Since Vol(S¢) < cs¢ and [ |ug|? = 1, we can assume that

1/4< / 2
S1/Bscye

(by chosing a subsequence if necessary). Let ® be a cut off function,defined
on S1 by

0 r<é
B(z) = Ew__g/%% E<r< g2
1 61/2<r

where £1/2 = 3Cye and r(z) = geodesic distance from q; to z. So & is
lipschitz and thus H!. By integrating in geodesic polar coordinates

VoIt /ad c g2 dr c
< i .
/; IV®|*y/gdz < log(£-172)2 /T=£ r = log(6-1/2)

¢1/2
[V®|L2 < c(log&“l/r")“l/2 —0as&e—0.
(Here ,/gdz is the volume measure in linear coordinates on the geodesic ball
B,; \/gdx = \/grdrdf and we used the fact that ,/g is bounded). Now let
®; € C?(51) j=1,2... so that ®; — @ in C° and H! norms as j — oo and
®; =0 on Byc,:(q1). Also let A, and ug be as above. Then vy ; = ®juy €
J 0 J 3

H&(Sl) and

|vk,jloo < 4

|vk,jlL2 2 1/4.

We have the orthogonal decomposition under L
L*(S)=H,®H-

where H, (H_) is the direct sum of the eigenspaces of L1 with positive
(negative) eigenvalues. For w € L2(S;), let wt,w™, be the orthogonal
projections onto H, H_ respectively. Now

/|vk,j|2=/|vzj|2+/lv;jl2 <a

and so |v, jICO < c5 since H_ is finite dimensional. Thus |v,':' jICO < cg since
|vk,jlco < cs and vi; = v,'c" i Ve Letting c; - min;— 2(d;) we have by

standard Hilbert theory:
/’U;:’ijk’j + I/v’:’ijk’j )

1/4§/|u,:jj|2+/|v,;j|2 gC7(
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We show that the terms on the right goes to zero, getting a contradiction
when j — oo and k — co. Now

/vk_’ijk,j

<

/ Vg (= AWk, + 211 VU VO + uy div 11V E5)

/’Ul_c',juk divT1VQ; )
If we let j — oo and k — oo, the first two terms tend to zero since |Vuy|z2
is bounded and |[V®;|;2 — |V®|2 as j — oo and [V®|;2 — 0 as k — oo
(e —0).

So we must show that the third term on right tends to zero.

Integrating by parts

/U;’juk div T1V¢'j

< e (Ak + [Vurl 2V ;] g2l o +

<cg ()\k + |V’uk|L2|V<I)j|L2 +

/v,;:juk div T1V<I>j

< + ’U;’j VuT1Ve;

/ V'Uk_,jule Vo,

< ero (190122 1V®5 12 + [ Vel 2| V5112

as remarked above, the second term on the right tends to zero. Since
[V®;|12 — 0, it suffices to show that |Vv, ;L2 is bounded. However, this

follows from the fact that H_ is finite dimensional and that |V i|p2 is
bounded. For example Vs = a1A1 + ... + arAr, I = index of S, {A;}
i = 1,...] a smooth orthonormal basis for H_ and (3" a?)/? < ¢. Then
Vg ; = a1VA;...a1VA; is clearly bounded in L.

Thus we’ve shown that [ v,:’ijk,j tends to zero. The proof that
f v,‘c': ijk,j tends to zero is identical, except that |Vv,'c':j| 12 is bounded since
|V ;|12 and [V ;|2 are bounded (independent of €). This completes the
proof of lemma 6.1. |

For the rest of the paper H,, H_ will denote the direct sum of the
eigenspaces of L in L2(M?¢) corresponding to the positive(negative) eigen-
values. So L%(M®) = H, ® H_ is an orthogonal sum, invariant under L. As
above, if u € L2(M*®),u = ut +u~ for unique ut € H,,u~ € H_. We have
the following:

Corollary 6.1. For u € Co®(M¢) we have

() [ul32 < C1(Jut|go + [u™|go)|Lul 11
(b) |u]H1 < C'2|Lu|L2
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where C1,Cy depends only on dy and cy the constant of ellipticity of Lu.

Proof. By standard Hilbert space theory

Ju = [rwp+ [wp <z (| f v

from which a) follows. Thus

+| ] u Lu

)

1
julfs < o (" Lulg: + o™ Lulzs) < Cilulpal Lulzs
0

and so |u|rz < Cy|Lulfe.
Using a) and integrating

udivTiVu + u2KHu = uLu
by parts, we get:
[Vulf < ei(lulfz + [ulr2|Lul2) < ea|Lulf
Which gives us b).

7. Proof of the theorem 2.1.

Let v1,72,73 be the following constants: y; = 2,75,72 = —0,25,73 =
1,75. Let u € P(e,0,a),0 < e <¢€1,0< 0 <1/2,0 < a < S, and recall that
Tu = v+ w, where Lv = —(K — 1) and Lw = —E(u). To prove theorem
2.1, we claim that it suffices to establish the following estimates:

(V1) |v|co < K1eM™?
(V2) v|s o < Koe™™™?
(V3) [v| g2 < K3e™70
(W1) |w|co < JyePrt=P1
(W2) |w|gs.a < JpeP27P2
(W3) |w| gz < JagP2rs

for all € < e(e, Co,do, S1,S2) where Kj, Ko, K3 are constants that may
depend on 8, o, Cp, dp, S1,S2 and where 6 can be taken arbitrarily small;
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J1, J2, J3 may depend on o, a, Co, do, S1,S2; (1,52, 83 are constants such
that
B1>2,75, [B2>-025 p[B5>1,75

and finally p1, p2, p3 are functions of o and « such that p; — 0 as ¢ — 0 and
a— 0.

(V1)-(V3) and (W1)-(W3) implies theorem 2.1 for the following reasons:
Fix ¢ = ¢ and a = @ so small that §; — p; > 7 i=1,2,3 and then fix
6 = /2. Now of course K; and J; are fixed constants. Letting K =
Maz{K;, Ky, K3, J1, J2, J3}, we can take & so small that:

Kis’)’i—t_f/? + Jisﬂi—Pi < QR Vi—F/2 < gl i#2
KQ&-’YT'&/?"& + J28ﬂ2—P2 < 2}’(5’72—5/2—5 < gr—i-a

for all e < &. That is, the right hand inequalities are true for ¢ < & =
(2K)~%/%. Clearly then, by the definition of P(e,0,a), v+ w € P(,5,&),
for all € < &,since the left hand sides of the above inequalities are just upper
bounds for v 4+ w in the norms defining P(e, 7, @). So it suffices to establish

(V1)-(V3) and (W1)-(W3).
Estimations of (V1)-(V3).

Again cy, ¢, ... will be constants independent of €. We first establish a

L? estimate of v:
From corollary 6.1-b and (3.13)

(7.1) [l < | K — 12 < cpe®8
and so by lemma 4.1, applying to v+ and v, gives us

[vE|co < Co{| div(T1 V)| e + [vF| e} 74P for p > 1
but for 1 <p <2

|diV(T1V’U:E)|Lp + |Ui|Lp < C3(|(K - 1):E|Lp + |'U:|:|LP)
< ea(|(K = 1)F|2 + [v¥]p2) < 56
since M€ is compact and bounds on 2KH depend only on C? bounds of
parametrizations (|v|g2 < cae®® due to (7.1)). Thus [vE|co < cee25(1=¢r)
and cg = cg(p) (recall e, — 0 as p — 1).
Combining this, corollary 6.1-a gives us

|’U|%2 < 6762,5(1—ep)|K_ ]-|L1 < 6885’5_2’5ep
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and
(7.2) [v|z2 < coe®™ ¢ with 0 close to 0 as p — 1.
Now we prove (V.1) using lemma 4.1 and (7.2).
vlco < Cp{| div(T1Vv) e + [vlre} =% < cro{|K — L|ze + [v]g2} <

For p close to 1, |K — 1|» < c11€” with z close to 3 (see 3.12).
Then when p — 1, |K — 1|1» < 1162779 and by (7.2):

|U|CO < 6128(2,75—0)(1—ep)
which gives (V1) for p close to 1:
(V1) [oloo < K20
(V2) follows from lemma 5.4, (V1) and (3.14):
lose < Cafe™|K = Lor + V(K = 1)|ia) + ™ olco)
then
(v2) e
Now lemma 5.3, combined with (V1) and (V2) imply that

lV’U‘CO < 01381’75—“1

|D2'U|CO < 014&‘0’75_“1

where, c13 = c13(p1),c14 = c14(p1) and g1 > 0 can be chosen arbitrarily
small.

Now we prove (V3). First of all, by standard elliptic theory (see [§],
[18]), there exists a constant c;5, depending only on S; and Sy such that

(7.3) 1Z52 < e1s{|LZ| 12 + |Z] .2}

for all Z € H?(S;) N H}(S:),i = 1,2. Let ¢ be a cut off function on S;
satisfying

¢(z) = 1if = outside Bscye(q1)
¢(z) = 0 if z € Bacye(q1)

and |V¢|go < clee™ L, |D2¢|co < e
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Let B; = Bscye(q,),t = 1,2. We will estimate [ |D?v|? separately, on the
pieces S;/B;, B; i=1,2 and S°. Applying (7.3) to Z = ¢v and using the fact
that support of (V*¢),k = 1,2 is contained in B; with Vol(B;) < ce2. We
have:

[vlm2(s,/By) < cis{|#(K — 1) + 211 VuVe + vdivT1 V|12 + |pv| 2}

< c18{e®® + &7} |Vo|poVol(By) /2
+ |v]go(e™! + e72)Vol(By) /2 + 275}

1,75—p2
)

< ci9€ c19 = c1o(p2)

One can derive the same estimate for S3/Bs and so

177‘5_/1'3
b

(7.4) V| rr2(pre yge) < 208 ca0 = c20(H3)

With 5S¢ = By U By U ¥y (S5°).
Now for ¢ = 1,2,

(75)  |vlaz,y < ealvlos (Vol(Bi)Y? < care™™ 4, ey = con(pa)
So we must estimate

/ D22 = / |D2u[2/gdtds
U, (5°) Se

For (21, ¥;) we express L as section 5-f’) and as in the proof of lemma
5.4, by differentiating Lv = —(K — 1) with respect to t we get on S*:

(76) —L('Ut) =K;+ Btaijvxixj + Btbivxi + 8t(2KH)’U

with the coordinates z = (z1,z2) = (¢, s).
Integrating
vLvy = v divT Vg + v, 2K Huy
by parts on S¢ we get:

(7.7) / |Vvt|2_<_czg{ / v Loy }
Se Se

where e is the outward unit normal to 8S¢. But now v is zero on the

boundary which is parallel to the t-axis.
Then vi(t,e/2) = v(t,—€/2) =0 for t € [, lp — €] (see (3.10)). Thus

/ vt(T1Vvt).e=/ vt(T1Vvt).e+/ v (T1Vuy).e
ase oS¢ 855

+ +

/ ve(T1Vuy).e
a5¢

/ v 2 K Hu;
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where

057 = {(t,s) € 0S°/t =0and t = lp}
085 = {(t,s) €0S°/0<t<eandlp—e<t<lp}

Then Vol(9S5) < co3e and Vol(0S5) < co3e therefore

‘/ ve(T1Vy).e
08¢
and (7.7) becomes

< 246 V0| 0o| D?v| oo < 5>, co5 = cos(pus)

Vs |2 < eon 35-ms

(7.8) 5

+ 026|V'U|2008 + core

/ ’UtL’Ut
Se
/ ’UtL’Ut

The first term on the right hand side of (7.8) is estimated by using (7.6) and
(V1)-(V3).

/ ’UtL’Ut

Then by (3.14) and by section 5 — f'):
/ ’UtL’Ut
Se

so together with (7.8)

3,5—us
)

< o2 + coge

cog = cog(s).

< c29 {/S |ve || K| + |'Ut||ataij'va:iz]-| + |vg]|Osbivg, | + |Ut||3tCU|} .

< c30 {IV’UlcolK - 1|01€ + |'l)|cl|’l)|02€ + |v|%1€ + |vlcllv|00€}

375_#5
)

< c31€ c31 = c31(ue)

(7.9) /S |Vvs|? < e306357H7, 30 = caa(pr).

Now, we claim that for z € S
(7.10) |D%v| < e33{|Vue| + |Vo| + |v| + |K = 1]}

This follows from the equation Lv = —(K — 1) and the fact that L is uni-
formly elliptic (independent of ).

Lv = —(K —1) is of the form @ijUzz; + lower order terms = F'. Since
age > Ao, we get

|uss| < c3a{|uet| + |uts| + |lower order terms| + |F'|}.
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However
|uge| + |ugs| < cas| Vgl
and so (7.10) follows.
Combining (7.9) with (7.10) we get

(7.11) s |D2U|2 S C36€3’5_”8,C36 = C36(ﬂ8)-

Finally putting together (7.4), (7.5) and (7.11) we get
(V3) [v| g2 < K3el™Ho
where pg can be taken arbitrarily small.

Estimation of (W1)-(W3).

We prove (W1)-(W3) in a manner similar to the proofs of (V1)-(V3)
and since Lw = —E(u), we will therefore need to estimate E(u) in the
C% C% C!, CL* and LP norms.To do this we prove the following:
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Lemma 7.1. For u € P(e,0,a) we have:
a) |E(u)| < K4 (|ul?> + |Vul? + |D?ul?) (pointwise)
b) IVE(u)| < K5 ([uf® + [Vul? + |D?uf? + | Du|(jul + |Vu| + |D?ul))
(pointwise)
¢) |E(u)lco < Keeh>727
d) |E(w)lor < Kre®7%
e) |VE(u)|o < Kge% 20—

for all € < €1,e1 sufficiently small and Ky,...Kg are constants depending
only on Cy, A9 and .

Proof. First note that c), d) follows from a), b) and the definition of
P(e,o0,a). To prove a), b), e) recall that

E(u) = / (1- Tu)dT

So it suffices to show that | K (tu)], |V—d72—(7'u)| and |V (Tu)|(a are
bounded by the quantities on the right hand side of a),b) and e), respectively
for0<7<1.

Let (Q,¥) € U. Since ¥(7) = ¢ + TulN is a local parametrization of
M., we have by (3.7):

b11(7)baa(T) — b1a(1)?

(911(7)g22(T) — g12(7)?)?
where we’ve abbreviated K (1) = K(7u), with

9ii(7) = (Yu,(7), Yz, (7))
bij(T) = (Y1 (T) Az (7); Yaria; (7))

K(r) =

where
Y (T) = Yg; + TulNg, + Tug, N.

Then

d?’K 7 —2\/ —2\/1/ =2\l
S (ru) = K(rw)" = (67)"+ 2(¢™>)¥ + (97

vd2K (tu) = VK (tu)" = bV (g7 2)" + (g72)"Vb
dr 2 - g g

+26'V(g72) +2(g7 )V + bV (g7%) + (9 H V"
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where g = det(g;;(7)) and b = det(b;;(7)).
And by appendix 1g)-1i) and 1s)-1u) we obtain a); by appendix 1g)-11)
and 1s)-1x) we prove b) and e). [ |

Proof of (W1)-(W3). In order to prove (W1)-(W3) we will first have to
estimate E(u) in L', L? and LP,p > 1,p near of 1. u1,vs... will denote
functions of o and a that tend to zero as o and « tend to zero. cy, cs... will
be constants independent of ¢.

By lemma 5.3, we know that

[Vaulco < c1eh™7°

and
|D2u|co < %57,

First we estimate |E(u)|p1.

By lemma 7.1-a) we get by the definition of P(e, o, @)

Bz < Ko [ (1l + [Vul +1D%P)

< calulyys < 3%

which implies
|E(uw)|1 < c3e>®71,

with p =1+ 6 it’s easy to see that
IE(U)ILP < 6463’5_'/2
with ¢4 depending on §.

|E(u)l> < s (lulfe + [Vulfa + |D?ulf4)
< ¢s (Juloolul 2 + |Vuleo| VulL2 + |D?ulco| Dul2)
< co|ulcz|ulp2
- which implies that
|E(w)|2 < cre®5",
First we prove a L? estimate of w. \

By corollary 6.1-b):

(7.12) |w|gr < cs|E(u)|g2 < coe®572
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applying lemma 4.1 to w* we get, after setting p = 1+ 6(6 close to 0):

w*|oo < Cp{|B(w)|z2 + w]g2} %
S 610(62,5—113)1—81, S 01162,5—114

Now we use corollary 6.1-a):

[w[Ze < erae™ ™| B(u)| s

< 13575,
Then
(7.13) lwlgz < 14>,
Now we prove (W1) using lemma 4.1 and (7.13)
wleo < ers{|E(u)lze + [w]g2} %

which give (W1) after setting p =1+ 6, with £ =3 and p; = v7.
(W1) lw|go < Jy1e377

(W2) follows from lemma 5.4 and lemma, 7.1:

[wlgs.e < c16{e™|E(w)|or + IVE(w)lq) + 7> *|wlco}

<cire” B

which give (W2) with f2 = —a and pg = vs.
We prove (W3) like (V3).
Lemma 5.3 implies that
IV'wICo < 01382_V9

|D2w|00 < clgsl—ym
As in (V3) it follows by (7.3):

lwlp2(s,/By) < coo{l$E(u) +2T1VwVe +wdivTiVe|p2 + |pw|r2}
(7.14) < cgre?

and

lw|g2(p,) < c22|D*w|coe
(7.15) < 02362—V12.

541
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Since

|w|Hz(Se) < 024|w|0251/2 < 02561’5_V13,

we must estimate |, 1(5%) |D?w|? and we proceed as in (V3).
By differentiating Lw = —E(u) with respect to t we get on S*:

(7.16) —Lw; = 8, E(u) + 8;aijwnya; + Osbiws, + 0;(2K H)w.

And integrating by parts on S¢, w;Lw; we get:

/ IV'wt|2 < co6 { / weLwy| + / w2 K Hw;

(7.17) ) o )

+ / we(T1Vwy).e }

08¢
and as in (V3):
(7.18) ~/ w(T1Vwe).e| < 027€|V'wlco|D2w|Co < coget14
2S¢
and
7.19 wi2K Hwy| < 99| Vw|Zoe < cgoet 715,
C
SE

Moreover by (7.16)
/ ’U)tL’U)t

By lemma 7.1-b) we get
VE@)|2 < eso (ulls + [Vulls + D2l
+|{(ful + [Vl + |D?ul) | D[ 1)

< cs3 (|uloz|ulpr2 + | DPulgolulg2)
0,75—061,75—0 _1_8—0,25—061,75—0') < 03581’5_20.

< esi{|Vw|2|VE(u)|r2 + |V'w|co|D2w|Coe

+ [Vwlboe + [Vwloolwlcoc).

< cay(e

Then by (7.12) and the previous estimate:

(7.20)
/ ’LUtL'U)t

S 036(82’5_V3€1’5_V16 + 82_V961_V106 + &.&.4—1/17

+ 5.&.2--1195.3—117)

< cgretTVs,
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Then (7.17), (7.18), (7.19) and (7.20) give
(7.21) / Varf? < ez,

Since (by (7.10))
ID?w| < ef[Var| + [Vaw| + [w| + [E(w)]}
we get by (7.21), (W1) and lemma 7.1-c):

[ 102 <o [ Dl + [Vulue + hulbos + Bw)Eec

< cqoetv

which gives (W3) by (7.14), (7.15) with §3 = 2.

8. Appendix.

543

Proposition 1. There ezists a constant Ko depending only on Cy and Ay
such that the following estimates hold, for 0 < 7 < 1, and for € sufficiently

small:
> lgisl < Ko
Z 95 l(c) < Ko
1,J
> " lgisl < Ko(lu| + [Vul?)
(b) z,J/ 2, 75—0—a
Z |9i1(c) < Koe™
1,J
Z lgii| < Ko(Jul® + |Vul?)
(C) 9.7
> g8l < Kog®®7207
1,J
> lgije] < Ko
(d) %7

Z |9ijz () < Ko

Y]
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> gz, ) < Ko(jul + [Vul)
(e) m, 1,75—0—a
Z 1924 (o) < Ko™
1,3

D 19l | < Ko(lul® + [u||Vu| + | D?u||Vul)
1,j

(f) ,
Z lg{;lﬁkl(a) S K9€2y5-2a—a
]
> lgl < Ko
(g) ]
D gl < Ko
i,
0
Z Igll(a) < K952’75-a—a
1,J
216" < Ko(luf* +[Vul?)
(i) 7
Z |glll(oz) < Kgg3:5—2o'-a
1,3
Z |92, | < Ko
(j) 4J
i,J
(k) I

Z lg:/% I(a) < K9€1,75—-U—a
1,5
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31941 < Ko(lul® + [Vul? +Vul| D))

(l) ¥ " 2,5—20—a
Z Iga:k|(a) < Koe®
i,J
Z bij| < Ko
(m)

> Ibijla) < Ko

i!j

Z 1651 < Ko(jul + [Vul + [D?ul)

(n) 0,75—0—
Z'bijl(a) < KgeP777
1,J
z 6] < Ko(Jul? + [Vul? + [ul| D?u| + [Vul|| D?u))
(o)
Z|b I(a) <Kg€25 20—
1,
Y Ibijan] < Ko(1+ |D%ul)
() ™
Z Ibij:vk|(a) < K98—0,25—a—a
1,5
S Bhja | < Ko(lul + [Vl + [D?ul + |D?ul)
(q) " —0,25—0—a
Z |szrrk|(a) < Koe™™
1"J
(r)

Z Wieel < Ko(luf? + [Vul? + |D*uf* + [ull D] + |Vl Du])

)Tk

// 1,5—20—c
E :Ibijzkka) < Koe
i,J
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Z 6] < Ko
1,J

(s)
Z lbl(a) < Ky
,J
DI < Ko(jul + [Vl + | D?ul)
(t) i’jl 0,75
D [Py < Koo
1,3
STI] < Kofjul + [Vuf? + D)
1,J
u
( ) Z lb”l(a) S K9€1,5—20'—a
1,J
> lbo,| < Ko(1+ D)
() "
Zlbmkl(a) < Kg€—0,25—a-—a
2%
> 1B, | < Ko(lul + [Vul + |D?u| + |D3ul)
(w) N
Z |b;:k|(a) < K9€—0,25—a'—a
1,J
> I, | < Ko(lul® + [Vul? + |D?ul? + [u]| D?ul
3,
(%) + |Vu||D%u| + | D?u|| D?u|)

AR
4,J
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Proof of the proposition 1.
As usual ¢y, ¢o... will be constants depending only on Cp and Ag. Since
u € P(e,0,a), it follows from lemma 5.3 that:
lulos < e~ 0250
IUICQ:“ < 0180,75—0—04
|u|02 < 6160,75——0
Iulcl’“ < 0161,75—a—a
|u|01 < cls1,75—0

IUIC’Ov“ S 0182,75—0—01

Moreover we get from the expression of 95, (7) (see lemma 7.1):

gij(T) = (¢wi7¢mj) +Tu ((1/’33,', Nx1> + (Nzi,Q/’zj))
+ T2uxium]. + 72u?(N,,, Ng;)

Since N, € TM.

Using the fact that |u| < 1,|Vu| < 1 and |D?u| < 1 so that higher
powers of these are dominated by lower powers, using |¥|c4,6 is bounded
(independent of ) it is straightforward to establish 1a)-1f) by derivation.

By example:

ggjxk = Ugy, (("pzu N:c]> + <in, d"xﬂ) +u (("pzi, N:Q) + (N:ci, ";[ij))xk
+ 2T Uz 0, U + 2T U, Uy, T 47Uz, u(Ne;, Nej)
+27u? ((Nay, Nzy))

Thenfor 0<7<1

|90 | < 2 (lul + [Vl + |Vl | D?u] + [ul [Vl + |uf?) < Ky(lul +Vul)
which gives us e).

The proofs of 1g)-11) are done exactly in the same way with g = g11922 —

g3, combining with 1a)-1f).
We have (see lemma 7.1):

bij (T) - (1/’301 (T) A ’Qbmz (T)a 'l;bwimj (T))
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Then
Yy (T) A Py (T) = (g Ay) + TU(Py A Ny + Noy A thay)
+ Ty (N A tgy) + Ttg, (2, AN)
+ 72u?(Ngy A Ng,) + 720tz (N, A N)
+ 72Uz, (N A Ng,)
Voi2;(T) = Yaiz; + TuNgz; + To; No, + TUz No; + TUgz; N

Thus
%2z, (T)| < €3
[Waiz;(T)'] < callul + [Vu| + | D?ul)
2.2, (T)"| =0
[z, (T) Az, (M <es
(%2, (7) A g (7))'| < c6(|ul + [Vul)
| (%2 (7) Az (7))"| < ex(luf? + [ul|Vul)

Thus we get 1m)-10) and 1s)-1u) by derivation of b;(7) like for g;;(7).
Moreover

I"»bziijk(TN <es(l+ |D3“|)
ooy (7)'] < colful + [Vu| + [D?ul + | D*ul)
l’(tbl'izjzk (T)HI =0

|(¢$1 (T) APz, (T))zkl < c1o

| (o (7) Aoy (7)), | < ct1(ful + [Vu] + [ D?ul)

|(War (7) Atz (7)) | < cxa(ful® + [Vul® + Jul[D?ul)

Then the proof of 1p)-1r) and 1v)-1x) are done exactly in the same way with
b = b11b9g — b%Q.
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