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On the generic eigenvalue flow of a family of metrics
and its application

ZHANG LiQun?!

We define a generic eigenvalue flow of a parameter family of met-
rics, which the corresponding eigenfunction is continuous in param-
eters. Then we apply the result to the study of polynomial growth
harmonic functions on a complete manifold. Under the assumption
that the manifold has some cone structures at infinity which is not
necessarily unique, we obtain a uniform growth estimate.

1. Introduction.

It is well-known that eigenvalues are continuous dependent of parame-
ters in some nice space. We are interested in the continuity of eigenfunctions
for one-parameter family of elliptic operators. It was proved by K. Uhlen-
beck that in the generic sense eigenvalues have one-dimensional eigenspace.
Clearly, if all eigenvalues are of simple multiplicity, then the eigenfunctions
for those operators considered are continuous in the parameter. But un-
fortunately, eigenspaces are not always one-dimensional. As we show in an
example in next section, eigenvalues do often intersect when the parameter
varies. Moreover, those intersections are stable in perturbations.

On another hand, when the eigenfunction is continuous in parameter,
such as in our applications, we can utilize it to construct almost harmonic
functions even when the metric tensor are changing slowly in parameters.
Actually the initial motivation are from the problem of polynomial growth
harmonic functions on certain complete Riemanannian manifold. Indeed,
there are cone structures at infinity for complete Riemanannian manifolds
with nonnegative Ricci curvature, quadratic curvature decay and Euclidean
volume growth ([CT]) or with Ricci curvature lower bounded and Euclidean
volume growth ([CC2]). The cone structures are not unique in general, but
they form a compact set, that suggests us to study a family of operators
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with parameters varying in a compact set. In particular, let us consider for
a family of operators

(1.1)

18 [ 9
Mo = g e (97005, )

with the metric g(t) € C2(X,T(M)QT(M)) and X is a compact set of a
manifold.

We first apply the transversality theory to define eigenfunction flows,
which eigenfunctions are continuous in the parameter ¢. In section 2, we
prove Theorem 2.8. Then we apply it to the study of polynomial growth
harmonic functions on a complete manifold in section 3. There are many
related works on this problem (see [CM]) and the reference there. Here
we make use of the so called three annuli lemma, inspired by an idea of J.
Cheeger. The three annuli lemma was used before by L. Simon [S], Cheeger
and Tian [CT], etc.. We obtain an a priori estimate for the growth of har-
monic functions on a complete manifold. Then as a corollary, we obtain
an estimate on the dimension of polynomial growth harmonic functions un-
der the assumption that the manifold has some cone structures at infinity.
This was motivated by a recent paper of Colding and Minicozzi [CM]. In
that paper, in particular, they proved that the dimension of harmonic func-
tions with polynomial growth is finite for any complete manifold with Ricci
curvature nonnegative, as Yau conjectured.

Acknowledgment. The author would like to thank Prof. F. H. Lin for
some interesting discussions, Prof. S. T. Yau for his encouragement and
interests, and specially G. Tian for many useful discussions and instructions
during his visit to MIT in 95/96. This work may be never completed without
these discussions. He also thanks MIT for the hospitality and providing a
stimulating environment.

2. Generic Eigenfunction Flow.

In this section, we consider eigenfunctions defined on (M, g(t)) where
M is compact with 8M = @ and the metric tensor g(t) depends on the
parameter t twice continuously differentiable. For simplicity we first consider
the case that the parameter is in [0, 27]. Then we know that eigenvalues are
continuous differentiable in ¢t and

0=X(t) < AM(t) < Xo(t) < -
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Let G = {g(t)|g(t) is the metric of M, g(t) € C?([0,2n],T(M) Q T(M))}.
We want to show that we can define the eigenfunction flow ¢;(t) for generic

g(t) in G which continuously depends on ¢.
Let Sy = {u € HY(M), [},u? =1}, My = {g|g € C}(T(M) Q T(M)) is
the metric of M }. We consider the map

¢:Sk X R x MQ l-—)Hk_z(M)
given by
(2.1) d(u, A, g) = Agu+ du = Lgu.

By the study of the regular value of ¢, K. Uhlenbeck obtained the following
result in [U]

Lemma 2.1. The set {g € M2|Agy has one-dimensional eigenfunction } is
a residual set in Msy.

Therefore for g(t) € G we may assume that Ag(g) has one-dimensional eigen-
functions. Consider eigenvalues of Agy) as t varying. First we know by the
following example, they may have intersections.

Example 2.2. Consider S? with the following metric
d6? + g(t,0)dp>

where g(t,0) = a*(t)sin? and 3 < a(t) < 1. Then the eigenvalue problem
becomes

1 0 10%u
(2.2) 7596 (\/"89>+—%—2+/\ =0.
Let uw = F(0)H(¢), then (2.2) becomes
9 ! "
(2.3) \/560;\/51? ) + % + g = 0.

Put ~H"/H =n?, forn=1,2,---. Now we solve

[s) ’

7 (/gF
(2.4) \/5—69;,\/5—)4-)\9—712:0, 0<h<m.
Let An; be its eigenvalue, then

A f fo FI2+ F2
2.5 ni = i
(25) i fer Jo V3 F2

? /‘\/—FF,J—O J<’L.
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where F, ; is the eigenfunction corresponding to A, ; and F is the weighted
sobolev space with

iy
2
lulles = [ VG 02

For g = a?sin?d, it is easy to see that An,i continuously depends on a. When
a =1, (2.4) becomes

n2
(2.6) (sinF') — gl———a-F +sinfF =0, 0<0<m.

n

Let p = cos 6, then (2.6) deduce

d dF n?
2.7 —_ —p)—=) - — = -1<u<l
en  L(a-dE) IR0 —1sus

In this case, A\p; = (n+¢—1)(n+1), ¢ = 1,2,---. The corresponding
eigenfunction is the so called Legendre function.

Similarly we find for a = 1/2, the eigenvalue of (2.5) is Ap; = (2n 4+ —
1)(2n + 7). In conclusion, we have

(2.8) An,i(%)=(2n+i—1)(2n+i), n=0,1,--, i=12---.

(29) Ai=(Mm+i—1)(n+i), n=01--, i=12--

All eigenvalues of (2.2) for a = 1/2 and a = 1 are given by (2.8) and (2.9)
respectively. Note that A, ; is continuous dependent of a, it is easy to check
that when a is varying from 1/2 to 1, eigenvalues of (2.5) must have infinite
intersections.

Remark 2.3. We can choose a? = a(t, 8)?, such that a(t,0) = a(t,7) =1
and Rice(S?) > 1.

Now we back to our problems. For a fixed Cp, we consider those eigen-
values of Ay with Ax(t) < Co. Let to be a point where

(2.10) e < )‘k—l(tO) < )\k(to) =...= /\k+l(t0) < )\k+l+1(t0) < Cp.

Moreover, we may assume that those eigenvalues which are less than Cj are
one-dimensional in a small neighborhood of ¢y and ¢ # ty. Otherwise we can
replace g(t) by a small perturbation ge(t). Since we assume Ay ) has one-
dimensional eigenfunctions, then the normalized ¢ () with A (t) < Cp is in
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C(M x [0,¢€)) for some small € > 0. And ¢, (¢) is a continuous flow, if Ax(¢)
does not intersect with other eigenvalues. We want to show that it can be
continuously defined at the intersection point, up to a small perturbation.
In fact, we have the following main result of this section.

Lemma 2.4. Let ty be as above, then for a residual set of g(t) € G,

(2.11) Hm (85(2), G (t), - B (£))

exists by a properly chosen of the sign of those eigenfunctions.

Proof. Let 11, - - - , 1 be normalized orthogonal eigenfunctions corresponding
to Ax(to). For any sequence {t;}, there exists a subsequence, still denoted
by {t;} such that

(2.12) tl_lgf) ¢ (ts) = c1v1 + capa + -+ - + a1y

And here Y!_, ¢;2 = 1. Since
(2.13)
(A g =g (to)) Bk (ti)+ Ak (t:) = Ak (t0)) Bk (t:)+Dg ) Bk (t:)+Ak (to) b1 (t:) = 0.

Therefore, for j =1,2,---1

(2.14) / Pil(Agr) — Dg(eo))Br(ti) + (Ak(ti) — Ak (to))Pr (ti)]dvg(so) = O

Let t; — to, we have

I !
(2.15) / ¥j [Ag(to) (Z Ci¢i) + Alto) (Z Cilbz')J =0,
=1

=1

for j = 1,2,---1. Since (2.15) has non-trivial solution (cy,co,---¢;), we
deduce

a1 + A(to) a1z = ain
a agg + At a
(2.16) 2 2T (to) . 2n —0,
Q1n agn ©tr Qpp t ).\(tO)

where a;; = [ (Ag(to)¢j)¢id”g(to)'
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Let h = g,4(to) gP%(to). By a simple calculation, we have

217) =2 [ty + [P0y 5 gl -5 [ 1w vu).

We only need to show that up to a generic small perturbation of g’(to)
with g(to) fixed, the matrix (a;;)ix; has [ different eigenvectors. If so, then
limy, 4, ¢ (t) has only 2! possible choice. By our assumption, ¢x(t) is con-
tinuous dependent of ¢ in a small neighborhood of ¢y with ¢ # ¢3. Then by
a simple argument and a properly chosen of the sign of ¢ (t), lims—z, dr(t)
exists. Therefore ¢(t) can be defined to be a continuous function of ¢ at
t = tp.

We claim that those g’(to) such that (a;;)ix: has one-dimensional eigen-
function is a second category set in Ms. As in [U], we consider the map

d: S'xRx My R

given by &(¢, A, g'(to)) = A(g'(t0))€+é, where S' = {¢ € R'| T, & = 1},
A(g (to)) = (azj)lxl

Let Dy be the differential of ® in My and D; denote the differential of
® in the direction of S* x R. We only need to show that (see [U]) D2® has
dense image in R'. If this is not true, then there exist &,7 € S’ such that

for all ¢'(tg) € C*(T(M) ® T(M)), we have

(2.18) (A(g'(t0))¢,m) = 0,

which implies that for some normalized eigenfunctions u, v, we have
)\k(t) 1 Ga_ij Ou Ov @iyl 4B Ou Ov

(2 19) / a,@‘g U’U 2gaﬂg g 8 8 ] + ’L]g 8$a 6$ﬁ - 0'

In particular, let g(’lﬂ = fgup for some f € C*(M), then

Ou Ov
bt _= ij —
(2.20) /\k(to) / fuv + 1 / 195 o
Since f can be arbitrary, we obtain
.. Ou Ov
= — ) —_
(2.21) nA\guv = (n — 2)g 92: 91

As proved in [U], (2.21) is impossible. Here we give a short argument.
For n = 2, obviously it is impossible.
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For n > 2, consider critical points of uv on M, we have Yu = —% v v,
if v # 0 at this point. Therefore (2.21) deduce at this point

n

v2.
n—2 Y

(2.22) —| v’ =

Since A > 0, we deduce at the critical point of uv, u = v =0. Then uv =0
in M, a contradiction. Then we have finished the proof of Lemma 2.3.

Remark 2.5. For a residual set of g(t) € G, we can define the continuous
eigenfunction flow ¢1(t), ¢2(t), - - ¢x(t) whenever the corresponding eigen-
value is less than Cy. But after the intersection points, those eigenvalues
may not be in the right order. We can also choose a sequence of the bound
Co(k) and Cp(k) — oo. And then any eigenfunction at ¢ = 0 defines an
eigenfunction flow for generic g(t) € G.

The eigenfunction flow has a very important property.

Lemma 2.6. If g(t) is periodic in t of period 2, then for a residual set of
g(t) € G the eigenfunction flow is a periodic function of period 2.

Proof. First we note

(2.23) Ak (t) / or(t)? = - / Dk (t) A gy dr ()
Then we have, for 0 <t < 27
(2.24) Me(t) < Callg(t)|or) M)

Here |g(t)|c1 is the norm of the two tensor. For this given g(t), we may
assume |g(t)|c1 < Cj. Then (2.24) deduce for 0 < ¢t < 27 for some constant
Cy

(2.25) )\k(t) < Cyg (0)

Now we choose a special metric g;(t) = (2 +sint)go, where gg is a metric in
My which is independent of ¢ and Ay, has one-dimensional eigenfunctions.
Then we can see easily that the eigenfunction flow for the metric g1 (¢) is
27 periodic. For the given g(t), we can consider a h(s,t) in G, such that
h(t,0) = go(t) and h(t,1) = g(t), moreover for all 0 < s < 1, h(t,s) can
define a eigenfunction flow. We note that for 0 < s < 1, the eigenfunction
flow continuously depends on s. Then it is 27 periodic for all 0 < s < 1.
Then we have proved the lemma.
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Remark 2.7. From the proof of Lemma 2.5, it is easy to see the eigen-
function flow is stable for the generic perturbation in G. We sometimes
also call it eigenvalue flow, but what is important in this flow is that the
corresponding eigenfunction is continuous in ¢.

Now we consider more general case where t € X , Xisa compact set of
manifold. Our main result is

Theorem 2.8. Let X be a compact, connected subset of a manifold, g(t) €
C2(X,T(M)®T(M)) = Ms, then for a residual set of g(t) € Ma, we can
define an eigenvalue flow Ai(t) which is continuous in t and satisfies (2.24),
moreover the corresponding eigenfunctions is also continuous int. Therefore
for any given d > 0, there exist finite number ki, ---kj;, such that

spec{ M ()|t € X,k > 1}\ { Mk, (2), - M; (1)}
has gaps at A =d for allt € X.

Proof. Let Ej) be the eigenspace corresponding to A(t), Py be the pro-
jection to Ej@ in the sense of L? expansion. Let ej(t),---em(t) be an

orthonormal basis of T(X). Consider the map

®: 8y x R x My — E\(t)
given by
(2.26) ®(v,9(t), 1) = Pagy(Ves Dgiyv + 1)

As in Lemma 2.4, we can prove that for generic g(t) € Mo, zero is a regular
value of ®. That is, the eigenspace of the operator Py)(Ve;Ag(r)) is one
dimensional for generic g(t) and ¢ =1,---m.

Therefore at the point ¢, A(t) and /¢ A(t) is uniquely determined. At
the point ¢ € X, either A(t) has one dimensional eigenspace or e, A(t) has
different derivatives and the corresponding eigenfunction can be continu-
ously defined for multiple eigenvalues. Then we can define continuously the
eigenvalues flow locally at this point.

Now we fix a base point ty € X. And we may assume that Ag(to)
has one dimensional eigenspace, A1, A, - Ag---. Consider a generic curve
¢: (I,8I) — (X,to), I = [0,27]. Then we know that the eigenvalue flow
Ac(c(8)) is a continuous function of s. We only need to show Ax(c(0)) =
Ak(c(2m)). This can done by the cobordism argument as in Lemma 2.6.
Then Ag(t) and its corresponding eigenfunction are continuous for all ¢ € X
for generic g(t) € Ma. Then our theorem follows easily.
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Remark 2.9. Notice (2.24), (2.25) and eigenvalues continuously depend
on parameters, eigenvalues are well defined and continuous it ¢ for any
g(t) € CY(X,T(M)QT(M)), but after taking limit the corresponding eigen-
functions may not continuous in t. So we can only define the eigenfunction
flow for generic g(?).

3. Application in the growth Estimates.

In this section, we study the harmonic function with polynomial growth
by using the three annuli lemma. This technique was used before (cf. [S],
[CT], [QT]). Let M be an open manifold with lower bounded Ricc curva-
ture, which is our basic assumption in this paper. Then we know, from the
Cheeger-Gromov compactness theorem, that for p € M and any sequence
{rk},rx — oo, the sequence of pointed rescaled manifolds, (M, p, r,:2g), has
a subsequence which converges in the pointed Gromov-Hausdorff topology to
a length space, My,. And M, the so called tangent cone at infinity, might
a priori depend on the sequence {r}. If Ricc(M) > 0 and M has maximal
volume growth, then M is a metric cone [CC1], that is, M = (0,00) X, X,
where X is a length space. Under some additional assumptions on the cur-
vature decay, M is in fact a smooth manifold (cf. [CT]). In general, the
regularity of the cross section X, need more detailed study.

In this paper, we always assume that

(31) MOO = (O> OO) Xr (Na g(t)),

where (I, g(t)) is a family of compact manifold without boundary, g(¢) €
CY(X,T(M)® T(M)), X is a compact, connected subset of a manifold.

For simplicity, in the following discussion we only prove our result in
a simple case. That is, we assume that g(¢) is continuously differentiable
and 2m-periodic in ¢, where ¢ depends on the subsequence of {r;y}. We may
assume that (IV, g(t)) has a continuous eigenfunction flow. In fact, after
a generic perturbation we can choose (NN, ge(t)) such that (N, ge(t)) has a
continuous eigenfunction flow and g.(t) — g(t) as € — 0. The following
discussions are still valid for € sufficiently small. Let A, be the geodesic
annulus on M with inner radius a and outer radius b. From our assumption
on M, we know that for any e > 0, there exist {rg;}, {Q%;} and ko, Iy with
Qk,i"'k,i = Tkit1, Qk,I+l"'k,I+1 =Tk+1,1 such that for k > ko, I > I

dGH(ATk,lka,lrk,l’ (Tk,hﬂk,lTk,l) Xr (Nag(tl))) < €rp,1
dGH(ATk,z,Qk,zrk,m (rk,% Qk,2rk,2) Xr (N> g(tz))) < €Tk,
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dGH(A"'k,i,Qk,i"'k,i’ (rk,i’ Qk,irk,i) Xy (N7g(ti))) < €Tk,

where 0 =t < -+ <t; < -+ < try1 = 2w is a division.

We consider harmonic functions defined on M with |u| < C(1+r9), which
is called at most d order growth harmonic functions. Note the eigenvalue
Aj(t) is a 2m periodic function. Let ¢j,(t), #5,(t), -, ¢jn, (t) be all those
eigenfunctions whose eigenvalue intersect with a number )y, which will be
given later with some ¢t € [0,27]. We stress that there are only finite number
of such \;, (t) because A;(t) is periodic.

For technique reason, we assume the condition (S): there exists a bilips-
chitz homeomorphic map

(I)k,i : (Tk,ia Qlc,irk,i) Xr (N,g(t,;)) = ATk,i,Qk,iTk,i

For i fixed, let A be the rescaled A,.,H Qe iThi under the metric —2—9

Then for any e > O there exist ko, Io and 71; as before, such that for
k> ko, I>1

(32) dGH(Al RO (1 Qk 1) Xy (N)g(t ))

We may assume the homeomorphic map ®;; satisfies, for any z,y €

(1, Q) xr (N, g(t:)

(33) |dMeo (7, y) — At (Rri(2), Prei ()] < €.
Now we let
(3.4) @i(t:) = ¢5(t:) o By,

where ¢;(t;) is an eigenfunction on (N, g(t;)). We define a new function v,
by

(3.5) vj = []16 5 u¢_j(ti)] ®;(t:),

for ri; < 7 < Qp Ty, where r = d(p, ), J%BT = EW%B—JfBBr' It is easy to
see that v; € L2 _(M). We note that a;rPi %) ¢;(t;) is a harmonic function

on the metric cone (0, 00) X (N, g(t;)), where A;(t;) = p; (t )(pJ (t;) +n—2),
p;(ti) > 0. We shall show that for 4 fixed v; is near a;rPi*)¢;(t;) in some

sense.
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Given L > 1 and a family of annuli {A,, 14, }. Let A’f’ 1, be the rescaled
annulus under the metric Elgg. Then we know there exists a subsequence of
k

{ax}, still denoted by ax, and a metric g(%), such that
Jim der(Af 1, (1, L) %, (N, g(?)) = 0.

For k large, let & : A'l“, . — (1,L) %, (N,g(t)) be a homeomorphic map.
Put up =uo <I>,:1, where u is a given harmonic function on M.

Lemma 3.1. There ezist a subsequence of { m——2%—— 3, still denoted

[ (
Loo| Ak
$.2L

by itself, such that
(3.6)

Uk
|ul

(4% ,,)

Furthermore, ug is a harmonic function on the tangent cone at infinity.

—ug  in C°%(1,L) %, (N,g())).

Proof. First we know, from Cheng-Yau’s gradient estimates 1 Uk is
L°°(A’§ )
12-,2L
uniformly bounded on Aj 1. Therefore m (“" is a compact sequence,
Lo{ Ak

,2L
then there exists a subsequence such that (3.6) is true. Obviously ug is a

harmonic function.
Now, we let A* = infycpp o) A1(t) > 0, do < 0 and do(dp +n —2) < A*.
Then we have the following three annuli lemma.

Lemma 3.2. Given L > 1, there exists a kg, for k > kg

(3.7) ][ W<t L2d°][ u2+L‘2d°][ W2,
Apk pk+1 2 Apk-1 pk Apk+1 p+2

— 1 :
where ‘ﬁALk,Lk+1 = W :FALk,Lk-l-l . So if

][ u? > [2do ][ u2,
ALk pk+1 A

Lk—l’Lk

][ u? > L% ][ u?.
Apk+1 ph+2 Apk pk+1

then
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Proof. We first prove (3.7) on a metric cone (0, c0) Xy (N, g(?)). A harmonic
function in a metric cone has the following expansions

(3.8) u= Z a;jrPig; + ijr"("‘z)‘pfgbj,

where p; > 0 and p;(p; +n —2) = A}, \j, ¢; is eigenvalue, eigenfunction in
(N, g(%)). Then we only need to show that

(3.9) 2p]+n|Lk+1 1 (207 b R R
. L - —_—+ L~ 0——-
k
rofE 2 b )
or
2qJ+nl 1 2q1-|-nILk 1 ,,.2qj+'n.|L"“'1
Lk+1 2d —2d, LF+2
(310)  —mr <3 (L °T—|——+L )
Lk Lk-1 Lk+1

for ¢; = —(n —2) — p; < . Or for some p; with 2(n —2) +2p; =n

LF+1 L* LE+2
(3.11) |ILk+1 ( 72do % 4 2o ln?é;?) ‘
(3.9)-(3.11) can be reduced to
(3.12) 1< %( [2do=2p; 4 [~2dot2p;)
or
(3.13) 1< (LM% 4 Lot

From our assumption we know dg # g;, dp # pj;, then (3.12) and (3.13) are
true.

Now we prove Lemma 3.2 by contradictions. Suppose there exists a
subsequence {lj }, such that on annuli Ay —1 1, Ay pie+1 and Apy pie,
inequality (3.7) is not true. Then we apply7Lemma 3.1 on Asz_17 Lk+2, We
deduce a contradiction by taking limit.

Lemma 3.3. The limit ug in Lemma 3.1 has the following expansion in the
metric cone (1,L) X, (N, g(?))

where p;(t) > 0 and p;(#)(p;(£) +n — 2) = A;(?).
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Proof. From Lemma 3.2, we deduce that there exists kq for k > k;

(3.14) ][ u? > L 7[ u?,
ALk’Lk-I—l ALk—l’Lk

Otherwise we have for all k > kg

(3.15) ][ u? < [ ]/ u?.
ALk,Lk+1 ALk—l’Lk

We note that the convergence in (3.6) is true in C%((6,671) x, (N, g(?))
where § is any small positive constant. Then (3.15) is also true for ug on
any two annuli in (6,671) x, (N, g(?). It follows that

(316) ug = ij,,.—(n—m—l’jqﬁj.

Therefore there exists a ball By in M where u achieves its maximum in the
interior of Brx. This contradicts the maximum principle. Then we apply
(3.14) to its limit, Lemma 3.3 follows easily.

Now we go back to the function v;. We have the following growth esti-
mate.

Lemma 3.4. Given L > 1, § > 0 and my , let ppx = infie)oon pj(t) ,
PM = SUPye(o,2) Pj (t), there exist R and a division Io, for a > R, and if

1
(3.17) ][ v > — ][ u?,
Aa,La. 7 3m1 Aa,La
then
(3.18) ]/ v} > [Pm 8 f v3.
ALa,L2a Aa,La.

(3.19) ]{4

Proof. we prove the lemma again by contradictions. Suppose there exists a
6>0,L>1 and {ax}, ax — oo, for any fixed division I, we have

(3.20) ][ - ][ v}
A A

ak,Lak

UJ2- < [Pmtd 7[ ’U]2~.

La.,L2a. Aa.,La.

Lak,Lzak
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and

(3.21) ]/ vi > 1 f u
A 3m1 Aak,Lak

Furthermore, we may assume that there exists a ?, t;—1 < ¢ < t;, such that
limg 00 dGH(A’f, 1, (1, L) %, (N, g(t)) = 0, where A’f, 1, is the rescaled annulus

of Ag, La,- By Lemma 3.1, we may assume W — ug and ug satisfies
(3.13). If the division I is large enough so that
- €
|5(t1) — &5 (@) |Lovy < ool (N’ l=i—1,i
And then

< €, l=i-1,1,

f  siwe®-1
(N,g(8)

. i(t)su
(N,g(%))

Then (3.20) deduce

1 L s @)+n—1 2
3.22 ———/ asr P\t d'r—e][ u
(3:22) vol(Ar12) Ji 7 A

1 /L 2. 2p; (8)+n—1 7/ 2
_— asr<PilIT T dr + € us | .
vol(A,L) J1 7 Ap

< €, l=i—-1,i, a#j

< L2pm* -6

And (3.21) deduce

1 /L 9 9 (Bt 1
3.23 —_— a2r2Pi@tn=lg. > [~ _ ¢ 7[ ul.
( ) vol(A1r) J1 7 =\ 3m Avr 0

Since p; () > pm+ for e sufficiently small, (3.22) and (3.23) give a contradic-

tion. Similarly we can prove (3.19).
Now let A\g = d(d +n — 2) and jm, be the first integer satisfying

. )
(3.24) j>jm?,%2t§2w Aj(t) > Mg+ 3

Let A\g, = MAX; <0<t <2 /\jmo (), Mgy, = d1 (d1 +n—2) with d; > 0. Choose
Ad, = Ag; + 6 and dy satisfying

(3.25) A, = da(de +n — 2) dy > 0.
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As we mentioned before, let Ajo(t), Aj; (t), " - - Aj,,, (t) be all the eigenvalues

which intersects with \g, for some ¢ € [0, 2rr]. Obviously jo > jm, and then

min A () > Ag.
0<I<my ,0<t<2n 3(8) > Aa

Put v =73, ;i wvj. It is easy to check that any € > 0 there exists Ry for

j
a>R
][ u2-—][ (u—v)2—]l v? Se][ u?.
Aa,La Aa,La A A

a,La a,La

(3.26)

Since u is at most order d growth, from Lemma 3.4 and (3.26) we deduce
that there exists Ry for a > Ry

(3.27) ]{1 (u—v)? > ][A B u?,

For u — v we have the following growth estimate which is also called the
three annulus lemma.

a,La

Lemma 3.5. Let L > 1 and dg be given as before, then there exist ky and
a division Iy for k > kg

(3.28) 7{1 (u—v)?

< 1l ][ (u—v)? 4+ L2 ][ (u—v)?|,
2 Apk-1rk ALk+17Lk+2

][ (u—v)? > L% ][ (u —v)?,
ALk’Lk-I-I ALk—l’Lk

][ (u —v)? > L% ][ (u—v)%
Apk+1 ph+2 Apk pk+1

Proof. We prove this lemma again by contradictions. Suppose that there
exists a sequence {k;}, ki — oo, such that (3.28) is not true for any given
Iy. As in the proof of Lemma 3.4, we may assume

Jim den (A4S, (1,L) x, (N, g()) =0,
—00 ’

therefore if

then



274 Liqun Zhang

with t;_1 < € < t;, and U — g, ug satisfying (3.13). If I is large
i i W ) ( ) g
enough so that

_ € . . ... .
|¢j(tl) - ¢j(t)|L°°(N) < W—), l=4i—1,%, 7=Jjo,j1, " Jms,
and then we deduce

(3.29) > ][A

) r2pi(B)+n—1 ‘?5?(5) e ][ ul

oo

J#JO: 7jm1 L,L2? L,L2
1 ) -
> 3 242 Z an ][ . r2pi(@®)+n—1 ¢§ @) +e¢ ][ ug
.77&.707 )jml Al’L Ale
—2d 2 2p; ({)+n—1 123 2
422 Z aj][ oorpy() n q‘)j(t)—l—efoo Ug ,
J#Jo, 7jm1 AL2,L3 L2,L3

where A7%, = (1,L) x, (N,g(?)). Since dy # p;(t) for j # jo, " jmy, for €
small (3.29) is impossible.

From Lemma 3.4 and Lemma 3.5, we can have the growth estimate for
u.

Lemma 3.6. Ifu is a harmonic function with growth order at most d, then
for L > 1 fized, there exists ko, for k > ko

(3.30) ][ u? < L% ][ u?,
Apk ph+1 Apk-1rk

Proof. By Lemma 3.4, we only need to show that (3.30) is true for k > ko
and some large I for u — v. Form Lemma 3.5, if (3.30) is not true for u — v,
then for & > ko

(3.31) ]{1 (u—v)? > L2 7[ (u — v)2.

Apk-1 1k

By induction, we have

(3.32) ][ (u — v)? > [22(k—ko=2) 7[ (u—v)%
ALk,Lk-{-l ALk0+1,Lk0+2

We note dz > d, (3.26) and (3.27), then (3.32) is impossible.
We actually proved the following growth estimates for harmonic func-

tions.
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Theorem 3.7. Under the assumptions of (3.1), (S), and Ricc(M) is bound-
ed from below by —c/r?, where c is a positive constant and r is the distance
function from some fized point, Apk rr+1 is the annulus with LF <r < [FH
then there exist C = C(M), ko = ko(M) such that for any at most order d
growth harmonic function u, we have

f u? < [20d(k—ko-2) ][ 2,
Apk ph+1 Apko+1 LRo+2

for k > ko.

Now we have the following corollary.

Theorem 3.8. Under the assumptions of (3.1), (S), and Ricc(M) is bound-
ed from below by —c/r%, where c is a positive constant and r is the distance
function from some fized point, then the dimension of at most order d growth
harmonic functions is not more than the dimension of at most order Cd

growth harmonic func¥ions on its tangent cone at infinity. Here C = C(M)
is given in (2.25).

Proof. Let u,w be two linear independent harmonic functions on M with
growth order at most d.
Put wy = vew, up = agu — Brw such that

][ wk2 = 1>

Apk—1 pk+2

][ uk2 = 17
Apk—1 pk+2

]l wiug = 0.
Apk—1 phe2

We may assume as before, there exists a subsequence {k;} so that
(3.33) lim der(AY., 5, (LY, L%) x, (N, (%)) = 0.
l—o0 ’

And both uy, and wy, has a limit @ and @ respectively. By lemma 3.3 and
lemma 3.6, we can deduce as before

(3.34) T= Y arPig;.

0<p;<ds
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(3.35) =Y cirPig;
0<p;<da
Moreover
(3.36) ]Z T =
AZO—I’LZ

Then our theorem follows easily from (3.34)-(3.36).

Corollary 3.9. In addition to the assumption of theorem 3.8, we assume
that Ricc(N) > 0, then the dimension of at most order d growth harmonic
functions is not more than Cld(d + n — 3)]*~1/2 where C is a constant
dependent of M.

In fact by a result of Li and Yau [LY2], we have

C’l(n)

2
> Y g
Ak 2 diam(N)k

(3.37)
And Mg(t) < C2(M)Ak(0), then we deduce our corollary easily.
In general, if the Ricc curvature of the cross section is only lower

bounded, there are also some estimates on the eigenvalues, (see [SY]) so
is the estimate of the dimension of the harmonic functions on M.

Remark 3.10. In the discussion of theorem 3.8, in fact, the assumption
that Ricc(M) is lower bounded is not necessary. Our argument, however,
can be also applied to the case when the cross section of M has singularities
which will be discussed later.
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