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Gradient Estimation on Navier-Stokes Equations

GANG TIAN AND ZHOUPING XIN

In this note, we present a prior uniform gradient estimates on so-
lutions to the 3-dimensional Navier-Stokes equations. It is shown
that the gradient of the velocity field is locally uniformly bounded
in L*®-norm provided that either the scaled local L?-norm of the
vorticity or the scaled local total energy is small. In particular, our
results imply that the smooth solutions to 3-dimensional Navier-
Stokes equations cannot develop finite time singularity and suitable
weak solutions are in fact regular if either the scaled local L?-norm
of the vorticity or the scaled local energy is small.

1. Introduction.

The study of the incompressible Navier-Stokes equations in three space
dimensions has a long history. In the pioneering works [Le|, [Ho|, Leray
and Hopf proved the existence of its weak solutions with initial and bound-
ary conditions. However, we do not know yet whether or not the solution
develops singularities in finite time even if all the data, such as initial and
boundary conditions, are C*°-smooth.

In [Sch], V. Scheffer began to study the partial regularity theory of the
Navier-Stokes equations. Deeper results were obtained by L. Caffarelli, R.
Kohn and L. Nirenberg in [CKN]. They proved a local partial regularity
theorem for a particular class of weak solutions. They showed that, for any
such weak solution, the singular set has one-dimensional Hausdorff measure
zero. In particular, their local regularity theorem implies that there is an
e > 0 satisfying: for any suitable weak solution u of Navier-Stokes equations,
if

(1.1) _ﬁﬁr_,or_l/ [Vul? <,
ly—z|<7,|s—t|<r2

then u is regular near (z,t). Recently, F.H. Lin and Liu gave a simplified
proof of the main results in [CKN], see [LL].

This note grows out of our efforts in understanding [CKN]. Here we
present some new necessary and sufficient conditions for the regularity of the
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solutions to Navier-Stokes system. One of our observations is that instead of
the condition (1.1), the local behavior of the solutions to the Navier-Stokes
equations is dominated by the scaled local L2-norm of the vorticity. More
precisely, first we will show that there is a small positive number € such that,
for any smooth solution u of the Navier-Stokes, if

(1.2) SUDP<ro r“l/ | curl u|?dzdt | < e
- B‘r‘(z()yto)

where B, (zo,%0) denotes the parabolic ball with radius r and center at
(zo,to) (cf. section 3), then 72|Vu| is uniformly bounded in B, /o(xo,t0)
for » < 71. Another main observation of this note is that instead
of the smallness assumption (1.1), the regularity of the solution is
guaranteed by the requirements that either r=! [f B (z0,t0) |Vu|?dzdt or

SUPyy—r2<t<to rlf B, (zo) |u(z,t)|2dz is uniformly bounded and the scaled lo-
cal energy is small, i.e.,

1.3 Sup, <, | 773 ul?dzdt | <e.
To
- B (zo,to)

Finally, we mention that our estimate also leads to the following observation
that any suitable weak solution u of the Navier-Stokes equation will be
regular at (zo,to) if the local scaled L3-norm of the velocity is suitably
small, i.e.

(1.4) im,_,q+r 2 // lul3dzdt < e
Br(zo,to)

for a uniform small positive number €.

Our proof seems to work for generalized Navier-Stokes equations of any
space dimensions. As an example, we will show a local partial regularity
theorem for stationary Navier-Stokes equations of any dimensions (cf. sec-
tion 2). The regularity theorem of this sort was previously proved by M.
Struwe for the stationary Navier-Stokes equations of dimension five [Strl].
As shown later by M. Struwe [Str2], such regularity results can be used to
construct smooth solutions of the stationary Navier-Stokes equations in R5
or with space periodic boundary conditions in the dimension 5. It should
be noted that there are a lot of literatures on the studies of solutions to the
stationary Navier-Stokes system in higher space dimensions. In particular,
Frehse and Ruzicka have proved the existence of smooth solutions to the
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stationary Navier-Stokes system with space preriodic conditions for dimen-
sions up to 15, see [FR1]. There are also various partinal regularity results
available, see [FR2] and the references therein.

In the following, we will first study the stationary Navier-Stokes equation
in section 2 and then the incompressible Navier-Stokes equations for three
space dimensions in section 3.

2. Gradient Estimate on Stationary
Navier-Stokes Equations.

In this section we are interested in the local behavior of solutions to
stationary Navier-Stokes equations in a smooth open domain in R™. Thus
let 2 be a domain in R™ with smooth boundary 952, and u and p be smooth
solutions to the equations

(2.1) —Au+(u-V)u+Vp=0 in Q

(2.2) divu=0 in Q
with the bound

(2.3) /Q lu(z)[? de < Mo < +o0

where M) is an absolute positive constant. For z € R™ we denote Br(z) =
{y € R, |y — z| < R}. In the case of no confusion, we will skip the center
of the ball from the notations and write simply Br. Denote the vorticity by
w(z) =* du(z), where the notation is that of exterior calculus. The main
result of this section is the following a priori estimate on the solution u(z).

Theorem 2.1. There exists an absolute constant eg > 0 such that the fol-
lowing statement is true: Let u(z) and p(z) be smooth solutions to the sta-
tionary Navier-Stokes equation (2.1)—(2.2) satisfying (2.3) and assume that
there is a Ro such that on a small neighborhood

(2.4) R~(n=4) / [*du(z)|*dz <eo  for all R< Ry.
Br
Then there ezists a constant Ry < Ry such that

(2.5) suppy , |[Vu| < CR™? foral R<Ry,

with C an absolute constant.
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The key step in the proof of Theorem 2.1 is the following proposition.

Proposition 2.2. For any ¢ >‘0, there exists as absolute constant § such
that if (2.4) holds with 9 < 6 for some Ro > 0, then there ezists a positive
constant R1 = R1(Ro) < Ry such that

1

2.6 h(R) = — wz)|?de <e1 forall R<Ry.
Rn—2 Br

Proposition 2.2 will be a simple consequence of the following lemma.

Lemma 2.3. Assume (2.4) holds. Then for any X\ € (0, %] and p < Ry, the
following inequality holds

(2.7) R(R) = h(Xp) < 2" 2A%h(p) + c(N)eo
with c(\) being a positive constant given by

422 4 2 1)\?
(2.8) C()\) = m;ﬁ + EE (1 + X) .

Proof of Proposition 2.2. It should be clear that the Proposition 2.2 follows
from Lemma 2.3 by iteration. Indeed, first we fix a A € (0, %] as that
p=2"2)2 < 1, and iterate inequality (2.7) k times to obtain

1-—- uk
1—p

Now for any given 1 > 0, we choose €¢ so that

(29)  h(NRo) < uFh(Ro) + c(Ney for k=1,2,....

(2.10) - Mc()\)so < %sl)\"_Q.
Next, we choose an integer Ky so that
Ko 1
(2.11) pEoh(Ry) = £ My < sen 2
Ry 2

We define R; = MX°Ry. Now, for any 0 < R < Ry, there exists a k < Ko so
that A¥*1Ry < R < A*Ry. Thus

1
An—2

k
I 1
=4 c()\)so] e

h(R) <

R(NFRg) < {“’Ch(Ro) +

1
< [Mk—Ko“Koh(Ro) + c()\)so] o <€l

1—p
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which completes the proof of Proposition 2.2. 0

It thus suffices to prove Lemma 2.3. Due to the translation invariance
property of the Navier-Stokes equations, one can assume that the balls are
centered at origin, and for simplicity of presentation, p = 1, and

1
Rn—4

2.12) / Pduffdz<ey forall R<1.
Bgr

(The general case follows a similar estimate).It follows from the Biot-Sawart
law that

(2.13)
u*(z) = /B VI(z — y) ANw(y) dy + H(z) for all z € By,

where I'(z) is the standard normalized fundamental solution of Laplace’s
equation in R™, and H is a harmonic function in B;(0). Now set R = A,
A€ (0, %] By the mean value property of a harmonic function, one can
show easily that

(2.14)
L / \H(2)[? de < N / |H(2)|? dz
R™2 /B0 ~ (1=2)"JBy (o) ‘

To estimate the integral on the right hand side of (2.14), we first derive a
bound on A(z) = | B1(0) VI'(z — y) A w(y)dy in terms of Lo-norm of the
vorticity. It follows from the standard argument for convolution operator

that
2
/ |A(z)) dz < (/ |VI(z2)| dz) (/ lw(€)[” dZ) :
B1(0) Bs(0) B1(0)
But
[ wreas?,

B3(0) n
and so
(2.15) / A@)Pdr < [ jw(E)Pds< .

B1(0) " JB1(0) n
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As a consequence of (2.13-2.14), we obtain that

1
2.16 —/ H(z)|?dz
(2.16) T BR(O)I (z)]
22 / 5 2)2 )
< — ulx d:v+———————-/ A(x)|° dz
A= 31(0)' ()| A= BI(O)I (z)]
2)\2 222 4

< u(z)Pde+ —L— .
T3 Sy e

Next, we estimate R=(*~2) |, Br(0) |A(z)|?dz. A simple estimate shows

2
/ A@)Pdz < < / VI(2)] dz) : / () de
Bgr(0) BH.R(O) Bgr(0)

<0+R? (@) da

Bgr(0

1 -
< +R)’R" ¢,
where we have used the assumption (2.12). Thus

(2.17) L/ |A(z)|2da;<i 141 2e
: R [0 =52 ) o
It follows from (2.13), (2.16) and (2.17) that

1 / 9
— u(z)|” dx
= ANTC

2 /‘ 9 2 / 9
< — A(z)| dz + H(z)|"dz
fr BR(O)I (=)l 3 BR(O)I (@)l

< Co)\2/ lu(z)|? dz + c(N)eo
B1(0)

(2.18)

with Cp and c(X) given by
(2.19)

4 42 4 2 1)\?
00—(_1_—)\)11’ and C()\)—(—l—_—/\)ngi'F‘ﬁ'z'(l'F}:) .

This completes the proof of Lemma 2.3.

We now turn to the proof of Theorem 2.1. Due to the scaling property
of the Navier-Stokes equations, one needs only to show Theorem 2.1 with
R = 1. Next, we observe that it suffices to bound the vorticity, i.e.
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Lemma 2.4. Assume (2.3). Then
SUPseB) (0) [Vu(z)| < C1

if suP,ep, (0) [*¥du(z)| < Cq for two absolute constants Cy and Cs.

Proof. Recall the notation that w(z) =* du(z). This lemma follows from

(2.20)
w(z) = (VI * ((n — DwAu)) (z) + Hi(z) forallze B%(O)

with the convolution integral over B;(0) and H; being a harmonic function
on B;(0), and the representation formula (2.13) with B;(0) by the standard
elliptic regularity argument (see [Sel] and [Mo]). We just sketch it here for
completeness. Indeed, since w € L*°(B 1 yandu € L?(B 1 ) (Proposition 2.2),
one gets that (n — NwAu=g; € L2(B%). This, w € L2(B%) and (2.20)
give that H; € L?(B 1 (0)). Thus, H; € L*(B 1 ) since it is harmonic. Next,
similar argument using (2.13) shows that H € L*°(B 1 ). It follows from this,
(2.13), and w € L°°(B%) that u* € L°°(B%). Consequently g1 = (n — L)w A
u € L*(B %) Then (2.20) again implies that w is Ho6lder continuous, and
(2.13) in turn shows that Vu is also Holder continuous. In particular, Vu

is uniformly bounded. Writing out all the estimates corresponding to these
statements gives the desired Lemma 2.4. a

We are now in the position to present the main argument to conclude
Theorem 2.1.

Proposition 2.5. Under the same assumptions as in Theorem 2.1, there
exists a positive constant C3 such that

(2.21) SUP,ep (o) I* du(z)| S CsR™? forall R< Ry
2

Proof of Proposition 2.5. It suffices to prove (2.21) for R = 1. We will use
a similar argument as in the study of partial regularity of harmonic maps

[Sc]. Define z; € §1(0) (interior of the ball B1(0)) and e; as follows

(2.22) suP,eg,(0) (1 — [21)? [w(z)| = (1~ |21])%e1,
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so e; = |w(z1)|. By definition, one has

(2.23) lw(z)| < (21 - |z1)))* e ¥z € B1(0),
and
(2.24) lw(z)| < 4ey Vz € B%(l—]zﬂ)(xl)

The solution u(z) on the ball B 1 (l—Ix1l)($1) can be rescaled as follows

(2.25) v(y) = \/Le_lu (:vl + %) Yy € B@(l—lml)(o)

Then v(y) is a solution to the stationary Navier-Stokes equations, and fur-
thermore, its vorticity

(2.26)
BN 1 Yy
w(y) =* du(y) = e—lw (rz:l + —) Yy € B@(l—lml)(o)

satisfies the following equations (see [Sel])

_ 2 ~ — . .

(2.27) Ve divg in Bi—f—l(l—lmﬂ)(O) ,
dive =0

where g = (n — 1)@ A v. We then claim:

Lemma 2.6. There exists an absolute constant Cy such that

(2.28) VE(l = [z1]) < Cy.

Assuming (2.28) for a moment, we conclude from (2.23) and (2.28) that
lw(z)] < (2C1)?=C3  Vze By (0).

which completes the proof of Proposition 2.5. d

It remains to show Lemma 2.6.

Proof of Lemma 2.6. If (2.28) is not true, one can assume that

vei(l—|zi]) > 4.
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and so
(2.29) B2(0) - Bﬁg(l—{zll)(o) .
It follows from this, (2.24), and (2.28) that
(2.30) |w(y)] <4  for all y € By(0)

Note that (2.27) now holds on any open domain D C By(0). It follows that
the following representations hold (see [Sel])

(2.31) w(y) = (VI * g)(y) + Ha(y), Vy € D,
(232) o'y = /D VI(y — &) A @(€)de + Ha(y) ¥y € D,

where both Hy(y) and Hj are harmonic on D. We now derive the desired
contradiction by following the two steps:

Step 1 L.-estimate on v

Take D to be 1032(0) and rewrite (2.32) as

V)= [, VPl €) AG(E)de+ Ha(y)
B3(0)

(2.33) = As(y) + Hs(y)
Vy S Bl(O) .

We first estimate the harmonic part Hs. For any y € B1(0),

/ Hs(2)dz| < (i/ |Hs(2)|* dz
Bi(y) Wn JBi(y)

1 : 1
s(— [owere) s (o [ ser
Wn JB1(y) Wn J B (y)

EIl-i-Ig.

N

|H3(y)| =

1
Wn

Nl
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Simple calculation shows

= i ’UZQZ
11_<wn/31(y)|<)|d)
—l‘ ’UZQZ
s( /B2(O)I()Id>

2 2 hl ( 2 )
wﬁ ver) '
while I5 can be estimated in a same way as in (2.15):

(1 .\
L= (w—n /B s dz)
1 N dz B(8)[2 ’
< (w /B O ) < /B 150 d»s)

2
2
< TEG -
nwp

D=

N

Consequently,

1
n 2 2 22 2
s Olimuon < (b (2= )) "+ (o)

Next, choose p € (1,:%:), and g(> 1) such that p~! + ¢~ % = 1.
One has by Hélder inequality that for all y € B;1(0)

D=

|43 (y)| =

[ rw-9 o) d
By(0)

_£\P ’ () d ’
s( /B =0 ds) ( /B NG 5)
<IVTO zomaon 47 ||w<->||22(31(0»

478 IVEO) gy 6
where we have used (2.30). Thus,

1143 oo 8y 0y < 477 VTl 2055y .
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We arrive at

(2.34)
e ot v (n(2))
. <
WO llpeo By oy) < C5e6 + Coeo + 7( («ef))

with absolute constants Cs, Cs, and C7 derived above.

Loo-estimate of w

This can be achieved in a similar way as in Step 1. Rewrite (2.31)
as

(2.35)
B(y) = As(y) + Ha(y)  forally € B = B1(0),
with
)= [ VD-9e(€)d, 9= (n-1iAv.
B1(0)
First, for y € B% (0),
||H2(')||L2(B%(y)) < ”'Lb(')”L?(B% w) T ”A2(')”L2(B%(y))
1
< &g +IVIOllLia,0) ”g(’)||L2(B%(y))
1 ~
< e + (n—1)|vllpeo (s 0 “w(')”LZ(B%(y))

1
< C'8502 )

where Cy is an absolute constant. Since Hs is harmonic, so for

y € B% (0) one has
93
<=\ [ e
w,,% B%(y)

1 1
Cse = Coef -

1
2
27’1

w— / HQ(Z) dz

n B%(y)
<2n>

< (=
Wn

N\ 1
(2.36) ||H2<~>||Lm<3%(o»s( ) Cset .

Wn,

|H2(y)| =

N

Thus
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On the other hand, for p and g as in Step 1, one gets

1 A2()l| Lo (B, (0))
S IVT O o,y 19O Lagay (o))
S IVEO o g,y (0 = D) 0]l Loy 1D Loy
< (0= D473 0ll ey IVTOllzoey 6
< Cio[[v]|poo(my) el
It follows that
(2.37)

8 g 1
”w(')”Lw(B%(o)) < Cio||vl|peo(p,) €6 + Cogd -

g 1
In particular, 1 = [@(0)| < C1o||v|| e (p;) €3 + Coed, Which yields
the desired contradiction due to Proposition 2.2. Thus Lemma 2.6
is proved.

O

3. Estimates on Navier-Stokes Equations.

In this section we intend to present some spatial gradient estimates on
solutions of the time dependent Navier-Stokes equations provided that either
the scaled local total energy or the scaled local total vorticity is suitably
small. Though the analysis can be carried out for arbitrary number of spatial
dimensions, we will concentrate on the case of three spatial dimension.

Let © be a domain in R® with smooth boundary 82, and T be any fixed
positive constant. Set D = Q x [0, 7] (here Q may be unbounded). The 3-D
Navier-Stokes equations may be written in the form

(3.1) Ou—Au+div(u®u)+Vp=0 inD,
(3.2) divu =0,

which are accompanied by the following initial and boundary conditions (for
example)

(3.3) ult=0 =uo,  ulaaxjo,r =0.
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We will consider any smooth solution (u,p) to (3.1)—(3.2). which satisfies
the following bounds:

(34)  supgerer [lu(, DI + / / IVl (w0 deds < My,

(3.5) / / ip(z, )|/ *dzdt < Mi
D

where My and M, are two absolute constants. We remark that the bounds
(3.4) and (3.5) are natural conditions since they are satisfied for suitable
weak solutions (see [CKN]).

We shall use the following notations. Any point (z,t) € D will be de-
noted by @, i.e. @ = (z,t). The parabolic ball centered at a point @ with
radius R will be denoted as Br(Q) = Bgr(z) x (t— R?,t). In the case there is
no danger of confusion, we will omit the mention of the center of the ball and
simply write Bg. For a given solution (u,p) to the Navier-Stokes equations
(3.1) and (3.2), the scaled total energy, the scaled vorticity, and other scaled
quantities on the ball Br(Q) are defined to be the following dimensionless
quantities

— 1 2
B(R) = = / / , Iute st
W(R) = 1 // | curl u(z, t)|*dzdt,
R/,
(3.6) Bu(R) = submeguco [ Jule,t)Pdadt,
<o [
Ea(R) = = / / Vu(z, ¢)[2dzdt,
R/,

Ea(R) = % / / lu(e, ) dade.

One of the main results of this section asserts that the local behavior of the
solution to the Navier-Stokes equations (3.1) and (3.2) can be dominated by
the above sealed quantities in (3.6). More precisely we have

Theorem 3.1. There exists an absolute constant € > 0 with the following
property. Let (u,p)(z,t) be a smooth solution to (3.1)—(3.2) satisfying the
bonds in (3.4)—(3.5). Assume that there exists a Ry > 0 such that one of the
following three conditions hold
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(1) Either supoc p<p, E1(R) < +00 or supg. p< g, E2(R) < 400, and

(3.7)
E(R) = 1 / / lu(z,t)|?dzdt <& for all R < Ry,
R3 |/ g,

(2)
(3.8) SUPo<r<pr, W(R) <,
(3)
(3.9) SUPo<r<R, E3(R) < €,
then
(3.10) supg,, , [Vu| < CR™? for R<R;

for some Ry < Ry with C being an absolute constant.

We note that Theorem 3.1 improves somewhat the results implied in
[CKN] and [NRS]. As in the previous section, Theorem 3.1 will follow the
following uniform estimates.

Theorem 3.2. For any given § > 0, there exists positive absolute constants
€ and Rgy with the properties that

(1) if either the condition (1), (3.7), or condition (2), (3.8), in Theo-
rem 3.1 holds, then there ezists a constant R; = R1(Rp), 0 < R; < Ry,
such that for all R < R,

(3.11) E(R) + Ei(R) + Ex2(R)

0 54 \8/5
+ RS ( [ (] wtwolan) dt) <s,
- R

(2) if E3(R) < € for all R < Ry, then there ezists a constant Ry = R1(Ro),
0 < R1 < Ry, such that for oll R < Ry,

(3.12) Ei(R)+ Ey(R)+ R / / o[> ?dzdt < 6.
Br
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Remark 1. It should be emphasized that there is no smoothness require-
ment for the solution (u,p) in the Theorem 3.2. Indeed, the conclusion (3.9)
holds for both smooth solutions and the suitable weak solutions defined in
[CKN]. See the proof of Theorem 3.2 which will be given later. In partic-
ular, the suitable weak solution will be regular at the center of the ball Br
under any of the conditions Theorem 3.1 on suitable weak solutions.

Remark 2. With Theorem 3.2 at hand, the Theorem 3.1 can be proved
by modifying slightly the argument in [CKN]. However we will present in
the next subsection a different approach by using a similar technique as
in the previous section. This argument is simple and clear, but requires a
slightly stronger assumption that conditions (3.7) or (3.8) hold on a small
neighborhood.

Remark 3. It will be clear from our analysis in the next section that the
condition supg.p<p, E2(R) < oo in (3.7) of Theorem 3.1 can be replaced
by supg<r<pr, W(R) < +oo.

The rest of this section is devoted to the proof of these theorems. First,
we give a proof of Theorem 3.1.

3.1. Proof of Theorem 3.1.

We will first assume that Theorem 3.2 holds. Then Theorem 3.1 can
be proved in a similar spirit as for Theorem 2.1. In fact, by assuming The-
orem 3.2, on can apply directly the Proposition 2 in [CKN] to conclude
Theorem 3.1. However, we prefer to give a different approach by using a
similar technique as used in Proposition 2.5. We first observe that due to
the scaling property and translation invariance of the Navier-Stokes equa-
tions (3.1)—(3.2), it suffices to prove (3.10) for the ball centered at the origin
(0,0) = 0 with radius R = 1. The second observation is that arguing in
a similar way as for Lemma 2.4 by using Theorem 3.2 instead of Proposi-
tion 2.2, one can conclude (3.10) as long as one can show that the vorticity
w(z,t) = curlu(z, t) is uniformly bounded, i.e.,

(3.13) supB%(Qo) |lw(z,t)| < C

The rest of this subsection is devoted to the verification of (3.13). Define
the “parabolic” distance between two points Q2 = (z2,t2) and Q1 = (z1,t1)
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(t2 <t1) by
(3.14) d(Q2,Q1) = max (I:L'g, —z1|, vVt — tg) , ta<tr.

Then
Br(Qo) = {Q = (z,t) | d(Q, Qo) < R},
and
OBr = {Q | d(Q, Qo) =R}
Define Q1 € B1(0) and e1(= |w(Q1)|) by

(3.15)

supa, o) [ (1 — 4(Q,0))* [w(Q)l] = (1 - d(Q1,0))’e1,
so that

1-d(Q1,0))?

(3.16) lw(@)] < (m@;‘) e1  VQ € Bi(0).
In particular, one has that
(317)  [w(@)] < (2(1 - d(Q1,0)))*ex vQ € B1(0),
and
(3.18)  |w(Q)] < 2%y, vQ e B%(l_d(Qho))(Ql).

Using (3.17), one can conclude (3.13) provided that the following claim
holds:

Claim. There exists an absolutely constant C' such that

(3.19) Vel - d(Q1,0) S C.

As before, the proof of this claim is given by contradiction. If (3.19) is
not true, one may assume that /e1(1 — d(Q1,0)) > 4 so that

(3.20) B2(0) C B@(l_d(Qho))(O) .
We can now rescale the solution u(z,t) near Q; as follows:

1 y s
(3.21) Set w(y,s) = —\/,e—_lu (a:l + \/a’tl + 61)
for all (y,s) € B@(l—d(Ql,o))(O)‘
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Then v(y, s) is a solution to the Navier-Stokes equations, and its correspond-
ing vorticity

- 1 Y s
. = l = — — ,t —
(3.22) W(y, s) = curly v(y, s) elw (9;1 + NG 1+ 61)
satisfies

(3.23)
0,5 — Ay 1 (49— ) =0 in Ba(0)
divyv =0 in By (0).

It follows from (3.20)—(3.22), and (3.18) that

(3.24) Supg, (o) [W(y, s)| < 4.

Furthermore, Theorem 3.2 implies that there is an absolute constant C > 0
so that

(3.25)
SUP-45730/ |v(y,T)|2dy+// |Vyv|? (y,7) dydr < c8,
B B2(0)

where 6 can be small if
(3.26) I[P ayas =2 B(va)
B2(0)

is suitably small. The desired contradiction is derived by using (3.23)-(3.26)
and the fact that [@(0)| = e]* |w(Q1)| = 1 as follows. We first note that the
value of @ at (y, s) = (0,0) can be represented through an integral using the
heat kernel. Indeed, let K(y, s) be the backward heat kernel with the dirac
mass at (y,s) = (0,0), i.e.,

2

(3.27) K(y,s) = (th—s—))_s exp {— 7 (y_s)} s<0,

and 7(y, s) be a smooth cut-off function defined by

0 3<d((ys)(0,0)<1,
(3.28) P(y,s) =11 0<d((y,s),(0,0)) < 1,
Cc> 1<d((ys),(0,0)< 3.
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Now multiplying the first equation in (3.23) by %(y, s)K(y, s), integrating

the resulting expressions over B;(0), and after several integration by parts
and taking limit, we can derive

(0, 0) = / / (85 + AY)K + 2V4 - VK] i(y, ) dy ds
B1(0)
(3.29) + //IB © (KVyy + 9V, K)g(y, s) dyds,

where g = w ® v — v @ w. It follows from (3.27)—(3.28) and (3.25) that

(3.30) / / (B4 + AY)K + 2V - VK] iy, s) dy ds
B1(0)

D=

< ( I l@w+sp)K +294- VK] <y,s>|2dyds)
B1(0)

. ( / / I s)|2dyds>%

< Cé7,

where we have used the fact that (0s1+Ay) K+2Vy K is uniformly bounded
on B1(0) due to (3.27) and (3.28). Next, using the definition of g, one can
obtain

(3.31) l / / . K009 dyds

< ( /oo IK(Vy%b)Izdde)% ( . oot ds)
=° ( //131(0) l9(v, S)|2dyds>%

<C (supml(o) Iffl) ( / / B0 lv(y, 5)I” dy dS)
< CyE(Ve),

where we have used (3.25)—(3.30). Finally, we estimate the last integral on
the right hand side of (3.29). Using Holder and Sobolev’s inequalities and

1
2

I3

2
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(3.24)—(3.28), one has

(3.32) | /I Bl(o)wvyK)g(y, 5) dyds

( //]Bl l9(s: 9" dy) ( // [V, K|5dyds)
C </ s 10ds> (/ dszl(O) lv(y, s)| dy)_supBl(O) ]

o 3\
C /(/ |Vyv|2dy> ds
-1 \JB1(0)

i s\
+ / (/ |v|2dy) ds
-1 \/Bi1(0)
- 1 1
3 6
<cC (Sup—lgsgof |Vyu(y, s)|2 dy) ( // |Vyv|2 dyds>
Bi(0) B1(0)

1 1
3 3
+ Sup—lSsSO/ |v(y,3)|2dy) (// |v|2dyd8> }
B1(0) B1(0)
<c (5% + ,/E(\/éz)) ,

where we have used the following estimate

IN

AN

IA

(333) Sup_seco / IV 0y, 5)| dy
B1(0)

< Csup_1coo / lo(y, s)[2dy + C / / (2 dy ds
1(0 BQ(O)

+c// (5(y, 5)|* dy ds .
B2(0)

Collecting (3.29)—(3.32) yields the desired contradiction

(3.34) 1=|w(0,0)| < C <\/5+ ,/E(\/e—l)) .
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It remains to prove (3.33). First, it is noted that (3.23) and (3.24) give

(335) sup_1coco / (B(y, 5)|? dy
B1(0)

SC’// |1I)|2dyds+c// v]? dy ds
B2(0) J B2(0)

as follows by multiplying (3.23) with @ (y, s)¢(y, s), here ¢ is a smooth “cut-
off” function which is one on B;(0) and vanishes on 0Bz (0), integrating over
By(0) x [—4, s], and using standard manipulations. Next, one has that for
all (y,s) € B1(0)

(3.36) v*(y, s) = / VI(y — 2) ANw(z,s)dz + H(z,s)
B3(0)
with H(z,s) being a harmonic function on By(0) for each s € (—4,0). It

thus follows from the standard elliptic regularity argument (see the proof of
Lemma 2.4) that

(337) Sup_icoco / Vo(y, )| dy
B;(0)

<C (SUP_1_<_350/B o vy, s)|? dy+sup_1gs_<_o/ | (y, 3)|2dy> ~
1

B;(0

Consequently, we conclude (3.33) from (3.35) and (3.37). So the proof of
the Claim (3.19) is completed. O

Finally, we turn to the main estimates in Theorem 3.2.
3.2. Proof of Theorem 3.2.
Throughout this section C; (¢ = 0,1,2,...),C, and 0(1) will denote

generic positive absolute constants unless stated otherwise. For the simplic-
ity of presentation, we will also use the following notations

Pi(R) = R ( [ (L twoia) " dt) "

PoR) = B [[ 1oty t) dadt.
Br

(3.38)

(3.39)
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We also set
(3.40) ¢1(R) = E(R) + E1(R) + E3(R) + Pi(R),
(3.41) #2(R) = E1(R) + Ea(R) + P2(R).

Due to the assumptions (3.4) and (3.5), one can verify easily by using
Sobolev-Poincare inequality and the classical Calderon-Zygmund estimate
that there exist two absolute positive constants o and My such that

(3.42) $1(ro) < Mz and  ¢o(ro) < Mo.

Our goal is to show that ¢;(R) and ¢2(R) can be small under the corre-
sponding conditions in Theorem 3.2.

First, we prove the part (1) of the Theorem 3.2. To this need, we need
the following lemma.

Lemma 3.3. (i) There exist absolute constants Co and C1 such that for
any A € (O, %], r = Ap, and p < 1o, one has
#1(r) < CoX*¢1(p) + CL{X2E}/*(p) BV () B3 (o)

+ A2 () EY4(0) By ()
+ AP B (0) BV () By (p)

(3.43) + X"2(Ey(p) Ba(p) E(p)) 2
+ XTAB(0) BV (0) ES ()
+ AP B (0) B () o (o))

(ii) There ezists an absolute constant Cy such that for any A € (0,3],
r = Ap, and p < 19, one has

(3.44) Ea(r) < 72X2E3(p) + Cs <8>\2 + %) W(p).

Let us assume Lemma 3.3 for a moment and continue the proof of the
part (1) of Theorem 3.2. There are several cases.

Case 1.

(3.45)
SUPo<p<p, F1(R) = M3 and SUPg< R< Ro ER)<e
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where M3 is a finite absolute constant. In this case, it follows from (3.43)
in Lemma 3.3 that

(3.46)
$1(r) < C32°1(p) + Car™1%/%¥5¢y (p) + CsX~%/%¢1/2

where we have assumed Ry < 1o, € < 1, 7 = Ap, and X € (0, %] We now
fix A in (3.46) so that 2C33%5 = 4 < 1. Then for ¢ < (&%), (3.46)
becomes

(3.47) $1(r) < pd1(p) + CsA™%¥/5¢ 4 = xp,p < Ry.
Now (3.11) in the Theorem 3.2 follows from (3.47) by iteration in the same

way as in the proof of Proposition 2.2 from Lemma 2.3.

Case 2.

(3.48)
SUPo<r<R, P2(R) = My and supycp<p, E(R)<ce

where My is a finite absolute constant.

In this case, Lemma 3.3 yields that for r = Ap, A € (0,1], and p < Rg < 7o,
(3.49) $1(r) < CeX¥5¢1(p) + CrA™%8/51/2,

Now we can proceed as in the previous case. Theorem 3.2 is proved in this
case.

Case 3. The condition (3.8) holds, i.e.

(3.50) supg<r<p, W(R) < &.

It follows from (3.50) and (3.44) in Lemma 3.3 that

1
(3.51) Es(r) < T2)2Eq(p) + C2 (gv + X) ¢

for all A € (0,3],7 = Ap, p < Ry < 7o. A simple iteration shows

_ k
(352) Ep(Mp) < (122" By(p) + 11_((%02 (”2 * %) ¢

fork=1,2,....
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As a consequence of (3.52), one shows as before that for any §p > 0 there
exists €9 > 0 such that for € < g, (3.50) implies that

(3.53) SUPo<r<r, E2(r) < o

for some r; depending only on Ry, r1 < Rp. Combining (3.53) with (3.43)
in Lemma 3.3 shows that for A € (O, %], r = Ap, and p < ry,

$1(r) < CoA/P81(p) + CL{N328Y2 ()60 + A1/ 4 (p) 85/
(3.54) + 75241 ()65 + A4V (0)85° + A5 (p) b0}
< C's)\4/5¢1(p) + Cg)\—16/55(1)/2¢1 (p) + CloA—32/557/5-

Now the desired estimate (3.11) in Theorem 3.2 can be proved in the same
way as in case 1.

Thus the proof of the first part of the Theorem 3.2 is considered complete.
It remains to prove Lemma 3.3. The analysis will be based on the following
basis identities

/Bp(0|u|2)(w,t)da: - //B;(3t9|u|2)(x,s)d:cds+ 2//B;(9|VU|2)($,s)dzds
(3.55) <2 / /  [VOllul [Vuldeds + 2 / / (0w (u Vu)dads

—2// Ou - Vpdxds
B

where 6(z, s) is a smooth test function vanishing on 8B,, and B}, = B, N
{s < t} for any p > 0, and

(3.56) — Ap(z, s) = 0;0;(usu;)(z, s) on B,.

It should be clear that (3.55) and (3.56) hold true for smooth solution (u, p)
to (3.1) and (3.2). In fact, both are true for the suitable weak solutions
defined in [CKN].

Proof of Lemma 3.3. In the following, for any fixed positive numbers r and
p, with the property that 0 < r < %p and p < 7p, we set 7, = 2r < %p. We
also denote by g, the average of g on the ball B,, i.e. g, = r;g /; B, 9dz. We
first prove the part () of the Lemma 3.3. This will be the consequence of
the following claims. We will borrow and generalize some ideas from [CKN].
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Claim 1. Forr < %p, p < ro, it holds that
BA(r) + Balr) < C {E(a) w2 [ pultuf - T ot
B‘rt

(3.57) o2 / / =)l dade 405 / / ] 15, 1p(z, t)]da:dt}
= C{E(r.) + Ji(r) + Ja(rs) + Ja(r)}-

Proof. Let 1(z,t) be a smooth function with the property that 0 <+ < 1,
=1 on B,, ¥ =0 away from B,, such that

(3.58) 01 < and (o] + V2| < .

Set § = 92 in the inequality (3.54) to obtain

/ (0|u|2)(a:,t)dx+// 0|Vu|*dzds < %// lu|*(z, s)dzds +
BT* ]Bi'* r* Bf‘*

2// (Ou) - (u - Vu)dzds // fu - Vpdzds
Bt, B,

<CrBr)+ = ([ lullif® - T dods
* ]H;i*

C C
+— // |lu — | |p|dzds + — // |Tp| |p|dzds
Tx Bt, Tx Bt,

where we have used integration by parts, (3.58), and the fact that u is
divergence free. Hence (3.57) follows. We now estimate each term on the
right hand side of (3.57). O

+ + 2

Claim 2. For0 < pu < %p, it holds that

| E(p) < (%) E}*(0)EY*(p)
(3.59)
e <£)5/2 B (0)BY4(p) B (p).
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Proof. For each fix t, —u? < t < 0, one has by Poincare’s inequality that

/ |u(:c,t)|2da:§/ ||u|2—|_u|_,2,|da:+/ Wd:c
B,

B, B, A

<Cp (/B,, |u|2(x,t)da:> 1/2 (/B,, |Vu(z, t)|2dm)
+ (%)3 /B P |uf(z, t)dz.

Integrating the above inequality over (—u2,0) gives

0 1/2 1/2
E(u) < Cpu™® (/ |u|2da:dt> (// |Vu|2da:dt)
-2 JBp B,

0
+p_3/ / |u|?(z, t)dzdt.
-2 JB,

1/2

Note that

0
/ / luf2(z, £)dzdt
-#2JB,
/2, 1/2
< (sup_#z<t<0/ |u|2(a:,t)da:> / (/ |u|2(m,t)dx> dt
-7 JB, —u?2 \UB,
2

1/
< p2E (o) < / / ] IUIdedt> = PPuB () BV(p).
P

Hence (3.59) follows. Next, we estimate the term involving the cubic non-
linearity. . : O

Claim 3.
=[] fullluP - o
"

=¢ <£)2E1/2(p)E1/4(p)E3/4(p)
—= L 1 2

(3.60)

+

5/2 1
(8)" BB PGB )| forus o



246 Gang Tian and Zhouping Xin

Proof. It follows from Hélder, Poincare, and Sobolev-Poincare’s inequalities
that

0
P21 () < / llull gy (1 1l = TulZ Dl a/25, dt

<c/ (Il 171 25, + e )

lullz2(B,) IVullL2(s,)dt

(3.61) —c/’nwpwﬂwwpw)

e I A e

< Cu2E () BV () EY* (1)
+ Cu?BY () EM(u) By (1),

from which (3.60) follows trivially. O

Next we turn to the terms involving the pressure. First, we have

Claim 4. For0< p < %p, one has

() + Ja() = // fu — 1| Ipldadt + // 2l [pldzdt

/
<C (%) B (p)EV5(p) P ()
1/2
(3.62) -Ff) Y (o) BV () By (o) P (p)

E 2(0) EV2(0) By (p)

E () BY*(0) " (p) | -
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Proof. First, by Holder’s inequality, one has

0
w2 = [ (g [ 1plaz)a
—H I

1 . 5 \ 5/ o 54\ 4/5
<—= / |uldz | dt |p|dz dt
w3 p —p? B, —p? By
< —=p Pl ( / ( / |u|2dm) dt) P{%(s)
3 —u2 \UB,

1 a5 13/5 [;3/10 1/5( 5\ pL/2
< —_ E,‘ .
< ,——w3P 2 1 (p) (P) P (1)

(3.63)

To estimate Ja, we will use the following representation for the pressure

p(e,t) = /B VaT(z — y) - (u- Vo) (5)dy + po(z, )

= pl(xy t) +p0(x’t)) T e BP7

(3.64)

where t € (—p?,0), I'(z) is the normalized fundamental solution of Laplace’s
equation in R3, and po is harmonic in = € B, for each fixed t € (—p?,0).
Since p < % p, it follows from the mean value property of a harmonic function
and (3.64) that

(3.65) Ipo(z, )| < 8(Ip(-,t)lp + IP2(-,t)l,)  Vz € By

Consequently,

WD) < / /B lu — @p| Ipo(z, )| dedt + / /  fu=yllp1 (1) ot
n w

0 —
<38 / <|p|p / |u—a,,|d:c> dt
—p? By
0 —
+8/ |p1|p/ lu — @,|de | dt
_”2 B,‘

+ / / lu — @) |p1 (=, &) ddt.
By

(3.66)
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Each term on the right hand side of (3.66) can be estimated rather easily
as follows

0 T —
8/_#2 (|p|p /B,, |u—u,,|dx) dt
. 5\ 1/5
(3.67) < % </_M2 </B |u—17p|d:z:) dt) X
. /4 \ 4/5
X ( /_ p < /B ,, (v, t)ldy) dt)

1/5

. 5
< Cp?® (/ </ u — ﬂpldﬂﬂ) dt P(p),
—p? \/Byu

but, Poincare inequality yields

0 5
/ ( |lu — '&pldm) dt
—p? B,
0 3
< w3,u,3/ (/ |lu — '&p|dx) / |u — @,|%dz | dt
—u2 B, B,
0 3
< C'p,u.g/ / lu — @,|dz / lu — @,| |Vuldz | dt
—p? By B,

(3.68)
. 3/2
< Cput/? (Sup—p,2<t<0 / IUIde) X
<0 fo
1/2 1/2
X (// |u]2da:dt) (// |Vu|2dxdt)
B, B,
= Cp*l2ut 2B} (0) B (0) By (p).
Hence

0 —
(3.69) 8/ ([plp/ Iu—ﬁpldx) dt
—p? By

< Co B (0) B 0) B () P (o)
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Next, using the explicit formula for (3.64), one estimates by the Young’s
inequality that

(3.70) / |1 (&, B)ldz < Cp / - Vu(y)|dy
B, By
< Cpllullrzs,)IVullr2(s,)-

Thus

0
8 / (Eﬂp / |u—a,,|dx) dt
—p? Bu
0
<Cp~? /_“2 (“ullL?(B,,)IIVUHL?(BP)/B |u— z7p|d%> dt
1/“2
(3.71) < Cp~ 232 (SuP—/ﬂSKO/B |u|2dx> X

(], )" (Jf, o)

< CpM 2By (0) B (0) By (p).

2

Finally, note that (for p < 3p)

lpL (5 D)l pars(m,y < Cut/*lu - Vu||L1(BP)
(3.72) < CutHlul, B)llzas,) IV, Bl 2(s,)

and

(3.73)

1/4 3/8 1/8
( / u — ﬁp|4dsc> <c ( / |Vu|2dx> ( / |u|2dsc)
B, B, B,
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which follow from the Young’s and Poincare-Sobolev’s inequalities respec-
tively. One obtain from (3.69) and (3.70) that

J[ . 1=l o
B,

0 1/4 3/4
</ ( / lu—ﬁpl“dw) ( / |p1<m,t>|4/3dm) dt
—p2 B, B,

0 7/8 5/8
(3.74) < cpt/t / ( / |Vu|2dx) ( / |u|2dx> dt
—p? By By
7/4
<0 (2)" 2B OB ),

(3.62) now follows from (3.63), (3.66), (3.69), (3.71), and (3.74). Finally, we
estimate P (r).

Claim 5. For anyn < %p, one has

(3.75)
4/5 16/5
Pi(n) < C { (g) Pi(p) + (g) EY 5(p)E3/5<p)E2<p>} .

Proof. We again use the representation formula (3.64) for the pressure. It
then follows from (3.65) that

/B” lpo(z,t)|dz < 8 (g):* [/BP p1(z, t)|dz + /BP |p(m,t)|dm} '

This, together with (3.70), shows that

lpCs )Ly < NP1 Dllrs,) + IPo(s llLy(B,)
3
(3.76) <8(2) Il
2\°
+C ((;) p+#> lullzz(B,)lIVullL2(B,)

where we have also used the simple estimate

/B Ip1 (2, 8)|dz < O /B - V() ldy < Cullullz2s, | Vell 2z,
w P



Gradient estimation on Navier-Stokes equations 251

which follows from the explicit representations for p;(z,t) by the standard
estimate. As a consequence of (3.76) and Hodlder’s inequality, we can derive

0 5/4
/—”2 ( /B” Ip(v; t)ldy) dt
=¢ M)M L. ( . i |dy)5/4 u

0
+07 |l Zate,) I Vull s, dt
—u (Bp) (By)
4

<C[< )15/4/ </ Ip(y,t) |dy> dt
+ub/t ( /_ ||u(t)||i%/(?3 dt>3/8 < / / . IVuIQdmdt>5/8]

< oA [(g)l (P(o)"* + (5)2Ei/“<p)E3/8<p>E5/8<p>]

which implies (3.75) immediately. O

Now, the part (2), (3.43), of the Lemma 3.3 is a direct corollary of Claims
1-5. Indeed, from (3. 57) (3.59), and (3.75), one gets that for r = Ap,
A€ (0, ] and 7, =2r < 1 5P

¢1(r) < B (0)EY*(p) + CIN2 B (0)EYA(0) By (p) + E(r.)
+ J1(rs) + Ja(rs) + J3(rs)
+ AV Py (p) + AT B (p) E¥(p) Es(p)]
Using Claims 2-4 with n = r, = 2r, one can bound the right hand side
above by
CIAE*(0)BV*(p) + X2 By (0) B () By (p)
+ N E () BV () By () + X B (0) B (0) By )
+ X3Py (p) + XIS B (p) E¥5 () By (p)
+ X 2EY O (0) BV (o) By (0) L (p)



252 Gang Tian and Zhouping Xin

+ ATV B (0) BV (0) By (0) + XTEY (0) BV (0) B/ ) +
+ 0P BY o) BV (p) P (1))
< C{OE(0)BY*(p) + AEY " (0) B3 (0) By* (0) + X3Py (p)) +
+ OB () BV () By (0) + 2B o) BV 4(0) By ()
+ AE2(0) BV (0) By (p) + A= B (0) B (0) By ()
+ NS EYS (0) B (0) Ba(p) + AT B () BV (0) B S (o))},
where, in the last step, we have used the Claim 5 with 4 = r, and the
Cauchy-Schwartz inequality. Hence (3.43) follows. So the first part, (3.43)
of the Lemma 3.3 is proved.

We now turn to the proof of the part (iz), (3.44), of Lemma 3.3. This can
be accomplished easily as follows. We first recall the following representation

(3.77)
Vu (z, 1) = /B V2D(z — ) A w(y, )dy + |w(z, t)] + Ho(z, 1)

for all (z,t) € B,, where w(z,t) = curlu(z,t), Ho(z,t) is a harmonic func-
tion in z € B,, for each fixed t € (—=p?,0), and the integral on the right hand
side of (3.77) is in the sense of the Cauchy principal value. It then follows
from the Calderon-Zygmund estimate that there is a positive constant C
such that

(3.78) / Va(z, £)[2dz < C / (w(z, £)|2dz
B, B,
+3/ |w(m,t)|2dm+3/ |Ho(z, t)|%dz.
B B,

By the mean value property of harmonic functions, one has for each t €
(—p?,0) that

3
(3.79) /B [Ho(z, O%ds < AA)3 / |Ho(z, 8)[2dz.

On the other hand, as for (3.78), one has from (3.77) that

(3.80)
/ |Ho(z, t)[2dz < 3 / Vu(z, £)2dz + C / (o (z, 8)|2dz
B, B, B,
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for each t € (—p?,0), where C is an absolute constant. It follows from
(3.78)—(3.80) that for all t € (—p2 0)

/ |Vau(z,t)|?de < —— / |Vu(z,t)|2dz +

(1
(3.81) +C <ﬁ—_>\)—5 + X) ;/B,, lw(z, t)|2dz

with an absolute constant C. We now integrate (3.81) over (—r2,0) to
obtain the desired estimate (3.44). This finishes the proof of the second
part of Lemma 3.3. So the proof of Lemma 3.3 is complete. O

Finally, we prove the part (2) of the Theorem 3.2. As before, the key step
in the proof of the inequality (3.12) will be the following iteration relation.

Lemma 3.4. There exists an absolute constant C such that for any A €
(0,%], 7 = XAp, and p < ro, it holds that
(3.82)

9a(r) < C{A(p) + (B3 (2r) + Ba(2r) + A Es(p)}.
Assuming Lemma 3.4 for the moment, one can prove the part (2) of Theo-
rem 3.2, (3.12), easily in a same way as in the previous cases. Thus it suffice
to prove Lemma 3.4.

Proof of Lemma 3 4. As in the proof of Lemma 3.3, for any r < 1 1P, p < 1o,
we set 7y < 2r < 2p, and divide the proof into several steps.

Step 1

(3.83)
Ey(r) + Eo(r) < CE(ry) + E3(rs) + Pa(ry)].

Proof. In the identity (3.55), one choose § = 12 with v satisfying
(3.58) to obtain after integrations by parts that

C
Ei(r) + Ea(r) < — // |u|? dedt + % // |u2dzds
T Br, T Bry
C
(3.84) + = // |u| |p| dzds
T B,

< ClE(ry) + E3(ry) + Pa(r4)],
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where in the last step one has used Hélder’s inequality. |
Step 2

(3.85) E(p) < VwsBy*(w), p<p<ro

Proof. (3.85) follows from Holder’s inequality. O

Step 3 Forany 0 < pu < %p,

(386) P <C { () Pator+ (§)2E3<p>} .

Proof. We will use the following representation for the pressure which follows
from the identity (3.56):

(3.87)
plz, 1) = /B [DI(z —y): (@ u)(y))dy + [u(z, 1) + Hy(,1)

for all (z,t) € B,, where the integral is in the sense of the Cauchy principal
value, and Hj is harmonic on B, for each fixed ¢t € (—p?,0). Set

(3.88) pa(z,t) = / [D2T(z —4): (u®w)(y)ldy.

I3

Then the classical Calderon-Zygmund estimate shows that
(389 [ i orray<c [ e
B, B,

with an absolute constant C. On the other hand, one has

3
630 [ iy < (V2 (%) IR
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due to the mean value property of harmonic functions. It follows from
(3.87)—(3.90) that

/ Ip(z, t)|*?de < C / |p2(z, t)|3/2d$+/ |U|3da:+/ |H1|3/2d$]
By B,

By
<C / |u|3d:c+( ) / |Hy (a:t|3/2da:}
(3.91) SOL(%> /B Ip(z, t)|3dac+< ) / Ips|*/2dz
+ 1+(%)3) /B ,, |u|3dm}
<c (%)3 /B ,, Ip(z, t)[*/2dz + /B ,, |u(a:,t)|3dm].

Integrating (3.91) over (—u2,0) leads to (3.86). O

It follows from Steps 1-3 that for r = Ap, A € (0, %], and p < 7o,

¢2(7‘) = El(r) + E2(7‘) + P2(7")]
< C[E("'*) + EB(T*) + P2(7'*)]

< C\Py(p) + A2Es(p) + Es(r.) + B (r)),

which yields the desired estimate (3.82) immediately. This completes the
proof of Lemma 3.4. O

Consequently, the proof of Theorem 3.2 is completed. g
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