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1. Introduction.

Let €2 be a bounded domain in C" with C* boundary 9. In this paper
we are concerned with the Dirichlet problem for complex Monge-Ampere
equations

(1.1) det(usz,) = ¥(z,u,Vu) in Q, u=¢ on 0N

and related questions.

When (Q is a strongly pseudoconvex domain, this problem has received
extensive study. In [4]-[6], E. Bedford and B. A. Taylor established the
existence, uniqueness and global Lipschitz regularity of generalized pluri-
subharmonic solutions. S.-Y. Cheng and S.-T. Yau [8], in their work on com-
plete Kahler-Einstein metrics on non-compact complex manifolds, solved
(1.1) for ¢ = €" and ¢ = 400, obtaining a solution in C*°(Q). In 1985, L.
Caffarelli, J. J. Kohn, L. Nirenberg and J. Spruck [7] proved the existence
of classical pluri-subharmonic solutions of (1.1) for the non-degenerate case
1 > 0, under suitable conditions on 1. The degenerate case 1) > 0 has also
attracted a lot of attention, and counterexamples have been found showing
that there need not be a C? solution (see [3], [11]). It is of interest in com-
plex analysis to ask whether C1! regularity holds for the degenerate case;
see [1] for related results and further references. In [20], S.-Y. Li studied the
Neumann problem for complex Monge-Ampeére equations.

In this paper we treat the Dirichlet problem (1.1) for general domains
which are not necessarily pseudoconvex. We shall prove

Theorem 1.1. Let ¢, be real-valued smooth functions, 1 > 0. Suppose
there erists a strictly pluri-subharmonic subsolution u € C%(Q) of (1.1), that
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688 Bo Guan
is,
(1.2) det(u,z ) = ¥(2,%,Vu) in Q, u=¢ on OQ.

Then there exists a strictly pluri-subharmonic solution u € C®(Q) of (1.1)
with © > u.

In [13] and [12] J. Spruck and the author treated the Dirichlet problem
for the real Monge-Ampére equations in non-convex domains. As in the
real case, the point here is that no restrictions (other than being bounded
and smooth) to the underlying domain  are needed. As complex Monge-
Ampere equations are closely related to certain problems in geometry and
complex analysis, it seems reasonable to expect such a result to find interest-
ing applications. In this paper we will apply Theorem 1.1 to prove the C1®
regularity of the pluri-complex Green function for a strongly pseudoconvex
domain. We recall that, given a domain 2 C C™ and a point ¢ € (, the
function

9¢(2) = sup{v(z) : v is pluri-subharmonic on 2, v <0
and v(z) <log|z —¢|+ O(1)}

is called the pluri-complex Green function on 2 with logarithmic pole at ¢
(see [9], [15] and [18]). In the case that € is smooth, bounded and strictly
convex, Lempert [18] has shown that g € C®(Q — {¢}). In the strongly
pseudoconvex case, however, E. Bedford and J.-P. Demailly [2] have found
counterexamples which show that g¢ in general does not belong to C%(Q -
{¢}). We will prove

Theorem 1.2. Let Q be a smooth bounded strongly pseudoconvex domain
and ¢ € Q. Then g; € CL*(Q —{¢}) for any 0 < a < 1.

In [23], S. Semmes developed a theory of generalized Riemann mappings
that is closely related with the pluri-complex Green functions (see Theorem
2.2 of [23]). Using the work of Lempert [18], he proved the existence of
smooth Riemman mappings with given smooth strictly convex images in
C". Theorem 1.2 has the following consequence: if p : B, — C" is a
Riemann mapping whose image is a smooth strongly pseudoconvex domain
in C*, where B, denotes the unit ball in C*, then p is C%* in B,, — {0} for
any 0 < a<l1.
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A fundamental property of the pluri-complex Green function is that it
is a week solution of the following problem

u is pluri-subharmonic  in Q — {¢}
det(uz;z,) =0 in Q- {¢}
u=0 on 0N}
u(z) =log|z —¢|+O(1) asz—(.

(1.3)

We will prove Theorem 1.2 by showing that the above problem has a unique
solution in C1*(QY — {¢}) if Q is a smooth bounded strongly pseudoconvex
domain. The proof, which is contained in Section 4, involves deriving interior
estimates for the Laplacian of solutions to the approximate nondegenerate
equations. We formulate the estimates in the following more general form
due to its own interest.

Theorem 1.3. Letu € C*(Q)NCY(Q) be a strictly pluri-subharmonic solu-
tion of (1.1). Assume that there ezists a strictly pluri-subharmonic function
v € CYQ) with v = on Q. Then

C

(1.4) uz;z, (2)] < (d@ist(z, 00N

for z € Q,

where C' and N are constants depending on n, Q, |[ulcr gy, vllcz@) ¥ vp
to its second derivatives, and a lower bound 1o > 0 of ¥ (z,u, Vu), which in
turn depends on [[ul|c1g)-

This may be regarded as an analogue of Pogorelov’s C? interior estimates
for the corresponding real Monge-Ampeére equations (see [21]). For ¢ =
P(z,u) and ¢ = 0 (in this case, Q must be strongly pseudoconvex, and one
may take v = 0, though it is not strictly pluri-subharmonic), this result was
proved by F. Schulz [22] whose proof uses the integral method approach of
N. M. Ivochkina [14] to the real Monge-Ampére equations. S.-Y. Cheng and
S.-T. Yau [8] also obtained similar estimates which in addition depend on
supg 3 u/Fu, ;uz,- Our proof, which is presented in Section 3, is an extension
to the complex case of Pogorelov’s original argument. We also should point
out that, as we will see in Section 4, Theorem 1.3 can not be directly used
in the proof of Theorem 1.2 as our problem (1.3) is degenerate.

In Section 2 we will establish a priori bounds on the boundary of Q
for the second derivatives of strictly pluri-subharmonic solutions of (1.1),
thereby proving Theorem 1.1. Section 3 contains the proof of Theorem 1.3.
In Section 4 we prove the solvability of (1.3) in CH*(Q2 — {¢}).
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Notation. Let 21,...,2, be complex coordinates in C", z; = z; + iy;
and z = (21,...,2,). If u is a C? function on an open set of C* we use the
notation

uj = ug; = Oju, uj = uz = Oju, u;p = uysz, = 0;05u, etc,

and
Vu = (uzl’ufl’ cee ’uzn’ufn)7

-2 _1(9 0N 5,_90 _1(08 .9
1= %z 2\oz; ‘oy;)’ T 0z 2\0z; oy

A notable property of the complex Monge-Ampere operator is that under a
holomorphic change of variable z — w we have

where

det(uzz,) = | det(w,)|? det(Uw;w, )-

We also recall that a real-valued function u € C2(Q) is strictly pluri-
subharmonic if the complex Hessian matrix {u,;z } is positive definite in

Q. We denote by {uJE} the inverse matrix of {u.,s, } when it is invertible.
2. Boundary estimates for second derivatives.

It is now well known, through the work [10], [16] and [7], that the solv-
ability of the Dirichlet problem (1.1) depends upon the establishment of
global a priori estimates, up to the second derivatives, for prospective solu-
tions. Let u € C*(Q) be a strictly pluri-subharmonic solution of (1.1) with
u > u. Our goal of this section is to derive a bound

(2.1) [ullg2@y < C-

Theorem 1.1 then may be proved by the method of continuity and degree
theory as in the real case in [12].
From [7], we have the global C! estimate

(2.2) lu| + |Vu| < K in Q.
It follows that ¥ (z,u, Vu) is bounded below from zero. We set

Yo = min _ YP(z,z,p) >0, Y= max _ ¥(z,z,p).
|2]+lp|<K,z€Q [z]+|pIS K, z€R
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It is also shown in [7] how to derive global bounds on € for the second
derivatives from (2.2) and a priori estimates on the boundary

(2.3) max |V2u| < C.
on
The rest of this section is devoted to deriving (2.3).

At any point 0 € 0S2, we may choose coordinates 21, ... , z, with origin
at 0 and such that the positive z,, axis is the interior normal direction to
OQ at 0. For convenience we set t; = 1,2 = y1,... ,ton-3 = Tn_1,ton_9 =
Yn—~1,t9n—1 = Yn,tan = Tn, and t' = (t1,... ,t2n—1). Near 0, we may repre-

sent 92 as a graph

(2.4) Zn = plt') = % S Bugtats + O(I¢?).
o,3<2n

Since (u — u)(t', p(t')) = 0, we have

(2.5) (U = Utats(0) = —(u — u)2,(0)Bap, «,B < 2n.

It follows that

(2.6) [ut,t5(0)| < C, o, B < 2n.

Next we procged to estimate 1,4, (0) for o < 2n. Consider the linearized
operator L = u#*8;8; where {u’*} is the inverse matrix of {u;z}. For any
first order differential operator D of constant coefficients, we have

L(Du) = D(log ¥z, u(z), Vu(2)))-

Set L = L— f,,0;— f;0; where f = log. We will employ a barrier function
of the form

(2.7) v=(u—u)+t(h—u) - N&,

where h is the harmonic function in Q with hlsq = ¢, d is the distance
function from 0X?, and ¢, N are positive constants to be determined. We
may take 6 > 0 small enough so that d is smooth in 5 = N Bs(0). The
key ingredient is the following

Lemma 2.1. For N sufficiently large and t,§ sufficiently small,
€ kk .
Evg—z(l-i-Zu ) in Qs, v>0 on 00,

where € > 0 is a uniform lower bound of the eigenvalues of {gj,-c} on Q.
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Proof. Tt follows from ui* (ujr —Ug) Sn—€) uFF that
(2.8) Llu—u) <Co—eY ut.
Next, since Ay > ne > 0,

(h —u)(z) > cod(z), for z €

for some uniform constant cg > 0. Moreover, we have

Lh—w) < C (1 + Zuk’?) ,
for some constant C; > 0 under control. Thus
Lu < Co+1tC1+ (t01 — €)Y uF —2N(dLd +w*d;dy) in Q.

It is easy to see that

Ld> —Cy (1 n ZukE) :

Furthermore, since {u*} is positive definite and di;(0) = 0 for all 8 < 2n,
ds,, (0) = 1, we have, for ¢ sufficiently small,

(2.9)
- _ - _ unr T
whdidy > u"d,d + I;(unkdnd,; + ufPdidz) > - - C36 ) uk* in Q.
n

Let A < -+ < A, be the eigenvalues of {u;z}. We have S ukk = St
and 4™ > A\-1. By the inequality for arithmetic and geometric means,

3=

ne 1 1
> ——— Nn=cNn.
IO

Now we fix t > 0 sufficiently small so that ¢tC; < 7 and fix N so that
1 NYn > Cy + . We obtain

Lv < —i— (1 + Zuk’;> in Qs

if we require 6 to satisfy 2(Cy + C3) N6 < £ in Qs.
Next we examine the value of v on 9Qs. On 9Q N Bs(0) we have v = 0.
On QN dBs(0),

v > tegd — Nd% > (tcg — N§)d > 0,
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if we require, in addition, Né < tcop. Now we can fix § sufficiently small to
complete the proof of Lemma 2.1. a

To estimate us,, (0) for & < 2n we consider in 2N B,(0) the real, linear

operator
0 0

r-2 ., 9
ot T Py,

Since T is a tangential operator on 952,
T(u—u)=0 on 00N B,(0).
Moreover, we have
T(u—u) <C in QN B,(0),
and (see [7])
L (+T(u - u) — (uy, —u,,)%) < C (1 +3 F’“’_“) in QN B,(0).
We note that, since on 952 near 0,

(u—u)y, = —(v— Wz, py,,

by (2.4) and (2.2),
(g — )" < Claf*.

Now by Lemma 2.1 we may choose A > B > 1 so that

L (Av+ Blz|* = (uy, —u,,)? £ T(u—1u)) <0 in QN By(0),
and

Av+ Blz|” — (uy, —u,,)> £ T(u—u)) >0 on 82N B,(0)).
Consequently, from the maximum principle,

Av + B|z|? = (uy, — yyn)Q +T(u—u)) >0 in QN By(0).
It follows that
(210) |tz (O)] € Ay (0) + |y, (O] S C, o < 2.
It remains to establish the estimate

(2.11) gy, (0)] < C.
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Since we have already derived

(2.12) [tats O)], [ttaan (O)] S G, 0,8 < 2m,
it suffices to prove

(2.13) luna(0)] < C.

Solving equation (1.1) for u,;(0) we see that (2.13) follows from (2.12)
provided that

(2.14) D sz (0)eads > co > 0
a,f<n

for any unit vector £ = (&1,...,&n—1) € cr L

Proposition 2.2. There ezists co = co(o, @, u, ON) such that (2.14) holds.

Proof. Without loss of generality, it suffices to show that
(2.15) uli(O) >co> 0.

We may also assume u(0) = u,(0) = 0,5 < 2n — 1. We have, similar to
(2.5),

(2.16) (v = w202 (0) = — (4 = W (0)pzaz5(0), @, B <.

In particular,

(2.17) u17(0) = 217(0) — (¥ — &)z, (0)p11(0)-

It follows that if p;7(0) < 7% u17(0) (Where K as in (2.2), so 0 < (u —
u)z, (0) < 2K), then u33(0) > 1u4;7(0) > 0. So we may assume p;7(0) >
z211(0) > 0. The function @ = u— Azn, where X = u,_(0) +2;7(0)/p;1(0),
satisfies

(2.18) det(ﬁj,-c) = det(uj,;) > o,

and

(2.19) (8—2 + 8—2) a(t',p(t')) =0 at0
’ o2~ ot3 ’
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On 99, 4 is expanded in a Taylor series
- 1
(220) iloa =3 3 vaptats +a(t) + O(I*)
a,<2n

where ¢(t') is a cubic polynomial. We may assume ;1 = 12 = y92 = 0. For
in view of (2.19), we have 11 + 22 = 0, and hence (2.18), (2.19) still hold
if we replace @ by

1
U= (11123 + 2v1221y1 + Y2293 -

We claim that, after subtracting the real part of a holomorphic polynomial
(this does not affect (2.18) and (2.19)), we may assume

(2.21) ilogg <Re D a;zm1z+C Y |zl

1<j<n 1<j<n

for suitable a; € C. To see this we first note that

2 2n-1 n—1
Z Z Yastats = Re Z z1(a152; + a15Z;) + Re(cz1yn).
o=1 f=3 j=2
Thus
n—1

1 _
5 D" Yaptats =Re  z1(a1;2+a15%) + Re(cziyn) + O3+ -+ +13,1).
a,f<2n j=2

Next, in g(#'), the cubic in (t1,2) has a unique decomposition Re(az} +
bz1|21|?), the terms that are quadratic in (t1,t) can be written in the form

n—1 n—1

Re Z z%(a'ljzj + a'132j) +Re Z c;zj|z1?,

and all the other terms are bounded by C 23313 <on t%. Finally, with the
aid of (2.4) we may replace |21|? by (p;1(0)) "'z, modulo a holomorphic
polynomial and an error controlled by C37; 5<, |z|%, if we change the
coefficients a;; and c appropriately. So we have verified (2.21).

Now we assume (2.18), (2.19), (2.21) hold simultaneously and consider
the barrier function

1
= 2 . .12
(2.22) h = —ex, + 6|z|° + 5B 1<§j<:n lajz1 + Bz
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in N By(0) for o > 0 sufficiently small. The smallest eigenvalue of {h;z} is
26 and the largest eigenvalue is bounded above by C'B with C a controlled
constant, independent of 6.

We will choose 0 < € < § so that §|z|? — ex,, > 0 on 8(2N B,(0)) and B
so large (independent of §) that h > @ on (2 N B,(0)). Having thus fixed
B, we can choose 6 small enough that det(h;z) < o in N By(0). These
choices now determine e.

Thus h is an upper barrier for w. That is, by the maximum principle,
@ < h in QN B, (0). Consequently, since %(0) = h(0), @, (0) < h;, (0) = —e.
By (2.18),

111(0) = i, (0)py1(0) 2 ¢ 2200

Thus (2.15) holds with co = 5% u;7(0) > 0. O
We have established (2.1). Thus the proof of Theorem 1.1 is complete.
3. Interior estimates for second derivatives.

The main purpose of this section is to prove Theorem 1.3. We start with
the following lemma which we will also need in Section 4.

Lemma 3.1. Let u be a pluri-subharmonic solution of (1.1) and L =
ufkaja,; the linearized operator. Let n be a positive function in 2 and set

3.1 W =max max 7Y u;(2)&& exp{alVu(z)]?},
(3.1) ne l£|=1,£eC"n JZIC i%(2)€; {a|Vu(2)|*}

where a > 0 and N > 2 are constant. Suppose W is achieved at an interior
point 20 € Q with £ = (1,0,...,0) and uj,-c(zo) =0 for j # k. Then, at 2,

2 2
m|”, au i |ujk|
T (Z utd -

gk 27

J

N -
—joL(m - N

(3.2)

+ (it zauliRCZul’cL(uk) <0,
k

when N > 8amax, g |Vu(z)[%.
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Proof. Since the function N logn + logu;1 + a|Vu|? attains a maximum at

20, we have, at that point
(3.3) N%i ullllj + aZ(ukukJ + ugug;) =0,
and
nj 02w e
34 NZ_NZ) =L
n n U1l U1l

+a <u33 + Z |ukj|2> + QRBZUEUkﬁ <0.
k k
From (3.3) we have for j > 2,

nj

2 i}
< 2wy

(3.5) NZ| <%

2 2 2
4a0%|Vu
| 4’ '(J]+Z|uk]|2>

Differentiating equation (1.1), we obtain

%
> v Fum = (),
ik

jk, im, Ik, _ o B
Zu] Ujk11 — Z W™y Uik1Uml = ()11,
ik

j?k)l)m

U1l

where f =log. For N > 2,

|U1Ej|2 _
ik UkE Y]

U111

(3.6)
U1

2 2
2 N
_ (H_)Z'”_u_a'_ >0,
N 51 WY

At 2° we have L = Zu 0;; consequently, multiplying (3.4) by uliuj_;l
and summing over j, we obtaln (3.2) with the aid of (3.5) and (3.6). O

Proof of Theorem 1.3. Without loss of generality, we may assume det(v;;) <
to/2 in Q, where

%o = miny(z, u(z), Vu(z)) > 0

€N

which depends on |[ul|g1(g)- (If this is not satisfied we may apply Theo-
rem 1.1 using v, which is strictly pluri-subharmonic, as a subsolution to
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obtain a strictly pluri-subharmonic function ¥ satisfying det(%;;) < 40/2 in
Q, and ¥ = ¢ on Q. We then may replace v by 7.) By a standard barrier
argument one sees that

(3.7) (v —u)(2) > eodist(z,00) for z € Q

for some uniform constant €9 > 0. Moreover, since v is pluri-subharmonic,
we have

(3.8) L(n) = L(v) - L(w) 2 ~L(u) = —n.

In order to derive (1.4) we take n = v — u in (3.1); it suffices to derive
a bound for W. Since n = 0 on 99, W is achieved at some interior point
2% € Q and for some ¢ € C™. After a holomorphic change of coordinates we
may assume ¢ = (1,0,...,0) and uj,-c(zo) = 0 for 7 # k. So we can apply
Lemma 3.1.

By a straightforward calculation, we obtain (see also [7])

(Hii >2Rerp (1+u11+z|u1]|2)

3
From (3.3) we have
(3.9)

2Re) _ fount = ~2auiRe)  fy, (“j“ﬁ + Z“Ewcj)
j - -

2Nuq7
- n HRGZ Tpini
J

N
> —2au7Re Y uzL(u —C’u-(a-i——).
11 ; L (uk) 11 7
Now, multiplying (3.2) by 52, combined with (3.8) and the above two in-
equalities, we obtain

(a-C u11+z|“13 C(a+ N)nu;; —CN <0.

Choosing N > a > 1 then ylelds a bound for nu,7 and hence a bound for
W. Finally, for any z € §2 we have

- W
max u.(2)€:& < —= exp { —a|Vu(2)[?}.
85 SIS o e (el u()
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In view of (3.7), this completes the proof of Theorem 1.3. g

4. The regularity of the pluri-complex Green function.

In this section we prove the following theorem which implies Theo-
rem 1.2.

Theorem 4.1. Let Q be a smooth bounded strongly pseudoconvex domain
and ¢ € ). Then there exists a unique weak solution of (1.3) in CL(Q —

{ch-

Proof. The uniqueness is a easy consequence of the minimum principle of
Bedford-Taylor [4] as in [19]. In the following we prove the existence. With-
out loss of generality, we may assume that B1({) C Q. According to [7],
there exists a unique strictly pluri-subharmonic solution v € C*®(f2) to the
Dirichlet problem

det(v;z) =1 in €, wv=—log|z—(| on .

Let u = v +log |z — ¢| € C®( — {¢}). We see that u satisfies

(4.1)
u is strictly pluri-subharmonic in Q — {¢}
det(u;z) > €0 in Q — {¢},for some 0 <eg <1
u <0, and ulsgn =0
uz) =loglz—|+0(1)  asz—C.

For each positive ¢ < &9, set Q. = Q — B.(¢) and consider the Dirichlet
problem

(4.2) det(u;z) =€ inQe, u=u on .

Note that, since u is a subsolution, by Theorem 1.1 there exists a unique

strictly pluri-subharmonic solution u® € C*°(Q) of (4.2). By the maximum
principle, we see that

(4.3) gSuESuelgloglz—d in Q, ife' <e.
Thus the limit

u(z) = ;Er%) u(2)
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exists for all z € Q — {¢}. We want to show that u € C1*(Q — {¢}) for any
0 < a < 1. It suffices to establish the following a prior:i estimate: for any
compact subset K C € — {¢}, and for ¢ sufficiently small that K c €,

(4.4) lu¥llcreky < C = C(K) independent of e.
First, from (4.3) we have,

max |uf| < Cp independent of .

We now estimate the derivatives on 9€). Let h be the harmonic function in
Q,, with boundary value hlsq = 0 and h|s Beo() = log eg. Then, for ¢ < &g,

u<u®*<h in Q..
It follows that
(4.5) 0<c <|Vuf|=u], <C; on 01, independent of &,

where v in the unit outer normal to 9f2. For the second derivatives at
a point on 02, we observe that the proof of the estimates (2.10) for the
mixed normal-tangential second derivatives in Section 2 still works, while the
double normal derivative estimate follows from (using notation in Section 2)

Uzozg = Uz, (0)pzazga
together with (4.5) and the strong pseudoconvexity of 2. Thus, we have

(4.6) |V2uf| < Cy on 89, independent of .

Next we derive a bound

n
4.7 Auf = ue .. +u; ) <C in K independent of .
ZjTj YiYj
Jj=1

Choose £1 > 0 sufficiently small that K C Q — B, (¢). For ¢ < &1, set

M, =max max _7° usr(2)€&,
€ 25, |E|=1»€€(Cn %}; jk J
where 7 = |z — ¢|? — €2. We want to estimate M., which implies a uniform
bound for |u;z| on K as in the proof of Theorem 1.3. (We should point out
here that we can not apply Theorem 1.3 directly for two reasons: one is
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because we need a bound which does not depend on ¢; the other reason is
that we do not have a priori bounds for the gradient.) If M, is achieved on
99, then a bound for M, follows from (4.6). Assume M is attained at some
point in Q — B, (¢). By Lemma 3.1 (in (3.2), take N =2, a =0, f = loge)
we obtain at that point,

1
M, Z = <C.
7 23
By the arithmetic-geometric mean inequality, we have

3 ui > ndet(ufp) /" = ne=V/m.
7 23

It follows that M, < Cen. Consequently, we have derived a bound for M,
and therefore (4.7) since Au =4} u;;. Finally, (4.4) follows from (4.7) by
the standard regularity theory. This proves that u € CY*(Q — {¢}) and
therefore solves (1.3), completing the proof of Theorem 4.1. O
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