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Introduction.

The “old” instanton theory naturally lead to the instanton Floer ho-
mology of a 3-manifold as the missing piece in a general gluing formula for
the Donaldson invariants. Similarly, the Seiberg-Witten theory leads to the
“monopole homology” which is the Floer homology of the Seiberg-Witten
functional defined by a spin® manifold (see [KM], [Mar], [MW], [Wa]).

The first main difficulty in understanding this homology comes from the
fact that its defining chains are not as explicit as the chains which generate
the instanton homology. In the latter case, these are the flat connections on
an SU(2) bundle which are well understood both topologically and geomet-
rically. The meaning of the chains in monopole homology is far from obvious
and the only explicit computations were made when the 3-manifold NV is a
product S x ¥ where ¥ is a surface of genus > 2 (see [D] or [MST]). The
equations are tractable in this case is because S! x N is a Kdhler manifold.
As was pointed out in [D], the solutions of the 3D Seiberg-Witten equations
coincide with the S'-invariant solutions of the 4D Seiberg Witten equations.
Fortunately, on a Kahler manifold the solutions of these equations can be
described explicitly.

If now N is the total space of a principal S! bundle of nonzero degree
over a surface ¥ then S! x N admits a natural complex structure but this
time the manifold cannot be K&hler for the simple reason that the first Betti
number is odd.

We analyze the Seiberg-Witten equations on a special class of Riemann
3-manifolds, namely those which admit a Killing vector field of constant
pointwise length satisfying an additional technical condition. Topologically,
these manifolds must be Seifert fibered manifolds.

On such manifolds the Dirac operators have an especially nice form and
in particular, the Seiberg-Witten equations can be further dissected. We are
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interested in the behavior of the solutions of the Seiberg-Witten equations
as the metric degenerates in the direction of the Killing vector field. This
corresponds to collapsing the fibers of the Seifert fibration.

The paper is divided into four parts. The first part describes in de-
tail the differential geometric background. We build our geometry on an
anisotropic foundation algebraically encoded as a metric almost contact
structure (m.a.c.). This is an U(1)-reduction of the tangent frame bun-
dle of our 3-manifold. In particular, we distinguish a special class of such
manifolds the so called Killing m.a.c manifolds. These are Riemann mani-
folds which admit a Killing vector field ¢ of pointwise length 1. Any oriented
Killing m.a.c 3-manifold is diffeomorphic to a Seifert manifold and moreover,
any Seifert 3-manifold admits a Killing m.a.c structure. A special class of
Killing m.a.c. 3-manifolds consists of the (K, \) manifolds, A € R. They are
characterized by the condition

dn(z) =2\ *n

where 7 denotes the 1-form dual to the Killing vector field { and A is a
constant. These manifolds are also characterized by the fact that their
product with S! admits a natural integrable complex structure.

The total space of a principal S'-bundle admits a natural (K,M\)-
structure described for the first time by Boothby and Wang. We present a
1-parameter family of such nice metric structures and we explicitly compute
its differential geometric invariants: the Levi-Civita connection, the Ricci
and the scalar curvature. Factoring with suitable groups of isometries one
can construct many other interesting examples. In particular, in subsection
§1.4 we show that any Seifert manifold admits a natural (K, \)-structure.
More precisely, the Thurston geometries on Seifert manifolds (from the list
of 6 described in [S]) are (K, ) structures. The scalar A is proportional
with the Euler number of the Seifert fibration and should be regarded as
a measure of “twisting ” of the fibration. As the metric degenerates (and
so the fibers become shorter and shorter) A will go to zero and thus the
fibration will become “less and less twisted”.

As was observed by several authors ([ENS], [V]) the (K, \) structures
with A > 0 are links of quasihomogeneous singularities. Their Thurston
geometry is (almost) uniquely determined by the analytical structure of the
singularity and conversely, (see [Ne| or [Sch]) the Thurston geometry fixes
the analytical type of the singularity.

The second part is devoted to Dirac operators on m.a.c manifolds. The
spinor bundles corresponding to the various spin® structures can be very
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nicely described in the almost-contact language. An important part of this
section is devoted to a commutator identity which is a key ingredient in the
study of adiabatic limits. This is responsible for the adiabatic decoupling of
the equations which in the limit look like a pair of equations, one along the
fibers and one along the base.

In the third part we introduce the 3-dimensional Seiberg-Witten equa-
tions and study the adiabatic limits of solutions as the metric degenerates
in the direction of ¢. In particular, we noticed an interesting analytical
phenomenon. Although the various Dirac operators “explode” in the adia-
batic limit, one can show that their graphs have a very nice behavior. More
precisely, they converge (in the gap topology described e.g. in [K]). The
gap convergence is responsible for uniform estimates for resolvents and, as
shown in the works [MM] and [Dai], these estimates are essential in con-
trolling the behavior of their spectra in the adiabatic limit. We believe this
phenomenon of graph convergence is not restricted to three dimensions and
deserves further investigation.

On an S!- bundle of degree £ over a surface of genus g the “adiabatic
picture” is similar to the exact descriptions in [D], [MST] or [Mun] when
the 3-manifold is the trivial S*-bundle over a surface. The set of all possible
adiabatic limits consists of two parts: a reducible component (a torus of flat
connections) and an irreducible part which is an union of moduli spaces of
vortex pairs over the basis of the fibration. According to [Br], these vortex
moduli spaces can be identified with symmetric products of smooth alge-
braic curves and such objects were analyzed in great detail in [MD]. On an
arbitrary Seifert manifold the irreducible part of the adiabatic moduli space
consists of abelian vortices on 2-orbifolds. Remarkably, the adiabatic mod-
uli space can be alternatively described as the solution set of an “adiabatic
Seiberg-Witten equation” which is a very simple and explicit perturbation
of the original one.

The fourth section deals with the variational features of the adiabatic
moduli space on a smooth S!-fibration over a surface. This moduli space
is the critical set of a certain energy functional and its irreducible part is
smooth and Bott nondegenerate. Additionally, we provide accurate spectral
estimates for the Hessian of this functional on directions normal to the
critical set (Corollary 4.8). Two key facts lie behind these estimates. The
first is a vanishing result for the deformation complex of the abelian vortex
problem on a Riemann surface while the second is a “rigidity” result. More
precisely, the Hessian is naturally S'-equivariant and the weights of the
Sl-action on its kernel are all trivial.
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The above results suggest that, for topological purposes, the adiabatic
Seiberg-Witten equations are better suited for the concrete computations of
the Seiberg-Witten-Casson invariant and the Seiberg-Witten-Floer homol-

ogy.

Note. After this work was completed we learned that similar results on

Seiberg-Witten monopoles on Seifert manifolds were independently estab-
lished in [MOY].
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1. Metric almost contact structures.

In this section we describe a differential-geometric setting rich in effects
on the Dirac equations in general and the Seiberg-Witten equations in partic-
ular. An important feature of such geometries is their anisotropy described
as an almost contact structure satisfying additional metric properties. We
compute the most important geometric invariants of such structures and
then study their behavior under anisotropic adiabatic deformations. This
will allow us to conclude that these geometries exist on any (and only on)
Seifert manifolds and they are intimately related to Thurston’s geometries.
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1.1. Basic objects.

Consider an oriented 3-manifold N.

Definition 1.1. (a) An almost contact structure on N is a nowhere van-
ishing 1-form n € Q(N).

(b) A Riemann metric g on N is said to be compatible with an almost
contact structure 7 if |n(z)|g = 1 for all z € N. A metric almost con-
tact structure (m.a.c) on N is a pair (1, g)= (almost contact structure,
compatible metric).

Consider a m.a.c structure (7, g) on the oriented 3-manifold N. A local,
oriented, orthonormal frame {(o, (1, {2} of TN is said to be adapted to the
m.a.c. structure if (o is the metric dual of . The dual coframe of an adapted
frame {(o, (1, (2} has the form {n° n',n%} where n° = 5 and *n = n* An%.
In the sequel we will operate exclusively with adapted frames.

Denote by CI(N) the bundle of Clifford algebras generated by T*N
equipped with the induced metric. The quantization map

exterior algebra — Clifford algebra
(see [BGV]) induces a map
q:A*T*N — CI(N).

On the other hand A*T™* N has a natural structure of CI(N)-module so that
via the quantization map we can construct an action of AT*M on itself

¢: A*T*N — End (A*T*N)

called Clifford multiplication.
On a m.a.c. 3-manifold (N, 7, g) the Clifford multiplication by *n has a
remarkable property. More precisely

¢(xm) ()" = (m)" C A*T*N.
If (n°,n',n?) is a local coframe then the bundle (n)*
n',n% and c(*n) acts according to the prescription

is locally spanned by

(k) : ' =2, 7 = =t

In particular, notice that both c¢(*n) and —c(*n) define complex structures
on the real 2-plane bundle (n)*.
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Definition 1.2. The complex line bundle ((n)',—c(+n)) is called the
canonical line bundle of the m.a.c. 3-manifold (N,7,g) and is denoted by
K =Kng-

When viewed as a real bundle K (and hence K~! as well) has a natural
orientation. We have an isomorphism of oriented real vector bundles

(1.1) T*N=(-noKk2 ok

where (—n) (resp (n))denotes the real line bundle spanned and oriented by
—n (resp 7).

We will be interested only in a special type of m.a.c. structures. More
specifically, we will consider only Killing m.a.c manifolds. A m.a.c. struc-
ture (g,7,¢) will be called Killing if the vector field ¢ is Killing. This geo-
metric condition has substantial impact on the topology of the background
manifold. More precisely, we have the following result.

Proposition 1.3. Assume N is a compact oriented Killing m.a.c 3-mani-
fold. Then N is diffeomorphic to an oriented Seifert fibered 3-manifold.
Conversely, any compact oriented Seifert 3-manifold admits a Killing m.a.c
structure.

Proof. Suppose N is Killing m.a.c. Then the collection of Killing m.a.c.
structures (g,n) with respect to the fized metric g are parameterized by the
unit sphere in the Lie algebra of compact Lie group of isometries Isom (IV, g).
In particular, the group Isom (N, g) has positive dimension. If this is the
case, the maximal torus containing ¢ induces at least one fixed-point-free
S1 action on N (slight perturbations of ¢ in the Lie algebra of Isom(N, g)
will not introduce zeroes of the corresponding vector field on N). Hence N
must be a Seifert manifold.

Conversely, given a Seifert fibered manifold IV, denote by ( the generator
of the fixed-point-free S! action and for each € S! denote by Ry its action
on N. Define M, as the collection of Riemann metrics g on N such that
|¢(z)lg = 1. Note that 9 is convex and

R;gﬁc (@ mc.

The Sl-average of any g € 9, is ¢ -invariant and thus defines a Killing
m.a.c structure on N. O
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1.2. The structural equations of a m.a.c. manifold.

Consider an oriented m.a.c. 3 manifold (N, 7,g) and denote by V the
Levi-Civita connection of the metric g. Fix an adapted local frame of
{¢o,¢1,¢2} and denote by {n° n',n?} the dual coframe. The connection
1-form of V with respect to these trivializations can be computed using
Cartan’s structural equation. More precisely, if

n° 0 —-A B n°
(1.2) dlnt|=14 0 =C|A |9
n? -B C 0 n?

(A, B, C are real valued 1-forms locally defined on N) then

Vi = -A® (G +B®(
(1.3) V@G = A® (o —-C®( .
V& = —-B®{( +C®(

We will analyze the above equations when (N, g) is a Killing m.a.c. mani-
fold. For 7 =0,1,2 we set

Aj = ’ich, Bj = iCjB, Cj = ich.
Since L¢g = 0 we have the equality
g(VXCa Y) = _g(X’ VYC) VX7 Y € Vect (N)

We substitute X and Y with pairs of basic vectors (;, (; and we obtain the
identities

(1.4) Ag=By=A1=By=0
and
(1.5) As(z) = Bi(z).

Set A(z) := A2(z) = Bi(z). The structural equations now yield
dn = 2X\(z) * 7.

Thus the scalar A(z) is independent of the local frame used i.e. it is an
invariant of the Killing m.a.c. structure (N, 7, g).



338 Liviu Nicolaescu

Differentiating the above equality we deduce 0 = 2d(\(z) * i) so that
(1.6) OcA(z) = 0.

Note that
Ve¢i = —Co(z)C2, Vo = Co(z)(r.

Thus Cy(z) defines the infinitesimal rotation of (¢)* produced by the parallel
transport along (. Hence this is another invariant of the Killing m.a.c.
structure and will be denoted by ¢(z). Finally set

b(z) = M=) + ¢(z).

Note for further references that

(1.7) [¢1,¢0] = Ve lo — Vol = b(x) (2
and
(1.8) [¢2: Go] = Vz Qo — Voo = —b(z) (1

We can now easily compute the sectional curvatures (R((;, ()¢, ;). More
precisely, we have

R(¢1,¢)¢ = (VQVC = V¢V - V[Cl,C]) ¢
= =V (A(@)¢2) — b(z) Ve, ¢ = N (2)Cr.

Hence
(1.9) (R(C1,0)¢,¢1) = X*(2)
and similarly,

(1.10) (R(¢2,0)¢, C2) = A2(z).

Hence the scalar curvature of N is determined by
(1.11) s = 2k + 422(z)

where x(z) denotes the sectional curvature of the plane spanned by ¢; and

Ca-
For each 6 > 0 denote by gs the anisotropic deformation of g defined by

9s(X, X) = g(X, X) if g(X,¢)=0.
000 = 5
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Set
ns = n/8.
Note that drs = 2A\6~1 5 75. Set As = 2. Note that

(1.12) bs = 6b 5 =06b—X/6=bp+ (5 - %) A

Anisotropic deformations as above were also discussed in [YK] where they
were named D-homotheties.

The connection V defines via orthogonal projections a connection V+ on
the complex line bundle Annn = (¢)*. (This complex structure is defined
by i{1 = (2.) More precisely

{V'LCI = —C(z) ® (2
Vi, = Cl)®G

where C(z) = ¢(z)n + Ci(xz)m + Ca(z)n2. Using the complex structure in
(¢)* we can locally describe V1 as

vVt =d—iC(z).

Under anisotropic deformations this connection 1-form changes to

Cs = psns + Cimz + Conp = %90677 + Cimz + Cana.
The equality (1.12) shows that as § — oo the form Cs converges to
| Coo=b(@n + Crl@)m + Calw)m = Nz + Cla).
If we denote by V*° the limiting connection we have
(1.13) V® =V —i(z)n.

Denote by F* the curvature of the connection V+ and by ¢ the scalar

(1.14) o= (F*(,6)6, 1) -

It is not difficult to show that o is independent of the local frame and so is
an invariant of the Killing m.a.c. structure. With respect to this frame it
has the description

0(z) = 8¢, Ca — 9¢,C1 — (C1)* — (Ca)2.
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Note that the anisotropic deformation introduced above does not change
V< so that

os(z) = o(x).
Using the structural equations of V we deduce
Vi Ve = (8,C2)6 — CiCa.
Ve, Vi Ga = (AC1 = 8, M)¢ + (X(2)¢1 + 8, Ch) 1 — C1Cala
(€1, G2] = —2A(2)¢ + C1¢1 + Cala.
Hence
(1.15)
r(z) = (R(C1, (2)¢2, C1)
= 0,02 — 0, C1 = (C1)? = (C2)? = MN2(z) + 2A\(z)(2)
= o(z) — N2(z) + 2\(z)p(z).

In particular, using (1.11) we deduce

s(z) = 2{o(x) + N(z) + 2\(z)p()}.

Note that

ss(z) = 2{o(x) + N2/6% + 2X(b — 1/6)/6}
so that
(1.16) agngo ss(z) = 20(z).

Thus for § very large o(z) is a good approximation for the scalar curvature.

When the invariant A(z) is constant we will call the structure (V,7, g)
a (K, X)-manifold. The (K, 1)-manifolds are also known as K-contact man-
ifolds (cf. [B], [YK]). In dimension 3 this notion coincides with the notion

- of Sasakian manifold.

On a (K, A\) manifold the sectional curvature of any plane containing ¢ is
A2 and the full curvature tensor is completely determined by the the sectional
curvature x of the planes spanned by (; and (2. The scalar curvature of N

1S
s = 2k + 4)\2.

Using the structural equations we deduce that with respect to the adapted
frame {(o, (1, (2} the Ricci curvature has the form

2)2 0 0
Ric=| 0 k+\2 —K

0 —Kk K+
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For any oriented (K,)\) 3-manifold (not necessarily compact) we denote
by Ay the group of isomorphism of the (K, \) structure i.e. orientation
preserving isometries which invariate 7. For any discrete subgroup I' C &x
acting freely and discontinuously on N we obtain a covering

N — N/F.

Clearly N/T" admits a natural (K, A) structure induced from N. In §1.4 we
will use this simple observation to construct (X, A)-structures on any Seifert
3-manifold.

1.3. The Boothby-Wang construction.

In this subsection we describe some natural (K, \) structures on the total
space of a principal S'-bundle over a compact oriented surface. Except some
minor modifications this construction is due to Boothby and Wang, [BW]
(see also [B]).

Consider £ € Z and denote by N, the total space of a degree £ principal
S! bundle over a compact oriented surface of genus g: S — Ny & ¥. We
orient Ny using the rule

det TN, = det T'S* A det TE.

Assume ¥ is equipped with a Riemann metric A; such that vols, (X) = =.
Recall that if w € iQ!(IV;) is a connection form on N, then dw descends to
a 2-form Q2 on ¥, the curvature of w. Moreover

i ¢
cQ=—/Q=€=/—dv.
/21<> 5 ). [ Zau,

Notice in particular that i{2 is cohomologous to 2¢dvy,. Now pick a connec-
tion form w such that
i = 2€dvhb.

Denote by ¢ the unique vertical vector field on N; such that w(¢) = i and
set 75 = —iw/8. Thus 75(¢) = 1/6. Notice that Annn coincides with the
horizontal distribution H,, defined by the connection w. Now define a metric
hs on N, according to the prescriptions.

hs(¢,¢) = 1/6

and
hs(X,Y) = hp(m X, mY) if X, Y are horizontal.
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Clearly L¢h = i.e. ¢ is a Killing vector field. Moreover
bdns = -0 = =2¢n*dup, = —2€ * 1.

In other words, we have constructed a (K, —£/6§) structure on Ny.

We conclude this subsection by describing the geometry of Ny in terms
of the geometry of . The only thing we need to determine is the curvature
k introduced in the previous subsection in terms of the sectional curvature
Y. It is not difficult to see this coincides with the invariant o(z) defined in
(1.14). Because of the special geometry of this situation formula (1.15) can
be further simplified.

To achieve this we will use again the structural equations. Denote by
{41,742} a local, oriented orthonormal coframe on £ and set 7/ = m*yJ,
j =1,2. Then {n° =n,n',7?} is an adapted coframe on Nj.

The structural equations of X have the form

(1.17) d [zé] = [g _09] A w;]

where 6 is a 1-form locally defined on X. Set
0; = im0, 5=1,2

Since dpy = 7*dy’ we deduce that dr’ is horizontal. On the other hand,
using (1.2) we deduce

dpt = AAN® —C An? = (As+ Co)n® An® = Cinpt A2

This implies Cp = —Ag = £/6 so that

(1.18) b(z) =0
and
(1.19) p=1L/6.

Using (1.17) we deduce dyp! = —0 A 9? = —019' A9? which yields
(1.20) C1 =6,
Similarly one shows

(1.21) Cy = b5
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Using the above two equalities and (1.13) we conclude that the limiting
connection V* on K is none-other than the pullback by 7 : N — % of the
Levi-Civita connection on the canonical line bundle Ky — ¥ i.e.

(1.22) V® = 7*VK,

Using (1.15) and (1.19) we deduce

(1.23) k=0 — 302/6

and in particular the scalar curvature of Ny is given by
(1.24) sy = 2(0 — £2/62).

Remark 1.4. Let N denote the total space of a principal S' bundle over
an oriented surface X, not necessarily compact. If w denotes a connection
form on N such that —idw descends to a constant multiple of the volume
form on ¥ then the previous computations extend verbatim to this case and
one sees that in this situation one also obtains a (K, A)-structure on N.

For example, let N denote the unit tangent bundle of the hyperbolic
plane H2. The Levi-Civita connection on H? induces an S!-connection w on
N. Then

—idw = —1dvoly2

since H? has constant curvature = —1. Thus N has a natural (K,1) (=
Sasakian) structure.

The group of isometries of H? is PSL(2,R) and induces an action on N
which preserves the above Sasakian structure. (In fact, N is isomorphic with
PSL(2,R) and via this isomorphism the above action is precisely the usual
left action of a Lie group on itself.) If now I' C PSL(2,R) is a Fuchsian
group with a compact fundamental domain then N/T" is a compact Seifert
manifold with a natural Sasakian structure.

1.4. Geometric Seifert structures.

The main result of this subsection shows that any compact, oriented,
Seifert 3-manifold admits a (K, \) structure. This will follow easily from
the description of the geometric Seifert structures in [JN] or [S].

Theorem 1.5. Any compact, oriented, Seifert 3-manifold admits a (K, \)
structure.
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Proof. We will begin by reviewing the basic facts about the geometric Seifert
structures in a form suitable to the application we have in mind. For details
we refer to [JN] or [S] and the references therein.

A geometric structure on a manifold M is a complete locally homoge-
neous Riemann metric of finite volume. The universal cover of a manifold
M equipped with a geometric structure is a homogeneous space which we
will call the model of the structure. It is known that if a 3-manifold admits a
geometric structure then its model belongs to a list of 8 homogeneous spaces
(see [S])-

Any Seifert manifold admits a geometric structure corresponding to one
of the following 6 models:

S2xE!, E} H?2xE!, S N, PSL

where E* denotes the k-dimensional Euclidean space, H? denotes the hyper-
bolic plane, N denotes the Heisenberg group equipped with a left invariant
metric and PSL denotes the universal cover of PSL(2, R) = Isom 4 (H2).

According to [RV], the Seifert manifolds which admit N as a model are
the nontrivial S! bundles over a torus and, as we have seen in the previous
subsection, such manifolds admit (K, \) structures.

The Seifert manifolds which admit geometric structures modeled by E3
are flat space form and are completely described in [Wo]. One can verify
directly that these admit natural (K, A) structures.

S3 has a natural (K, 1) structure as the total space of the Hopf fibration
$3 — S2. Any Seifert manifold modeled by S? is obtained as the quotient
by a finite group of fiber preserving isometries. Thus they all inherit a (K, 1)
structure.

If X is a model other than S® or E3 then the group of isomorphisms
which fix a given point € X fixes a tangent direction at that point. So X
has an Aut (X)-invariant tangent line field. This line field fibers X over S?,
E? or H.

For X = S% x E!,H2 x E! this is the obvious fibration. PSL can be
alternatively identified with the universal cover of the unit tangent bundle
TyH? of H2. It thus has a natural line fibration which coincides with the
fibration abstractly described above. Note that the (K, 1) structure on 77Ha
constructed at the end of §1.3 lifts to the universal cover PSL.

If X is one of of these remaining three models denote by Aut;(X) C
Aut (X) the subgroup preserving the above line fibration (as an oriented
fibration). Note that each of them admits a (K, A) structure and Auty is in
fact a group of isomorphisms of this structure.
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The trivial Seifert manifold S? x S! presents a few “pathologies” as far
as geometric Seifert structures are concerned (see [JN]) but we do not need
to worry since it obviously admits a (K, 0) structure.

The other Seifert manifolds which admit geometric structures modeled
by S2 x El, H? x E! or PSL can be obtained as quotients IT \ X where IT is
some subgroup of Auty. Thus II invariates the universal (K, )) structures
on these models and therefore the quotients will admit such structures as
well. The list of Seifert manifolds is complete. O

Remark 1.6. The above analysis can be refined to offer an answer to the
question raised in [We]: which Seifert manifolds admit Sasakian structures.
The answer is simple. A Seifert manifold admits a Sasakian structure if and
only if its (rational) Euler class is negative. According to [NR], these are pre-
cisely the Seifert manifolds which can occur as links of a quasi-homogeneous
singularity. This extends (in the 3D case) the previous result of [Sas] con-
cerning Sasakian structures on Brieskorn manifolds.

This fact was observed by many other authors (see [ENS], [Ne], [V]). In
fact, this geometry of the link is in most cases a complete invariant of the
analytic type of the singularity (see [Ne], [Sch]).

2. Dirac operators on 3-manifolds.

~ In this section we discuss the relationships between spin¢ structures and

m.a.c. structures on a 3-manifold. On any m.a.c. 3-manifold, besides spin®
Dirac operators there exists another natural Dirac operator which imitates
the Hodge-Dolbeault operator on a complex manifold. We will analyze the
relationships between them.

2.1. 3-dimensional spinorial algebra.

We include here a brief survey of the basic facts about the representations
of Spin(3) = SU(2). -Denote by Cl3 the Clifford algebra generated by
V = R3 and by H the skew-field of quaternions. Consider an orthogonal
basis {ep,e1,e2} of V.

It is convenient to identify H with C2 via the correspondence

(2.1) H9q=u+jvl—>[Z]E(C2
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where
g=a+bi+cj+dk, u=a+bi, v=c—di

For each quaternion q denote by L, (resp. Ry) the left (resp. the right) mul-
tiplication by g. R; defines a complex structure on H and the correspondence
(2.1) defines an isomorphism of complex vector spaces.

The Clifford algebra Cl3 can be represented on C? = H using the corre-
spondences

(2.2) | eo — Lj — c(eg) = i 1)1] .
(2.3) e I o cler) = _01 (1)] .
(2.4) e > L s cfes) = [? (‘)] .

Note that tr (L;L;jLyx) = —2 which shows that the above representation of
Cl;3 is the “positive ” representation in the sense described in Lemma 1.22
of [BC]. In [MOY] the “negative” representation is employed and thus the
induced Dirac operators will differ by a sign from the Dirac operators in this
paper.

The restriction of the above representation to Spin(3) C Cl3 defines the
complex spinor representation of Spin(3)

c: Spin(3) — Aut (S3).
The Clifford multiplication map
(2.5) c:A*V 3 Clz — End (S3)

identifies A1V with the space of traceless, skew-hermitian endomorphisms of
S3. It extends by complex linearity to a map from AV ® C to the space of
traceless endomorphisms of Sg. In particular, the purely imaginary 1-forms
are mapped to selfadjoint endomorphisms.

For each ¢ € S3 denote by 7(¢) the endomorphism of S3 defined by

T(¢) = ¢ ® ¢ — 3l¢l* ie.
(890 = (b, 6~ 3190,
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The map 7 plays a central role in the 3-dimensional Seiberg-Witten equa-
tions.
If we identify Sz with C? as above and if ¢ has the form

-l

then 7(¢) has the description

(2.6)
7(¢) =

N =

2 1012 2 3
S . 3 — |3(lal*=181%) of
par (¢, c(ei)g) c(ei) = [2 ap %(1[3'2 _ IO‘P)] .

It is not difficult to check that the nonlinear map
7 :S3 :— End (S3)

is Spin(3) equivariant.
‘We want to describe some of the invariant-theoretic features of the struc-
ture:

(oriented Euclidean 3 dimensional space + distinguished unit vector).

This is the algebraic counterpart of a m.a.c. structure on an oriented 3-
manifold.

Assume V is an oriented Euclidean space which has a distinguished unit
vector, say eg. The group of isomorphisms of this structure is U(1) & S! &
SO(2). The group Spin(3) acts naturally on V. The Lie algebra of the
subgroup H of Spin(3) which fixes eg is generated by ejeq = q(*eg) and can
be identified with u(1) via the correspondence

erez — i€ uy(1).

This tautologically identifies H with S'. The representation of H on S3 is no
longer irreducible and consequently S3 splits as a direct sum of irreducible
H-modules. Alternatively, this splitting can be described as the unitary
spectral decomposition of S3 defined by the action of ejez on S3. According
to (2.3) and (2.4) we have

S3 = Sg(i) &) S3(—-i).

The action of H on S3(i) is the tautological S' representation, while the
action on S3(—1i) is the conjugate of the tautological representation.
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2.2. 3-dimensional spin geometry.

Consider a compact, oriented, m.a.c. 3-manifold (N,7,g). Since
wy(N) = 0 the manifold N is spin. To understand the relationship be-
tween the spin structures on N and the m.a.c structure we need to consider
gluing data of TN compatible with the m.a.c. structure.

Consider a good, open cover {Uy} of N and a gluing cocycle

9ag : Uap — SO(2) 2 U(1)

defining TN. The cocycle is valued in SO(2) since T'N has a distinguished
section (, the dual of 77. Note that g,g defines a complex structure in the real
2-plane bundle (¢)*. Tt is not difficult to see that (¢)* = K~ as complez
line bundles.

A spin structure on T'N is a lift of this cocycle to an H-valued cocycle,
where H is the subgroup of Spin(3) defined at the end of §2.1. Using the
tautological identification H = S we can identify the cover H — SO(2)
with

st5 s,
Hence a spin structure is defined by a cocycle
G : U(1) 2 SO(2) - U(1)

such that ggﬁ = gop- In other words, §ns defines a square root of K~1.

Moreover, two such lifts define isomorphic square roots if and only if they

are cohomologous so there exists a bijective correspondence between the

square roots of K~! (or, equivalently X) and the spin structures on N.
Now, fix a spin structure on N defined by a lift

(2.7) Gap : Uagp — H.

The complex spinor bundle S of this spin structure is associated to the
principal H-bundle defined by (2.7) via the representation

H — Spin(3) — Aut (S).

As we have already seen this splits as 7} @ 7—; where 7; denotes the tauto-
logical representation of S' & H and 7_; is its conjugate.

The component 7; defines the square root of of (¢ )‘L i.e. the line bundle
K~1/2 characterizing the chosen spin structure. We have thus shown that a
choice of a m.a.c. structure on N produces a splitting

(2.8) S KTV2g k12
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Once we have fixed a spin structure it is very easy to classify the spin®
structures: they are bijectively parameterized by the complex line bundles
L — N. The complex spinor bundle associated to the spin® structure defined
by the line bundle L is

SLES®L=K2eLeKk?eL
An important important special case is when L = K=1/2, In this case
_ d
S 2K loC Y s,
where we denoted by C the trivial complex line bundle over N.

Remark 2.1. Our sign conventions differ from those of [MST]. There they

chose S(i) & K'/2. The overall effect is a permutation of rows and columns
in the block description of the geometric Dirac operator of §2.4.

2.3. Pseudo Dolbeault operators.

The complex bundle S,, introduced in §2.2 was a priori defined in terms
of a fixed spin structure on N but a posteriori, the spin structure becomes
irrelevant. This is similar to complex manifolds where A%*T* is a complex
spinor bundle of the spin® structure canonically associated to the complex
manifold. In that case the Dolbeault operator is a Dirac operator compatible
with the Clifford structure. Moreover it is a geometric Dirac operator if the
manifold is K&hler.

In this subsection want to pursue this analogy a little further. In the
process we will construct an operator which behaves very much like the
Dolbeault operator in the complex case.

Denote by P the real 2-plane bundle (n)"‘. We orient P using the com-
plex structure —c(*n) which identifies it with . Consider now a complex
hermitian vector bundle £ — N. Any connection V on E defines an opera-
tor

V:C®(E) — C®(T*N ® E).

Now observe that
T*NRE=(n)®P)RE=E® (KQE)® (K'®E).

Hence for any section 1 € C*°(E) the covariant derivative 1 orthogonally
splits into three components:

Ve € C(E)
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"V € C®(K Q@ E)

and

"V e C*(K' @ E).

It terms of a local adapted frame {(o = (, (1,2} we have
"V = e ® (V1 — iVa)y)

bv¢ =£® (V1+iVy)
where

Vi= Ve, €= st +in), £= (! — i),
For example when E = C then "V € C®(K~1). In this case if V is the
trivial connection d we will write 8, (resp. 8,) instead of *V (resp. °V).
Notice that if E = K~ then *V¢) € C®(C).
Coupling a metric connection VE on E with the Levi-Civita connection
V- on K* we obtain connections VZ* on EQK* and in particular operators

PYE~ . C®(E®K™) - C®(E), Vot . 0®°(E ® K) —» C=(E).

Using the above explicit form of the operators *V and ®V and the structural
equations of the background m.a.c structure we obtain the following result.

Lemma 2.2. For any hermitian vector bundle E and any hermitian con-
nection VZ on E we have

bv* — var+ bv* — va,—

b

where the upper x denotes the formal adjoint.

The Levi-Civita connection on (N, g) induces via orthogonal projection
a connection V+ on K~! compatible with the hermitian structure. The
pseudo Dolbeault operator on (N,7,g) is the first order partial differential
operator @ : C®(S,) — C*(S,) which in terms of the splitting S, = K~1®C
has the block decomposition

ivg 4,

oy =
vl —ig,
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where *V+ is obtained as above starting from the connection V+ on KX~1.
More generally, consider the complex spinor bundle S; associated to the
spin® structure defined by the complex line bundle L

S,k V2gLek/?gL.

Using the connection V on K and a connection A on L we obtain connections
V* on K*/2 @ L. We can produce a twisted pseudo-Dolbeault operator
07, = 01,4 on Sy, described by the block decomposition

o7 — bt
iv ¢ \vJ

0, =0p4=
bo— o+
\Y —iv;
Lemma 2.2 shows that 0, is formally selfadjoint. Note that
ON = 0pc-1/2.

When L is trivial we set 0, = 0g.
Denote by F* the curvature of V. We want to analyze the “commuta-

tor”

Vv € eV - v oV

assuming N is a Killing m.a.c manifold. Choose a local adapted frame
{¢, 1, ¢2} with dual coframe {n,71,72}. For any ¢ € C°(KY2® L) we have

V", Vil = €@ (V] +iV) V9 -V {E® (V] +iV)}y
=@ (Vi +iVy) Viy — (V'e) ® (VI +iV]) v
—£® (Vg(v{’ + iv;)) "
—:® {(\71+ +iVHVE - V(I + iv;)} b
—(Vee)® (Vi +V3)y
(use Vz& = —ip(x)¢)
=&® (F*(C1, Q) +iF*((2,Q) + Vi, o +iVE, ¥
+ip(z)e® (VI +iVI)y
(use (1.7) and (1.8) )

=£® (F(¢1,¢) +iFt ({2, Q) + b(z) VS — ib(z) VT )y
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+ip(2)e® (VT +iV3)y

=e® {F"((1,¢) +iF*(C2,¢) — ib(e) (V] +iV])} ¢
+ip(2)e® (VT +iV])y

=£® (F¥((1,¢) +iF*((2, Q)Y — iXe ® (VF +iVF)e.

We have thus proved
(29) PV, Vil =-M2)'V +56 {FF(G1, Q) +iFF (G, C))

When dealing with the Seiberg-Witten equations it is convenient to de-
scribe the curvature term in the above formula in terms of the curvature F)y

of L. We will use the formula
1
Ft = FIC1/2®L =Fa+ EFKZ

Hence we need to explicitly describe the curvature of K equipped with the
connection V+.

Note that K~! can be identified with the bundle (()J' equipped with the
complex structure

i1 =0 iG=-G.

We will compute the curvature of this line bundle using the structural equa-
tions of V+
Vig=-iC®¢ j=1,2

Assuming N is a Killing m.a.c manifold we deduce after some simple ma-
nipulations

Fie-1(¢1,¢) = —i(=01p(z) + 0;C1 + b(z)C?)
Fie-1((2,¢) = —i(—app(z) + 0:C2 — b(z)C1).
Set p(z) = C1 + iCs. Some elementary algebra shows
Fie-1(1,€) +1Fic-1(¢2, ¢) = 1(01 + i82)p — (19¢ + b(x)) .
Hence

(2.10) ]
E® (Fic(C1,¢) +iFic(¢2,¢) = —idp + E® {(i0; + b(z))u}-

We now want to clarify the “mysterious” term (i0; + b(z))p in the above
formula. To achieve this we will use the structural equations (1.2). Thus

dpt = AAn—CAn?==blx)nAn:—CrL*n
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and
dn? = =BAn+CAnt =b(z)n An' — Co 1.

Temporarily set w = v/2¢ = 5! + in?. The above equalities yield
(2.11) dw =ib(z)n Aw — p* 7.
Differentiating the last equality we deduce

d(p *m) = id(b(z)n A w)

ie.
(O¢p)dvoly = i{db(z) AnAw+ b(z)dn Aw — b(z)n A dw}.

The middle term in the right-hand-side of the above formula cancels. The
third term can be computed using (2.11). Hence

(O¢p)dvoly = i{db(z) A Aw + b(z)n A *n}
or equivalently,
(0¢ — ib(z))p dvoly = idb(z) An Aw.

Since
db(z) An Aw = (—id1b(z) + d2b(z))dvol,

we deduce
(i0¢ + b(z))pu = i(01 + 102)b(z).
In a more invariant form

(2.12) E® (i0; + b(z))pu = i9,b(z).

Using the above equality in (2.10) we deduce

(2.13) _ _ _
EQ® (Frc(¢1,¢) +1Fi(C2,¢)} = —iGp + i9,b(z) = i, ().
Set
Foli=e® Fa(¢, G +iG)
and

FY¥:=e® Fa(¢, G —iG).

We can now rephrase the commutativity relation (2.9) as

(2.14) v, Vil = —iXz) AvAN %5.,,\(:3) —FY!
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By passing to formal adjoints we deduce using Lemma, 2.2
(2.15)

_ _ =t\x — =T\ ke — =+t
PV, Vi = (V) Ve = (V) v - VYT
=NV ) = %("5)*)\ + FL0,

On a (K, A) manifold the commutativity relations (2.14) and (2.14) fur-
ther simplify. Fix a spin® structure determined by a line bundle L and
choose a connection A on L. It will be extremely convenient to introduce
two new differential operators Z4,T4 : C*°(Sg) — C*°(SL) defined by the

block decompositions
oA, —
2z [ iV} 0 ]

e A+
0 —1VC

0o V"
TA = |: (bv._{_)* 0 ] .

Then the commutativity relations (2.14) and (2.15) can be simultaneously
rephrased as an anti-commutator identity

(2.16)
0o Fy! }

{Za,Ta}:= ZATA+TAZA=—/\TA+i[ 1.0
_FA, 0

We want to point out that the operators Z4, T4 and Fg’l depend on the back-
ground m.a.c. structure. Both Z4 and Fg’l will be affected by anisotropic
deformations while T}y is invariant. We will write Z4 s and Fg’:s to emphasize
this dependence. Clearly
Pl = oF31,
To describe the dependence § — Z4 s we will use the equality (1.13) of §1.2
describing the dependence on § of the Levi-Civita connection on X~1. More
precisely define
g . |VET 0

A=y g
where for each connection A4 on L we denoted by VA= the connection on
K*1/2 ® L obtained by tensoring the limiting connection V*® on K*1/2 (de-
scribed in (1.13)) with the connection A. We have

A
(2.17) 02400 =2Zps+ 2%
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Using this equality in (2.16) we deduce
(2.18)

1
{ZAoo, Ta} = 3

0 Fos | _ i[ 0o Fy' ]
1,0 - 1,0 .

’

2.4. Geometric Dirac operators.

In this subsection we will analyze the geometric Dirac operators on 3-
manifolds and in particular, we will relate them with the pseudo-Dolbeault
operators of §2.3.

Consider an oriented Killing m.a.c manifold (N,n,g) with a fized spin
structure. Denote by S = K~1/2 ¢ K/2 the bundle of complex spinors
associated to this structure.

We begin by first recalling the construction of the canonical connection
on K. Pick a local adapted frame {{o = (,(1,{2} and denote by o; the
Clifford multiplication by (j, 7 = 0,1,2. With respect to the canonical
decomposition S 2 K~1/2 @ K1/2 these operators have the descriptions

o [ 0]
=10 —i|
oz |0 £
R [ 0
o = 0 ic ]
27 e 0 |

where € (resp. €) denotes the tensor multiplication by & (resp ¢)
£:KY2 5 K™Y (resp. e:K7Y2 — KY?),

If (wij) denotes the so(3) valued 1-form associated to the Levi-Civita con-
nection via the local frame {(;} i.e.

VG =Y wit
i
then the canonical connection on S is defined by

~ 1
V=d- §Zw¢j ® 0i0;.
1<)
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Using the structural equations (1.3) we deduce that, with respect to the
local frame {¢;}, the canonical connection on S has the form

- 1
V=d—-2-(A®02+B®01+C®00)-

Using the fact that N is a Killing m.a.c. we deduce

6C=84_1[i<p(:1:) 0 ]

2 0 —ip(z)
= 1 iCy AE
Vi=0u~3 [ “Xe —iC }
- 1[iC, iAe
Va=0, -3 [ e —iCy ]

The canonical, untwisted (geometric) Dirac operator on S is defined by

Do=%Dg = 0’060 + 0’161 + 0262

o EQ{(1 +1C1/2)
B 1{(64 —ip/2) +i(02 -ll- iC>/2)} + Mg
e ® {—(01 +iC1/2) i i |
+i(8, +1 iC’2/21)} el

In terms of the pseudo-Dolbeault operator we have
Dg =05+ A.

More generally if we twist S by a line bundle L equipped with a hermitian
connection A we obtain a geometric Dirac operator on Sy = S ® L and as
above one establishes the following identity

(2.19) D=0A4+A=Za+Ta+

Clearly © 4 changes under the adiabatic deformations of the metric. More
precisely, we deduce from the equality (2.17) that

A
(2:20) Das=0Za00+Ta+ 55

3. The Seiberg-Witten equations.

In this section we finally take-up the study of the 3-dimensional Seiberg-
Witten equations. We will restrict our considerations to the special case
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when the 3-manifold N has a(K, A)-structure. When X = 0 it was observed
by many authors that these equations can be solved quite explicitly. The
situation is more complicated when A # 0 for the reasons explained in the
introduction. We subject IV to an anisotropic adiabatic deformation so that
in the limit Ay — 0 and study the behavior of the solutions of the Seiberg-
Witten equations as the metric degenerates. The solutions converge either
to pairs (flat connections, zero spinor) or to vortices on the base of the Seifert
manifold.

3.1. Generalities.

The goal of this subsection is to describe the 3-dimensional Seiberg-
Witten equations and then derive a few elementary consequences.

Consider a compact, oriented m.a.c 3-manifold (V, g). Fix a spin struc-
ture on N defined by the square root X~'/2. The data entering the Seiberg-
Witten equations are the following.

(a) A spin® structure determined by the line bundle L.
(b) A connection A of L — N.

(c) A spinor ¢ i.e. a section of the complex spinor bundle S;, associated
to the given spin® structure.

The connection A defines a geometric Dirac operator ®4 on Sg. The
Seiberg-Witten equations are

{ Dap = 0
c(xFa) = 7(¢)

where * is the Hodge *-operator of the metric g, 7 is defined in (2.6) and ¢
is the Clifford multiplication described in (2.5). We will omit the symbol ¢
when no confusion is possible.

The Seiberg-Witten equations have a variational nature. Fix a smooth
connection Ag on L and define

f: LY*(SL®iT*N) - R
by
1 - 1
f6.0) = 5 [ an (Fag+ Fagea) 45 [ (9D aorat) doy
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Lemma 3.1. The differential of f at a point ¢ = (¢, a) is

def(, &) = / (@,¢7H(7(9)) = *Fag+a) dvg + /N Re (§,D agtat ) dvy.

Proof. Set A = Ao + a. We have

(¢ + th, a + ta)
t=0

; d
def(da) = =

=l/ a/\(FAO+FA)+1/a/\da—/me<q's,m¢>dvg
2 N 2 N N

-3 ] (6c(@)e) vy

(Stokes)

1

1
=—/dA(FAO+FA)+—/dAda
2 /N 2/n

-3 | G.c@d do, ~ [ 9te(b.0a0)dv,

1 .
= / aNFa+ —/ (¢, c(a)g) dug +/ Re <¢,’DA¢> dvg.
N 2JN N
Since both a and F4 are purely imaginary we get

/(d,*FA)dvg=—/d/\FA
N N

where * is the compler linear Hodge *-operator. On the other hand, a simple
computation shows that (a =, ain;)

[ e vy [ (6l g
== [, X o T e )
=2/N(a,c-1(f(¢))>dvg.

Putting all the above together we get the lemma. a
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The gauge group &z, = Aut (L) & Map (N, S!) acts on the space of pairs
(¥,a) by
v-(%,0) = (y-$,a —y7ldy).

Moreover
f(v - (¥,a)) — f(¢,a) = —/ v ldy A Fpy = 27Ti/ v~ dy A e1(Ao)
N N

Thus f is unchanged by the gauge transformations homotopic to the con-
stants. We see that the critical points of f are precisely the solutions of the
Seiberg-Witten equations. In particular, the above considerations show that
the moduli space of solutions is invariant under the action of & and so it
suffices to look at the quotient of this action.

The Seiberg-Witten equations have a more explicit description once we
choose an adapted orthonormal frame (,(1,(2. Using the decomposition
SL 2K Y20 Le K2 ® L we can represent ¢ as -

[3

If N is a (K, \)- manifold and we denote by V* the covariant derivatives in-
duced by A on K*/2Q L then the Seiberg-Witten equations can be rephrased
as

(3.1)
iVia+'V'p +la = 0
) (V) a-ivis X3 = 0
3l =18 = iFa(¢1,¢2)
\ i0f = &®Fa((1+i¢,¢) = —Fy'

In particular, note that

i
n Aci(A) = o—Fa(i, G)n A " An? =

1

471'(|oz|2 — |,8|2)d'uolg.

Hence

(52) [ nne(a) = (el - 181
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where ||-|| denotes the L2- norm over N.
In terms of the operators Z4 and T4 defined in §2.3 we can rewrite the
first two equations as
(Za+Ta)p=—)g.
The anti-commutation relation (2.16) shows that if (¢, A) is a solution of
the Seiberg-Witten equation then '

(3.3)

XZ[Z] = (ZA+Ta)%p= 2%+ T3 — A\Tud + [ &Oﬂ 0 ][g]

3.2. Adiabatic limits.

We now have all the data we need to study the behavior of the Seiberg-
Witten equations as the metric is anisotropically deformed until it degener-
ates.

Let (N,7,g) and K'/2 as above. As usual we denote by (N, s, gs) the
anisotropic deformation defined in §1.1. For each § > 1 we will refer to
the Seiberg-Witten equations defined in terms of the metric g5 as the SWj
equations. More explicitly these are (|¢|g, =1, |nlg = 1)

(3.4)
[ SiVia+'Vp +2a = 0
(V' )a—6ivEs +28 = 0

(el =18%) = iFv(¢1,¢2)

\ iof = 6@ Fy(G1+i, ()

The operator Z4 depends on the metric gs through the Levi-Civita connec-
tion V< on K while T is unaffected by the adiabatic changes in the metric.
Note that

1
5

We will fix a smooth connection V? on L. The Sobolev norms will
be defined in terms of this connection and its tensor products with the
connections induced by the Levi-Civita connection of the fized metric g = g;.
An arbitrary connection on L will have the form

VO + As, As € u(l) ® QYN).

lim —Z46 = ZA,00-
§—00
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For 1 < p < 0o we denoted by ||-||, the LP-norm with respect to the metric
g = g1, by |||l the L?-norm with respect to the same metric while ||-||, will
denote the L2-norm with respect to the metric gs.

We denote by 2(}, the affine space of smooth connections on L and by Sg
the collection of gauge equivalence classes of solutions of SWj.

Theorem 3.2. Let (N,n,9) as above and fiz a spin® structure defined by
a complez line bundle L (so that the associated complex spinor bundle has
determinant L?). Assume that for each sufficiently large §

Ss # 0.

Then any sequence {[¢s, As] € S5 ; 6§ > 1} admits a subsequence which
converges in the L12 topology to a pair

[¢,A] € (A x C%(L))/Aut (L)

satisfying the following conditions.

(3.5) Fa(¢,))=0
(3.6) Vi B=ViTa=0
(3.7) (V)= Vit B =0
(3.8) lledl - 1181 = 0.

The equations (3.6) and (3.7) can be equivalently rephrased as
(3.9) Zaood =Tad = 0.

Definition 3.3. A pair (¢, A) satisfying (3.5)-(3.8) will be called an adi-
abatic solution of the Seiberg-Witten equations. The collection of gauge
equivalence classes of adiabatic solutions will be called the adiabatic moduli
space corresponding to the fixed spin® structure.

Proof. The proof of the theorem relies essentially on the following uniform
estimates.
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Lemma 3.4. There exist Ry, Ry > 0 such that

(3.10) sup |ps(z)| < Ry V6 > 1

and

(3.11) IF(As)lloo < R2 V6 2>1.
(3.12) Il le:s| - 1Bsl lly = O(1/6) as & — co.

Proof of the lemma. As in Lemma 2 of [KM] we deduce that

sup |¢s(z)| < sup |s5(z)|

where ss denotes the scalar curvature of gs. The estimate (3.10) is now a
consequence of (1.16) in §1.2.

To prove (3.11) note first that F'(As) splits into two orthogonal parts. A
horizontal part

F"(As) = Fia(As)n' An?

and a vertical part
F"(As) = Foau(As)n An' + Fao(As)n® Am.
The third equation in (3.4) coupled with (3.10) yields
HFh(A,;)Hoo = O(1) as 6 — oo.
The fourth equality in (3.4) implies
(3.13) 1% (As5)lloo < const.6~ ||| - 185l lloo = O(67)

_ | @
®s [ 8, } .
To prove (3.12) we will use (3.3) and we get (writing Z4, instead of the
more accurate Z4; )

N5 = (Zag + Tas) s

= Z,246¢6 +T,§6¢6 — AT as0s + [ &fﬁa a%ﬂ& ] [ g;s j‘ .

where
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Taking the inner product with ¢s in the above equality and then integrating
by parts with respect to the metric g5 we deduce

1 Z 45852 + | Tasbs2 + 2|l les| - |Bs| 112 = A2 |@sllZ + As (Tazbs, s)s -

The Cauchy inequality yields

(3.14)  [|Za, 5% + | Tazdsll + 21l les| - 185! |12
< sl - llgslls (126l - lgslls + 1 Tas@slls)

Since |4, II¢5II§ = O(671) we first deduce from the above inequality that
I Tasslls = O(673/2) and then

IHe| - 185l lls = O(8~%/?).

Up to a rescaling this is precisely the inequality (3.12). O

From the estimate (3.11) we deduce that As (modulo Coulomb gauges) is
bounded in the L}P-norm for any 1 < p < co. Thus a subsequence converges
strongly in LP and weakly in L1'P to some Holder continuous connection A
on L. The fourth equation in (3.4) and the estimate (3.12) we have just
proved show that

HFB,»; = 0(572).

For each connection A on L set
Dps=06Za00+Ta

For § = 1 we will write simply D 4. Recall that Dgs =D 46 — As/2.
The condition (3.9) is a consequence of the following auxiliary result.

Lemma 3.5 (Adiabatic decoupling lemma). Consider a sequence of
smooth connections As € Uy, satisfying the following conditions.

(i) As converges in the weak LYP topology (p > 3 = dim N) to a Hoélder
continuous connection A.

.. 0,1
(i) |3

Then any sequence ¢s € C>(Sr) such that

=0(671) as 6 — oo.

lI#sll = O(1) asé — o0
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and
1D 4505l = o(1)

contains a subsequence which converges strongly in LY?(Sy) to a spinor ¢ €
LY2(S1) satisfying

(3.15) Zacod =Tagp =0.

(Above, for simplicity, we denoted by D 4, the Dirac operator D 4,.)
Proof. Set Za, = Zp,5, ws = D, and s = %ZAJ. The coefficients of =g
converge uniformly to the coefficients of Z4 o,. More precisely, the condition
(i) implies E5 = Z4 o + R where the zeroth order term R satisfies

(3.16) 1 Rlloo = o(1)

Note that although Zs is defined using the metric gs it is formally self-adjoint
with respect to the metric g; as well.
The equation D 4,45 = ws can be rewritten as

(Zas +Taz)ps = —Nos + ws

so that
1(Za; + Tas)osll” < 203 ||63]| + o(2)

Using the equation (2.16) we get

1(Zas + Tas)¢sl® = /N ((Zas + Ta,) s, $5) dvg
= 1Zags]1® + [ Ta sl = s /N (Tas5, 65) dvg
+ /N (Fsds, ds) dvg

where
0,1
0 F A,

.7'-6 = 15 Fi’so 0

Hence

— 2
82||Zs03” + 1 Tasdsll® < llgsll {1 Xsl - ITas@sll + [ Fsll + 273 llgsll + o(1)} .
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Since ||@s]| = O(1) and || Fs|| = O(6 “Fg:sl ) = o(1) we deduce

82 (|Z502|1” + I Tas b6l < C (671 | Tusbsll + 672 + (1)) .
This yields

(3.17) IZa,65ll = o(1) and [|Esdsll = o(67).

We know have
Dags = s := Zs¢s + Tazds — Ros

The estimates (3.16) and (3.17) show that ||1s]] = o(1). The elliptic es-
timates applied to the fized elliptic operator D4 (with Holder continuous
zeroth order part) show that

lgslly,2 < CCligsll + l12ll5)-

Thus ¢s is bounded in the L!2-norm so a subsequence (still denoted by ¢5)
will converge strongly in L2. Using again the elliptic estimates we get

#6; = s2ll1,2 < Cllids, — Ds.ll + lItfs, | + [195,11)-

This shows the (sub)sequence ¢ is Cauchy in the L1? norm and in particular
it must converge in this norm to a ¢ which must satisfy :

Zpoop=Tap=0
due to (3.17). The proof is complete. O

We can now conclude the proof of the theorem. From the above lemma
we know that ¢s converges in L2. By Sobolev inequality the sequence ¢
must also converge in LP, 1 < p < 6. The last two equations in (3.4) allow
us to conclude that Fjy; is actually convergent in L3 so we can conclude that
modulo Coulomb gauges the connections As converge strongly in L13.

Note that ¢ satisfies a condition slightly weaker than (3.8) namely

el - 18] = 0.

We will now prove this implies (3.8). We can rewrite the limiting connection
VA as a sum VA = V0 + B, where B € L'?(End (Sp)) for any 1 < p < .
Note that o and 3 satisfy the elliptic Dirac equation with Holder continuous
coefficients

(3.18) Do = 0
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This equation can be rewritten as

(3.19) DYo+Qpp=0

where Qg € LYP(End (SL)), 1 < p < 0. Since ¢ € LY?(S) N L®(St) we
deduce
Qp¢ € LV*(S).

Using this in (3.19) we deduce ¢ € L>2. Note that ?Ci = V?’i + \/2 where
V4 denotes the spinor connection on Sy, obtained by tensoring the connec-
tion A with the Levi-Civita connection defined by the metric g;. Applying
bY" to the second equation in (3.18) and using the commutator equality
(2.14) we deduce after some simple manipulations that

"V o — Via+ |B*a+ Vg =0.
Since V8 =0 and oo ® 8 = 0 we deduce
AviAvar V%a =0.
We can rewrite the above equation as
VOV a — Via + P(Va) + Qa =0

where the “coefficient” P € LY? C L% while Q € L? is at least L? (it
is a linear combination of the connection A and its derivatives) while the
differential operator above is a generalized Laplacian. This is more than
sufficient to apply the unique continuation principle in Thm. 4.3 of [H]
to deduce that if a vanishes on an open subset of N then it must vanish
everywhere.

A dual argument proves a similar result for 8. Since the product a ® 8
is identically zero we deduce that one of them must vanish on an open set
and hence everywhere. The equality (3.8) is proved and this completes the
proof of the theorem. |

For later applications to Seiberg-Witten-Floer theory it is very impor-
tant to present a more compact description of the adiabatic Seiberg-Witten
equations (3.5)-(3.8). This is achieved in our next result.

Proposition 3.6. The following conditions are equivalent.

(i) The pair (¢, A) is an adiabatic solution of the Seiberg- Witten equa-
tions.
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(ii) The pair (v, A) is a solutions of the equations

A
(SWeo) : Pay = 39
c(xFa) = 7(¥)

Proof. Note that the first equation can be rephrased as Dy = 0. The
implication (i) = (ii) is now obvious. We prove the converse. Set as usual
¥ = a @ B The first equation of (SWy) implies

0= D¢ = Z 0¥ + TAY + {Z 4,00, Ta}¥-
Using (2.18) we deduce

0 Fot Q
72 T2 4 i A =0.
(Fwsris| g 5 ])[5] -0

Taking the inner product with ¢ and then integrating by parts over N (using
the second equation of (SW,)) we deduce

1Zawl? + 1 Tawll® + 2| || - 18]]I = 0.

This last equality implies immediately the conditions (3.6) -(3.8) so that
(v, A) is indeed an adiabatic solution. O

Remark 3.7. The equation (SWy,) is also equivalent with (SW,)s which
is defined as (SWo,) but using the deformed metric g5 and its associated
geometric objects instead of g.

3.3. The Seiberg-Witten equations on circle bundles.

When N is the total space of a circle bundle over a surface the above
result can be given a more precise form.
Let Ny be the total space of a degree £ principal S! bundle

Sl‘—éNe-z-T-)E

where ¥ is a compact surface of genus g > 1. Fix a complex structure on ¥
and denote by K the canonical line bundle. Then

K= n*K.
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Moreover, according to (1.22), in this case the limiting connection V*° on
K coincides with the connection pulled back from K.

Now fix a spin structure on ¥ by choosing a square root Ké/ % on 3.
This defines by pullback a spin structure on N. Denote by (Ng,7s, hs) the
Boothby-Wang (K, A\) structure described in §1.3.

Fix a spin® structure on N given by a line bundle Ly. If the Seiberg-
Witten equations SW corresponding to the above spin® structure have so-
lutions for every 6 > 1 we deduce from the above theorem that Ly admits
a connection A such that F4({,:) = 0. This implies m.F4 = 0 where m,
denotes the integration along the fibers of 7 : N; — . From the Gysin
sequence of this fibration we deduce that c;(Ly) € 7*H?*(X) i.e. Ly is
the pullback of a line bundle Ly — X. In particular we have the following
vanishing result.

Corollary 3.8. Fiz a spin® structure on N, which is not the pullback of
any spin® structure on X. Then the Seiberg- Witten equations SWg have no
solutions for any 6 > 1. In particular, when |¢| =1 then for any nontrivial
spin€ structure on N and for all § > 1 the equations SWs have no solutions.

Now fix a spin® structure on N, defined by a complex line bundle Ly =
m*Ly. Any adiabatic solution of Seiberg-Witten equation is a pair (¢, A)
satisfying the following conditions.

(a) A connection A on Ly with horizontal curvature i.e. F4({,-) =0.
(b) Sections o € K~1/2® Ly and 8 € K72 ® Ly such that
Zapop=Tap=0+="V4=0=Vfa and (V4)*a=0=VEg.
llell - 181l = 0

where the derivation \72‘ is the tensor product of the corresponding

. . 1/2
derivations on W*K:Eh / and Ly.

(@) 3(lal? - 18) = iFa(, o)

We denote by Ax = A (4, g, L) the collection of gauge equivalence classes
of adiabatic solutions and we will call it the adiabatic moduli space. Note
that it is not a priori clear whether any adiabatic solution is in fact an
adiabatic limit. All we can state at this point is that

Soo = limSﬁ C Aoo.
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We will further disect the adiabatic moduli space. It can be naturally
decomposed into reducible and irreducible parts

Ao = AU AT = (6, 4) € Aco; 6 =0} U{(4,4) € Aoo ; ¢ #0}.

A. Reducible adiabatic solutions, i.e. ||| + ||8]| = 0. In this case
the connection A must be flat. Thus it is uniquely defined by its holonomy
representation

holy4 : m1(INg) — St

The fundamental group of Ny can be presented as

g
m1(Ng) = <al,bl, .ag,bg, FIf 74 [ [las bi] = laj, £1 = b, f1 =1, Vj,k>
i=1

where f denotes the homotopy class of a fiber. We conclude that the space
of its Sl-representations is a 2g + 1-dimensional torus if £ = 0 while if £ # 0
it is a collection of |¢| tori T29 parameterized by the group of |¢|-th roots of
unity. For any representation p : m1(N) — S! we have p(f) = exp(27ki/£)
for some k € Z and if we denote by Ly, the line bundle it determines on N
we have

(3.20) c1(Ln,p) = k € Zyy € H*(Ny, Z).

To see this, denote by A, flat the connection on Ly,, with holonomy p
and set B, := A, + ik/{n. Then the curvature of B, is purely horizontal,
Fp, = ik/tdn and its holonomy along the fibers is zero. Thus B, is the
pull-back of a connection D, on a line bundle Ly, , — ¥ whose curvature
satisfies

n*Fp, = ik/ldn = —2ik xx n = —2ikn*dvols.

Thus
c1(D,) = k/m dvolx

i.e. degLs, = k since by construction vol (¥) = 7. The equality (3.20)
now follows from the equality Ly, = 7*Ly,, combined with Gysin’s exact
sequence. To summarize, when ¢;(Ly) is a torsion class, the collection
of gauge equivalence classes of reducible adiabatic solutions is a torus of
dimension 2g.

Any reducible adiabatic solution is obviously a bona-fide solution of SWj
for all § > 0 and in particular it is a limit of (reducible) solutions of the
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Seiberg-Witten equations. Naturally one wonders whether there exists a
sequence (s, As) of irreducible solutions of SWj converging to a reducible
adiabatic solution. Our next result will show this thing is not possible for
nontrivial spin® structures.

Proposition 3.9. Fizr a spin® structure on Ny, defined by a nontrivial line
bundle Ly — N such that c1(Ln) is torsion. If (¢s, As) is a sequence of
solutions of SWs such that As converges (in the sense of Theorem 3.2) to a
flat connection then ¢s =0 for all 6 > 1.

Proof. Assume the contrary. Thus, for all § > 1 there exists (As, ¢s) € Ss
such that ¢s # 0. Set 15 = IleslT% so that ||¢s]| = 1, V6. We can now apply

the adiabatic decoupling lemma to the sequence (As,s) to conclude that
there exists 9 € L12(Sy) such that ||| = 1 and

Zpocoh =Tap =0

where A = lim As. Thus ¢ is a nontrivial section of 7*(Kg 12 g Ké/ 2) ®
L which is covariant constant along the fibers of N with respect to the
connection (V= @ V> +)® A. The holonomy of V* along a fiber is trivial
(since it is a pullback connection) and since ¢;(L) # 0 the holonomy of
the flat connection A around a fiber is nontrivial. Hence there cannot exist
nontrivial, fiberwise covariant constant sections of S;. This contradiction
concludes the proof of Proposition 3.9. O

B. Irreducible adiabatic solutions, i.e. |||l + ||| # 0.

Lemma 3.10. If ||la|| + ||B]| # O then (modulo gauge transformations) the
connection A is the pull back of a connection on a line bundle Ly, — X.

Proof of the lemma. Because the connection A is vertically flat one can
prove easily that the holonomy along a fiber is independent of the particular
fiber. Since either a or G is not identically zero and is covariant constant
along fibers we deduce that the holonomy along fibers is trivial. O

Consider now an irreducible adiabatic solution (a @ 3, A). Thus there
exists a connection Ax; on Ly such that #*Ly = Ly and 7n*Ay = A. Since
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« and (3 are covariant constant along fibers they can be regarded as sections
of Ly ® K§ Y2 We can decide which of a or B vanishes. More precisely if

deg Ly, < degKgl/2 =1-g

then the line bundle Ly, ® K é/ 2 cannot admit holomorphic sections so that
B = 0. In particular, a # 0. In this case, using the equality (3.2) we deduce
after an integration along fibers that

i 1, .2
- degLy = — Fyp=<= .
1-g>degls=5- [ nAFa= 3ol
This is impossible since a # 0. If
degLy > deg K/ =g —1

then Ly ® Ky Y2 cannot admit antiholomorphic sections so that a = 0.
Reasoning as above we deduce another contradiction so we can conclude the
adiabatic limit set is empty when |deg Ls| > g — 1.
We now analyze what happens when |deg Ls| < g — 1. We will discuss
only the case 1 — g < deg Ly < 0. The other half is completely similar.
Using the equality (3.2) again we deduce

(3.21) = (Il ~ 1817 = deg L < 0.

Since one of a or (3 is identically zero we deduce that & = 0. Hence 8
is a nontrivial holomorphic section of Ly ® K}:/ 2, Moreover, deg Ly # 0.
This shows that when g = 1, for any spin® structure, the corresponding SW
equations have no irreducible adiabatic solutions.

We see that the irreducible part of the adiabatic limit set is determined
entirely in terms of of objects defined on the base of N. Using the termi-
nology of [Br] (or [BGP]), the pair (45, Ax) is a vortez pair on Ly — X.
Furthermore, in [Br] it is shown that the correspondence ¢ — {¢~1(0)}
(multiplicities included) identifies the moduli space of gauge equivalence
classes of vortex pairs on Ly with a symmetric product %(d) of d copies of
%, d=(g—1)— |deg Ls| (see also the discussion in §4.2.)

When deg Ly = 1 — g the bundle Ly ® Ké/ % is topologically trivial.
The only topologically trivial holomorphic line bundle which admits a holo-
morphic section is the holomorphically trivial line bundle. Hence, when
deg Ly = 1 — g there exists exactly one irreducible adiabatic solution (up to
a gauge transformations).
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The above picture resembles very much the exact computations in the
trivial case £ = 0. There are however some notable differences. When £ = 0
if the spin® structure is non-trivial there exist no reducible solutions for the
simple fact that there exist no flat connections. This is no longer the case
when ¢ # 0. Moreover, according to Gysin’s exact sequence the kernel of
the morphism

7 Z = H*(X,Z) — H*(N,, Z)

is the subgroup ¢Z. If £ = 0 this means the spin®-structure Ly uniquely
determines a line bundle Ly, — ¥ such that 7*Ly & Ly.

If £ # 0 there are infinitely many line bundles on ¥ with the above
property and their degrees are congruent modulo ¢ with ¢;(Ly) € Z; C
H?(Ny,Z). On the other hand, in case B the only line bundles on ¥ relevant
in the adiabatic limit are those of degree in the interval [—(g — 1), (g — 1)].

Assume now |£| > 2¢g and

ci(Ln) €Vye={9,9+1,---,|f| — g} (mod £) C Z,

Then there is no integer n such that n mod £ € Vg, and 0 < |n| < g — 1.
In other words if ¢;(Ly) € Vy¢ then there exists no line bundle Ly — X of
degree 0 < |deg Ly| < g — 1 such that 7*Ly = Ly. We have thus proved
the following result.

Corollary 3.11. (a) If|¢| > 2g > 4 and Ly — Ng is a line bundle on N,
with c1(Ly) € Vy ¢ then the collection AT =0,

(b) If g = 1, |¢] > 1 and L is nontrivial, then the set Ao = 0. If L is
trivial then AT = ().

The range Vg of spin® structures will be called the adiabatically stable
range. Using Proposition 3.9 we deduce the following consequence.

Corollary 3.12. For any spin® structure in the stable range the correspond-
ing SWs equations have no irreducible solutions for § > 1.

Remark 3.13. The above arguments extend easily to most Seifert mani-
folds. More precisely, as indicated in [FS], many Seifert manifolds are finite
quotients of circle bundles. One can easily incorporate a finite action in the
above arguments. The adiabatic solutions on such a Seifert manifold are
then invariant adiabatic solutions on a circle bundle. This can be conve-
niently reformulated using the language of orbifolds as in [MOY].
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4. Variational features of the adiabatic moduli space.

In this section we prove that the irreducible components of the adiabatic
moduli space (over a smooth S!-fibration) are Bott nondegenerate as critical
sets of a suitable energy functional.

4.1. Algebraic and analytic preliminaries.

We continue to use the same notations as in §3.3. Fix a line bundle
Ly — Y and set L = n*Ly — N.
The configuration space for all the SW equations will be

C =A%) @ LY2(SL)

consisting of pairs of L2-connections and spinors. This is a metric affine
space but the L1"2-metric obviously depends on the Riemann metric on N.
When using the deformed metric g5 we will write Cs instead.

This configuration space is acted upon by the gauge group &, consisting
of L?2-gauge transformations of L. For each ¢ = (¢, A) we will denote by
[c] = [#, 4] its gauge equivalence class.

Using Lemma 3.1 we deduce the solutions of (SW) are critical points
of the energy functional

&(9, A) = (o, A) — 3 4l

This energy functional depends on the metric gs and we will indicate this
dependence by a é-subscript. (We will use the same convention when indi-
cating various Sobolev norms.) However, its critical set which is Ay does
not depend on §. Lemma 3.1 shows that the L?-gradient of &; is

Ve = (042620 0 ) — #F).
(¥,4)

Since c1(L) is torsion the functional &g is &-invariant and thus descends to
a well defined functional &; on
Bs :=Cs/®.
We will be interested in its restriction to the irreducible part
Bi ={l¢, 4] ; ¢ # 0}

which is a Hilbert manifold (see e.g. [FU]). The following is the main result
of this section.
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Theorem 4.1. For 6 > 1 the energy functional & is Bott nondegenerate.
To prove the Bott nondegeneracy of &5 we have to establish two things.

(a) A% is a smooth manifold and
(b) the Hessian of &; along A% is nondegenerate in the normal directions.

The first task is to describe a suitable functional set-up and to keep track of
the gauge action. We will work with the undeformed metric g on N leaving
the reader to perform the obvious changes to gs. Also, when speaking of
adjoints of operators we will always understand L?-adjoints.

The group & is a Hilbert Lie group (cf. [FU]) and its Lie algebra can
be identified with the space g := L?2(N, iR). The exponential map has the
form

g3 if — (exp(if) : N — SY).

The tangent space to the orbit O4 4 of & through (¢, A) is the range of the
infinitesimal action operator

L=2L44:9— %:=L"2(Sp) @ LY2(IT*N), if — ife & (—idf).

The tangent space to B* at [¢p, A] can be identified with the L2-orthogonal
complement to Ty 494 4 in X and ultimately, with the kernel of £*, the
adjoint of £. We will treat X as a real Hilbert space and we will generically
denote its elements by (1/},id) where a denotes a real valued 1-form. The
adjoint of £ is determined from the equality

/ <£‘,if, xe ic’z> dvg = / f-ReL W ia)dvg, Vf, P, ia

N N

upon integrating by parts in the left-hand-side. A simple computation yields
(4.1) £ (4 @ id) = —id*a — Im <¢,z/)> € L%(N,iR)

where (-, -) denotes the complez, pointwise inner product in the fibers of Sy,.

The affine structure on C can be used to linearize V€ at a given config-
uration (¢, A). More precisely, define the unrestricted Hessian at (¢, A) as
the operator

H=H4a:X—>Y:=L*S) ®L*(iT*N)
defined by
4

VE&(p + tih, A+ tia).
dt|,—o

H(¢,ia) =
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A simple computation yields

4 s[n =[Pty ]

The term 7(&, ¢) needs further clarification. It is formally defined by the
equality
d

Hod) =gl o+t

where we regard 7 as a quadratic map 7 : S, — iT*N. Using the local
description

2
1
(@)= 53 (b clm)d)
i=0
we deduce after some simple manipulations that

2
(4.3) Hg, ) =19m Y (,cm) ) mi
i=0
Sometimes it will be convenient to regard 7 as a symmetric endomorphism
of S;.. To obtain its explicit description we must derivate the equality

T(9) = ® ¢ —|4]°/2
along ¢ and we get

(4.4) He9) =0 o+d0d—Re (4,4).

The affine connection on C* we used to define the Hessian of € is &-
equivariant and thus defines a connection on the quotient B* which can be
used to define the Hessian $) of €. This leads to the following formula for
94,4

g—’_¢,A(¢7 ié‘) = ‘ptoqu,Aﬁ('l/)y id)a V("pa ié’) € ker ‘2:;,A
where Projy 4 denotes the L2-orthogonal projection onto the kernel of L5

We will be interested only in the eigenvalues of Dy a In searching for
eigenvectors and eigenvalues we will use a well known trick in gauge theory.
A pair (¢, ia) € ker £* is an eigenvector of $ corresponding to the eigenvalue
p if and only if there exists an infinitesimal gauge transformation if € g such
that the triple (¢}, ia, if) is a solution of the following system of p.d.e.s

(4.5)
. [doia] [ 9 £][veia] _ [voia
f"’”"[ if ]‘"[s* OH if ]‘“[ 0 ]
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$ is called the stabilized hessian of € at (¢, A). A solution of the above
equation will be called a p-eigenvector of §). The proof of following result is
left to the reader.

Lemma 4.2. The partial differential operator f)¢,,4 is elliptic and selfad-
joint for all (¢, A) € A%,.

We conclude this subsection with a variational identity which will play
a key role in the sequel. Set

3:=%Xe LY*(N,iR).
Lemma 4.3 (Main variational identity). Fiz (¢, A) € A%,. If
(w,14,if) €3

is a p-eigenvector of fjd,,A then for all $ € LY2(S.) we have

Re ( /N <DA¢, DA¢'>> dvy + /N <¢¢> |¢|2dvg)
~ Re ( /N <2iV;1¢+ ve(ia)e, q's> d'ug) - gjm ( /N f<¢, ¢> d’ug)

= Re (/N(ﬂ —1/2) <DA1/}, q'5> + A2—“’ <¢', </3> dvg> .

where v = p+ A/2, Dy is the adiabatic Dirac operator Do = ZA oo + Ta,
while V4 = V{l‘ denotes the covariant derivative on Sy, along the vector field
dual to a.

Proof. The equality (4.5) has the more explicit form
D 4t + c(ia)p — Mp/2 +ifp = b

(4.6) —ida+ 7(p,v) — idf = pia

d*a = Jm <¢ ¢>
Now apply D 4 to the first equation in (4.6). We deduce
(4.7) D% + D ac(ia)p + Da(ifp) = vD a¢.

We can transform the last term in the left-hand-side of (4.7) using the
classical identity D aif¢ = c(idf)¢ + ifDa¢. Similarly since D4c(ia) =
—c(ia)Da + {D4,c(ia)} we deduce from Proposition 3.45 of [BGV] that

D ac(ia) = —c(ia)Da — 2iVs + c(i * da) + id*a
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Recall now that D¢ = A@/2 since (¢, A) € Ax. Puting all these facts
together in (4.7) we deduce

(4.8) D44+ {—Xc(ia)/2 — 21V, + c(i * da)
+c(idf) +i(d*a+ Af/2) } ¢ = vD 4%

The second equation in (4.6) gives c(i*da) + c(idf) = 7(¢, ¥) — pc(ia) while
the third one implies (d*a)¢ = (IJm <'¢, ¢>)¢. Thus we can rephrase (4.8)
as

(4.9)
D49 — ve(id)p + 7(6 9)g +i0m ($,6) +Af/2)¢ = vD4d).

Using the equality D4 = D 4 + /2 we deduce D% = D% + A\D4 + A\%/4 and
(4.9) can be further transformed to

(410) Dy - ve(ia)p+7(6, )o+i0m (4,6) +Af/2)¢
={(1— A/2)Da + Au/2}.
Using (4.4) we deduce that
e, 9)o = (,9) b+ (8, 8)d —Re (4,4) 6.
Hence we have the pointwise equalities
Re (7(6,9)6,8) = e ((6,9) (#.0) + 16 (4, 6) — (e (6,9)) (¢,9))
= =3m (4,9) - Im (&, 8) + o’ ().
Similarly we get
Re <i3m <¢,¢> ¢,¢> = Jm <¢¢> - Im <¢, ¢'>>
Hence

(4.11)
e {(+(6,9)8,8) + (19m (4, 0) 6,9 } = |8Re ($,8).

If we now take the real inner product of (4.10) by d), then integrate by parts
and use (4.11) we obtain the main variational identity. o
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4.2. Abelian vortices on Riemann surfaces.

In this subsection we describe a natural smooth structure on A%,. We
begin by considering a related gauge theoretic problem on a Riemann surface
¥ of positive genus g. Fix a Riemann metric A on ¥ and denote by K the
canonical line bundle with the induced metric and connection. Consider a
hermitian line bundle L — X

An L-valued vortez pair on X is a pair (¢, A) where ¢ = a® B is a
section of S, := L® K~/2@® L ® K'/? and A is a hermitian connection on
L satisfying the vortex equations

) 3 o] 15]-10]

(413) ixFa =3 (o = 19P), llall- 181 =0.

The solutions of this equation were described in great detail in [Br]. Here we
want to prove some additional facts related to the deformation complex of
this problem. For brevity we will consider only the holomorphic case § # 0
since the anti-holomorphic situation can be dealt with following a similar
approach. Thus (4.12) +(4.13) can be rephrased as

(4.14) 0aB =0, xFp= —%Iﬂﬁ

Note that in the holomorphic case the second equation implies deg L < 0.
The functional set-up is identical to the one described in §4.1 for the Seiberg-
Witten equations and we will omit references to various Sobolev spaces to
make the presentation more transparent.

The space of configurations C = I'(L® K'/2) ®2(L) is acted upon by the
gauge group Aut (L) whose Lie algebra is i2°(X). The infinitesimal action
of if € iQ%(X) on (B, A) is given as usual by

(8,4) B (if8, A — idf).

Denoting thg tangent spaces to C by C we can compute the linearization
T=Ts4:C—T(L®K?)@iQ°Z) of (4.14) and we get

([8]-

94 +271/2%ia%1p
i % da — i%Re <ﬂ,B>



Adiabatic limits of the Seiberg-Witten equations 379

ia®! component is the K~!-component of ia corresponding to the orthogonal

decomposition T*EX ® C = K & K~1. The normalization constant 271/2 is
obtained from the equality (df)®! = 21/25f. We will sometimes find it
convenient to write P%1g instead of a%*.

The deformation complex of this problem is the following sequence of
partial differential operators

(Vaa): 0—i00Z) L I(L® KM?) @iQ}(Z)
LT oK) eind(z) — 0.
Let us first notice the following fact.

Lemma 4.4. If (8, A) is a solution of (4.14) with B # 0 then
(a) (V,a) is an elliptic complex.
(b) HO(Vj,4) = H(Vp,4) = 0.
(c) dimg H}(Vp,a) =2d4+(L) :=2(g — 1+ degL).

Proof. (a) The fact that (Vp, 4) is a complex (i.e. Yol = 0) is elementary and
is left to the reader. The ellipticity follows by observing that modulo zero
order terms this complex is the direct sum of the Hodge-DeRham complex
on A*T*¥ and the (degree shifted) Hodge-Dolbeault complex corresponding
to the line bundle L ® K'/2. In particular we have the following equality of
Euler characteristics (over R)

(4.15) x(V) = x(Z) = x(L & KY?) = 2(1 — g — deg L).

(b) Since the infinitesimal action of Aut (L) on (8, A) is free (8 # 0) we
deduce H%(V) = 0. To prove that H2(Vj,4) = 0 we rely on the ellipticity of
the complex and it suffices to show ker T* = 0. Let (a,if) € ker T* that is

(4.16) /Eme <T([3 ®id),a ® if> du, =0 VB®ia e Cpp.

Several clever choices of 3 and ia in (4.16) will produce the desired conclu-
sion. Let us now describe these choices.

. B:é"f‘a,d=0. We get

/ |84 | 2dvy, = / Re (G4, fB) dvp,
= >
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and integrating by parts in the right hand side we get
(4.17) / |04l ®dvy, = / Re (e, (Of)B) dva
b b))
B =0, @ = *df. We get

9~ 1/2 / Re (iP%!(xdf)B, o) dvp, = / |df |2dvp.
z =

The term in the left-hand-side needs further clarification. We will
work out the expression of the integrand in local conformal coordinates
(z,y) on . Set z = z + iy. We have xdf = fzdy — fydx. Since
dz = (dz + dz)/2 and dy = —i(dz — dz)/2 we deduce

2712 POl (xdf) = iBf.
This yields

(4.18) —Ne L {(6£)B, &) dvp, = /E |df |2dvp,

Coupling (4.17) and (4.18) we deduce df = 0 and 9%a = 0.
,3 =0, a arbitrary. Since df = 0 we deduce
/ Re (1™, Ba)dv, =0, Va.

x
Hence fo = 0. Since 4 is a nontrivial holomorphic section its zero set
is finite so that a = 0.
B=ﬂ,c’z=0. We get

/ f18)2dvy, = 0.
X

Since f is constant (df = 0) the above equality implies f = 0. This
shows ker T* = 0.

Part (c) of the lemma now follows from part (b) coupled with (4.15). O

Corollary 4.5. H'(Vj3 4) = ker Hg 4 where

Hpa=Tpa0I;,:T(LO®KY?) @iQ (D)

- (TNre ke iQO(E)) i)
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is defined by | 501 2- a0 g
H[ﬁ]z i+ da — i%te (6, 3)
id* — iJm <ﬂ',ﬂ>

Denote by U4 (L,X) the space of holomorphic L-valued vortices (eq.
(4.14) ) and by 0% the irreducible part

T ={(8,4) €Ty ; B#0}

Then the above lemma shows that if nonempty M (X) := 0% (L)/Aut (L)
is a smooth manifold of dimension 2d;(L). Note that if degL # 0 then
U, = Y. Moreover, the results of [Br| show that this moduli space is
indeed nonempty and can be identified with the space of effective divisors
on ¥ of degree dy(L). This space of divisors can then be identified with a
symmetric product of d+(L) copies of X.

When 0 < deg L < (g—1) one can construct similarly the space of U_(L)
of antiholomorphic L-valued vortices. Its Aut (L)-quotient will be a smooth
manifold of dimension 2d_(L) := 2(¢g — 1) — 2deg L (again a symmetric
product).

Finally, define U(L,%X) = U (L), where 0 < |degL| < (g — 1) and
€ = —sign deg L.

With these 2-dimensional clarifications in place we can now return to
our original 3-dimensional problem. We have seen that if 7 : Ly — N is a
complex line bundle over N there exist finitely many line bundles L; — X
over the base of N such that

(i) |degLi| < (g —1) and
(i) Ly = 7*(L;), Vi.

Denote by C*(L;) the space of irreducible configurations for the L;-vortex
problem on ¥ and by Cy, the space of irreducible configurations for the
Seiberg-Witten equations. Then we have the equalities

VeETH0) = &y - | mB(Ly).
i
The adiabatic moduli space can then be represented as

ve o) = (@N : Uw*m(Li)> /&N.
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The unrestricted moduli space

&y - | ot (L)
i

(equipped with the L2 topology) is a & y-invariant Hilbert manifold. This
follows from the following simple observations.

(a) The first observation has an infinitesimal nature, namely if for some
(¢, A) € 70 and some the infinitesimal gauge transformation if € g
the induced tangent vector Ly 4(if) = (if¢, —idf) on Cy is actually
tangent to U then if must be the pullback of some infinitesimal gauge
transformation on X.

(b) The second observation has a global character namely that the stabi-
lizer of each component 7*U(L;) coincides with the pulled-back gauge
group T 8y.

The details can be safely left to the reader. We can now conclude that the
quotient Ay, can be given a smooth structure. Moreover, the tangent spaces
can be identified with a cohomology group H!(V, ) arising from a suitable
deformation complex.

4.3. Bott nondegeneracy.

We now have all the informations we need to prove Theorem 4.1. For
applications to Floer theory it will be convenient to prove a sharper version
of this theorem. We assume the base of 7 : N — ¥ has genus g > 2.

Consider first a vortex pair (¢x, Ax) on the base ¥ and we assume it is a
holomorphic Ly-valued vortex ¢y = 0@ By, where Ly — X is a complex line
bundle such that —(g— 1) < deg L < 0 and s is a section of Ly ® Ko/ . Set
L = n*Ly. By pull-back we get a solution (¢, A) of (SWs,) where A = n*Ax,
and ¢ = (0@ B) =0 7*fx.

According to Remark 3.7 the configuration (¢, A) is also a solution of
the equation (SW)s. We denote by 5;)5 the stabilized hessian of &5 at
(¢, A). This is an unbounded, Fredholm, selfadjoint operator B : 35 — 3s.
For each v > 0 define Eg(vy) as the space spanned by the p-eigenvectors
corresponding to values |p| < . Since $s is Fredholm this space is finite
dimensional. Finally, define E := ker Hg 4. Via the pull-back map we can
regard Eo, as a subspace of Ty oAC C 3. More precisely, the following is true.
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Proposition 4.6.

Eoo C E5(0), V6> 1.

Proof. Consider
(8,d) € ker Hp 4 € C®(KY2 @ Lg) ®i01(2) & C(KV2 @ L) @ iQ1(N).
This means

B +2712%™1B = 0
(4.19) i+pda—i%e (B,8) = 0

id'a - iJm (,8) = 0
We claim that (0 ® 8,4,0) € kerfj(p,A i.e. (conf. (4.6) with f = 0 and
Dy=94—1/2)

D¢ + c(ia)¢p = 0

(4.20) —ixnda+7(9) = 0

d*a — Im <¢ ¢> = 0
where 1,0 =00 ,B This follows immediately from the following elementary
observations.

e Since 4 is a pullback it is a basic invariant form i.e.
L¢a =0, a(¢)=0.

This essentially shows that the last two equalities in (4.19) imply the
last two equalities in (4.20).

e Since 9 is a pullback and so are the connections A and V> we deduce
that Z4 0% = 0. Using the identity D4 = Z4 oo+ T4 it is not difficult
to see that the first equality in (4.19) implies the first equality in (4.20).
We leave the reader fill-in the missing details.

O

Our next result is a considerable improvement of the above proposition.
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Theorem 4.7. Consider a sequence s of nonnegative numbers such that
76 =0(1) as 6 — oo.

Then
Es(7s) = Booy V6> 1.

Proof. We will argue by contradiction. Consider a sequence
Es = (s, ids, ifs) € 35
of ps-eigenvalues of 5%4,, A,6 such that |us| < s

(4.21) Es L Eco(0).

(42) 1l = ||ds|| + hwsllo + 1 Ssll = 1, W21

The L2-norms are defined in terms of the metric g. ws is defined by ws =
6a3n + aF where ¥ and ai are given by
ag = as(¢), ag = as — agn.

Note that

. . 1/2 11 =

62 a3l + [a [, = 672 Nasla,s = lwslly
and
cs(as) = c(ws).

We will show that (on a subsequence) ||Z5|| = o(1) thus contradicting (4.22).
The proof will be carried out in several steps. Decompose as usual 95 =
as @ Bs. Then

Step 1. ||ésll; o = o(1) as § — oo where the Sobolev norm is defined in
terms of the metric g and the fixed connection A.

Step 2. ||fsll; 2 = O(1) and [|ws|l; , = O(1) as § — co. (The above Sobolev
norms are defined in terms of the metric g and its Levi-Civita connec-
tion(s).)

Step 3. Zacots =0, Leas = 0 and O f5 = 0 for all 6§ > 1.

Step 4. Conclusion.
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We now supply the details. Recall the notations Dy s = 6Z4,0 + T4 and
V4 - the connection on Sy, obtained by tensoring the limiting Levi-Civita
connection V* on S with the connection A. The equations (4.6) can be
rewritten as

Dasis + (cs(ias)p +ifs)p = pes
(4.23) —ixg das + 75(P,Vs) — idfs = psias
d*sas =Jm <¢6, ¢>

For the proofs of steps 1-3 we only need to assume (4.22). The condition
(4.21) will be used only at the final step.

Step 1. Set d) = d)g = &5 ® 0 in the main variational identity (expressed
in terms of the metric gs). Using dvs = 6'1dvg we get

(4.24) /1;, IDA’WBF dvg + A |c'x6|2 . I¢|2d’vg
= Re /N {V5 <Cs(id5)¢, <l>> + (1s — Xs/2) <DA,5¢, ¢6> 6M| 6|2} dvg.

Neglecting the second term in the left-hand-side of the above equality we
deduce

. 2 . .
|Pasds||, < s = 2/21- b, - [Dasds|

A
101 el 1l - Nl + 2228 .

Thus, if we set t5 = ”D A75¢5||2 we obtain a quadratic inequality

t2 = o(ts + 1)

which implies t5 = o(1) as § — co. Using the adiabatic decoupling lemma
we deduce that (on a subsequence) s ® O converges in L2 to a spinor
¢oo = (oo ® 0 satisfying D gdoo = 0. Using again (4.24) in which we neglect
the first term in the left-hand-side we conclude that

/N Gsf? - [¢f%dvy = (1) a5 6 — oo.

By passing to the limit we deduce

/ (deol? - [612diu = 0
N
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which implies doo = 0.

Step 2. Take the gs-inner product with dfs of the second equation in
(4.23). After an integration by parts we get

[ Vil = [ s (a5, 37006, oy

Using the (pointwise) Cauchy-Schwartz inequality for the metric gs we de-
duce

(4.25)
[ 0P + 1afs = @ctotas, [ iassiavy =0 ([ [ 1asetany )

This implies [|dfsl, = O(1) so that || fsl|, o = O(1).
To establish the second estimate we first use Bochner’s identity ([Ber])

Asas = (V%)*Vas + Ricsas

where A denotes the Hodge Laplacian (of g5), V® denotes the Levi-Civita
connection of the metric gs and Rics denotes the Ricci curvature of the
metric gs. Since supg¢y |[Rics(z)|s = O(1) the above inequality implies

(4.26)
[ 9tealidun =0 ([ tlsdu, ) = Olesl) = 000
N N
Locally we have
|Voas|} = 62| Viasls + |VE asl3 + V2,63
On the other hand, since ¢ is Killing we have
2 2 2
§ (4 .1 _ 5 (n 5L

vt o) = [ [t vt

which coupled with the above equality yields
5. |2 5
(4.27) / \v aa\ dvg > / \v w.;l d,.
N 6 N

The structural equations of the metric g5 imply immediately that

(4.28) (7 - v#) ws, = OCls)
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The equations (4.26)-(4.28) now imply that [ws|; , = O(1).

Step 3. This is essentially a “rigidity” result for the Hessian. More
precisely, we will show that the natural S® action on N induces an action
on 35 such that 5;)4,’ A5 is S l_equivariant. Thus the spectral spaces are S*-
modules and we will show that for § > 1 the weights of these modules are
all trivial. The equalities at Step 2 are just infinitesimal reformulations of
this fact but the proof we offer below does not explicitly mention the above
representation theoretic remarks.
Define

©:C0®(SL®T*N & R) — C°(S;, ® T*N & R)

by
Note first that

(4.29) [5;)¢,A,6, @] =0

where [, -] denotes the commutator of two operators. The proof of (4.29) is
a consequence of the following facts left to the reader as exercises.

o [V£,Dag] =0 (since {Za o0, Ta} = 0)

o [(VA, c5(a)] = cs(L¢a) (since the invariant b(z) defined in (1.7) and
(1.8) vanishes for the Boothby-Wang structures).

o [L¢,*s] = 0 (since ¢ is Killing).
o V¢ =0 (since Z, 000 = 0.
o [L¢,d] =0.

Since divg,(¢) = 0 the operator ©2 is formally selfadjoint (with respect to
the metric gs) and from (4.29) we deduce that ©? is a non-negative, sym-
metric endomorphism of the spectral space E5(vys). Moreover, its eigenvalues
can only be of the form k2, k € Z since only these can be eigenvalues of —82
acting on C*°(N), the third summand in the domain of ©. Assume now
that V6 > 1 the operator ©2 acting on Ej(7s) has a nontrivial eigenvalue
kg > 1. Assume now that 5 is a kg-eigenvalue of ©2.
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We now use the main variational identity with ¢ = s, noting that
in the term V4¢ the (-component vanishes (since Z4 c0¢p = 0). If we set

ts = ”D A,m/}g”z then we obtain as in the proof of Step 1
(4.30) ;< C (”%”2 +olts) )

D) .2
which implies tg = O(1). On the other hand, tg = 62k§ ”1/15”2 + ”TA¢6”2
which shows that

(4.31) ”%H = o(1).

Using this last information in the inequality (4.30) we conclude that ¢2 =
o(1 + ts) which implies

(4.32) ”DA,M%”z =o(1).

We can now choose a subsequence § — oo such that
(s, ws, F5) = (Yoo, Woo, foo) strongly in L2.

In particular, the equality (4.22) implies

(433) ]|, + ol + 1 foally = 1.

The inequality (4.31) implies 9oo = 0.
On the other hand, the inequalities (4.25) and (4.31) yield

[ 1asiliang = ot
N
- and in particular
8%K3 || fsll5 = /N |0¢ f51* - |n|3dvg = o(1)
so that

(4.34) [1/5ll = o(1).

Hence fo =0 as well.
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We now pass to the limit in the first equation of (4.23) using the inequal-
ity (4.32). We get
c(iwso)p = 0.

Since ¢~1(0) is a finite set of fibers of N we deduce wy, = 0 almost every-
where. This contradicts (3.6) and concludes the proof of Step 3.

Step 4. Using the information from Step 3 we deduce that D A% =D Ayg'l,b&
for all 6 > 1. The first equation of (4.23) coupled with (4.22) implies

o] = o0

Invoking the elliptic estimates for the operator D 4 we deduce that “1,55 “ Ly

O(1). Pick now a subsequence § — oo such that

(1&6,016, fs) — (&w,woo, foo) in the norm of L2

From the equality
D ats + (c(iws) +ifs)p = psths

we deduce (via elliptic estimates again) that )5 is a Cauchy sequence in L2
and thus converges strongly in this Banach space. We can now pass to the
limit in the above equality using the fact that Z4 s = 0 and we deduce

Tathoo + (€(iweo) + ifoo)¢ = 0.
Using the decompositions Yoo =0 Boo (Step 1) and ¢ = 0@ 3 we deduce

(Woo(€) +ife0)B = 0.

Since 371(0) is a finite collections of fibers we deduce from the above equality
that
foo =weo(¢) =0 a.e.on N.

In particular ||ds||, + 6 ||ag]|, = o(1) and L¢we = 0. Hence (Po0s Woor foo)
is a pullback of a similar object on the base ¥. Using all the informations
we have gathered up to this point it is a simple exercise (left to the reader)
to show that Z,, = (z/}oo,iwoo,O) € 3 is a 0O-eigenvector of the extended
g-Hessian i.e.

§)¢,A-Eoo =0.
Using the fact that E is a pullback we deduce Eo, € E(0). This contra-
dicts the assumption (4.21). Theorem 4.7 is proved. O

Theorem 4.7 can also be rephrased as a spectral estimate.
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Corollary 4.8. There ezxist constants Yoo > 0 and 6o > 1 such that for any
irreducible adiabatic solution and any 6 > b the only eigenvalue of 04,45
in the interval [—vYo0,Yoo] S 0 and moreover the corresponding eigenvectors
span the space Ex(0) which is the tangent space at (¢, A) of the adiabatic
moduli space.

The spectral gap estimate can be used (in combination with the tech-
niques of [T]) to “reverse‘’ the adiabatic flow i.e. to reconstruct the solutions
of the original equations starting from the adiabatic ones. This may not be
a very useful thing to do since the adiabatic equations are better suited for
topological computations due mainly to the fact that they can be solved ex-
plicitly. Since they are (zeroth order) perturbations of the original equations
one will obtain the same results.
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