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CR automorphisms of real analytic manifolds in
complex space
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0. Introduction.

In this paper we shall give sufficient conditions for local CR diffeomor-
phisms between two real analytic submanifolds of CV to be determined by
finitely many derivatives at finitely many points. These conditions will also
be shown to be necessary in model cases. We shall also show that under the
same conditions, the Lie algebra of the infinitesimal CR automorphisms at
a point is finite dimensional.

Let M be a real analytic submanifold of CV¥. For p € M a CR wvector
at p is a vector of the form Zf;l cjaii,-’ ¢j € C, tangent to M at p. If M’

is another submanifold of CV, a mapping F : M — M’ is called CR if for
any p € M the pushforward F,X of any CR vector X on M at p is a CR
vector of M’ at F(p). In particular, the restriction to M of a germ of a
holomorphic diffeomorphism H from CV to itself is a CR map from M to
its image.

As in [BER1] (see Stanton [St1] for the case of a hypersurface), we shall
say that a real submanifold of CV is holomorphically nondegenerate if there is
no germ of a nontrivial vector field Z;Vzl ci(Z )3—%}, with ¢;(Z) holomorphic,
tangent to M. If M is holomorphically nondegenerate there is an integer
I(M), with 0 < (M) < N, called the Levi number of M (see §1) which mea-
sures the holomorphic nondegeneracy of M. If M is a Levi-nondegenerate
hypersurface then /(M) = 1. A connected real analytic submanifold is min-
imal almost everywhere if there is no germ of a holomorphic function whose
restriction to M is a nonconstant real-valued function. This coincides with
the notion of being minimal at most points in the sense of Tumanov [Tul].
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If M is a hypersurface which is holomorphically nondegenerate, then M is
minimal almost everywhere.
The following uniqueness result is one of the main theorems of this paper.

Theorem 1. Let M C CN be a connected, real analytic, holomorphically
nondegenerate submanifold of codimension d and Levi number [(M) such
that M is minimal almost everywhere. Then for all p € M outside a proper
real analytic subvariety of M the following holds. If M' C CV is another
real analytic submanifold with dimg M’ = dimg M, and F,G are smooth
germs at p of CR diffeomorphisms of M into M' such that in some local
coordinates x on M

gl dlalag
5 P) = 5a (p)

forall|a| < (d+1)I(M), then F = G.

(0.1)

Corollary. Let M be as in Theorem 1. Then for all p € M outside a
proper real analytic subvariety of M the following holds. If H is a germ at
p of a local biholomorphism of CN mapping M into itself and fizing p, with

OH; ol H; .
(0.2) a—ZZ(p) = bjk, azaJ () =0,1<j5k<N,2< e < (d+1)I(M),

then H is the identity map on M.

In fact, Theorem 1 also follows from the statement of the Corollary. In
case M is a Levi-nondegenerate hypersurface (i.e. d =1 and (M) = 1)
Theorem 1 reduces to the result of Chern-Moser [CM] that a germ of a CR
diffeomorphism is uniquely determined by its derivatives of order < 2 at
a point. Generalizations of this result for Levi nondegenerate manifolds of
higher codimension were later given by Tumanov-Henkin [TH], Tumanov
[Tu2]. More precise results for Levi nondegenerate hypersurfaces have been
given by Beloshapka [Be] and Loboda [L].

A smooth real vector field X defined in a neighborhood of p in M is
an infinitesimal holomorphism if the local 1-parameter group of diffeomor-
phisms exptX for ¢ small extend to a local 1-parameter group of biholo-
morphisms of CV. More generally, X is called an infinitesimal CR auto-
morphism if the exptX are CR diffeomorphisms. We denote by hol(M, p)
(resp. aut(M,p)) the Lie algebra generated by the infinitesimal holomor-
phisms (resp. infinitesimal CR automorphisms). Since every local biholo-
morphism preserving M restricts to a CR diffeomorphism of M into itself, it
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follows that hol(M,p) C aut(M, p). It follows from the work of Tanaka [Ta]
that hol(M, p) is a finite dimensional vector space if M is a real analytic Levi
nondegenerate hypersurface. Recently Stanton [St2] proved that if M is a
real analytic hypersurface, hol(M, p) is a finite dimensional real vector space
for any p € M if and only if M is holomorphically nondegenerate. In this
paper we prove more general results for any real analytic CR submanifold.
Recall that a real analytic submanifold M of CV of codimension d is CR if
M is locally defined by the vanishing of d real valued real analytic functions
P1,--- ,Pd, With linearly independent differentials, such that the linear span
of the complex differentials dp1, ... ,0pq is of constant dimension.

Theorem 2. Let M C CN be a real analytic, connected CR submanifold.
If M is holomorphically nondegenerate, and minimal almost everywhere then

(0.3) dimg aut(M, p) < co
for allpe M.

Theorems 1 and 2 are optimal in the sense that holomorphic nondegen-
eracy is necessary for the conclusions of Theorems 1 and 2 and that the
condition that M is minimal almost everywhere is necessary in model cases.
We have the following result.

Theorem 3. Let M C CV be a connected real analytic CR submanifold.

(i) If M is holomorphically degenerate, then for any p € M and any inte-
ger K > 0 there ezist local biholomorphisms F and G near p mapping
M into itself and fixing p such that

ol @
oz P) = 7= P)

for all|la| < K, but F # G on M. Furthermore, dimg hol(M, p) = oco.

(0.4)

(ii) If M is holomorphically nondegenerate but nowhere minimal then
for p in an open dense set in M either dimg hol(M,p) = oo or
dimg hol(M, p) = 0.

(i) If M is defined by the vanishing of weighted homogeneous polynomials,
and nowhere minimal then for any p € M and any integer K > 0 there
ezist local biholomorphisms F' and G near p mapping M into itself and
fizing p such that (0.4) holds for all |a| < K, but F # G on M. Also
dimg hol(M, p) = oo.
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The paper is organized as follows. In §1 we recall some results about
holomorphically nongenerate manifolds and Segre sets of a generic manifold.
In §2 we prove a result on uniqueness of CR diffeomorphisms, of which
Theorem 1 is a consequence. In §3 we study infinitesimal CR automorphisms
and prove Theorem 2. In §4 we prove Theorem 3 and also construct an
example to show that one can have dimg hol(M, p) = 0 even if M is nowhere
minimal. In §5 we make some remarks concerning the group Gj of local
biholomorphisms leaving M invariant and fixing a point p € M.

1. Preliminaries.

1.1. Holomorphic nondegeneracy and k-nondegeneracy
of real analytic CR submanifolds.

Let M C CV be a connected real analytic CR submanifold. We denote by
V the largest holomorphic submanifold in CV containing M with minimum
dimension. As in [BER1] we call V the intrinsic complezification of M. If V
is all of CV, then M is called generic. Thus any CR submanifold is generic
when considered as a submanifold of its intrinsic complexification. Recall
that M is called holomorphically degenerate at po € M if there is a germ of
a holomorphic vector field at pp which is tangent to M but not trivial (i.e.
not identically 0) on M. It can be easily checked that M is holomorphically
degenerate at pp as a submanifold of CV if and only if it is holomorphically
degenerate at py as a submanifold of V.

We say that M is holomorphically nondegenerate if it is not holomorphi-
cally degenerate at any point. In fact it is proved in [BER1] that if M is
holomorphically degenerate at one point, it is holomorphically degenerate
at every point.

Suppose M is a real analytic generic submanifold of CV and that M is
defined near py € M by p(Z, Z) = 0, where p = (p1, ..., pa) are real valued
real analytic functions with p(po, 7o) = 0 and 9p1 A ... A Opg # 0 near po.
Let L = (Ly,...,Ly) be a basis for the CR vector fields on M near pg. For
any multi-index a put L* = L{* ... Lg". Introduce, for j = 1,...,d and any
multi-index a, the vectors

(1.1.1) Via(Z,2Z) = L%pjz(2, Z),

where p;z denotes the gradient of p; with respect to Z. We say that the
generic real analytic submanifold M is k-nondegenerate at pg if k is the
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smallest positive integer for which the span of the vectors Vjq(po, o), for
j=1,..,d and |a| < k, equals CV. This definition is independent of the
coordinate system used, the defining equations of M, and the choice of basis
L. We say that a real analytic CR submanifold M is k-nondegenerate at
po € M if M is k-nondegenerate at pg as a generic submanifold of its intrinsic
complexification V.

If M is a connected CR submanifold of CV and V its intrinsic complex-
ification, then the CR dimension of M is the nonnegative integer defined
by

dimg M = dim¢V + CR dim M.

The following proposition is in [BER1, Proposition 1.3.1] for generic mani-
folds. Its extension to CR manifolds is immediate.

Proposition 1.1.1. Let M C CV be a connected real analytic CR sub-
manifold of CR dimension n. Then the following are equivalent.

(i) M is holomorphically nondegenerate.
(ii) There exists py € M and k > 0 such that M is k-nondegenerate at p;.

(iii) There exists V, a proper real analytic subset of M, and an integer
Il =1l(M), 0 < (M) <n, such that M is l-nondegenerate at every
peEM\V.

The number [(M) given in (iii) is called the Levi number of M.
1.2. The Segre sets.

In this section, we introduce the Segre sets of a generic real analytic
submanifold in CV and recall some of their properties. We refer the reader
to the paper [BER1] for a more detailed account (including proofs of the
main results) of these sets. Let M denote a generic real analytic submanifold
in some neighborhood U C CV of py € M. Let p = (p1,...pq) be defining
functions as above, and choose holomorphic coordinates Z = (Zi,... ,Zn)
vanishing at pp. Embed CV in C?V = C} x (CéV as the real plane {(Z,() €
C2N ¢ = Z}. Let us denote by prz and pre the projections of C*V onto
Cg and C?’ , respectively. The natural anti-holomorphic involution f in C2V
defined by

(1.2.1) "2,0)=(2)
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leaves the plane {(Z,¢) ¢ = Z} invariant. This involution induces the usual
anti-holomorphic involution in CV by

(1.2.2) CV 5 Zw pre(Ppr;}(2)) = Z e CV.

Given a set S in (C]g we denote by *S the set in (Cév defined by

(12.3) *S = pre(*prz'(9)) = {¢ { € 5}

By a slight abuse of notation, we use the same notation for the corresponding
transformation taking sets in (Cév to sets in (C%’ . Note that if X is a complex
analytic set defined near Z° in some domain @ C C§ by hi(2) = ... =
hx(Z) = 0, then *X is the complex analytic set in *Q C (Ci.v defined near
¢® = Z° by h1(¢) = ... = hx(¢) = 0. Here, given a holomorphic function
h(Z) we use the notation h(Z) = h(Z).

Denote by M C C2N the complexification of M given by

(1.2.4) M ={(2,¢) e C*N p(2,¢) = 0}.

This is a complex submanifold of codimension d in some neighborhood of 0
in C2V. We choose our neighborhood U in C¥ so small that U x *U c C2N
is contained in the neighborhood where M is a manifold. Note that M is
invariant under the involution § defined in (1.2.1).

We associate to M at pp a sequence of germs of sets Ny, N, ..., Nj, at po
in CN—the Segre sets of M at po—defined as follows. Put No = {po} and
define the consecutive sets inductively (the number jo will be defined later)
by

(1.2.5) Njy1 =prz (M n pl‘C_1 (*Nj)) = pryz (M n ﬁpI‘E1 (NJ)) .

Here, and in what follows, we identify a germ N; with some representative of
it. These sets are, by definition, invariantly defined and they arise naturally
in the study of mappings between submanifolds (see later sections in this
paper, and [BER1]).

The sets N can be described in terms of the defining equations p(Z, Z) =
0 (see [BERL, §2.2]), e.g.

(1.2.6) N1 ={Z p(Z,0) =0}
and

(1.2.7) N2 ={z3¢" p(2,¢") =0, p(0,¢") = 0}
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We have the inclusions
(1.2.8) NoCNiC..CN;C..

and jo is the largest number such that the first jo inclusions in (1.2.8) are
strict. (The Segre sets stabilize after that, and Njo4+1 = Njo42 = ... .) It
is shown in [BER]] that, in suitable coordinates (z,w) € C* x C¢ = CV
(so-called normal coordinates), the Segre set Nj, for j = 1,..., jo, can also
be defined as images of certain holomorphic mappings

(1.2.9) C" x CU=D" 5 (z,A) — (2,17(2,A)) € CV.

Thus, we can define the generic dimension d; of N; as the generic rank of
the mapping (1.2.9).

So far we have only considered generic submanifolds. If M is a real
analytic CR submanifold of CV, then M is generic as a submanifold of
its intrinsic complexification V (see §1.1). The Segre sets of M at a point
po € M can be defined as subsets of CV by the process described at the
beginning of this subsection (i.e. by (1.2.5)) just as for generic submanifolds
or they can be defined as subsets of V by identifying V near po with CX and
considering M as a generic submanifold of CX. It can be shown that these
definitions are equivalent.

The main properties concerning the Segre sets that we shall use in this
paper are summarized in the following theorem.

Theorem 1.2.1. Let M be a real analytic CR submanifold in CV, and let
po € M.

(a) Denote by W the CR orbit of po (i.e. the Nagano leaf or, equivalently,
the CR submanifold of M of smallest dimension, with the same CR
dimension as M, through py) and by X its intrinsic complezification
(see §1.1). Then the mazimal Segre set Nj, of M at po is contained
in X and Nj, contains an open subset of X, i.e. dj, = dimc X.

(b) There are holomorphic immersions Zy(to), Z1(t1), ..., Zjo(tj,) defined
near the origin,

(1.2.10) C% > tj — Z;(t;) e CV,
and holomorphic maps so(t1), .., Sjo—1(tjo),

(1.2.11) C% 3 tj > sj-1(t;) € Ch-1,
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such that Z;(t;) has rank d; near the origin, Z;(t;) € Nj, and such
that

(1.2.12) (2;(t5), Zj-1(sj-1(25))) € M,

for j =1,..., 0.

Proof. Part (a) is contained in [BER1, Theorem 2.2.1], and the mappings in
part (b) are constructed in the paragraph following [BER1, Assertion 3.3.2].
O

Remark 1.2.2.. The holomorphic immersion Z;(t;), j =0, 1, ..., jo, in part
(b) above provides a parametrization of an open piece of N;. However, this
piece of N; need not contain the point po. Indeed, N; need not even be a
manifold at pg.

Recall that a CR submanifold M is said to be minimal at a point pg € M
if there is no proper CR submanifold of M through py with the same CR
dimension as M. For a real analytic submanifold, this notion coincides with
the notion of finite type in the sense of Bloom-Graham [BG]. One can check
that if M is connected then M is minimal almost everywhere, as defined in
80 if and only if M is minimal at some point in the sense described above
(see e.g. [BER1, Lemma3.4.1]). The following is an immediate consequence
of the theorem.

Corollary 1.2.3. Let M be a real analytic generic submanifold in CN and
po € M. Then M is minimal at po if and only if dj, = N or, equivalently,
if and only if the mazimal Segre set at py contains an open subset of CN.

2. Uniqueness of CR diffeomorphisms.

The main result here is the following, which implies Theorem 1 as a
special case.

Theorem 2.1. Let M C CV be a connected real analytic, holomorphically
nondegenerate CR submanifold and let d be the (real) codimension of M
in its intrinsic complezificiation. Suppose that there is a point p € M at
which M is minimal. For any po € M there ewists a finite set of points
D1, ..., Dk € M such that if M’ C CV is another real analytic CR submanifold
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with dimg M’ = dimgr M, and F,G are smooth CR diffeomorphisms of M
into M’ such that

ol allg
o (P1) = S (7)

(2.1)

forl=1,..,k, and |a| < (d+ 1)I(M), then F = G in a neighborhood of pg
in M. If M is minimal at po, then one can take k = 1. If, in addition, M
is [(M)-nondegenerate at py, then one may take p; = py.

Remarks.

(i) The condition (2.1) can be expressed by saying that the (d + 1)I(M)-
jets of the mappings coincide at all the points pi, ..., Pk-

(ii) The choice of points p1, ..., px can be described as follows. Let Uy, ..., Uy
be the components of the set of minimal points of M in U, a sufficiently
small neighborhood of pp in M, which have po in their closure. For
each l =1,...,k, we may choose any p; from the dense open subset of
U, consisting of those points which are /(M )-nondegenerate.

Before we prove Theorem 2.1 we need some preliminary results.

Proposition 2.2. Let M, M’ C CV be real analytic CR submanifolds, and
po € M. Assume that M is holomorphically nondegenerate and generic, and
that M is (M )-nondegenerate at pg. Let H be a germ of a biholomorphism
of CN at po such that H(M) C M'. Then there are CV valued functions
U7 holomorphic in all of their arguments, such that

Ny
YAl

_ el i
(22) (Z):\Il7 Z1C1H(C)7 76_<a(<.)7 ’
where |a| < (M) + |y|, for all multi-indices v and all points (Z,() € M
near (po, Po). Moreover, the functions U7 depend only on M, M’ and

18l
2.9 o P 181 <101,

Proof. It suffices to prove (2.2) in any coordinate system of the target space
near py = H(po). If we choose normal coordinates for M’ at pjy then the
proof is exactly the same as the proof of Assertion 3.3.1 and subsequent
remarks in [BER1] (see also [BR1, Lemma 2.3]). O
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Proposition 2.3. Let M C CV be a real analytic, holomorphically non-
degenerate CR submanifold and po € M. Let X be the intrinsic complez-
ification of the CR orbit W of pp in M and d the codimension of W in
X. Assume that M is [(M)-nondegenerate at py. If H', H? are germs of
biholomorphisms of CV at po such that H' (M), H*(M) C M’, where M’ is
another real analytic CR submanifold with dimg M’ = dimg M, and such
that

ool H ol H2
5z (Po) = (Po);,  laf < (d+1)I(M),

24
(2.4) 379
then H|x = H?|x.

Proof. The intrinsic complexification of the CR orbit is contained in the
intrinsic complexification of M, and the notion of holomorphic nondegen-
eracy is independent of the ambient space. Similarly, the notion of I(M)-
nondegeneracy is defined in the intrinsic complexification. Hence we may
reduce to the case where M is generic; we shall assume this for the rest of
the proof.

Let Nj,j =0,1,...,jo, be the Segre sets of M at pg, and let Zy(p),...,
Zjo(tj,) be the canonical parametrizations of the N;’s and so(t1), ..., 8jo—1
(tj,) the associated maps so that

(2.5) (Zj+1(ti1), Zi(s5(tj41))) € M,

for all j =0,...,50 — 1 (see Theorem 1.2.1 (b)). In view of (2.4) and Propo-
sition 2.2, there are functions U7 such that both H! and H? satisfy the
identity (2.2) for (Z,¢) € M. Substituting (2.5) with 7 = 0 into this iden-
tity and recalling that Zy(tp) = po (i-e. it is the constant map), we deduce
that H! and H? as well as all their derivatives are identical on the first Segre
set N1. Note that since each N; is the holomorphic image of a connected
set, if two holomorphic functions agree on an open piece, they agree on all
of N;. By inductively substituting (2.5) into (2.2) for j = 1,...,50 — 1, we
deduce that the restrictions of the mappings H! and H?, as well as all their
derivatives, to the maximal Segre set IV, are identical. The conclusion of
the proposition now follows from Theorem 2.2.1 (a), since Nj, contains an
open piece of X. O

We now proceed with the proof of Theorem 2.1.

Proof of Theorem 2.1. By a change of holomorphic coordinates near pg
and by shrinking M, if necessary, we may assume that M is a real analytic,
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holomorphically nondegenerate, generic submanifold of CX, for some K <
N.

Let V be the set of points on M at which M is not minimal. This
is a real analytic subset and, since M is minimal at some point p, V is
also proper. Denote by Ui, ..., U those components of M \ V that have
po in their closure. Clearly, k is a finite number since M \ V is a semi-
analytic subset (a semi-analytic set is locally finite in the sense that only
a finite number of components meet each compact set). Also, since M is
holomorphically nondegenerate, M is [(M)-nondegenerate outside a proper
real analytic subset. Pick p; € Uy, for | = 1,...,k, such that M is [(M)-
nondegenerate at p;.

Since M is minimal in Uj, it follows from a result of Tumanov [Tul]
that for every compact set K; C U; both F' and G extend holomorphically
into an open connected wedge Q; in CK with edge on K. Also, since M’ is
CR diffeomorphic with M, it follows that the intrinsic complexification V'
of M’ has complex dimension K as well. Since M is I(M)-nondegenerate
at p; and hence also essentially finite at p; (see [BER1]), it follows that
both F' and G extend as biholomorphisms of some neighborhood of p; in
CK onto a neighborhood of F(p;) € M’ in V' (see [BJT]). It follows from
(2.1) and Proposition 2.3 that the holomorphic extensions of F' and G into
Q; are identical. Consequently, F' = G in U, and, since this is true for any
l=1,...,k, the theorem follows by continuity of the mappings. O

3. The infinitesimal CR automorphisms.

3.1. The minimal case.

We shall prove Theorem 2 in this section. Let X1, ..., X™ € aut(M, po)
be linearly independent over R. Let z = (z1,...,Zr) be a local coordinate
system on M vanishing at pp. In this coordinate system, we may write

I~ 0 - P
J — J = XI(r). =
(3.1.1) X ;X, (z) o Xi(z) 5

For y = (1, ...,ym) € R™, we denote by ®(t, z,y) the flow of the vector field
N1 X1+ ... + YmXm, i.e. the solution of

(3.1.2) Bt a,y) = T uiXi(0(t,2,y)
2(0,z,y) = =.
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By choosing 6 > 0 sufficiently small, there is ¢ > 0 such that the flows
®(t,,y) are smooth (C®) in {(t,z,y) € R1*™™ |¢| < 2, |z| < ¢, |y| < 6}
This follows from the identity

(3.1.3) O(st,z,y) = D(¢,z,8y), sER,

which, in turn, follows from the fact that the solution of (3.1.2) is unique
(the reader can verify that the left side of (3.1.3) solves the initial value
problem (3.1.2) that defines the right side of (3.1.3)). Denote by F(z,y) the
corresponding time-one maps, i.e.

(3.1.4) F(z,9) = 3(1,2,y).

Assertion 3.1.1. There is a §', 0 < § < 6, such that for any fized y1,yo
with |yt |y?| < &, if F(z,y') = F(z,y?) for |z| < c then necessarily y* =
2
y2.

Proof of Assertion 3.1.1. Note from (3.1.3) that, with the notation e; for
ith unit vector in R™,

oF d_ . o0 .
(3.1.5) 8—%(:1:, 0) = £[<I>(1,x, se;)]s=0 = E(O,m,ei) = X'(z).

Thus, denoting by X(z) the 7 X m-matrix with column vectors X%(z), we
have

(3.1.6) %I-;-(w,O) = X(x).

If J(z) = (J1(z), ..., Jr(x)) is a continuous mapping into R" for |z| < ¢ then
we put

, 1/2
(3.L.7) ()l = Sup (Z Jz(w)2>
zlse \i1=1

By Taylor expansion we obtain

(3.1.8) ||F(z,9%) — F(=z, %) > - Cly* - y',

OF
By @ y') - (4 —yh)

where C' > 0 is some uniform constant for |y*|, |y%| < 6. Now, by assumption,
the vector fields X!, ..., X™ are linearly independent over R. This means
precisely that there is a constant C’ such that

(3.1.9) 1X () - yll = C'lyl.
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Using (3.1.6), (3.1.9), the smoothness of F, and a standard compactness
argument, we deduce from (3.1.8) that the conclusion of Assertion 3.1.1
holds. O

Now, we proceed with the proof of Theorem 2. Denote by U the open
neighborhood of p on M given by |z| < c. We make use of Theorem 2.1 with
M replaced by U. Let py, ..., px be the points in U given by the theorem. By
choosing the number §’ > 0 in Assertion 3.1.1 even smaller if necessary, we
may assume that the maps x — F(z,y), for |y| < ', are CR diffeomorphisms
of U into M. Consider the smooth mapping from |y| < ¢’ into R* defined

by
laf
(3.1.12) y — (Q-—F—(pﬁ> € RH,

where | = 1, ..., k, and |a| < (d + 1){(M) (thus, the dimension y equals &k - 7
times the number of monomials in 7 variables of degree < (d+1)I(M)). This
mapping is injective for |y| < §’ in view of Theorem 2.1 and Assertion 3.1.1.
Consequently, we have a smooth injective mapping from a neighborhood of
the origin in R™ into R#. This implies that m < p and hence the desired
finite dimensionality of the conclusion of Theorem 2. O

3.2. The non-minimal case.

We shall prove a generalization of Theorem 2 for the case where M is not
minimal. Before stating this result, we need some notation. Let M C CN be
a real analytic CR submanifold, and let pg € M. Denote by Far(po) the ring
of germs of C*° real valued functions on M at py which are also CR, and
by Ga(po) the subring consisting of those that are real analytic, i.e. those
that are restrictions of the elements in Oy (pg) which are real valued on M.
If f is a representative of an element in Fas(po) then the restriction of f to
each CR orbit is constant. (Conversely, if f is a real-valued C*° function
near pp € M which is constant on the CR orbits then f € Fpr(po).) Hence,
if M is connected and minimal somewhere then Gyr(po) = Far(po) = R.
On the other hand, if M is non-minimal everywhere then it follows from
the Frobenius theorem that Gas(p) contains a non-trivial element if the CR
orbit of p has maximal dimension.

It is also easy to verify that aut(M, p) is a Fps(p)-module, and hol(M, p)
is a Gp(p)-module, for every p € M. Indeed, it is obvious that hol(M, p)
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is a Gar(p)-module, and the fact that aut(M,p) is a Fpr(p)-module is also
immediate from the following characterization of aut(M, p) (see e.g. [BR2]):
a smooth real vector field X on M nearp € M is in aut(M, p) if and only if

(3.2.1) [L,X]eL,

where L. denotes the space of smooth CR vector fields on M near p.
The following is a generalization of Theorem 2.

Theorem 3.2.1. Let M C CV be a real analytic, holomorphically nonde-

generate CR submanifold, and assume that M is everywhere non-minimal.
Then there is a dense open subset Qg C M such that aut(M,p) is a finitely
generated free Fpr(p)-module for p € Qq, and a dense open subset Qp C M
such that hol(M, p) is a finitely generated free Gpr(p)-module for p € Qp,.

We begin with a local description of generic manifolds which are every-
where non-minimal.

Proposition 3.2.2. Let M C CVN be a generic, real analytic submani-
fold of codimension d which is everywhere non-minimal, and let po € M
whose local CR orbit is of mazimal dimension. Then there are coordinates
(z,w',w") € C* x C49 x C? = CV, where q denotes the codimension of the
local CR orbit of pg in M, vanishing at pg such that M is defined by the
equations

3.2.2
( ) Imw” = 0;

{ Imw' = ¢(z,z,Rew’,Rew”)

here, ¢ is a real valued analytic function with ¢(z,0,s’,s") = 0. Moreover,
the local CR orbit of the point (z,w',w") = (0,0,s"), for s" € RY, is given
by

(3.2.3) { Imw' = ¢(z,%,Rew’, s")

wll — sll’

Proof. Since the local CR orbit of pg € M has maximal dimension, it follows
from the Frobenius theorem that there are hy, ..., by € On(po) such that

(3.2.4) Ohy A ... AOhg #0

near po, the restriction of each h; to M is real valued, and such that the CR
orbit of any point p1 near py is given by {p € M h1(p) = h1(p1), ..., he(p) =
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hg(p1)}. Thus, there are coordinates (Z’,w") € C"*¢=9 x CY, vanishing at
po, such M is contained in Imw” = 0 and such that the CR orbits on M
are given as the intersections between M and w” = s”, for s” near 0 € RY.
Since M is generic and contained in the flat surface Imw” = 0, we can
make a change of coordinates Z' = A(w")Z’, where A(w") is an invertible
(n+d— q) X (n + d — g)-matrix with holomorphic matrix elements in w”,
and write Z' = (u,v) € C® x C%9 such that M is given by

Imw” =0,

(3.2.5) { Imv = 4(u, %, Rev,Rew")

where ¥(u, @, s, s") is real valued, real analytic, and satisfies
oY oY
(3.2.6) $(0,0,0,8") = 52(0,0,0,58") = 35(0,0,0,8") = 0

for all s” € R? near 0. Now, we claim that we can actually find holomorphic
coordinates (z,w') € C* x C%~9 of the form

(3.2.7) { F=u

wl = f(u7 ’U’ w”)

such that M is defined by

— 5 / "
(3.2.8) { Imw' = §(z, 7 Rew, Rew')

Imw” =0,
where ¢(z, Z, ', s") is real valued, real analytic, and satisfies
(3.2.9) #(2,0,5',s") = 0.

This follows from [BJT, Lemma 1.1] in the following way. Consider only
the equation for Imv in (3.2.5) for a fixed s” = Rew”. Lemma 1.1 in [BJT]
asserts that there is a change of coordinates

(3.2.10) { F=u

w' = f(u,v;5"),

holomorphic in (u, v), such that the equation for Im v in (3.2.5) becomes the
equation for Imw’ in (3.2.8) and ¢ is as in (3.2.9). Moreover, the change
of coordinates is obtained by the implicit function theorem, so if we now
think of s” as a real analytic parameter in (3.2.5) we find that the change



306 M.S. Baouendi, P. Ebenfelt, and Linda P. Rothschild

of coordinates (3.2.10) is real analytic in s”. Hence, it can be extended
as a holomorphic change of coordinates of the form (3.2.7). This change of
coordinates coincides with (3.2.10) on Im w” = 0, and since M is contained in
Imw” = 0 the claim is proved. This completes the proof of the proposition.

O

The following is an easy consequence of Proposition 3.2.2 and the defi-
nition of k-nondegeneracy.

Corollary 3.2.3. Let M c CV be a real analytic, holomorphically nonde-

generate CR submanifold and p € M. If the local CR orbit W, of p is of
mazimal dimension then, for any integer k, M is k-nondegenerate at p if
and only if Wy, is k-nondegenerate at p. In particular, I(M) = I(Wp).

Proof of Theorem 3.2.1. We start by showing that for p in an open dense
subset 2, C M, aut(M, p) is a finitely generated free Fjs(p)-module. Denote
by W, the local CR orbit of any point p € M. Let Q! be the dense open
subset of points p € M such that the dimension of W), is maximal and such
that M is I(M)-nondegenerate at p. By Corollary 3.2.3, the CR orbit Wp,
for p € O}, is also I(M)-nondegenerate at p and (W) = I(M). Next, define
the following function on 2}

(3:2.11) a(p) = dimg (aut(M, p)lp/Tp(W)) ,

where aut(M, p)|, denotes the subspace of T,(M) obtained as values of the
vector fields in aut(M, p) and T,(W,) = aut(M, p)|,NTp(Wp). Let Q2 be the
set of points p € Q2 such that both dimg aut(M, p)|, and a(p) are maximal
in a neighborhood of p. Using the fact that the the CR orbits W for ¢ in a
neighborhood of p € Q} form a real analytic foliation of M, one can check
by elementary linear algebra that 2 is open and dense in Q2! and that a(q)
is constant for ¢ in a neighborhood of p.

Let us denote by aut(M, p)’ the subspace of aut(M, p) consisting of those
vector fields that are also tangent to Wy for all ¢q in a neighborhood of p. It
follows immediately from (3.2.1) that the restriction of any X € aut(M, p)’
to Wy, for ¢ in a neighborhood of p, is in aut(Wy, q). We define the following
function in 0}

(3.2.12) B(p) = dimg aut(M, p)'|w,,

where aut(M, p)'|w, denotes the subspace of aut(W), p) obtained by taking
restrictions to W, of the vector fields in aut(M,p)’. Let d denote the codi-
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mension of the maximal CR orbits in CV. It follows from Theorem 1 and
Corollary 3.2.3 that 0 < B(p) < p, where g denotes the dimgrM times the
number of monomials in dimg M variables of degree < (d 4 1)I(M), for all
p € QL. Clearly, if we have vector fields Y, ..., Yy on M that are tangent to
each Wy, for g near p € QL, and linearly independent over R as vector fields
on W, then they are also linearly independent over R on Wy, for all q in a
neighborhood of p. We let Q3 be the set of points p € QL for which B(p) is
maximal in a neighborhood of p. It follows easily that Q2 is a dense open
subset of Q} and that (5(q) is constant for q in a neighborhood of p.

Now, let Q, be the intersection of Q2 and 3 in Q. This is a dense
open subset of M, and we claim that aut(M,pg) is a finitely generated
free Far(po)-module for every pg € Q. Let X{,...,ij(po),Tl,...,Ta(po) €
aut(M,po) be such that the images of X{,...,X;,(po) in aut(M, po)'|lw,,
form a basis for that space, and the images of T1i,...,T4p,) in
aut(M, po)lpo/Tpo (Wpo) form a basis for the latter. As we noted above, the
images of these vector fields are linearly independent in the corresponding
vector spaces at every p in a neighborhood of pg. This implies that these
vector fields are linearly independent over the ring Far(po). To see this,
assume that there are cy, ..., Ca(pg), 41, -+, d(pg) € Fm(po) such that

B(po) - afpo)
(3.2.13) > diXi+ ) ¢T;=0.
i=1 j=1

Taking the image of (3.2.13) in aut(M, p)|,/Tp(Wp), for p near pg, and using
the fact that the X| are tangent to W), we deduce that ¢; = ... = cy0) = 0.
Then taking the image in aut(M,p)|w, and using the fact that the d; are
constant on Wp, we deduce that d; = ... = dg,) = 0. Hence, the vector
fields are linearly independent over Fs(po)-

It remains to prove that these vector fields generate aut(M,pg) as a
Fu(po)-module. Now, since both a(p) and B(p) are constant in a neighbor-
hood of po, it follows that the images of X7, ..., Xp,, + in aut(M, p)’|w,, form
a basis for this vector space for all p in a neighborhood of pgy, and similarly
for the images of T1, . .., Ty(p,)- Hence, the vector spaces aut(M, p)’|w, and
aut(M, p)|p/T,(W,) form C™ real vector bundles (not real analytic since
the coeflicients of these vector fields are merely C* functions) over M in a
neighborhood of pg. Thus, if we take any X € aut(M,py) and consider its
image in the latter vector bundle we obtain smooth real valued functions
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C1, -y Ca(pg) ON M such that

a(po)
(3.2.14) X'=X-Y oT;
=1

is tangent to W), for all p in a neighborhood of py. We claim that

(3.2.15) X' € aut(M, po)’
(3.2.16) C1y -y Ca(po) € Fnr(po)-

To verify this, we compute the bracket of X with a CR vector field L € L

a(po)
[L,X] = [L, XI] + Z (L, ¢; T
j=1
a(po)
=[L, X1+ ) 6L, Ty] + (Lcj)T;.
j=1

(3.2.17)

Since X, T1, ..., Tn(py) € aut(M,p), we know that
(L, X],[L,T1), ... ,[L, Tapy)] € L.

Also, since both X’ and L are tangent to W), for all p near po, (3.2.17)
implies that

a(po)
(3.2.18) > (Le))T;

j=1

is tangent to W), for all p near po. Since the images of T1, ..., Ty(p,) in the
vector space aut(M, p)|p/Tp(Wp) are linearly independent for p near pg, we
deduce that Lci(p), ..., Lea(pe)(p) = 0 for all p in a neighborhood of po.
Hence, (3.2.16) is proved, because L € L was arbitrary. Moreover, (3.2.15)
also follows because now (3.2.1) implies that [L,X’] € L. The claim is
proved.

To finish the proof of the first part of the theorem, we have to prove that
X' € aut(M,po)’ can be written

B(po)
(3.2.19) X'=Y" d;iXj,

i=1
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where dy, ..., dg(p,) € Fum(po). By taking the image in the real C'*° vector
bundle aut(M, p)’|w,, we obtain smooth real valued functions dy, ..., dgp,)
such that (3.2.19) holds. Since the values di, ...,dg(,) are unique as real
numbers on each CR orbit, it follows that each function d;(p) is constant on
the CR orbits near pg and, hence, d; € Fa(po). This completes the proof
of the statement that aut(M, po) is a finitely generated free Fps(po)-module
at every po € Q.

To prove the corresponding statement for hol(M,p) we define € in
complete analogy with €, replacing aut(M,p) by hol(M,p). The same
proof as above, mutatis mutandi, completes the proof of the statement
that hol(M,pg) is a finitely generated free Gpr(po)-module, since the vec-
tor bundles corresponding to those with fibers aut(M,p)|,/T,(Wp) and
aut(M, p)'|w,, replacing aut(M, p) by hol(M, p), are real analytic. We leave
the details of this to the reader. O

4. Proof of Theorem 3 and examples.

4.1. Proof of Theorem 3.

To prove Theorem 3, suppose first that M is holomorphically degenerate.
Then for any p € M there is a germ of a vector field X = Z;\l:l Cj(Z)%,
with ¢;j(Z) holomorphic, tangent to M near p with nonzero restriction to M.
Let h(Z) be any holomorphic function nontrivial on M with h(p) = 0 and
K a positive integer as in the statement of the theorem. Then the vector
field Y = Re(h(Z)%¥ X) is a nontrivial element of holg(M, pg) and vanishes
to order at least K at p. For ¢ > 0 small the CR mapping F' = exptY
extends to a local biholomorphism mapping M into itself with F(p) = p. It
is not hard to check that all derivatives of F' up to order K agree with those
of the identity mapping, I, yet F' # I on M. This proves (0.4) with G = I.

Next, we show that holg(}M, p) is infinite dimensional whenever M is
holomorphically degenerate, or everywhere non-minimal and homogeneous.
The proof of this in the case where M is holomorphically degenerate is
exactly the same as in the hypersurface case (see [St2]). If M is homogeneous
and everywhere non-minimal then there is a holomorphic polynomial h(z, w)
which is real valued and non-constant on M (see [BER1]). Also, there is
a non-trivial vector field X € hol(M,p) (e.g. the infinitesimal dilation;
see [St1]). The infinite dimensionality of hol(M, p) follows by noting that
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h*X € hol(M,py), for k = 0,1,..., are all linearly independent over R.
We note also that by considering the mappings exp(t h(z, w)¥X), we can
construct nontrivial local biholomorphisms which agree with the identity up
to any preassigned order.

Finally, we shall show that if M is not minimal almost everywhere
then for p € M outside an open dense subset if dimg hol(M,p) # 0, then
dimg hol(M, p) = co. Indeed, suppose the local CR orbit of p is of maximal
dimension. Then it follows from Proposition 3.2.2 that there is a holomor-
phic function h(Z) whose restriction to M is real and nonconstant. If X is a
nontrivial vector field in hol(M, p), then so is Xy = h(Z)*X for any positive
integer k. Since the X} are all linearly independent as vector fields over R,
it follows that dimg hol(M,p) = oo. This completes the proof of Theorem
3. O

4.2. A holomorphically nondegenerate, nowhere minimal
CR submanifold with hol(M,0) = {0}.

In Theorem 3, it is shown that for most points p € M, if hol(M, p)
contains at least one non-trivial element and if M is nowhere minimal, then
dimg hol(M, p) = oco. In this section we construct an example to show it may
happen that hol(M, p) = {0} for a holomorphically nondegenerate, nowhere
minimal CR submanifold M.

N. Stanton [St3] has given examples of real hypersurfaces with no (non-
trivial) infinitesimal CR automorphisms. We leave it to the reader to verify
that a slight modification of the argument of [St3] proves the following.

Proposition 4.2.1 ([St3]). Let M° C C? be the hypersurface defined by
(4.2.1) Imw = 270 + 2192 + (Rew)|2|2.
Then aut(M°,0) = {0} (and hence also hol(M,0) = {0} ).

We will use this to prove:

Proposition 4.2.2. Let M C C3 be defined by

(4.2.2) { Imw; = 2*2'% + 21%2* + (Rewi)|z[® + (Rewy)|z|*

Im wy = 0.

Then hol(M,0) = {0}.
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Remark. Note that M is holomorphically nondegenerate and nowhere
minimal. '

Proof. Assume that

X = a(z, w)a +&(2 u“))aaz

+b(z, w) + c(z, w) + c(z, 121)

+ b(z, w)i
(4.2.3) Owr
is in hol(M,0). This is the same as saying that the holomorphlc vector field

Y =a(z, w) 9 o+ a(x, 7') + b(z w)
(4.2.4)

- 8
+b(x, T )6 + ¢(z, w) + e(x, 7')——
in C® is tangent to the complexification M of M in C&
(4.2.5)
wy — 71 — 202410 + 2% —i(wy + 1)yt —i(we + 2)2%x2 =0
wg — 19 = 0.

Let us denote the first equation above by p(z,w,x,7) = 0. It is an easy
exercise to verify that if Y is tangent to M then b(z,w) and c(z,w) are
independent of z and real, i.e. b= b and ¢ = ¢. We will use the notation
b= b(w) and ¢ = c(w). We let

0

(4.2.6) Y' = a(z, w) 0 - +alx 7') (w)aiwl + 5(7)5.;

and
(4.2.7)  po(z,w1,x,71) =w1 — 11 — 2i(z4x10 +z x4) —i(w + T1)2:4X4

Note that pg = 0 is the defining equation of the complexification M° of M?
in C*. Applying Y to p, we obtain
(4.2.8)
(Yp) (Z, w, X, T) = (Y,pO)(z’ w, X, T) - 2ia(z7 'lU) (’LU2 + 7'2)ZX2
— 2ia(x, 7) (wa + 12)22x — i(c(w) + ¢(7))2%x?

Since Y is assumed tangent to M, this expression is 0 on M. We can solve
for 7 in the defining equations of M and obtain

(4.2.9) 1 = Qo(X, 2, w1) + O(ws), T2 = wa,



312 M.S. Baouendi, P. Ebenfelt, and Linda P. Rothschild

where 71 = Qo(x, 2, w1) is the defining equation of M in C* and O(wy)
denotes, as usual, terms that contain the factor wy. We have also substituted
To = wy in the first equation. Let us write (4.2.9) as 7 = Q(x, z, w) for short.
Note that Q(0, z,w) = Q(x,0,w) = w and Qo (0, z,w1) = Qo(x, 0, w1) = w;.
Substituting in (4.2.8) we obtain

(4.2.10)
(Y po)(z, w, x, Q(x, z,w)) =
dia(z, w)wezx? + 4ia(x, Q(x, z, w))wzz?x + i(c(w) + c(Q(x, 2, w)))22x>.

Let us expand the holomorphic vector field Y’ (z, w1, w2, X, 1, w2) in wy. We
obtain

1)
(4211) Yl(z7w1,w2,X, ’7'1,1.1)2) = Z },Ic,(z,whx, Tl)w§7
k=ko

where each Y} is a holomorphic vector field in the variables (z,w1,x,71)
and where in particular the vector field Y,;O is not identically 0; we as-
sume here, in order to obtain a contradiction, that Y’ is not identically 0.
Note that, since kg is assumed to be the lowest order in the expansion of
Y'(z, w1, w2, X, T1,ws), the coefficients a(z, w1, ws) and b(wi,ws) have to be
divisible by wé’" (ko could, of course, be 0). We expand a, b, ¢ in wy as follows
(4.2.12)

a(z,w) = Y ap(z,w)wh, blw) = > bp(wi)wh, c(w) = cx(wr wj.
k=0

k=ko k=ko

Identifying the coefficients of the lowest order term in wy (i.e. of w°) in
(4.2.10), using the fact that

Q(X’ 2, w) = (QO(Xa 2, wl) + O(w2)1 w?)a

we find
(4.2.13)

(Yléop())(za w1, X, QO(X’ 2, wl)) = i(Cko('wl) + cko(QO(X, 2, wl)))zzxz'

Now, it is easy to see that the expansion of the left hand side in terms of z

and x does not contain a term with 2%x2. The expansion of the right hand

side contains the term

(4.2.14) Qicg, (w1)22x 2.
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Thus, we must have ¢, (w;1) =0 and

(4.2.15) (Yi,p0) (2, w1, X, Qo(x, 2, w1)) = 0.

The latter implies that the vector field Y} in C* is tangent to MO or,

equivalently, that the vector field X, ko 1D C?, obtained by formally replacing
x by z and 7; by w; in Yk , is tangent to M°. Now, X/ ko is the real part of
a holomorphic vector field so, since X}, is tangent to M°, X; € hol(M?°,0)
and hence X = 0 by Proposition 4.2.1. This contradlcts the fact that Y,C

was assumed 5:‘ 0. Consequently, Y’ is identically 0. That means Y has to
be of the form

0

(4.2.16) c(w)——a~ +c(T pre

8w2

It is easy to check that this implies ¢(w) = 0 as well. This completes the
proof of Proposition 4.2.2. O

5. Remarks.

We shall restrict our remarks to the case where M is a generic manifold.
For any p € M we let G, denote the set of germs H of biholomorphisms
near p, with H(M) C M and H(p) = p. It is easy to see that the set G,
forms a group under composition of mappings. We have the following.

Theorem 5.1. Let M be a real analytic, holomorphically nondegenerate,
generic submanifold of CN which is minimal at some point. For allp € M,
there is a unique topology on the group Gj, with respect to which it is a Lie
group whose Lie algebra is hol(M, p).

This theorem follows from a slight modification of the proof of Theo-
rem 3.1 of Kobayashi [K, p.13], by making use of Theorem 2. Indeed, if
dimg hol(M, p) is finite, the exponential of holg(M, p) (those vector fields in
hol(M, p) that vanish at p) is a connected Lie group Gg which is a normal
subgroup of Gp. (The vector fields in holy(M, p) can be integrated for all
time in the sense of germs.) One may then impose the unique topology
on Gp for which G,/ Gg is discrete. However, there is a natural topology
for the group G) obtained by regarding G, as a subspace of the space of
holomorphic mappings. Also, using Corollary of §0, one can embed G, as a
subgroup of the group of invertible (d + 1)I(M)-jets from which it inherits
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a topology. In general one does not know if these three topologies coincide.
This question will be addressed in future work [BER2].
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