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Eigenvalue inequalities for graphs and convex
subgraphs

F.R.K. CaHUNG! AND S.-T. Yaul

For an induced subgraph S of a graph, we show that its Neu-
mann eigenvalue Ag can be lower-bounded by using the heat kernel
Hi(z,y) of the subgraph. Namely,

AS > _}_ Z 1nf Ht(mv y)\/(z
€S ves \/d_y

2t

where d; denotes the degree of the vertex z. In particular, we de-
rive lower bounds of eigenvalues for convex subgraphs which con-
sist of lattice points in an d-dimensional Riemannian manifolds M
with convex boundary. The techniques involve both the (discrete)
heat kernels of graphs and improved estimates of the (continuous)
heat kernels of Riemannian manifolds. We prove eigenvalue lower
bounds for convex subgraphs of the form ce?/(dD(M))? where €
denotes the distance between two closest lattice points, D(M) de-
notes the diameter of the manifold M and c is a constant (inde-
pendent of the dimension d and the number of vertices in S, but
depending on the how “dense” the lattice points are). This eigen-
value bound is useful for bounding the rates of convergence for
various random walk problems. Since many enumeration problems
can be approximated by considering random walks in convex sub-
graphs of some appropriate host graph, the eigenvalue inequalities
here have many applications.

1. Introduction.

We consider the Laplacian and eigenvalues of graphs and induced sub-
graphs. Although an induced subgraph can also be viewed as a graph in
its own right, it is natural to consider an induced subgraph S as having a
boundary (formed by edges joining vertices in S and vertices not in S but in
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the “ host ” graph). The host graph then can be regarded as a special case
of a subgraph with no boundary.

This paper consists of three parts. In the first part (Section 2-5), we
give definitions and describe basic properties for the Laplaciar. of graphs.
We introduce the Neumann eigenvalues for induced subgraphs and the heat
kernel for graphs and induced subgraphs. Then we establish the following
lower bound for the Neumann eigenvalues of induced subgraphs.

Theorem 1: Fort > 0,

1 . Ht(way) da:
(1) As > =Y inf R0V

where the detailed definitions for the eigenvalue Ag, the heat kernel H; and
the degree d, will be given later.

In the second part (Section 6-9) of the paper, we focus upon convex
subgraphs. Roughly speaking, a convex subgraph has vertex set consisting
of lattice points in a Riemannian manifold with a convex boundary. Our
plan is to use the (continuous ) heat kernel of the convex manifold to lower-
bound the (discrete) heat kernel of the induced subgraphs. To this end, we
will derive an improved estimate for heat kernels of Riemannian manifold
with convex boundary. Although this result is heavily motiveted by the
discrete problems, it is of independent interest as well. As we shall see, the
discrete problems often contain additional variables, such as the number of
vertices. The (continuous) heat kernel estimates in the literature usually
involve constants depending (exponentially) in the dimension of the mani-
fold. The dimension of the manifold are intimated related to the number of
vertices. Consequently, such lower bounds are often too weak and too small
for applications in discrete problems. In Section 9, we derive estimates with
constants independent of the dimension using and strengthening a theorem
of Li and Yau [8] for lower bounds of the heat kernel of a convex manifold.
Under some mild conditions (e. g. the lattice points are “dense enough”),
we can use the results in the continuous case to obtain eigenvalue bounds

for convex subgraphs:

ce?

(d D(M))?

where € denotes the distance of two closest lattice points, d is the dimension
of the manifold M that S is embedded into, D(M) denotes the diameter of
M and c denotes an absolute constant (see Section 9 for details). Usually,
the maximum degree k of the convex subgraph is about d. The diameter

As >
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D(S) of the convex subgraph S is between D(M)/e and vVdD(M)/e. So, we
have a lower bound for Ag of the form ¢/(kD(S))? for a general graph and
of the form ¢/kD(S)? for some graphs.

In the third part of the paper (Section 10), we discuss the relationship of
Neumann eigenvalues to random walk problems. In particular, we introduce
the Neumann random walk in an induced subgraph of a graph. We also
generalize all the results to weighted graphs with loops. The eigenvalue lower
bound then can be used to derive upper bounds for the rate of convergence
for these random walks.

In the last section, we briefly discuss the applications of random walk
problems to efficient approximation algorithms. In particular, we discuss the
classical problems of approximating the volume of a convex body and also
the problem of sampling matrices with non-negative integral entries having
given row and column sums. We will use our eigenvalue inequalities to derive
polynomial time upper bounds for the sampling problem which can then
be used to derive efficient approximation algorithms for the enumeration
problem. Since many sampling and enumeration problems often involve
families of combinatorial objects which can be regarded as vertices of convex
subgraphs of some appropriate host graphs, the eigenvalue bounds and the
methods we describe here can be useful for many problems of this type.
There are many recent developments [7, 10, 11] in approximating difficult
counting problems by using the methods of random walks. The heat kernels
and eigenvalue bounds in this paper offers a direct approach for bounding
the eigenvalues. A number of applications in this direction will be discussed
in [4].

We remark that in this paper we mainly consider Neumann eigenval-
ues because of the relationship with random walks. Results on Dirichlet
eigenvalues will be described in a separate paper with different applications.

2. Preliminaries.

We consider a graph G = (V, E) with vertex set V = V(G) and edge
set E = E(G). Let d, denote the degree of v. Here we assume that G
contains no isolated vertices, no loops or multiple edges (the generalizations
to weighted graphs with loops will be discussed in Section 10). We define
the matrix L with rows and columns indexed by vertices of G as follows.

dy, ifu=nv,
L(u,v) = ¢ —1 if u and v are adjacent,

0 otherwise.
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Let T' denote the diagonal matrix with the (v, v)-entry having value d,,. The
Laplacian £ of G is defined to be

L=T"12L7-1/2,
In other words, we have

1 ifu=w,

1
L(u,v) =< — N if u and v are adjacent,
u“v
0 otherwise.

The eigenvalues of £ are denoted by 0 = Ag < A\ < -+ < Ap—1. When G is
k-regular (i.e., d, = k for all v), it is easy to see that

1
E-—I—EA

where A is the adjacency matrix of G.
Let g denote a function which assigns to each vertex v of G some complex
value g(v). Then

(9,Lg) (9, T~Y2LT~1/2g)

(9,9) (9,9)
__hLH
- (T1/2f, T1/2f)

> (F(w) = f(v))?

@ | = o

> duf(v)?

v
where f satisfies ¢ = TY/2f and the inner product is just (fi, fo) =
>z f1(z) fa ().

Let 1 denote the constant function which assumes the value 1 on each
vertex. Then T7/21 is an eigenfunction of £ with eigenvalue 0. Also,

S () — £())?
®) SR STe
Z(f(u) — f(v))?

Zd f(v) —¢)?

1nf sup
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S(5-%)

. u~v
= in =

glTi/21 Yy " g(v)?
v

Various facts about the A; can be found in [5]. In particular, an eigenfunc-
tion g having the eigenvalue A satisfies, for all v € V(G),

1 glv) gu)\ _
Eg‘”*m:;(«—d—fﬁ”g‘”

u~Y

3. The Neumann eigenvalues of a subgraph of a graph.

Let S denote a subset of the vertex set V(G) of G. The induced subgraph
on S has vertex set S and edges {u,v} of E(G) with u,v € S. We will
often denote the induced subgraph on S also by S. There are two types of
boundaries of S. The edge boundary, denoted by 95, consists of edges with
one endpoint in S and the other endpoint not in S. The (vertex) boundary of
S, denoted by 65, is defined by 6S = {v e V(G) : v € S and {u,v} € E(G)
for some v € V(G)}. Let S’ denote the union of edges in S and edges in
8S. For a vertex z in 65, we let d/, denote the number of neighbors of z in
S. We define the Neumann eigenvalue of an induced subgraph S as follows:

Y. (f@) - f(y)”

3 {-’l’yy}ES’
(4) As = inf
f 2
Y ses f(@)dz=0 Z f (m)d:c

€S

> (f(@) - f)?

= inf sup foa}es”
e ) (f@) - ¢)’dy

€S

In general, we define the i-th Neumann eigenvalue Ag; to be

> (fla) -

Asi =inf sup fzgyes
freci Y (f(@) - f(x))ds

€S
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where Cy is the subspace spanned by functions ¢; achieving As,j, for 0 <
J < k. Clearly, Aso = 0. We use the notation that Ag; = As.

From the discrete point of view, it is often useful to express the Ag; as
eigenvalues of a matrix Lg. To achieve this, we first derive the following
facts:

Lemma 1. Let f denote a function f : SU S — R satisfying (4) with
eigenvalue A. Then f satisfies:

(a) forz e S,
Lf(z)= D (f=) - f®) = Af(z)da,

{zytes’
(b) for z € 68,
Lf(z)=0
This is the so-called Neumann condition thdt x € 6§ satisfies

>, (f@-f@)=0

Yy
{z,y}€dS

or, equivalently,

f@=a Y f)

y
{z,y}€dS
(c) for any function h: SUSS — R, we have

Y h@Lf(z)= >, (Mz)-h()) - (f(=) - f(v)

zeS . {z.y}es’

We remark that the proofs of (a) and (b) follow by variational principles
(cf. [5]) and (c) is a consequence of (b).

Using Lemma 1 and equation (4), we can rewrite (4) as follows by con-
sidering the operator acting on the space of functions {f : S — R}, or the
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space of functions {f : SU6S — R and f satisfies the Neumann condition}.

> f(z)Lf(z)
(5) Ag= inf
5 1o 2 (@)da
€S
> g(x)Ly(x)
s 3 (o)
z€S
- (9, Lg)s

T glr21 (g, 9)s

where L is the Laplacian for the host graph G and (f1, fa)s = Z fi(z) fa(z).

z€S
For X C V, we let Lx denote the submatrix of L restricted to columns

and rows indexed by vertices in X. We define the following matrix N with
rows indexed by vertices in S U 6S and columns indexed by vertices in S.

1 ifz =y,

0 ifz € S and z #y,

1

7 ifzeédS,ye Sand z~y,

T
0 otherwise.

N(z,y) =

Further, we define an |S| x |S| matrix
Ls =T YV2N*Lg sgNT /2

where N* denotes the transpose of V.
It is easy to see from equation (5) that the Ag; are exactly the eigenvalues
of Ls.

4. The heat kernel of a subgraph.
Suppose for a graph G and an induced subgraph S of n vertices of G,

we write the Laplacian of § in the form:

n—1
L=Ls=) NP
=0
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where P; is the projection of £ to the i-th Neumann eigenfunction ¢; of the
induced subgraph S.- The heat kernel H; of S, for ¢t > 0, is defined to be
the following n X n matrix:

Ht = Z 6_’\itPi

t2
=I—t£+5£2—...

In particular, Hp = I. In the special case that S is taken to be the vertex
set of G, Hy is the heat kernel of the host graph G.
For a function f : SUJS — R, we consider

(6) F(t> IL‘) = Z Ht(mvy)f(y)
yESUSS
(7) = (Hif) ().

Here are some useful facts about F' and H;.

Lemma 2.

() F0,2) = fz)
(ii) Forz € SU6S,

Z Ht(x)y)\/d_ = \/a

yeSUsS

(iii) F satisfies the heat equation

oF
i —LF

(iv) For any vertex x in 6S,

2) = Fto) Flty)) _,
£ {?}( )
:B,y
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(v) For any function G : R x V — R, we have

Gltz) _ Glhy)\ (Flto) _ Fliy S F(a
> (S-S (- ) - pewacrua

{z,y}es’

Proof. (i) is obvious and (ii) follows by considering the function 7%/21 as
the function f in (6):

ZHt(x,y)\/d—y = (H,T?1)(z)

=T'?1(z)
= \/dg
To see (iii) we have
OF 0
ot ot
_0 u
_.Eﬁe f
=—LF

The proof of (iv) follows from the fact that all eigenfunctions ¢; with
corresponding Fj in (6) satisfy (iv).
To prove (v), we have

> G(t,z)LF(t,z) = Y  F(t,z)T2LT ?F(t,x)

€S z€S

_~Gl2) Flt,z)  F(t,y)
-S| > (V-
o€ {z,y}eS’

G(t, z) (F(t, z) F(t,y>>
xgéiS AVEZ ﬁE%ig VE; Vr;
— 2{: ny>) F’%ﬂﬂ _ ny>ﬂ

S Va )\ V& T V4

{my}GS’

by using (iv).
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Lemma 3. For all z,y € SU6S, we have Hi(z,y) > 0.

Proof. The matrix M = I — £ has all entries non-negative. Therefore et™

has all non-negative entries. Since

Ht — e—tetM ,

all entries of H; are non-negative. Lemma 3 is proved.
5. An-eigenvalue inequality.

In this section, we will prove the following inequality involving the eigen-
value Ag of an induced subgraph S with a heat kernel Hi(z,y).

Ag > 1 Z inf Hy(z,y)Vds
2t mesyes A /dy

To do so, we consider a given function f : SU§S — R, and we define

2
®) o(z,t) = 3 Hil,y)y/ddy (% - 5&%”) .

yesS

where F(t,z) = Hy f(z). By using Lemma 2 (ii), we have

9) 9(z,t) =Y Hy(z,y)\/ds/dy f*(y) — F*(t, )

yeS

By summing over z in S, we obtain

S g@,t) =D Hi(w,y)y/de/dy f2(y) = > F2(t, )

€S T€S YeS €S
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Using Lemma 2 (i),(ii), (iv) and (v), we get

Y otm) =Y f2y) - Y F(ta)

€S yeSs €S

/ds ZF2(sx

€S

/ ZF(S x F(s,:c) ds

€S

= 2/ ZF(s,x),CF(s,x) ds

0 €S

t S$,T S,
10 =2/0 > (F\(/_) F\(/_y)) s

{z,y}es’

We claim that for any ¢ > 0, we have

w2 () = 3 (8-)
:c xz Y

{zyles’
To see this, we consider

2
i F(t,z) F(ty)
>, (V- )

{zy}es’

{my}es’
=2 ¥ Ft,z) Fly)\[(dFQEz) dFQEy)
B (oo Nz Vi, J\dt va; —dt \/d,
_ d F(t z) F(t,z) F(ty
=2 T (V)
o€ {z,y}ES’
=2 Z F(t T)LF(t, )
zGSUtSS
=-2)" th(t x) - th(t x)
z€S
= -2 F(t,z)
> (§r6)

<0

585
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Therefore
2 2
F(t,m>_F(t,y)> < (F(O,x>_F<o,y>>
2R s (T
() f(y)>
{zg}gS’(\/_ \/_

Thus, Fact 1 is proved.
Substituting the inequality of Fact 1 into (10), we obtain

F(s,z) F(s,y) 2
Zg(tm)~2] > <\/_ \/_>d

zeS {z,y}es’
flz) _ f)
(11) <2 Yy, ( )
{z,y}es’ \/— \/—

In the other direction, we consider the lower bound:

2
Ft,zx
Zg<t,x)—zzﬂt(w),r—dd({/@_ \(/d_>)

€S TES YyeS
. F(t,.’E) 2
> mez; (;relgHt(w ) \/>) y;s( i )“dy
e H@VE (o (W) Y
(12) Zm%(ye.fs NS ) (cellf& g (dy ) dy)

Combining (11) and (12), we have

2
fle) _ fly) o Hy(z,y) Vs
2 («d—x \/d_y) 2=
>

{z.y}es’ €s

c Z M_c 2d - 2t
yeS \/E; !

From the definition in (3), the left-hand side of the above inequality is exactly
As. Therefore we have proved the following:
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Theorem 1. The Neumann eigenvalue Ag for an induced subgraph S sat-
‘isfies

g > 1 Z inf Hy(z,y)Vdy

- 2t mESyES ,/dy

6. Bounding eigeinvalues using the heat kernels.

In this section, we will discuss various techniques of using the eigenvalue
inequality in Theorem 1. To lower bound \g, one approach is to find some
other function to serve as a lower bound for H;. We will describe several
sufficient conditions for establishing lower bounds for H;.

Let k denote a function

E:RxVxV—-R
For convenience, we will sometimes suppress the variable y and write
k(t, z) = k(t,z,y)

for a fixed y. Suppose k satisfies the following three conditions (A), (B) and
(C), for a fixed e > 0 and t > 0.

(A) ;%k(t,x) < —Lk(t, x) + €k(t, x)

(B) k(¢,z,z) =1 and k(¢/,z,y) =0 for z,y € S and = # y.
(C) For all z € 68,

Z <k(ta CL‘) _ k(t,.’l)l)> <0
z'es \/Et:- Vv d:z’ -
{z,z'}es’

Theorem 2. Suppose S is an induced subgraph with the heat kernel Hy. If
k satisfies (A),(B) and (C) for fized € and for allt > 0, then for z,y € S,
we have

Ht(.’l),y) > k(t,.’l),y) e.‘et

Proof. Suppose we define

Tl(ta z, y) = eeth(xa y)
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Then we have

O~ o~
(13) gh = ch—Lh

Using (B), we find:

t
8 ~
»/0 5—8- Z h(t - 8,, z)k(s) 2, y)dS

z€S
= [h(0,,2) - k(t, z,y) — h(t,z, 2) - k(0, 2,)]

zeS
= k(t,z,y) — h(t, z,y)

Therefore, for fixed = and y in S, we have

—~ t -~
=Bl a,0) + k6 2,0) = [ 5 Bt 5,3,2)k(s,2,0)ds
0 aS
2€8
</tz ?—Tz(t—s x,2) - k(s,z,y) + h(t — s,z z)~£k(s z,9)| ds
f— 0 38 }) ) b b ) b 83 b })
2€S

t —~ —~
< / 3 [[,zh(t — 5,2,2) - k(s, 2,y) — eh(t — s, z, 2)k(s, 2,)

0 zes

ARt 5,7,2) k(s y>] ds by (13)]

< /ot [Z L h(t — s,2,2) - k(s,2,y) — Zﬁ(t —832) Lak(s, 2, y)] “

2€S zeS
[by (A)]

Since the Neumann condition implies

L,(t—s,z,2)=0



Eigenvalue Inequalities for Graphs and Convex Subgraphs 589

for z € 65, the above sum is equal to

/t L Z ,Cz’l;(t —8,2,2) - k(s,2z,y) — Zﬁ(t —s,z,2) - L;k(s, 2, y)] ds
0

€eSuUsS z€S

_ /t Z Tl(t—' 3,33>Z) _ Tb(t— 3,33,»3,) . (k(s’z7y) _ k(s,z’,y))
0 {z,2'}eS’ \/d_z \/d_z' \/d_z \/d—z;

- Zﬁ(t —8,%,2) - L,k(s, z,y)] ds

2€8
t h(t—s,z,2) k(s,z,y) k(s,2,y)
— b) b) ) ) _ ) ) ds
{z,2'}es’
<0

where the last inequality follows from the fact that h > 0 and the last term

Z k(S,Z,y) _ k(sazl7y)
2'eS vV dz!
{z,2'}eS8’
is < 0 by using condition (C). Therefore we have

R(t,z,y) > k(t,z,y)

as desired. The proof of Theorem 2 is complete.
We now consider a modified version of (B). For some €' > 0,

(B") k(¢,z,z) =1and k(¢ ,z,y) <€'\/dydy, forz,yeSandz#y.

Theorem 3. Suppose S is an induced subgraph with the heat kernel Hy.
If k satisfies (A),(B’) and (C) for fized €,€,€"” and for all t > €, then for
z,y € S, we have

Ht—e’(x> 3/) + ¢ vV dzdy > k(t,.’l}, 3/) e
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Proof. We follow the proof of Theorem 2. By (B’), we have:
t o R
/e’ 55 ZEZS h(t — s, z, 2)k(s, z,y)ds

= Z[Z(O, T,2) - k(t, z,y) — h(t — €, 2, 2) - k(€, z,y)]
zeS

> k(t7 z, y) - E(t - ela z, y) - Zﬁ(t - ela z, Z) V dyd;
z

> k(t,z,y) — ht — €, 2,y) — €' /dadyet=)

by using the fact that Z Hy(z,y)\/dy = \/dz. Therefore, for fixed z and y

y
in S, we have

—h(t—¢€,z,y) + k(t, z,y) — e”\/dxdyee(t“el)
t o -
< /E s Z h(t — s,z, 2)k(s, z,y)ds

' z€S
</tz 2ﬁ(t—smz)-k(sz )+?L(t—sxz)~—6-k(sz ‘b}ds
-_— E, GS as b ) » y ) b as b 7y,
t ~ ~
< / Z [Ezh(t -5, Z) : k(S, 2, y) - Gh(t -5, z)k(s, 2, y)
€ zes
+h(t — s,z z)%k(s,z,y)] ds [by (13)]
t [ —~ —~
< / Z L:h(t—s,z,2) - k(s,2,y) — Z h(t — s,z,2) - L k(s, 2, y)} ds
¢ lzesuss z€8
[by (A)]
_ / 3 h(t—s,2,2) h(t—s,3,7)) <k<s, %y) k(s 2, y))
54 (z,7'}es’ \/d—z vV dz’ \/d—z Vv dz’

- Zﬁ(t —8,z,2) - L:k(s,z, y)] ds

2€S

t h(t—s,z,z) k(s,z,y) k(s Z,y)
— _ b b ds
~/e’ z%;q Vd, Z,Z:Gg v, dy
{z,2'}eS’

<0
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Therefore we have

Hy_a(z,y) + €'\/dedy > k(t, z,y)e

Next, we consider the following variation of condition (A):
(A" %k(t, z) < —Lk(t,z) + z—gk(t, z)  for t satisfying to >t > €.

Theorem 4. Suppose S is an induced subgraph with the heat kernel Hy.
If k satisfies (A”),(B’) and (C) for fized to,€o,€,€" and for all to >t > €.
Then for x,y € S, we have

Hyy—e(2,y) + €'/dzdy > (1 — €")k(to, 7, y) e—3eo/€

Proof. We consider the following function
h(t,z,y) = €30/ o+ 2D f,(5, )

Then we have

0 3ep . -

(14) Fri (to+2¢ —8)2° Lh

The following calculation is similar but slightly different to that in the
proof of Theorem 3. For t satisfying to >t > €/, we have

— h(to — €, z,y) + k(to, 2, y) — €"\/dpdyd®°/*
to
/ o zh —s,,2)k(s, z,y)ds
zeS
P>

[ h(to — s,2,2) - k(s, 2,9) + h(to — s, , z) (s,z, y)] ds
¢ zes

<[>

¢ es

[L‘ h(to — s,z,2) - k(s,2,y) — h(to — s,x, 2)k(s, 2,9)

T

+h(ty — s, z, z)——k(s, z, y)] ds

to
/ Z E Jh(to — s,2,2) - k(s, 2 y)——h(to—s z, 2)k(s, z,y)

¢ es

+h(to — s, z, z) k(s z, y)] ds
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to _
S/ [ Z ﬁzh(to—s,fl?,Z)‘k(S,Z,'y)

zEeSUSS

— Z h(to — s, z, z) - L k(s, z,y)] ds

z€S
B /to Z (ﬁ(to = $,1,2) h(to — s, z, z’))
¢ | v, Vi
k(s,z,y) k(s,zlyy)> 1
. — — Y h(to—s,z,2) - L,k(s,2,y)| ds
( - - S ) - Lk(s, 2,1)
_ /to Z }_L(t() -8, Z) Z k(s,z,y) _ k(37zl7 y) dS
e 2668 \/d_z. Z'ES \/‘E de’
{z,2'}es’
<0

Therefore we have
Hto-—e' (SE, y) + 6” V dmdy 2 k(t7 z, y)e_360/€/

and Theorem 4 is proved.
We consider another variation of condition (C):

forz e S.

, k(t,z) k()| ekt z)Vds
(") Ex: VY-l E ey

{z,2'}es’

Theorem 5. Suppose k satisfies (A’), (B’) and (C’) for fized to, €, €', €”
and all t satisfying to >t > €. Then, we have

’

2c€; .
, " > _ : —3eg /€
Hiy—o(z,y) + € y/dedy > (1 \/t_o_) |toII1;|I§e’ k(s,z,y)e

provided for some ¢ > 1, c'e; /vty < 1/4 and forty >t > €,

(15) S Kt 5,2, 2)k(5,,9) < Sh(t,2,9)
z€08

forz,y e S.
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Proof. Suppose the contrary. Following the proof of Theorem 4, we have

ll_l(to - el’ I, y) - k(ty z, y) + 5”\/ da:dyCBEO/EII

to h(to — s,z, 2) k(s,z,y) k(s,2,y)
<[ | T -]

2€6S 4

{z,2'}es’
R S (s, 1)
Sel/ — to — s,x, 2)k(s, z,y)ds
¢ V3 2€688
We consider _
X = sup Ih(t) z, y) N k(ta Z, y)l

z,y,to>t>e k(t, z, y)
We have, by using (15)
‘l—z(t —€,z,y) — k(t,z,y) + e”\/dmdye3‘°/el
to 1 _
< 61/ — Z [|h(to — s,z,2) — k(to — s, z, )|
, ¢ Vs 2€6S

+ k(to — s, z, 2)]k(s, 2,y)ds

to 1 ec
<a [ 22 3 D00+ Dhtto,z,0)ds
¢ \/E 2z€68 \/5

(X + k(to, z, y)

ad
Vio

Therefore we have

<

26/6]_ . _ /
Hyy—o(z,y) +é" dedy > <1 — \/ZE) ltor-r-l;%e’ k(s,z,y)e 3eo/€

and Theorem 5 is proved.
7. Convex subgraphs embedded in a manifold.

In previous sections, we considered general graphs. In the remainder of
this paper, we will restrict ourselves to special subgraphs of homogeneous
graphs that are embedded in Riemannian manifolds. Such a restriction
will allow us to derive eigenvalue bounds for graphs using known results
for eigenvalues of Riemannian manifolds. The restricted classes of graphs
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still include many families of graphs which arise in various applications in
enumeration and sampling. Roughly speaking, our plan here is to modify
the heat kernels of the Riemannian manifolds with convex boundary which
can then serve as lower-bound functions of k(¢, z,y) in Section 3.

We start with some definitions. Let I' = (V, E) denote a graph with
vertex set V = V(I') and edge set £ = E(I"). We say that I" is a homoge-
neous graph with an associated group H acting on V if the following two
conditions are satisfied:

(i) for any g € H, {gu,gv} € E if and only if {u,v} € E,
(ii) for any two vertices u and v, there is a g € H such that gu == v.

Thus I' is vertex-transitive under the action of H and the vertex set V
can be identified with the coset space H/Z where Z = {g € H : gv = v},
for a fixed vertex v, is the isotropy group. We note that a Cayley graph is
the special case of a homogeneous graph with Z trivial. The edge set of a
homogeneous graph I' can be described by an edge generating set K C H
‘such that each edge of I is of the form {v, gv} for some v € V, and g € K.
We also require the generating set K to be symmetric, i.e., ¢ € K if and
onlyifg~' € K.

We will first define a simple version of a lattice graph. Suppose the
vertices of I can be embedded into a flat Riemannian manifold M with a
distance function p such that

(16) w(z, 9z) = p(y, 9'y) < p(z,y)

for any g,¢' € K and z,y € V(') with £ # y. Then I is called a simple
lattice graph. We say that I is a lattice graph if for a vertex z, every vertex
of I in the convex hull formed by the set {gz, g € K} is adjacent to z. Here
we assume that M is flat, although very similar approaches can be used for
manifolds with non-negative Ricci curvature.

An induced subgraph on a subset S of a lattice graph I' is said to be
convez if there is a submanifold M C M with a convex boundary OM # ¢
such that S consists of all vertices of I" in the interior of M. Furthermore,
we require that for any vertex z, the Voronoi region R, = {y : u(y,z) <
u(y, z) for all z € I' N M} is contained in M.

Example 1. We consider the space S of all m X n matrices with
non-negative integral entries having column sums cy, ..., C,, and row sums
T1,...Tm. First, we construct a homogeneous graph I' with the vertex set
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consisting of all m xn matrices with integral (possibly negative) entries. Two
vertices u and v are adjacent if they differ at four entries in some submatrix
determined by two columns 4, 7 and rows k, m satisfying

wik = Vik + 1, Ui = Vjk — 1, Uim = Vim — 1, Ujm = vjm + 1

It is easy to see that I' is a homogeneous graph with the edge generating set

consisting of all 2 x 2 submatrices ( i _i Ik Obviously, I' can be viewed
as being embedded in the mn-dimensional Euclidean space M = R™", In
fact, I" is embedded in the submanifold M of the (mn—m—n+1)-dimensional
subspace containing the vertices of I'. M is determined by

_S_ Zij =Ti
J
E Tij = G
i

Tij =
It is easy to verify that S is a convex subgraph of the lattice graph T'.

Remark 1. In [3], the authors consider a “strongly” convex subgraph
S of a homogeneous graph. An eigenvalue bound was derived by using an
entirely different approach. Namely, the following Harnack inequality was
established for an eigenfunction f of S and for any vertex z,

>_(f(2) = F(3)) < 8X max £(y)

y~a

This can be used to show 1
A2 oo

where k is the maximum degree of T" and D denotes the diameter of T'. The
differences between the two definitions of convexity can be described as fol-
lows: In (3], a strongly convex subgraph T requires that for any two vertices u
and v in T', all shortest paths joining v and v in the homogeneous graph must
be contained in T'. Here, the convexity condition requires the embedding
of the subgraph into a Riemannian manifold with a convex boundary. We
remark that various applications involving random walks on graphs which
can often be interpreted as occurring in convex subgraphs (but not strongly
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convex subgraphs) of some appropriate homogeneous graph. For example,
the convex subgraphs mentioned in Example 1 are not strongly convex.

8. Bounding the discrete heat kernel by
the continuous heat kernel.

Let S denote a convex subgraph of a lattice graph I" with edge-generating
set K. Let M denote the associated d-dimensional manifold M with a convex
boundary and let p denote the distance function on M. In this section, we
restrict ourselves to the case of convex subgraphs of simple lattics graphs so
that the discussions are simpler but contain the essence of the general case.

Let h(t, z,y) denote the heat kernel of M and suppose u(t,z) = h(t, z,y)
satisfies the heat equation

(5- D)ty =o

with the Neumann boundary condition

0
(17) B;u(t, z)=0
where A denotes the Laplace operator of the form

32
A= Z %ij oz; 812]'
2%

and a;; depends on the edge generating set K as described later in (19).
We remark that the convexity condition (17) is later on used to give heat
kernel estimates. QOur results can be applied to subgraphs corresponding
to manifolds with weaker convexity conditions as long as the heat kernel
estimates for manifolds can still be derived.

We assume that p(z,gz) = € for all z € V(T') and g € K. To proceed,
we define the function k(t,z,y) which will be used later with Theorem 2.
(In a neighborhood of a point z in M, we use the simplified notation of
associating the points with the corresponding normal cordinates so that the
expression, (e.g.,  — z) in the following definition makes sense.)

k(t,z,y) =c1 / h(cy t,z — z,y)p(z)dz
M

where ¢ is a bell-shaped function (such as a modified Gaussian function
exp(—c/|z/€|?) ) with compact support, say, {|z| < €/4}, and which satisfies

a /(p(z)dz = c3 (cq€)?
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where c3 and c4 are chosen so that the above quantity is within a con-
stant factor of the volume of the Voronoi region R, = {y : p(y,z) <
u(y, 2) for all z € I'N M}, for a vertex z. So, k(t,z,y) can be approximated
by h(cet, z,y)U or

(18) | /R h(cat, z,y)dz

when ¢ is not too small. by using the gradient estimates of h in the next
section. Here U denotes the maximum over z of the volume of R,.

In order to use Theorem 2, we need to verify conditions (A’), (B’) and
(C"). First we want to show:

0 €0
Ek(t’ z) < —Lk(t,z) + ﬁk(t, z)

for tg > t > € = dlog volS. where ¢g = gjzﬁ. Here we suppress y and write
k(t,z,y) = k(t,z). Note that we have

0 0
ak(t,a:) =c /M ah(cz t,x — z)p(z)dz
= cl/ ca2 Ah(ce t,x — 2)p(2)dz
M

Also,

Lk(t, ) = k(t,z) — dl—z S k(ty)

y~z

—a / Lh(cat, s — 2)p(2)dz
M

Here we use the convention of identifying a vertex with the associated point
in the d-dimensional manifold M. For simplicity, we write gz = g + .
(Formally we should use an appropriate mapping o from V to M so that
o(gz) = o(g) + o(z). For a fixed g € K, we consider the two terms in the
sum involving g and g1

le(y) — ey +9)] + [p(y) —p(y — 9)] = —[o(y +9) — p(¥)] + [p(y) — ¢y — 9)]

which can be approximated by the second partial derivative in the direction
of g scaled by a factor of €2. Therefore the Laplace operator involves coef-
ficients a; j’s depending on the edge generating set K. Namely, the Laplace
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operator A satisfies

62
1 = i —
( 9) A ,Z,a J oz; (9.’1:]‘

IKI Z

EK*

Here we use K* to denote a subset of K so that at most one of @ and a™! is
in K* for each a in K. The edge generators should be “evenly distributed”
in the sense that the matrix (a; ;) satisfies

Cl.[ S (ai’j) S CQI

for some constants C7 and Co where I denotes the identity matrices. By

choosing

0_262
2774

we have
|coAh + Lh| < Ccoet —

Note that in the Taylor series expansion, the = g terms cancel since the

generators g and g1

we get

are simultaneously in K. After substituting for a_y‘h’

cocserdh

|c2Ah + Lh| < 3

where ¢5 depends on C; and Cs.

For the general case of lattice graphs (without the condition that
u(z, gx) = € for all vertex z and edge generator g), the Laplacian of the
lattice graph is related to the Laplace-Beltrami operator as follows:

62 IKI Z (u(w gm)) o

gEK™*
Z i
_ " B oz;
i.j

where € = min{u(z, gz) : g € K}. Then, we have

cs < min{C1, C’{l}
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Hence, we have

C1 C5€4d
cot?

%k(t, z) + LEk(t,z) < /M h(cy t,x — 2)p(z)dz

4
_csed
- CQtz k(t,il:)

And,

0 €
Ek(t’ x) + Lk(t,z) < t_Qk(t’ z)

4
where ¢y = 9%—‘1

To establish (B’) for ¢ < dd/log vol S and €" = ¢"/(volS |K]|), we can
choose ¢ so that

k(e,z,z) =c1 / h(ce€',z — z,2)p(z)dz =1
M

and for z # y, we use the heat kernel estimates in Theorem 8 and 9 (proved
later), to get

k() z,y) = / head, — 2, y)p(2)dz
M

2
€
< eXP(—Ee—,)k(G',m,w)

cll

<
~ vl S

We remark that we can make ¢’ arbitrarily small by adjusting ¢ in €.
To prove (C’), we need to show that

z; k(t,z,y) — k(t, 2, y)| < €1 lKI\k/)(Et,m,y)

x
{z,2'}eS’

where €; = ed/+/c2|K|. The above inequality follows from that fact that
|p(z, z')| = € and the following estimate for the gradient of the heat kernel
which will be proved later in the next section:

d

|Vh‘|(t’ z, y) < Cﬁﬁh(ta z, y)
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We consider

Z k(t,z,y) — k(t, o', y)

{=, x'}ES'

<c Z /[h(czt, z,y — z) — h(cat, @',y — 2)]p(2) dz

T
{z,z'}es’

< cle\/a/ |Vh|(cat, z, y — 2)p(z) dz

d
< cle\/cz/ ﬁh(cm&,x,y —2)p(2) dz

< 6\/_ dk(t ,y)

Now, we need to estimate Z k(t — s,z, 2)k(s, z,y). First we consider
2€08

lk(t, z, y) - U h’(t7 z, y)l

o / h(eat, 2,y — 2)p(z)dz — h{cat, 7, y)er / o(2)de]
<o / Ih(cat, 2,y — 2) — hleat, z,9)|p(2)dz

<a /ethI(czt, z,y — 2)p(2)dz

ed ‘
< — 14 -
< cl/ \/cz—th(CQ , 2,y — 2)p(2)dz
ed
= k(t
N (t,z,y)
We will use the fact that |k(¢,z,y) — U h(t, z,y)| is small when cot is large.

Now we consider Z k(t—s,z, 2)k(s, 2,y) for a fixed s. Without loss of

z€8S
generality, we may assume that s < ¢/2. We have

Z k(t — s,x,2)k(s, 2,9)

z€0S

< Z Uh(co(t — s),z,2) 01/h 28,2 — 2, y)p(2)dZ + lLo.t.
z€0S
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<alU h(ca(t — s),z,2 — 2')h(ces, z — 2/, y)p(2')dZ + l.o.t.
2'€U,ea5Uz

< U~e—h(C2t,a:,y) + lo.t.
cot
€

< — .0.t.

< c2tk(t’m’y) + lot

Here l.o.t. denotes a small fraction of the first term. From Theorem 5, we
have

(20)

/
Hilo) 2 (1- 22) <‘t5nsilge, b(s,2,1) = ¢ Kl) expl3e0/¢ |

where H is the heat kernel of the convex subgraph S.
In [8], Li and Yau proved the following lower bound for h.

Theorem [Li-Yau]. Let M denote a d-dimensional compact manifold with
boundary OM. Suppose the Ricci curvature of M is nonnegative, and if
OM # ¢, we assume that OM is convex. Then the fundamental solution
of the heat equation with the Neumann boundary condition g;u(t, z) =0,
satisfies )

—H (Zi,y)

ex

B,(Vi) T (4=t
for some constant C' depending on d and €. Here, B;(r) denotes the volume
of the intersection of M and the ball of radius r centered at x.

h(t, z,y) >

However, the above version of the usual estimates for the heat kernel
can not be directly used for our purposes here since the constant C' is expo-
nentially small depending on d. A more careful analysis of the heat kernel
is needed. We will give a complete proof of the heat kernel estimates in a
general terms in the next section. The proofs are partly based on the proofs
in [8] and both the upper and lower bound estimates are given.

To lower-bound the discrete heat kernel, we will use the following lower
bound estimates for the (continuous) heat kernel which will be proved later
in Section 6. For any a > 0,0 > cda,

(1+a)™ —(1+0)p’(z,y)
>
‘We choose
_1
*=3

acoty = D? (M)
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where D(M) denotes the diameter of M. (We may assume D(M) > 1).
Therefore, by using (21) we have

Cr
h(cato, z,y) > o 3
Also,
e3€0/¢ < const.
and

h(t1,z,y) < const. - h(ts, z,y)
if t1 > to/2 and |t; — t2| < €. Using (20), we have

kto—€,z,y) =c1 /M h(cz (to — €),z — 2z,9)p(2)dz

> CiCg
- ’UOl M M
S cgs U
~ volM

where c’s denote some appropriate absolute constants. We then have

CQU
vol M

p(z)dz

Hy(z,y) >
From 1, we then have
Z inf Hy(z,y) exp(—3eo/€’)
2> wESyES

>09U|S|

~ tvol M
2

> Cg €°T

~ d?2 D(M)?

2t

where U denotes the volume of the Voronoi region and r denotes the ratio
of U|S|/vol M. As a consequence, we have proved the following:

Theorem 6. Let S denote a conver subgraph of a simple lattice graph T’
and suppose S is embedded into a d-dimensional flat manifold M with a
convez boundary and a distance function p. Suppose for any edge {u,v} of
S we have p(u,v) = €. Then the Neumann eigenvalue A of S satisfies the
following inequality:

co T €

>
A2 BDOI?
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where cy is an absolute constant (depending only on T’ and is independent
of S), K is the set of edge generators of the lattice graph,

_ US|
" wol M

and U denotes the volume of the Voronoi region.

To get a simpler lower bound for A\, we note that the diameter D(.S) of
the convex subgraph S and the diameter of the manifold are related by

(22) D(M) < ¢ D(5)
Therefore, we have the following:

Corollary 1. Let S denote a convex subgraph of a simple lattice graph and
suppose S is embedded into a d-dimensional flat manifold M with a convex
boundary. Then the Neumann eigenvalue Ag of S satisfies the following
inequality: o
A2 BDE)

where

_Uls|

" wol M’
D(S) denotes the (graph) diameter of S, K denotes the set of edge generators
and cg 1s an absolute constant depending only on the simple Lattice graph.

For the general case of the lattice graphs, we have the following:

Theorem 7. Let S denote a convex subgraph of a lattice graph and suppose
S is embedded into a d-dimensional flat manifold M with a convex boundary
and a distance function u. Let K denote the set of edge genemtors and
suppose € = min{u(z, gz) : g € K}. Assume that

62 IKI Z( fgw)> -

geK*
82
N Zj g Oz; 0x;j

and
CiI < (asj) < Col



604 F.R.K. Chung and S.-T. Yau

where I is the identity matriz.
¢s < min{C}, C5'}

Then the Neumann eigenvalue X of S satisfies the following inequality:

2
CQTE
>_0°°*
Az d?D(M)?
where
_uls|
T wol M

U denotes the volume of the Voronoi region, and co is an absolute constant
satisfying
co < Comin{C1, C; '}

for an absolute constant Cy.

Remark 2. The constant Cy can be roughly estimated with a value of
1/100.

Remark 3. For a polytope in R%, we can rescale and choose the lattice
points to be dense enough to approximate the volume of the polytope. For
example, if we have

(23) C e < Dy(M)/d

where D; denote the diameter of M measured by the L; norm and C is
some absolute constant, then the number of lattice points provides a good
approximation for the volume of the polytope. This implies that » > ¢ for
some constant c¢. The above inequality (23) can be replaced by a slightly
simpler inequality:

C d < D(S)
for some constant C. These facts are useful for approximation algorithms

for the volume of a convex body which will be discussed in the next section.

Remark 4. There are many graphs G that can be embedded in a lattice
graph such that the diameter of G satisfies

b(@)~ Y2200
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For such graphs, Theorem 6 implies a somewhat stronger result:
cor
A> ——
=~ d?D(G)?

where r is as defined in Theorem 6.
9. Estimates for the continuous heat kernel.

In this section, we will analyze the (continuous ) heat kernel. We remark
that there is a large literature on the estimates of the heat kernel. However,
in such estimates, the dimension d is usually taken as a constant and the
approximations are often crude. Here, we will give upper and lower bound
estimates which are quite sharp in a general setting. The methods here are
partly based on the proofs in [8]. It is anticipated that these estimates can
be useful for many other problems as well. We will first prove an upper
bound for the heat kernel. This bound will be used later for establishing the
lower bounds.

Throughout this section, we use the following notation:

Let M denote a d-dimensional compact manifold with boundary oM.
Suppose the Ricci curvature of M is nonnegative, and if M # ¢, we assume
that OM is convex. The fundamental solution h of the heat equation satisfies
the Neumann boundary condition g;u(t, z) =0 for x € OM. We let By(r)
denote the ball centered at z of radius r. For simplicity, the volume of By(r)
is also denoted by By(r).

Theorem 8. For any a >0 andt >0,
h(t, z,y) < (1+ a)? B;Y2 (,/a(z n a)t) B2 (\/a)

A CY)) 3 1
Pl 201+ )2 P (Z U a))

Proof. We follow from the proof of Theorem 3.1 on p. 175 of [8] with the
value for a,7 and 6 in [8] to be & = 1,7 = 0,6 = 0, in order to derive the
following inequality:
h(t,z,y) < (1 + a)? B~Y/2(S1) B~Y2(8,) exp (2 j(x, Sa, (1 + a)t))
exp (p(y, S1,0at)) exp (p(z, 51, (1 + 2a)(1 + a)t))

Here we choose S; and S, as follows:

1 = By(\/oﬂ), Sy = B, (\/M)
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Then 1
2p(y, 52,02+ a)t) < 5
- 1
Ao, S1,at) < 1
We define W to be
#(z, 2)
W = p(z,S1,(1+20)(14+ a)t) =  inf -

zeBy(vat) 4(1+20)(1 + a)t

If z € By(vat), then we have

B u2(x,z) o
W02 ) r e M 21+

If z ¢ By(vat), then u(z,y) > Vot and

(u(z,y) — Vai)’

w >
T 414+ 2a)(1+ o)t
Since 2( )
2 pi(z,y
— > 2 \ma)
(ﬂ(w,y) \/5?) 25,
we have

p(z, y)? 1
Wz 41+20)(1+ )% 401 +2a)(1+ a)

Therefore, from Theorem 3.1 (ii) in [8], we have

bt z,) < (1+a)* B2 (va2+ ) B;Y? (Vai)

— 2 (z, y) 1
i)+ 7P (Z T2+ a))

as claimed.
Before proceeding to prove the lower bound, we need the following as-
sumption:

(24) ¢iiBy (Vat) < B, (Vat) < euB, (Vad)

for some constant c;;. We note that the above assumption holds for ¢;; =1
if ot is larger than the square of the diameter of M.



Eigenvalue Inequalities for Graphs and Convex Subgraphs 607

Theorem 9. For any a >0, t > 0, and o satisfying o > cdo,

(o) 42 (= )z, 2)

() U

h(t,z,y) >

provided (24) holds.

Proof. Using (24),.we have
h(t,2,9) < ¢y /*(1+0)* B; /2 (Va2 + a)t) B;Y* (Vat)

-1 (z,y) 3 1
TPl +2a)1+a)2t OF (Z Tt a))

Since

/ h(t,z,y)dy = 1,

we have

1< / h(t, z,y)dy
wzy)<Vot
+ci—11/2(1 +a)d B;1/2( /a(z_'_a)t) B;l/Z (\/E)

ex <§ + 1 ) / ex —K(@,9) d
P Um0+ 200+ ) ) Luegsvar T 4(1+20)(1+a)% Y
< / h(t, z,y)dy
wzy)<Vat

+c'1_11/2(1 +a)? B;1/2( /_—a(2+a)t) B2 (\/a)

v 3 1 ® —r2
P (Z T AT a)) /m P it o)1 T o) o)

Assume for ry > 71, the following holds:

&

(r2) _ 12
B(Tl) S T1

we obtain

o] _7.2
/m P 4(1 +20)(1 + a)2tdB(T)
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< 1 /°° ox —r2 r B(r)d ,
=20 +20)1+a)2 Jym PAl+20)(1+ )2t ¢
2 2

B(x/&) T

b —r
< —_
= 2(1 +22)(1 + @)%Va /m P T 2a) 1+ )Pt

00 _ 2 2
B(Vat) / exp T T o.T
N

= 41+ 20)(1 + )2V 4(1 +20)(1 + )2t T/'?d t
< 2B (Vet) VI+2a(l+a) [*

\/_ 4(1+2a;(1+a)§

exp(—7)V/7d T

Therefore we have

/(1 +e)? BV (ValZ+a)t) BV (Vad)

3 1 o —r2
P (Z MR a)) /W—te"p A2 raplt
<2t @)4*1,/1+ 2a
= "1 \/a
3 1 00
xp (Z BT a)) /_, exp(~T)v/rd r

4(142a)(1+a)

We choose o > cda so that the above term is no more than 1/2. Hence

1
h t) T, 2 a
/;z(z,y)sm (t2,9) 2

But
h(2t,w,:z;)=/ R2(t, z,y).
M

Hence

h(2t,z,z) > / h? (t, z,y)
wz,y)<Vot

. 2
= (\/E) </u(x,y)Sw/R Mz y))

This implies
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By the Harnack inequality in Theorem 2.3 in [8], we have

/2 9
o oz (3 o (£E2)

for t3 > t1. Hence for any a > 0, we have

h(t,z,y) > h (%Z’@”, 93) (1+0)™%? exp (_(1 + )u(a, y))

4at
(14 a)~9/2 —(1 + a)p?(z,y)
® 15, (V%) exp( o )

This completes the proof of Theorem 9.
We will also need estimates for the gradient of h. First, we will prove a
useful Fact.

Theorem 10. For any r > 0 and o > 0, we have

1 d
Vh|? t,x,z dzg(—+—)/ h3(t, z, 2)dz
/Bml I"2,2) o?r? * 2t JBy((1+o)r) %)

Proof. We start with the following inequality which was established on page
163, as Theorem 1.3 of [8] (for the special case of 7 =0 =60 =g).

d

—h2
2t

|Vh|2 <hh+
Therefore we have
/pz(z)IVh|2(t,x,z)dz < /pz(z)h(t,x,z)ht(t,x,z)dz

+%/p2(z)h2(t,x, z)dz

_ / PP (2)h(t, z,2) At 2, 2)dz

+ 2% P2(2)RA(t, 3, 2)dz

Here we define

Aol if u(y,2z) <r
e) {0 if p(y,2) > (1+0)r
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and

1
Vel < p

We note that
/ P%(2)h(t, z, 2) Ah(t, z, z)dz
=— / 0%(2)| VA% (t, z, 2)dz — 2 / p(2)h(t,z, 2)Vp(2)VA(t, z, z)dz
- / IVol2h2(¢, o, 2)dz
Hence, we have
/p2(z)|Vh]2(t, z,z)dz < / (IVPI2 + 2%,02) h2(t, z, z)dz

Therefore,

1 d
tht,x,zdzs(———-l———)/ h2(t, z, z)dz
/By(r) IVRIX ) o2 " 2t} Jp,(1+0)r) ( )

Theorem 11. Foro > 0,a >0,

1 d 1/2
VhI(2) <30 +0P gz +5p) MO+ a)
if (1+0)*? < a?t and o < 1/d.

Proof. For a fixed z, we consider f(t,y) = |Vh|(¢,z,y). Let p be defined as
in Theorem 9. We have

fty) - / F(t1,2)R(t — t1,2,y)p(2)dz
t
= /tl %/f(s’ 2)h(t — 5,2,y)p(2) dz ds
= /tt/[Af(s,z)h(t —5,2,9)p(2) — f(s5,2)(AR)(t — 5, 2,9)p(2)] dz ds
= /tt /[f(s, 2)A(h(t — 5, 2,9)p(2)) — f(s,2)(AR)(t — 5, 2,y)p(2)] dz ds

-/ t [ 16, 2029h -, 2 )V () + hit — 5, 2,9)Vp(2)] dx ds
t1
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t
- / = / 24(s, 2)Vh(t — 5,2,3)
t1 9T JBy((1+o)r)
1 /
+ — s,2)h(t — s,2,9)] dz ds
e R COL G

To complete the proof, it suffices to establish upper bounds of

0 1 d 1/2
(1 + a) (m + Et') h((l + Oé)t, z, y)

611

for the following three items separately, under the assumption that ¢t — ¢; =

at.
(a') / f(tl,Z)h(t—tl,Z, y) dz’
By((1+0)7)
t
(b) / —1—/ f(s,2)Vh(t — s,2,y) dz ds
t1 0T JBy((1+0)r)
t 1
C) / _—/ f(S,Z)h(t-—S,Z,y)] dz ds
( 7 2r2 By((140)r)

First, we consider (a)

2
(/ f(tl’z)h(t_thz’ y)d'z>
By((1+0)r)
< / f2(t1, 2) dz / h2(t —t1,2,y) dz
By((1+0)r) By((140)r)

1 d
< | —=—=+= / h2(t1,, 2) dz h(2(t — t1),y,
(7774 5) [ 0y, 00m9) d2 HCE =10, ,0)

1 d dp?2
< (WJF z_t) (14 @)?h2((1 + a)ty, 2,9)

2
/ exp LXMW 4 hiote— 11),y,9)
By((1+0)r) 2ta

Here we use the Harnack inequality (25) for upper bounding (s, z, z). Using

the assumption that
(1+0)*r? <a(t—t)
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we have

2
( [ fwane-nz y)dz)
By((1+0)r)

< (s + 3 ) @+ (L + @), 2,0) Byl + IR~ 1),3,)
< (0_—21;5 + 2%) (14 a)%h?((1 + a)t1, z,y)

By((1+ o)r)(1 + a)¥?

1
By(v/2a(t —t1))

1 d
< el 2d12
- (0-21.2 + 2t> (1 +a) h ((1 +a)t1,:1:,y)
Therefore we have
/ f(t]_,Z)h(t— t]_,Z, y)dZ
By((1+0)r)

1 d 1/2 d
< (W 4 ﬂ) (1+ 0)®h((1 + a)t1, 7, 9)

1 d\"? 2
Sl\ogmty) A+ r(+altz,y)

To bound (b), we have

t
/ i/ f(s,2)Vh(t — s,2,y) dz ds
ty OT By((1+0)r)

1/2
_s\1/2
< (i_i / fz(SO,Z) dz)
ar By((1+0)r)

. 1/2
/ / VhE(t —s,2,y) dz ds)
t1 JBy((1+0)r)

(t—t)1/? ( 1 2

<
- o2r2 ¢

1/2
or ) h((1 + @)so, z,y) By((1+ o)r)

¢ 1/2
(/ / th(t —8,2,y) dz ds)
t1 JBy((1+0)r)
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It can be checked that

¢
/ / Vh2(t —s,2,y) dz ds
t1 J By((1+0)r)

d
R2(t —s,z,y) dz ds
/tl /By((1+cr)r) (0272 t— ) ( y)

(1+0)r 1+ a)¢ exp _j
[ [ ) e S
oy \o%r2  t—s Bg(m)
(140)r 1 n—3 1 n—3
< d q 1 q
<[ 0 (e ey

1 1
< d
s(+a) ao?r? (a(t — tg))n/2-1

Since t — t; = ot, 2 < a2t we have

/ / f(s,2)Vh(t — s,2,y) dz ds
t1 By((1+0)r)
1 d 1/2 p
< | — 4 —
- (0-27~2 + 2t> (1 + a) h((l + a)thma y)
1
= ('anz F (14 R+ e, y)

Very similar arguments are used for upper bounding (c):

t 1 /
—_ f(s,2)h(t — s,2,y) dz ds
/n 77 oy s T )

1/2
t—11)!/2
s g—z—lg— (/ (30, 2) dZ)
oer By((1+0)r)

¢ 1/2
/ / h(t — s, 2,y) dz ds)
i By((l+a)r)

< (%2— + ?;) (14 a)¥h((1 + )t, z,v)

As a corollary of Theorem 11, by choosing o = %, 2 = o?t, and o a
small constant, we have
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Corollary 2.
d
IVhl(t,,9) < exi7zh(t,2,0)

for some constant c.

10. Neumann eigenvalues and random walks.

This section consists of four subsections: First, we give a brief discus-
sion on random walks and, especially, on the associated weighted graphs.
Then, we generalize the Laplacian, and heat kernels for weighted graphs
and induced subgraphs. All results in previous sections can be extended to
the weighted graphs. Finally, we will illustrate the relationship between the
eigenvalues of the Laplacian and the rate of convergence of the corresponding
random walk.

10.1. Random walks on graphs.

In a graph G, a walk is just a sequence of vertices (v, v1,- -+ ,vs) with
{vi-1,vi} € E(G), for 1 < i < 5. A random walk is determined by the
transition probability 7(u, v) = Prob(z;+1 = v|z; = u) which is independent
of i. Clearly, for each vertex u

Zﬂ'(u, v)=1

v
For any initial distribution f : V — R with Z f(w) = 1, the distribution
v

after k steps is just fP¥ (in the notation of matrix multiplication by viewing
f as a row vector where P is the matrix of transition probability). The
random walk is said to be ergodic if there is a stationary distribution 7(v)
satisfying

lim fP°(v) = m(v)

S§—00
Necessary and sufficient conditions for ergodicity are (i) irreducible, i.e., for
any u,v € V, there exists some s such that P*(u,v) > 0; (ii) aperiodic, i.e.,
ged {s : P%(u,v) > 0} = 1. The problem of interest is to determine, from
any initial distribution, the number of steps s required for P° to be close to
its stationary distribution.
In particular, we say the ergodic random walk is reversible if

7(u)w(u, v) = 7(v)7(v, u)
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An alternative description for a reversible random walk is given by consid-
ering a weighted connected graph with edge weights

w(u,v) = w(v,u) = 7(v)r(v,u)/c

where c is the average of m(v)m(v,u) over all (v,u) with 7(v,u) # 0. A
random walk in a weighted graph has as transition probability

w(u, v)

m(u,v) = 7
U

where dy, = ), w(u, z) is the (weighted) degree of u. The two conditions for
ergodicity are equivalent to (1) connectivity and (ii) that the graph is not
bipartite. We remark that an unweighted graph has w(u,v) either 0 or 1. A
typical random walk has transition probability 1/d, of moving from a vertex
v to one of its neighbors. The transition matrix P = (7 (u,v)) satisfies

£PO) =3 7

u~v

for any f: V(G) — R. In other words,

1/d, if u and v are adjacent,
0 otherwise.

P(u,v) = {

It is easy to check that
P=T'A=T"Y%1-£)T"2,

where A is the adjacency matrix.

For an induced subgraph S of a graph G, we consider the following
random walk: The probability of moving from a vertex v in S to a neighbor
wof vis 1/dy if uis in S. If u is not in S, we then move from v to each
neighbor of u in S with the (additional) probability 1/d,d,, where d/, denotes
the number of neighbors of v in S. The transition matrix P for this walk,
whose columns and rows are indexed by S, is defined as follows:

(26) PO =Y )+ Y ()
P

2¢S
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The stationary distribution is d,/ Zdu at a vertex v. The eigenvalues p;
of P are closely related to the Neun?ann eigenvalues Ag; as follows:
pi <1—Ag;
In particular, we have
(27) p=p1<1l-As1=1-Xg

This can be proved by using the Neumann condition as follows:

(@) - f@P+ D (fl@) - f(¥)?/d.

T~y TAZAY

e p =] fm,yGS z,y€S,z¢S
Lo H} Z f2(:v)dm
€S
2

D@ @+ D | @) - | D @) | |/
> inf ?%ys o acs Z;;
B Z f 2(1’)‘12

€S

Z (f(@) - f®)* + ZZ(f%: - f4(2))

> inf ,yes e
z€S

> (f@) = f@)*+ DD (F(@) - f(2))?
e B
=5 Z f2($)dm

€S
>, (@) - @)
inf {z,y}eS
TS P
z€S

= )‘S

where f ranges over all functions f : §S U S — R satisfying

Y fl@)=

z€eS
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and for z € §S

> (f(@) - fly)) =0

yES,y~zx

The inequality (27) is quite useful in bounding the rate of convergence of
random walks and the rapid mixing of Markov chains.

Suppose S is an induced subgraph of a k-regular graph. The above
random walk can be described as follows: At an interior vertex v of S, the
probability of moving to each neighbor is equal to 1/k. (An interior vertex
of S is a vertex not adjacent to any vertex not in S.) At a boundary vertex
of v € 65, the probability of moving to a neighbor u of v is 1/k unless u is
not in S and, in this case, the (additional) probability of 1/(kd;,) is assigned
for moving from v to each neighbor of v in S. The stationary distribution
of the above random walk is just the uniform distribution.

For the general case for random walks, we need to generalize the defini-
tions for Laplacian and heat kernels to weighted graphs and subgraphs.

10.2. Eigenvalues for weighted graphs and subgraphs.

A weighted undirected graph G with loops allowed has associated with
it a weight function w : V x V — R* U {0} satisfying

w(u,v) = w(v,u)
and
w(u,v) > 0.

We note that if {u,v} ¢ E(G) , then w(u,v) = 0. Also w(v,v) can be
positive. For unweighted graphs, they are just the special case of taking the
weights to be 0 or 1.

The degree d, of a vertex v is just:

dy = Zw(u, v).

We generalize the definitions of previous sections so that

dy —w(v,v) ifu=v,
L(u,v) = { —w(u,v) if u and v are adjacent,
0 otherwise.
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In particular, for a function f: V — R, we have
Li@@)= Y, (f(@) - f®)w(zy)
{m,y%ES'

Let T denote the diagonal matrix with the (v, v)-th entry having value
dy. The Laplacian of G is defined to be

L=T"2LT12,
In other words, we have

_w(v,v)

1 if u =,
(,5)
L(u,v) = _wwv) if v and v are adj
) jacent,
\/ dudv
0 otherwise.

Therefore, by using the generalized version of L and L, the previous defini-
tions for the eigenvalues for an induced subgraph S can still be utilized:

Yo (F=@) = f@)) w(u,v)

. {zy}es’
(28) Ag = inf 5

€S

> f@)Lf(x)

= inf =&
2
[AS

_ {9, Lg)s
9lT/21 (g, g)s

The Neumann condition is then
> (fl&) - f@)w(z,y) =0
{m,y?}{GBS

for x € 6S. We can define the heat kernel for weighted graphs in the same
way as in Section 4. All the proofs in previous sections work in similar
fashion and we obtain the same eigenvalue inequalities for weighted graphs:
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Theorem 12. In o graph with edge weights w(z,y), for t > 0, we have

1 . Ht(x, y) d:l:
(29) Asg > — inf — /¥ 9
b5 g el

10.3. Eigenvalues and the rate of convergence.

In a random walk with the associated weighted connected graph G, the
transition matrix P satisfies

1TP=PT1=T1

and therefore the stationary distribution is exactly T'1/volG where vol(G) =
> .. dz. We want to show that when k is large enough, for any initial
distribution f : V — R, fP* converges to the stationary distribution
¢o0 = T1/vol(G). Suppose we write

fT712 = Zaisbi

where ¢; denotes the eigenfunction associated with A;.
We have

IFP* — aogo || = IfTH3(I = £)*TY? — T1/vol G|

=11 —X)°apT?
i£0
<@ =27

<e A

where A=A if 1 —X\; > Ap—1 — 1 and A =2 — \,_1, otherwise.

So, after s > (1/A) + log(1/¢) steps, the Ly distance between fP° and
its stationary distribution is less than €| f||.

Although A occurs in the above upper bound for the distance between
the stationary distribution and the s-step distribution, in fact, only A; is
crucial in the following sense. Note that X is either A\; or 2 — A,—1. Suppose
the latter holds (when A,—; —1 > 1 — A;). We can consider a modified
random walk on the graph G’ formed by adding d, loops to each vertex v.
The new graph has Laplacian A} = A;/2 < 1 which follows from equation
(28). Therefore,

1-M>1-XM_,>0
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The convergence bound for the modified random walk becomes 2/\; +
log(1/€). The constant 2 can be further improved [5].

A stronger notion of convergence is measured by L; or the relative point-
wise distance which is defined as follows (also see [11]): After s steps, the
relative pointwise distance (r.p.d.) of P to the stationary distribution ()
is given by

A(S) = max IPs(ya (L‘) — 71'((1,‘)'
z,y m(z)

It is not difficult to show [5] that

I G
Alt) < /2202
(t)<e ming dx
So, if we choose t such that
2 vol G

> —log———
s = A1 Ogemina,dm

then after s steps, we have A(s) < e. For Neumannn walks, we can derive a
similar inequality

volG
A S
() = ming dg
volG
< (1-X5)8
= ( ) ming d;
< o5 volG
- ming d;

10.4. Applications on random walks and rapidly
mixing Markov chains.

Many combinatorial and computational problems involve enumerating
families of combinatorial objects. Such enumeration problems are often dif-
ficult and are widely believed to be computationally intractable (e. g., the
class of the so-called #P-complete problems [13]). An alternative approach
is to consider approximation algorithms. In this direction, there has been
a great deal of progress in recent years in developing efficient approxima-
tion algorithms by using sampling algorithms. Roughly speaking, if we
can generate a “random” member of the family in polynomial time, then
a polynomial approximation algorithm for the enumeration problem can be
obtained, provided that certain technical conditions are satisfied (see [11]).
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A sampling algorithm can often be described in terms of a random walk
on a graph. Namely, the vertex set of the graph consists of the combinatorial
objects which we wish to sample. The edges are usually determined by some
“local ” rules. For example, from each vertex, we define its neighboring
vertices by choosing some simple transformations of the object. The random
walk can then be described by its transition matrix P where P(u,v) denotes
the probability of moving from vertex u to its neighbor v at each step. The
problem of interest is to determine how many steps are required to move from
a starting vertex to eventually reach a “random” vertex. In other words,
how fast can an initial distribution converge to the stationary distribution
by repeatedly applying the transition rules? A good bound of the rate
of convergence often leads to polynomial approximation algorithms for the
original enumeration problem.

To demonstrate the use of Theorem 6, we consider a classical problem of
computing the volume of a convex body in d-dimensional Euclidean space.
Although this problem is known to be computationally difficult, there have
been a great deal of progress in obtaining randomized approximation al-
gorithms based on the first polynomial time (O(d?")) algorithm by Dyer,
Frieze and Kannan [7] (also see [10]). The main part of the algorithm is
basically a random walk problem on the lattice points inside of the convex
body. There have been a series of papers improving the volume algorithms
with complexity lowered to O(n®logn) [9]. The eigenvalue inequality of
Theorem 5 provides a more direct way of bounding the eigenvalues and the
rate of convergence of the random walks.

Another example is the problem of random walks on matrices with non-
negative integral entries having given row and column sums, arising in con-
nection with exact inferences of contingency tables and their probability
distributions (see [1, 6]). This problem can be reduced to a problem of
bounding eigenvalues of convex subgraphs of the homogeneous graphs as
described in Example 1. The diameter of the convex subgraph for contin-
gency tables with given row and column sums can be easily evaluated and is
bounded above by the sum of all column sums minus the maximum column
sum. Using Theorem 6, for n X n tables with column and row sums equal
to s, the eigenvalue A can be upper-bounded by 75, provided s is at least
cn?. Therefore, a random walk on the subgraph converges in cn3s? steps.
More details on the contingency table problem can be found in [4].

In a subsequent paper [4], a variety of sampling and enumeration prob-
lems will be examined. By using the eigenvalue inequality established in
Theorem 6, the upper bound for the convergence of the random walks on
the corresponding convex subgraphs can often be improved by a factor of
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a power of n which then sometimes can lead to a better approximation
algorithm.

Acknowledgement. The authors wish to thank Peter Li for numerous
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paper.
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