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On the Stability of the Differentiability of Cauchy
Horizons

P1oTR T. CHRUSCIEL AND JAMES ISENBERG

We prove that for spacetimes containing compact Cauchy horizons
which satisfy certain conditions, the existence and differentiability
of the horizon is stable under smooth perturbations of the met-
ric. The arguments of the proof suggest, however, that if these
conditions are not imposed then the Cauchy horizon and its differ-
entiability are not necessarily stable.

1. Introduction.

An important global feature of spacetimes is the existence — or absence
— of horizons of various kinds, such as Cauchy horizons, event horizons, and
observer horizons. Their occurrence signals various dramatic properties: For
example, a spacetime with a Cauchy horizon is generally nondeterministic
(see, e.g., [Ch] for a review), while an event horizon implies the existence of
a black hole. A good understanding of the properties of horizons turns out,
therefore, to be one of the fundamental issues for understanding the global
properties of spacetimes.

Most results concerning horizons — e.g., the black hole area theorem
[Hawl], the topology of black holes theorem [Haw2], Hawking’s chronology
protection results [Haw3], the isometry results for solutions with compact
Cauchy horizons [M-I], [I-M] — are proved assuming a rather high degree of
differentiability; typically C2 or higher is needed. It is therefore natural to
ask whether such a degree of differentiability of horizons should be expected
in a generic spacetime.

Recall that, because of their achronal character, every horizon must lo-
cally be the graph of some Lipshitz continuous function [P]. It follows from
Rademacher’s Theorem [Fe] that horizons are differentiable almost every-
where. The tangent planes are, however, not guaranteed to vary continu-
ously from point to point; this result does not even guarantee that a horizon
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is almost everywhere C1.! Yet as mentioned above, for results like the area
theorem, at least C? differentiability is needed. We should stress that this
issue is rather distinct from that of the differentiability of the spacetime
metric; for the purposes of this discussion, we shall assume that the metric
is C°.

In spite of the fundamental character of the issue of the differentiability
of Cauchy horizons, very little seems to be known about it. It has been
shown [Ch-11] that asymptotically flat, compactly generated? Cauchy hori-
zons cannot be C'. Nondegenerate Killing horizons are easily shown to be
smooth (or, at least, of the same degree of differentiability as the metric),
but nothing is known about the differentiability of degenerate Killing hori-
zons. It has been argued that Cauchy horizons with fountains® are smooth
in a neighborhood of the fountains; however this is not yet clear, and noth-
ing is known about the differentiability of such a horizon away from the
fountains.

As a first step towards understanding this problem, we wish to consider
the following:

Question. Let m be a fized positive integer. Let H be a C* (for1 <k <o0)
horizon in a spacetime (M,§) with a C*~1 metric. Is it true, for all (or
some, or most) C*~1 metrics g in a neighborhood of the metric §, that the
corresponding horizon H = H(g) — if it exists — will be of differentiability
class C™?

We shall show that, at least for a certain (rather restricted) class of
spacetimes, the answer to this question is yes. The spacetimes (M, §) in
this class are characterized by the requirement that each contains a compact
Cauchy horizon whose null generators admit a global Poincaré section. Then
if a certain global quantity which we call @ is sufficiently large, and if the
spacetime differentiability order & — 1 is sufficiently large as well, stability
follows.

This result provides a partial answer to our question. However, it is
important to recognize its limitation. In particular, we note that while our
argument depends on the hypothesis that the Cauchy horizon be compact

1Recall that a function is C! if it is differentiable at each point and if its deriva-
tive is a continuous function.

2A Cauchy horizon is compactly generated if all its generators, when followed
into their past, enter and remain in a compact subset. See [Haw3].

3 A Cauchy horizon contains a fountain if at least one of its generators is closed,
and if almost all of its gerierators, when followed into their past, asymptotically
approach a closed generator. See [Th].
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and that the generators of this horizon admit a global Poincaré section, we
have no reason to believe that these hypotheses are needed for the stability
of the horizon. Note, however, that if we consider a spacetime whose Cauchy
horizon does have a Poincaré section then we believe that large @ is needed
for stability. These limitations need much further study.

It should be pointed out that the question we have raised here, as well as
the partial answer which our result provides, do not involve any field equa-
tions. Hence, as we will show, it is easy to construct open sets of spacetimes
which do satisfy our stability criterion, as well as open sets of spacetimes
which do not. So our study is really one which concerns Lorentzian ge-
ometry, rather than one which concerns general relativity and Einstein’s
equations. It is also relevant to the discussion of what an “arbitrarily ad-
vanced civilization” (see [Th]), with some control of energy conditions in its
spacetime, can do.

If we focus on spacetimes which satisfy the Einstein (or similar) field
equations, an appropriate question to consider is that of the stability of
horizons with small perturbations of the Cauchy data on a partial Cauchy
surface. However, if one takes the strong cosmic censorship conjecture se-
riously, then one expects that most Cauchy data perturbations will lead to
large changes of the spacetime metric in a neighborhood of the Cauchy hori-
zon (with the horizon unlikely to survive), so that our question seems to be
irrelevant from this point of view. Note, however, that the strong cosmic
censorship conjecture is still an open issue. Moreover, it is of some interest to
understand what happens to the Cauchy horizon under those, presumably
nongeneric, perturbations of Cauchy data for which the spacetime metric
perturbations are actually small in a neighborhood of the horizon. (Such
‘perturbations are well-known to exist; see, e.g., [M], [C-I-M].) As our results
are valid for all small perturbations of the spacetime metric, in particular
they apply as well to those which satisfy certain field equations. Thus our
results do have some relevance to general relativity, at least for spacetimes
which contain a compact Cauchy horizon satisfying our structure and sta-
bility conditions.

2. The Instability of Some Cauchy Horizons.

Before stating and proving our main result concerning the stability of
differentiability for Cauchy horizons in certain spacetimes, we wish to show
here that without at least some restrictions on the spacetime, the existence
of a Cauchy horizon is not a stable property under metric perturbations. We
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do this via the following example. (See also [Be] for a similar discussion.)

Let 2M be any compact two-dimensional manifold and set 4M = R x
S x 2M. Let g be the metric on “M which is given in local coordinates —
fort R, ¢ € S', and z* € 2M — by

(1) g = 2dtde + t2d¢? + hapda®da®,

where h = hgpdz®dz? is a Riemannian metric on 2M, independent of ¢ and
t. It is easily seen that the two spacetime regions (*Mx, gl4pz,) in (M, g),
where '

(22) My = {p e *M|£t(p) > 0},
are globally hyperbolic. One also verifies that the hypersurface
(2b) H:= {p € ‘Mlt(p) = 0}

is a Cauchy horizon.
Now consider the family of e-parametrized (for € > 0) spacetimes
(*M, gc), with M as above, and with the metric g. given by

(3) ge = 2dtd¢ + (£ + €)d¢? + hepdada®.

These spacetimes are all globally hyperbolic, with no Cauchy horizons. (This
is easily verified by noting that g-!(dt,dt) = —(¢2 +¢€), so that ¢ is a time-
function on M. Global hyperbolicity then immediately follows from com-
pactness of the level sets of t.) So, taking ¢ arbitrarily small, we see that
there are arbitrarily small perturbations of (M, g) which result in globally
hyperbolic spacetimes, with no Cauchy horizon. Note, too, that if we multi-
ply £d¢? by a compactly-supported non-negative function 1, with |3 > 0,
then we have compactly supported metric perturbations of (M, g) which also
remove the Cauchy horizon.

So unless one makes further restrictions, the presence of a Cauchy horizon
in a spacetime need not be a stable property under metric perturbations.
We shall make such restrictions in formulating our main result, in the next
section.

3. Main Result on Stability.

Let us consider a C*(¢£ > 1) spacetime (M, g) which contains a con-
nected, compact (say, future) Cauchy horizon H which is a C*(k > 1) dif-
ferentiable submanifold of 4M. One of the conditions we will impose involves
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the existence of a Poincaré section. We say that H has a global Poincaré
section (or, for short, a “section”) if it contains a surface 2M such that
a) every null generator of  intersects 2M at least once, and b) the gen-
erators always intersect 2M transversally. One readily verifies that if H
is compact, and if H has a section as just described, then there exists a
diffeomorphism ¥ of 2M such that

(4a) H~ S xg 2M = ([0,1] x 2M)/ ~,
where the equivalence “~” is defined by

(4D) (1,p) ~ (0, ¥(p)).

¥ is called the Poincaré map of the null generators of H.

The other essential condition we will need to impose for our main result
involves a quantity we call Q. To define @, [see equation (11)], we need some
preliminaries:

Given a Cauchy horizon H with section 2M, for p € 2M we define
I'(p) to be the path of the null generator which starts at p and ends at
the next intersection this generator makes with 2M, at the point ¥(p). So
T(p) N 2M = {p, ¥(p)}.

Now let ¢ be any defining function for  in M (that is, ¢(p) = 0 if and
only if p € H, and dy(p) # 0 for p € H ), and let Z be any vector field on
4 M which is transverse to H. There exists a neighborhood O = O(Z,H) on
which V z¢ is nowhere vanishing. Without loss of generality, we shall assume
that Vzp > 0on O(Z, ). We will also assume (as an extra restriction), that

(5) VHoVup| o <0,

onD()
Here D(X) indicates the globally hyperbolic region* of (*M,g) — with
Cauchy surface ¥ — to the past of H. Note that ¥ is necessarily diffeo-
morphic to H [Ch-I2].

On O, we consider the Z and ¢ dependent one-form

Vz(V*eVup)g(Z, )

6 w(Z,p) :=

Then for p €2 M, let us define the function

) b = [ wlZ0).
I'(p)

4More specifically, 5(2) is the interior of D(X), the domain of dependence of X.
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We claim that the right-hand side of equation (7) — and hence the function
8 — is independent of the choice of vector field Z. To see this, we first note
that for any nowhere vanishing function x on O, we have from equation (6)
that

(8) w(xZ,p) =w(Z,p);

thus w and consequently § are independent of the scale of Z. Next, say
that Z is any other vector field which is transverse to H. There exists a
positive function xy on O and a vector field Y on O, with Y tangent to H,
such that Z = xZ + Y. Since ¢ is a defining function of H and since H
is null, one has ¢l = 0 and V¥V, 0|y = 0, so Vzp|y = Vyze|y and
V 5(VFoV,u0) |1 = Vyz(VFeV,up)|n. 1t also follows from the nullness of H
that if we let gf—s denote the tangent vector to I'(p), then
« Vzoln = Vyzpln.

-~ d
o (2:%)
ds /) |y

Hence we get the same value for § for any choice of vector field Z which is
transverse to H.

We now wish to analyze the dependence of 8 upon the choice of the
defining function ¢. So let ¢ and ¢ be two different defining functions for
‘H. Passing to a subset of O if necessary, we find that there exists a positive
function p on O such that ¢ = up. We then calculate, at H,

2V*Va(bnp)
2 E e (2, ).
V0 9(Z, )

We may choose coordinates (s,x2*) on H in a neighborhood of p so that
g Y dp, ) = %, with % tangent to the generators of H. Then a straightfor-
ward calculation gives

9) w(Z, ) =w(Z,¢) +

u(‘lf(p))> .
1(p)
It follows that unless W(p) = p for all p € 2M, 3 depends on the choice of

the defining function ¢.
To remove this dependence, we set

(10) 6(p, %) = B(p, ) + 2t (

(11) Q :=sup inf B(p,¢),
¢ PEM

where the sup is taken over all smooth defining functions ¢ defined on some
p-dependent neighborhood of H. This is the quantity we will use in stating
sufficient conditions for horizon stability.
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It would be very convenient if ¢} were infinite for every spacetime with
a Cauchy horizon. This, however,-is not the case. In fact, one finds the
following:

Proposition 1. Let ¢ be any defining function for H. One has

(12) Q < sup B(p, ).
pE2M

Proof.  Suppose first that the Poincaré map ¥ is the identity. It then
follows that (3 is ¢-independent, as seen from equation (10), and thus (12)
is obvious.

If ¥ is not the identity, then for any p € 2M, equation (10) implies that
for repeated iterations of the map ¥, one has

(13)

L S g _ L N 2, (B ()
T 2 A0 = g LA, ) + e (M)

If there is some point p, € 2M such that ¥™(p,) = p, for some n, then (12)
follows from (13), evaluated at p = p«. If however no such point exists, then
from equation (13) we calculate

9 max
i < i .
(14) nf B(p, wp) < S B ¢) + —tn i
u
Then letting n — oo in (14), we obtain condition (12). a

This proposition shows that @ is always finite. Our main result will
guarantee that the horizon is stable so long as @ is greater than a certain
quantity. This quantity involves the C! norm of the Poincaré map, which
we write as ||¥||;, and define as follows: Fix some arbitrary Riemannian
metric k on 2M, and let d(p, q) denote the associated distance function. For
any (Poincaré) map ¥ : 2M — 2M, we set

(14a) [[®]lo : = sup d(¥(p),p),
pE2M

and then

(14b) 1911 = [[¥]lo + [¥]x
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where

[¥ly = sup (trn ¥*h)(p)
pEM

i vt ovt
(14c) 2,,2‘%5’” R (p) i (¥ (p)) 5 (P) 55 ()

Higher order norms ||¥||,, of ¥ can be defined in a similar way, using appro-
priately defined covariant derivatives of V.

To show that the inequality involving @ and ||¥||; in the hypothesis of
our main result (stated below) can be achieved — and hence our result is not
empty — we wish to show that the quantities Q and ||¥||; are independent in
a certain sense (so long as no field equations are imposed). More specifically,
we want to show that for a given compact submanifold # of M, with a given
set of orbits on H and a given return map ¥, there exist many metrics g
on M for which H is a Cauchy horizon with those given orbits as null
generators, and for which @ takes on arbitrarily large values.

To see this, consider M, H, and ¥ as just described. As shown in
[Ch-I1], one can find a metric g for which H is a Cauchy horizon and for
which ¥ is the Poincaré map of the flow of the generators on H. Generally @
may be small. Let us now modify g so that ) becomes arbitrarily large: We
need (i) a C? defining function ¢ for H, (ii) a C? timelike vector field T', and
(iii) a C? non-negative function v which is equal to one in a neighborhood U
of H, and zero outside of some larger neighborhood V' O U. We claim that

for all positive constants A, the metrics § defined by the equation
. \)

(15) » ({]:)aﬁ = gag — MVIIp

are spacetime metrics on M, with H a Cauchy horizon for each spacetime
1M, g) . To verify this, note that every timelike vector field in (M, g)
(&Y
remains timelike in all (4M , g) , note that H is a null hypersurface in
- o))
all (4M , g) , and note that any time function defined on the globally
N

1"7(2))

hyperbolic region D(Z) of (*M, g) is a time function in all (D(Z), g
N




On the Stability of the Differentiability of Cauchy Horizons 257

We also claim that as X increases, ) increases as well. Indeed, it follows
from equations (6), (7), (11) and (15) that limy—,0o @ § = +00. Meanwhile,
N

since ||¥||; involves only the metric on H and since §| = §|un, ||[¥|]1 is
)

unaffected by changes in A. So, we see that the inequalit;fi involving @ and
||¥||; can be achieved by construction (so long as no field equations are
imposed).

We now state our main result:

Theorem 2. There exist constants k1 and ko such that the following holds:
Let 2M be a two-dimensional manifold and let ¥ : 2M — 2M be a C*
diffeomorphism, for k > Max{k1, ka}. Consider any spacetime (4M g) with
a C*=1 metric and with a compact embedded C* Cauchy horizon H admitting
a section with Poincaré map W. There exists a constant s(k, | ¥||1) such that
if @ > K, then there is a differentiable map

(16) L(k) g — H

which assigns, to every C*—! metric g in a neighborhood Ok-1) C Ck1(*M)
of G, a Cauchy horizon H for the spacetime (*M,g), with H a compact
embedded C*—*2 submanifold of *M.

Remarks.

1) The neighborhood O(x_1) of metrics g near § may be characterized as
follows: For some conditionally compact neighborhood U of H in M, there
exists some € > 0 such that

(17) Ok-1) = {9 |||9 - §||ck—1(ﬁ) < 5} .

2) One may verify that the example given in §2 of a spacetime with an
unstable Cauchy horizon fails to satisfy the hypothesis of this theorem. In
particular, one finds that @ for this spacetime is zero, while  is positive.

3) The condition (6) V*oV p|onps) < 0 cited as a needed restriction
for proving stability is implicit in the inequality @ > &.

4) This theorem, together with our results elsewhere [Ch-I1], implies
“topological stability” of H as well as “locational stability” of H in the
sense of Beem [Be].

5) In recent studies of the behavior of chronology horizons and the “Foun-
tain Conjecture” [Haw3], [Th], [Ch-I1], the question of the stability of cer-
tain global properties of the flow of generators of a Cauchy horizon has been
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raised. A result relevant to these studies can be inferred from Theorem 2
and its proof as follows: As we show in the proof below, under appropriate
conditions, a defining function ¢ of the horizon H is a differentiable func-
tion of the metric g. Moreover, if @ > x(k = Max(k1, ke + 1) then Vo is a
differentiable function of g as well. Since Vi is tangent to the generators of
'H, the flow of these generators is also a differentiable function of the metric
g, so long as the dynamics of the generators of H is structurally stable, and
so long as Q > k(k = Max(ky, k2 + 2).

6) The proof below suggests very strongly (but fails to prove) that for
any k > 1, if Q is smaller than (k, ||¥||1), then generic perturbations of the
metric, no matter how small, either destroy the horizon or lead to a horizon
which is not of differentiability class C*. We present a result supporting this
expectation (in the case k = 1) in §4 below.

Proof of the theorem. The idea of the proof is to use an implicit function
theorem type argument to construct the map we will call L, : g — H(g).
While we have not been able to find a direct formulation of this problem in
terms of Banach spaces, we have been able to carry through this idea using
the machinery of the Nash-Moser Theorem. In showing that the Nash-Moser
Theorem works here, we shall use the terminology of [Ham], although the
specific version of Nash-Moser we apply is that presented in [Horl]. Note
that we use the letter ¢ to denote a generic constant. (Its value may vary
from line to line.)

Let U be a neighborhood of H which is diffeomorphic to (—2¢,2¢) x H
for some € > 0, and let (2% 2*) be any coordinate system on U such that
H = {p € Ulz°(p) = 0} and such that the set U_ := {p € Ulz°(p) < 0}

o

satisfies the condition U_ C D(X), where X is a partial Cauchy surface for
the globally hyperbolic region of (*M, §). So long as @ > 0, we may choose
2° and € so that 20 is a time function on (—¢,0) x . Since 20 is a defining
function of H, note that we have, from Proposition 1, sup,e2s B(p, z0) > Q.
Note also that the vector field

Z = Zuau = g“y.’BO,y 8“

is tangent to the generators of H. )
Now, let M*~1 be the space of C*~! Lorentz metrics on [—¢, +¢€] x H.
We consider the map

F: MF1 x CHH) — CF-Y(H)
(18) (9, f) = g (@ = —f(2"),2")(2° + f(2") o (2° + f(2F)) -
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For any given metric g € MPF=1 we claim that if there is a corresponding
function , € C* : H — R such that F(g,0,) = 0, and if the C*(H) norm of
6, is small enough, then the set

(19) M = {p € [~&,€] x H|z"(p) + 0,(p) = 0}

is a Cauchy horizon in (*M, g). Indeed, so long as ||0y | (7 Is small enough,

one has that # from (19) is a C! submanifold of *M. Moreover, we also have
that for ”‘99”02(7‘1) small enough,

8
(20) 5.5 197" +65), u(@® +6,), ] 5, >0

as a consequence of the fact that H is compact, and the fact that U_ is
globally hyperbolic with 2° serving as a time function for U_. Thus 2° + 6,
is a time function for the region in which 2% 4 8, < 0; and consequently H
is a Cauchy horizon of the same differentiability class as ;.

One would be tempted to use the implicit function theorem to prove the
existence of the map 6. The problem, however, is that while for a fixed C*~!
metric the map F(g, ) maps C* functions to C*~! functions, the map which
is the inverse of DyF (g, ) maps C*~! functions to functions which are not
generally C*. Thus, the standard implicit function theorem does not seem to
be able to handle our problem. We shall show that we can use Hérmander’s
version of the Nash-Moser theorem to obtain the map 6, discussed above.

Let X be the tame Fréchet space of smooth Lorentz metrics on
[— €, €] x H (See Corollaries I1.1.3.7 and I1.1.3.9 in [Ham]) and let Y be the
tame Fréchet space of smooth functions f : # — R which satisfy lfl < e.
(See Theorem 11.1.3.6 in [Ham].) With a small abuse of notation, let us
denote by F the map from X x Y to Y obtained by restricting F' from (18)
to the domain X x Y.

From what is proven in Section I1.2 of [Ham], it is readily seen that F' as
defined above by equation (18) is a smooth tame map. Then to apply the
Nash-Moser Theorem to this map we need to do two things:

1) Show that for all g in some neighborhood of §, the map Dy F' — which
is the partial derivative of F' with respect to its second slot — has a “right
inverse” in a sense which is made precise in Proposition 3.

2) Obtain appropriate estimates for this “right inverse” of Dy F.



260 Piotr Chrusciel and James Isenberg

Now, the derivative Do F' of the map F, when acting on a function o €
C*™(H), is given by

DoF(g, fa = 2g"(z° = — f(z*),a%)(z° + f (%)), u%co%
89#1/ 0 o o i ; i
(21) - W(w = —f(z"),2) (2’ + f(z*), u(2° + f(zY)), v
The equation
(22) DyFa = p

can thus be written in the form
(23) Y(e) +ya=p
where the vector field Y is given (in component form) by
Y*(a?) = Y°[g, fl(a?)

(24) =29"(a° = - f(@7),&")(2° + f (%)),
and the function v is given by

(2’) =g, f1(2’)
@) =L@ = 1))@ + (&), w4 1),

Note that for small f, 7 is negative.

From equation (24), it follows that there exists a neighborhood O C
MFE=1 5 CK(H) of (3, 0) € MF=1 x C¥(H), of the form O = {||g — §llc1 +
Ifllcr < e1} for some €1, such that for all (g, f) € O, the manifold 2M is
a global cross-section for the flow of ¥ = Y”% on 7:(, with Poincaré map
W[g, f]. Now let &,[Y](p) denote the flow of ¥ on H through a point p € 2M,
and for each such p let ¢(p) be the smallest strictly positive number such that
&) Y1(p) is contained in 2M. Replacing O by a subset thereof if necessary,
we find for all (g, f) € O that

t(p)
(26) /0 HEIY)(2) ds < —2.

Thus we may now prove the following.

Proposition 3. Suppose that @ > 0. For all (g, f) e O, and for all p €
C>®(H), the equation (23) has a unique solution a € C°(H). [We shall use
£l4,7) to denote the map from p to the solution o]
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Proof of Proposition 3. Consider the map
P:[0,1] x M - H
(27) (s,p) = fst(p) [Y](p)

One verifies that 1) is locally invertible on [0, 1] x 2M, and that its restriction
to (0,1) x 2M is a C*~! diffeomorphism between (0,1) x 2M and H \ 2M.
Moreover, (1, ) coincides with the Poincaré map ¥ of the flow of Y.

Let us define

(28a) &:=ao1,
(28Db) yi=701,
and

(28¢) fi:=pov.

Then equation (23) on H is equivalent to the following boundary value
problem on [0,1] x 2M :

(29) —a+da=p

(30) a(1,p) = &(0,¥(p))

One readily solves equation (29) for &(s,p) in terms of &(0, p); the solution
takes the form

(31)
ats.p) e |- [aena] {aon + [(atpeo I Swp) a

To take account of the boundary condition (30), we combine equation (31)
with equation (30) to obtain

(32) A=(AoW)G + H,
where
(332) Ap) = &(0,p),
1
(33b) G(p) = exp [ [ 4.p dt],

(33c) H(p) := - /0 1ﬂ(t,p) exp [ /0 1ﬁ(u,p) dU] dt,
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and ¥ is the Poincaré map, as before.
We claim that there is a unique function A(p) which satisfies equation
(32) and that it may be expressed as

©
(34) A= Hy + GoH; +ZG0-“G5_1H¢',
i=1

where the subscript notation refers to the following convention: For any
f € C®(2M), we define fo := f, f1 := fo,..., fj := fj—1 0. To check
this claim, we first note that since 4 [see equation (25)] is negative, G(p) < 1.
It follows from this, and from the compactness of 2M, that the series (34)
converges absolutely. One verifies by substitution that A from (34) satisfies
(32). Then to prove uniqueness, we consider any pair of solutions A and A
of (32). One finds that

(35) A-A= (A1 _ 211) G,
so it follows that

sup (4= 40) <swp (41 - Aa) o] supG

2
(36) = sup (Al — fL) supG.
2M 20

Since supz;; G < 1, we must have A = A.

Now that we have an explicit expression for &(0, p) = A(p), we may
substitute it into (31); we thereby obtain a (unique) solution to the boundary
value problem (29) - (30). Because % is locally invertible, we may set o :=
&ovp~1, and we verify that this function solves equation (23) on H. We then
set Ljg, i = o O

This proposition establishes the existence, in a certain sense, of a right
inverse of DoF for g near g. We now need to establish certain estimates
for this right inverse, which (as in Proposition 3) we represent as £y 7. To
obtain these estimates, we first need a few intermediate results, which we
prove as a sequence of lemmas.

Lemma 4. Let {a;|i = 1,...,I} be a set of strictly positive constants,
with E{zl a; = 1. For any pair of sets of constants {b;|t = 1,...,I} and



On the Stability of the Differentiability of Cauchy Horizons 263

{dili = 1,...,I} which satisfy the condition bid; > 0, there exists a constant
c(ay) such that

I

I
(37) [T bsidi = < e(cw) Y (bi/ds)(dndy - - - di).

i=1 i=1

(Whenever any of the d;’s vanish, (37) is to be understood in the obvious
way.)

Proof of Lemma 4. Since equation (37) is invariant under the transforma-
tion

(38) b — A\b; d; — Aid;

for any A > 0 and \; > 0, it is sufficient to verify (37) for d; = 1, and
I 1bi = 1. But then the resulting condition — that there exists c(oz,)

such that sz b* < c(a;) — follows from the continuity of the function
F(b) = H{:l b* on the compact set {b;|b; > 0 and Xb; = 1}. O

We use Lemma 4 primarily to prove the following:

Lemma 5. Let {fili =1,...,I} be a set of functions in C*(2M). There
exists a constant c(n) such that

(39)

Il fellen
11+ frllom@ay < e(n) Z T ”CO( 2| fillooary -+ | frllosaar)-

Proof of Lemma 5. Let us consider the m-th order derivatives, for 1 <
m < n, which are included in the norm || ||cn(2)s). Hence we consider multi-
indices @ = (a1, a) for 2M summing to n. As a consequence of the product
rule, for each such a we have

(40) X dl=| Y (97 A0 1),
ﬁl-l--"ﬁI:a

where the sum is over all sets of I multl indices ' = (B1,83), B =
(8L, B%), such that E] 1,81 = o and Z] 1 ﬁ2 = . It now follows from
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interpolation arguments (see, e.g. Theorem A.5 in [Horl]) applied to the
right hand side of equation (40), that for some constant &(n),

(41) |0%(f1--- fD)l

] B B el
< ¢&(n) Z ”fl”cv?z(zM)”fl“CO(z’}\,_f) e l|fI”C71(2M)”fIHCO(z'}\,I)-

Blf=a

If we now apply Lemma 4, with b; = ||fllcni2pr), @ = J%l, and d; =
| fillco2 a1y, and if we then sum the results over all m for which 1 <m <n,
then the result follows. g

The next lemma involves the effect of diffeomorphisms on norms of func-
tions. So let Diffon(M) denote the group of those diffeomorphisms of a
manifold M which are of differentiability class C™. We have the following:

Lemma 6. Let 9 € Diffgn(M), with n > 1 and with ||Y||crary < ¢ for
some constant . Let f € C™(M), and define the sequence {f;} € C™(M) by
fo:=1Ff, fi=Ffow, - fiy1:= fjoy. There exists a constant B(n,() such
that

(42)  |fillonan < B, QY (Iflenany + I lloran 1llenar) -

Proof of Lemma 6. We consider first the special case in which n = 1. Then
one calculates (using the shorthand || ||» := || ||cn(ar) here and below in the
proof of this lemma), for any i,

18illo = 1(8f)i(0%)i-1--- (0¥)1(8%)llo
(43) < 18 llo(l15%ll0)’,

Here, following the convention for f;, we have (8f); := 8fot)- -1, (O)i—1 =
k]
Oporpo- io 1, etc. From equation (43) and the definition of the C! norm,
-
we find

Il£:lls = Il fllo + IO fillo
(44) < (@+ONf

which is consistent with (42).
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We next show that there exist constants a;(n,¢) and b;(n, ) such that

(45) I filln < as(n, Ol flin + bi(n, QNI f ll1l|% ]l

We do this via induction on ¢, using the inequality (for some constant d(n))

(46) If o glln < d(n) (Ifll=llgllT + 17121iglln + 1 fll0) ,

which is proven in [Hor2] — see Theorem 3.6 — as well as in [Ham]. For
i = 1, inequality (45) follows from (46) if we choose a1 = d(n)(1 + ¢™) and
b1 = d(n). Now suppose that (45) holds for some 7 > 1. Inequality (46) then
implies that

| fit1lln = Ifi 0 Plln .
(47) < d(n) [(L+¢a)llflln + 1+ + B F 1 1%lln] 5

so if we can find a;(n, {) such that

(4823) ait1 < d(n)(1+¢"a;)
and b;(n, ¢) such that

(48Db) bit1 < d(n)(1+ ¢+ C"by),

then (45) holds for all values of i.
The recurrence inequalities (48) may be rewritten as

(49a) ait1 < e(n; ()(1 +ay)
and
(49b) biy1 < e(n, O)(1+ ¢ +b3)

for appropriate ¢(n,¢). From (49a), we calculate (assuming, without loss of
generality, that ¢(n,{) > 1)

1—2
ai<ey 4 ldn)(1+¢M)
£=0
O R [d(n)(l oy — Al _c_<’;(’,§}0] 1, ).
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Then from (49b) we find
b <+t + ehio
Sete T AL+ 4 bio)
et 4 ot et 4 224 T+ Ty

= cg-l—:_-? + ¢! [(%y—l +--+ (-ﬁ-)] +dct!

:c(l—c)+£c —¢ -I—gc".

l-c cec—¢ ¢

It is now clear, from (50a) and (50Db), that there is a constant B(n,¢)
such that a; < B* and b; < B*. Inequality (42) is thus obtained, and so the

lemma is verified. O

(50b)

We now use Lemmas 5 and 6 to derive an estimate which we will use to
control Dy F, and to eventually show that its right inverse £ ¢ is tame, and
is a composition of tame maps. We establish the estimate in the following:

Proposition 7. Consider the function

o0
(51) A=H0+G0H1+ZG0°'°Gj_1Hj

j=2
as in equation (34), where Hy and Go are C*(2M) functions, and where the
indices on H; and Gy refer to iterated compositions of Hy and Go with a
smooth diffeomorphism 1, as in Proposition 3. For every integer n < £ there
exists a positive £, such that if ||Gllo < en, then A € C™(2M). As well, for
each i < n, there exists a constant c(i) such that

(52) [lAllciem
< c(i) [|1Hllcieamy + 1Gllciem + (1 Hlloremy + Gllorean) 1¥llciean] -

Proof of Proposition 7. We shall verify inequality (52) for the case i = n;
the other cases are verified essentially the same way.
From (51) — and reverting to our notation || ||n < || [lgn(2ar) — we have

oo
(83) 1Alln < | Holln + |GoHilln + || Go- -~ Gj-1H;

Jj=2 n
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If we now apply Lemma 5 to each of the norms of products in (53), and if
we recall that || Hl|lo = ||Hollo and ||Gjllo = [|Gollo = sup2j; G, then we have

(oS} o i—1
(54) IAlln < c(n) | > G Hilln+ | Hollo > Y G Gjln
=0 i=1 j=0

where G := supz, G, and c¢(n) is some constant.
We may use Lemma 6 to obtain estimates for the terms ||H;||, and
[|Gjllr in (54). For the first of these, we have (for ¢ := ||¢|[1)

(55) > G Hilln <> (B(1,$)G) (| Holln + | Holl 1% ln)-

=0 1=0

We easily see that so long as
(56) B(n,{)g <1

for all n and ¢, this series 3 ooy G*||Hi|l» converges. Applying Lemma 6 to
[|G;l|n, we have

oo i-1 (o)

i—1
S 3G G < 367 Y (B, Y (Gl + G )
i=1 §=0

i=1 j=0 i=

o , _ pl-i
657) = > 080,0F (252 ) (61 + 161l
=1

This series, too, converges so long as inequality (56) holds for all n and (.

Estimates similar to those which produce (55) and (57) show that, so
long as B(n, ()G < 1, the sequence of partial sums from the right hand side
of (51) is a Cauchy sequence in C™(2M). Thus, if we set

1
(58) En = B0’
and require that G = ||G||o < &n, then the right hand side of equation (51)
converges in C™(2M). Tt follows that A from equation (51) is a C*(®*M)
function. Inequality (52), for ¢ = n, immediately follows as well. O

We need one more auxiliary result before we can proceed to finish proving
our main result, Theorem 2.
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Lemma 8. Let h be a C* function on H, and let Y be a C™ vector field
on ‘H. Consider the map A, which to each such pair (h,Y) assigns the C*
function

Apy;:[0,1] xH —R
(59) (t,p) — h(expey (D)),

where “exp” denotes the exponential map on H. This map A is tame.

Proof of Lemma 8. Since the composition of a pair of tame maps is tame
[Ham], this lemma is proved® if we can derive a tame estimate for solutions
of the following initial value problem on R¥

d

(60a) %= H(z)
and
(60Db) 2(0) = (.

with ¢ € [0, T for some T > 0. Here H is a C* vector field on RY, and ¢ is
a point in a ball B, of radius 7 in RV.

Let 2 be a solution of (60). We may view it as a C* function z(t,£) of
the pair ¢t € [0,7] and £ € B,. The estimate we seek takes the form of a set
of inequalities for the norms ||z||c(o,7xB,)- To obtain this estimate, it is
useful to first consider the collection of R!-valued functions

(61) Zn(t,€):= ) e M|Dg(a(t,€) - &)

0<loj<n

where n is a positive integer, ) is a constant to be chosen below, and D§z in-
dicates the multi-index o = (o, . . . an) partial derivatives of 2 with respect
to its second slot (i.e., derivatives with respect to £). Making a specific choice
for A, we will derive an upper bound for the growth in ¢ of these Z,(t,¢)

5We use a partition of unity argument to go from the tame estimate for functions
on RY, as obtained here, to a tame estimate for functions on H (cf, the composition
inequality (46)), as required for this lemma.

Note that the proof of this lemma essentially shows that the exponential map is
a smooth tame map between the Fréchet space of C*° fields on a compact manifold
M and the Fréchet space of smooth diffeomorphisms of M (with the standard C*
gradings).
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functions, and then use these bounds in obtaining the desired estimate for
x. Note that for n > 0, one has

(62) Zn(0,£) =0
Calculating the time derivative of Z,(t,¢) from its definition, we obtain

)  2zi=AZat2eN Y (DS(alté) - ODSH).

ot
0<la|<n

Then applying the Schwarz inequality to the sums of inner products in (63),
we find

9
ot
for some constant ¢(n, T'). To proceed from (64), we need to know something
about ||H o z||¢n(p,). From the composition inequality (46), we find that

(64) Zn < =M + (0, T) Z3/*| H 0 z| om 5,

(65) ||H ozllgn(m,)
< ¢(n) (||H||CH(RN)||90||21(B,) + 1 Hlcrwmyllzllon(s,) + ”H”CO(RN)) :

Then, since it follows from (60a) that there is a constant ¢(T', n, || H || g1 gny, )
such that

(66) le@licr s,y < ¢ (T, | Hllorgmy, )
for all 0 <t < T, we may rewrite inequality (65) in the form

(67)
18 o allon(s < ¢ (T,m, | Hllorwmy, ) (llelloncs, + 1Hllonem))

where the constant c¢(T,n,||H|c1(rny,) is perhaps different in (67) and
(66). We may now substitute this inequality for || H o z||cn(p,) into (64); we

obtain (noting the relation between ZY? and (Izllen(B,y)

0
(68) 520 < ~AZn+c(T,m, [ Hliorgny, )

ot
N Hllgn gy ZY? (Zylzﬁ + | Hllgnwyy + |1id ”C"(Br)) ,

where id denotes the identity mapping on B;.
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While (68) is not very useful for a general choice of A, if we pick A\ =
o(T,n, ||H||c1mny,7) then we have

(69)
d .
FinSc (T, n, ”H”cl(RN),T) (”H”C’"(RN) +|id HCn(Br)> Z2,
This easily integrates, and so for n > 0 (for which Z,(0,¢) = 0, as noted

above), we find
(1) ZY2<c(Tn | Hlloremy,r) [IHgn@mT/2+1]

where again the constant ¢ is perhaps different in (69) and (70).

Based on these inequalities for Z,, together with an analysis similar to
that which we used to derive (70), we can show that for all » > 0, and for
all ¢ € [0, T, there exists a constant ¢(T,n, | H||c1(rn), r) such that

() le@llensy < ¢ (Tm 1Hllosgmy,r) (I llgrgm +1)

This is not yet what we want; we need inequalities for ||z|lcn(jo,7)x B,)-

To proceed, we first note that as a consequence of standard interpolation
inequalities (see, e.g., Theorem A5 in [Horl]), one can show that for every
€ > 0, there exists a constant c(e,n, T, r) such that

(72)

ox
lzllen(jorxB,) < € T +c(e,n, T, 7)1zl cn(B,)-
Cc"([0,T]xBy)

The ||z|lcn(p,) term on the right hand side of (72) is controlled by the
inequalities (71). To control the first term, we use equation (60a) together
with the composition inequality (46) to show that

(73)
o
ot

= || Hl|lcn(jo,11% Br)

Ccn([0,T|x Br)

<c (”H”C"(RN)”x”Cq([O,T]xBr) + ”H”C'1(RN)”w”C“([O,T]xBr)) .

Now ||lzllcr(o,1)xB,) 2ppears in (73). However, letting « denote a
constant such that ||H|cigyy < #, we find that we can always choose



On the Stability of the Differentiability of Cauchy Horizons 271

e(k, N,T,n,r) so that, substituting (72) into (73), we have
ox

(74) 5

Cn([0,T]x Br)

<c (”H”C"(RN) lzllenom1x B,y + 1 Hllcr@mllzllenes,) + 1) :

Then if we use this inequality (74) for ||%f|| On((0,T]x Bx) together with the
previously obtained inequality (67) for |[z(t)||c1(g,), We get from (72) —
with € = 1 — the result

(75)
lellonqoesn < ¢ (Tom, Ny [ Hlloagery ) {1 llgm ey +1]

Thus we obtain a tame estimate for 2(¢,£), and thereby demonstrate that
Afn,y) 1s 2 tame map. a

Completion of proof of Theorem 2. Recall that the idea of the proof is
to use a Nash-Moser type argument to establish the existence of the function
O : H — R (described just below equation (18)). The argument focuses on
the study of the function F' defined in equation (18), and on the study of
the “right inverse” a = £jg 71y to the map D F.

In Proposition 3, we have shown that o exists, and we have shown that
it may be constructed by setting

(76) (a0 )(s,p)

= {exp [— /0 s‘r(t,p) dt]}{o?(ﬂ,p) + /0 sﬂ(t,zo) exp [ /0 t‘r(u,p) dU] dt}

for

x
(77) &(0,p) = Ho + GoG1 + Z Go:--Gi—1H;,
=2

where H;, G;, ¥, ¥, [i, and 4 are as defined in Proposition 3, and in equation
(25).

It follows from Proposition 7 that ||c«(0, p)||cn(2ar) satisfies an inequality
of the form (52), so long as G := supz;; G is smaller than a certain constant
€n. (This &, is essentially constructed in the course of proving Lemma, 6).
Taking G(p) = exp fol ~(t,p) dt from equation (33), with 4 = yo1, and with

Y= ’—g%?(wo = —f(z7),2%)(2° + f(z%), u(z® + f(z?)), », from equation
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(25), we find that the coordinate-independent expression for the condition
G < en, is exactly

(78) Q > (k, 1¥]l1),

where @ is defined in equation (11), and & (the differentiability of the horizon
H) replaces n. This inequality (78) is, we recall, one of the hypotheses of
the Theorem.

We will now show that so long as (78) is satisfied, with the constant
k(k,||¥|l1) to be determined below, then 6, exists. We do this using
Ho6rmander’s version of the Nash-Moser theorem, presented as Theorem
2.2.2 in [Horl]. Note that to facilitate the verification of the hypotheses
of Hérmander’s Theorem 2.2.2 — these hypotheses are expressed primarily
in the inequalities (2.1.5), (2.1.6), and 2.2.24) in [Horl] — we will rename
some of our functions to match his notation.

Let © denote the neighborhood of (§,0) € M*~1 x C"“(’H) defined just
below equation (25), and for every fixed g such that (g, u) € O, let us set

(79) Dy(u) := F(g,u)

with domain {u|(g,u) € O} for F' defined as in equation (18). One verifies
(with the help of some calculations in [Ham]|) that ®4 satisfies the estimates
(2.1.5) in [Horl] with A\g = 0, with m; =mg = --- = ms = 1, and with ag =
k — 1 (where, as above, k is the differentiability index from the hypotheses
of Theorem 2).

Proposition 3 shows that @} (u) — which is the same as D2 F(g, u) — has
a right inverse. Conforming to Hérmander’s notation, we label® this right
inverse 1g(u) := £[g.4

As a consequence of Proposition 3 together with Lemma 8, so long as
inequality (78) holds, the function 4(u) is a composition of tame maps.
Hence, as shown by Hamilton (see Lemma 2.1.7 in [Ham)]), for certain con-
stants w1, p2, A1, A2, and ay, the inequality (2.1.6) in [Horl] is satisfied by
Pg(u).

One way to determine what x(k, |¥||1) should be in (78) is to view (2.1.6)
in [Horl] as holding with p;, 2, A1, and A independent of k£ and ||¥]|;, but
with a, depending upon £ and ||¥||; as a consequence of (78). So now let
Qo be the smallest integer such that o = ap satisfies inequality (2.2.28),
in [Horl], and let ay be the smallest integer such that (2.2.24) in [Horl] is

6The use of 1,4 (u) for this right inverse should not be confused with our use of
¥ to denote the Poincaré map.
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satisfied with ay = 3,,, and a = ap. Note that there exists an integer ko such
that (2.2.24) in [Horl] holds with a = a, for all k > ko [with k affecting
(2.2.24) via the dependence of a, on k|. One finds that there also exists an

integer ki satisfying k1 > p1 + &¢ and k1 > ko, and there exists a constant
k(k1,||¥l]1) such that if k > k; and if Q@ > k(k1,||¥||1), then indeed 9)4(u)
satisfies (2.1.6) in [Horl] with ay = c°z¢. Thus we determine x(k1, ||¥]1) for
(78).

Now let us choose some sufficiently small ¢ > 0 and set M, = (—0,0) xH
in coordinates as discussed early in the proof of this theorem. We consider
the set of metrics

(50) 0. = {g|lg =Gl <e}-

Using what has been shown thus far, we find that there exists €o > 0 such
that for all € < &g, the estimates (2.1.5) and (2.1.6) in [Horl] hold, with
constants independent of g. In particular for any § > 0, there exists €(6) > 0
such that if g € O, then

(81) ”(I)Q(O)||Hao+/\1 (7—‘() <é.

We now set f := F(g,0). It follows from Theorem 2.2.2 in [Horl| that
there exists some §; > 0 such that if || f|| yao+», < 61, then there is a solution
u to the equation

By (u) = B4(0) + /.
= F(g70) —F(g,O)
(82a) =0

In other words, there exists e > 0 such that for all g satisfying
lg — dllex(as,y < €1, there is a solution u to the equation

0=2,(u)
(82b) — Fg,u)

Setting 6(g) = u, our desired result follows.

It follows as well from Theorem 2.2.2 in [Horl] that the map @ is dif-
ferentiable, and that the Cauchy horizon H defined by 6, in the spacetime
(M,,g) is a C*~*2 embedded submanifold for some k. a
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4. On the Sharpness of the Main Result.

Our main result specifies conditions on a spacetime (M, §) with a Cauchy
horizon which are sufficient to guarantee that all C* perturbations g of §
admit a Cauchy horizon H, and are sufficient to guarantee that the map g —
L (g9) = H is differentiable. In §2, we showed that if one does not impose
conditions, then the metric perturbations of a spacetime with a Cauchy
horizon may not all admit Cauchy horizons. Here, we discuss an example
which shows that there are spacetimes such that if a map g — L)(g) does
exist for some k > 1, this map L) is not a differentiable function of the
metric. [We suspect that, in our example, the map does not in fact exist
for k > 1, but we have not yet been able to prove this.] These results show
that our main result, Theorem 2, is sharp.

We consider a one-parameter family of spacetimes (1, g4) such that

(83) AM = (S xy T?) x R!

where T2 is the two-torus represented by the standard lattice equivalence
relation on R? (with “[]” denoting the canonical projection from R? to T2),
where ¥ is the Poincaré map

(84) U([z]) = [Bz]

with B = ? } , and where Xy is the twisted product defined in equation

(4); and such that

(85) gq = 2dtd¢ — qtdd® + dy® + dz?

where y and z are coordinates on T2, ¢ is a coordinate on S, t is a coordinate
on R}, and q is a positive parameter. (See [Ch-I1] for a detailed discussion
of such spacetime constructions.)

One readily verifies that for any member of this family of spacetimes, the
region M_ = {p € *M|t(p) < 0} is globally hyperbolic, and the embedded
hypersurface H = {p € *M|t(p) = 0} is a Cauchy horizon. Hence, if one
fixes a particular value go € (0,+o00) of the parameter, one finds that at
least within the family, the existence of a Cauchy horizon is C°-stable under
C? perturbations of the metric, and we have a well-defined map ({J(O) from

gq (near g,, in C? topology) to the Cauchy horizon H in (M, g,).
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Now say there were a map qL(k) (k > 1) taking all g (including g4) near

some fixed § = g4, to the corresponding Cauchy horizons. If this map were
differentiable, then it would follow that the linear map

(86) Lo C*(H) — C°(H)
0

defined as in Proposition 3 must exist, and its image must lie in C1(H).
We shall show that at least for some values of g,, the image of qé [¢,7] 18 Dot
0

contained in C!(H), so it follows that L (1), if it exists, is not differentiable.
%

It is sufficient to show that the function A : T2 — R! constructed as
in equation (34) — for certain § = g4, and for certain choices of smooth
p:H — R — is not C. To show this, it is convenient to focus on points
p € T? given by

(87) p = [ov],

. . - 1 .
where v is the eigenvector for the matrix B = (f 1) which corresponds

_to the eigenvalue Ay = 1(3 + /5), and where o € [0, +00). For such points,
we obtain from (34)

(88) A([ov]) = Z ¢H ([Noov]).
=0

The function H depends on the choice of the function y, but from equation
(33) we see that for certain y we have H([0]) = 0 and H([p]) > 0 for
p € T?\ {[0]}. We assume such a choice, and define the constant

89 = inf H([5v]) > 0.
(89) ni= dof ([6v])

Now let ¢ € (0, /\;1]. For any such o, there exists a positive integer v
such that A4o € [1,A4], and we have from (88)

A([ov]) > gu H ([Nyov])
(90) > o

Since A% o > 1, we have vfn); > —fno, and so

(91) > glengol /ey
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(Here, we use the fact 0 < go < 1). Combining (90) and (91), we see that

(92)
thence

(93)

A(Jov]) > noltnaol/tnr+.

A([ov]) — A((0])

g

> naﬁ,

for B < 0. It follows that A is not CL.
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