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Geometric Expansion of Starshaped Plane Curves
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1. Introduction and main result.

In this paper we shall deal with general nonhomogeneous expanding cur-
vature flows of an arbitrary starshaped closed plane curve yoin R2. This
is a partial generalization of Chow-Tsai [5] for nonhomogeneous expanding
curvature flows of closed convex plane curves. A major difference between
these two papers is that in Chow-Tsai [5] we use the support functions
of convex closed curves to formulate our problem while we use the radial
functions of starshaped closed curves here. In a later paper by Chow-Liou-
Tsai [8], we shall generalize our results to the expansion of embedded plane
curves with turning angle greater than —x. Although we concentrate on
nonhomogeneous expanding curvature flows here, we should mention the
many important works on homogeneous curvature flows of closed convex
curves and hypersurfaces in the last several years. We refer the readers to
the introductory remarks in the papers by Andrews [1], Chow-Tsai [5], or
Chow-Liou-Tsai [7] for further information. For expanding starshaped hy-
persurfaces, we mention the papers by Urbas [19] and Gerhardt [10], where
they consider the homogeneous expanding curvature flows of starshaped hy-
persurfaces with dimension at least two. Recently, Chow [2] was able to
use the Aleksandrov reflection method to get a gradient estimate for the ra-
dial functions of nonhomogeneous expanding curvature flows of starshaped
hypersurfaces.

Let o be an arbitrary starshaped (with respect to the origin of R?)
embedded closed curve parameterized by a smooth embedding Xo(u) : S —
R2. We consider the initial value problem
oX
i F(K)-N
X(u, 0) = XO(’LL)

(1.1)

where F(z) :R—R™T is an arbitrary positive smooth decreasing function
which satisfies . liI_noo F(z) = 0o and F(z2) = %ﬂ < 0 everywhere, K (u,t) is
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the curvature of the curve given by X(-,t) at the point u, and N(-,t) is
the unit outward normal vector field to the curve X(-,t). Note that we
only put very little assumptions on F. The condition ' < 0 will guarantee
that our equation (1.1) is parabolic (see (1.2) below), while the condition
zEmco F(z) = 0o is used in the second derivative estimate, it is not required

in the gradient estimate. Moreover, when lim F(z) < oo, singularities may
z——00

develop for certain initial data (see the picture in Chow-Liou-Tsai [8]). Ge-
ometrically speaking,equation (1.1) means that we deform the initial curve
7o in its outward unit normal direction with arbitrary speed F' depending
on its curvature K only. Intuitively, we expect the evolving curves 7; remain
starshaped and expand to infinity while their shapes asymptotically become
round. This is indeed the case as we shall show below. It is natural to
consider expansion with nonhomogeneous speed when the initial curve 7y is
starshaped. The reason is that, in this case, homogeneous speed corresponds
to the choice F(K) = -Il?, which no longer makes sense since the curvature
may be zero somewhere.

Since 7y may not necessarily be convex, we can no longer use the support
function on S to reformulate equation (1.1) (see Urbas [18]). However, by
introducing polar coordinates (r,6) in R2, equation (1.1) for starshaped
plane curves expansion is equivalent to the following

or \/W_F(K)

(1.2) N r
r(0,0) = ro(9),

where ro(0) is the radial function of the initial curve vy, K = %——;fﬁ
is the curvature of the starshaped plane curves, A = r? + r?, and r; =
%, ro = %E, ...etc. The proof of the equivalence is similar to what Urbas
did in his paper [19] for the higher dimensional case. We will not repeat it.
Here we should point out that in equation (1.1), the partial derivative % is
with respect to fixed u, while in equation (1.2), z% is with respect to fixed
angle 6. To avoid confusion, we use the coordinate (u,7) for equation (1.1)
and use the coordinate (,t) for equation (1.2) with the understanding that
t = 7. In the rest of this paper, we also use ' and ” to denote 5%- and 3%27
respectively when we deal with evolution equations resulting from (1.2).

It is well-known that there exists a unique smooth solution to equation
(1.2) (or (1.1)) on 8! x [0,T) for some maximal time 7' > 0. We shall prove
that the solution exists for long time and show that the evolving curves 7,
under an appropriate rescaling, converge to the unit circle S! in the sense of
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the following theorem. The maximum principle will be the main ingredient
in the proof.
The main result of this paper is the following

Theorem 1.1. Let F(z) :R—R" be an arbitrary positive smooth decreas-
ing function with F < 0 everywhere and lim F(2) = co. For any given
V4

——00
smooth positive function ro(0) : S —R™, there ezists a unique solution
r e C®(S!x[0,00)) to equation (1.2) such that tlim rmin(%) = 0o. Moreover,

—00
there exists a constant C depending only on F' and ro such that

(1.3)

or
—_— <
60(0’t)| <C

for all (6,t) € S* x [0,00). As a consequence, there exists a solution
R(t) to the o.d.e.

dR 1
(1.4) - = F(R)
on [0, 00) such that
(1.5) Tmin(t) < R(t) < rmax(?)

and the radial functions 7 of the rescaled curves ¥ = % satisfy

. 2nC
(1.6) 17(-,) = lgrsny < 70)

for all t € 0,00).

From now on, we shall focus on equation (1.2) and prove the long time
existence of a solution. We first compute several evolution equations.

1 Added in proof: In fact, based on the gradient estimate Proposition 3.3 and the
curvature estimate Lemma 6.3, we can show that the evolving starshaped curves
become convex eventually. As a consequence of that, the radial functions # of the
rescaled curves ¥ = % will converge to the constant 1 in C?-norm. See a later paper
by Chow-Liou-Tsai [8].
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2. Preliminary computations and the evolution of curvature.

Our first lemma is on the growth rate of r. Unlike the case in the convex
curve expansion where the speed of the support function may blow up in
finite time, the speed of r here will stay finite as long as ¢ is finite because
of the nature of our problem. We have

Lemma 2.1. Let rmax(t) = maxr(6, t) and rmin(t) = mln r(0,t). We have
0€s

(2.1) at + Tmin(0) < min(t) < 7(0,1) < Tmax(t) < bt + rmax(0)
for all (6,¢) € S x [0,T), where a = F(;—gy), b= F(0).

Proof. We will use a version of the maximum principle due to Hamilton
[12]. Since r is smooth, rmax(t) and rmin(t) are clearly Lipschitz functions
of t. Therefore

dat _ qi s Tmin (t+ h) = Tmin (t)
= "min () = hll)%l_'_ inf 5

> inf{—g-t—r(i,t), ¢ em(®)},

where m(t) = {§ € S* : r(0,t) = rmin(t) }. For any £ € m(t), we have

7’7"2

K(,t) = ) < =(&,¢
€9 €060 = .
Therefore, since rmin(t) is increasing and F is decreasing, we obtain
dt 1
min(t) = F > F(——).
d - T m( ) ( Prmin (t)) (Tmin(o))

This implies that
7(0,t) = rmin(t) = at + rmin(0),

where a = F(;—r)- Similarly, we can show
dt

1
— < <F
at Tmax(t) < F( Tmax(t)) < F(0),
which yields
7(0,t) < Tmax(t) < bt + rmax(0),
where b = F(0). The proof of (2.1) is done. O

The evolution of the gradient of r is given by the following
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Lemma 2.2. (i)

F F F 2 2 T
22) Oyr1 = A’I‘3 + l:Al/2 p(?ﬂ‘ —3r] + 37")"2)] -;-7‘2
F r3

—7472'?2' — 25(47‘:15 + T2T1)

on 8! x [0,T), where ry = L%, F = F(K), F = F(K) = % |,k .
(i)

F F F 2 2 1 ,
Ow = _Zw” + [A1/2 + ﬁ(3r —3r{ + 37‘7‘2)] Y

(2.3)
F w? F

F
T A2 — (472 + r®)w +2—13

-2 i

_ 8w

on S! x [0,T), where w =1}, w' = 42, w" = &%.

Proof. The proof is a routine computation. First we have
! /
A A .
(2.4) Ory = (@F(K)) = (4) F(K) + gFK’.

We compute

(2.5)
ro 1 9.3 a3 2 9
K' = 57 (—Arrs — Arry — 3rri — 3rira + 3r%rirg + 3r7173)
and
!
(2.6) _\_/_Z _rmtnre_ 4pn
r rAl/2 2’

Formula (2.2) follows by substituting (2.5) and (2.6) into (2.4). To prove
(2.3), we use
w' =2rira,  w' = 2ryrs + 22

and (2.2). a

As a preliminary estimate, we have the following lemma, which will be
improved later.
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Lemma 2.3. There is a constant C1 depending on the initial curve o and
F such that

r2(6,t)

@1 70,0

<C, onS'x|[0,T).

Proof. Same as before, we have w = r? and

dt T 'wmax(t + h) - wmax(t)
’E{wmax(t) - hll)%l_,_ sup h

< sup{gru(n,t), 1 € W(D),

where W(t) = {# € S' : w(f,t) = Wmax(t)}. For any ne W(t), we have
re(n,t) = 0 and

r? + 2r? 2 2 2
0 < K(n,t)= A3/2 L (m,t) < Al/2 (n,%) < Tmin(t) = Tmin(O).

By (2.3), we get

dt :
— Umax(t) < —8F(K) at (1,1).

Let d = max lF(z)‘ on the interval [0, Eﬁi—@]‘ We obtain

(2.8) 72(0,1) < Wmax(t) < 84t + Wmax(0).
and conclude
r3(6, t) 80t + Wmax(0)
r(6, t) at + rmin(0)

for all (9,t) € S x [0,T), where C; = max(8d "’m’”‘(o)) This finishes the

a’ r
proof of the lemma. a

<C

The next lemma, though similar to Lemma 2.3, may be of interest on its
own.

Lemma 2.4. Let (0, )\] be the mazimum interval on whzch F(2) + o) >
0. For any initial curve o with radial function ro(6) > %, for all € S*, we
have

r3(6,1) r3(6,0)
. < .
(2:9) Dot 12(0,7) ‘o“és’f 20 JoralttelT)

In particular, if F(2) + ﬂzﬂ > 0 on (0,00), then (2.9) holds for any initial
CuTve Yo.
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Proof. Since this lemma will not be used later, we only provide a brief proof.
2
r w . o
For convenience, let ¢ = r_; = At any point (p,t) where 9 attains its

maximum on S, that is ¥(p,t) = gn:;:lcw(e,t), we have
€

o = T at (p7t)
This will imply
F /, F F 2 2 7’1
ox(p,t) = —74-¢’ b 74-5(3r —3r{ +3rry) 7¢’
7’% : 1/2
—21 (F(K) +A F(K)) at (p, 1).
Note that
1 1 1
K(p,t) = —=(n.t) < .
0 < K(p,t) A1/2(p’ ) < (@) élel:lgl}'ro(e) <
By the assumption, we deduce
2
9l ( 1/2
. (F(K) +A F(K)) <0 at(p0).
Hence
5t7lf S 0 at (p7 t)-
By the maximum principle, (2.9) is proved. O

Remark: We would like to point out that the border case of the differ-
ential inequality F(z) + ﬂzfl > 0 happens to be the homogeneous speed

The next lemma will be our main formula, which is the evolution equa-
tion of the curvature K. When we compute the evolution equation of the
curvature K using the coordinate (u,7) or arc length parameter s, part of
our computations are similar to those in the paper by Gage and Hamilton
[9]. Details can be found there.

Lemma 2.5. We have

(2.10)

_F//FTIIAI'/FQ 2
atK——AK +A1/2?°K +2A2FK—AK - FK

on St x [0,T), where F' = F(K) = %I;- —K -
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Proof. It is possible to glve a direct computation of K using (6,t) coordinate

and the relation K = iz’;’;—;ﬂ but it turns out to be very tedious. We
can use a different approach. First, following similar calculations as in Gage
and Hamilton [9] and using the (u,7) coordinate, we can obtain

62

(2.11) 0K =75

F(K) — F(K)K?,

where s denotes arc length parameter. Although s is only defined up to a
constant, % is uniquely defined. Let X (u,7) = (2(u,7),y(u,7)). We have

the relation (w7) 0, 7)
xz(u, Ccos v \u, T
(umy) =rotwno- (ST

Let P = (cosf(u,7),sinf(u,7)) and J = (—sinb(u,r),cos(u,)).
We deduce the following relation between the two orthonormal frames
{P,J},{N,T} along 0;

N = unit outward norlmal = —lﬁ(rP —r1d)
T = unit tangent = ﬁ(rJ +rP)
and
Ox dy, ,0rdo  or 00
(2.12) 67_ 6’7’) (%a— + t)P-I-’I"(@, t)EJ

Using the equation

Oz Oy

(2.13) (5o

2= F(K) N =F(K) - \/_rp rJ),

and comparing (2.12) and (2.13), we can get

00 F(K) 71
(2.14) w AT
We also have
o_10_190
0s  Juou +/A00

where



Geometric Expansion of Starshaped Plane Curves

By the relation
K(u,7) = K(6(u,7),1),

inf
we et OK 0K 0K

o ~o0or T ot
It follows that

0K 0K 0K 00

ot 87'82 00 or K FUK
= —55F(K) - F(K)K* + FE)

00 VA r
— _FKe - FK?— FK?+ —— Mg
- ss +15 Al/2 p
Finally, use
o _1290
O0s /A00
to conclude
F F ™1 A/ . F
K=-=K" —K' + —FK'—- —K"? - FK?
O At TRt top A K,

which is equation (2.10).

467

O

Lemma 2.5 and the maximum principle will yield the following immedi-

ately.

Corollary 2.6. There exists a positive constant Cy depending only on the

initial curve vy such that

(2.15) K(0,t) <Cy onS!x|[0,T).

Proof. By (2.10), we have

F 1/ F ! Al ! F 12
OK < —Z K"+ —mn K + sl K - ZK?,

since F' is positive. Now (2.15) follows from the maximum principle.

Lemma 2.7. The evolution equation of F(K) is
(2.16)

B F(K) = ——F(K)"+ Fn

Az,
on S x [0,T), where F(K)' = ZF(K), F(K)' = -6—0;F(K)

—F(K) + 2‘;442 FF(K) — FK?F(K)
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Proof. Clearly, by (2.10), we have

(2.17)
O F(K) = F(K)8:K
_ 7 F " For, A ! F 2 2
=F (_ZK +A1/2 K+Z4_2-FK AK —FK*|.
Compute '
F(K) = FK'
F(K)” FK” +FK/2
and use them into (2.17) to get equation (2.16). a

3. Gradient estimate.

Our main crucial estimate in this section is a uniform bound for the
gradient of r. Here we use the maximum principle to show that the gradient
of r is bounded by a constant C depending on F' and the initial curve . A
different important approach was made by Chow recently, where he used the
Aleksandrov reflection method to obtain a uniform gradient estimate (with
the bound depending only on the initial hypersurface) for the radial function
of a starshaped hypersurface moving by its curvature vector, which holds
outside some compact set depending only on the initial hypersurface. See
Chow [2]| for details. Furthermore, the Aleksandrov reflection method has
been used in various ways in the papers by Chow-Gulliver [3], [4] recently.

The quantity we shall estimate here is

_Q "1
F(K) VA
This quantity is equal to ;}tlr-, the ratio of the space derivative to the time
derivative. It is also equal to the ratio of the tangential component of the po-
sition vector to the speed function. We shall show that the absolute value of
% is bounded by a positive constant depending on 7 and F. The motivation
for estimating this quantity is based on a previous paper. See Chow-Tsai
[5].

Remember that we have

, Where @) =

N = unit outward normal = —rJ)

1
—\/_Z(TP
T = unit tangent = %(r] +mP)
X(u,7) = r(0(u,7),t) - (cos O(u,7),sinb(u, 7)).



Geometric Expansion of Starshaped Plane Curves 469

From this it follows that

7 oxry =
VA T VA

where (-, -) denotes the Euclidean inner product.

(XaN): X7T>

Lemma 3.1. We have

(3.1)
(3) a% (X,N)=—-F(X,N),,— K*F(X,N)+ F + KF.
(3.2) () (XT)=—F(X,T),, ~ K*F (X,T).

Proof. The Frenet formula says that

ON oT
— =KT, — = —-KN.
0s ' Os

We also have the relation for commuting the operators % and 3%, which is

00 00 K@

(3.3) 5705 Bsor ~ Ky

Therefore we can infer

T _ 009X _ 009X

67-_8583 "~ 9s Ot
= g(FN) — KFT =F(K)sN+FKT - KFT
= F(K),N.

- KFT
(3.4)

Similarly, we have

oN

(3.5) = = —F(K),T.
Now by equation (3.5), we find
(3.6) 2 (X,N) = F— F(K), (X,T).

or
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Using
(X,N), =(X,Ns) = K (X, T)

and
(XaN)ss =K (X7T> +K+K<X7_KN)’

and equation (3.6), we can get (3.1). The proof of (3.2) is similar.

Lemma 3.2. Let H = gﬁﬂ = % We have

OH

: F
—8—7—- == _FHSS - 2FF(K)3H3.

(3.7)

Proof. By equation (3.2), we obtain

‘96_1;' _ % [~F(X,T),, - K*F (X,T)]
(3.8) —— (X, T) [~FF(K)ss — FFK?]
_ _F(XaT)ss +F<X>T) F(K)SS
F F? '
Using the relation
1 2
Hg = ﬁ [F (X’T>ss - (X’T) F(K)33] - fF(K)‘?Hs

into (3.8), we can justify equation (3.7).

a

Proposition 3.3. There ezists a constant C' depending on Yo and F such

that

(3.9) r1(6, )] =

%(G,t)l <C onS'x|[0,T).

Proof. We let C denote any constant depending on o and F, where C may
change from line to line. Applying the maximum principle to equation (3.7)

immediately gives us
|H| < C.

Since
H _ (X7 T) _ lrlrl
~ F  JAF’
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we find

(3.10) |n|§Cﬁ/0n+§)FUQ

At any point (7, t) where r1(n,t) = ‘192%)1( r1(0,t), we have

ra(n,t) =0,
and hence 0 0
Knt) = =220, > 0.
Since F' is decreasing, we have F(K(n,t)) < F(0). By (2.7) and (3.10), the
proof is complete. a

Since 71(0,t) is uniformly bounded on S x [0,7T), we have

Corollary 3.4. The evolving curves y; remain starshaped with respect to
the origin of R? on the time interval [0,T).

4. Second derivative estimate.

In this section we shall derive an estimate for the second derivative of
r, i.e. ro which depends on 79, T, and F. The second derivative estimate
comes as a consequence of the curvature estimate. We shall show that
K >1lon S!x[0,T), where [ is a constant depending on ro, T, and F. This,
together with (2.15), are essential for us when we want to use the results
of Krylov and Safonov [15] to prove the long time existence of a solution to
equation (1.2).

First, the lower bound of r; is an immediate consequence of (2.15). We
have

Lemma 4.1. There exists a constant Cs depending on the initial curve 7o,
T and F such that

(4.1) re >Cs  on S x[0,T).

Proof. Since K is bounded above by a positive constant C2 depending only
on 7 on S! x [0,T), we have

2 2 _ 3/2
(4.2) /,‘227' +2T1r CQA
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The result follows from (4.2). O

It is more difficult to get an upper bound of re. The idea is to get an
upper bound of F/(K) first, since the evolution equation of it does not involve
the uncontrolled quantity F'(K). Because we assume lim F(z) = oo, the

Z——00

fact that F(K) has an upper bound will force K to have a lower bound,
which, in turn, implies an upper bound of ro. We provide the details as
follows. First we need

Lemma 4.2. We have

o0 (X,N 1 .
(4.3) o= —FQqs — 2F<(X N>>SQS— X N>2(F2+KFF),
F
where Q) = (T,]T)

Proof. It follows from (3.1) that

(4.4)
% - ﬁ [~FF(K)ss - FFK?]
e |[—F (X, N}y — K2 (X, N) + F + KF]
- (X_lzTﬁ [—FF(K)s] - ﬁ [—F (X, N}y + F + KF|

Substitute the relation
1 2

ss (X N>2 [(X N>F(K)ss (XaN>ss]_W(X’N>sQS
into (4.4) to get
o0 . 2 F .
37 =~ [t 1y O M0 = G [ ]
The proof is done. a

Lemma 4.3. There exists a constant C4 depending on the initial curve
Yo, T, and F such that

(4.5) F(K)<Cy onS'x[0,T).
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Proof. First note that

Using

6 8 000 09  FK)n
(46) o7 ol (ore8 ot JA T

and

i _ L9
/A 80’
we can convert equation (4.3) into
4.7
o A2 F A2 Fry, A Al
YL —-———F"— R 1\Y4 __/_ !
8t( r2 F) A( r2 ) 4A ( F) 2A2A( F)

F’I‘l / A

+tm (——F)’ - —F(KF + F).

on S! x [0,T). Let Cs be a constant depending on 7o and F such that

VA 1 r 12

7;:(7‘—24-7‘}1) <Cs onS'x[0,T)

and let (Al/2 F)max(t) = max( F)(«9 t). At any point (p,t) where
(A2 F)(p,t) = max(A ke F)(0 ), if (A7 F)max(t) > C5F(0), we must have
K(p,t) < 0. Therefore at(—rg—F) < 0at (p,t) by (4.7). Because we know

d+ A1/2 Al/
(S Pmax(t) < sup {0

where E(t) = {6 € S!, (Al/2 F)(6,t) = (‘41/2 F)max(t)}- We deduce that

2
F)(¢,t), § € E()},

d+ A1/2

7 ( 5 F)max(t) <0,

whenever ( F)max(t) > C5F(0). Hamilton’s maximum principle guaran-
tees that

1/2 1/2
('Ar_zF)maX(t) < max {("A?z—‘F)max(O), CSF(O)} )
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for all ¢t € [0,T). The proof of (4.5) is complete. a

Remark: Note that 4 F =

Proposition 4.4. There exists a constant Cs depending on the initial
curve o, T and F such that

'7‘2(9,t)' < 06 on Sl X [O,T).

Proof. Since F(K) < C4 and hm F(z) = oo, we have K > C7 for some
constant C7. This implies that
r2 +2r2 — C7 A3/2
r
Combined with (4.1), the proof is done. a

on S x [0, T).

T2

5. Long time existence.

Proposition 5.1. (Long time existence) There exists a unique smooth so-
lution r(0,t) to equation (1.2) on S x [0, 00).

Proof. In the following discussions, we shall restrict the domain of all quan-
tities to ST x [¢, T') where € is some fixed positive constant. Also, we let C
denote any constant depending on ¢, 7', F, and rg, where C may change
from line to line. Recall the following three equations

F F F P
( ) Osr1 = —27‘3 + A_l/—2- + F(37’2 - 3’/‘% + 37‘7‘2) 717‘2
5.1
F 3 F
_—A1/2Ir—§ —_ Xz‘(‘l'f‘? + 7'2T1),
(5.2)
F F Al .
BF(K) = —-ZF(K)” Yo — Lpky + mFF(K)’ — FK?F(K)
and
ar A2 F F F Al2
(5.3) é =S F———n 27 Tl Z—(F-KF).

A Ar A
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Moreover, it is not difficult to compute

(5.4)
_F_, Frl, 3F ,.,. F r_
8,0 = ~ 0" — 2770/ ¢ 2A2A¢+A1/2r¢
FF 1
T3 [(r —3r2rt —2rd) — (2t 4 rf—r‘ll)-KAm]
.
_r_éF(K)27

where & = A:,/g F(K) = %. Since we have deduced

(5.5) 7, Il Il 1K IFEOL [PUO| <G,

we can apply Theorem 4.2 in Krylov-Safonov [15] to equations (5.1), (5.2),
(5.3) and (5.4) to yield

I7llco.e(stxiery) » Ill com(stxfemy) < ¢

or
= y IF(E) || goasn <C
e oa(Si(eT)) COa(Slx[e,T)) =

(5.6)

for some constant o € (0,1). Because F' is smooth and decreasing, we clearly
have

(5.7) 1Kl go.a(stxiery) < C-

Usin
: r2 4 2r2 — KA%?
r

T =
and (5.6), (5.7), we finally get

or

(5.8) 5

+ lIrzll goa(sixiery) < C-
COe(S1x[e,T))
Estimate (5.8) is good enough for us to apply the standard parabolic theory
to get the C** bounds of r for any positive integer k. The proof is done. O

Remark: Alternatively, we can also show that all of the derivatives of
the curvature K with respect to the arc length s are bounded as long as
r is finite. This will allow us to get long time existence without using the
theorem of Krylov and Safonov. See also Chow-Tsai [5].
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6. Rescaling and convergence.
Since we have long time existence, we are ready to investigate the asymp-

totic behavior of the solution. We shall see that the quantitative behavior
of r(6,t) is the same as some solution R(t) to the o.d.e.

d 1
(6.1) ER(t) = F(E)'
First, we have
Lemma 6.1. There ezists a solution R(t) to the o.d.e. (6.1) such that
(6.2) Tmin(t) < R(t) < Tmax(t)

for all t € [0, 00).

Proof. First note that if rmax(t) = r(p,t) for some p € S, then

/2 2 2
%(p,t)ﬂr Ry %
72 rr2
~ FC—2)(p.) < Pl

Similarly, if rmin(t) = 7(g,t) for some q € S!, we have

2 (0,0) > F(——).

Tmin (t)

The rest of the proof goes exactly the same as in Lemma 9 in Chow-Tsai
[5]. We omit it. O

Now we will choose one R(t) satisfying (6.2) and use it to rescale the
solution r(6,t). Define the rescaled solution #(6,t) as

5 _(6,1)
7(6,t) = R
Lemma 6.2. We have
2
(6.3) 7(6,2) 1] < 22C

R(1)
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and

(6.4)

oF C

htlill <

00 (G,t)l ~ R(@)’

for all (0,t) € [0,00), where C is the constant in (3.9).

Proof. By Proposition 3.3, we have

r(0,t) — R(t)| _ Tmax(t) — rmin(t) _ 27C
R() ‘S R®) - R@)

If(ea t) - 1I =

Equation (6.4) is also a consequence of Proposition 3.3. a

The proof of Theorem 1.1 is now complete.

Before we end this section, we would like to say something about the
asymptotic behavior of the curvature. Since we can not obtain a good esti-
mate on the second derivative of r, we are not able to get sharp control of
the curvature. However, we can deduce the following rough estimate.

Lemma 6.3. We have
(i) tlirgo sup Kmax(t) = 0.
(1) There exists a positive constant d depending on yo and F' such that

K(07 t) 2> _d>

for all (8,t) € S x [0, 00).

Proof. (i) Recall equation (2.10), which is

__F/IFTIIA/'IFIZ 2
O:K = AK +A1/27‘K+2A2FK_AK — FK*“.

In view of the comparison principle, we have
0 < Kmax(t) < (2)
on [0, 00), where ¢(t) is the solution to the o.d.e.
de

= = —Flo)e®
QO(O) = Kmax(O) >0
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It is evident that ltIir& ©(t) = 0. (i) is proved.
(ii) We remember the equation

_ _Fen Fri, 3F ,, F n_
0:® = _Z(I’ - 2Z7¢ + EFA P’ + m;—q)
FF 1
+5a 5 [(rﬁ — 32l —2r8) — (20t 422 — 1)) . KA3/2]
™ 2
_FF(K) ’
where & = #F(K). For t large enough, say t > T" for some T" > 0, we
have
F FTl 3 F F 1
0P < —=0" —2——&' + —— A + ——3
(6.5) =4 A7 T +A1/2rq’

——j;}/;; %(27‘4 +r2r2 — ) . KA3/?

and (2r4+r2r?—rf) > 0 on S* x[T", 00). Now let Cg be a constant such that
Al/2 . . Al/2
4 < Cgon S x [T’,00). Again at any point (p,t) where (£—F)(p,t) =

T

5%%’1‘(*‘1.’ 2F)(0,t) and t > T', if (AL F)max(t) > CsF(0), we must have

K(p,t) < 0. Therefore Bt(%/zF) <0 at (p,t) by (6.5). Hence

(‘é;‘/—z‘F)max(t) < max {(%ﬂF)max(Tl); CBF(O)} )

on S! x [T, 00). Since we assume lim F(z) = oo, the z — —oo proof of (ii)
is done. a
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