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Perturbation Series for the Schrodinger Operator
with a Periodic Potential near Planes of Diffraction

Yu. E. KARPESHINA

ABSTRACT Perturbation series for Bloch eigenvalues and their spec-
tral projections in a vicinity of von Laue diffraction planes are con-
structed. They are converging series with respect to a model operator,
roughly taking into account the diffraction inside a crystal. The be-

havior of the isoenergetic surface near von Laue diffraction planes is
described.

1. Introduction.

The motion of a particle in a bulk matter is often described by the
Schrodinger operator with a periodic potential. Therefore, it is interesting to
have a detailed mathematical analysis of its spectral properties, in particular,
to construct perturbation formulae for its eigenvalues and eigenfunctions.

Thus, we consider the operator

(1.1) H=-A+V

in Ly(R?), where V is the operator of multiplication by a periodic po-
tential, a trigonometric polynomial.

In [1] and [2], perturbation series for Bloch eigenvalues and spectral
projections were constructed on a rich set of quasimomenta. On this set,
the perturbed and unperturbed eigenvalues and spectral projectors turn
out to be close. Our aim here is to study the case when there exists a
real refraction in the crystal, i.e., the perturbation is significant. Namely,
we construct perturbation formulae for quasimomenta in a vicinity of the
Laue diffraction planes. We describe Bloch eigenvalues and their spectral
projections of H, which are close to those of some model operator, roughly
taking into account the refraction inside the crystal.

To simplify notation, we consider the case where the cell of periods is
orthogonal. All arguments go through, with obvious modifications, for a
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nonorthogonal lattice. We use a representation of the potential V' (z) in the
form :

(1.2) V(z) = Z Um, €xP §(Pm(0), T),
meZ3,|m|<Ro

where 0 < Ry < 00, (+, -) is the inner product in R3 and p,,(0) is a vector
of the dual lattice:

Pm(0) = 2m(mya7t, meaz !, maazt).

The potential V is real, so vm = U—m. It may be assumed with no loss
of generality that vp = 0.

I. M. Gelfand [3] showed that the investigation of the spectral properties
of H reduces to the study of a family of regular operators H(t), t € K,
where K is the elementary cell of the dual lattice,

K =[0,2ma7!) x [0,2maz") x [0, 27azt).

The vector t is called the quasimomentum. Let @ be the elementary
cell of the periods of the potential, @ = [0,a;) X [0,a2) % [0,a3). The
operator H(t), t € K acts in Lo(Q). It is described by formula (1.1) and
the quasiperiodic conditions:

u(ay, T2, x3) = exp(it1a1)u(0, r2, 23),

(1.3) u(zx1, az,x3) = exp(iteaz)u(z1, 0, z3),

u(z1, T2, a3) = exp(itsas)u(zy, 2, 0).
The first derivatives with respect to z;, j = 1,2,3 must also satisfy
similar conditions.
The operator H(t) has a discrete, bounded below spectrum A(t):
A(t) = Uq?:l)\n(t% )\n(t) —n—oo 0.
The spectrum A of the operator H is the union of the spectra of the
operators H(t):

A = Uieg A(t) = Unen tek An(t).
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The functions \,(t) are continuous, so A has a band structure:

A =U1[n, @nl, tn = min A(t), Qn = max An(2).

The eigenfunctions of operator H are obtained by quasiperiodic contin-
uation (see (1.3)) of the eigenfunctions of all the operators H(t) to R™.

Let Hy(t) be the operator corresponding to the zero potential. Its eigen-
functions are the plane waves:

(14) exp(i(0;(),z)), j € Z°, pi(t) = 0;(0) + 1.

The eigenfunction (1.4) corresponds to the eigenvalue p2(¢) =| F;(t) |°.
Thus, the spectrum of the free operator Hy is:

Ao(t) = {p}(t)}jezs-
Using the basis (1.4) we write the matrix of H(¢) in the form:

(1.5) H(t)mj = P2.(t)6mj + Vm—j,

where 0p,; is the Kronecker symbol.

The important problem is to construct perturbation formulae for eigen-
values and spectral projections of H(t) in a high energy region. To explain
the difficulties of this problem let us consider the eigenvalues p2,(t) when
m — oo. It is easy to see that the average distance between them goes to
zero. In fact, let us consider pZ,(t) in the interval ((k — ¢)?, (k + ¢)2), when
k — oo, ¢ is a constant. The average distance d is given by d = 2ck/N,
where 2ck is the length of the interval, N is the number of the eigenvalues
inside the interval. It is easy to see that p2,(¢) is in the interval if and only if
Pm(t) is in the spherical shell {k—c < |z| < k+c}. Using the fact that 7, (t)
are points of the dual lattice, it is not hard to show that N is of order of
the volume of the spherical shell, i.e., N ~ ¢;k?. Thus, d ~ cok~!. The last
relation means that the average distance between p2,(t) goes to zero when
|m| — oo. So, under a perturbation the eigenvalues influence each other
strongly. To describe the perturbation of one of them one has to consider
the perturbations of its neighbors. It turns out that under perturbation
the eigenvalues show a different behavior. So do the corresponding spectral
projections. Most of them are stable in the sense that their perturbations
are asymptotically small when |m| — oo (see [1], [2]). However, there are
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eigenvalues, which are strongly influenced by the perturbation, and so are
their spectral projections. We shall study the latter situation here.

Naturally, the type of behavior of an eigenvalue is determined by m, t.
For physical applications it is important to consider m, t such that p2,(t) =
k2, k2 being fixed. According to this, in the physical literature the important
concept of the isoenergetic surface Sp(k) of the free operator is used (see f.e.
[4]). This is the set of ¢ in K, for which the free operator Hy(t) has an
eigenvalue equal to k2. It is obvious that ¢ € So(k) if and only if the relation
p2,(t) = k? for some m € Z3. The set So(k) is obtained by partitioning the
sphere of radius k centered at zero into pieces by the dual lattice. After this
the pieces are translated in a parallel manner into K.

Let S1(k) be a subset of Sp(k). We say that S1(k) has an asymptotically
full measure on Sp(k) as k — oo if

5(S1(k)) o
s(So(k)) T

here and below s(-) is the surface area.

In [1] a nonsingular set S(k,V,8) C So(k) was constructed, so that for
any point t of the (k~2~26)-neighborhood of it, the perturbed and unper-
turbed spectral projections and eigenfunctions are close — more precisely,
the corresponding perturbation series converge. The nonsingular set has
an asymptotically full measure on Sp(k) (from this it easily follows that
most of the eigenvalues p2,(t) are stable). However, besides the nonsin-
gular set, there exists a part of So(k), where perturbed and unperturbed
eigenvalues and eigenfunctions are, generally speaking, not close. We call
it the singular set. To explane the nature of this set let us consider the
plane wave expi(p;(t),z), such that its momentum p;(t) satisfies the von
Laue diffraction conditions, i.e., p;j(t) = pj+4(t) for some ¢ # 0. It is well-
known [4] that this wave is refracted by the crystal, the refracted wave being
a exp i(Pj+4(t), z), a € R. The latter wave interferes with the initial one and
distorts it strongly. Hence, perturbed and unperturbed eigenfunctions ob-
viously are not close, when t satisfies the von Laue diffraction conditions.
Thus, the existence of the singular set is connected with diffraction condi-
tions — in the simplest situation with the von Laue diffraction conditions.

The unstable case was studied by J. Feldman, H. Knorrer, E. Trubowitz
[5] in the two and three dimensional situations. In the three dimensional
case they study the eigenvalues of H, which are not close to the unperturbed
ones, but can be approximated by eigenvalues of the operator —A+V,,, where
y some vector of the dual lattice and V;, is independent of z in the direction

(1.6) L
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Vo(@) = V(@ - = Y. viexpi(z,55(0)).
J:(95(0),7)=0

It was proved that for arbitrary v of the dual lattice and any eigenvalue of
H.,(t) corresponding to a sufficiently large momentum in the direction 7,
there exists a close eigenvalue of the operator H(t) with the same quasimo-
mentum, multiplicity being taken into account. The same result was proved
for n = 2. Moreover, in the two-dimensional case it was shown that on the
rich set of ¢ the corresponding eigenfunctions are close, too. O.A. Veliev
discussed this problem [6].

We use another approach here, which has its own peculiarities. It pro-
vides formulae not only for unstable eigenvalues, but also for their spectral
projections in the three-dimensional situation. Converging perturbation se-
ries, with respect to some model operator roughly describing the refraction,
are constructed. Having an asymptotic character in a high energy region,
they give an infinite number of asymptotic terms. It is proved that these
series can be differentiated any number of times with respect to the quasi-
momentum and preserve their asymptotic character. From the geometrical
point of view, we consider the singular set not only as a part of the whole
cell K, but more precisely, we consider its “trace” on the isoenergetic surface
So(k) in K of the free operator for a fixed energy k2. Namely, we study the
perturbations of the eigenvalues p? (t) and their spectral projections, which
satisfy the conditions k* = p2(t) ~ p2,,(¢), for some given ¢ and k. It is
proved that for a fixed ¢ and sufficiently large k there exists a rich set of ¢
— an essential part of the singular set — for which perturbation series with
respect to the model operator converge. Although the main geometrical
problems arise because of fixed k — one has to prove that perturbation series
converge on a rich subset of the surface in K — the consideration of the
singular set with a fixed energy turns out to be very useful. It enables us
to describe the perturbed isoenergetic surface near the self-intersections of
the isoenergetic surface of the free operator (they obviously are formed by
the points satisfying the von Laue diffraction conditions). We can observe
how these intersections are transformed into quasi-intersections under the
perturbation. This approach also turns out to be effective in solving the
semicrystal problem (see forthcoming papers). We approximate unstable
eigenvalues and eigenfunctions of H by those of a model finite-dimensional
operator. This operator roughly takes into account the diffraction inside a
crystal and is directly connected with some periodic Schrédinger operator in
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a one-dimensional space. To clarify the results for the singular set we first
describe the results for the nonsingular set.

2. The Perturbation Formulae for the Nonsingular Set.

It is proved in [1], [2] that there is a rich set of quasimomenta where
perturbed and unperturbed eigenvalues and eigenfunctions are close. That
is why we call it the nonsingular set. We constructed the nonsingular
set S(k,V,6) on the isoenergetic surface So(k) of the free operator., i.e.,
S(k,V,6) C So(k). It is proved that S(k,V,8) has an asymptotically full
measure on So(k). To obtain perturbation formulae for t € S(k,V,6) we
considered the unperturbed eigenvalue p?(t) = k2. The index j is uniquely
defined by the last relation for ¢ € S(k, V, §). Moreover, it is proved that the
nearest point p2(t), i # j, is on the distance greater than k~1=2% for such
t. Then, we consider a circle of radius (1/2)k~1=2° centered at the point
z = p]2~(t). The main result is that a perturbation series for the resolvent
converge with respect to some auxiliary operator H. Note that the series
diverge with respect to Hop, because there are not only the von Laue diffrac-
tion conditions, but also another ones, depending on the potential. From
the series for the resolvent we easily get series for the perturbed eigenvalues
and spectral projection. Replacing H with the free operator Hp in a long
segments of the series, we obtain simplified formulae valid with a high accu-
racy. To describe the results rigorously we construct the auxiliary operator
H(t). We also will use it for the case of the singular set. Thus, we construct
perturbation series with respect to an auxiliary operator H (t). We describe
the operator H (t) for a trigonometric polynomial (1.2). Let I'(Ro) be the set
of q, ¢ € Z3, |q| < Ry, such that any vector p;,(0),| m |< Ry, is a constant
multiplier of one and only one vector of I'(Rp). This means that any vector
Pm(0),] m |< Ro can be uniquely represented in the form pp,(0) = rp,(0),
where q € I'(Ry),r € Z. It is easy to see that

(2.1) V= >V,

g€l (Ro)

where V;, depends only on (z, p;(0)),

Ve= D Urgexpir(ig(0), ).
r€Z,|rq|<Ro

Let 0 < § € 1/5. In Z® we consider the subsets:
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(2.2) H(k1/5—8") _ qur(Ro)Hq(kl/5—85),
(2.3) Hq(k1/5—85) = {j 1| (7(0),7,(0)) |< k1/5—86}’
(24) T(k, 5) = Uq,q'GF(Ro),q¢q/ (Hq(k1/5—85) N Hq/(k3/5)) _

{7 :30,¢' €T(Ro),q # ¢ : 1@5(0), 7(0))] < k/*7%},(5;(0), By (O))] < k*/°}.

We define the diagonal projection P, and the auxiliary operator H as follows:

[ 1if j e My (k/5-88)\ T(k, 6);

(2.5) (Fa)ij = { 0 otherwise;

26) H(t) = HoW)+ Y, PViPy.
g€T'(Ro)

Let us introduce the notations:

(2.7) W=V- > PVP,

q€I'(Ro)
(2.8) gr(k,t) = %TT ?40 0((Ho) —2)"W)Ydz
(2.9)

Grtht) = L= § () - 270y (o) - )7,

(2.10) Gk, t) = %Tr ?fc (A (t) — 2)"'W)"dz
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(2.11)
epgy COH L
(k0= CXT L (@) - wy e - 27
Co
(2.12)
olml 5
T(m)=m, m € R°, |m|=m1+m2+m3.

Here and below Cj is the circle of radius k~'~° centered at the point
z = k®. Let E; be the spectral projection of the free operator Hy(t)
corresponding to eigenvalue p?(t): (Ej)nm = 6mbjm. The functions
Gr(k,t) and operator-functions Gy (k, t) are correctly defined in the (k—2-26)-
neighborhood of the nonsingular set S(k, 6, V). In [1] the following theorem
of expansion into the modified perturbation series is proved.

Theorem 2.1. Suppose t belongs to the (k=2~20)-neighborhood in K of the
1 nonsingular set S(k,6,V), 0 < 26 < 1/100. Then for sufficiently large k,
k > ko(V,6), the interval e(k, 6) = [k*—k~17% k2 +k~179] contains a unique
eigenvalue of operator H. It is given by the absolutely convergent series:

(2.13) At) =p2(t) + > gr(k,1t),

where the index j is uniquely determined from the relation p?l(t) € e(k,é).
The spectral projection, corresponding to A(t) is determined by the series

(2.14) E(t) = E; + f: Gy (k, 1),

r=1

which converges in the class Si. A
For functions §r(k,t) and the operator-valued functions G,(k,t) the fol-
lowing estimates are satisfied:

(2.15) | T(m)gr(k, t) |< mik—1=8-mr+2mi(1+6)

(2.16) IT(m)Gr (K, t)|| < mik= 17 +2Imi(1+6)

1 = 1/15 — 206.
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Furthermore, in [1] it is shown that Gr(k,t) = Gy(k,t), if r < M(k) and
Gr(k,t) = gr(k, 1), if » < 2M(k), where M (k) = k'~Ry'. The next theorem
follows from this.

Theorem 2.2. Under the conditions of Theorem 1 the eigenvalue A(t) and
its spectral projection E(t) can be represented in the form

2M (k)
(2.17) M) =03 @)+ Y gr(k, 1) +p(k, 1),
r=2
M(k)
(2.18) E®)=Ej+ Y Gpk,t) +9(k,1),
r=1
M(k) = k'~°Rg™.

For the functions g, and the operator-valued functions G, estimates (2.15)
and (2.16) are fulfilled, while for p(k,t) and ¥ (k,t), the following ones hold:

(2.19) | T(m)p(k, t) |< mlk—"Fa k7% 201 +0)m|

(2:20) T (m)p(k, t) |1 < mik=7Rs K72 20+8)ml

Corollary 2.3. For the perturbed eigenvalue and its spectral projection the
following estimates are satisfied:

(221) IT(m)|A) - P3(0))] < emik=1=8-2m2imi1te)

(2.22) 1T (m)(E(t) — Bj)|| < emig=n+2mi0+5),

Note that for »,m small enough estimates (2.15), (2.16), (2.21), (2.22)
can be improved so that there will be only negative powers of k on the right
sides.
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3. The Perturbation Formulae Near the Planes of
Diffraction.

In the case of the polyharmonic operator with a periodic potential we
constructed the perturbation series with respect to the free operator on
the nonsingular set [7] and with respect to a model operator on the sin-
gular set [8]. This model operator roughly took into account the diffrac-
tion inside the crystal. In the case of the Schrédinger operator the mod-
ification of the perturbation series (Hy — H ) is needed even for the
nonsingular set [1]. The series diverge with respect to Hp, because there
are not only the von Laue diffraction conditions, but also another ones,
depending on the potential. Fortunately, it turns out that such modi-
fied series converge even on the essential part of the singular set, i.e., it
is not necessary to reconstruct additionally these series. The perturba-
tion series for the eigenvalue and its spectral projection converge on the
essential part of the singular set, when we take the operator H(t) as the
initial one. Note that the operator H(t) has a block structure. The diag-
onal part of H coincides with the corresponding part of the free operator:
(I =2 ger(ro) F)H () = (I =X er(ro) Fa) Ho(t). The blocks of H(¢) are de-
termined by the orthogonal projections F, PqH t)=H )Py = PqH (t)Fy.
Each block is a “piece” of the matrix of the Schrédinger operator with the
potential V,, i.e., P,H(t)P, = Py(Ho(t) + V;)P,. Thus, each block is sim-
ply connected with the matrix of a periodic Schrddinger operator in the
one-dimensional space, because V; depends only on (z,7,(0)) In the case
of the nonsingular set the perturbed eigenvalue A(t) is asymptotically close
(k — oo) to an eigenvalue pf’(t) of the diagonal part of H(t); i.e, A(¢) is
close to the eigenvalue p?’(t) of the free operator Ho(t). Accordingly, the
spectral projector of H(t), corresponding to A(t), is close to that of Hy(t),
corresponding to p?(t). We prove that in the case of the singular set (more
precisely of its essential part) eigenvalues and spectral projection of H(t)
are close to those of the block part of H(t). We construct the perturbation
series for an eigenvalue and its spectral projection on the essential part of
the singular set, taking H (t) as the initial operator. We obtain this result by
constructing the converging perturbation series for the resolvent and inte-
grating it over a small contour. Thus, the blocks P,H P, = P,(Ho(t) + V)P,
describe roughly the refraction inside the crystal for ¢ of the essential part
of the singular set. We call this essential part of the singular set the simple
part of the singular set, because on the relatively small rest of the singular
set the picture of diffraction is even more complicated.
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The proof of the formulae contains the analytical and geometrical parts.
In the analytical part we formulate the conditions of the convergence of
the series in the form of the inequalities for quasimomentum ¢ (see (3.7)-
(3.12). Note that these conditions are similar to those for the nonsingular
set up to the replacement of an eigenvalue p2(t) of the diagonal part of H(t)
by an eigenvalue of the block part. In the geometrlca.l part we prove that
the conditions are satisfied on the essential part of the singular set. Note
that the analytical part is similar to that for the nonsingular set up to the
mentioned above replacement. The geometrical part is much more technical.
The singular set is only a small part of the isoenergetic surface of the free
operator. Therefore, to prove that the conditions of convergence can be
satisfied on it, one has to make more subtle considerations than in the case
of the nonsingular set.

Thus, we consider the spherical layer on the sphere |z| =

(3.1) Sq(k, ~6) = {z : |z = k, |2]* — & + Fy(0) %] < &%},

Let K be the mapping

(3.2) K:R*— K, Kpj(t)=t.

It is easy to see that the isoenergetic surface of the free operator Sp(k)
is given by the formula Syp(k) = KSk, where Sk is the sphere || = k. It
is clear that the translation u4(k,d) = KS,(k,—6) of the set Sq(k, —6) to
the elementary cell of the dual lattice K belongs to the isoenergetic surface
So(k) of the free operator Hp, but does not belong to the nonsingular set,
described in [1], where perturbed and unperturbed elgenvalues are proved to
be close. Next, we denote the eigenvalues of H (see (2.6)) as 5 (1) +AA” (®),

AAJ] (t) depending continuously on ¢ for every j. It is clear that AA; jj =0
when j € II,(k/®) \ T(k,6). Let us consider also the part fi(k,5) of the
isoenergetic surface of H situated in the (ck~!)-neighborhood of Lq(k, 6). It
is described by the formula:

(3.3)
fig(k,6) = {t : 35,5 € Z°,03(t) + AAj;(8) = k%, Ip2(8) — D21, (8)] < K°}.

In fact, fiq(k, 8) is very close to the corresponding part of the isoenergetic
surface of the operator Hy = —A + Vg, because p2(t) + AA;;(t) coincides
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—ck1/5-86

with an eigenvalue p?(t) +AA;;(t), of Hy(t) up to a value of order k
(see [1]). All following assertions are also valid for fiq(k,6) being the corre-
sponding part of the isoenergetic surface of Hy.

Note, that fis(k, 8) = KS,(k, —6), where

(3.4)
Sqk, =8) = {z : |2* + po(z) = K2, ||2I* — |z + D(0)|?| < k°},

@o(z) being uniquely determined from formulae

(3.5) wo(z) = AIA\jj(t), x = pj;(t).

It is not hard to show that S,(k,—6) is the union of curve cylinders,
because AAJ , in fact, depends only on the projection of pj(t) on pg(z).
Note that AA” # 0 in (3.3), because j € II,(k'/%). We construct pertur-
bation series with respect to H(t). In the case of the nonsingular set the
corresponding pieces of the isoenergetic surfaces of Ho(t) and H(t) coincide.
Clearly, describing the nonsingular set on the isoenergetic surface of one of
them we, of course, describe for the other too. In the case of the nonsin-
gular set these surfaces are not the same, i.e., uq(k,6) does not coincides
with fiq(k,6). Therefore, the question is : on which isoenergetic surface
the simple part of the singular set should be described? Since we construct
perturbation series with respect to H(%), it is natural to describe this set
on fiq(k,6). We formulate the corresponding geometric lemma here. It will
be proved in Section 6. We also describe the simple part of the nonsingular
set on p4(k,8) there. However, the first description is more convenient for
applications. Thus, we shall show that there exists a subset Xo(k V,6) of
an asymptotically full measure on fis(k, ), such that for ¢t € 0(I~c V,6) the
perturbatlon series with respect to H (t) converge. For such a t the operator
H (t) has an eigenvalue which can be represented in the form p2 (&) +AA ()55,

j being uniquely determined from the relation pj 2(t) + AA(t)” = k2. The

series for H(t) converge with respect to H(t). Now we give the formulation
of the main geometric lemma.

Lemma 3.1. Let0 < § < 1/300. Then for sufficiently large k, k > ko(V,6),
there exists a set xq(k V,6) C [iq(k,0) , such that for any t of this set there

is a unique j € Z° such that p2(t) + AA(t);; = k2,

(3.6) I3 () — p3, ()] < K,
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and the following conditions hold:

1/
(3.7) min IP3(t) + AAR)j5 — Prym(®)] > k'
(3.8)
Q1 ={m:me Z%|m| <K’; m#0; m+#nog, no € Z}.
2/
(3.9)

P2 si(t) — D3() — AA(R)35] > k7% |p%, 5 (8) — p3(2) — AA(E) 5"
for all m : |pZ, ;(t) — P3(t) — AA(L)j5] < k726, m # noq, o € Z, and

li| <k, i #0.
3/

(3.10)

mi p2 — p2 A —_1-6
m€Z3,m;én0q,ner| J( ) J( ) ( )JJ'

4. For any ¢' in T'(Ro) and m € Ty (k'/%) the eigenvalue p2,(t) +
AA(t)mm of the operator Hy(t) lies sufficiently far from the point p?(t) +
AA(t);5, namely,

(3.11) )
P2 () + AA(E)mm — D3(t) — AA()55] > |(Bim(0), B (0))]71F.

5" If m € T'(k, 6), then

(3.12) P2 (8) = 93 (1) — AA(®);5] > BV/5-%.

These properties hold in a small neighbourhood of )Zg(k, V,6): ift is in
the (k=2=2%)-neighbourhood of %3(k,V,6)), then there is a unique j € Z*
such that |p§(t) + AA(t)5 — k:2| < k7172 inequality (3.6) and conditions
1" - 5 are satisfied.
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The set )2 (k,V,6) has an asymptotically full measure on fiq(k, 6); more-
over the mequalzty

s(ﬂ‘](ka 6) \ Xg(kv V’ 6)) < k_35

(3.13) SCiak, )

18 valid.

Conditions 1’ — 5’ coincide with conditions 1° — 5% of the convergence of
the series in [1] up to replacement of p} 2(t) by Dy 2t) + AA(t),] Note, that

inequalities (3.10) and (3.11) yield that the eigenvalue p2(t) + AA(2);; of
operator H (t) is simple. We denote its spectral projection by E,. Let

(3.14) (k1) = ?4 A@t)yrdz,

(3.15)
R _1\r+1
&,y = 217)m

$ (#HQ - 2) E @ - Vs,
1

where C| is the circle of radius k717% centered at the point A = Pj 2(t) +
AA(t)j5, ) ) )

Az t, W) = (H(t) — )7 PW(H) - 272,
W being given by formula (2.7).
Theorem 3.2. Suppose 0 < § < 1/300, t is in the (k=2~2%)-neighborhood
of set Xq O(k,V,6). Then for sufficiently large k, k > ko(V,8), there ezists a

unique eigenvalue of the operator H(t) in the (k™ 1-26)_neighborhood of the
point A = p?(t) + AA(t)j; . It is given by the absolutely converging series:

o0
(3.16) M) = B3(0) + AA@)5 + ) 9,k 8),
r=2
The spectral projection corresponding to A(t) is determined by the series:

(3.17) E@l) =E;+ ié;.(k, t),

r=1
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which converges in the class S\. For the functions §.(k,t) and the operator-
valued functions G'.(k,t) the following estimates hold:

(3.18) |95k, )] < k~8/5+7,
(3.19) |G, (k, )]l < k™1H48,
(3.20) Gk, )11 < k=7/5+,
(3.21) | G (k, t) |< k1787,
(3.22) G-k, t)lln < k7™,

Corollary 3.3.

(3.23) A®) - p2(t) — AA(R)j4] < ek,

(3.24) |E@®) — E;|| < ck™®", ¢ # (k).

Theorem 3.4. Under the conditions of Theorem 8 the functions §.(k,t)
and the operator-valued functions G.(k,t) depend analytically on t in
the complex (k~=2~2%)-neighborhood of each simply connected component of
%3(k, V,8). They satisfy the estimates:

(3.25) | T(m)gh(k,t) |< mlk=8/5+78+2(1+8)m|
(3.26) IT(m)G(k, t)|| < mlk=1H46+20+0)Im|

(3.27) | T(m)Gh(k, t)|| < mik~7/5+65+2(146)m|
(3.28) | T(m)g.(k,t) |< mlk~1-0-mr+2(1+8)m]|

(3.29) IT(m) G (K, ]| < mik=mr+20+0)m]
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Corollary 3.5. The function A(t) and the operator-valued function E(t)
analytically depend on t in the complex (k—2~2%)-neighborhood of each sim-
ply connected component of the set )Zg(k, V,6). They satisfy the following
estimates:

(3.30)
| T(m)(A(t) — p2(t) — AA(L)j;) |< emlk~1 2 +201+0)m]
(3.31) IT(m)(B(t) — By)lly < emlk=3m+2040)m,

Note that for r, m small enough , estimates (3.25) — (3.31) can be improved
so that there will be only negative powers of k on the right sides. Theorems
3 and 4 enable us to conclude, that the points, satisfying the equation A(t) =
k2, are situated near the isoenergetic surface of the operator H.

The similar results hold for ug(k,8), which belongs to the isoenergetic
surface of the free operator.

Lemma 3.6. Let0 < § < 1/300. Then for sufficiently large k, k > ko(V,6),
there exists a set X (k,V,6) C pg(k,6) , such that for any t in its (k~22%)-
neighborhood there exists a unique j € Z3 such that

(3.32)
Ip3(t) — K| <k™'7% (p2(t) =k* fort of %y(k, V,0)),

inequality (3.6) and the conditions 1' —5' are satisfied: The set x,(k,V,6)
has an asymptotically full measure on pq(k,8); moreover the inequality

Stk O \ Xk, V:8) _ o

(3:33) SCiak, 5))

holds.

The proof of this lemma is similar to that of Lemma 1. Naturally, for
X,(k, V, 6) the theorems similar to Theorems 3 and 4 hold:

Theorem 3.7. Suppose 0 < & < 1/300 and t is in the (k~27%%)-
neighborhood of the set )Z{Z(k, V,6) Then, for sufficiently large k, k > ko(V')
there exists a unique eigenwalue A(t) of operator H(t) in the (k=2-2%)-
neighborhood of the point p?(t). It is given by the absolutely converging
series (3.16), j being uniquely determined by the relation (3.32). The cor-
responding spectral projection is given by formula (3.17). Estimates (3.18)-
(3.22) hold.
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Corollary 3.8. Ift is in the (k=2~%)-neighborhood of %;(k, V,6), then es-
timates (3.23)-(3.24) hold.

Theorem 3.9. Under the conditions of Theorem 5 the functions g.(k,t)

and the operator-valued functions G‘;(k,t) depend analytically on t in the
complex (k~2~25)-neighborhood of each simply connected component of the
set Xq(k, V,6). They satisfy estimates (3.25) — (3.29).

Corollary 3.10. The function \(t) and the operator-valued function E(t)
analytically depend on t in the complex (k=2~2%)-neighborhood of each sim-
ply connected component of the set )Z{I(k,V,é). They satisfy the esti-
mates (3.30), (3.31).

4. The behavior of the isoenergetic surface in a vicinity of
the singular set.

Since the eigenvalues and the spectral projections of operator H are
close to those of H on the essential part of the singular set, the isoenergetic
surface of H is close to that of H. We denote by fiq(k,t); the part of jiq(k, 6),

corresponding to some given j; i.e., point ¢ belongs to fi4(k,d); if and only
if

(4.1) pi(t) + AA(Y);; = K.

Let p;.1 (t) be the component of the vector p;(t) orthogonal to 7,(0). Equa-
tion (4.1) is resolvable with respect to |pj1 ()|, since AA(t) j7 depends only
on (p(t), Pg(0)):

95| = fo((B5(t), Pa(0))),
(4.2)

g = 2 A — — 2 -2 1/2
fo (B5(®), Ba0) = (k? = AA()s5 — (B0, 5 0))*pg(0)2)
Thus, point of S'q(k, —6) can be represented by formula for a curve cylinder:

z1 = folzy), o= (2,54(0))p; " (0).

To obtain fiq(k,6) one has to break this curve cylinder into pieces by the
dual lattice and to translate all pieces into elementary cell of the dual lattice.
According to Theorem 3 there exists a subset )Zg(k, V, 6) of an asymptotically
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full measure on fig(k,8) on which the perturbation series converge. We
denote by X0(k, V, 6); the intersection of ¥3(k, V, 6) with fig(k, 6);. In Lemma
6 we will prove that the (k~272%)-neighborhoods of pieces X3(k,V,6); do
not intersect with each other for different j. This means that there are no
X3(k, V,6)i, i # j in the (k=272%)-neighborhood of R3(k, V,6);.

Let é(t) be the unit vector orthogonal to fiq(k,8) at point ¢.

Theorem 4.1. For 0 < § < 1/300 and sufficiently large k, k > ko(V,6)
there exists a unique piece S”H(k) of the isoenergetic surface of H in the
(k=2~%)-neighborhood of each simply connected component of Xo(k,V,5).
In fact, it is in the smaller (k=2~72)-neighborhood of Xg(k, V,6) and can be
described by the equation

(4.3) @) = k2,

where the function \(t) is determined by the converging series (3.16). The
corresponding spectral projection is given by formula (3.17). The terms of
these series are satisfied to estimates (3.18) —(3.22), (3.28) and (3.29).

The normal e(t), to Sy (k) at a point t satisfies the asymptotic:

(4.4) e(t) = é(t) + O(k=m),

Thus, S"H is close to the corresponding part of the isoenergetic surface of
the Schrodinger operator Hy = Hy+ Vg, where V; depends only on (z, 7,(0))
(see (2.1)).

The short version of results is already announced in [9]. Here we repre-
sent the proofs.

5. Proof of the Perturbation Formulae on the Singular Set.

The formal construction of the perturbation series on the singular set
is quite similar to that on the nonsingular set. The proof of convergence is
based on the conditions 1’ —5’, which are analogous to the conditions 1° —5°
on the nonsingular set, and so it is similar to the proof of Theorem 1 in [1].
In this section we prove Lemma 4, which, in fact, asserts the convergence of
the perturbation series for the resolvent of the operator H(t) with respect to
the model operator H (t) . The validity of estimates (3.18)—(3.20) is verified
in Lemma 5. Basing on these two lemmas we prove Theorems 3 and 4.

Lemma 5.1. Ift is in the (k=22%)-neighborhood of the set X3(k, V, 6), then
the operator H(t) has a unique eigenvalue inside the circle Cy. For any
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z € C1 the following estimate holds:
(5.1) ICE(®) = 2)7/2]] < B3+,

Proof. We first prove estimate (5.1). According to Lemma 1 for any ¢ of
X9(k, V, 6) there exists a unique j € Z° such that p2(t) + AA;;(¢) = k. By
the definition of the circle C; the point k2 = p?(t) -+ AAjj(t) is at its center
and
(5.2) [P2(t) + AAj;(t) — 2| = k~17°, z e Ch.

Let P = qur( Ro) Fa- Suppose i : P;; = 0. Than, using (3.10) and (5.2), we
get
(5.3) [p?(t) — 2| > k174,
Since H(t) acts as Ho(t) in (I — P)I3 and inequality (5.3) holds, we easily
obtain
(54) I(I = PY(H(t) — 2)7 2| < KM2H072,
Suppose i : P;; =1, i # j. It is clear that
[p?(t) + Ahii(t) — 2| >

(5.5)

19(2) + ARi(t) — 03 () — Ay (0)] — [p3(8) + Ahg;(t) — =l.
Using relations (3.11) and noting that |(7;(0), 7y (0))| < k'/>~8 when ¢’ €
Iy (kY/5-88) (see (2.3), we get
(5.6) |p3(t) + Ahis(t) — p3 () — Ahy;(t)| > 2k~ 1/5%.
Taking into account (5.2), we easily obtain:
(5.7) [p2(t) + AAis(t) — 2| > k=580 4.
Note that p2(t) + AAj;i(t) are the eigenvalues of PHP. Therefore,
(5.8) I(P(H(E) — 2)7 2| < kM10F%.
Inequalities (5.4), (5.8) together give estimate (5.1).

Now we prove that H has a unique eigenvalue inside C1. It follows from
relations (3.10) and (5.7) that the points p?(t), i : P; = 0 and p2(t)+AAs(t),
i: P =1, 1 # j lie outside the circle C;. Since they are all eigenvalues of

operator H (t), this means that there are an unique eigenvalue of operator
H (t) inside this circle. It is equal to p?(t) + AA;j(t). The lemma is proved.




358 Yulia Karpeshina

Lemma 5.2. Suppose t is in the (k~2~%%)-neighbourhood of the set
Xg(k, V,6), z € C1. Then for sufficiently large k, k > ko(V, 6), the following
estimates hold:

(5.9) 1Az, D)l < &%,

(5.10) | A3(z, )| < k~1/5+318,

Proof. We consider the operator Aj:

(5.11) Al = 4o _|_A(11) +A(12) +Ag3),
where

(5.12) Ao = (Ho — z)™2Bo(Ho — 2)7/2,
(5.13) By=(I-P)V({-P),
(5.14)

AD = (Ho(t) + AA — 2)"2BO (Hy (1) + AA — 2)=12,

(5.15) BY = pg,(I - By),
(5.16) BY? = BM* = (I - R)&,Ry,
(5.17) B® = pé&, Ry,

P, being the diagonal one-dimensional projection: (Fp);; = 1. The formal
description of &, is given in [1]. Its main properties are the following:

(5.18) & =& &l <1V,

(84)7:.7 = 0) if 1 —j 7é loq + lq,)

(5.19)
where ¢' #4q, ¢ €T(Ro), lo,l € R, llo| <k 1 <|i| <Ry,
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(5.20) P (kY/5780) g, P (k1/578%) = 0.
Here and below P2 (k!/5-8%) is the diagonal projection

1, if 2lp2(t) — k?| < k/5-85,

1/5-86Y. _
(5.21) Pz (k )i { 0, otherwise.

To prove estimates (5.9), (5.10) we verify the following relations:

1)

(5.22) 4]l < ™,

2)

(5.23) |A — Ay|| < 5k~1/5+85
3)

(5.24) | A3 < 8k—1/5+305,

First, we check that
(5.25) AP =B® .

Indeed, from relation (5.20), taking into account that PyPy2(k/3~8¢) = Py,
we obtain B§3) = 0 and, therefore A(ls) =0.
1) We prove inequality (5.22). Let us estimate ||Ao||. It is clear that

(5.26) (Ao)mi = Vm—i(0Z,(t) — 2) " V2(p3(2) — 2)~1/2.
We prove that
(5.27) (P2 (@) — 2)@E(t) — 2)| > k™

iymeZ3 i#m, |i—m| <k® Pmm = Py =0.

for all z € Cy. Inequality (5.27) is symmetric with respect to m,i, so we
can assume that [p2,(t) — z| < |p2(t) — 2|. If [p2,(t) — 2| > k=%, then
inequality (5.27) is obvious. Suppose

(5.28) Ip2,(t) — 2| < k™%

Let m # j 4+ nog, no € Z. Using inequalities (3.7)—(3.10) and considering
as in the proof of Corollary of the Geometric Lemma in [7] we verify that
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relation (5.27) holds. Next, let m = j + nog, no € Z. Suppose, |ng| >
k1/5=9%. Then |pZ,(t) — p2(t)| > ck/>=%, because |(5;(t), Fq(0))] < k'/5-1.
Considering relation (5.2), we obtain that

(5.29) pZ,(t) — 2| > k1/5108,

where m = j+noq, no € Z, |no| > k'/5~%. This inequality is in contradiction
with the assumption (5.28). Therefore, it remains to consider the case |n| <
E/5=% e, m € T, (kY/5~%). It is easy to see that m ¢ IT, (kY3 9)\T(k, 6).
Otherwise Py = 1, but we consider inequality (5.27) in the case i,m :
Ppm = Py = 0. Thus, m € T'(k,6). Hence, inequality (3.12) holds. This
inequality contradicts to (5.28). Thus, estimate (5.27) is valid. Taking into
account that Ro < k%/8, we obtain

(5.30) [ 4o]l < k7.
We estimate Agl). Considering (5.2), we get:

(5.31) IAL]? < kM8 S ()2 12 + Ahii — 2|71

We prove the estimate
(5.32) 3Ip} + AAy; — 2| > k171,

By (5.19) (&;):; can differ from zero only if i —j = log+1¢’, where ¢’ € T'(Rp),
¢ #q, |lo] < 6kY/5=%, 1 < |I| < Ro. First we estimate |p2(t) — p2(t)|. It is
easy to see that

P} (t) - p3 ()] >

(5.33)
|175(2) + g (0)[* — p3(2)| — 21(75(2) + 1y (0), 14 (0))| — 1§p3(0).

Taking into account inequality (3.7) and the relation [(5;(0),74(0))] <
k1/5-85 which holds because j € II,(k'/%~5%), we obtain

(5.34) Ip3(t) — p2(t)| > k1.

Considering (5.2) and (5.34) we obtain (5.32). From estimates (5.31) and
(5.32) taking into account (5.18) , we get

(5.35) AP < ek,
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Similarly we prove estimate
(5.36) IAP))| < ek

Adding estimates (5.30), (5.35), (5.36) and considering that A(13) =0, we
get (5.22).

2) Estimate (5.23) is proved similarly to the analogous estimate (5.51) in
[1]. The difference is that we use conditions 3’ and 4’ instead of conditions
3% and 4° and we consider the operator (I — Pp)&,(I — Pp) instead of & in
the definition of €14.

3) We prove estimate (5.24). The proof up to some modifications is
similar to the proof of relation (5.52) in [1]. In fact, first we verify that

(5.37) P2 (kY/5=8) A P (K1/5-8%) = 0.

We represent A; as the sum (5.11) and prove relation (5.37) for each of the
operators Ao, A(ll), A(12) (A(13) = 0). The relation

(5.38) P2 (k'8 Ao P2 (K/5%) = 0

is proved just as the similar relation (5.54) in [1]. (instead of condition 5°
we use the condition 5'). The relation

(5.39) P (k1/5—86)Agl)Pk2(k1/5—86) —0.
easily follows from relation (5.20). Similarly,
(5.40) P2 (k1/578) AP Pa (K1/5-8%) = 0.

Summing equalities (5.38)—(5.40), we get formula (5.37). Further, we repre-
sent A; in the form:

(5.41) Ay =Moo+ M +M_,
(5.42) Mo = (I — P2 (k"/57%)) Ay (I — Pya(k'/°78%)),
(5.43)

My = Pia(k'/*"%) A1(I — Pa(K'/57%)) = Pia (k%) Ay,

(5.44)
M_ = (I — Pia(kY/578)) Ay Poa (k'/5%) = A1 Pa(k/5-8%).
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Obviously,
(5.45) M2 = M2 = MyMy = M_M, = 0.
From this,

AS = M3 + MEM_ + My M2 + MoM_ My + My MoMyM_ My Mo

(5.46) +MyM_My +M_M,M_.

Using the definition of Py (k!/5-89) it is easy to see that

(5.47) 1Mol < &=V M| < K%, M) < K%
From (5.47) we obtain

1M1l + | MG M| + | My MG || + || Mo M_ M|+

(5.48) 1My MoM_|| + || M_ My Mo| < k=545,
Assume that we have proved the inequality

(5.49) | My M_|| < k—1/5+266

Then, we have

(5.50) 1M M_ M ||, | M- M M_|| < k532,

and summing the estimates (5.48) and (5.50), we get (5.24). Thus, to prove
the necessary relation (5.24) it remains to check the estimate (5.49).
First, we consider the diagonal part of the operator My M_:

(5.51)
(M'I'M—)ii = Z - |(Bl)i,i+m|2 _
Im|<Ro (PF(t) + Ahii — 2) (0} (8) + Dhitm,ipm — 2)
where
(5.52)

By = Pa(K/5-%)(Bo + BY + BP)(I = P (kV/5-%9)).
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Since Po(I — P2 (k'/5-8)) =0,
(5.53) B; = Pk2(k1/5_86)(30 + Bgl))(I — P (k1/5—86)).

Let us consider different i in (5.51). If i # j, i : P; = 1, then taking
into account the definition of By (formula (5.13)), we get (M M_);; = 0.
The same is valid if ¢ : Py2(kY/5=%);; = 0. It remains the case i : Py =
0, P2 (kY/5=%); = 1. It is not hard to show (see Lemma 11 in [1] (4° — 4))
that formula

(5.54)
lvm|(P3(t) — 2 + pE,(0))
(02(t) — 2)(0F L () — 2) (PF_ (8) = 2)

(MM )i =Y

|m|<Ro
holds. We prove that
(5.55) 2|(MyM_)y| < k~1/5+255

Let i : |p2(t) — k?| > k~1/5%. Considering the definitions of My, M_ and
P2 (k'/5-8%) we get (5.55). Suppose i : [p?(t) — k?| < k=1/5-45, Considering
as in the proof of (5.22), we obtain that

(5.56) 36|(p2(t) — 2)(Piem(t) — 2)| > k™.

Using formula (5.54) and the last inequality, it is not hard to show that
estimate (5.55) holds.
It remains only to consider the case i = j. It is clear that

(5.57)

|(€q)js+ml
(M+M_) 15 — = = .
. ,m,;&mﬁ P30 + AR = 2)PFm() + Ahjimim — 2)

According to (5.19) (&g)jj+m can differ from zero only if m = log + I¢/,
llo] < kY3, ¢ € T(Ro), ¢ # q, 1 <|I| < Rp. From this we obtain

(5.58)
Prim(®) + AAjim jim — 2 = 20(55(0), 5y (0)) + O(k*/®).

From relation (3.7) it follows

(5.59) 8(5(0), 5y (0))| > k'~
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Let
a= Y |(&)jjtml

mEQ,q/

qul = {m : 9m(0) = log + lq’}.
Using relations (5.57)—(5.59), it is not hard to show that

(5.60)

(M M-)jj = (Z az(2l>‘1) (B3(0) + A5 — 2) (@5 (0), Ty ()|~ + O(k=/5+2
l

Using again relations (5.2) and (5.59) we get
(5.61)

lq

(M M-)j5 = (Z al(2l)—l> O(k'%) + O(k~3/5+208).

We prove that a; = a—;. Indeed, recalling the definition of &; (see [1]), we
verify that

2
— . . *
(5.62) ar = § :IUJ,J+l1q'Ulq' j+11q+lq'+lzq| ’
l1,l2

where U is the unitary operator reducing H to the diagonal form. Summing
with respect to indexes [; and Iz, we get:

(5.63) a = |ug|* = as.
Now we see that Y, a;(2])~! = 0. Therefore,
(5.64) (M M_)j50 < ck=3/5+20,
Next, we consider non-diagonal elements: (M4yM_);, @ # 1,

(5.65) (MyM_)y =

Z (B1)im(B1)mi
—~ (2(t) + AAyi(t) — 2)V2(p2(t) + Ay () — 2)V2(p2,(t) + Ahrm(t) — 2)’

where

(5.66) P2 (k1/5=9);; = Pa (K1/5-9%),, =1,
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(5.67) P2 (kY%%)m = 0.

From the last relation it follows that m # j. Suppose ¢ = j, then [ # j
(because we consider non-diagonal elements). It is clear that j — I = lpq +
lg, llo] < k7%, 1 < || < Ro, b # 0. Since |(75(0),7y(0))| > k%,
|(#;(0), 5(0))| < 6k1/588 we readily obtain

(5.68) Ip? (¢) — k2| = I (2) - p3(2)] > K572

This inequality contradicts relation (5.66). Therefore i # j. Similarly, we
obtain that [ # j, otherwise (MyM_); = 0 (for i # ). Since

(5.69) (B1)im = (Bo)im
for i # j, m # j, we have

(5.70)
_ (BO)im(BO)ml
(MM = . o GG — ) D~

Using relation (5.27), which is valid for all i,m : |i — m| < k%, we get
(5.71) 61(p?(2) — 2) @ () — 2)|/? > k™.

Taking into account that |p2,(t) — k2| > k1/5-8  (see (5.67) we arrive at the
estimate

(5.72) (M M_)y| < k7H3H08 4o,
Since (MyM_)y =0 if |i — | > 2Ry, it follows that
|MyM_|| < K max | (Mo M-)i5]-

Taking into account (5.55), (5.64) and (5.72), we get (5.49). Thus, esti-
mate (5.10) is proved. The lemma is proved.

Lemma 5.3. If t is in the (k=2~%)-neighborhood of the set £3(k,V,5) and
z € Cy, then for sufficiently large k, k > ko(V,6) the following estimates
hold:

(5.73) |Gk, t)]|1 < k™14,
(5.74) Gk, t)]l1 < k~7/5+68,

(5.75) |95(k, t)| < k~8/5+80.
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Proof. Evaluating the integral U C;"l (k,t)U* (U is the unitary operator, re-
ducing H(t) to the diagonal form) by a residue, we obtain (UG (k, t)U*)im =
0,ifi #j,m#jori=m=jand

UGk, t)U*)ji = UG (k,t)U*);5) =

(5.76) Bj: (63(0) + Aha(t) — 13(0) — AAys(0))

where B = By + )., & + L+ D, operators L and D being described in [1].
Here we only will use their properties. Taking into account that (Bog)j; =
Lj; =0 (j € I,(k%)) and (&) =0 if ¢’ # q, we get

(5.77) Bﬁ = (Sq)ji + Dj;.
From (5.77), using (5.76), we obtain
(UG (K, 1)U*)ji| < ai + i,

where X X
ai = |(E);il P2 (2) + AAsi(t) — p2(t) — ARy;(8) 7Y,

¢ = | DjillpF () + Ahu(t) — p3(8) — AAy; (@)~

Terms similar to a; were estimated in the proof of Lemma 4 (see formu-
lae (5.31)—(5.36)). Using estimate (5.32) and (5.2) we get

(5.78) 2a; < |(€9)slk 1,
Relations (5.1) and (5.2) yield

(5.79) ¢; < | Dyl k.

It is clear that

(5.80)

1G4 (R, IF = IUG1 (R, U] < Y _1(UGH (K, Ul
B
Considering estimates (5.78)—(5.80) we get
IG1(k, 1)l < N1EglIA™1F% + || DR+
Taking into account that

(5-81) 1€l < IV,
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k1/5—86

(5.82) ID|| < k™

(see citel), we arrive at estimate (5.73).
Next, we consider ||G5(k,t)||1. Evaluating the integral by a residue, we
get

(5.83)
UGk, ) U)im = (UG (k, ) U*)i5(UGL(k, )U*) jm,

when ¢ # j, m # j and

(5.84) (UG, (k, )U*) jm = (UG, (k, ) U*)mj) = G + Em,

Gm = —Bj; Bim(02,(t) + AAmm(t) — p3(t) — AA;;() 72+
ém =

Y BiiBim(p}(£)+ A1) —p3 (8) = AR z5(1)) ™ (ppa(8) + A (2) =03 (£) —AA5(2)) !
i#j
when m # j and

(5.85)

UGk, 1)U*)55 = = Y |Biml*(07a(t) + Ak (t) — p3(2) — ARy5() 2.
m#j

From relations (5.80)—(5.85) we see
IG5k, OIF < IG1 (K, D1IF + 21,
(5.36) 1= Y (UG, U*)ml2.
m

To estimate I we represent it as a sum I = I + Is+ I3, where I}, corresponds
to the summation over the set :

Q={m:me Hq(-;-kl/f’—“)},
Q= {m s m € T(SkY5%) \ T (CKV5)),

= {m: m ¢ TIy(SKY5)).
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Suppose m € ;. Then, Lim = (Bo)im = 0 and, therefore,
(5.87) Bim = (&q)im + Dim.
Considering as in the proof of (5.73), we obtain

(5.88) I < ck™218,

Suppose m € Qq. Using (5.84) we get
Y NUGEDT)im < Y dm+ Y, o
mely meNs mes

To estimate G, note that Bjy, is given by formula (5.77). Considering as in
the proof of (5.73) we get

Z G, < k2186,
meQy
To estimate &y, we recall [1] that for any m € Q,
IPZ,(t) + AAmm(t) — p2(t) — ARj;(2)| > ck?/°.
Using this inequality and (5.32) we get
Z Gy < kT/5H85.
meSlg

Thus,
(5.89) I < ck~T/5185,

If m € Qs, then in formula (5.84) Bjn = (Bo)im. This means that
|i — m| < Ro. On the other hand Bj is given by (5.77). We con-
sider that 9;(0) — §i(0) = loP,(0) + Py (0), where |lo] < k588 1 <
|l| < Ro, because otherwise (&) = 0 while Dj; is estimated by tiny
value k=5/°"*.  Therefore, 75(0) — Pm(0) = Upg(0) + laPyr(0), where
1] < k3788 || < 2Ry, loPy(0) # O (the last relation holds because
otherwise m € TI,(3k'/5-86/2) ¢ Q). Considering as in the proof of (5.73)
we show that

Ip2(t) + AAs(t) — p3(t) — AAj;(t)| > k=%,

P2,(2) + AR (t) — P2(t) — ARy;(2)| > k=%,
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Using this inequality and the estimate || B|| < |V]|, we get
(5.90) Iy < ck= 28,

Adding estimates (5.88), (5.89) and (5.90), we get

(5.91) I < ck™T/5%88,

Using formula (5.86) and estimates (5.73), (5.91), we obtain (5.74).
Inequality (5.75) we obtain, calculating g5(k,t) by a residue:

gk, t) = Y | Bim[* (0% (t) + Ahmm(t) — p2(t) — ARy;(t)) "
mti

Using formula (5.77) and the inequalities

1/5-86

1Dl < &~ )

2|P$n(t) + A[\mm(t) ‘P?(t) - A[\jj(t)l >k m #J
(see inequalities (3.10) and (3.11)), we obtain

Bk t) = S 1(£0)jml*(PF(E) + Ahmm(t) — p2(t) — ARy;(£) ™! + Ok ™).
m#j

From the last relation, (5.57) and (5.2) it is easy to see that |gh(k,t)| =
|(MyM_);;lk~=% + O(k=2). Using (5.64), we get estimate(5.75).

The lemma is proved.

The proofs of Theorem 3 and 4 are quite similar to the proofs of Theo-
rems 1 and 2 in (1], Lemma 4 being using instead of Lemma 11 in [1].

Next, we consider the behaviour of the isoenergetic surface in a vicinity
of the singular set. Since the eigenvalues and the spectral projections of
operator H are close to those of H on the essential part of the singular set,
the isoenergetic surface of H is close to that of H.

According to Theorem 3 there exists the subset %3(k,V,6) of fiq(k, )
on which the perturbation series converge. This subset has an asymptoti-
cally full measure on fi4(k, 8). We denote by Xg(k, V, 6); the intersection of
R5(k, V, 6) with iq(k, 6); (see (4.1)).

Lemma 5.4. In the (k=*%)-neighbourhood of a piece X3(k,V,8); of the
isoenergetic surface there are no other ones Xg(k, V,6)i, i #£3.
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Proof. Suppose, that in the (k~2~2%)-neighbourhood of point ¢, ¢ €
Xg(k, V, 6); there exists point to, to € Xg(k, V,6)i, i # j. Then,

(5.92) p3(t) + AA()j; = k%, pi(to) + AA(to)s = K2,

|t —to| < k™22,

It is obvious that

(5.93) p?(t) + AA(t)s: — pF(to) + AA(to)ul < k7172
Therefore
(5.94) Ip3(t) + AA®)j5 — p2(®) + AA(R)as] < B2

However, it can not be so, because t € )22(k, V,6) (see inequali-
ties (3.10), (3.11)).

The lemma is proved.

The proof of Theorem 7. Suppose ¢ belongs to the (k~2~2%)-neighbourhood
of )22(19, V, 6). According to Corollaries 2 and 3 the following estimates hold:

(5.95) IA(E) — p3(t) — AA(2)55] < ck™172m,

(5.96) V() = V(3(t) — AA(®)55)] < k=37,
From the last relation it follows
(5.97) IVA@®)| > ck.

Using estimates (5.95) and (5.97) we obtain that equation (4.3) has a solu-
tion in the (k=227 )-neighbourhood of any point to, belonging to x2(k, V, 6).
These solutions form a surface in the (k~2~27)-neighbourhood of %3(k, V, 6),
because (5.96) holds.

Next, we prove that equation (4.3) has no other solutions in the
(k~272%)-neighbourhood of %3 (k, V, 6). Indeed, suppose ¢ is in the (k~2-2)-
neighbourhood of ¥J(k,V,6) and there exists an eigenvalue A(f) of oper-
ator H, which cannot be represented as the series (3.16), i.e., A3 #
A(t). According to Theorem 4 A(%) is a unique eigenvalue in the interval
(k% — k=171 k2 4 k~179), However, A(f) = k®. From this it follows that
A(E) = M(#). The theorem is proved.
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6. Geometric Constructions on the Singular Set.

We construct now the subset x9(k, V,6) of fig(k, 6) on which conditions
1" — —5' hold. The analytical description of 1’ — —5' is similar to that of
19 — —59 for the nonsingular set. Howver, to prove that 1’ — —5’ in fact can
be satisfied, we have to develop much more subtle reasoning than in [1]. This
is due to the fact that conditions 1° — —5° were proved to be satisfied for
some t on pg which is, as a matter of fact, only a small part of Sk. So more
precise estimates and complicated reasoning have to be done. We proved
that the nonsingular set has an asymptotically full measure on Si. Here we
will prove that xJ(k, V, 6) has an asymptotically full measure on fiq(k, 6).

We consider

(6.1) %(k, V,6) = fig(k, 8) \ U, Tq(k, V, 6)s,

where the set Tq(k, V,6); contains all points ¢, for which condition i’ (see
Lemma 1) does not hold. These sets will be described below. The defini-
tion of the set )Zg(k, V, 6) is similar to the definition of the nonsingular set
S(k,V,6) in [1], where conditions 1° — 5° are satisfied.

First, we introduce the notations. Let II,(k,a) be the plane layer:

(6.2) Mn(k,a) = {z: ||z|2 = |z + §m(0)|?] < 477}
Let I (k,a) be the curve analog of the plane layer Il (k, a):
(6.3) m(k,a) = {& : ||z]* + o(@) — |2 + Pm (0) | < 457},

where the function ¢o(z) is given by formula (3.5).
We determine Y4(k,V,8); by the formula:

(64)  Ty(k,V,6)1 = K (Upen,TTo(k, —1+ 106) 1 5y(k, ~5))
Q; is given by (3.8), K is defined by (2.4). Next,

(65)  To(k,V,6)2 = K (Unenuicns ok, V; 85 1 5y(k, ~5) ),

(6.6) Qo = {m,m € Z%,m # nog,no € Z},
Q3 = {7’,2 € Zs,i 7é O,IZl < ké},

(6.7) Yok, V,8)7 = UN_ To(k, V,6)F, N =[1/6] 19,
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(6.8)
To(k, V, )" = M (k, V, 1 — 6n) N Tmti(k, V, —1 + 6(n + 11)).

Furthermore, let

(69 Ty(k,V,6)s = K (UmeayTlm(k, ~1 + 6) 1 5,(k, ~5))

(6.10) Ty(k, V,6)a = Uper(ry Talk, V, 8y,
where 'f‘q(k:, V,6)4q is set of t in fi,(k, 8) such that
(6.11) P2 (1) + Ahmm(t) — p3(8) — Adys(8)] < k7575

for any m of Iy (k%/5). This means that T,(k, V, §)4¢ the eigenvalues p2,(t)+
AA i (t) are situated rather close to the point p3(t)+AA;;(t) = k. Finally,

(6.12) T, (k, 8)s = Ki(k,1/5,3/5,1/5 — 86),
where 7 is determined by the formula:
(6.13) 7 = Ug¢ er(Ro).at¢ Taa'
far = {20 € B |lo| — k| < k5,
(@, (0))] < 2K/5%, |(z, 5 (0))] < k¥° }.
Lemma 6.1. If t belongs to )Zg(k, V, ), then there exists a unique j, such
that p3(t) + AAj;(t) = k? and conditions 1 — 5" hold. For t in the

(k=2-2%)-neighbourhood of X3(k,V,6) there ezists a unique j such that
[p2(t) + AAj;(t) — k?| < k™%, and conditions 1' — 5 hold.

_ Proof. Since t € fiq(k,6), there exist at least one j such that pj(t) €
Sq(k,—6), i.e., p3(t) + AAj;(t) = k2, and [p3(t) — pj+4(t)?] < k°. Suppose,
inequality (3.7) does not hold. Then for z = 7;(t) and some r € Q:

(6.14) |21 + po(2) — |z + T (0)?] < K19,

Thus, we have z € M (k, —1 + 106) N S'q(Ak, —8). Therefore, t € K(II, N
Sq) C Ty(k,V,6)1. However, §3(k, V,8) N Tq(k,V,6)1 = @ (see (6.4)). This
contradiction proves inequality (3.7).
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Next, suppose condition 3’ does not hold. This means that there exists
m such that m # neq, (ng € Z) and

(6.15) IpZ.1;(8) — p2(t) — AA(E)5] < 267170
The last inequality means that for z = p;(t) the next relation is valid:
(6.16) |z + wo(2) — |z + Pm(t) ] < 26717,

ie., z € lm(k, 14+6)NS,(k, —6). Therefore ¢ € K (Il (k, 14+6)NSy(k, —6)) C
q(k V,6)s. However, 23(k,V,6) N Y,(k,V,86)3 = 0. This contradiction
proves that condition 3’ holds.
Suppose condition 2’ does not hold. This means that there exists m,m #
nogq (no € Z), such that

(6.17) 7 45(8) — B3 (2) — AA(D)35] < k™%

Additionally, there exist some i, |i| < k°, i # 0, such that the inequality
opposite to (3.9) is satisfied:

6.18
( I;?n+j+i(t) — p3(t) — DA()55] < k™ |p2,1;(8) — P3(2) — AA(R)5] 7"
Inequalities (6.17) and (3.10) mean that
(6.19)

75(t) € (UN_oTlm(k, 1 = 6m)) \ Tl (k, 1+ 6), N = [1/6] - 19.

The sets ﬂm(k, 1-én),n=0,..,N, form a sequence of expanding sets. It
is clear that
(6.20) §5(t) € Mn(k, 1 — 6n) \ In(k,1 — 6(n — 1))
for some n € {0,..., N}. Relation (6.18) means that
(6.21) [Phis(8) = P5(1) — AA(D)j5] < KI7OPH0

i.e., Pj(t) € ILipm(k, —1+6n+116). Using relation (6.20) and formula (6.8),
we get

(6.22) 7(t) € Tq(k, V, 65" < Tq(k, V, 6)TH.

Therefore, t € T4(k,V,8)s. However, To(k,V,6)2 N X9(k,V,6) = 0. This
contradiction proves that condition 2 is satisfied.
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Suppose, condition 4’ does not hold. Therefore, there exists m € IIp(k),
o = Uger(ro)y (k'/%) such that

(6'23) |p12n(t) + AA(t)mm - :D?(t) - A[\(t)jjl < k—1/5—106’

ie., t € Ty(k,V,6)4. Since Xq(k,V,8) N Ty(k,V,6)s = 0, condition 4’ holds.
Next, suppose condition 5’ is not satisfied. This means that there exists
m € T(k,$) such that

(6.24) IpZ,(¢) — P2(t) — AA(L) 55| < kY5

By the definition of T'(k, é) the relation m € T'(k, §) means that there exists
the pair ¢/, q", where ¢',q" € T'(Ro), ¢’ # q", such that

(6.25) |(Fm(2), By ()] < kY5780, |(Bm(2), By (0))] < K3/°.

Let ¢ = pn(t). From inequalities (6.24) and (6.25), considering that
|AA(t) ;] < k%, we obtain the estimates:

(6.26)
ll2)? — k2| < 2k°, |(,¢)] <2KY/57%, |(@, ¢")] < 2k%/°.

This means that 2 € Tgq~ (see (6.13)). Hence, t € K&t = Tq(k, V,6)s. How-
ever, Xq(k,V,6)N 'f‘q(k, V,6)s = 0. This contradiction proves that condition
5’ holds.

Finally, we prove that j is determined uniquely. Suppose, there ex-
ists m # j, such that p(t) € S4(k,—8) and conditions 1’ — 5’ are sat-
isfied. Since P (t) € Sy(k,—6), we see that m € II,(k/5). Therefore,
estimate (3.11) holds. But, this contradicts the assumption that 7,(t) and

7;(t) belong to S,(k, —6) (pg(t) + AR@);5 = B2(8) + AA({E)mm = k2) . Esti-

mates (6.14)—(6.26) are stable with respect to a perturbation of order k=2-2%.
Therefore conditions 1’ — 5’ hold in (k~2-2%)-neighbourhood of £3(k, V, 6), j
being uniquely determined from the relation |pJ () +AA(t);;—k?| < k2728,
The lemma is proved.

Next, we prove that the set ¥ (k V, 6) has an asymptotically full mea-
sure on the set fiz(k, 6) (see Lemma 1). To prove this we verify that each of
the sets T q(k,V,8), i = 1,...,5 has an asymptotically full measure on the
set fiqg(k,6). Lemmas 9 — 14 are devoted to the proofs of these assertions.
Lemma 8 estimates the area of S, q(k,—6) N 11, (k,&). Technically compli-
cated, but nevertheless important parts of the proofs, are carried out to
Appendixes at the end of the paper.
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Firstly, we introduce some notations. Let Ty be the body of the torus
with the radii equal to k and k', k' = \/ k2 — p2(0)/4 — (94(0)/2), the main
circle Oy of the radius k' being centered at the point 7g(0)/2 and lying in
the plane orthogonal to pg(0). Thus,

Ty={z:|r—as <k, s €Oy},

Og = { : lw — Py(0)/2l =K', (z,9,(0)) =0} .

It is clear that the sphere |x — P (0)| = k, intersects with the circle Oy if
and only if 77,(0) belongs to Tg. Let pgm be the distance from pi,(0) to the
torus (pmq is positive if r,(0) is inside torus and negative otherwise).

Let us estimate the area of Sq(k: —8)NILn(k, £). to undestand the struc-
ture of .S 7(k,—0) NIl (k, &) note that in the case @o(2) = 0 this is the inter-
section of the shpere |z| = k and two plane layers: II;(k, —6) and I, (k, ).
So, this is a vicinity on the sphere of two points, which are the intersection
of two circles. When @o(z) # 0, the picture is a little bit “curve”. Let us
give more precise description of these two points. Using the definitions of
Sy(k,—8) and I, (k,£) it is easy to show that

(6.27) Salk, =8) NTIm(k, &) = S(k, ~6) N Sim(k,€) =
{w: 122 +po(@) = 2, [l2f? &+ 5(0) 2] < K,

1212 + po(@) — [z + Fm(0)[?| < K7€}

Thus, S,(k, —8) N1, (k, &) is a neighbourhood on the surface |x|2 4 po(z) =
k2 of the points defined by the equations

|12 + po(z) =
|2[* — & + 74 (0)* = 0,

|z + P (0)|% = k2

It is easy to see that this equations define the intersection of the circle O,
with the sphere |2+5m,(0)| = k, which is, obviously, two points. As it is noted
above Oq intersects with the sphere if and only if pgm is positive. Moreover,
it turns out that the area of Sq(k —8)NILn(k, &) essentially depends on Pgm.-
Naturally, it depends on k, 6, £. The following lemma give estimates for the
area of Sy(k, —6) NI (k, £).
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Lemma 6.2. If 8p,(0) < k, 0 < 6§ < 1, =1 < ¢ < 1, then the following
estimates for s(Sq(k, —6) NI (k,£)) hold:

(6.28)
5(Sa(k, —8) N TTim(k,€)) < k™S5 (O)pm(0) T /072,
when pmq > k=%;

(6.29)
$(Sq(k, —8) N 1L (k, &) < ck®/2=E+3/221/2(0)p,,, (0)73/2(4k? — p2,(0))~1/4,

when pmq < k°; k3 < pp(0) < 2k — k7138 and
(6.30) 5(Sq(k, —8) N TIm(k, ) < ck®~¢/p;(0),

when pmg < k®; pm(0) > 2k — k°.

The proof is only a slight modification of Lemma 5 in [8], where we

consider the area of S q(k,—6) N Il (k, §) for po = 0, i.e., the case when
S 4(k,—0) is a plane-spherical layer and 1L, (k, £) is a plane layer We give it
in Appendix 1.

Lemma 6.3. For 0 < § < 1073 and sufficiently large k, k > ko(V, 6) the
following estimate holds:

5(iq(k, 8) N Tq(k,V,6)1) _ -5
5(fiq (K, 6)) '

Proof. By the definition of ’i“q(k', V,6)1 (see (6.4)) we have

(6.31)

(6.32)
s(Tq(k,V,6)1) < D 5(Sg(k, 6) NI (k, —1 +108)).
me

Taking into account that Q; contains less than ck® elements, we obtain:
(6.33)
8(Ty(k,V,6)1) < ck® max 8(8y(k, —6) N Ty (k, —1 + 106)).
m 1

We prove now that

(6.34) 2Dmg > k°.
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Indeed, by the definition of pmg, we have

(6.35)
(k — pmg)? = (K —1m)? + 2%, 2, = 2 — pg(0)/2,

where 7, = pmn(0)1 is the absolute value of the projection of the vector
Pm(0) onto the plane orthogonal to Py(0) and 2, is the projection of P, (0)
onto §,(0). It is clear that 7, = (p2,(0) — 2%)*/2. Taking into account that
22, 412, = p2,(0) = O(k%) we get

(6.36) Pmq(2k — Pmg) = 2krm + O(K?).
From the relation
(6.37) rm = |[Fm(0), 74(0)]lp5 *(0),

considering that the vectors 7, (0) and p,(0) are linearly independent we ob-
tain rpy, > cp;l(O) > c1k~%. Estimate (6.34) follows from the last inequality
and (6.36). Using formula (6.36) and taking into account that r,, = pm(0).L
and ppmg > k%, we obtain from (6.28) that

(6.38) (84 (k, —6) NIk, —1 4 106)) < ck~#p,(0)~1.
Noting that

(6.39) s(fiq(k, 6)) = k'+’pg(0)71,

we get

(6.40) §(Sq(k, —8) N (k, =1 +108)) < k=% s(f1y(k, 6))-

Using estimate (6.40) in inequality (6.33) yields (6.31). The lemma is proved.

Lemma 6.4. For 0 < § < 1073 and sufficiently large k, k > ko(V,6), the
following estimate holds:

8(fq(k, ) N Ty(k, V; 8)3))
5(fiq(k, 6))
Proof. By the definition of T4(k, V, §)3 we have

(6.42)
s(fig(k, 6) N Tq(k, V,8)3) < s(Tq(k,V;6)3)) < > 5(Sg(k, —6) NTIm(k, 1 + 6)).

(6.41) < k™%,

Arguing further as in Lemma 6 in [8] and using inequalities (6.28)—(6.30) we
verify relation (6.41). The lemma is proved.
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Lemma 6.5. For 0 < § < 1073 and sufficiently large k, k > ko(V, 6) the
following estimate holds:

5(Bg(k, §) N Tq(k, V, 8)2))
s(fiq(k, 5))

The proof of this lemma is very technical, so in this consideration we

describe the principal steps. Technically complicated parts we send to Ap-

pendixes. X
Using the definition of T4(k,V, 6)2 (see (6.5)— (6.8)) we obtain

s(fiq(k, 8) N Tq(k, V,6)2) <

(6.43) <k,

(6.44) N max |~|§6 mg@: .s(.S’q(k, —8) N1 (k, 1 — 6n)),

where Q,; is the set of the indeces m, such that m # ngq, ng € Z, and

(6.45)
Sy(k, —8) NIy (k, 1 — 6n) N Inyi(k, =1 + 6n + 106) # 0.

Let us estimate the terms of the sum (6.44).
Using estimates (6.28)—(6.30), we obtain that

(6.46)
5(5q(k, =) N IIn(k, 1 — 6n)) < k=15 Dp1(0) o1/, (0) 712,

when ppmg > k™%;

$(84(k, —6) N TIm(k, 1 — 6n)) <

(647) KA 2(0)pn (0) 732 (4k% — p(0)) 74,
when ppg < k%5 k% < pp(0) < 2k — k=13 and

(6.48)
5(Sg(k, —8) NILn(k, 1 — &n)) < k~H/2H0/2HD 571 (),

when pmg < k%; prm(0) > 2k — K°.
We represent Qp; in the form Q; = Ul_,QF,,

(6.49) L= {m:m € Qui, pmq > k¥,
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(6.50)
Q2. = {m :m € Qui, Pmq < k*,7m > k7% 2k — 1y > k1736,

(6.51)
Q3 = {m : M € Qni, pmg < k%, rm < k7% prn(0) > k%Y,
(6.52)
A= {m:m € Qni, pmg < k?,2k — rm < K382k — pr(0) > k%),
mq

(6.53)
2= {m: M € Qni, Pmg < k%, 2k — P (0) < k| 2| > K2},

(6.54)
QS; = {m: m € Quiy prmg < k%, 2k — P (0) < k2, | 2| < K%},

(6.55) Qni = {m: m € Qni, pmg < &, pm(0) < K},

where rp, as before is the projection of 7, (0) onto the plane orthogonal to
74(0) and zn, is the projection of pr,(0) onto pz0). We break the sum over
@ni in (6.44) into six sums corresponding to QX;, k = 1,...,6. Taking into
account that the summation with respect to i contains less than ck3¢ terms
we get:

(6.56)
7
~ ¢ 36 k
s(fiq(k,6) N Tq(k,V,8)2) < ck n:l,?z%?fikks(; Zin),
where
(6.57) Sho=Y_ s(S(k,~6)N1ln(k, 1 6n)),

meQk;

We estimate each sum X, separately.
1) The estimate of L},.
Using inequality (6.46), we obtain

(6.58) Sy < k™D pL0) N (pmgrm) M2,
meQ;,;



380 Yulia Karpeshina

Let us estimate the sum by an integral. Let us define p(y), r(y) and 2(y) for
Y just as Pmg, Tm and zm for Pin(0). Suppose a point y belongs to a cell of
the dual lattice, including the point pr(0). It is clear that |y — pm(0)] < A,
A =2n(a7%+a; 2—l-a3‘2)1/ 2 and p(y) > pmq—A. From the relation pp,, > 2k°
it follows that

(6.59) 20(y) > pmg > k.
Similarly, since
(6.60) Tm > Pmg,

we have 4r(y) > rm. Relations (6.59) and (6.60) enable us to estimate the
sum X} by the integral I:

(6.61) o< c%%k—m(m—l)p;l(o)h,
(6.62) n= [, Gwre) e,

where QL is the A-neighbourhood of Q1;. In Appendix 2 we obtain the
formula for QL;:

QL C {y: 2p(y) > k*,3mo € So : |y — 20| = k,
(6.63)  I(y — @0, B:(0))] < 4k 1% 4 Ak(r(y)p(y)) ™%},

where Sp the middle circle of the layer S,(k, —&):

(6.64) So = {z, € Sy(k,—6), |z|* — |z + §4(0)|> = 0}.
In Appendix 3 we prove the estimate

(6.65) I < ck?>m5—9%

Using estimates (6.61) and (6.65) we obtain

(6.66) Tt < ck~*p;1(0).

2) The estimate of the sum £2,. For m € Q2; (see (6.50)), estimate (6.47)
holds. Note that

(6.67) Pm(0) = V1% 22, 2 T,
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We estimate 4k? — p2,(0). It follows from relation (6.35) that

(6.68)
4k* — p2,(0) = 2k(2k — Tk’ /K) + 2pmgk — pg + O(K'T®) > k(2k — Tm).
Since m € Q2., we have 2k — 7y > k1758 1, > k1769, T herefore,

ni)

(6.69) Pm(0) > k1764,

(6.70) 4k% — pZ,(0) > k2%,

Using the last pair of the estimates in inequality (6.47), we obtain

(6.71)
$(Sq(k, —6) NI (k, V1 — 6n)) < cp;*(0)k=3/2+5(n+12),
Using this estimate in formula (6.57) for £2,, we get:
mEQii

The series on the right of estimate (6.72) can be estimated by the volume
of the A-neighbourhood QZ; of the set Q2

(6.73) 22, < epFH(0)k /Ay (G2 ),

k

In Appendix 4 we obtain the formula for Q%;, k > 2 in a cylindrical coordi-

nates. In Appendix 5 we show that

(6.74) V(G2,) < k130 (1-nd=108 4 p1/2+35)
It follows from estimates (6.73) and (6.74) that

(6.75) 2%, < ck~*p1(0).

3) The estimate of the sum £3,.
For m € @2, the estimate (6.47) is valid. It follows from relation (6.35)
that

(6.76) 12, + 22, = 2rmk’ — 2pmgk + pZ, + O(K').
Taking into account that pmg < k%, we obtain

(6.77) p2,(0) = r2, 4+ 22, = 2k'ry, + O(K9).
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Using this inequality and considering that 7, < k!~%, we arrive at the
relation 4k? — p2,(0) > k2. From the last estimate and inequality (6.47), we
get:

(6.78)
5 (Salk,~0) N Tim(k, 1 — ) < /2571 0)p/2(0)

Substituting (6.78) in formula (6.57) for £3_, we obtain:

in)

(6.79) 53, < ck?PHAp0) Y pm(0)7H2,
mGQii

Since pm(0) > k%, when m € @3,, the series on the right of (6.79) can be
estimated by the integral:

(6.80) =3, < ck? ™t Ap710) 15,

(6.81) Is = / (2 + 2D Y rdrdzds.
Qni

In Appendix 6 we show that

(6.82) Iy < 3k1/2-m0=9% 4 412,
Substituting the last estimate in the inequality (6.80) yields:
(6.83) S5, < epyH(0)k .

Next, we consider ,. Since m € Q2;, then estimate (6.47) holds. Using
relations pm(0) > rm > k and p,(0) < k°, we rewrite (6.47) in the form:

(6.84)
8(Sq(k, —6) NI (k, 1 — 6n) < epy L(0)k~HHOCFD (4k2 — 42 — 22)~1/4,
Substituting estimate (6.84) in formula (6.57) for ¢,, we obtain:

(6.85) T < ep {0k N (4k? — 2, — 2274
mEQﬁi

It is clear that Q2; can be described by the formula similar to that for Q2,.

Since 4k2 — 12, — 22, > k1120 when m € Q2,, the series on the right of (6.85)
can be estimated by the integral

(6.86) v < cp;l(O)k‘H&("“) I,

m —
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rdrdzdd
(6.87) I4—/% = A

In the Appendix 7 we prove that
(6.88) IykT/A-n=06 | 1428
Using this estimate we (6.86), we get
(6.89) i < cpg (ORI
for any 7;(0), pi(0) < k°.
5) Let us consider X3 . We prove that 4k% — p2,(0) > k™13, Indeed,
using (6.35), we obtain
(6.90) (2K = Pm)Tim = 2y + 2mgk — plg + O(K®).

Therefore,

(6.91)
(2" + 20mak — Pog + O(K®)) (2 + rm)rt — 20, > 2 > k.

From this 2k —p,, (0) > k113, Thus, estimate (6.47) holds. Using relations
Pm(0) > rm > k, pg(0) < k%, we rewrite (6.47) in the form (6.84). Taking
into account (6.91), we obtain

(6.92) T3, < kTPl 0) Y 1
Q5

Obviously,

(6.93) 28, < kI L0)V(QS),

where an is the A-neighbourhood of @3,. In Appendix 8 we show that
(6.94) V(Qpi < kT/470nm60 4 1428,

Using this estimate we get

(6.95) Ton S cp (0K

for any 7;(0), pi(0) < k°.
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6) Next, we consider X¢,. Using estimate (6.48), we get:
(6.96) x5, < kT2 0) $
Qi

It is clear that the sum on the right can be estimated by the volume of the
A-neighbourhood of @$,:

o S KTV/HRRRY(QL).

It is not hard to show that @S, can be described by the formula similar to
the formula for @8;:

OS, = {y: [4k% — 7% — 22| < 2k12 p < 2K°, |2| < k%),

It is not hard to show that QF; belongs to the (2k?)-neighbourhood of the
circle: r = 2k, z = 0. Therefore, V(Q¢;) < ck'*%. Using the last estimate
in the inequality (6.96), we get:

(6.97) Yo, < epH(0)k 4.

7) Finally, we consider £7,. We proved in Lemma 5 that pmq > k=2
(see (6.34)), when r2, + 22, < k?. Arguing as in the proof of Lemma 5 and
using estimate (6.46), we obtain the inequality:

(6.98) St < epg H(0)k 4.

It follows from (6.56) and estimates (6.66), (6.75), (6.83), (6.89), (6.95),
(6.97) and (6.98) that

s(fiq(k, 6) N Tq(k, V, 6)2) < cpg ()K",
Taking into account (6.39), we get (6.43). The lemma is proved.

Lemma 6.6. For 0 < § < 1072 and sufficiently large k, k > ko(V,6), the
following estimate holds:

5(fg(k,6) 0 T (K, V; 6)a)
S(ﬂq(k,ﬁ))
Proof. Using formula (6.10) for T(k,V,6)s and the inequality |¢'| < &°
we obtain

(6.100)
s(T(k,V,6)a N fig(k, 6) < ok max s(To(k, V,O)ar N tg(k, 9)).
q 0

(6.99) <ck™® ¢+ c(k, ).
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We prove that

s(ﬂ‘](ka 6) N Tq("’; V) 6)411’)
$(fiq(k, 6))

Then, estimate (6.99) easily follows from inequalities (6.100) and (6.101).

In the case of linearly independent ¢ and ¢’ the proof of estimate (6.101)
is similar to that of Lemma 3 in [1]. Indeed, the layer S’q(k, —6) consists of
the pieces Sk; N S'q(k, —6), where

(6.101) < k7%,

(6.102) Skj = {t,t € K,p(t) + AAj;(t) = k).

Using estimate (6.28), it is not hard to show that the sum area of the pieces
Skj, such that j € Iy (k'~1%), ¢ # q, |¢'| < k%, is infinitely small with
respect to s(S,(k, —9)), namely

(6.103) s (Usenn (u-126)Ski ) < ek~ s(34(k, —)).
Considering relation (6.103), we obtain:
s(fiq(k, 8) N Ty(k, V, 6)ag) <

> 8(Ski N Yy, V,8)ag) + O(k™)s(Sq(k, —6))
G, (k1-126)

(6.104)
< cs(Sq(k,—8))( sup  s(Skj N Te(k,V,8)sp) + O(k™0%)).
jﬁnq(kl"lzé)
To prove (6.101) it suffices to show that
(6.105) 8(Skj N Lok, V, 8)aq) < k™.

The proof of this relation is quite similar to that of estimate (4.4) in [1],
where instead of the inequality [VAmm(t)| < k" we use the following one:

(6.106) 5(fiq(k, 6) N Tq(k, V, 6)aq) < ck'~*,
when ¢’ # agq, a € R. Next, suppose ¢’ = ag, a € R. Tt is clear that

(6.107) To(k,V, 8)ag = Tq(k,V,6)iy N Tq(k, V; 6) g,
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where

‘f‘q(k, V,5)f1q, = {t:|p,(t) + Af&gnm(t) —p?(t) _ A[\jj(t)l < kY585

(6108)  m € Ty(kY%), 7n(0) — 7(0) = nf(0),m € Z).
Naturally,

’fq(k, Vv, ‘5)qu = {t:|p2,(t) + AAL (1) — p?(t) _ A[\jj(t)| < kU586

(6.109) m € Ty(k'/%), 5 (0) — F55(0) # npy(0),n € Z}.

We consider T,(k, V, 6)jq- Arguing as in [1], we obtain:

Pin(t) + ARG (0) = 7(2) = ARss(0) = agmy = 2 (7(8)) + O™,

where \;(T) are eigenvalues of some one-dimensional periodic Schrédinger
equation; [(m), I(j), 7(t) are determined by the formulae:

I(m) = [(Fm(t), 5(0))p7*(0)], U(5) = [(F(2), Ba(0))wg >(0)],

T(t) = 27 (Fm(t), 4 (0))p7 *(0) — 2l(m)..

It is well-known that for eigenvalues of a one-dimensional Schrodinger equa-
tion with a smooth potential the relation

(6.110) |(Ngmy — Ngi)) (7)| < k~1/5-86

can be satisfied only when min{72, (1—m)2, (1 —27)2} < ck=1/5-8_ There-
fore

(6.111) Tq(k,V,6)4y C M,

M = {z,x € Sy(k, —6), 27|(x, 54 (0))pg(0)~2 — 1/2| < k~1/5-88 | ¢ Z}.

It is not hard to show that M is the union of the layers with the width
7 1pg(0)k~1/5=% that that all of them belong to Sy(k, —6) and, so there are
no more than k? of them, we obtain the estimate

(6.112) $(Sy(k, —6) N M) < ck*/5~7.
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Using relations (6.111), (6.112), we obtain:
(6.113) $(Yq(k, V,6)4y) < cpg  (0)k'%,

It remains to consider ’i“q(k, v, 6)Zq,. It is clear that

(6.114)

Ta(k, V, )iy C Umeq (Salk, —6) N 1Tk, 1/5+ 86))
where
(6.115) I, (k,1/5+ 86) =

{z: ||(E|2 + o(x) — |2 —|—p’m(0)|2 —o(z + 7 (0))] < k—1/5—86}.

(6.116) Q = {m : |(Fm(0), 55(0))| < k'/°}.

It is not hard to show that the set S,(k,—6) N 1T, (k,1/5 + 86) satisfies
the estimates similar to (6.28), (6.30) and inequality (6.29) when pn,(0) >
k1/5+6 Further considerations will be quite similar to those in Lemma 11.
Indeed, we estimate s(Ty(k, V, 6):;(1,) as follows:

6
(6.117) s(Tq(k, V,6)4g) <> =¥,
k=1
where
(6.118) TR = 3" s(Se(k, —6) N1, (k,1/5 + 85)),
meQk

the sets @* being given by the formula

(6.119) Q' ={m:m € Q,pmqg > k*},

(6.120)
Q*={m:m €Q, pmg < k%, rm > k'°,2k — rp, > k17%},

(6.121)
@ ={m:m € Q, pmg < k%, rm < k178, pr(0) > K},
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(6.122)
Q*={m:m €Q, pmg < k?,2k — rp < k7% 2k — pr(0) > £},

(6.123)
R *={m:me Q, Pmg < k%, 2k — pm(0) < k%, 2] > k*},

(6.124)
Q% = {m:m € Q, pmg < k¥, 2k — pm(0) < k%, [2| < k*},

(6.125) Q" ={m:m € Q, pmg < k*,pm(0) < k¥},

We estimate the sums ©* in Appendix 9. Adding the inequalities for =% we
get

(6.126) s8(Tq(k, V, 6)3y) < cpy (0)k1—4.
Adding (6.113) and (6.126), we get
(6.127) s(Tq(k, V, 8)ag) < cpy(0)K* 4.

Taking into account (6.39) we get (6.99). The lemma is proved.
Suppose '(k,6) C jig(k,6). Let T(y'(k,6),k™") be the (k~7)-
neighbourhood in K of the surface p/(k, 6).

Lemma 6.7. Suppose 0 < & < 1072 and u'(k,6) C fq(k,6), and
s(p! (k,6)) > k=2, Then for sufficiently large k, k > ko(V, 6) the volume of
the (k=139)- neighbourhood of 1/ (k, ) is greater than k=5:

(6.128) V(D (k, 6), k~173%)) > k=%,

Proof. We consider the set

x=K (XO N S’q(k, —5)) ,

(6.129) X0 = Uner ()L (k, 26).
It is obvious that

(6.130) T(u,k~173) D T(W' \ x, k~17%).
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The surface fiq(k,8) consists of the pieces Sk; (t € Sk, if € Sy(k,—6),
& = pj(t)). We denote the intersection of the j-th piece with u' by ;.
Thus,

(6.131) D(W, k™17%) = UiT(uj \ x, k%),
Using the definition of x we readily show that

(6.132)
T(ul, \ x k™73 Tl \ X, k717%%) = 0, if 51 # ja.

From this we obtain:

(6.133) VIO, k) = YV (004 \ x, k%)) -
J
It is not hard to show that
(6.134)
VI \ x k%) = s \ )k~ 7% (1 + o(1)).
Therefore,
(6.135) VT, k%)) > es(u/ \ )k~ 7%,

Set x coincides with T,(k,V,6)s up to replacement of IT;(k'/5) by TI, (k%)
and (1 + |(Bm(0), 9y (0))])~ by k=%. Arguing as in Lemma 12, we obtain
that

(6.136) s(x) < ep;H(0)k' .

Taking into account the hypothesis of the lemma on y/(k, 6), we get
(6.137) 2s(u' \ x) > k=%,

Using the last inequality in relation (6.135) we obtain estimate (6.128).
The lemma is proved.

Lemma 6.8. For 0 < § < 1072 and sufficiently large k, k > ko(V,6) the
following estimate holds:

s(fig(k,8) N Ty(k,6)s)
8(f1q(k, 6))

(6.138) < k™3,
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Proof. Suppose inequality (6.138) does not hold. Then,

s(jig(k, 8) N Ty(k, 6)s) > k=%,
By the previous lemma
(6.139) V(T (fig(k, 8) N Ty(k, 6)5,k~13)) > k5.,
On the other hand
fig(k, 8) N Ty (k, 8)s C Ty(k,6)s = K.
(see (6.13). In [1] we proved that
(6.140) V(I(K#, k™17%)) < k=%,

Thus, inequalities (6.139) and (6.140) are in contradiction. This means that
estimate (6.138) holds. The lemma is proved.

Lemma 6.9. For 0 < § < 10~2 and sufficiently large k, k > ko(V, 6), the
following estimate holds:

s(f4q(k,6) \ Xg(k, V, 6)) < k6
s(ﬂQ(k: 5)) .

Proof. From (6.1) it follows that

(6.141)

s(jiq(k, 6) N xq(k, V,6)) <> 5(f1g(k, 8) N Ty(k, V, 6)s).-

r=1

Adding estimates (6.31), (6.41), (6.43), (6.99) and (6.138) for s(f,(k,6) N
’f‘q(k, V,6):),1=1,2,3,4,5, we obtain inequality (6.141). The lemma is proved.
Geometric Lemma, 1 is the union of Lemma 7 and Lemma 15.
Let us consider the set

(6.142) Ko (K, V,8) = pg(k, —8) \ U, Yq(k, V, 6);,

where Yy(k, V, 6);, 1 = 1,2,3,4,5 coincide with Tq(k, V, 6); given by formulae
(6.4)—(6.13) up to replacement of Sg(k, —8) for Sy(k, —6) and

(6.143) Ye(k, 6) = K (Umezallm(k, 1 + 6) N Sy(k, —6)) .
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Lemma 6.10. If t belongs to Xq(k,V,0), then there emists j, such that
pA(t) = k? and conditions 1'—5' hold. Fort in the (k=*~%%)-neighbourhood of
X4 (k, V, 8) there eists j such that |p3(t)—k?| < k~'~%, and conditions 1'—5'
hold. The set Xy (k,V,6) has an asymptotically full measure on Sy(k, —6) and
the following estimates holds:

s(Xg(k, V;6))
s (Sq(ka _6))

Proof. It is easy to see that j is uniquely determined from the relation
[p3(t)—k?| < k1% for any ¢ in k~2~*-neighbourhood of Xy (k, V, 6). Indeed,
suppose it is not so. Then, there exists m # j such that |p2,(t) — k?| <
k=172 ie., [p2.(t) —p3(t)] < 2k~'~%. From the last relation it follows that
t is in the (k~2~%)- neighbourhood of T¢(k,6). But this contradicts the
initial assumption that ¢ is in the neighbourhood of X (k,V,§). Considering
just as in Lemma 3, we check that conditions 1’ — 5’ are satisfied. To obtain
estimate (6.144) one has to repeat the considerations of Lemma 6 in [8]
which asserts that Tg(k, §) has an asymptotically full measure on p4(k, 6).
The lemma is proved.

(6.144) < ck™8.

7. Appendixes.

7.1. Appendix 1 (The Proof of Lemma 8).
Firstly we prove estimate (6.28). We split the layer S'q (k, —06) into parallel
layers My (k,& + 6), |n| < k628 of the width k=¢—9. It is clear that
(7.1)
5(Sq(k, 8) NTIm(k, €)) < K+ maxs(Mn(k,€ +6) NI (k, ).
Inequality (6.28) immediately follows from the estimate:

(7.2)
S(Mn(k, & + 6) N Tk, £)) < k™ (O)p!/(0) Loy

We verify the last inequality. For each layer M, (k, £ + 6) the relation
(73) 0o(x) = 0n+ O(k™%), on # on(@), loal <k’

holds. Therefore, from the inequality

(7.4) |zl + wo(x) — & + Bm(0)%] < k~*7°
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it follows that
(7.5) |z]? + @n — & + P (0)|?| < 2k7¢, m € 2™
This means that .
Mp(k, € + 6) N1 (k,¢) C
(7.6)
{: 2 € Mu(k, &+ 6), ||2]* + ¢n — |2 + Fin(0)?] < 257}

Now we have the intersection of a plane layer and a “quasi”-spherical shell.
Arguing as in the proof of Lemma 5 in [8] and taking into account that
lon| < kP, we obtain estimate (7.2), and it gives (6.28). Estimate (6.30) is
proved similarly.

To prove inequality (6.29) we direct axis Z; along P, (0). We consider
axis Zz to be situated in the plane of the vectors pg(0) and prn(0). We
introduce the spherical coordinates R, ¥, such that #; = Rcosd, @y =
Rsindcos @, 43 = Rsindsin . Arguing again as in Lemma 5 in [8] and
taking into account that |po(z)| < k%, we get:

(7.7) Sy(k,=8) NTLn(k, 1+ &) C

{a: | cos? — cos ¥, + B(R, 9, @) |< &1,
| sin ¥(cos @ — cos @1) |< &,
R=k+0(k™)},

where cos 91 = pm(0)/2R, cos §; = (p2(0)—2p,(0))k cos 9)(2kpy(0) 1 sin )1,
(R, 9,0) = (R)'p'O)po(x), & = k*'p7l(0)/2, end & =
k=5=1p4(0)7*. We will prove that from the inequality

(7.8) | cos? — cosy + B(R,F,3) |< &
it follows that
(7.9) | cos? — cos P |< €.

Indeed, it is easy to see that

o ~
| < 0) sin 9| 1k°.
‘c’?cosv?’ < pm(0) |

(7.10)
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Suppose that for all # satisfying inequality (7.8) the following estimate holds:
(7.11) D : |pm(0) sin | > 2k°.

Then (7.9) follows from (7.8). If for some ¥ we have the opposite inequality
|Pm(0) sin 9| < 2k%, then (7.8) gives

(7.12) cos V1 = 1+ O(p;2(0)k).
On the other hand
(7.13) cos¥1 = pm(0)/2k.

by the definition of ¥;. By hypothesis pp,(0) > k%, 2k — p, (0) > k=113, It
is not hard to show, using the last two inequalities that the inequalities (7.12)
and (7.13) are in contradiction. Thus, (7.11) is proved, and therefore esti-
mate (7.9) holds. Using inequality (7.8) instead of (7.9) in relation (7.7), we
get:

(7.14) My (k, & +6) N1n(k, &) C

{2 :| cos? — cos ¥y |< €1, | sin¥(cos@ —cos 1) | F1 < &, R=k+ Ok D)}.

Thus, we arrive to the case of a plane layer. This was considered be-
fore in the proof of Lemma 5 in [8]. Thus, we obtain estimate (6.29).
The lemma is proved.

7.2. Appendix 2.
Considering formulae (6.45) and (6.49) we get:

QL c {m : Pmg > k2,32 € Sy(k, —6) : ||z — |2 + 5m(0)[2 + po(z)| < k1107,

(7.15) (@ + B (0), B ()] < 217100}
Let us prove that

Qhi  {y: 20(y) > k%, 3m0 € So : |y — ol =k,
(7.16)  |(y — @0, 7i(0))] < 4k*~"190 - Ak(r(y)p(y))~1/?},

where Sy the middle circle of the layer Sy(k, —6):
(7.17) So = {z,z € 8;(k,—6), |z| — |z + §,(0)|* = 0}.
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Indeed, let y € QL;. Hence, there exists fm(0) : [Hin(0) — y| < 4, Pm(0) €

1.. Estimate (6.59) means that the distance from the point y to the circle
So is less than k — k25 /2. Therefore the sphere of the radius k centered at
the point y intersects the circle Sp at two points z..:

(7.18) ly—zs| =k, x4 € So.
It remains to prove that

(7.19)
|(y — z, §3(0))| < 4k*~07=100 4 B2 (3 p(y)) T2,

Since m € QL;, by the definition of QL there exists z € S'q(k, 6) such that

(7.20) k% + o(2) — |& + Fm(0)|?] < k~1Hom
and
(7.21) (2 + Fm(0), Bi(0))| < k10108,

From estimate (7.20), using the obvious inequalities |pm(0) —y| < A and
lp(x) — o(xo)] < |IV]l, we get that the point z is in the (24 + ||V|))-
neighbourhood of the sphere centered at y with radius k, i.e., in the spherical
shell {z : ||y — 2| — k| <2A+2[V|}. We show (see Appendix 2A) that the
intersection of this spherical shell and the quasi-spherical layer Sq(k, —6) lies
in the (k'*4(r(y)p(y))~1/2)-neighbourhood of the points z+. Thus, z lies in
this neighbourhood, i.e.,

(7.22) |z — @o| < K™ (r(y)p(y)) /2,

where x one of the points z+. Considering (7.21), (7.22), we arrive at (7.19)
and, therefore (7.17).

7.3. Appendix 2A.

. Suppose z is in the intersection of the 2(A + [[V[|)-neighbourhood of
the sphere of radius k centered at the point y and the layer Sq(k, —6). We
prove that z is in the (kX*+%(p(y)r(y))~'/2)-neighbourhood of the points z+
defined by (7.17), (7.18); i.e.,

(7.23) |z — 20| < ke (p(y)r(y)) "2,

where x¢ is one of the points z4.
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We direct axis 21 along pg(0); axis z2 is situated in the plane of the
vectors Pg(0), y and directed so that the projection of y on this axis is positive
(the vectors p,(0) and y are linearly independent because p(y) > k%). The
axis a3 is orthogonal to the axes z;, z2. In this coordinate system vector y
has the form: (z,7,0). It is clear that vector x satisfies the relations

T =a,
(7.24) z2 + 2% = k% + po(a) — a?,
(z=a)?+(r—m)? +22 = (k—1)?

for some a,l : |a] < k%,]I| < 2(]|V|| + A). Note that vector o satisfies the
same relations with a = p4(0)/2 and [ = 0:

(7.25)
33(,)1 = Pq(O)/2,
a2, + 233 = K%, k2 = k% + 0o(pq(0)) — pg(0)?/4,
(2 — pg(0)/2)% + (r — z02)? + 83 = k2.

We prove that

ox Ox 12k
(7.26) Ba + Bl < —m

Then, inequality (7.23) easily follows from relations (7.24)—(7.26). Let us
now prove (7.26). Thus, we calculate 0z/0l. By differentiation of equa-
tions (7.24) we obtain

3(1:1 _
i
sz 3(1:3 _
(7.27) T + 23— =0,
0o Ors
(728) ("122—7‘)?[— +$3Fl— =k-—1.

We consider this as a linear system with respect to dx2/0l, dx3/dl. Its
determinant is:

_|[ ® T3\ | _
(7.29) A= (xz_r 2 >’_m3.
Therefore,
(7.30) 9% _ (-1,

ol
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8:173
ol

From the relations (7.30) and (7.31), taking into account that dz,/8l = 0,
we get

(7.31) =xo(k —)r~lag

(7.32)
2 2
002} 4 (228~ (k- 0rla VI = (@) — @ < 2K%r
ol ol
Similarly,
&vl 2 6(1:2 2 6(1:3 2 _1 _1
o () (Z) (L) <o

Next, we prove that rzs > kp'/2r1/2, From (7.24) we easily obtain

(7.34) x3 + 22 = R?,
(7.35) 23 + (r —w2)® = R},
where

R} = k* — ¢o(a) — d?,
B= (k-0 (-0

Hence,

(7.36) (r — 2x2)r = RS — R},
ie.,

(7.37) —2zy = (R — R}) —r?)r~ L.

From relations (7.34) and (7.37) we get
(7.38) 23 = R? — (R2 — R? —r%)?/4r2.
Thus,

(7. 39)
42%r? = 4R3I — (R} — R} —1%)? = —r* + 2(R3 + RO — (R} — R)™
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Considering the right as a polynomial with respect to , we obtain
(7.40) 4z3r? = —(r — 1) (1 —12) (1 — Yoy ) (r — Y2-),
where Y14, Y2+ are the roots of the polynomial

(7.41)
Y1+ = R1+ R, 91— = —(Ri+R2), Yot =Ri1— Ry, yo—=Ro—Ry.

We define p, so that k — [ — p, is the distance between the point y and the
circle {z : 2y = a,22 + 23 = R?}. Then p, satisfies the equation

(7.42) (k—1—pa)? =(R1— )%+ (z — a)?
It is easily follows from the last relation and the formula for Ry that

2(k—0)pa—p2 = (k—1)*—(R1—71)*—(2—a)® = (Rz— R1+7)(Rz+R,—7) =

(7.43) = —(r —y24)(r — y14)-

Note that [k —1 — po, — k + p| < a + O(ak™?), since the circles Sy and S,
are separated the distance a + O(ak™1). Hence, |p — pa| < 2a + [. From the
relation p > k?, it follows that 2p, > p. Considering the inequality p, < k,
we obtain

(7.44) 2(k — 1)pa — pZ > pk/2.
Relations (7.43) and (7.44) together give:

(7.45) pk < —=2(r — y24)(r — y14)-
Note that
(7.46) r—yi—=r+R1+ Res > Ry > k/2.

Suppose z > k%. Then, Ry < Ry, because a < k®. Therefore, 75— < 0 and,
naturally,

(7.47) r—1yYa- >T.

If z < k%, then Ry — Ry = O(k*~1) and using that 2r > p > k2, we obtain
r — ya— > r/2. Therefore,

(7.48) r—yYa_ >r/2.
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Substituting inequalities (7.45), (7.46) and (7.48) in the relation (7.40), we
get
422r? > pkr/8.

Hence,
6x3r > km

Using the last relation in inequalities (7.32) and (7.33) we obtain (7.26).
Thus, estimate (7.23) is proved.

7.4. Appendix 3.

. We prove the estimate
(7.49) I < k¥ mo-9%

Firstly, suppose p;(0) and 7,(0) are linearly independent. We introduce the
cylindrical coordinates z,r, ¥, where 2 is directed alone py(0), and angle ¢ is
assumed to be zero on the projection of the vector p;(0) on the plane z = 0.
In these coordinates

7i(0) = (72,71, 0),
(7.50) Ty = (Pq(O)/2;k'?1901), o € So,
where
(7.51) K = /K - po(zo) — P(0)/4,

2 is the projection of the vector p;(0) onto 7 (0) and y1 = 4/p2(0) — 2.
Note that in the cylindrical coordinates QL is described as follows:

ern ={y=(r,2,9): p(y) > k%, 3 : 2 — 2rk cos(9 — Bo) + 2% = b,

(7.52) [y1(rcos ¥ — K cos o) + ez’| < 4k + k1S (rp) 712},
b = k}2 _ kl2 = (po(xo) +p§(0)/4.

Taking into account that

(7.53) (p—k)?2=(r—kK)?+22

we get that the relation 72 — 27k’ cos(¥ — ¥o) + 2’ % — b can be rewritten in
the form:

(7.54) (1 —cos(¥ — o)) =p (k —k,p/2) .
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Thus,

QL ={y=(r29):p>k, I :r( —cos(¥ — 1)) = plk—p/ ;,p/Q),

(7.55)  |y1(rcos® — k' cos o) + 722!| < 4k17028 4 1+ (pp)=1/2},
To calculate I; we change the variables: r, 2,9 — 99,1, 9
(7.56) l — fyl?ﬂ COS'I? + ,),2zl’

r24 2% —p

(7.57) cos(¥ — o) = i

R —7!‘/2S'19—190<7T/2.

We describe the set @, in the new coordinates. It follows from for-
mula (7.54) and relations k% < p(y) < k and r(y) < 2k that

(7.58) 2(1 — cos(# — ) > k112,
Thus,
(7.59) Qni C {y = (90,1,8) : 0 < ¥ < 2,

[l—1ak cos do| < 4K'0n—195 L k1425 (5 (y) p(y)) /2, 2(1—cos(9—0)) > k=),

Thedeterminant corresponding to this change of variables is given by the

following calculation:
89g 89 1 1_2%=b 22
o -|( % %j)‘:m( L )'Z
o o) [\ mcos?®
Yo (r? + 2% — b)

g
2r =

3

——1——|z' cos ¥ — yor +
k'r sin(¥ — o) n 7

|2'v1 cos ¥ — Yor + 2k cos(¥ — Fo)|

(7.60) k'r sin(9 — )

Introducing the new coordinate 1 orthogonal to [ in the plane of variables
Z' and r:

(7.61) n = 271 cos ¥ — yer,
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and defining @, o1 and ao by the formulae: & = /7% cos?¥ +13, a1 =
d~1y1cos ¥, and ap = G~ 17, we obtain

a(na=t 4 ank! cos(¥ — ¥o))|
B E'r|sin(9 — )| '

(7.62) D(y)
To estimate D(y) we rewrite (7.57) in the form

(r — K cos(? — 90))2 + 2% = k'® cos® (9 — ¥o) + b
Using formulae (7.56) and (7.61) for [ and 7, we obtain that

(@7 — Kk cos(9 — %)% + (67 0 + a2k’ cos(¥ — ¥o))? =

(7.63) k' cos? (9 — Bo) + b.
From this, using the relation (7.59) and taking into account that

(7.64) l = vk cos o + 1,

m < 2k1—6n—106 +k1+6(7‘,0)_1/2,

we obtain the estimate for the determinant:

(7.65) D > (rsin(® — 90)) "1/ (9,90, 1),
where

f(@,70,0) =
(7.66)

&2 cos®(9 — 9o) — (71 cosBo — 1 cos ¥ cos(P — Do) + I/k')? + a2bk/ 2.

Using relation (7.66), we get the estimate for the integral:

2 o _
(7.67) L< / rsin® = %) 1odod.
Q%

V f('ﬁ) 190) l)’l’p
It follows from relations (7.54), (6.60) and the estimate p > k% that

(7.68) k=142 < r/p < 2(1 — cos(¥ — o)) L.
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Using this relation and producing the change of the variable ¥ — 7, 7 =
cos(¥ — ), we get

(7.69) L < drdod.

r
Gt VIO, 7,1~ 1)

Taking into account formula (7.59) for @L,,, it is not hard to show that
I; < I + I3, where Iy and I3 are the integrals over ws and w3 given by:

wo ={y:0 <9 <2, |l — k' cosd| < 8k 108 o(1 — 1) > k1Y
ws={y:0<9 <2 |l —nk cosdo| < kFo(rp)~Y2, 21 — 1) > k1),
Integrating with respect to [ and taking into account (7.68), we obtain

(7.70)
1-70 2T
I, < k2-6n—106 max / __dr o
0

=)o F@,7D)

1—-719 27
(7.71) Iz < kPP max/ ar a9
0

z 1-7Jo V@D
where 1o = k=112 /2. Tt is not hard to show that
F(9,7,0) =372 + 312 cos? ¥ — 72(1 — 7%) sin® ¢
+271k' " V1 — 72sin 0 + P72 + K 720(72 + 43 cos? ) =
(7.72) —(p1sin? 9 4 2asin 9 + B),

where

(7.73) a= -k V1 =12,
(7.74) B=—(VP 4+ — KB — (2 + Bk,

(7.75) g =31+ k'"%b).

We show in Appendix 3A that integral with respect to ¥ has only logarithmic
singularities in some points 7, = (), | = 1,2, 3,4. Therefore,

=10 4r 2T 49
7.76 max / —_— — < k%,
(7.76) U Jo vVi—-1tJlo VT
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Hence, Iz < k*7%"~85_ Similarly, we prove that Iz < k26, Thus,
(7.77) I < 2k*%=8 when ~; #0.

If 71 = 0, then we direct the semiaxis ¥ = 0 arbitrary. It is not hard to show
F(9,90,1) = 7|72 + k' 212 + k'~2|y|2b2. Therefore,

1=7o dr
L <k dl
£ li| < k1-6n—106 /0 (1 =) 2(|y[?r2 + B'~212 + k' ~2|y|2p2)1/2

(7.78) <k In %dl < k209

|1|<k1—6n—106

Similarly, Is < k2. Therefore, I; < k*75"=% for any p;(0), p:(0) < k°.
The estimate (7.49) is proved.

7.5. Appendix 3A.

We prove that for y; #0

(7.79)
_ 27 4
I= | (0,70 29 =) cln(r—n(l)+co, c#ci(k), i=0,1,2,34.
0 i=1
It is clear that
1 2m d(p

I:_\/—Ml 0 \/(singo—bl)(singo—bz):

1 /1 dé
V=1 J1 /(1= ) (€ —b1) (€ —b2)’

by =bi(l,7), i=1,2.

It is easy to see from the linear independence of p;(0) and p,(0) that
|71] > k=2, Suppose |7||7||y1]~! > 1/2. Then, in formulae (7.73)—(7.75))
aprt = o(1), Burt = 2Y?r? + o(1); therefore by ~ ATly|r > 1/2,
by ~ —7|y|T < —1/2. Considering the last two equations, it is not hard
to show that

(7.80)

I <eln|l =bi(l, 7)1+ bao(l, 7).
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We see that I has singularities on the curves b1(l,7) = 1 and be(I,7) = —

It is not hard to show that these equation are satisfied by roots 14, 71—, 7o+
and To— of a polynomial of the fourth power and 7353 = ¥?|7|~2+0(1), The
function (1 — by(,7))(1 + be(l, 7)) is infinitely differentiable in these points,

because
QL=b0(l, ) A+ b(l,7) =1 -1/ a&% - )z a

—ppta? = PR (1 - 7%) = o(1),
—B= ul‘lﬁ =7 "Pr* +o(1) ~ 1.
Taking into account that (1—b;1(Z,7))(1+b2(l, 7)) is differentiable, we obtain
estimate (7.79).

If ylm|~'7 < 1/2, then |1 — b1| > 1/4, |1 + by| > 1/4. Tt follows from
relation (7.80) that

I <|y|™m|b1 —bo| = In]a® - G.

Taking into account that a? — 3 is a quadratic polynomial with respect to
T, it is not hard to prove estimate (7.79).

7.6. Appendix 4 (formulae in the cylindrical coordinates for QF,
and QF., k > 2).

ni?

Suppose p;(0) and pg(0) are linearly independent. We introduce the
cylindrical coordinates z, r, ¥, where z is directed alone py(0), and angle ¥ is
assumed to be zero on the projection of the vector p;(0) on the plane z = 0.
In these coordinates

ﬁz(o) = (727 M, 0)7
7.81
( ) To = (pq(O)/Q,k},,'ﬂo), Zo € SO:
where k' is given by (6.35), 7 is the projection of the vector f;(0) onto 7, (0)
and y1 = 1/p}(0) —

We prove that Q and Q,, k = 2,3,4,5,6,7 are described by similar
formulae:

Q% C{m s |\ (rm — K2+ 24,2 — K| < K,

(7.82)
M(rm — k) €08 O + YaZm| < 217077100 - 112,
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Q. cl{y=(2,9):|\/(r — K2+ 2% — k| < 2k%,

(7.83) [11(r — k) cos ® + ya2| < 2170108 4 plH,-1/2y

Indeed, the polar coordinates of a point z in S'q(k, —6) are

z=(a, k), k= Vk2 —a? — po(a),

(7:84) la] < k9,0 <9 < 2.

If m € Qni, then relation (6.45) holds. This means that for some 2 in
S lI(k: —5)

(T, €08 W, — K COSDB0)2 + (P 8i0 Ty, — ke 8iND0)2 + (2m — @)
(7.85) = k? — po(a) + O(k~HHM),

(7.86)
l71 (rm COS lﬂm - I}COS '00) + ’)’2(zm —_ a)l < kl—é’R—lO&,

Tm, 2m, Ym being the polar coordinates of the vector —pp,,(0). If m €
Ul_,QF;, then pmq < k%, i.e., (see (7.53))

(7.87) 1V O — B2 + 20,2 — | < k2.

Using relations (7.85)—(7.87) and the inequalities |a| < k%, 1 —én— 106 > 6,
we easily show that for k =2,3,4,5,6,7

an- C{m:30: |\/(7’m k)2 42 2 — k| < k%,
|')’1(7’m oS U — IAccos '00) + '722171.' < 2k1—6n—106’
(7.88) |72, — 27k cos(Om — U0) + 22, — a?| < 4k~ 1167},

2m=2m‘_a-

From the last equality in the right part of (7.88) and (7.53) we obtain

(7.89)
27 m(k = k cOS(Om — 0)) = pmg(2k — pmg) + O(K?9).
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From this relation we easily get:
(7.90) Tm(1 — cos(¥m — Po)) < k.

Thus, for £ =2,3,4,5,6,7

Q. c {m: |\ﬂrm — kN2 + 2,2 — k| < k%300 : rm(1—cos(¥m —0)) < k%,

(7.91) [71(7m 08 O, — k cOs Bo) + Yoim| < 2k 77100},

From inequality (7.90) we obtain that | cos ¥m — cos9o| < 2k2r~1/2, Thus,
we arrive at (7.82). If y = (z,n,9) is in the A-neighborhood of 7, (0),
meQk, k=234,56,7, then

|7'm - 7"‘ < A7
(7.92) |2m — 2| < A,
| cos O, — cos | < 2A4/r.

It is clear now that formula for QF; (A-neighborhood of QF;) coincides with
formula (7.82) with respect to constant factors, namely, (7.83) holds.

7.7. Appendix 5.

We prove that
(7.93) V(QR) < KT3I 707100 4 p1/2435),

Indeed, from (7.83), taking into account that 2r > k=5 when y € Q2,, we
obtain

(7.94) Q2 c {y:0<9<2m(r,2) € My},

where My is the intersection of a plane layer and a ring in the plane of the
variables r and z:

(7.95)
My ={r,z: |\/ (K — )2+ 2® — k| < 2k, |71(r — k) cos® + 722| < R},

h= 2k1—n6-—106 + 2k1/2+46.
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It is clear that

. 27 2
(7.96) V(Q3) < / dd [ rdrdz <k / s(My)do,
0 0

My

where s(My) < ck?®* min{ha~1,3k}. Taking into account the obvious in-
equality
min{ha~!, 3k} < 2h(a + k™)1,

we obtain
ck26(k1—n6—106 + k1/2+46)

v cos? ¥ + 3 + k1

Using estimate (7.97) in the inequality (7.96) and integrating with respect
to ¢ yields formula (7.93).

(7.97) s(Mg) <

7.8. Appendix 6.

We prove the estimate:
(7.98) I < 3k1/2m6-95 4 412

Suppose p;(0) and pg(0) are linearly independent. As in Appendix 4 we use
the cylindrical coordinates 2, r, ¥, where z is directed alone 7,(0), and angle
¥ is assumed to be zero on the projection of the vector p;(0) on the plane
z = 0. In these coordinates

ﬁt(o) = (’72771’0);
7.99
( ) o = (pq(O)/2’k,;00); Zo € SO,
where k' is given by (7.51), 72 is the projection of the vector p;(0) onto 7,(0)
and 1 = 1/p2(0) —¥2. Using formula (6.37) for the linearly independent

vectors P;(0), D,(0), it is easy to show that |y;| > k~°. We represent I3 in
the form I3 = I} + I, I} being the integral over the region » > k3. Let us
consider I5. Taking into account that |r| < 2k'~% and p < 2k?, from the
relation (6.76) we obtain the estimates:

(7.100) z = /K = 1) + O(kM/2+8p=1/2y,

(7.101) 22 > /(2K = r)r > k120172,
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Considering (7.100) and the last estimate in (7.83) and taking into account
that |y2/7 | < k¢, we verify that

(7.102) |cos® — &o(r)] < &u(r),

éo(r) =177 ' V(2k —r)r(k — 1)~ = O(k™),
Mér(r) = 2677100 4 4kPy=1/2,

Producing in the integral I3 the change of the variables z — p (see (7.53)),
we get

drdpdi
7.103 Il <k / r .
(7.103) 338 o 2 p ) (2 +

Taking into account estimate (7.101) we show that

(7.104) I < kY4 / r~Y4drdpdo.
Qi

Integrating with respect to p and ¥ (see (7.102)), we obtain:
k
(7.105) I < k1At / =Yg, (r)dr.
0

Evaluating the integral we get:
(7.106) I, < 2kM27m=98 4 412,

Next, we consider I%. It is not hard to show that 22 < 2k (see (7.53)),
when r < k3. Taking into account that 2v/72 + 22 > k?%, when (r,2,9) €
Q3,, we obtain I < k1/2+78_ Therefore, (7.98) holds when 5;(0), 7,(0) are
linearly independent, i.e., y1 # 0.

If 41, = 0, then it follows from formula (7.88) that

(7.107)
Q% C{m: I\/(rm — kN2 4282 — k| < k®,|2m| < k1m106),

From this we obtain:

(7.108)
qu‘ C{y:|W(r—k)2+22 -k <2k, |2 < 2kl—-6n—105}'



408 Yulia Karpeshina

It is not hard to show that
(7.109) Qni C {y: l2| <21 |r — ro(2)] < K%},

ro(2) being uniquely determined from the relations 22 = ro(2k — o), 70 <
k135, We use again formula (6.81). To estimate I3 we again represent it as
the sum I} + If. Using (7.101), we get

I, < k34 / r/4drdz.

Taking into account (7.108), it is not hard to check estimate (7.106). The
integral I} we estimate as before. Thus, inequality (7.98) holds for linearly
dependent ;(0), pg(0) too.

7.9. Appendix 7.
We prove that
(7.110) Iy < k7/4-0n=68 4 1426
From the relations 4k2 —r2, — 22, > k3¢ p < k2 and (7.53) it easily follows

that 2k — r > (1/4)k%. Taking into account that 2k — r < k1~3 we obtain
from (6.76)

(7.111) 2| = \/(2k — r)r + O(k'/2128 (2 — r)=1/2),
(7.112) 2|2] > kY2(2k —1r)Y/2,
(7.113) 4k® — 7% — 22 > k(2k — 7).

Suppose p;(0) and p5(0) are linearly independent. As in Appendix 4 we
used the cylindrical coordinates z,r, ¥, where z is directed alone 7,(0), and
angle ¥ is assumed to be zero on the projection of the vector 7;(0) on the
plane z = 0. In these coordinates

@(O) = (’72171a0)a
114
(7.114) 20 = (pg(0)/2, K', %0), o € So,

where k' is given by (7.51), 72 is the projection of the vector p;(0) onto p5(0)
and v, = 4/p2(0) —~2. Using formula (6.37) for the linearly independent
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vectors ;(0), 7,(0), it is easy to show that |y1| > k=% Considering esti-
mate (7.111), the second inequality on the right of (7.83) and the relation
2k —r > k2%, we verify that

(7.115) [cos ¥ —&o(r)| < &2,

(7.116) Mép =2k~ 4 o1/,

& being given by (7.102). Producing in the integral I, the change of the
variables z — p, and using estimate (7.113) we obtain:

(7.117) I, < kS/4+5 /@ (2k ) drdpdt.
Integrating with respect to p (0 < p < k%), 9 (see (7.115)) and r, 0 < r < 2k,
we arrive at the inequality: Iy < k% 2+8¢,. Using (7.116), we get
(7.118) Iy < K3/2m8=6 4 1426 ) £ 0.
Suppose 71 = 0. Using (7.111), from relation (7.108) we obtain
Q. c {y: 2] < 2k1108 | —po(2)| < K},

where 7 is uniquely determined from the relations k3% < 2k — rg < k1734,
r0(2k — ro) = 2%. Now, from relations (6.87) and (7.113), we get:

(7.119)
I, < K3/ / | (2k =) VAdrdzd < K7/, oy o,
Q

ni

Estimates (7.118), (7.119) together give (7.110).
7.10. Appendix 8.
We prove that
(7.120) V(@ni) < k7/40n=08 4 p1H2e,

It is not hard to show that the formula for @2, is similar to that of Q3,. It
is clear that

V(Q3,) = / _ rdrdzd.

ni
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We use formula (7.83) for Q3. Considering as above (see (7.115)), we show
that |cos 9 — &| < &2. From the relation 4k? — r? — 22 < k113 and (6.91)
it follows that 22 < k'*3. Using (6.90), we obtain 2k — rm, = O(Kk).
Considering this estimate in the formula (7.102) for £, we show that , § =
o(1). Therefore, V(Q2;) < ck®2+58¢, and (7.120) holds.

7.11. Appendix 9.

We estimate each term of the sum (6.117) and obtain the estimate
(7.121) s(Tq(k, V,6)ag) < epg 1(0)k1 %,

Using the estimate similar to (6.28) and considering as in the proof of
Lemma 11, we verify that

(7.122) ot < ek~ p (),

L= /Q (p(y)r ()~ 2rdrdzds,

@ being A-neighbourhood of Q. Note that
(7.123) 2kp — p? = 2k'r — r? — 22 + O(k*).
Taking into account that r > p > k%, |2| < 2k/5 (see (6.116)), we obtain
p>r/2 for y € Q. Therefore,
L< / drdzdd < ck®/°.
Q

Using this estimate in (7.122), we obtain
(7.124) = < ep L (0)K.

It is not hard to show, using (6.116) and (7.123) that Q2 = 0. Therefore,
2 =0.

We consider X3. Since m € @3, then estimate (6.47) is valid. From
relation (7.123), taking into account that pmq < k%, we obtain

(7.125) P2, (0) =12, + 22, = 2ruk + O(k'+29).

Taking into account this inequality, and considering that 7, < k!7¢,
|z| < 2k'/5, we obtain 4k% — p2,(0) > k2. Using the last estimate in in-
equality (6.47), we get

(7.126)

5 (Balk, —6) N Ly (k, 1/5 +86)) < ck*5~"p; (0)p2/2(0).
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Substituting estimate (7.126) in formula for ©3, we obtain:
(7.127) 53 < ck5Tp1(0) Y pm(0) 72,
meQ3

Since pm(0) > k2%, when m € @3, the series on the right of estimate (7.127)
can be estimated by the integral

(7.128) 2 < ck¥5T0p7H0) I,

(7.129) I = / (s + 2" drdzdo.

n

From the relations p < k%, |z| < k'/5 and (7.123) it follows that r < ck?.
Using that p,,(0) > k2, we obtain Iz < k1/512%, Therefore, '

(7.130) 2% < ep71(0)K%,

We estimate $4. Since m € Q*, estimate (6.29) is valid. Using relations
m(0) > rm > k, pg(0) < k?, we rewrite estimate (6.29) in the form:

(7.131)
s (S,,(k, —8) NIy (k,1/5 + 85)) < epH(0)kTY/5TE (4% — 2, — 22) 74,

Using estimate (7.131) in formula for %, we obtain

(7.132)
2 <epH(O)RTETTE N T (4K — 02, — 22) YA
meQt

It is clear that Q* can be described by a formula similar to the formula for
Q*. Since 4k* — r2, — 22, > k'*t? when m € Q*, the series on the right
of (7.132) can be estimated by the integral

(7.133) ot < ep M0k,
rdrdzdd
(7.134) Iy = /@4 @7 7

From the relations |z| < k13, p < k20 and (7.123) it is easily follows that
2k — r < k3. Therefore,
Iy < ck
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and
(7.135) = < ep; 1 (0)k1 .

Let us consider $5. We prove that 4k% — p2,(0) > k~1*3%. Indeed, us-
ing (7.53), we obtain

(2K — Tm)Tm = 2 + 20mek — phg + O(K%).
Therefore,

(7.136)
4k? =12, — 22, = (2 + 2pmgk — plag + O(K*))(2k + rm)rit — 22, > 22, > k¥

From this 2k — p,,(0) > k~1138, Thus, estimate (6.29) is valid. Using
relations pm(0) > rm > k, pg(0) < k%, (6.91) and (7.135) we obtain

(7.137) £5 <K~V Tprl(0) Y 1
QS

It is clear that

(7.138) 25 <k 0)V(QP),

Q° being the A-neighbourhood of Q®. Obviously, the formula for Q° is
similar to that for Q® and

V@)= |

rdrdzdd.
Q5

From the relation 4k% — r?2 — 2% < k1138 (see (6.123)) and (7.53) it follows
that
2k —r = —p + p?/2k + O(k%%) = O(K*).

Taking into account that |z| < /5, we obtain
V(Qs) < ck6/5+36
Using this estimate in (7.138), we get

(7.139) 2% < ep;H(0)k! .

The sums X and £7 can be estimated just as £¢,, ©7 in Lemma 11. Adding

the inequalities for ©* we get (7.121).
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