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Existence and non-existence results of H-surfaces
into 3-dimensional Riemannian manifolds

MASAHITO TopAl

This paper investigates the existence of solutions of generalized
H-surface equations for 3-dimensional target manifolds. A class of
equations which contains the constant mean curvature equation for
compact target manifolds is considered and a variational structure
for these equations is formulated. By this variational consideration,
a sufficient condition for the existence of a solution of the equation
for negatively curved target manifolds is obtained. A non-existence
result is also obtained, when the target manifold is a flat 3-torus.

0. Introduction.

Let ¥ be a two dimensional closed Riemannian manifold and N a 3-
dimensional closed Riemannian manifold.

Definition 0.1. For a smooth 3-form « on N, we define the (2,1)-tensor H
by

(0.1) op(U,V,W):=(U,H(p)(V,W)) for peN, UYV,WeT,N.
A map u € C?(Z; N) is called an H-surface of ¥ into N, if u satisfies
(0.2) trace(Vdu) = 2H (u)(Vu A Vu)

where right hand side of (0.1) stands for

0 0

H(u)(Vu A Vu) := 0_2H(u)(u*(@), u*(@))

where z = z! + v/—1 z2 denotes an isothermal coordinate and the metric
tensor of ¥ is written as o?((dz!)? + (dz?)?).

!This work is partially supported by JSPS Research Fellowships for young
scientist.
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Note that a solution u of (0.2) gives a parametrization (at regular points)
of a surface with the mean curvature prescribed by the tensor H(-) if it
satisfies the conformality condition;

lux1|2 - |u:1:2|2 = (g1, Uug2) =0.

H-surfaces defined by Definition 0.1 generalizes that given in section 0
of [8]. In [8], an H-surface is defined as an extremal of conformally invariant
functional;

(0.3) I,(u) := %/ |Vu|2dVs +2/ urw
= z

defined for 2-form w on N, which corresponds to the case a = dw (i.e. «
is exact) in the present definition. The present generalized definition has
an advantage that we can deal with the constant mean curvature equation
which corresponds to the case a = Hwvoly for some constant H in Definition
0.1. We remark that for compact target manifold IV, the volume form of N
can never be an exact form. On the other hand, an H-surface in the sense
of Definition 0.1 can not be considered as a solution of the Euler-Lagrange
equation of functional (0.3). However, equation (0.2) can be considered as
the Euler-Lagrange equation of the multi-valued functional which will be
defined and considered in detail in section 1. To write down the statement
of the main theorems, we need the following definition.

Let v be a given homotopy class of C®°—maps of ¥ to N. And fix any
ug € . For u € v, choose a homotopy f(-,¢) € C®°(X x [0,1]; N) with

(0-4) f(@,0) =uo(z), f(=z,1) =u(z).

Then, we define quantity I(u,uo; f) by

(05)  I(u,uo;f) := /|Vu|2da:——/ |Vu0|2d:c+2//
ExOl]

Set
|H| := sup{|H(u)|;u € N} = |a| (the comass of 3-form )

for the tensor H defined by (0.1).

In section 2, we will show that if N is a manifold of negative sectional
curvature, I(u,ug; f) defined by (0.5) is globally defined in a given homotopy
class v of maps of ¥ to N independent of choice of homotopy f. In this case,
we can define the functional Iy (u) := I(u, uo; f) fixing ug € 7.

In section 3, we shall prove the following existence theorem.
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Theorem A. Assume that the sectional curvature K of N is bounded from
above by —K? for some K > 0. Moreover, assume that

(0.6) o] < K.

Then, in any homotopy class v of maps of ¥ to N, there ezists a solution
of (0.2) which is a global minimizer of Ig(-) in 7.

Moreover, if & = Hvoly for some constant H with |H| < K, a solution
of (0.2) is unique in any homotopy class unless its image is a closed geodesic
of N or constant map. If the image is a closed geodesic, every solution in
the homotopy class is obtained by the rotation of the geodesic.

Finally, in section 4, a simple argument implies the following non-
existence theorem.

Theorem B. Let N be a flat 3-torus and v a homotopy class of maps of T to
8-torus N. Then, v contains no H-surface with oo = Hvoly for a constant
H # 0, unless 2-homology class us(X) € Ha(N;Z) induced by homotopy
class vy vanishes.

Remark.

1. Theorem A can be considered as a H-surface version of theorem of
Eells-Sampson [2] and Hartman [4] which states the existence and uniqueness
of harmonic maps into manifolds of non-positive sectional curvature.(These
corresponds to the case H = 0 in Theorem A.) On the other hand, Theorem
B shows us that, in general, the condition that the sectional curvature is
strictly negative is necessary for the existence of H-surface in the present
sense.

2. Let us compare Theorem A and Theorem B with Theorem 0.1 in
[8] which ensures the existence of local minimizer of functional (0.3) for
sufficiently small |dw| without the curvature bound on target manifold N.
Theorem A is an improved version of Theorem 0.1 in [8] in the sense that
Theorem A gives us an effect of geometry of N, while the contrast between
the non-existence result of Theorem B and the existence result of Theorem
0.1 in [8] shows us the essential difference between the present definition of
H-surface and that of [8].

3. An existence results for a solution of equation (0.2) with small range
was obtained by Gulliver [3].

Acknowledgement. The author would like to thank Prof.T.Ochiai for his
continuous encouragement. He is grateful to Prof. Dr. S. Hildebrandt for
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reminding him of the result by Gulliver [3]. He also thanks Prof.T.Sunada
who reminds him of paper [6] by Novikov which also proposes multi-valued
functional in connection with dynamical systems.

1. Variational problem for a multi-valued functional.

To investigate the dependency of I(u,ug; f) defined in (0.5) on the choice
of homotopy f, we shall compute I(u,uo; f) — I(u,uo;g) for two homotopies
f and g with (0.4) as follows. Since N is compact, it is possible to decompose
o as

(1.1) a = avoly + df

for some constant a and 2-form 8 on N. And set

<t<i
(1.2) Flo,t) = ] @®3) for0st e
9(z,2(1—1t)) for 5 <t<1.
Since f and g satisfy (0.4), F can be considered as a Lipschitz map of ¥ x S*
to N. Thus, (0.5) and (1.1) imply

(1.3) I(u,uo; ) — I(u,u0;9)

—2a{// ffvoly — // g volN}
zx[o, 1] Zx[0,1]

=2a/ F*voly = 2adeg(F)Vy
Sixy

where Vy denotes the volume of V.

This computation shows us;

(1.4) The quantity I(u,ug;f) depends only on the homotopy class
(relative to boundary condition (0.4)) of homotopy f as a map of ¥ x [0, 1]
to N.

(1.5) I(u,up;-) is defined modulo 2aVy. In particular, if a = 0, I(u, ug; f)
is uniquely determined and it coincides with functional (0.3) essentially.

As for the global situation, (1.4) and (1.5) state that we can define the
multi-valued functional {I(u)} by

{I(u)} := {I(u,u0; f); f is a homotopy with (0.4)}

whose value is determined modulo 2KV depending on the choice of ug. On
the other hand, (1.5) enables us to define a single valued functional in some
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neighbourhood U of u € y (with respect to the C'-topology, for example).
In fact, taking U sufficiently small, we can connect any map v € U to u by
a homotopy g with

(1.6) | g'al < TV
x[0,1] 4

(For example, for C1- section X of T*Y ® u*TN with sufficiently small
|X| and |VX]|, we can cover some neighborhood of u in C'(X, N) by map
v := expy(X) and taking a homotopy g(z,t) := exp,(tX), we can establish
(1.6).) In view of (1.5), I(v,u;g) is well-defined in the neighbourhood U
of u. Fix a homotopy fo with (0.4). Then, we can define single valued
functional If (v) on U by

Ity (v) := I(v,u0; G) = I(v,u;9) + I(u,uo; fo)

where G is a homotopy between uy and v defined by

2t) foro0<t<i
G(.’L‘,t) = fﬂ(xa t) or 0 —1 = 9
g(z,2t - 1) for 5 <t <1

I, (v) is defined up to a constant depending on choice of homotopy fo.

It is easy to check that (0.1) is a Euler-Lagrange equation for the func-
tional Iy, on U independent of the choice of wy.

In a word, our problem is local variational problem. Thus, all the local
concept in the calculus of variation can be defined for this problem. Here, the
term “local "means “local in the space of admissible maps ”. For example,
stability (or equivalently locally minimizing property) and instability can be
defined.

2. Functional for manifolds of negative sectional curvature.

Throughout section 2 and 3, we assume that the sectional curvature ky
of N is bounded from above by —K? for some K > 0. We work in smooth
maps or at least Lipschitz maps, since we do not have to analyze in a larger
space of admissible maps because of the strong smoothing effect of the heat
flow under our assumption.

2.1. Global well definedness of functional.

Lemma 2.1. Let vy be a given homotopy class of maps of ¥ to N and h a
harmonic map in y. Then, we have
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(1) For any smooth map u € v, I(u,h; f) defined by (0.5) is independent
of choice of homotopy f.

(2) For any smooth map u € 7, there is the homotopy f connecting u
and h with

(2'1) f(,O) = h()a
(2.2) f(51) = u(),
(2.3) t —f(z,t) is a geodesic for any z € 3.

Proof. Let f and g be two homotopies connecting v and h. And define the
map F: X x S' — N by (1.5). We will consider the heat flow equation;

(2.4) Oywe = trace(Vduwyg),
(2.5) we(-,0) = F(-,¢).

By the results of Eells-Sampson [2] and Hartman [4], the solution of equation
(2.4)-(2.5) exists for 0 < ¢ < oo and wg(+,t) converges uniformly with respect
to £ as t — oo to 1-parameter family of harmonic maps £ — h¢ := h(-,§).
Thus, F and h(-,-) are homotopic as maps of & x S! to N. Again by the
result of Hartman [4], a harmonic map in v is unique unless its image is
a closed geodesic; in this case every harmonic map in 7 is obtained by the
rotation of the geodesic, or it is a constant map; in this case every harmonic
map in 7 is constant map. In every case, we obtain deg(h(-,-)) = 0. Hence,
from (1.3), I(u,h; f) = I(u,h;g). This proves assertion (1). Assertion (2)
is a direct consequence of the Hadamard-Cartan theorem and the lifting
argument. a

Lemma 2.1 (1) implies that we can consider the functional Iy (u) :=
I(u,h; f) as long as we restrict ourselves to maps in a given homotopy +.
Moreover, by Lemma 2.1 (2), we can always use the homotopy with (2.1)-
(2.3) to estimate the functional. In the sequel, we fix a homotopy class vy
and consider functional Ig.

2.2. Estimates of volume functional.

To estimate the volume functional V,(u,h) := fo[O,I] f*a where f is a
homotopy between u and h, we need some Jacobi field estimates. For the
definition and further details on Jacobi fields, see [1] for example.

Let ¢i(s,t)(s = 1,2) be two families of geodesics parametrized by ¢ and
Ji(s) := %(3,0)(1' = 1,2) corresponding Jacobi fields. J and JV denote
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the tangential and normal component of J;. We assume c¢(s) := ¢i(s,0) =
c2(s,0). In the sequel, “/’and “”denote derivatives with respect to s and ¢
respectively. We adopt the normalization;

|c'| = d := length of c.

By this normalization, parameter s moves in the interval [0,1].
Set

(2.6) p(s) :=voly (J1, J2,c),
(2.7) q(s) ¢=% {(J1,J1) + (J2, J2) } -

Lemma 2.2. There holds
1 2 /
(2.8) [p(s) = p(O)] < 55 {q’(S) —qd0)=s>_|JF (0)12}
i=1
for any s € [0,1]

Proof. Differentiating p(s) and ¢(s), we have

(2.9) p'(s) = voln (J1, Ja,c) + voly (J1, J3, ),
2
(2.10) g (s)=> (&, J}),
i-l
(2.11) Z {12 + (5, I}

—Z{|J’]2 + (RN (d, 1), %)}

where RY denotes the curvature tensor of N. Since we assume RY < —K?2,
(2.11) implies

2
(2.12) q"(s) 2 Y _{|IiP + K*d?| 7)Y} .
=1

On the other hands, (2.9) implies

(213) 171() < a { ]I I+ LIV}
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By (2.12), (2.13) and Schwarz inequality, we have

2
1 '
/ " T 2
(2.14) 1P'1(s) < 57 {q (s) ; 177 ()] } :
Since |JF ()] = |JF '(0)], we obtain the desired result by integrating (2.14)
with respect to s. ]

Lemma 2.3 (Jager-Kaul). Suppose J is a Jacobi field along ¢ and satis-
fies

(J,cy=0.
Then
"V (g)— / SIKd(S) 2 2y _ 2 s
(2.15) (J,J)(s)=(J,J)(0) = SKd(S)(IJ(O)I +J(s)%) st(s)IJ(O)”J( )l

where sgq4(s) = KLdsinh(de).

Proof. Noting that we adopt the normalization |c'| = d, the proof of [5]

implies the inequality (2.15). O
Set
. 2 .
(2.16) dvs) = 1R, avi= S div(s).
=1

Lemma 2.4. For any 6 € (0,1), there ezist constants d(K,6) and C(K,0)
such that if d > d(K,0), the following inequality holds;

(2.17)
' ! q(1)
an (1) —gn(0) —gn(0) 2 2K9/0 {lp(s)l + Ip(0)1} ds — C(K, 6)(= = +4(0))-

Proof. Applying (2.15) to J, we have
(2.18)

G (9) = ' (0) 2 KaS o (0 + e (6) — e[k O )

Estimating (2.18) by Schwarz inequality and summing up with respect to ¢,
we obtain

219 a'(s) - a'(0) 2 KT an(0) + (o).
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Integrating (2.19) with respect to s, we have

1 ) —
220) av(D) - av(0) = (0 2 K [ L =Lq0) 1 g (s

For 6 € (0,1), let M () be a positive number such that

cosh(¢) — 1

snh(g) 20

ifé > M.
Set d(K,0) = 51‘% Noting that |p(s)| < 3dgn(s) and 0 < c’;izgf(gl <1
for any ¢, from (2.20), we obtain

1
e2) oyl - an(0) - ay(0) 2 20K [, {p(5)]+1p(O)]} ds.

Since ¢(s) is a convex function of s by (2.12), we have
(2.22) q(s) < sq(1) + (1 — 5)q(0).
Thus, by (2.21) and (2.22), we obtain

(2.23)
qn (1) — g (0) — giy(0)

1 »
>20K /0 {Ip(s)] + [p(O)} ds — 2K0d /0 {a(s) + q(0)} ds

This proves the desired result. a

Lemma 2.5. For 6 € (0,1), there exists constants d(K, 6) and C(K, 0) such
that if d > d(K, 0), there holds

229 )= a0) =0 2 22 [ peyias - o) (1L +400)).
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Proof. Integrating (2.8) with respect to s, we have

(2.25) q(1) —q(0) - ¢(0) - ZIJT' 2 > 2K / (Ip(s)| — [p(0)]) ds

Multiplying (2.25) by € and summing up both sides with (2.17), we obtain

(2.26)
2
an(1) ~ an(0) + 0 (a(1) — (0)) ~ g4 (0) ~ 64 (0) — & 3" 1T ()
=1
> 40K / Ip(s)]ds — C(K, 9)( S) + (0))
Since
2 ! 2 !
{0 = (0 = Y07 0,55 0) < Y- { 7 OF + 317 0P},
=1 =1
(2.26) implies
1
1) = 40) - 402 155 [ lollds - o(k.0) (1 +.400)).
Thus, we obtain the desired inequality. O

Now, we are in position to estimate the volume functional V,, defined by

Val(u, h) := / fra.
£x[0,1]

By Lemma 2.1, we may assume f is a homotopy with property (2.1)-(2.3).
For 2 C &, Set

1
D(u;9Q) := §/Q|Vu|2d.'l:.

Proposition 2.6. For any 0 € (0,1), there ezists a constant C(K,0,h)
such that

@27)  |Valw,h)| < oo ' | ~ (D(u,%) — D(h, %) + C(K, 6, ).



H-surfaces into 3-dimensional manifolds 171

Proof. Let e; € TpX (i = 1,2) be a orthonormal basis at z € X. First, note
that

Vi (u, B)] < o / 00N (Ve f, Ve, 00 Vs

So, we only have to estimates the term;
(2.28) v :=/ |volN (Ve, fy Ve, f, 05 f)|dVsds.
©x[0,1]

For z € ¥, we define Jacobi fields J;(z,s)(i = 1,2) along the geodesic
cg : s — f(z,s) so that

Ji(z,0) = V¢,h(z), Ji(z,1) = Veu(z).

Let p(z, s),q(z,s) and gn(z,s) denote the functions defined by (2.6),(2.7)
and (2.16) for J;(z,s). And set dy := length of ¢;. In these notations,

D(u, Z)=Aq(m, 1)dV (z),
D(h, %) = /E o(z,0)dV (z),

V= / ip(z, )[dV (z)ds.
=x[0,1]

Setting X g := {z € ¥;d, > R} for sufficiently large R > 0 and integrating
(2.24) over g, we have

(2.29)
D(u, %) = D(bZe) ~ [ (Vh, V25OV
YR

4K9
1 1+0 Srx[0,1]

|p(z, s)|dVds — C(K,0) (@ + D(h, ER)) .

On the other hand, integrating (2.8) over (X \ £g) x [0, 1], we obtain
(2.30)
DS\ Zr) - D13\ Za) - [ (Vh,VASO)V
S\Sr

+KRD(h, X\ Zg) > 2K |p(z, s)|dVds
(Z\ZR)X[Oal]
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Since h is a harmonic map, there holds

/ (Vh, V0, £(0))dV = 0.
2

Thus, summing up (2.29) and (2.30), we obtain

C(K,9) L 40K

Taking 6 sufficiently close to 1 and R sufficiently large, we obtain the desired
result. d

3. Completion of Proof of Theorem A.

To prove Theorem A, we use the consequence of Proposition 2.6, mini-
mizing process in [8] and the technic due to Eells-Sampson [2] and Hartman

[4].
We consider the heat flow equation associated to the functional I, de-
fined in the previous section ;

(3.1) Owu = trace(Vdu) — 2H (u)(Vu A Vu),
(3.2) u(-,0) = ug(-)

for given initial data ug € C*(Z, N).

In the computation of section 3 and 4, we shall use the notations in the
tensorial calculus. We adopt the Einstein summation convention. Fix the
orthonormal frame eq, es near z € ¥. V; denotes the covariant derivative in
the direction of e;. For example,

Viu = V,u,
V,-Vju = Vz(V]u) - Vv(zieju.

Let Ric” denote the Ricci tensor of ¥ and set Ricfj := Ric®(e;, e;)-

Lemma 3.1. Let u be a smooth solution of (3.1) and (3.2). If |H| < K, we
have the following inequality ;

(3.3) (A — —)|vu|2 Ric®(Vu, Vu) >0

where Ric®(Vu,Vu) := R’LC Vi, Vju).
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Proof. Direct computation implies

1
5(A- —)|Vu|2 = [V?ul> — (RY (Vau, V5u) Vau, Vsu)

+ Ric®(Vu, Vu) + 2(Va {H(u)(Vu A Vu)}, Vou).

(3.4)

The 2nd term of (3.4) is computed and estimated as

(3.5)
—(RN(Vqu, Vu)Vau, Vau) = —2(RN (V1u, Vau) Viu, Vou)
> 2K2|V1u X Vzulz.

Since VoH and H are skew-symmetric, we can compute and estimate the
last term as

(3.6)  2(Va{H(u)(VuAVu)},Vau)

2(H(u)(Va(Vu) A Vu + Vu A Vo (Vu)), Vau)

2(H (u)(V1Viu, Vau), Viu) + 2(H (u)(Viu, V2 Vau), Vou)
- 2|H| |Viu x V2u|2 - {|V1V1u|2 + |V2V2u|2}

v

Thus, combining (3.4)-(3.6), we obtain

1
S(a- %)|Vu|2—Ricz(Vu, V) > 2|V Vaul? + (K2 — H2)|[Viu x Vaul2 > 0

O

Lemma 3.2. Let ug(z;€) be a smooth 1-parameter family of initial values
and u(z,t;€) the corresponding solution of (3.1)-(3.2). If H(-) is a tensor
defined by (0.2) for a« = Hvoly for some constant H, we have

1 b 2
5(A- g)lwl2 > (K*— H?)) |ug X Viul?

=1

(3.7)

where ug := %E'
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Proof. Direct computation implies

1 8.
S (A= )l

=|Vu§|2 - (RN(uzi, Viu)ug, Viu) + Z(V% {H(u)(Vu AVu)},ue)

2
>|Vug> + K2 Jug x Viul® + 2H((Viug x Vou + Viu x Vaug), ug)
i=1
2
>(K? - H?) Z lug X Viul*

=1

O

Lemma 3.3. Let u € C%(Z x [0,T]; N) be a solution of (3.1)-(3.2), then
there holds

- / \Oyul?dV dt = Ty (u).
=x[0,T)

Proof. Multiplying —0;u to (3.1) and integrating on ¥ x [0,T], we obtain
the desired result. O

Proof of Theorem A. Existence: By Proposition 2.6, we have the estimate;

68 I (1~ (D@, 5) - D(h D) - alC(K, 0,h).

Since |a| = |H| < K by assumption, we may assume 1 — Jg{l >0 >0,
taking 6 sufficiently close to 1. Then, (3.8) denotes the coersiveness of
Iy (u, h) with respect to the Dirichlet integral. Take a minimizing sequence
{u;} C C*(Z, N) of Iy and consider the heat flow equation;

(3.9) Oyw; = trace(Vdw;) — 2H (w;)(Vw; A V),
(3.10) wil-,0) = u().

The short time existence for the equations of this type is established by
usual fixed point argument. (See, for example, Section 3 of [6]) Since the
flow generated by (3.9) does not increase Iy by Lemma 3.3, D(w;(-,t),X) is
bounded by some My(K,0,h) > 0 uniformly with respect to ¢ and ¢ by the
coersiveness of Iy as long as the solution exists. At the same time, since
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I (wi(+,t), h) is bounded uniformly with respect to ¢ and i, by Lemma 3.3,
we have the uniform bound ;

(3.11) / / 0wVt < My (K, 0, h)
£x[0,T]

for any Tt,. > T > 0 and i where T7,,, denotes the maximal existence
time of the solution w;. Then, by the boundedness of Dirichlet integral and
inequality (3.3), we can apply the same argument as Lemma 3.1.1 of [6] to
obtain

(3.12)  sup {|Vwi(z, 1)} €N, z€E, 0<t<Thy} <C(E, M).

(3.11), (3.12) and usual parabolic boot strap argument implies that T e =
oo and there is a sequence ¢} — oo as j — co with

wi('atg') — Uz() in OOO(EaN)

where v; is a solution of equation (0.1). Since v; enjoys the same gradient
estimate (3.12), routine elliptic estimate implies

vi() = v() in C®(Z, N)

and v(-) is a desired minimizer satisfying equation (0.1).
Uniqueness for constant mean curvature equation: This is a direct con-
sequence of Lemma 3.2 and the argument of Hartman [4]. 0O

Remark. 1. If harmonic map h in the homotopy class v maps X to
a closed geodesic in N or it is a constant map, harmonic map A itself is
a global minimizer in the existence part of Theorem A. Moreover, since
Viu X Vau = 0 in this case, h satisfies equation (0,1) for any H. To see the
minimizing property, we only need Lemma 2.2. Since p(0) = 0 in this case,
the integration of (2.8) over X x [0.1] implies

V] < 52 {D@w; %) - D(h; %))

where V' is the quantity defined by (2.28). This leads us to the estimate

_H]

IH(u) Z (1 K

) {D(w; %) — D(h; E)} .
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Thus, h is the unique minimizer up to rotation of the geodesics, if |H| < K
and, even in the case |H| = K, h is still a minimizer.

2. Suppose o = Hwvoly for some constant H. Lemma 3.2 and the
argument in [4] implies that, even in the case |H| = K, if there ezists an
H-surface ug in vy, any H-surface v in 7y is minimizing functional Iy and
there is a homotopy u(z, s) between ug and u with the properties;

(1) u(-,s) is a H-surface for any s,

(2) ¢z : s u(z, s) is a geodesic with |c}| = 1.

4. Proof of Theorem B.

Notations. Since m(T3) = 0, we may assume g = genus of ¥ > 1 to
prove Theorem B. Let {a;,b;};,_; , be a canonical generator of m1(X) with
single relation II;—;. 4a;b;a; lb; 1—1.

Q(Z) denotes a fundamental region of ¥ in the universal covering & of
3 which is bounded by a curve Hizl,,,g&igi&; 15;1. Here, a;, b; denote curves
obtained by lifting a;, b;.

Suppose flat torus N is represented as a quotient space R®/T" by lattice
' in R3. Then, by lifting the map, solutions of the constant mean curvature
equation of ¥ into N with prescribed homotopy class v can be identified
with a class of solutions of the constant mean curvature equation of ¥ into
R3. The class consists of u € C® (3, R?) satisfying

(4.1) Au =2HVu x Vau,
(4.2) u(cz) = u(z) +0(c) for any c € m(X)

where ¢ € m1(X) acts % as the deck transformation and 6 denotes the con-
jugacy class 7, (X) = m1(N) =T C R? induced by homotopy class 7.

Proof of Theorem B. Integrating the first component of equation (4.1) over
Q(X), we obtain

(4.3) AuldV =2H (V1u?Vau? — V1udVau?) dV.
Q(z) )

Let P!(u) denotes the parallel field on N induced by the vector field 5‘2—1 in
R3. Then we have

(4.4) Aul = div(Vu, PY).



H-surfaces into 3-dimensional manifolds 177

Since the representation of right hand side of (4.4) is defined on X, the left
hand side of (4.3) vanishes by Stokes Theorem. On the other hand, since

1
(V1u?Vau? — ViudVau?) dV = Ed(u2du3 — uddu?)
where d denotes the exterior differential of forms, we obtain

H (u?du® — uddu?) = 0.
9(%)

Since 8Q(T) = Miey. 4aibii; B},

(4.5) / (u?du® — uddu?)
20(%)

g
= z {/ (u?du® — vidu?) + / (u?du® — uddu?)
i=1 a; b;
+ / (u?du® — vddu?) + (udu?® — u3du2)}.
&i—l El—l

Since we a; and (a; 1)=1 only differ by the deck transformation induced by
b;, we compute as

(4.6) / uldud + / 1 wldud = —6%(6")0%(a;).
@ a;
Applying the same computation to all terms in (4.5), we obtain

g
2H (u?du® — uddu?) = ZHE (6%(ai)0% (bi) — 6°(a:)6% (b)) = 0
290(%)

i=1

Applying the same argument for 2nd and 3rd component of equation (4.1),
we obtain

(4.7) Zﬂie(ai) X o(bi) =0.
i=1

Thus homotopy classes (which is uniquely determined by conjugacy class in
this case) which admit a H-surface except for harmonic maps should satisfy

9

(4.8) > " 6(ai) x 6(b;) = 0.

=1
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(4.8) is equivalent to u.(X) = 0 € Hy(N;Z). Thus we obtain the desired
results. O
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