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The spectrum of an asymptotically hyperbolic
Einstein manifold

JouN M. LEg!

This paper relates the spectrum of the scalar Laplacian of an
asymptotically hyperbolic Einstein metric to the conformal ge-
ometry of its “ideal boundary” at infinity. It follows from work
of R. Mazzeo that the essential spectrum of such a metric on an
(n + 1)-dimensional manifold is the ray [n?/4, 00), with no embed-
ded eigenvalues; however, in general there may be discrete eigenval-
ues below the continuous spectrum. The main result of this paper
is that, if the Yamabe invariant of the conformal structure on the
boundary is non-negative, then there are no such eigenvalues. This
generalizes results of R. Schoen, S.-T. Yau, and D. Sullivan for the
case of hyperbolic manifolds.

1. Introduction.

One of the most important global invariants of a complete, non-compact
Riemannian manifold (M, g) is the infimum of the L? spectrum of its Lapla-
cian Ay = d*d, denoted Ao(g). In spite of its importance and the simplicity
of its definition, Ag(g) is notoriously hard to compute except in simple ex-
amples. It reflects in a subtle way the interaction among the topology of
the manifold, the curvature of the metric, and the asymptotic behavior of
curvature and volume at infinity.

Much more is known about Ag(g) for hyperbolic manifolds (Riemannian
manifolds with constant sectional curvature equal to —1). For example, on
(n + 1)-dimensional hyperbolic space the Laplacian has purely continuous
spectrum, consisting of the ray [n2/4,00), so Ao(g) = n2/4. Complete hy-
perbolic manifolds, which are quotients of the unit ball B**! by Kleinian
groups, can in general have both discrete and continuous spectra. In partic-
ular, for a hyperbolic manifold (B™*!/T, g) that is geometrically finite (i.e. T
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has a fundamental domain bounded by finitely many geodesic hyperplanes),
the continuous spectrum is still [n2/4, 0c0), but there may be finitely many
discrete eigenvalues below n?/4 [LP]. In this case, the key to understanding
Xo(g) is the limit set A(T), which is by definition the set of limit points in
the sphere S = dB™t! of the action of T' on B™*!: in [Su], D. Sullivan
showed that if (B"*1/T, g) is geometrically finite, there are eigenvalues be-
low n2/4 if and only if A(T") has Hausdorff dimension d > n/2, and in that
case A\o(g) = d(n — d).

On the other hand, recent work of R. Schoen and S.-T. Yau on confor-
mally flat manifolds sheds light on A(T") from a different direction. When
M = B™1T is geometrically finite and without cusps, the action of I'
on B"t! extends to a free and properly discontinuous action on the open
subset 2 = S™ \ A(T") of the sphere; the quotient S = Q/I" is the “ideal
boundary” of M, and carries a natural conformal structure [g] which is lo-
cally conformally flat. In [SY], Schoen and Yau studied locally conformally
flat manifolds with the aim of understanding the behavior of the Yamabe
invariant Y[g], which is the infimum of the total scalar curvature functional
Js R3dV; over unit-volume metrics in the conformal class [g]. In particu-
lar, they were able to characterize those locally conformally flat structures
with non-negative Yamabe invariant: they showed that a compact, locally
conformally flat manifold (5, [g]) with Y[g] > 0 can always be realized as a
quotient of a simply-connected domain 2 C S™ by a Kleinian group; and
among such quotients, the ones with Y[g] > 0 are exactly those for which
the limit set has Hausdorff dimension d < (n — 2)/2.

Combining the implications Y[g] >0 = d< (n-2)/2 = d <
n/2 = Xo(g) = n%/4 yields a direct relation between the global Rieman-
nian geometry of a hyperbolic manifold and the global conformal geometry
its ideal boundary: if (M, g) is a complete, non-compact, geometrically finite,
(n + 1)-dimensional hyperbolic manifold without cusps, and the conformal
structure on its ideal boundary has non-negative Yamabe invariant, then
Xo(9) = n?/4.

The purpose of this paper is to extend this result to a much more general
class of Riemannian and conformal structures, where there is no group action
to mediate between the two structures. Just as many locally conformally
flat manifolds can be realized as ideal boundaries of complete hyperbolic
manifolds, many compact conformal manifolds can be realized as “conformal
infinities” of complete, asymptotically hyperbolic Einstein metrics. Suppose
M is a compact manifold-with-boundary, and g is a complete Riemannian
metric on the interior M of M. One says that g is conformally compact if, for
any smooth defining function p (i.e. a smooth function on M that is positive
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in M and vanishes to first order on M), § = p%g extends continuously to
a positive definite metric on M; it is conformally compact of order C™ if
g € C™%(M). The conformal class of the boundary metric § = §|pg,, is
invariantly defined, and is called the conformal infinity of g. For example, if
B™t1T is a geometrically finite hyperbolic manifold without cusps, then its
hyperbolic metric is conformally compact, and its conformal infinity is the
induced locally conformally flat structure on the boundary manifold Q/T'.

If (M,g) is conformally compact of order at least C?° and p is any
defining function, a straightforward computation as in [M1] shows that the
sectional curvatures of g approach —|dp|£2-7 at OM. Accordingly, one says g is
asymptotically hyperbolic of order C™* if g is conformally compact of order
C™*, m+a > 2, and |dp| =1 along M.

In [GL], C. R. Graham and I showed that every conformal structure on
S™ which is sufficiently close to that of the round metric is the conformal
infinity of an Einstein metric on B™*! close to the hyperbolic one. More
recently [L], I generalized this result to conformal structures close to the con-
formal infinity of any negatively curved, asymptotically hyperbolic Einstein
metric. It can be shown that these Einstein metrics are unique within the
class of metrics sufficiently close to the original Einstein metric; they may
very well be globally unique. Thus at the very least, a large open subset of
the conformal classes on the sphere have concrete realizations as conformal
infinities of Einstein metrics, and to date no one has found any obstructions
to a conformal class on a boundary having such a realization.

It has been shown by R. Mazzeo [M3] that the continuous spectrum
of the Laplacian on an asymptotically hyperbolic manifold consists of the
ray [n2/4,00) with no embedded eigenvalues, just as in the hyperbolic case;
however, in general there may be finitely many eigenvalues in the interval
(0,n2/4). When the asymptotically hyperbolic metric is Einstein, one might
expect a relationship between its spectrum and global conformal invariants
of its conformal infinity. This expectation is justified by the following theo-
rem, which is the main result of this paper.

Theorem A. Let M be a compact (n+1)-dimensional manifold-with-boun-
dary. Suppose g is a smooth Einstein metric on M = Int M, which is asymyp-
totically hyperbolic of order C>® and has smooth conformal infinity [g]. If
Y[g] > 0, then Xo(g) = n?/4; in particular, A, has no L? eigenfunctions.

This is proved by constructing a positive function ¢ satisfying (Ay —
n2/4)p > 0, since the existence of a positive supersolution to A, — X implies
A < Xo(g) [CY]. The strategy for finding a suitable test function ¢ is
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first to prove the existence of positive solutions to the eigenvalue equation
(Ag + n + 1)u = 0 with prescribed growth at infinity, and then to show
that, for an appropriate choice of asymptotic growth, a power of u satisfies
the desired estimate. The hardest step is a gradient estimate for u of the
form |du|3 < u?. This estimate proceeds in two steps. First we show that
the Einstein condition implies that |du|? — u? is subharmonic. Then, by
analyzing the asymptotics of © near the boundary, we show that Idulg — u?
has a continuous extension to the boundary, and, under the assumptions that
g is Einstein and Y[g] > 0, can be made non-positive there by a judicious
choice of u.

It should be mentioned that the technical details of the asymptotic anal-
ysis are made somewhat more complicated by the fact that we are assuming
only rather weak regularity for g; if one knew that § were smooth up to
OM, one could work in Fermi coordinates for § and the argument would
be a little more straightforward. However, from asymptotic computations
(cf. [FG]) we know that smoothness has to fail generically in even dimen-
sions, since a logarithmic term appears in the asymptotic expansion for the
Einstein equation. The Einstein metrics shown to exist in [L] all have at
least C3° regularity when the conformal infinity is sufficiently regular, so
Theorem A applies to them. It is reasonable to conjecture that any asymp-
totically hyperbolic Einstein metric with smooth conformal infinity has (in
suitable coordinates) an asymptotic expansion in powers of p and log p; since
the expansion is regular up to a term of the form p™ log p in even dimensions
and to all orders in odd dimensions, the regularity hypothesis of Theorem
A would always be satisfied.

Already in the hyperbolic case one can see that Theorem A is not sharp:
using the results of Sullivan and Schoen/Yau quoted above, one need only
construct an appropriate Kleinian group whose limit set has dimension d
satisfying (n — 2)/2 < d < n/2 to obtain an example in which Y[g] < 0 but
still Ag(g) = n?/4. Many such examples are easily obtained by considering
compact (d 4 1)-dimensional hyperbolic manifolds B4*+!/T', where d is the
integer part of n/2, and extending I" to act on B™*1 in the obvious way; in
this case the limit set is all of the equatorial d-sphere.

In these examples, the L? eigenfunctions seem to arise in some sense
from the topology of M = B"t!/T, reflected in the size of the group I
One might be tempted to conjecture that the converse to Theorem A is true
at least for conformally compact Einstein metrics on the ball. However,
this is also apparently not the case. H. Pedersen [P] constructed a family
of asymptotically hyperbolic Einstein metrics on B* depending on a real
parameter ¢, whose conformal infinities are the Berger metrics g; = cr% +
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0% + to? (written in terms of the standard left-invariant coframe {o;} for
§3 = SU(2)). Ast — +00, Y[g:] decreases to —oo, while the Einstein metrics
converge uniformly on compact sets to the complex hyperbolic metric, so
Ao(gt) \« 2. Numerical studies performed by my student John Roth suggest
that, as ¢ increases, the eigenvalues below n?/4 = 9/4 first appear some time
after Y[g:] becomes negative, so there is a range of values of ¢ for which the
converse to Theorem A is violated.

There are various ways in which Theorem A could be sharpened: for
example, by finding a necessary and sufficient condition on [g] for Ag(g) to
be equal to n2/4, or, even better, by finding a formula for M\g(g) in terms of
conformal invariants of [g]. Similarly, one might hope for a formula for Y[g]
in terms of Riemannian invariants of g, or at least a necessary and sufficient
condition on g for Y[g] > 0. A useful first step would be to find a reasonable
generalization of the Hausdorff dimension of A(T") that makes sense for arbi-
trary conformal structures, or at least for those that are conformal infinities
of Einstein metrics.

The outline of the paper is as follows: §2 presents basic definitions; §3
develops the analytic results about the Laplacian on asymptotically hyper-
bolic manifolds that are needed to solve (Agy +n + 1)u = 0; §4 shows how
to use a solution u to construct a supersolution to A, — n?/4, and shows
that |du|? — u? is subharmonic; and in §5 the asymptotic expansion of u
is computed and used to show that |du|g —u? < 0 on the boundary. The
Appendix is devoted to a proof of an elementary lemma regarding Holder
regularity of solutions to ODE’s that I was unable to find in the literature.

I am indebted to Rafe Mazzeo for a number of useful conversations re-
garding the ideas in this paper, most particularly for introducing me to
the literature on hyperbolic manifolds and for making a crucial suggestion
regarding the ODE lemma in the Appendix.

2. Definitions.

In this section we define our terms, and introduce the metrics and func-
tion spaces we will be be working with. Throughout this paper, smooth will
always mean C'*°.

Let M be a smooth, compact, (n+1)-dimensional manifold-with-bounda-
ry. For technical reasons that will appear in the proof of Proposition 3.3 be-
low, it is convenient to assume in general that M is the union of two disjoint
closed submanifolds, labeled 0y M and 0xo M, with Ooc M non-empty. We will
write M = M \ Ooo M, which is a non-compact manifold with boundary. We
call 9gM the inner boundary of M and 0., M its boundary at infinity. By
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background coordinates for M, we will always mean a smooth coordinate
chart for an open subset of M.

A defining function for M will be a real-valued function p € C'(M)
which vanishes to first order on 0,,M and is positive elsewhere. A smooth
defining function will always mean a defining function that is smooth on M.

As in the introduction, a smooth metric g on M is said to be conformally
compact if, for some (hence any) smooth defining function p, the tensor
g = p®g has a continuous extension to M, and is positive definite there. We
say g is conformally compact of order C™* if g € C™*(M). (Note that g is
always smooth up to the inner boundary.) We say g has smooth conformal
infinity if the induced boundary metric g = lra,, p 00 Ooo M is smooth for
any smooth defining function p.

Let u be a function which is m-times continuously differentiable on M.
For s € R and 0 < a < 1, we will define weighted Holder norms ||u||m o as
follows. First, in the special case in which M is a smoothly bounded open
subset of R”“, we define the norms as in [GL]:

m
ol =3 37 d=sHou) oo,

=0 |—y|—l
ull Sy = Il +

+ Z s;g) [min(d; shmta gostmte)

|07 u(z) — 37U(y)|]

Iyl=m [ = yl*

where d; is the Euclidean distance from z to d,, M, and for a multi-index
v, 87 = ahl /0z7. In the more general case of a manifold-with-boundary,
the same norms can be defined using a covering by background coordinate
charts and a subordinate partition of unity in the usual way.

In either case, let A;, ,(M) denote the Banach space of m-times con-

tinuously differentiable functions on M for which ||u||m o is finite. We also
let Afn’a(M ) denote the closed subspace of A}, ,(M) consisting of functions
that vanish on §yM. By [GL, Proposition 3.3(13)] these spaces are inde-
pendent of choices of coordinates or partition of unity. Near 0pM these are
just functions which are C™® up to the boundary (and, in the case of the
A spaces, satisfy homogeneous Dirichlet boundary conditions there), while
near 9., M they satisfy degenerate estimates that are weaker than the usual
Holder estimates. The properties of these spaces are summarized in [GL,
Prop. 3.3]; one important property we will use repeatedly is the following:
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if m > 1, for any smooth defining function p,
A7, (M) = pSAQn,a(M) ={p’u:u€ A?n,a(M)}.

Throughout this paper, we will use the summation convention and clas-
sical index notation, with covariant derivatives indicated by indices preceded
by a semicolon. Barred quantities will denote covariant derivatives and cur-
vature invariants computed with respect to g, and unbarred quantities with
respect to g, with the indicated metric and its inverse used in each case to
lower and raise indices. We will usually omit the semicolon for covariant
derivatives of a scalar function. For example,

p'=4"p; = 579p/07’
are the components of the g-gradient of p.

3. Analytic Preliminaries.

The purpose of this section is to present some basic analytic facts about
the Laplace operator on conformally compact manifolds. These results can
be derived, for example, from the parametrix construction for elliptic edge
operators due to Rafe Mazzeo [M2]; however, the results we need follow in
a straightforward way from the analysis in [GL], so I have chosen to present
direct proofs.

Throughout this section (M, g) will be asymptotically hyperbolic of order
C*#_ k > 1, possibly with inner boundary; p will be a fixed smooth defining
function; and § = p?g. Let A, = d*d denote the scalar Laplacian of g. By
a slight generalization of the arguments in [GL, §3|, we obtain the following
result:

Lemma 3.1. For a non-negative integer m and real number 0 < a < 1 with
m+1+a<k+p, let h € AY, (M) be a real-valued function such that
h >4 >0 on M; and let X be a vector field on M whose coefficients in any
background coordinate chart are in A, ,(M). Then

Ag + X+ h: K?n+2,a(M) — A?n,a(M)

is an isomorphism.

Proof. In the special case that X =0, 9pM = 0, and g is smooth, this fol-
lows directly from Propositions 3.4, 3.7, and 3.8 (and the remark following
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Proposition 3.8) in [GL]. The generalization to the present case is straight-
forward: First, the presence of the first-order term X has no effect on the
argument, as one can easily check; in particular, the test function estimate
(Ag + X + h)p > dyp still holds with ¢ = 1, and the arguments of [GL,
Prop. 3.8] go through unchanged. Second, the presence of the inner bound-
ary dpM can be handled by applying the usual boundary regularity theory
and Schauder estimates for uniformly elliptic Dirichlet problems. Finally, if
g is only in CH#(M) c C™+1%(M), the same argument goes through; the
only point that requires attention is to check that the coefficients of the r-th
order terms in A, are in A7, (M), which is just what is needed to insure
that there is a uniform constant C in the estimate of [GL, Prop. 3.4]. O

Using this lemma, we will prove a fundamental weighted isomorphism
result for the Laplacian plus a constant. First we need to examine how the
Laplacian behaves when conjugated by a power of p.

Lemma 3.2. Suppose 0 < a<landm+1+a<k+ 0. Fore >0, let
M, ={z € M : p(z) < €}. For real numbers k and s,

(3.1) P~ (Ag +K)p°: AL 4o o (M) — AL, L (M)

is an isomorphism whenever

n|2 n?
'2 l B _| 4
(3.2) s—3 < 1 +K

and ¢ is sufficiently small.

Proof. Computing as in §2 of [GL], we obtain

pij = 8;0jp — Tf;0kp
=k o
= 8;0;p — (T — p (6 pj + 05 pi — 5ijP")) Pk
= pij + p 1 (2pip; — PEF"Tis)s

and so

pi' = 0’ pij = p°pi* — (n — L)ppif’.
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Using this, we obtain

(3.3)
P75 (A + K)(p*u) = p~*(—(p°u);* + Kp°u)
= —u;’ — sp” ' piu — 2sp™ " p'u; — (s — 1)p~?piptu + Ku
= —u;i' — sppi'u + s(n — 1)p;p'u —
— 2spptu; — s(s — 1)pipiu + Ku
= (Ay+ X + h)u,

where

Xu = —2sppiu;,
h=k+s(n— s)|dp|§ + spQAgp.

Since |dp|§ — 1 and pAgp — 0 at O M, it follows that h is uniformly
positive near 9o M provided x + s(n — s) > 0, which is equivalent to (3.2).
Choosing ¢ sufficiently small, we see that p™*(Ay + k)p* = Ag+ X + h
satisfies the hypotheses of Lemma 3.1 on M, and the lemma follows. O

Proposition 3.3. Let k be a positive real number,0 < a < 1, and m+1+
a<k+ . Then

(3.4) Ag+ kit Ky g o (M) = A3, (M)

is an isomorphism whenever (3.2) holds.

Proof. Given f € A}, ,(M), we need to show that there exists a unique
u € Ay, 19 o(M) such that

(3.5) (Ag +K)u = f.

By the closed graph theorem, it follows then that (A4 + x) has a bounded
inverse.

The case s = 0 is just a special case of Lemma 3.1. Consider next the
case s < 0. We can write f = p°b with b € A?n,a (M). Then choosing € small
enough that (3.1) is an isomorphism, we can find v € K?n +2,a(Me) satisfying
p~*(Ag + K)(p*v) = b on M,.

Let ¢ € C*®(M) be a function that is supported in M, and identically
equal to 1 in a neighborhood of 8o M. Then p*b—(Ag+k)(pp°v) € A, (M)
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since it vanishes near 9, M; therefore by Lemma 3.1 again there exists
w € A} 15 o (M) satisfying

(Ag + K)w = p°b— (Ag + £)(pp"v).

It follows immediately that u = w + pp®v solves (3.5), and since

~

A'an,+2,a(M) C K:TL+2,Q(M)’

we have u € an_ﬂ’a(M).

For uniqueness, suppose that (A, + x)u = 0 for some u € A, 12.0(M).
With ¢ as above, it is easy to see that h = (Ay+k)(pu) € A}, ,(M,) because
it vanishes near 0o M. Therefore, since (3.1) is an isomorphism for s = 0
and ¢ small, there is a unique v € AD ,, (M) satisfying (A4 + £)v = h.
But (A4 + &) is also injective on Kﬁn +2,0(Me), so we must have pu = v €
A% 150(M,), so u itself is in A%, (M), and by injectivity of (3.4) in the
case s = 0 we conclude finally that u = 0.

Now suppose s > 0, and f = p°b € A}, ,(M). Since A;, (M) C
A%, (M), by the s = 0 case there exists u € K?,H_?’a(M) satisfying (3.5).
We need only show that u € A2, (M), for then injectivity on AZ,,, (M)
automatically implies injectivity on the smaller space Kﬁn +2,0(M).

Choosing ¢ small enough that (3.1) is an isomorphism, and letting ¢ be
a cutoff function as before, observe that p™%(A, + k) (pu) € Kgn,a(Me) since
it agrees with b = p~°f near 0M. Therefore by Lemma 3.2 there exists
v €AY, +2,0(M¢) satisfying

P (Ag + K)p°v = p~°(Ag + K)(pu)

on M.. By injectivity of (3.4) when s = 0 it follows that pu = p®v, which
completes the proof. a

4. The test function estimate.

Armed with the isomorphism result of Proposition 3.3, we will show
in this section how to use a power of a solution to the eigenvalue equation
(Ag+n+1)u = 0 to construct a test function ¢ satisfying (Ay—n?/4)p > 0.
Throughout this section, we will assume only that (M, g) is asymptotically
hyperbolic of order at least C?°, without inner boundary.
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Proposition 4.1. Let p be any smooth defining function. There exists a
unique smooth, strictly positive function u on M satisfying

(4.1) (Ag+n+1)u=0,
(4.2) u — p~! is bounded.

Proof. Let § = p?g. From (3.3) with u = 1, we obtain
(4.3) (Ag+n+1)p~ " =5+ (n+1)p7 (1 - pip").

The assumption that § € C*°(M) guarantees that p;' € C%*(M) for any
0 < o < 1. Moreoever, 1 — p;p* € CH*(M) and vanishes on 8,,M by
the assumption of asymptotic hyperbolicity, so p~1(1 — p;p*) € C%%(M).
Therefore, (A, + n+ 1)p~! € C%*(M) C AJ ,(M). Tt follows immediately
from Proposition 3.3 that there exists a unique function v € Ag’a(M ) such
that u = p~1 + v satisfies (4.1) and (4.2).

Now, since g is smooth in M, u is smooth by local elliptic regularity.
The strong maximum principle applied to (4.1) shows that u cannot attain
a non-positive interior minimum. Thus, since u — +00 at M, u is strictly
positive on M.

To prove uniqueness, let v be the difference between two solutions; then
v is a bounded solution to (Ay +n + 1)v = 0. Any bounded function is in
A§ o(M) by definition, and then it follows from [GL, Proposition 3.4] that
v € AJ ,(M). Using the injectivity assertion of Proposition 3.3, we conclude
that v = 0. (]

We will take as our test function ¢ = u™%, for a real power s to be
determined shortly. A straightforward computation gives

(4.4)
|dul;

u
9
Tl _ 1) — 1
" s(n+1)—s(s+1)

|dul;
=- - 1 2,
o s— s(s+1) )

Since u looks asymptotically like p~! near 8,,M, it is reasonable to expect
that, asymptotically,

|duly  |p7%dpl;

—7 ~ p= L = p~?|dpl; = |dpl; ~ 1.
Therefore, near the boundary, Ag¢/¢ approaches s(n—s), so the best global
estimate we can hope for is that Agp/p > s(n —s). For s > 0, (4.4) shows
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that this is true precisely when |dul2/u? < 1 on M. In that case ¢ is a
supersolution to Ay — s(n — s), so s(n — s) is a lower bound for M\¢(g). This
bound is optimal when s = n/2, in which case we get the lower bound n?/4
claimed in Theorem A.

This argument reduces the proof of Theorem A to the global gradient
estimate

(4.5) |du|? < u?

for the eigenfunction u of Proposition 4.1. We will accomplish this in two
steps. First, in the next proposition, we will show that |du|§ — u? is sub-
harmonic when g is Einstein, so it cannot take an interior maximum; then
in the next section we will show that, under the hypotheses of Theorem A,
|du|2 — u? < 0 on 85M, so that (4.5) holds globally on M.

Proposition 4.2. Suppose g is any Riemannian metric with Ricy > —ng.
Let u be any solution to (Ag+n+1)u = 0. Then |du|? —u? is subharmonic.

Proof. A standard calculation using the Ricci identity and equation (4.1)
shows that u;;7 = (n + 1)u; + R;ju, and so
(4.6)
Aqg(ldul? - u?) = —(u — w27
= —2u;iut — 2uiu + 2ufu + 2ujuj
= —2nuju’ — 2R;jut? — 2u5ut + 2(n + 1)u?.

Let b= V?)u + n—l—_H(Agu)g denote the traceless Hessian of u. Then

bl = (uij — ugij) (u” — ug¥) = uiju — (n +1)u’.
Inserting this into (4.6), we get
Ag(|dul} — u?) = =2 ((Ricy + n)du, du) , — 2{b]; < 0,
which completes the proof. a

5. Boundary Asymptotics.

In this section, we will compute the boundary asymptotics of the eigen-
function u of Proposition 4.1 on an asymptotically hyperbolic Einstein man-
ifold. The main result is Proposition 5.3, which gives the boundary values
of |d'u.|3 —u2. At the end of the section, we prove Theorem A.
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We assume in this section that (M, g) is asymptotically hyperbolic of
order C%, without inner boundary, and g is Einstein.

Lemma 5.1. Let p be any smooth defining function for M. Then there
exists a defining function r € C>*(M) such that

L. 7 =p+0(p?);
2. § =r2g has a C*® extension to M; and

3. |dr|§ =1 in a neighborhood of Oso M.

Proof. Writing § = p%g and ©r = €”p, and computing as in the proof of
Lemma 5.2 of [GL], we see that (3) is equivalent to

1 — |dp|?
(5.1) 2(dp, dv); + p|dv|§ =—217

If v € C%%(M) is a solution to (5.1), then (2) and (3) will be satisfied, and
(1) will follow if in addition v = 0 on O, M.

Now (5.1) is a non-characteristic first-order PDE for v, and can be solved
easily in a neighborhood of 0,,M by Hamilton-Jacobi theory. However,
since the standard treatments of Hamilton-Jacobi theory do not give Holder
regularity of the solution when the equation has Hélder coefficients, we will
go through the construction in some detail.

Let F: T*M — R denote the function

1 — |dp(z)|2

F(@,€) = 2(dp(a), O3 + @)l - — 5

for z € M, ¢ € TX*M. Solving (5.1) is equivalent to finding a function u on
M such that F(z,du(z)) = 0.

Since § € C>*(M) by hypothesis, the first two terms in F are C3®
functions on T*M. Since 1 — |dp|§ is in C%*(M) and vanishes on 8,,M, it
follows that (1 — |dp|2)/p € C**(M), and hence F € C?*(T*M). Thus the
Hamiltonian vector field Xz of F is in C1%(T*M), and by Lemma A.1 in
the Appendix, its flow ¢: R x T*M — T*M is a C1* map wherever it is
defined.

Write b= (1—|dp|2)/p, and let ¢: R¥ x 8oM — T*M be the C* map

¢(t? :II) = (,D(t, (.’17, %b(:z:)dp(:z:)))
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In other words, % is the flow-out by Xr from the set {(z, 3b(z)dp(z)) €
T*M : z € 0sxM}. Since F(z,3b(z)dp(z)) = 0 for € 0oM, a stan-
dard argument in symplectic geometry shows that the image of v is a C1®
Lagrangian submanifold-with-boundary of T*M contained in F~1(0). It is
easy to check that it is transverse to the fibers of T*M along 0, M, and so
near 0o, M it is the image of a closed 1-form w € CY*(M,T*M).

At least locally, w = dv for some function v € C>%(M). Since w = %bdp
along 0so M, any such function v is locally constant on 0,,M; if we require
v =0 on OxM, then v is uniquely determined, and thus globally defined in
a neighborhood of 0, M. Extending v arbitrarily to all of M and setting
r = e'p completes the proof of the lemma. d

Lemma 5.2. With u as in Proposition 4.1 and r as in the preceding lemma,
u=r"1+ TV,

where v is a C%>® function on M such that v and |dv|, have continuous
extensions to M, with

1

v 4dn(n — 1)

R and |[dvlg =0 on 0o M,

N ~__ .2
where R is the scalar curvature of g = r g| TOLM:"

Proof. Writing § = r2g, the formula for the transformation of the Ricci
tensor under a conformal change of metric (cf., for example, [B, p. 59]) can
be written

= “la o=l ke -2, =k~
Rij = Rij + (n — 1)r™ fyj + 17 7" gij — nr™ Tkt Gy,

where quantities with tildes are computed with respect to g. Using ri7* = 1
and multiplying by r, near 0,M the Einstein equation R;; = —ng;; becomes

(5.2) réij + (n — l)fij + fkkﬁi]- =0.

We will need two simple consequences of this formula. First, taking the
trace with respect to g, we get

. 1 =~
g 'z — —— .
(5.3) 7 5 TR
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Second, contracting (5.2) with 77/ and using the fact that
7ii 77 = L(rii),;79 = 0,

(5.4) 7 = —r Ry
These last two equations together imply

-~ .. 1~
(5.5) Ry = %R.

Next we will relate R with the scalar curvature R of the boundary metric
g. From (5.2) and (5.4) it follows that 7;; = 0 on Guo M, 50 O M = {r = 0}
is totally geodesic in the g metric. Therefore, at any point z € Jo M, in
terms of an orthonormal basis {Xq, Xs, @ = 1,...,n} for T, M with X,
normal to oM and X, tangent to 9o M, the curvature tensors of g and §
satisfy Ropgys = ﬁaﬁ.ﬂ;. Consequently the respective scalar curvatures satisfy

(5.6) R=R5+ R0 + R%05 = R+ 2Roo.

Since |dr|; = 1, Roo = ﬁijfif'j on d,,M, and so from (5.6) and (5.5) we
conclude that

(5.7) R=R-2R;;f'# = "n;lﬁ on 8eo M.
From (4.3), near dooc M we have

(Ag+n+1)rt=7f= —L’I‘R.

Let f € C®°(M). Then a computation similar to (3.3) yields

(Ag +n+1)(rf) = 2nrf +7%((n = 37 f; — f7* —rf).

From the last three equations, we conclude that, if f is chosen so that
f |a°° M= R,

1
-1 _— =
(Ag+n+1) (r + In(n = l)rf> rh,
for some function A € C%%(M) which vanishes on ,,M. If 0 < € < /2, it

can be verified easily that rh € Aé;’;e (M), and so from Proposition 3.3 we

conclude there is a unique function w € Ag,E(M ) such that r!*ew € A;:’;E (M)
satisfies

(Ag+n+1) (7"1 + rf + rl"‘sw) =0.

4dn(n —1)
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Since r~! — p~! is bounded, by the uniqueness part of Proposition 4.1, we

conclude that
1 1

+ dn(n —1)
If we set v = f/(4n(n — 1)) + rw, it follows that

u=r rf +ritew.

1 1 ~

Yot = 1) flowr = =y

and
|dv|g = r|dv|z < C(r|df|5 + r1+6|dw|g + |w|rf|dr|) < C're.

This completes the proof. O

Proposition 5.3. Suppose p is any smooth defining function for M, and
let § = ng,TamM' If u is the solution to (Ay +n + 1)u = 0 given by
Proposition 4.1, then |du|§ — u? has a continuous extension to M, and is

equal to —ﬁﬁ along O M.

Proof. Using the asymptotic expansion of u given by the preceding lemma
together with the fact that |dr|2 = r2 near 8,,M, we compute

|du|§ —u? = |(=r2)dr + vdr + rdvlg — (7 +rv)?
= 'r_4|dr|§ + v2|d7'|§ + r2|dv|§ — 2r_2v|dr|§ —or! (dr, dv)g
+ 2rv (dr, dv), — r2 — 20 — r¥y?

= —4v — 2r~ ! (dr, dv), + o(r?).

Since |dv|g — 0 at 0o M, this expression approaches —4v = —ﬁﬁﬁ at
Oso M, which completes the proof.

Proof of Theorem A. If g is as in the statement of the theorem, p is any
smooth defining function for M, and u is as in Proposition 4.1, Proposition
5.3 shows that |du|2 — u® approaches a negative constant times R at 0o M.

By the solution of the Yamabe problem [Sc|, p can be chosen so that Ris
constant on dooM, and the assumption that Y[g] > 0 guarantees that this
constant is non-negative. Since Idulg — u? is subharmonic by Proposition
4.2 and non-positive on JxM, it follows from the maximum principle that
|du|? < u? on all of M, and thus from (4.4) the positive function ¢ = u~"/2
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satisfies Agp > (n?/4)p on M, so the spectrum of A, is bounded below by
2
n*/4. O

Appendix: Holder regularity for ODE’s.

The purpose of this appendix is to extend the standard regularity theory
for ordinary differential equations to show that the flow of a vector field with
Holder coefficients has the same Holder regularity as the coefficients. This
is probably well-known to PDE experts, but I was unable to find it in the
literature, so I have included a proof of the C1® case, which is all that is
needed for this paper.

Lemma A.1. Let V be a vector field on an open subset in R™, whose
coefficient functions are of class C1**, 0 < a < 1. The solution y(z,t) to the
initial value problem

(A1) X (@,0) = Viy(a,1),
(A.2) y(z,0) =z

is a C1® function of (z,t) where it is defined.

Proof. By classical ODE regularity theory, y is a C' funct.ion of (z,t). Since
Oy'/0t = Vioy € C' C C%*, we need only show that dyt/0z7 € C%2.
Differentiating (A.1) with respect to z7 yields

azyi _ oVt 3yk
Faior ) = 5or (1) 55 (2, 0).

Write At (z,t) = 0V?/dz*(y(z,t)) and u;(a;, t) = 0yt/0z! (=, t)j Since the
composition of a C! function and a C%* function is in C%, A} is of class

C%, Since 0%y*/0z78t is continuous, we can commute the second deriva-
tives and conclude that uj satisfies the linear initial value problem

Ou; ) = A k
at (.'17, ) - .k(x’ t)'U:J(.'L',t),
uy(z,0) = 6;.

(The initial condition follows from differentiating (A.2) with respect to z7.)
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For any fixed z; and x5, define
'v;(t) = ugv(xl,t) - u;:(xz,t).

Note that 'v; (0) = 0, and that the equation for u; implies

ov
a(t)l < Jlullze || Allcoe |21 — 22|* + || Al Loo [0 (2)]-

By one version of a standard ODE comparison theorem [H, Cor. II1.4.3, p.
27), this implies that |v(¢)| is bounded by the solution to the IVP

Y (t) = Il Allcos (lull |21 — z2|* +y(2)) ,

y(0) =0,
which is
y(t) = (expt|| Ao — 1)||uf|Le|zr — z2|*.
This yields the desired estimate. a

Remark. This proof can easily be adapted to obtain higher Hélder regu-
larity for the solution if V€ C™% m > 1. However, as was pointed out to
me by Curt McMullen, the analogous result fails for vector fields that are
merely C%%; in fact, there are vector fields with coefficients in the “Zyg-
mund class”, thus in C%* for every 0 < a < 1 and uniquely integrable, but
whose solutions have arbitrarily bad Holder exponents. See [R] for further
discussion.
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