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Non-combability of Hilbert modular groups 
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Introduction. 

In the recent study of finitely generated infinite groups, important classes 
of groups have been defined and introduced by J.W. Cannon, M. Gromov, 
D.B.A. Epstein, D.F. Holt, S.V.F. Levy, M.S. Patterson, and W.P. Thurston: 
hyperbolic groups ([12]), automatic groups, combable groups ([5]), etc.. It 
has turned out that many well known classes of finitely generated groups 
belong (or do not belong) to them ([5, 8-12]). But so far not much seems to 
be known for arithmetic groups except the cocompact lattices in R-rank 1 
semisimple Lie groups (which are Gromov hyperbolic). First we recall the 
known results: 

(1) The group SZ^n, Z) is hyperbolic if n = 2 [11], and is not combable 
ifn^3 ([5]). 

(2) For the ring O of algebraic integers of each imaginary quadratic num- 
ber field, SL(2,0) is automatic, because it is the fundamental group of a 
noncompact complete hyperbolic 3-manifold of finite volume, so is geomet- 
rically finite ([5]). 

(3) Let d ^ 2 be a square-free integer and O — 0(Vd) the ring of 
algebraic integers in the real quadratic number field Q(\/d). Then the group 
SL(2,0) is not biautomatic ([10]). 
In this article, we show the following. 

Theorem. Let k (^ Q) be a totally real algebraic number field and Ok the 
ring of algebraic integers of k. Then the group SX(n, Ok) is not combable 
(therefore, not automatic) for n ^2. 

Remark. (l)There are several distinct notions of combing (see [1, 5, 8]). 
We claim in the above theorem that SL(n, Ok) is not combable in the sense 
of Epstein et al. ([5]). 

(2) The case n = [k : Q] = 2 is one of the questions raised in [10]. And 
this gives the first example of arithmetic subgroups of Q-rank 1 algebraic 
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groups which are not combable. It seems that the description in [13, §3.H] 
is related to this case. 

One of the central ideas in geometric group theory is that if a group 
acts isometrically, properly discontinuously, and cocompactly on a geodesic 
proper metric space, the geometry of the space affects the combinatorial 
nature of the group. The most natural space on which the arithmetic group 
SL{n, 0k) acts is probably the corresponding symmetric space X. Unfortu- 
nately the quotient space is not compact in this case. But we can consider 
the submanifold X1 obtained by removing the portions corresponding to the 
ends of the quotient. In fact, Epstein and Thurston ([5]) investigated such a 
submanifold of the symmetric space 50(n)\S,L(n,R) in the case SL(n, Z) 
(n ^ 3). We clarify the geometric meaning of their argument and apply the 
method to wider classes of arithmetic groups. 

They showed the following general result ([5, Theorem 10.3.5]): If a 
combable group acts on a Ar-connected Riemannian manifold, there exists a 
positive constant C with the following property. Let z be a lipschitz &-cycle 
in the manifold. Then there exists a lipschitz (k + l)-chain u, such that 
du = z and that massk+i(u) ^ C • diam(z)massk(z), where massi is the 
i-dimensional volume for i = k, k + 1 and diam(z) is the diameter of z. 

Thus the problem turns to finding a fc-cycle zm for each positive integer 
m such that the volume of zm grows much faster than the infimum of the 
volumes of (k + l)-chains filling zm as m goes to infinity. And this is a 
matter of geometry of nonpositively curved manifolds. 

In this part, the most important points of their argument are the follow- 
ing: 

(1) The cycles zm are constructed in a horosphere with respect to some 
suitable geodesic. 

(2) In order to estimate the infimum of the volumes of chains filling zm, 
they used a bounded closed differential form on the submanifold. 

First we explain the former briefly. Horospheres in higher rank sym- 
metric spaces have interesting metrical property while every horosphere 
(equipped with the induced Riemannian metric) in manifolds of constant 
negative sectional curvature is just the Euclidean space. For example, the 
typical horosphere in the Riemannian direct product H x H of the upper 
half planes, where each factor ti has constant sectional curvature —1/2, is 
isometric to R3 equipped with the metric ds2 = ezdx2 + e~zdy2 + dz2. Let 
SQ be a regular square in the xy-plane such that one pair of its opposite 
edges is parallel to the rz-axis, the other pair is parallel to the 2/-axis, and 
all the edges have length 2y/2e2m. If we push upward (resp. downward) So 
along the ^-axis till the ^-coordinates change to 4m (resp. —4m), then the 
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length of the edges parallel to the y-axis (resp. the rc-axis) of the resulting 
rectangle S+ (resp. S-) is equal to 2\/2 (see Figure 2 in §3). By using this 
property, we can construct 2-chain whose area is much larger than the length 
of its boundary. The situation is the same for 5'0(n)\5L(n,R). In case of 
other symmetric spaces, if we take a geodesic 7 in some suitable direction, 
we can describe the metric of the horospheres with respect to 7 by using the 
Langlands decomposition of the (standard) maximal parabolic Q-subgroup 
(Lemma 2.1). 

Concerning the latter, we use the pullback of the volume form on the 
unipotent part of the Langlands decomposition (see §4). Since this form ft 
is not bounded on the whole space X, we need to know the structure of X* 
near its boundary to some extent. In the case n ^ 3, the structure of the 
end of the quotient is complicated, and we cannot know X' explicitly. But 
we can compute the norm of Q explicitly on each horosphere (Lemma 4.2). 
So it suffices for our aim to prove that the submanifold X' is contained in 
the complement of a horoball with respect to 7. We show this by estimating 
the supremum of the injectivity radii on each horosphere (Lemma 5.7). 

The organization of this paper is as follows. In §1, we take a finite index, 
normal subgroup F' of F = SL(n, O^) and find a submanifold X* of the 
corresponding symmetric space X on which F acts cocompactly. In §2, we 
take a geodesic 7 and describe the horospheres of X with respect to 7 in 
terms of parabolic subgroups. We construct (preliminary) cycles Zm in §3 (, 
which we replace by new cycles Zm in §5). In §4, we define a closed form fi 
on X and compute its norm. In §5, we complete the proof of Theorem by 
finding a lower bound of the volumes of chains filling Zm. 

Notation. 

(1) We denote by C, R, Q, Z, R+, C* the set of the complex numbers, 
the real numbers, the rational numbers, the (rational) integers, the 
positive real numbers, the nonzero complex numbers, respectively. 

(2) For any algebraic group H defined over Q, we denote by HR, HQ, HZ 

the group of real points, rational points, integral points, respectively, 
of H. And for any algebraic group H (resp. Lie group L), we denote 
by H0 (resp. L0) the identity component of H (resp. L) in the Zariski 
topology (resp. in its topology as a Lie group). 
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1. Preliminaries. 

Let k be a totally real algebraic number field and O^ the ring of algebraic 
integers of k. Let I = [k : Q] ^ 2 be the degree of k over Q. Then the 
group SL{n, Ok) acts isometrically on the Riemannian product of I copies 
of the symmetric space SO(n)\SL(n, R). In this section, for the argument 
of the remainder sections, we regard SX(n, O^) as the group F = Gz of 
integral points of a certain algebraic Q-group G. The general reference of 
this section is [18, Chap.6]. 

We recall that k = Q(8) for some algebraic number 9. Let 0i,... ,0j 
(#1 = 0) be the I distinct roots of the minimum polynomial of 9 over Q. 
For each i = 1,... ,Z, we denote by fa the field embedding k —> C such 
that fa(9) = 9i. We remark that fa = id. and that each fa can be extended 
to a field automorphism C —> C. Let {ai,... ,a/} be an integral basis 
of k: i.e. O^ = Zai -f • • • + Zaj, k = Qai + • - ■ + Qaj. For each i,j G 

{1,..., Z}, let aiQtj = Ylk=i bijak ; &y € Z. We denote by In the n x n-matrix 
diag(l,... ,1) and put 

S = (faia^In) = 

(fa{ai)In   02(ai)/n    •••    fa(oLi)In\ 

\(f>i{oii)In    h(ai)In    •••    fa(ai)lnj 

k=(KiIn);k = l,...L B 

For each A; and h = (/lij) E 5X(n, C), we denote by ^(/i) the element 
(faihij)) of SL(n, C). We define a faithful representation *, : SL(n, C) —>• 
GL(n/, C) by 

^(/i) = diag(fa{h),..., <^(/i)) for /i G 5L(n, C). 

We also define another faithful representation p : SL(nl, C) —> GL(nl, C) 
by p(g) = S^gS for g G SX(nZ,C). Let fl[(n/,C) be the set of (nZ) x (nZ) 
complex matrices. For 

Z = (Zij) = 
Z21     Z22 

\Zii      Z12 

Z21 

ZuJ 

G0[(nZ,C), 
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where each Zij is an n x n-matrix, we consider the following system of linear 
equations: 

(1.1) (Ztt    Za   ...    Zil) = {Z11   Zn   ...    Zu)Bi1Biii = 2,...,l. 

We also consider the following equations: 

(1.2) det(prop(Z)) = l;r = l,...,/, 

where pr : gI(nZ,C) —> gl(n, C) is the map defined by Pr{Y) = Yrr for 
Y = (Yij) e Ql{nl,C). Let G (C SL(nl,C)) be the algebraic Q-group 
defined by the equations (1.1) and (1.2). Then G is "the group obtained 
from SL(n, C) by the restriction of scalars from k to Q" in the sense of [19, 
Chap.I]. And we have G = (p"1 o i)(SL(n, C)), Gz = (p"1 o ^(^(n, Ok)). 
We put F = Gz and identify F with SL(n, 0^). We also have 

GR = p"1 ({ diag(Bu ..., Bfi \ Bu ... , Bi e SL{n, R)}). 

The group GR is isomorphic to the direct product of / copies of 5X(n,R). 
Let 

K = p-
l{{diag(Kl,...,Kl)\Kl,...,KleSO{n)}). 

Then K is a maximal compact subgroup of GR and is isomorphic to the 
direct product of I copies of SO(n). 

We put X = K\GR, and give it the standard metric induced from 
the Killing form of the Lie algebra of GR. Then X is isometric to the Rie- 
mannian product of I copies of SO(n)\SL(n^ R) equipped with the standard 
metric. (Notice that 50(2)\5L(2,R) has constant sectional curvature —1/2 
when we give it the standard metric induced from the Killing form.) The 
discrete group F acts isometrically on the symmetric space X from the right. 
We take a torsion-free, normal subgroup F' of JT of finite index. 

By Raghunathan's construction ([17]), there exists a F-invariant smooth 
function / : X —> R such that the induced smooth function / on the 
quotient manifold X/F' satisfies the following conditions: (1) / is proper, 
(2) / has no critical points outside some compact subset, (3) the image of 
/ is [to, oo) for some positive number to. 

Then, for sufficiently large t > 0, f~1([to,t]) is a deformation retract 
of X/F1. If we put Xt = /~1([to^])5 Xt 1S a submanifold of X such that 
ni(Xt) = 0 for all i ^ 0. We put Xf = X^ for a positive number ti which we 
determine in §5. The group F acts isometrically, properly discontinuously, 
and cocompactly on Xf. 
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2. Horospheres. 

We take a maximal Q-split torus T of G defined by 

T = />-1({dm5(/?1,...,/3n, ,/?i,...,A»)|A Ai = l})- 

For each k = 1,... , n — 1, we define the map Xk : T —>» C* by 

Xk{o) = 0k for a = diag((3u ... ,/?n, ,^i?... ,/3n) e T, 

and put Xit =:: ^ • The set of Q-roots of G with respect to T is 
Xk+i 

QS = \ z^\iJ = 1,... ,n;i^j >. 
I Xj I J 

QS
4

^   =   \ zzL\i> j\  and   QA   =   {xi, ■.. 5Xn-i}  as a 
I Xj I J 

system of positive roots and simple roots respectively. Then the stan- 
dard maximal parabolic Q-subgroup P© corresponding to the subset 0 = 
{Xi,... , Xn-2} C QA is given by the following: 

P© = M0T0U0, 

We can take 

T0= [  Qkerx 

p-1 \ {diagifr^frp1-71,... 
n-l 

,p,...,p,f3l-n)\(3ec 
n-l 

> > 

Me = 

diag{Bi,bi,... ,Bi,bi) 

Bk is an (n — 1) x (n — 1) complex 

matrix, bk € C*, and (deti?fc)6fc = 1 

for all fc; (det Bi) (det Bi) = ±1 
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UQ=P — „-i 

i £k e Cn-1 for 

k = l,... ,1 

\ 

In-l     *$) 
VI  V 1/1 J/ 

where /n_i is the (n — 1) x (n — 1) unit matrix. The group M0T0 is the 
centralizer ^(Te) of To in G. We put 

Me = ((Me)R)0 = 

diag(Bi,bi,... ,Bi,bi) 

Bk is an (n — 1) x (n — 1) real 

matrix, bk > 0, and (det Bk)bk = 1 

for all k; (det BJ (det Bi) = 1 

^e = ((Te)R)0 

= P 
-i diag(q,... ,q,q l-n 

n-1 

,q,---,q,q1-n)\q>0}, 

n-l 

N@ = (Ue)R 

/ 

= P 
-i 

(  fln-l     W) 
1 

I   \ 
In-l     *(*') 

1    / 

\ 

^fc 6 Rn-1 for 

fc = l,...,/ 

/ 

Then (Pe)R = (Me)R^4e^V0 is a Langlands decomposition of (Pe)R- 
Since it is well known that GR = K(PQ)II, we have GR, = K'MQAQNQ. 

Let XQ be the coset (in X = .K^GR) of the identity element. Then we have 
X = XQ • MQAQNQ. 

We take a geodesic along the Ae-orbit of XQ. Let ae be the Lie algebra 
of AG. Let 

V = 

-i 
{dpe) 

£ a©, 

ny/2(n - 1)1 
diag(-l,... ,-l,n- 1, ,-l,-.. ,-l,n- 1) 
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where dpe is the differential of p at the identity element e. We define a unit 
speed geodesic 7 : [0,00) —> X by 7(t) = a;o-(exp tY) for t ^ 0. Let /i7 be the 
Busemann function with respect to 7 : i.e. h^x) = lim^oo {dx{x, 7(t)) — t) 
for a: G X, where ofx is the distance on X ([2], [7]). 

Lemma 2.1. Tie horosphere /i7
1(t) is given by h1

l(t) = XQ • a-tM^N^, 
where 

a-t = exp(-iV) = p 1 f dmp f e71^2^-1)',... ,eny/2(n-i)i ^ e  n" 

eny/2(n-l)l       _      enV2(n-l)/    g     n V    2/      j   j 

In particular, the horosphere through XQ is ^7
1(0) = XQ • MQN®. 

Proof. Let P(nZ, R) be the set of all positive definite, symmetric matrices 
contained in SL(nl^Il). We identify P(nZ,R) with the symmetric space 
SO(nl)\SL(nl,Il) in the usual way : i.e. SL^l^H) operates transitively 
on P(nZ,R) by conjugation (x* • h* = th*x*h* for x* G P(nZ,R), /i* G 
SL(nl, R)), and the isotropy group of rcg = Ini = diag(l,... , 1) G P(nZ, R) 
is SO(nl). We define a totally geodesic embedding F : X = if\GR —>> 
P(nZ,R) by F(Kh) = <(p(/i))(p(/i)) for fc G GR ([6], [16]). Then the pull- 
back of the Riemannian metric of P(n/,R) under the map F is identical 
with the original Riemannian metric of X multiplied by l. Hence the speed 
of the geodesic F o 7 : [0,00) —> P(nZ,R) is \/L We define a unit speed 
geodesic 7* : [0,00) —> P(nZ, R) by 

7*(t) = JF(7(^))=F(a;o-exp^V) 

(__L    /     2 _J_    J    2 ^2(71-1) 
e   n'V»-!,... ,e   w'Vn-lje      n/      ^  ... 

__L   /    2 _J_    /    2 y^Cn-l^X 
...,e   ^V"-1,... 5e   ^V^-^e     m    t\ 

for ^0. Let /i** be the Busemann function (on P(nZ,R)) with respect to 

the geodesic 7*. Then we have h^x) — -jzh^*(F(x)) for x G X. We take 
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the element V* of the tangent space ra;*(P(nZ,R)) defined by 

diag(—l,... , —1, n — 1,... 
nl^2(n-l) 

n-l 

... ,-1,... ,-l,n-l). 
n-l 

We also take the permutation r of (nl) letters defined by the following : 

f T(kn + b)=k(n-l) + b        for k = 0,1,... ,1- 1 

and b = 1,... ,n — 1 

T(kn) = l(n - 1) + k for k = 1,2,... ,/. 

Let .A* be the group of diagonal matrices in SL(nl, R) with positive entries. 
For each k = 1,... , nl — 1, we define the map xl '• ^* —* ^ as follows. 

Xfc(a*) = ——     for a* = diag(au... ,ani) G A*. 

For x* = (rr:^) G P(n/,R), we denote by A^(a;*), the (A; x A;)-minor deter- 
minant in the top left corner. And for each (nl) x (nZ)-matrix Z* = (zij), 
we denote by Z* • r the matrix (^T(2)T(J))- 

Then, from Lemma 2.5 of [14], we obtain 

l-i 

h*r (F(xo • g)) = nl. log J] {(Afc(F(^o ■■») ■ a))'^^^} , 
A:=l 

where dx^ is the differential of xt- We have dxl(V* • r) ^ 0 if and only if 

k = (n — 1)1, and then, dyL   ni(V* • r) = . Therefore, v ^ A(n-i)/v        ;        /^(n-l) 

77. 
^7(^0-3) = —7Ef=Tff^gA{n_1)l{F(xo-9)-T). 

i/2(n - 1J< 

We notice that X = XQ ■ MQAQNQ. Let 

gl =p-1(diag(Bl,bi,...Bi,bi)) € Me, 

g2=p~1(diag(q,... ,q,q1~n ,q,... ,q,q1~n)) G A@, 



232 Toshiaki Hattori 

i (in-x e 
1 

93 =P 

\ 

and g = 519293- Then we have 

(WBxBx) 

F(xo • g) ■ T = 

\ 

In-l    ? 
1/ 

GiV©, 

/ 

qH'BiBt) 

** * * * J 

So A(n_1)j(JF(a;o • g) • T) = g2^"1)', and h7(xo • g) = ny/2{n - l)Zlogg. 
Therefore, we obtain /i^1(i) = £0 • a-tMgiVe. D 

3. {(n — 1)/ — l}-cycle zm and (n — l)/-chain um. 

The horosphere £ = h~l(0) = XQ ■ MQNQ has a fiber bundle structure 
: we define the projection map Vb : C —>• XQ • MQ by Vtixo • 9192) = 
rro • gi for 91 G MQ and 92 € iV©. We regard NQ as R(ri-1)' by identifying 
(yi,---,y(n-i)<)eR(n_1)'with 

/ //«-i 
1 

W 

^n-1 

\\ 1    / 

eiVe, 

where ^ = (y(„-i)(fc-i)+i,y(n-i)-(fc-i)+2, • • •, V(n-i)*) for a11 fc- We define a 

map P/ : £ —»iVe = Rt71-1)* in the direction of the fibers by Vf(xo-gig2) = 
92 for 91 £ MQ and p2 G iV©. In this section, by using this fiber bundle 
structure of £, we construct a lipschitz {(n — 1)/ — l}-cycle zm for each 
positive integer m ; we also construct a (n — 1)/-chain um whose boundary 
iS2m. 

First, we decompose the group M©. By identifying diag(Bi,..., J3/), 
where Bu • • •»Bl € 5L(n - 1, C), with diag(Bi,l,...,i?/, 1) E p(G), we 
can regard the direct product (SL(n — 1, C))' as a subgroup of p(G).  Let 
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G = p-l{^L(n - 1,(3))')-   Then G is an algebraic Q-group.   We put 
K = K n G. Let A1 be the center of MQ : i.e. 

AJL =p-1({ diag{qu ... ,gi, (gi)1"71 

n-l 

■,.«,-■ ^90 (ffl)1  n) 

n-l 

Igjb > 0 for all A;, qi qi = 1}). 

Then we have MQ = (GR) • ^l1 and K n Me = if. The space XQ • MQ is 
isometric to the Riemannian direct product (SO(n — l)\SL(n — 1,R))' x 
R'-1, where each SO(n — l)\SL(n - 1,R) (resp. R'"1) is equipped with 
the standard metric multiplied by n/(n — 1) (resp. the standard Euclidean 
metric). Let P be the standard minimal parabolic Q-subgroup of G with 
respect to the maximal Q-split torus T = T fl G of G. As in the case of Pe 
in §2, we decompose P as P = M T U, and put 

M = (MR)
0
 =p-l({diag(q{J..., q^ 1, , ql..., g^, 1) 

each qj is a positive real number , 
n-l / 

JJ q) = 1 for all t, JJ q) = 1 for all j 
i=l 

})> 

A = (TR)
0
 =p 1({diag(q1,... ,g„_i, 1, ,91,... ,g»_i, 1) 

each qj is a positive real number , 

91 9n-i = 1 
0, 

NQ = UR = 

/ 

< dta9(mi,l,...,mi,l) 

\ 

each mk = 
^ 

1 

IS 

an upper triangular, real, 

(n — 1) x (n — 1) matrix 

\ 

Then we have Me = (GR) ■ A^ = K M A NA±. 
Let 

HQ = M AA*- = 

= p - I ^ diag(qi,... ,qni) 

qi>0 for all i, %n+i flfen+n = 1 

for A; = 0,1,... ,/-l, 

In- q2n <lln = 1 
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X 
0 

the image   c ^   ^^^       £ J^ ^ = ^n.x)l D       j 
01 zI,J,m '   ' 

n^-Wdyxfi-'Ady^ 
Vb 

H —> f)e -^ Fe -=->   XQ • HQ C    XQ • M© 

U 

Figure 1: The construction of the chain z/,,/,™ and the form SI. 

(Remark that HQ = Me if n = 2.) Then the restriction of Vb to XQ • HQNQ 

is also a fiber bundle. 

Prom now on to Corollary 3.2 exclusive, we fix one positive integer m. We 
define zm as a union ^ ^j,./,™ of {(n — 1)/ — l}-chains, where the summation 
is taken over all the pair (/, J) of subsets of {1,..., (n — 1)1} such that In J 
is the empty set <j) and that I\JJ^(f). We fix one such pair (/, J) and define 
the {(n — 1)Z — l}-chain zj^m as follows (see Figure 1). 

Let I)© be the Lie algebra of HQ and 

H={(hu...,/»(„_!),) G R^-1)' l/n + • ■ • + /»(„_!), = 0} 

be a hyperplane in R/71-1^. We define a map $ : H —> l)e by 

$((/ii,...,/i(n-i)z)) = 

p~l(diag(hi,...,hn-i,-(h\ H h/in-i),.-- 

• • • 5 ^(n-l)(A:-l)+l> • • • ^ tyn-l)A:> -(^(n-l)(A:-l)+l H ^ ^(n-l)*:)? • • • 

• • • , ^(n-l)(«-l)+lj • • • 5 ^(n-l)/5 -(/l(n-l)(«-l)+l H f" ^(n-1)/)))- 

This map $ is a lipschitz diffeomorphism when we give fie the inner product 
induced from the Killing form of the Lie algebra of GR. We define (n — 1)Z 
points wijm,... , W(n-i)Z,ra of H as follows :  for each k = 0,... , I — 1 and 

m 

] 
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j = 1,... ,n- 1, let 

W(n-l)A;+j,m 

= (—m, , —m, — {(n — 1)Z + 1} m,... , — {(n — 1)1 + 1} m, 

{{n - l)2l - 1} m, - {(n - 1)1 + 1} m,... , - {(n - 1)1 + 1} m, 

— m, — m), 

where the i-th entry for (n —1)A; + 1 ^ i ^ (n — l)(k + l) withi ^ (n — l)k+j 
is — {(n — 1)/ + l}m, the {(n — l)k + j}-th entry is {(n — l)2l — l} m, and 
the rests are all equal to — m. We put Viim = &(wiirn) for i = 1,... , (n — 1)Z. 

Let /U J = {ii,... ,is} : ii < ... < is. We denote by Aj^m the simplex 
whose vertices are u ■e.   Aj^m = \vium ViSim\-  Let 
□/,j,m be the {(n — 1)1 — s}-dimensional cube in iVe = R^71""1^ defined by 

'21,7715 • • • j Visim  ''   l 

,y{n-i)i)en(n-1)l = NQ 

yi = enm iiiel 
yj = -enmiijej 

-enmSykSenmifk<jtlUJ) 

We define the map z^j^ : A^^m, x D/.^m —^ ^o * ^e^e by ^/,j,m(i;,y) = 
#0 • (expiry for t? E Aijym, y G D/^^- By considering the standard sim- 
plicial decomposition of Aj^m x D/^j^, we regard the map ^/}j)m as an 
{(n — 1)1 — l}-chain (see Figure 2). 

Lemma 3.1.  The image ofzi^m (equipped with the induced metric from 
X) is isometric to the direct product of the simplex \vilim Viaim\ and 

[-Vf^Vn]**-1)*-*. 

Proof. Any C^-curve c : (—8,5) —> XQ • HQNQ (S > 0) in the image of 
2j,J,ra can be written as c(t) = XQ • c(t) by a curve c : {—8,5) —> HQNQ in 
HQNQ such that 

p(c(t)) =diag(ebM,... >C
6-W, .c^*),... ,eb'^) 

fln-l    '(^(t)) \ 

1       J 
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Figure 2: (n = / = 2) 

for t € (-6,6), where all $k(t) = (#(*),... ,£*-i(*)) (resp. 6f(t)) are C00- 
maps (-M) —»• R"_1 (resp. C^-functions on (-6,6)), and E^j 6* = 0 
for all k. Since the right translations are isometrics, we take the following 
element g of HQNQ and put c(t) = c(t) ■ g = XQ • c(t)g. 

p(g) =diag(e-b^0\... ,e'"^, ,e-
6i(0),... ,e-6n(0)) 

/In-i    X1 \ 
1 

In-l      X1 

V i/ 
<* = (-e^-^HKo),... - e6--^0)-6^0)^!^)) for k = I,..., I. 

We remark that c : (—8,8) —> XQ • HQNQ is a curve such that c(0) = XQ. 
Since 

eftiW-ftiW 

c(t)p = p"1 

\\ 

Bl(t)      '(VW) 
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where, 

and 

Bk(t) = diag^-tW,... ,^i('>-*S-i<o>) 

!!*(*) = (e*fW-*(0)(^W _ ^(0)),...,e»i-iW-'ftW^W - ^(0))) 

for k = 1,...,/, we have 

!«"») t=0 

(^)'(O) 
(rfpe) 

-1 

V \ (^)'(o) y / 

and 
(^)'(O) = (^to)-»ft(o)(^)/(o)|...|e»£.i(o)-»S(o)(^_i)/(o)) 

for k = 1,...,/. Let g (resp. 6) be the Lie algebra of GR (resp. K). We 
identify the tangent space TXo (X) with the orthogonal complement p of I 
in g with respect to the Killing form of g. Under this identification, we can 
express the tangent vector c(0) = v as follows: 

v = V! + V2; vx € Txo(xo • Me), V2 G TXo{xo ■ Ne), 

n = (dpe)-Hdiag((b\y(0),... , (&i)'(0), (&< )'(0),... , (^'(O))), 

V2 = (dPe) 
-1 

2 

2 

0 

0 

We remark that two subspaces TXO(XQ -MQ) and TCo(a;o -iVe) are orthogonal 
to each other in TXQ(X). Let cp : (—5, S) —> XQ • iVe be the curve given by 

1 

ip(t) = XQ 
-1 

\ 

Jn-1      '(^W) 

\ \ 
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forie (-6,5). 

Assertion. Let i = (n — l)k + j : 0 ^ k ^ / - 1, 1 ^ j ^ n - 1. 

(1) Ifi&IUJ, then we have bfa) - bk
n(t) = -nm for all t E (-*,*). 

(2) IfielUJ, then (f*)'(0) = 0. 

Proo/ o/ Assertion.   Since (2) is an immediate consequence of the definition 
of £j, we prove (1). 
(case 1) (n-l)fc + i/g JU J for all i/G {1,... ,n-l}-{j} 

We have 6*(t) = —m for all /j G {1,... ,n - 1} and all t.   So 6^ = 
(n — l)m, and ftjf — 6^ = —nm. 
(case 2 ) (n — 1)A; + i/ G / U J for some ^ G {1,... , n — 1} — {j} 

We can take the smooth function A : (—5, S) —> [0,1] such that 

6j(t) = A(t)[- {(n - 1)/ + 1} m] + (1 - A(t))(-m) = - {A(t)(n - 1)/ + 1} m. 

For each /i G {1,... , n — 1} - {j} with (n - l)k + fi G / U J, the (nk)-(nk) 
entry of Vfn-ij/b+Ai.m = *(^(n-i)A:+^,m) is equal to 

m. -(n - 2)[- {(n - I)/ + 1} m] - {(n - I)2/ - 1} m = -(nZ - Z - n + 1) 

And for each A/ / k and // E {1,... , n — 1}, the (nA;)-(nA;) entry of 
v(n-i)k,-\-fjL,

Jm is equal to (n — l)m. So we have 

&*(*) = A(t) {-(nZ - Z - n + l)m} + 

+ (1 - A(t))(n - l)m = - {A(«)(n - 1)Z + 1 - n} m. 

Hence, fij(t) - 6£(t) = -nm for all t. D 

By this assertion, ||v2|| = c""nm||^(0)||. When we identify NQ = R(n-1)1 

with XQ • NQ in the natural way, the metric of R(n~1)' induced from X is 
given by n(dyi H h rfj/?n_i)/)- Therefore, the image of zj^m is isometric 

to |tii1>m visim\ x [-Vn, Vn](n-1)z-s. a 

Prom the above lemma, the {(n — 1)1 — l}-chain zj^m is lipschitz. 
Let zm — Ylzi,J,rm where the summation is taken over all the pair 

(/, J) of subsets of {1,... , (n — 1)1} such that I U J ^ (f> and that / fl J = 
<f>.   As is shown in [5, pp.   239-240], ^(A/^^ x D/^^) is topologically 
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the {(n — 1)Z — l}-dimensional sphere JS
f(n~1)i~1. Hence, zm is a lipschitz 

{(n — 1)/ — l}-cycle. The following is an immediate consequence of Lemma 
3.1. 

Corollary 3.2. The {(n — 1)1 — 1}-dimensional volume mass^n^iy_i(zm) 
and the diameter diam{zm) of Zm are bounded above by some polynomials 
in m. 

We again fix one positive integer m, and define an (n—l)Z-chain um which 
bounds Zm as follows. For each pair (/, J) of subsets of {1,... , (n — 1)1} such 
that JU J 7^ 0, ID J = (/), we define a map u'j jm : A/?j)m x Dj^m x [0,1] —► 
XQ • HQNQ by u'jj^v.y.t) = XQ • (exptv)y for v E A^jr^, y E D/^^, and 
t E [0,1]. As before, we regard the map u'j jm as a lipschitz (n — l)Z-chain, 
and put u'm = "EJJ U'JJ^. We put 

□m = Uyi,...,y(„-i)«)6^e = R(n-1)' 
-enrn ^yk^e* 

for all k 

and define a map u'^ : nm —> XQ • HQNQ by u'^iy) = XQ • y for y E nm. 
Let um = u'm + u'm- Then um is a lipschitz (n — l)Z-chain which bounds zm 

(see Figure 2). 

4. Closed (n - l)Z-form Q and its norm. 

We identify R^-1)* with iVe as in §3. We also identify Ne with XQ • Ne 

in the natural way. Then the metric of R(n~1)/ induced from X is n(dyi + 
 hdy?    ^j), and the volume form of R^-1)' is n(n~~lW2dyi A- • -hdy^iy. 

Let TT : X —y C = XQ • MQNQ be the map given by 7r(7(t) • 51^2) = ^0 • 9192 
for t E R, gi E Me, and #2 E iVe- Let fi be the pullback of the (n — l)Z-form 
n(n-i)i/2dyi A ... A dy^^i on R(n-1)/ under the map V/OTT-.X —► Ne = 

B.(n-i)i (see Figure 1). (Notice that (Vf o n)(j(t) • 51^2) = 92 for t E R, 
gi E Me, and 52 € Ne. ) 

For x E X and vi,..., ^(n-i)i E TX(X), we denote by V(vi,..., v^^) 
the (n — 1)/-dimensional volume of parallelotope spanned by vi,..., v^.^. 

Definition 4.1. We define the norm \\£L\\x of ft at x E X to be 

lion f lfl(vi,--->V(n-i)f)l vi,---,V(n_i)/ €^x(x), 
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Lemma 4.2.      \\n\\x = exp(yf^^t)     for all x G h-l{-t). 

Proof. Let Me = K M A NA1- as in §3. As in Lemma 2.1, we put 

(/        * * t_ nr^i 
diagle  W2(n-i)i^     e  „V2(»-i)i^en\l 21 ^ 

—. t —. t       1 n^rw 
e     n^2(n-l)l       ^    e     ny/2(n-l)l    gny    2/      |   j 

for t G R. For y = fo,... .y^-i)/) G R^"1)', we put 

1 

ny = p -1 

/«-l '«') 

eiVe, 

/ \\ 1   / 

where ^ = (y(n-i)(k-i)+i,V(n-i)l£-i)+2i ■ • ■»V(n-i)fc) for each *• Notice that 
XQ ■ MQ is diffeomorphic to M A NA1. So we can take a diffeomorphism 
<p : R(«2-n)i/2-i x R x R(n-i)i ^ jf such that ^(rj ^ y) = ^. ij>(r)atny for 

r = (n,..., r^a.^/a.!) G R(»
2
-»)«/2-I, ^eR, and y = (yi,..., y{n_lV) G 

R^-1)', where tp : R(»a-n)'/2-i —^ M A iVA-1 is a diffeomorphism with 
ip(0) = Ini. Suppose that x = XQ • ip(r)atny = XQ • nyiip(r)at, y' = 

(i/i,--- .y(„-i)/)'and 

^(r) = diagiBi, h,..., Bh k) G M A NA-1, 

where each Bk is an (n — 1) x (n — 1) matrices. Then the relation between 
y and y' is given by the following : 

^i^f1 

Let 

ty. _ eN/2(n-l)I 

d 

t/„l 
(y')- 

biB; -i 

^ = dH {Xo ■n(»'i.-.»5-i.»S+«^+x.-*'(»-i)i)^W0*} «=0 

and ei = ei /||ei|| for z = 1,..., (n — 1)Z.   Then {ei,..., e^.^j} is an or- 
thonormal basis of the tangent space Tx(xo • il>(r)atNe). We put 

'H~\Bui. ),. (dyjy 
for     i = 1,..., (n — 1)/. 
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Under the identification R/71-1)* = XQ - iVe, {ei,..., e^.!)/} is an orthonor- 
mal basis of the tangent space TXo.ny (XQ - NQ). The restriction of the differ- 
ential (Vf o TT)^ of the map Vf o TT : X —> NQ = R(ri-1)/ to the tangent 
space TX(XQ - MeAQriy) is the zero map. And the matrix of the restriction 
{Vf o n)*\Tx(xo-ip(r)atNe) : ^(^o • ^(r)atJVe) —> TXQ.ny (xo • iVe) of the linear 
map (Vfon)* to Tx(xQ-il)(r)atNQ) with respect to the basis {ei,... ,e(n_i)i} 
and {ei,...,^.^} is 

Q = (qij) = eV^z^ 

\ biBf1; 

We suppose that V(vi,...,V(n_i)/)- ^ 0. Let {wi,...,W(n_i)j} be an or- 
thonormal basis of the subspace Rvi + • • • + Rv^iy of T(X)X.   Each 

Vfc is expressed as v^ = Ylj^i ^fcjwj? where every fiy is a real num- 
ber, and then, V(vi,...,V(n_i)/) = |det(^j)|.   For each fc, we can write 

wjb = w'fc + v"k, vf'k = Yli^i %»etj where every rjki is a real number 
and w'fc JL ei for all i. (Remark that ||w"fc|| ^ ||wfc|| = 1.) Noticing 
that TX(XQ • MeAeny) ± Tx(xo • ^(r)atJVe), we put v^ = v'^ + v"k : 
v'fc G ^(rro • Me-Ae%), A G ^(XQ ■ ^{r)atNe)^ Then 

(n-l)l (n-1)/ /(n-l)Z 

Let (Oj) = (&j)(%). Then v'^ = ELlV^Cibi/^. Hence 

(n-l)l 

(Vf o nUvk) = (Vf o 7r)„(A) =   53 CIM(P/ 
0 ^).(ci) 

i=i 
(n-l)J /(n-l)l \ (n-l)Z   /(n-l)l 

= 53 ^M 53 ^^)= 53   53 ^^ 
i=l \   z/=l / i/=l     \   i=l 

and 

«(»!, • • •, V(»-i)i) = detCCCi,) tQ) = e^""1)'/2* • det(^) • detfay)• 

We have 

l"(Vl'---'V("-1)'!1 = eVC^m*. |det(%)| 
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Since the equality holds when v'^   =   0 for all k,  we obtain  \\Q\\x   = 
ey/(n-l)l/2tm 

D 

5. Isoperimetric inequality on the complement of a horoball. 

Let 11: X —> X/F1 be the projection. If n = 2, HQ = MQ. And in this 
case, it is known that n(rz;o • HQNQ) is compact (see [15, §1]). In the case 
n ^ 3, n(xo • HQNQ) is not compact. In fact, we can show that the geodesic 
n o y : [0, oo) —► X/F' is a ray (i.e. dx/r>(H o y (i), n o y(*')) = |t - i'l 
for all t, <' ^ 0) for the following geodesic 7' : [0,00) —> X by the same 
argument in §2 of [14]. 

(5.1) 

Y(t) =xo-(expt\}) for i^O 

V = (dpe)-
l{-^=diag(-l,0,...,0,1,0,. 

2Vnl 
n-3 

...,-i,oL:^, 0,1,0)). 

n-3 

So, from now on to the paragraph including the formula (5.4), we suppose 
n ^ 3. And we "change" the direction of XQ • HQNQ in the horosphere 
C = XQ - MQNQ SO that it projects onto a compact subset of X/F'. 

First, we recall that HQ = M AA1- (§3). 
Let k7 be a totally real algebraic number field of degree n — 1 over Q such 

that k n k' = Q. We can take such an algebraic number field k' as follows. 
(The author learned it from Dr. C. Nakayama.) Let p be a prime such that 
p = 1 mod 2(n — 1) and that p is unramified in k|Q. Let Cp be a primitive 
pth root of unity. Then the field Q(Cp + C^"1) is a Galois extension of Q and 
totally real. Since the Galois group of Q(Cp + C^"1) over Q ls the cyclic group 
of order (p — l)/2, we can take a normal subgroup of index n — 1. Take the 
corresponding intermediate field. Then this field is the desired field k'. 

Let {oi,..., a'n_1} be an integral basis of k7 and 

n-l 
aiai := Yl h%a,s'i tilj E Z 

5=1 
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for i, j E {1,..., n — 1}. For each A; = 1,..., n — 1, let Bj. = f bfJ
ki), where 

the i-j element of B^ is b,J
ki. For Z = (zij) G gl(n — 1, C), we consider the 

following system of linear equations: 

(5,2) 

[Zil     zi2     • • •      ^n-l) = (^11     ^12     • • •      S^n-l) B^   B'i     ; 2 = 2,. . . n - 1. 

Let H(c gi(n — 1, C)) be the algebraic group defined by the system of 
equations (5.2) and the condition detZ = 1.   Let ^ = id.,^ • •. ,<f>n-i ' 

k' —> C be the distinct field embeddings, and S' = f ^(a-)) be the (n — 

1) x (n — 1) matrix. We define a representation pf : H —> gl(n — 1,C) 
by p'(Z) = S'^ZS' for Z E H. We also define an embedding L' : k' —► 
fl[(n - 1, C) by i'ia') = diag^iot'),^1),..., ^n_1(a

/)) for a' e k'. Then 
the group H is defined over Q, and Hz is isomorphic to the group U' of 
all units in the ring Ow of algebraic integers of k' under the map L'~ op1. 
(The group Hz is essentially the same as the transpose of the group K 
constructed in the proof of Proposition 10.4.10 of [5, p.237].) We remark 
that ^(Hz PI (HR)

0
) is a subgroup of finite index of L'(U').' Therefore, by 

the Dirichlet units theorem, HR/HZ is compact. Let 

H = | (Z   \    Z e H j C SL(n, C). 

Then H is an algebraic Q-subgroup of 5L(n, C). And the quotient HR/HZ 

is compact. By Borel-Harish-Chandra's theorem ([4, Theorem 12^], we 
have XQ(H) = 1, where -X"Q(H) is the group of Q-characters of H. By 
the construction of H, we have Xk/(H) = X(H) ^ Z71"2, where Xk/(H) 
(resp. X(H)^ is the group of k'-characters (resp. characters) of H. Let 
H = p~l o ^(H) be the group obtained from H by the restriction of scalars 
from k to Q as in §1. Since k fl k' = Q, the group Xk(H) of k-characters 
of H is trivial. Therefore, the quotient HR/HZ is compact by the Borel- 
Harish-Chandra's theorem. 

We put D = (det S')71-^'"1 if det S' > 0, 

V = (- det Sf)n~ldiag(-1,1,..., ^S'"1 

n-l 

if det S' < 0. Then, t) G SL(n- 1,R). Let R = p-l(diag(D, 1,... ,D, 1)) E 
Me. We have M A = ^(HR)

0
^"

1
, R-

1
MQR = Me, and R^NQR = Ne- 

Each element of A1- commutes with R. We put A = Hz C F ■= Gz- 
Then the quotient XQ • JR~1M AR/Ii is compact.   Since [F : JT'] < oo, we 
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can assume that A C F' by replacing it with its subgroup of finite index if 
necessary. 

According to the Dirichlet units theorem, the group U of all units in O^ 
is isomorphic to the direct product W x Z*-1, where W is the finite cyclic 
group of even order consisting of all roots of unity in U. We take a set 
{vij..., vi-i} C U of generators of Z'"1 under the above isomorphism. For 
each i € {1,...,/ — 1}, let aij be the element of F fl A1- given by 

(5.3) 
01,1 = P 1(diag{m},...,mli)), 

mf = diag{(j)k{vi)-1,..., ^(t*)"1. ^k(vi)n~l) \k = l,..A, 

and where each m^ is an n x n matrix such that its n-n entry is ^i(^i)n~1, 
other diagonal elements are all equal to ^i{vi)~l. 

Recall that {ai,..., a/} is an integral basis of k. 
For each i G {1,..., n — 1} and j G {1,..., Z}, let 02,2,7 be the element of 
F fl iVe given by 

(5.4) 

/ 

V2M = P 
-1 

fin- 
1 

\ 

Jn-l *^/ 

\ 1 

\ 

/ 
^^^(O^.-.O^jbCa^O.-^O) : fe = l,...,/, 

where the i-th entry of {* • is (pki&j) and other entries are all equal to zero. 
Since [F : -T'] < 00, we can assume that ai^, (J2,i j ^ ^ for all i, j by replacing 
them with their powers if necessary. We denote by A' the subgroup of F' 
generated by 

A U {<7M \i = 1,... ,Z - 1} U \ a2fij 

Then R~lHoN®R/Af is compact, and hence Il(xo-R~1HQNeR) is compact. 
In order to simplify the succeeding description, we also put R = I21 in 

the case n = 2. 
We define a diffeomorphism S : XQ • HQNQ —> xo • R^HQNQR by 

S(rro • 5132) = #0 • R''19i92R for 01 G ^0, 52 G iV©. We remark that 
both HeNe and R^HSNQR have group structures. The map S is a bilip- 
schitz diffeomorphism between the Riemannian manifolds XQ • HQNQ and 
#0 • R^HeNeR. 
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Now we define a new {(n — 1)/ — l}-cycle Zm (resp. (n — l)Z-chain Um) 
by Zm = S o zm (resp. Um = Eo um) for each positive integer m. 

Lemma 5.5. The pullback of the restriction of fi to XQ • R~
1
HQNQR un- 

der the map E is identical with the restriction of Q, to XQ • HQNQ : i.e. 

Z>*(tt\xo.R-iHeNeR) = ^Ixo-HeNe- 

Proof. Let riy for y = (j/i,... ,y(n-i)/) ^ R^-1^ as in the proof of Lemma 
4.2. 

We define a linear map R : R/71"1)' —► RC^-
1
)^ by 

*y for y E R^71"1^. 

5-1 

9 = gm € ffeiVo, 

(5.5.1) { gi=p-1{diag(Bul>u--',Bhbi))eHe, 

g2 = riy G JVQ, 

where each JB^ is an (n — 1) x (n — 1) diagonal matrix. Then we have 

R^gR = p-^diag^Bi*, 6i,..., t)"1^, b^n^ 

and Vf(xQ • fl-^i?) = fly. So, 7^/ o S = R o Vf. 

r    \ Since det • • = 1, we obtain 

V        ' W 

= ^/(^UoiVe) = ftlxo-HeNe- 

Definition 5.6. We define the injectivity radius Injradx at x G X to be 
the injectivity radius at U(x) on the Riemannian manifold X/F' : i.e. 

Injradx = -min{dx(x,x • a)\a e F^a ^ id.} . 
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Lemma 5.7. There exists a positive number C such that the following 
holds for each t E R : 

-t 

Injradx ^ Ce^U^W 

for any point x on the horosphere h~l(—t). 

Proof._Let G = p-^OSXfr - 1, CtfyP be as in §3. We put r^= F^n G. 
Since F' is an arithmetic subgroup of G, the double coset classes PQ\GQ/^, 

are known to be finite by Borel [3]. Let efi,... ,0V be a complete represen- 
tative system of PC^GQ//

7
. We assume the following. 

(   71) f Pfa) = diag((f>i(ci), 1,..., ^(q), 1), 

1 Ci G SL(n — 1, k)     for i = 1,..., v. 

We remark that the horosphere 

h~l(-t) = :ro • MoatNo = xo-MA NA-LatNe 

is invariant under the right translation by each element of Me. 
By virtue of the BorePs result ([3]) on the fundamental open set for F' 

combined with the use of the action of the group generated by 

{<7i,i|i = !,...,/-1}, 

we can assume the following. 
(5.7.2) There exist positive constants Ci,C2,C3,C4 such that the following 
holds. For any x G h~l{—t), there exist fi G {1,..., z/} and x' G h~l(—t) of 
the following form such that n(a;) = n(a;/) : 

(5.7.2.a) x1 = XQ • 02030^040*%, 

(5.7.2.6) 

^ = P"1(rf*a0(i9i1,.--,i9i-i,l, ,i9i,---X-iil)) 
x p""1(diag(Ki,...,/cn^i,l, ,«i,... ,^-1,1)) G M A; 

n-l l 

$>0 foralli,*; JJ/3f = 1 for all fc; JJ 0? = 1 for alii; 
i=l A:=l 

«i > 0 for all i; /^i ^n-i — Ij 
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(5.7.2.c) _ 
33 =p~.1(dta0(ni,l,...,ni,l)) e N, 

'1 

where each rife = 
^ 

iy 
is an upper triangular, real (n — 1) 

x (n — 1) matrix such that its diagonal entries axe all equal to 1, 

Ki 
— ^ Ci     for all i, 

(5.7.2.d) 

54 = p-^diagfa, ...,qu {qi)1'71, ,«,...,«, (ft)1-*1)) € A"1, 

(5.7.2.e) 

(5.7.2.f) 

(5.7.2.g) 

(5.7.2.h) 

fc|gC73     foraUt.i.fe, 

-pr = Qk = C^     for all A:. 
04 

For each i, we can find an element d^ of k72"1 such that Cj^dj) = 
*(!, 0,..., 0), because q E 5L(n - 1, k). By replacing Oi,..., t)^ with their 
constant multiples if necessary, we can assume the following. 

(5.7.3) 
There exist positive integer C5 and elements di,..., d^ of 

(Ok)71"1 such that Ci(%) = '(C^O,... ,0) for t = l,...,i/. 

Let y^ = (^i(t)j),..., 4>i(bj)) ; i = 1, • • •, ^, where each ^ : k71-1 —)► Cn_1 

is the natural linear map induced from ^. By replacing riy^ ... ,nyu with 
their powers if necessary, we can assume that 

(5.7.4) nyi 5 • • • 5 nyis £ ^ • 

Let #2ff3 = P l{diag(Bi11, ...,BU I)) and x' = XQ' ny gigzo^g^t- Then 
we have 

/(<Zi)n£i M(c/i) 
*../ y'   _   g       V'2(n-1)( 

(«)nsj/ V 

\ 

<t>i{tn)) 
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where each fa : SL{n — 1, k) —> SL(n — 1, R) is the natural homomorphism 
induced from fa. So, if x' • ny^ = XQ - ny//3253^54«*, then we have 

V-y') 

x ^.O.-.-.O, ,C5,0,...,0) 

= C75e  v^(^l)(*((gi)^l/3li,o,...,0, ,(a)nKii8i,01...>0). 

Hence, 

Injradx = Injradxi 

S 2dx(x,i xf' ny/x) = 2dx(Xo' ny'i XQ' ny") 

^ l^e'TicfcTv^^n x {(gi^GSf)2 + ■ ■ • + (a)2*^)2}. 

Prom (5.7.2.e) and that «i /cn_i = 1, we have KI ^ (Ci)71/2"1. Thus 
(5.7.2.f) and (5.7.2.h) imply that 

Injradx ^ ^Cde~^n'^ (Ci)^2"1 y/n x {(C4)2n(C2)2 x 1} 

Therefore, it suffices to put C = ^{Ci)n/2-lC2(C^nC5VnL D 

Concerning the function / : X/F' —> R in §1, we have 

U(x0 • R^HeNeR) C rHi^h]) 

for a sufficiently large ti > 0, because n(a;o ■ R^HeNeR) is compact. Let 
X, = /~1([to, h]) and e:i > 0 be the minimum of the injectivity radii on X*. 
From Lemma 5.7, we have Xf D /i~1((—oo, — £2)) = 0 for a sufficiently large 
£2 > 0. Hence it suffices to consider the isoperimetric inequalities on the 
complement of the horoball /i~1((—00, — £2))- 

Lemma 5.8. For any lipschitz (n — l)l-chain ll'm in X — h~l((—00, —£2)) 
which bounds Zm, we have 

mass^yiU'm) ^ 2^-lMn-^l2e-y^ZT^^ ■ e»(»-i>'™ 
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Proof. Since H(n-1)/(X-/i-1((-oo, -fe))) = 0, we can take an {(n - 1)/ - 1} 
-form u such that ft = du;. Lemma 5.5 implies that 

f   n= f (j= f n= f    n= f z*n= f n 
JU'm JZm JlAm JZoUm Jum JUm 

_ n(n-l)//2/2enm\(n-l)/ _. 2(n-l)/n(n-l)Z/2en(n-l)/-m> 

Prom Lemma 4.2, we have 

||n|U ^ eV^-Wata for all ^ G X ^ /^((-oo, -fe)). 

Hence, 

= 2(n"l)/n(n~l)//2e~1/(n-l)//2*2 . en(n-l)/.mB 

D 

We are now ready to prove the theorem. 

Proof of Theorem. We know by Corollary 3.2 that mass^i^Zm) and 
diam{Zm) are bounded above by some polynomials in m, because 5 is a 
bilipschitz diffeomorphism. This and Lemma 5.8 imply that the isoperi- 
metric inequality does not hold on X'. Therefore, F = SL(n, Ok) is not 
combable. Q.E.D. 

Remark. The isoperimetric inequality for Zm's does hold on the whole 
space X: Move Zm along the geodesies orthogonal to the horosphere C and 
fill the resulting cycle Z'm. The locus of the cycle Zm and the chain filling 
Zf

m give us the desired chain. In fact, the fundamental groups of compact 
manifolds of nonpositive curvature are known to be combable (see [8]). But 
in the above process, we must move Zm a distance about a constant multiple 
of m along the orthogonal direction. If m is large, the chain Zm crosses the 
horosphere h~l(—£2) on the way to Z'm. Therefore we cannot make this 
construction when we remove the horoball /i~1((—00, —i2))- 
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