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Non-combability of Hilbert modular groups

TOSHIAKI HATTORI

Introduction.

In the recent study of finitely generated infinite groups, important classes
of groups have been defined and introduced by J.W. Cannon, M. Gromov,
D.B.A. Epstein, D.F. Holt, S.V.F. Levy, M.S. Patterson, and W.P. Thurston:
hyperbolic groups ([12]), automatic groups, combable groups ([5]), etc.. It
has turned out that many well known classes of finitely generated groups
belong (or do not belong) to them ([5, 8-12]). But so far not much seems to
be known for arithmetic groups except the cocompact lattices in R-rank 1
semisimple Lie groups (which are Gromov hyperbolic). First we recall the
known results:

(1) The group SL(n,Z) is hyperbolic if n = 2 [11], and is not combable
if n 23 ([5])-

(2) For the ring O of algebraic integers of each imaginary quadratic num-
ber field, SL(2,0) is automatic, because it is the fundamental group of a
noncompact complete hyperbolic 3-manifold of finite volume, so is geomet-
rically finite ([5]).

(3) Let d = 2 be a square-free integer and @ = O(V/d) the ring of
algebraic integers in the real quadratic number field Q(v/d). Then the group
SL(2,0) is not biautomatic ([10]).

In this article, we show the following.

Theorem. Let k (# Q) be a totally real algebraic number field and Oy the
ring of algebraic integers of k. Then the group SL(n,Ox) is not combable
(therefore, not automatic) for n 2 2.

Remark. (1)There are several distinct notions of combing (see [1, 5, 8]).
We claim in the above theorem that SL(n,Oy) is not combable in the sense
of Epstein et al. ([5]).

(2) The case n = [k : Q] = 2 is one of the questions raised in [10]. And
this gives the first example of arithmetic subgroups of Q-rank 1 algebraic
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groups which are not combable. It seems that the description in [13, §3.H]
is related to this case.

One of the central ideas in geometric group theory is that if a group
acts isometrically, properly discontinuously, and cocompactly on a geodesic
proper metric space, the geometry of the space affects the combinatorial
nature of the group. The most natural space on which the arithmetic group
SL(n,Ok) acts is probably the corresponding symmetric space X. Unfortu-
nately the quotient space is not compact in this case. But we can consider
the submanifold X’ obtained by removing the portions corresponding to the
ends of the quotient. In fact, Epstein and Thurston ([5]) investigated such a
submanifold of the symmetric space SO(n)\SL(n,R) in the case SL(n,Z)
(n 2 3). We clarify the geometric meaning of their argument and apply the
method to wider classes of arithmetic groups.

They showed the following general result ([5, Theorem 10.3.5]): If a
combable group acts on a k-connected Riemannian manifold, there exists a
positive constant C' with the following property. Let z be a lipschitz k-cycle
in the manifold. Then there exists a lipschitz (kK + 1)-chain u, such that
Ou = z and that massg41(u) £ C - diam(z)massk(z), where mass; is the
i-dimensional volume for 7 = k, k + 1 and diam(z) is the diameter of z.

Thus the problem turns to finding a k-cycle z,, for each positive integer
m such that the volume of z,, grows much faster than the infimum of the
volumes of (k + 1)-chains filling z, as m goes to infinity. And this is a
matter of geometry of nonpositively curved manifolds.

In this part, the most important points of their argument are the follow-
ing:

(1) The cycles z,, are constructed in a horosphere with respect to some
suitable geodesic.

(2) In order to estimate the infimum of the volumes of chains filling 2,
they used a bounded closed differential form on the submanifold.

First we explain the former briefly. Horospheres in higher rank sym-
metric spaces have interesting metrical property while every horosphere
(equipped with the induced Riemannian metric) in manifolds of constant
negative sectional curvature is just the Euclidean space. For example, the
typical horosphere in the Riemannian direct product H x H of the upper
half planes, where each factor { has constant sectional curvature —1/2, is
isometric to R® equipped with the metric ds? = e*dz? 4+ e *dy? + dz>. Let
Sop be a regular square in the zy-plane such that one pair of its opposite
edges is parallel to the z-axis, the other pair is parallel to the y-axis, and
all the edges have length 21/2e?™. If we push upward (resp. downward) Sy
along the z-axis till the z-coordinates change to 4m (resp. —4m), then the
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length of the edges parallel to the y-axis (resp. the z-axis) of the resulting
rectangle S, (resp. S_) is equal to 2/2 (see Figure 2 in §3). By using this
property, we can construct 2-chain whose area is much larger than the length
of its boundary. The situation is the same for SO(n)\SL(n,R). In case of
other symmetric spaces, if we take a geodesic 7 in some suitable direction,
we can describe the metric of the horospheres with respect to vy by using the
Langlands decomposition of the (standard) maximal parabolic Q-subgroup
(Lemma 2.1).

Concerning the latter, we use the pullback of the volume form on the
unipotent part of the Langlands decomposition (see §4). Since this form
is not bounded on the whole space X, we need to know the structure of X’
near its boundary to some extent. In the case n 2 3, the structure of the
end of the quotient is complicated, and we cannot know X' explicitly. But
we can compute the norm of Q explicitly on each horosphere (Lemma 4.2).
So it suffices for our aim to prove that the submanifold X’ is contained in
the complement of a horoball with respect to y. We show this by estimating
the supremum of the injectivity radii on each horosphere (Lemma 5.7).

The organization of this paper is as follows. In §1, we take a finite index,
normal subgroup I"” of I' = SL(n,Ok) and find a submanifold X’ of the
corresponding symmetric space X on which I" acts cocompactly. In §2, we
take a geodesic v and describe the horospheres of X with respect to < in
terms of parabolic subgroups. We construct (preliminary) cycles zp, in §3 (,
which we replace by new cycles Z,, in §5). In §4, we define a closed form Q
on X and compute its norm. In §5, we complete the proof of Theorem by
finding a lower bound of the volumes of chains filling Z,,.

Notation.

(1) We denote by C, R, Q, Z, R*, C* the set of the complex numbers,
the real numbers, the rational numbers, the (rational) integers, the
positive real numbers, the nonzero complex numbers, respectively.

(2) For any algebraic group H defined over Q, we denote by Hg, Hq, Hz
the group of real points, rational points, integral points, respectively,
of H. And for any algebraic group H (resp. Lie group L), we denote
by H? (resp. L°) the identity component of H (resp. L) in the Zariski
topology (resp. in its topology as a Lie group).
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1. Preliminaries.

Let k be a totally real algebraic number field and Ok the ring of algebraic
integers of k. Let I = [k : Q] 2 2 be the degree of k over Q. Then the
group SL(n,Oy) acts isometrically on the Riemannian product of | copies
of the symmetric space SO(n)\SL(n,R). In this section, for the argument
of the remainder sections, we regard SL(n,Ox) as the group I' = Gz of
integral points of a certain algebraic Q-group G. The general reference of
this section is [18, Chap.6].

We recall that k = Q(6) for some algebraic number 6. Let 6y,...,0,
(01 = 0) be the [ distinct roots of the minimum polynomial of 6 over Q.
For each i = 1,...,l, we denote by ¢; the field embedding k — C such
that ¢;(0) = 0;. We remark that ¢; = id. and that each ¢; can be extended
to a field automorphism C — C. Let {oy,...,0} be an integral basis
of k: iie. Ok = 2Za;+---+Zoy, k = Qa; +--- + Q. For each ¢,5 €
{1,...,1}, let oy = Sk, bk ; bY; € Z. We denote by I, the n x n-matrix
diag(1,...,1) and put

¢1(a1)lp d2(aa)ln -+ di(ar)lyn
S = (¢5(0i)Ia) = ¢1(0:2)In ¢2(0:‘2)In ¢l(0l:2)-’n ’
¢1(c)n  d2(u)ln -+ di(eu)In

Be= (W) sk =1,...L

For each k and h = (hyj) € SL(n,C), we denote by ¢i(h) the element
(#k(hij)) of SL(n,C). We define a faithful representation ¢ : SL(n, C) —
GL(nl,C) by

t(h) = diag(¢p1(h), ..., di(h)) for h € SL(n,C).

We also define another faithful representation p : SL(nl,C) — GL(nl,C)
by p(g9) = S~!gS for g € SL(nl,C). Let gl(nl, C) be the set of (nl) x (nl)
complex matrices. For

Zu Ziz - Zu
Zoy Zoy - Zy

Z = (Zj) = € gl(nl, C),

Zn Zp - Zy
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where each Z;; is an n X n-matrix, we consider the following system of linear
equations:

(1Y) (Za Zi ... Zu)=(Zu Zi2 ... Zu)B{'Bi;i=2,...,l
We also consider the following equations:
(1.2) det(prop(2))=1;r=1,...,1,

where p, : gl(nl,C) — gl(n,C) is the map defined by p,(Y) = Y,, for
Y = (Vi) € gl(nl,C). Let G (C SL(ni,C)) be the algebraic Q-group
defined by the equations (1.1) and (1.2). Then G is “the group obtained
from SL(n,C) by the restriction of scalars from k to Q” in the sense of [19,
Chap.]]. And we have G = (p~! 04)(SL(n,C)), Gz = (p~! 0 )(SL(n, Ok)).
We put I' = Gz and identify I" with SL(n,Oy). We also have

Gr = p ! ({diag(By,...,B))|By,... ,B, € SL(n,R)}).

The group Gp is isomorphic to the direct product of I copies of SL(n,R).
Let
K = p_l ({dzag(Kla cee aKl) | Ki,...,K € SO(n)}) :

Then K is a maximal compact subgroup of Gr and is isomorphic to the
direct product of | copies of SO(n).

We put X = K\GRr, and give it the standard metric induced from
the Killing form of the Lie algebra of Gr. Then X is isometric to the Rie-
mannian product of ! copies of SO(n)\SL(n,R) equipped with the standard
metric. (Notice that SO(2)\SL(2,R) has constant sectional curvature —1/2
when we give it the standard metric induced from the Killing form.) The
discrete group I" acts isometrically on the symmetric space X from the right.
We take a torsion-free, normal subgroup I" of I" of finite index.

By Raghunathan’s construction ([17]), there exists a I'-invariant smooth
function f : X — R such that the induced smooth function f on the
quotient manifold X/I" satisfies the following conditions: (1) f is proper,
(2) f has no critical points outside some compact subset, (3) the image of
f is [to, 00) for some positive number .

Then, for sufficiently large ¢t > 0, f~!([to,]) is a deformation retract
of X/I"". If we put X; = f~!([to,t]), X; is a submanifold of X such that
7i(X;) = 0 for all s 2 0. We put X' = X, for a positive number ¢; which we
determine in §5. The group I' acts isometrically, properly discontinuously,
and cocompactly on X'.
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2. Horospheres.

We take a maximal Q-split torus T of G defined by

T=p—1({diag(:817-" 7ﬂn7 """ 1.617"' 7ﬂn)|:81 """ ,anl})
For each k =1,... ,n — 1, we define the map ¥} : T — C* by
i\k(a’) = :Bk for a = dzag(ﬂl) ,,Bm """" 7:817“' ,,Bn) €T,
and put xx = ?Xk . The set of Q-roots of G with respect to T is
k+1
QX = {¥ ii=1,... ,n;i;éj}.
Xj
We can take Xt = {% z'>j} and QA = {x1,---,Xn-1} a8 a
i)

system of positive roots and simple roots respectively. Then the stan-
dard maximal parabolic Q-subgroup Pg corresponding to the subset ® =
{x1,--- ,Xn-2} C QA is given by the following:

Po = MgTgUe,

R | . 1-n
=p ({dzag(ﬂa“'7ﬁaﬂ P

n—1

* 7ﬁ7"' 7ﬂ7ﬂ1~n)|ﬂe C*}) 7
—_——

n—1

Mo =
By is an (n — 1) x (n — 1) complex

p~ ! | { diag(By,by,... ,B;,b) | matrix, b € C*, and (det By)by = 1 ,
for all k; (det By) ++++- (det B) = 1
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_1 ) ¢k e 1 for

k=1,...,1 ’
In—l t(&l)
1

where I, is the (n — 1) X (n — 1) unit matrix. The group MgTg is the
centralizer Z(Tg) of Tg in G. We put
Mo = (Mo)r)° =
By isan (n—1) X (n — 1) real
p! diag(B1,b1,...,B,by) | matrix, by > 0, and (det Bg)bx =1
for all k; (det By) - --- - (detB;)) =1

b

Ao = ((To)r)°

) p_l ({diag(q, e ,q,ql—n’ ------ 1 Gy e ,%ql—n) lq g 0} ,)
N — N e
n—1 n—1
No = (Ug)r
I'n,—l t({l)
1
B ¢F e R"! for
= p .'. '
k=1,...,1
In—l t(él)
1

Then (Pg)r = (Me)rAeNe is a Langlands decomposition of (Pg)r.
Since it is well known that Gr = K(Pg)r, we have Gg = K-MgAgNe.
Let zo be the coset (in X = K\Gg) of the identity element. Then we have
X =z¢ - MgAgNg.
We take a geodesic along the Ag-orbit of zo. Let ag be the Lie algebra
of Ao. Let

V=

1
dpe) ™t | —=—=—==diag(-1,... ,~1,n—1,...... ,—1,...,~1,n—1
(dpe) (n 1) iag( n n ))

€ de,
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where dp, is the differential of p at the identity element e. We define a unit
speed geodesic «y : [0,00) — X by y(t) = zo:(exp tV) for ¢t 2 0. Let h., be the
Busemann function with respect to vy : i.e. hy(z) = limo0 {dx(z,7(t)) — t}
for z € X, where dx is the distance on X ([2], [7]).

Lemma 2.1. The horosphere h; 1(t) is given by h1(t) = zo - a_tMoNo,
where

—_—t —_—t _t [n1
a_t - exp(_tv) — p—]. (diag (englz(n—l)l yen- ,en\lz(n-l)l , e n 21 yoen

£ £ _t [n=1
,en\/Z(n—l)l,”‘ ,en\/Z(n—l)l,e n 2! .

In particular, the horosphere through =z is hZ 1(0) = z¢ - Mg Ne.

Proof. Let P(nl,R) be the set of all positive definite, symmetric matrices
contained in SL(nl,R). We identify P(nl,R) with the symmetric space
SO(nl)\SL(nl,R) in the usual way : i.e. SL(nl,R) operates transitively
on P(nl,R) by conjugation (z* - h* = *h*z*h* for z* € P(nl,R), h* €
SL(nl,R)), and the isotropy group of z§ = I,; = diag(1,... ,1) € P(nl,R)
is SO(nl). We define a totally geodesic embedding F' : X = K\Gr —
P(nl,R) by F(Kh) = *(p(h))(p(h)) for h € Gr ([6], [16]). Then the pull-
back of the Riemannian metric of P(nl,R) under the map F is identical
with the original Riemannian metric of X multiplied by /. Hence the speed
of the geodesic F o : [0,00) — P(nl,R) is vI. We define a unit speed
geodesic v* : [0,00) — P(nl,R) by

t t
*(t) = = F(zo-exp —=V
YH(t) = ( 7 )
— b [ VAGoD
—dzag(e nl eeo,e ™ e Al b
—t [ 2 \/mt
, € nl\/ n— ,e nl nl

for t 2 0. Let h}. be the Busemann function (on P(nl,R)) with respect to
the geodesic v*. Then we have h,(z) \/_ h3.(F(z)) for z € X. We take
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the element V* of the tangent space Ty« (P(nl,R)) defined by

V' = F,(—=V)

Vi

=1, =1,n—1).
N e’

n—1
We also take the permutation 7 of (nl) letters defined by the following :

T(kn+b)=k(n—-1)+b for k=0,1,...,l—1
andb=1,...,n—1

T(kn) =1l(n—-1)+k for k=1,2,...,L.
Let A* be the group of diagonal matrices in SL(nl, R) with positive entries.
For each k = 1,... ,nl — 1, we define the map x} : A* — R™ as follows.
* [ % ag * . *
Xi(a*) = —— for a* = diag(ai,... ,an) € A™.
Q41

For z* = (zi;) € P(nl,R), we denote by Ag(z*), the (k x k)-minor deter-
minant in the top left corner. And for each (nl) x (nl)-matrix Z* = (z;),
we denote by Z* - 7 the matrix (z7(;)r(j))-

Then, from Lemma 2.5 of [14], we obtain

-1
By (F(ao -9)) = nl -log [T { (Ae(F(zo- g) - 0)) 4"},
k=1

where dxj, is the differential of x;. We have dxj (V* - 7) # 0 if and only if

* * — 1
k= (n — l)l, and then, dX(n_l)l(V . 7') = —m Therefore,
n
ho(2o - g) = ——nlog A1y (F(z0 - g) - 7).
7(20 - 9) TCR T i (F (2o - g) - 7)

We notice that X = zo- MgAeNg. Let
g1 = p_l(dia'g(Blabla e Bhbl)) € M@)

92 = p~(diag(q,... ,q,4" " ...... '@y, 8,4 ™)) € Ao,
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In—l 61
1
gg=p" € No,
In—l £l
1
and g = g19293- Then we have
¢*(!B,B1)
.
F(.’L‘()-g)-7'= qz(thBz)
*% | * % %

So Apm—1y(F(zo - 9) - ) = ™D and hy(zo - g) = ny/2(n—1) logq
Therefore, we obtain h L(t) = zo - a_tM@N@

3. {(n — 1)l — 1}-cycle z, and (n — 1)i-chain uy,.

The horosphere £ = h7 1(0) = zo - Mg Ng has a fiber bundle structure
: we define the projection map Py : L — z - Mo by Ps(zo - g192) =
zo - g1 for g1 € Mg and g, € Ng. We regard Ng as R~ D! by identifying
(yh s ay(n—l)l) € R(n—l)l with

In—l t(gl)
1

p—l € N@,
In—l t(El)
1

where ¢F = (Y(n—-1)(k=1)411 Y(n—1)(k=1)+2> - - - » Ym—1)&) for all k. We define a
map Py : L — Ng = R ™Dl in the direction of the fibers by Pr(zo-9192) =
g2 for g3 € Mg and g2 € No. In this section, by using this fiber bundle
structure of £, we construct a lipschitz {(n — 1)l — 1}-cycle z,, for each
positive integer m ; we also construct a (n — 1)I-chain u,, whose boundary
is zp,.

First, we decompose the group Mg. By identifying diag(By,..., B;),
where Bj,...,B; € SL(n — 1,C), with diag(B,1,...,B;,1) € p(G), we
can regard the direct product (SL(n — 1,C))! as a subgroup of p(G). Let
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g ‘1((SL(n —1,C))"). Then G is an algebraic Q-group. We put
K = KNG. Let AL be the center of Mg :
At =p71({ di s L, o Qg (@)™
p~ ({ diag(q: : q1, ()" a : a, (@) ")
n— n—

lgp >0 forallk, g, - a=1}).

Then we have Mo = (Gr) - A' and K N Mg = K. The space z; - Mo is
isometric to the Riemannian direct product (SO(n — 1)\SL(n — 1,R))! x
R!~!, where each SO(n — 1)\SL(n — 1,R) (resp. R'~!) is equipped with
the standard metric multiplied by n/(n — 1) (resp. the standard Euclidean
metric). Let P be the standard minimal parabolic Q-subgroup of G with
respect to the maximal Q-split torus T = TNG of G. As in the case of Pg
in §2 we decompose P as P =M T U, and put

= (MR) =p_1({diag(qla s 1q'n—1, 11 ''''' aqlla ey q'fz—la 1)
each q; is a positive real number ,
n—1 ) l . )
Hq; =1 for all i,Hq;- =1forallj ("’
j=1 =1
= (TR)O =P—1({diag((117 ceeyQqn—1, 11 """ yq1y---3qn—-1, 1)

each g; is a positive real number , )
gL Gn-1=1 ’

No =TUgr
4 1 ﬂz \
each my = is
p~ 1| { diag(my,1,...,m;,1) 1 '
an upper triangular, real,
\ (n—1) x (n — 1) matrix ]
Then we have Mg = (GR) - At =K M A NA*.
Let
Ho =M AAt =
g; >0 for all 4,qgpq1 -+ - Qkn4n =1
=p! diag(q1,--. ,qn1) for k=0,1,...,l—1,

qn - q2pn """ qn =1
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X
Q
|
the image Ps -
of 21 7.m C2o-HoNoC L —— No=RU"D'>50,,,
l n("—l)l/2dy1 /\/\dy(n_]
Ps

exp

H-2ho 2B Ho = 29-Ho C 20 Mo

U
Argm

Figure 1: The construction of the chain 27 j., and the form Q.

(Remark that Hg = Mg if n = 2.) Then the restriction of Py to zo - Ho No
is also a fiber bundle.

From now on to Corollary 3.2 exclusive, we fix one positive integer m. We
define 2z, as a union ) z1_jm of {(n — 1)I — 1}-chains, where the summation
is taken over all the pair (I, J) of subsets of {1,...,(n — 1){} such that INJ
is the empty set ¢ and that TUJ # ¢. We fix one such pair (I, J) and define
the {(n — 1)l — 1}-chain z; s, as follows (see Figure 1).

Let ho be the Lie algebra of Hg and

H = {(hl, ceey h(n-l)l) € R(»-1 |h1 +--- + h(n—l)l = 0}
be a hyperplane in R(®~D!, We define a map ® : H — ho by

®((h1,- -+ hn—1y)) =
p Y(diag(hy,..., hn_1,—(h1 + -+ Bn_1),. .-
e Py k=1)+15 - > Bn—1)ks = (An—1) (k=141 T+ R(a—1)k)5 - - -
e by =415 - s Bn—1) = (A-1y =141 + - F+ R(n—1y)))-

This map ® is a lipschitz diffeomorphism when we give hg the inner product
induced from the Killing form of the Lie algebra of Gr. We define (n — 1)!
points wi m, ... ,Wr_1),m of H as follows : for each £ = 0,...,l —1 and
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j=1,...,n—1,let

W(n—1)k+jm
=(-my.uen.... ,—m,—{(n—-l+1}m,...,—{(n—1)l+1}m,
{n-12-1}m,~{(n—1)l+1}m,...,—{(n—1)l + 1} m,

where the i-th entry for (n—1)k+1 <4 < (n—1)(k+1) withi # (n—1)k+j
is — {(n — 1)l + 1} m, the {(n — 1)k + j}-th entry is {(n — 1)2l — 1} m, and
the rests are all equal to —m. We put v; ;, = ®(wim) fori=1,...,(n—-1)L
Let TUJ = {i1,... ,is} 141 < ... <1s. We denote by A s, the simplex
whose vertices are Vi, m,... ,Vigm : 1.6. Arjgm = |Viym -+ Vi;m|- Let
Or,7,m be the {(n — 1) — s}-dimensional cube in Ng = R™ D! defined by

Or,0m =
y=e"mifiel
W15+ Ym—1y) ERM N =Ng |yj = —e"ifj€J
— My Se"ifkgIUT

We define the map 21, 7m : A1,5m % Or,m — %o - HoNe by zr,5m(v,y) =
zo - (expv)y for v € A jm, y € Or,5m- By considering the standard sim-
plicial decomposition of Ar jm;m X Of jm, we regard the map z7 ;, as an
{(n — 1)l — 1}-chain (see Figure 2).

Lemma 3.1. The image of z1 jm, (equipped with the induced metric from
X ) is isometric to the direct product of the simplex |v;; m « -+ - Vi, ,m| and

(v, )i,

Proof. Any C*®-curve ¢ : (—4,0) — zo - HoNo
21,7,m can be written as c(t) = zo - ¢(t) by a curve
HgNg such that

> ) in the image of
(=0

(0
C: ) — HgNg in

p(c(t)) =diag(eb%(t), e ® ,ebll(t),... ,eb%(t))
I Y(E'(1)
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So

AN

Figure 2: (n=101=2)

for ¢t € (—9,4), where all £¥(t) = (£k(¢),... ,&5_,(t)) (resp. bf(t)) are C°°-
maps (—4,8) — R™! (resp. C*-functions on (—4,4)), and 37  b¥ =0
for all k. Since the right translations are isometries, we take the following
element g of Hg Ng and put ¢(t) = ¢(t) - g = z¢ - ¢(t)g.

p(9) =diag(e"bi(0), .o ,e_b'l‘(o), ...... ,e"bll(o), e ,e_bh(o))
In—l tCI
1
X b
Iy ¢
1

¢k = (_eb’f(o)—bﬁ(o)dc(o), L ebﬁ_l(o)—bﬁ(o)d:_l(o)) fork=1,....1

We remark that ¢ : (—6,d) — zo - HoNg is a curve such that ¢(0) = zo.
Since

Bl(t)  ‘(n'(¥)
eb111 (t) _b‘}l (O)

ct)g=p"" :

B(t) ‘n'(t)
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where,
B*(t) = diag(et®-b1(0) | ehn1(0-b7_,(0))

and
1 () = (1O (eh (1) — £8(0)), .., Ph1 O8Ok (1) — £5_,(0)))

for k=1,...,1, we have

2 @ve)| =

t=0
(BY)'(0) {®")(0)}
(BL)'(0)
(dpe)—l
(BY©O {0y
(84)'(0)
and
(") (0) = (MO0 (eky(0),...,ta1 OB O ek _ ) (0))

for k =1,...,1. Let g (resp. &) be the Lie algebra of Gr (resp. K). We
identify the tangent space T,(X) with the orthogonal complement p of &
in g with respect to the Killing form of g. Under this identification, we can
express the tangent vector ¢(0) = v as follows:

vVv=vy+vy v E TZO(:L‘O . Me), v € Tzo(mo . N@),
v1 = (dpe) ™! (diag((81)'(0),- .- , (B2)'(0), - - (®4)'(0), - .- , (85)'(0))),

0 ((n12)l (On
("l )21 go) 0

vy = (dpe) !
0 t“n[%lgon
gn’)2'§0) 0

We remark that two subspaces Ty, (zo - Mg) and Ty, (zo- Ng) are orthogonal
to each other in Ty (X). Let ¢ : (—6,8) — =z - Ng be the curve given by

In-1 Y€'(%))
1

o) =mzo- | p7!

In1 t(fl(t))
1
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for t € (—4,9).

Assertion. Leti=(n—1)k+j:05kS1-1,1SjSn-1.
(1) If i ¢ I U J, then we have b’;(t) — bk (t) = —nm for all t € (—46,0).

(2) Ifi € IUJ, then (££)'(0) = 0.

Proof of Assertion. Since (2) is an immediate consequence of the definition
of ¢¥, we prove (1).
(case 1) (n—1k+vgIUJforallve{l,...,n—1} —{j}

We have bﬁ(t) = -mforalye€ {l,...,n—1} and all t. So bf =
(n —1)m, and b;? — bk = —nm.
(case 2 ) (n—1)k+v e IUJ for some v € {1,... ,n—1} — {5}

We can take the smooth function A : (—§,d) — [0, 1] such that

05 (t) = A(®) [~ {(n — 1)l + 1} m] + (1 = X(#))(~=m) = — {A(t)(n — 1)l + 1} m.
For each p € {1,... ,n—1} — {j} with (n — 1)k + p € T U J, the (nk)-(nk)
entry of v _1)k4pm = L(Wn_1)k+pu,m) i equal to

—n=2)—{(n-1)l+1}m]-{(n-1)2-1}m=—(nl -l —n+1)m.
And for each k' # k and ¢/ € {1,... ,n — 1}, the (nk)-(nk) entry of

V(n—1)k'+u,m 18 €qual to (n — 1)m. So we have

bE@) = At) {—=(nl =l —n+1)m} +
+(1=A@)(n—-1)m=-{At)(n—-1)l+1—n}m.

Hence, b;?(t) — bE(t) = —nm for all t. O

By this assertion, ||v|| = e ®™"||(0)||. When we identify Ng = R(»~1)!
with zo - N in the natural way, the metric of R(®~1! induced from X is
given by n(dy? +--- + dy(zn—m)- Therefore, the image of 27 s, is isometric

to Ivilym Tt vi81m| X [_\/7—1" \/ﬁ](n_‘l)l_s. D

From the above lemma, the {(n — 1) — 1}-chain 27 j, is lipschitz.

Let 2, = Y 217m, where the summation is taken over all the pair
(I,J) of subsets of {1,...,(n —1)I} such that TU J # ¢ and that INJ =
¢. As is shown in [5, pp. 239-240], > (A7ym % Or,ym) is topologically
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the {(n — 1)I — 1}-dimensional sphere S®~Di=1  Hence, z,, is a lipschitz
{(n — 1)l — 1}-cycle. The following is an immediate consequence of Lemma
3.1.

Corollary 3.2. The {(n — 1)l — 1}-dimensional volume mass(,_1)i—1(2m)
and the diameter diam(zy,) of zn, are bounded above by some polynomials
inm.

We again fix one positive integer m, and define an (n—1)I-chain u,, which
bounds z,, as follows. For each pair (I, J) of subsets of {1,... , (n — 1)/} such
that TUJ # ¢, INJ = ¢, we define a map u'I,J,m s ALm X Or gm x[0,1] —
zo - HoNe by u} 7, (v,y,t) = 7o - (exptv)y for v € Ap ym, y € Ur,ym, and
t € [0,1]. As before, we regard the map uj ;, as a lipschitz (n — 1)I-chain,
and put u,, =37 ; U 5 We put

—e" <y < enm}
)

D — .. — E N = R(n—l)l
m {(yla » Y( l)l) © for all k&

and define a map v/, : O — 2o - HoNe by ul,(y) = zo -y for y € Op,.
Let um = ul, + up,. Then uy, is a lipschitz (n — 1)I-chain which bounds z,
(see Figure 2).

4. Closed (n — 1)l-form 2 and its norm.

We identify R~ D! with Ng as in §3. We also identify Ng with zq - Ng
in the natural way. Then the metric of R~ induced from X is n(dy? +
. -+dy(2n_1)l), and the volume form of R("~D! is n(=1/2qy; A+ Ady 1y,
Let m: X — L = 2o+ MgNp be the map given by 7(v(t) - g1g2) = Zo- 9192
fort € R, g1 € Mg, and g3 € Ng. Let Q be the pullback of the (n —1)l-form
n=D 24y A A dY(n—1) ON R™=D! ynder the map Pjom: X — No =
R~ (see Figure 1). (Notice that (P o m)(y(t) - g1g2) = g2 for t € R,
g1 € Mo, and g3 € No. )

For z € X and vy,...,V(p_1y € Tz(X), we denote by V(vy,...,vn—_1y)
the (n — 1)I-dimensional volume of parallelotope spanned by v1, ..., V(m_1)-

Definition 4.1. We define the norm ||€2||; of @ at z € X to be

IQ(Vl, ee 7v(n—1)l)| Viseeo s Vin—1)l € Tx(X)}

Q|| =su
” ” p { V(vla e ,V(n.—l)l) V(Vla ey V(n—l)l) ;é 0
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Lemma 4.2. |||, = exp( g"—;lﬂt) for all z € h;l(—t).

Proof. Let Mg = K M A NA* as in §3. As in Lemma 2.1, we put

e -t ¢ [n1
a: = exp(tV) =p~* (dz'ag (e nWIR-DL e nVEm-DE enViE

—_ t — t t [/n—-1
ee.,€ ny/2(n—1)I yeees€ ny/2(n-1)I , en 21 ))

for t € R. For y = (y1,... ,y(n_l)l) e ROV we put
I M€Y
1

ny=p! € Ne,
In—l t(£l)
1

where ¢¢ = (Y(n-1)(k-1)+1 Y(n—1)(k—1)425- - » y(n_l)k) for each k. Notice that
xo - Mg is diffeomorphic to M A NAL. So we can take a diffeomorphism
@ : ROV-mI/2-1 x R x R=D! — X such that ¥(r,,y) = zo- % (r)asmy for
r=(ry,... ,T(n2—n)l/2—1) (S R(n2—")l/2_l, teR,andy = (v1,..-, y(n—l)l) S
R(M-D! where ¢ : R®*-™/2-1 _, 37 A NA" is a diffeomorphism with
$(0) = Iy. Suppose that z = =z - P(r)amy = o - nyP(r)a;, y' =
(yll) Tt yzn—-l)l)’ and

¥(r) = diag(By,by,...,B;, b)) € M A NA*,
where each By is an (n — 1) x (n — 1) matrices. Then the relation between
y and y’ is given by the following :

) b B!
ty = eV “y').
b[Bl_ 1

Let
€ = i o - Ny ! ! ! ’ 'gb(r)a
I dk 0 (yla---:yi_py,“""'ay,‘.;.pn-,y(n_l)g) t

k=0
and e; = ¢; /||l for i = 1,...,(n — 1)I. Then {el,...,e(n_l)l} is an or-
thonormal basis of the tangent space Tyx(zo - ¥(r)a;:No). We put

- (%),/|&),

for i=1,...,(n—-1)L
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Under the identification R™~D! = 74 - Ng, {@1,...,€p-1)} is an orthonor-
mal basis of the tangent space Tzy.n, (o - No). The restriction of the differ-
ential (Pj o ).z of the map Pfom: X — Ng = R to the tangent
space Ty(zo - Mg Aeny) is the zero map. And the matrix of the restriction
(Ps 0 T)sl1y (z0-9(r)acNe) * Tx(T0 - P(r)atNo) — Trg.ny (To - No) of the linear
map (Pyom), to Ty(zo-9(r)asNo) with respect to the basis {e1,...,em_1y}
and {61, e ,é\(n_l)l} is

. b By
Q = (gij) = eV}
bgBl_1
We suppose that V(vi,...,V(n_1y) # 0. Let {w1,...,9@n_1y} be an or-

thonormal basis of the subspace Rvy + --- + Rv(,_1y of T(X);. Each

. 1) .
vy is expressed as vy = Zy;l ) kjwj, where every {; is a real num-

ber, and then, V(vy,...,v(n_1)) = |det(é;)|- For each k, we can write

wp = Wi + W', W = 2§:;1)l Mki€i, where every 7; is a real number

and 'y L e; for all i. (Remark that |w'|| < |wg|]| = 1.) Noticing
that Ty(zo - MeAeny) L Ti(zo - ¥(r)asNe), we put vy = vy + v'g :
vy € Ty(zo - Mo Aony), v"y, € Tr(zo - ¥(r)a;No). Then

(n—1)I (n—1)t (n—1)I
Vi = Z ' = Z &kj Z njvev | -
j=1 j=1 v=1

Let (C’L]) = (fij)(’?ij)- Then vy = E,,T;_ll)l (rvey. Hence
(n—1)1
(Prom)e(vi) = (Prom)u(v't) = Y Cki(Prom)(es)
i=1

(n—1)l (n—1)1 (n—1)l [(n—1)l
=Y G ( > QVi€u> =) (Z Ckiqui) e,
v=1

i=1 v=1 l=1
and
Q(Vl, - ’V(n—l)l) = det((Cij) tQ) =€V (n=1)t/2¢ . det(&j) ) det(mj)’
We have
Q(vy,. ey Vipo
|2(v1 Vin-1)1)| — VD12t | det ;)|

V(VI, KRR V(n—l)l)
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é eV (n—1)l/2¢ ”W”l“ _____ ”w”(n—l)l“ é e [(n—1)i/2t

Since the equality holds when vy, = 0 for all k, we obtain |||, =

eV n=Di/2t
O

5. Isoperimetric inequality on the complement of a horoball.

Let IT : X — X/I" be the projection. If n = 2, Hg = Mg. And in this
case, it is known that II(zo - HoNg) is compact (see [15, §1]). In the case
n 2 3, II(zg- HoNe) is not compact. In fact, we can show that the geodesic
Moy :[0,00) — X/I" is a ray (i.e. dx/m(IIo7/(t),Iloy/(t)) = |t — 1|
for all ¢,¢ 2 0) for the following geodesic ' : [0,00) — X by the same
argument in §2 of [14].

(¥'(t) = zo - (exptW) for t 20

1
W= (dpe)! diag(-1,0,...,0,1,0,...
5.1 ﬁ (dpe) (2 7 ( >

\ n—3

So, from now on to the paragraph including the formula (5.4), we suppose
n 2 3. And we “change” the direction of zy - HoNg in the horosphere
L = zo - MgNg so that it projects onto a compact subset of X/I".

First, we recall that Hg = M AA* (§3).

Let k’ be a totally real algebraic number field of degree n— 1 over Q such
that k Nk’ = Q. We can take such an algebraic number field k’ as follows.
(The author learned it from Dr. C. Nakayama.) Let p be a prime such that
p=1 mod 2(n — 1) and that p is unramified in k|Q. Let (, be a primitive
pth root of unity. Then the field Q(¢p +(, 1) is a Galois extension of Q and
totally real. Since the Galois group of Q((p+¢, 1) over Q is the cyclic group
of order (p — 1)/2, we can take a normal subgroup of index n — 1. Take the
corresponding intermediate field. Then this field is the desired field k'.

Let {a},...,0/_,} be an integral basis of k' and

n—1
! I_E : /S 1, 11S
s=1
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fori,7 € {1,...,n—1}. Foreach k=1,...,n—1, let B}, = (b’ii), where

the i-j element of By, is b’ii. For Z = (z;) € gl(n — 1, C), we consider the
following system of linear equations:

(5.2)

(Zil 232 ... zi,n_l) = (z11 212 ... zl,n_l) B'l_lB'i ;i = 2, ...n—1.

Let H(C gl(n — 1,C)) be the algebraic group defined by the system of
equations (5.2) and the condition det Z = 1. Let ¢} = id.,¢5,...,¢,_;

k/’ — C be the distinct field embeddings, and S’ = (d)’ (a )) be the (n —

1) x (n — 1) matrix. We define a representation ¢’ : H — gl(n — 1,C)
by p'(Z) = §' 128’ for Z € H. We also define an embedding ¢/ : k' —»
gl(n — 1,C) by /(&) = diag(¢} (), ('), ..., P, _1(c)) for &/ € kK'. Then
the group H is defined over Q, and Hz is isomorphic to the group U’ of
all units in the ring Oy of algebraic integers of k’ under the map ¢/~ o p'.
(The group Hyz is essentially the same as the transpose of the group K
constructed in the proof of Proposition 10.4.10 of [5, p.237].) We remark
that p'(Hz N (Hr)?) is a subgroup of finite index of «/(U’).: Therefore, by
the Dirichlet units theorem, Hg /Hy is compact. Let

ﬁ={(z 1) l ZEH}CSL(n,C).

Then H is an algebraic Q-subgroup of SL(n, C). And the quotient Hg / Hyz
is compact. By Borel-Harish-Chandra’s theorem ([4, Theorem 12.3], we
have Xq(H) = 1, where Xq(H) is the group of Q-characters of H. By
the construction of H, we have Xy (H) = X(H) = Z"2, where Xk/(H)
(resp. X )) is the group of k'-characters (resp. characters) of H. Let
H = p~! o 4(H) be the group obtained from H by the restriction of scalars
from k to Q as in §1. Since k Nk’ = Q, the group Xy (H) of k-characters
of H is trivial. Therefore, the quotient Hg/Hgz is compact by the Borel-
Harish-Chandra’s theorem.
We put d = (det S)*~18'"! if det S’ > 0,

= (— det S')* 'diag(—1 1)s'~!
\,_/
n—1
if detS’ < 0. Then, d € SL(n— L,R). Let R = p~(diag(d,1,...,0,1)) €
Mo. We have M A = R(HR)OR_I, R 'MgR = Mg, and R"!NgR = Ng.

Each element of A+ commutes with R. We put A = Hz c I' = Ggz.
Then the quotient zo - R"!M AR/A is compact. Since [I" : I''] < oo, we
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can assume that A C I by replacing it with its subgroup of finite index if
necessary.

According to the Dirichlet units theorem, the group U of all units in Oy
is isomorphic to the direct product W x Z!'=!, where W is the finite cyclic
group of even order consisting of all roots of unity in U. We take a set
{v1,...,u_1} C U of generators of Z'~! under the above isomorphism. For
each i € {1,...,l — 1}, let 0y ; be the element of I'N A' given by

O, = p—l(diag(m‘}7 v 7m£))7
(5'3) k . -1 -1 n—1
m; =d7'ag(¢k(vi) "-'7¢k(vi) ’¢k(vi) ), k=1,...1,

where each mf is an n x n matrix such that its n-n entry is ¢;(v;)""!, and
other diagonal elements are all equal to ¢; (v;) 7L

Recall that {ay,...,q;} is an integral basis of k.
For each i € {1,...,n—1} and j € {1,...,1}, let 02,;; be the element of

I' N Ng given by

( I t(&%,j)
1

02ij =P

(54) 4 In—l t({i’]) bl
1

L €8 =1(0,...,0,¢(a;),0...,0) : k=1,...,1,

where the i-th entry of ﬁf, ; 18 ¢k () and other entries are all equal to zero.
Since [I" : I''] < oo, we can assume that 0y ;,02;; € I'"" for all 4, j by replacing
them with their powers if necessary. We denote by A’ the subgroup of I"

generated by
i=1,...,n—1
j=1,...,1 '

Then R~'HgNgR/A' is compact, and hence [I(zo-R"'HoNoR) is compact.

In order to simplify the succeeding description, we also put R = Iy in
the case n = 2.

We define a diffeomorphism Z : zy - HoNg — o - R"1HgNoR by
E(zo - 9192) = xo - R 1g,9oR for g € Hg, g» € No. We remark that
both HgNg and R~1HgNgR have group structures. The map E is a bilip-
schitz diffeomorphism between the Riemannian manifolds zo - HoNo and
zg - R_IH@N@R.

AU{O’l,i |i= 1,...,l—1}U {Ug,i,j
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Now we define a new {(n — 1)l — 1}-cycle Z,, (resp. (n — 1)I-chain U,,)
by 2, = Eo 2z, (resp. Uy = E o uy,) for each positive integer m.

Lemma 5.5. The pullback of the restriction of Q to zo - R"!HgNgR un-
der the map Z is identical with the restriction of Q to zp - HoNp : i.e.

E*(leo-R—lHeNeR) = leo~HeNe :

Proof. Let ny for y = (y1,...,Ym—-1y) € R(™ 1 35 in the proof of Lemma
4.2. R
We define a linear map R : Rl — R~ by
2-1
t(Ry) = ., ty  fory e R
-1

Suppose that

9 = 9192 € HoNe,
(551) g1 =p_l(dia'g(Blvbl,”',Blabl)) € He,

g2 = Ny € N@a

where each By is an (n — 1) x (n — 1) diagonal matrix. Then we have

R—lgR = p‘l(diag(b"lBlb, by,... ,D—lBlD, bl))nﬁy
and Pf(zo - R"'gR) = Ry. So, P;oE = Ro Py.

-1
Since det .., = 1, we obtain

a—l
E* (Qso-r-1HoNoR) = E* © P} (Qzo-No) = P} 0 B*(so-no)
= P;(leo-Ne) = le‘wHeNe'
O

Definition 5.6. We define the injectivity radius Injrad, at z € X to be
the injectivity radius at II(z) on the Riemannian manifold X/I" : i.e.

Injrad; = %min {dx(z,3-0) |0 € I",0 #1id.}.
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Lemma 5.7. There exists a positive number C such that the following
holds for eacht € R :

—=t
Injrad; £ CeV2-1

for any point © on the horosphere hy L(=t).

Proof. Let G = p~!((SL(n —1,C))!), P be as in §3. We put I" = I"' N G.
Since I is an arithmetic subgroup of G, the double coset classes Pq\Gq/I"
are known to be finite by Borel [3]. Let @1,...,7, be a complete represen-
tative system of fq\ﬁq /T". We assume the following.

(5.7.1)

p(@;) = diag($1(c;), 1,...,¢i(cs), 1),
¢ € SL(n—1,k) fori=1,...,r.

We remark that the horosphere

h 1 (—t) = 2o - MoaiNe = zo - M A NA"a;No
is invariant under the right translation by each element of Mg.

By virtue of the Borel’s result ([3]) on the fundamental open set for I
combined with the use of the action of the group generated by

{O’l’i|i=l,...,l—1},

we can assume the following.

(5.7.2) There exist positive constants C, Ca, Cs3, Cy such that the following
holds. For any z € h'(—t), there exist € {1,...,v} and 2’ € h7!(—t) of
the following form such that II(z) = II(z') :

(5.7.2.0) ' = Zg - 2930 494Gty
(5.7.2.b)
g2 = p~ Hdiag(B,...,B:_1,1,...... BB, 1)
x p~Ydiag(k1,...,kn—1,1,...... K1, kn_1,1)) € M A;
n—1 l
BE >0 foralli,k; [[ B =1 forall k; [] BF =1 for all 4;
=1 k=1

ki >0 forall 4;,1----- fn—-1 =1,
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(5.7.2.c)
g3 = p~Ydiag(ny, 1,...,m,1)) € N,
1 b ;
where each ng = is an upper triangular, real (n — 1)
1

x (n — 1) matrix such that its diagonal entries are all equal to 1,

(5.7.2.d)
g4 = p_l(diag(qh -5 q1, (ql)l_n, """ yQly-- -5 41, (ql)l_n)) € AJ_,
(5.7.2.¢) o< forall,
Ki+1
(5.7.2.f) Ci <pk<c, foralli,k,
2
(5.7.2.8) |bF;| < Cs  for all i, j, k,
(5.7.2.h) c% <@ <0y forall k.

For each i, we can find an element v; of k! such that ¢;(%v;) =
¢(1,0,...,0), because ¢; € SL(n — 1,k). By replacing v1,...,b, with their
constant multiples if necessary, we can assume the following.

There exist positive integer Cs and elements v;,...,0, of

(5.7.3) . Lo '
(Ox)™ " such that ¢;(*v;) = *(C5,0,...,0) fori=1,...,v.

Let y; = (¢1(v5),..., (b)) ; 5 =1,...,v, where each ¢; : k"1 — C"~!
is the natural linear map induced from ¢;. By replacing ny,,...,ny, with
their powers if necessary, we can assume that

(5.7.4) Nypy-eoyNy, €T

Let g2g3 = p~*(diag(Bi,1,...,B;,1)) and 2’ = 7o - ny g2937 4,94a:. Then
we have

(q1)" By $1(cy)

(@)" B, | $i(cp)
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where each ¢; : SL(n—1,k) — SL(n—1,R) is the natural homomorphism
induced from ¢;. So, if z’ - ny, = zq - nyrgag3T,g4a;s, then we have

"n_

y)
\ (q1)"B1 $1(cp)
— e Vem-1I ty,
(a)" B #i(cu)
ot
=e V¥»-Didiag((q1)"B1,...,(q)"Bi)
x ¥(Cs,0,...,0,...... ,Cs,0,...,0)
ot
= Cse Virn=bi t((ql)n’f'lﬁ]l_a 0,...,0,...... ) (ql)nnlﬂi) 0,... )0)

Hence,

Yy

Injrad, = Injrady

1 1
g _dX($,7 ' - an) = _dX(zO * My, T ny”)

2 2
1 ot
< 2 Cse VAT gy frox (@ (BD + - + (@) (B2,
From (5.7.2.¢) and that &) - -+ - kp_1 = 1, we have k; < (C1)™?~!. Thus

(5.7.2.f) and (5.7.2.h) imply that

-t
Injrad, < %056 VI (C1)™2 1/ X ((Ca)2*(Ca)Z X 1]
ot
- %(cl)"/2—102(c4)n05me VI
Therefore, it suffices to put C = 1(C1)"271Cy(C4)"Csv/nl. O

Concerning the function f : X/I" — R in §1, we have
I(zo - R"*HoNoR) C f~*([to, t1])
for a sufficiently large ¢; > 0, because II(z - R~'HgNgR) is compact. Let
X' = f~Y([to,t1]) and €; > 0 be the minimum of the injectivity radii on X".
From Lemma 5.7, we have X' Nh> 1((=o0, —t3)) = ¢ for a sufficiently large

ta > 0. Hence it suffices to consider the isoperimetric inequalities on the
complement of the horoball h>*((—o0, —t2)).

Lemma 5.8. For any lipschitz (n — 1)l-chain U'p, in X — h3'((—o0, —t3))
which bounds Z,,, we have

mGSS(n_l)z(U'm) > 2(n—1)ln(n—1)l/2e—\/(n—l)l/2 1738 en(n—l)l-m_
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Proof. Since H("_I)I(X—hgl((—oo, —t2))) = 0, we can take an {(n — 1)l — 1}
-form w such that 2 = dw. Lemma 5.5 implies that

[ a=[ w=[a=[ a=[=0=]a
Uy m m Eoum Um Um

= p(=DU/2(ggnm)(n=1)L _ (n—1)ly,(n—1)l/2n(n—1)l:m
From Lemma 4.2, we have
19]l. £ eV (=112t forall T € X — h;l((__oo,__h)).
Hence,

mass(p_1y(U'm) 2 e~ V(=1)l/2t; ’ Q
= 2(n—1)ln(n—-1)l/2e—\/(n—-l)l/2t2 . en(n_l)l'm,

We are now ready to prove the theorem.

Proof of Theorem. We know by Corollary 3.2 that mass(,_1)(Zy) and
diam(Z,,) are bounded above by some polynomials in m, because = is a
bilipschitz diffeomorphism. This and Lemma 5.8 imply that the isoperi-
metric inequality does not hold on X’. Therefore, I' = SL(n,O) is not
combable. Q.E.D.

Remark. The isoperimetric inequality for Z,,’s does hold on the whole
space X: Move Z,, along the geodesics orthogonal to the horosphere £ and
fill the resulting cycle Z’,,. The locus of the cycle Z,, and the chain filling
Z' ., give us the desired chain. In fact, the fundamental groups of compact
manifolds of nonpositive curvature are known to be combable (see [8]). But
in the above process, we must move Z,, a distance about a constant multiple
of m along the orthogonal direction. If m is large, the chain Z,,, crosses the
horosphere A 1(—t;) on the way to Z',,. Therefore we cannot make this
construction when we remove the horoball A7 L((—o00, —t3)).
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