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Let M be a compact manifold in which H is an embedded hyper-
surface separating M into two parts, My and M_. If h is a metric
on M and z is a defining function for H consider the family of
metrics
_ da?

T 24 e?
where € > 0 is a parameter. The limiting metric, go, is an exact
b-metric on the disjoint union M = M, U M_, i.e. it gives My
asymptotically cylindrical ends with cross-section H. In an earlier
paper, [20], the behaviour of the Dirac operator associated to a
Clifford module for the metric was analyzed as € | 0, and the
limiting behaviour of the eta invariant, for M odd-dimensional, was
deduced, under the assumption that the induced Dirac operator
Oy on H is invertible. It was shown that, modulo a Z-valued term
corresponding to the signature of small eigenvalues, the limit of
7(9) exists and is given by the regularized, ‘b-eta’ invariant of
077- In this second paper we study the same problem when 0y
has null space. The Dirac operator, or similarly the Laplacian,
then has an infinite number of small eigenvalues, i.e. eigenvalues
tending to zero with €. The central focus of this paper is the uniform
analysis of the resolvent and heat kernel of generalized Laplacians
as € ] 0. As an application, we show that the limit of 7(d,) is, again
modulo a finite signature of small eigenvalues, the sum of 7(d37)
and an extra term which is the eta invariant of a one-dimensional
Dirac operator associated to the null space of 0y . This operator is
determined by scattering data on M at zero energy, and controls
both the leading behaviour of small eigenvalues as € | 0 and the
long time asymptotics of the heat kernel.
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1. Introduction.

1.1. Analytic surgery.

In this paper, we continue the study of analytic surgery initiated in
[20]. By ‘analytic surgery’ we mean a singular deformation of a Riemannian
metric on a closed manifold M modeling ‘surgery’ in the sense of cutting M
along a hypersurface H (possibly disconnected) and so forming a manifold
with boundary M. For simplicity we assume that H separates M, so that
M is the disjoint union of two manifolds with boundary M. We consider
a specific deformation which degenerates to a complete metric on M of the
form dz?/z% + h, where z is a boundary defining function for H (that is,
z >0, H={z =0} and dz # 0 on H) and h is a smooth metric on M. This
form of metric on a manifold with boundary, called an ‘exact b-metric’ and
studied in some detail in [22], gives M asymptotically cylindrical ends; log |z|
is approximately the arc length parameter along each end. Specifically, we
consider a metric family of the form

dz?

“ayath

9e
this is a smooth metric on M for every € > 0, and as € — 0 it develops an
approximately cylindrical neck of length 2log1/e+O(1) — co. The singular
limit at € = 0 is an exact b-metric on M.

Similar deformations, usually described as a family of manifolds with a
long cylindrical neck across H with length [ — oo, have been studied by
several authors. There are two main reasons for these studies. One is to
understand the behaviour of geometric or topological invariants such as the
index of a Dirac operator, eta invariant or analytic torsion under surgery,
as in [6], [7], [8], [11], [26] and [12]. The other, more general reason, is to
analyze the behaviour of the spectra of operators (such as the Laplacian)
under the transition from closed manifold to complete manifold. In the first
paper [20] and the present paper, both questions are investigated. Of course
these two problems are closely related. In this paper a gluing formula for the
eta invariant is presented. It is obtained by studying the full resolvent family
of generalized Laplacians for metrics degenerating by surgery, and includes
the analysis of accumulation of eigenvalues at the bottom of the continuous
spectrum of Ag. From an analytic perspective the main result of this paper
is the precise description of the form of the ‘degeneracy’ of the resolvent
family of the Laplacian (or Dirac operator) as the parameter € | 0. This is
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encoded in the description of the resolvent as an element of an algebra of
pseudodifferential operators with properties tailored to the geometry of the
degeneration.

Closely related work includes that of McDonald [21] and Seeley and
Singer [28], who studied metric degeneration to incomplete conic metrics,
and of Ji [17] and Wolpert [30], who studied degeneration of Riemann sur-
faces to surfaces with hyperbolic cusps. It should be remarked that the
approach of McDonald inspired [20] and the present work. Gluing formulae
for the eta invariant have been discussed by several authors, in particular
Bunke [6], Wojciechowski [29] and Briining and Lesch [4]. We shall have
more to say about these shortly.

There are good motivations for the choice of ‘cylindrical ends’ for M as
the limit of the degeneration. In particular the well-known global bound-
ary condition and index theorem for the Dirac operator on a manifold with
boundary of Atiyah, Patodi and Singer, in [1], was obtained by attaching a
cylindrical end to the boundary. The analytic properties of the Dirac opera-
tor and Laplacian in this case are well understood; a detailed analysis in the
context of exact b-metrics can be found in [22]. There is a related construc-
tion, by Cheeger, where the boundary is ‘coned off’ to an incomplete conic
metric. This was employed in [3], cf. also [9] and [10]. It would certainly be
interesting to study metric degeneration to other types of complete metrics,
such as metrics with asymptotically:hyperbolic or Euclidean ends.

In a continuation of this paper, [14], the first-named author will present
a surgery formula for analytic torsion with applications, including a combi-
natorial formula for ‘b-analytic torsion’ and a Hodge theoretic version of the
Mayer-Vietoris sequence. In another direction, we shall use the result here
to establish a signature theorem for manifolds with corners of codimension
two, endowed with complete b-metrics [15].

1.2. Eta invariant.

The eta invariant was introduced by Atiyah-Patodi-Singer in [1] as the
boundary term in their index formula for the Dirac operator on a manifold
with boundary, with metric of product type near the boundary. (For a
discussion of Dirac operators see [22], [2] or [18].) It is determined by the
spectrum of the Dirac operator induced on the boundary, and is given by
the analytic continuation of the eta function to s = 0. Alternatively, and
this is the formula we use below, it can be expressed in terms of the heat
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kernel:

(L1) n(3) = \—/1_; /0 oot%Tr(ae—ta?)%.

To obtain an index formula more general than that of [1], it is useful to
extend the definition of the eta invariant to operators on complete mani-
folds. (There are other fruitful approaches, cf. [9], [10].) For manifolds with
boundary with an exact b-metric, the Dirac operator has continuous spec-
trum, and the heat kernel is not trace class. Nevertheless, in [22], the b-eta
invariant was defined as in (1.1), but with Tr replaced by the ‘b-Trace’ (see
section 2.3); this is a natural regularization of the integral defining the trace
of the heat kernel. The relation between the standard eta invariant and this
regularized one is one of the themes of this paper. This b-eta invariant has
also been studied by Miiller [26] and Wojciechowski [29]; they establish a
relation between it and the eta invariant for a manifold with a finite, but
increasingly long, cylindrical end. Dai [11] also proves a result of this type,
but only when the induced Dirac operator 0y on the boundary is invertible,
using the methods of [20].

The b-eta invariant and this regularization also shed light on possible
extensions of the index theorem for Dirac operators on manifolds with cor-
ners endowed with complete b-metrics. One step in this direction is taken
in [15].

1.3. Statement of Results.

Let us first recall the main results from the first paper [20], henceforth
referred to as ‘Part I'. There the same situation, for the eta invariant, was
studied, under the assumption that the induced Dirac operator on H is in-
vertible. A ‘surgery double space’ and ‘surgery heat space’ were introduced
as spaces to which the Schwartz kernels of (A — )\2)_1 and et lift to
be regular (i.e. conormal) uniformly as € — 0. These spaces are blown up
versions of M? x [0, €g]e and M2 x [0, o0]; X [0, €g] which resolve the degen-
eracies of the space of vector fields V; associated with the family g.. The
resolvent and heat kernel were shown to be polyhomogeneous conormal on
these spaces, i.e. to have complete expansions in powers at all boundaries,
and their leading asymptotics (model operators) at ¢ = 0 were explicitly
identified. It was shown that the projector Il onto eigenfunctions corre-
sponding to eigenvalues tending to zero with € is a finite rank, smoothing
operator. These results led to the following result for the Dirac operator as-
sociated to an Hermitian Clifford module associated to the metric g, with
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unitary Clifford connection:

Theorem (Mazzeo-Melrose). If the induced Dirac operator on H is in-
vertible, then the eta invariant of 0. satisfies

n(0c) — N(e) = (Oary) + M (Ons_) + €71(€) + elogera(e),
with r; € C*([0, €0)e) and where 7(€) is the signature of II.

Douglas and Wojciechowski [12] obtain similar results.

The assumption of invertibility of the operator induced on H excludes
many interesting cases. The main goal of this paper is to extend the machin-
ery of Part I to include cases where the operator on H has null space. To do
so the constructions in Part I must be modified. One reason for this is that
when Ay has null space the heat kernel no longer has uniform exponential
decay, as it does (up to finite rank) in the circumstances of [20]. To calculate
the integral (1.1) the leading behaviour of the heat kernel as ¢ — oo must
be understood. This amounts to understanding the leading behaviour of the
resolvent as A — 0. In contrast with Part I, the resolvent must therefore be
analyzed near the bottom of the continuous spectrum of Ay, and in par-
ticular, the leading behaviour of the small eigenvalues, those going to zero
with €, must be discussed. To cope with this we perform further blowups on
the spaces of Part I, to resolve singularities in the kernel which form upon
approach to A = ¢ = 0. We introduce the ‘logarithmic double space’ Xﬁs
and ‘logarithmic heat space’ X2y ; the names come from the ‘logarithmic
blowup’ (see section 2.5) applied to each face of the surgery double space.
On this space there are analogues of the results above. Consider the func-
tion iase = 1/sinh™!(1/¢) (‘inverse arc-sinh’), which is the reciprocal of the
growth rate of the volume of M. It tends to zero with €, but only logarith-
mically. To understand the resolvent we rescale the spectral parameter A\ by
setting A\ = (ias€)z to capture the behaviour of the small eigenvalues. When
e=0, A=0 for all z.

Theorem 1.1. The resolvent (A, — (ias e)zzz)_1 is meromorphic as a fam-
ily of half-densities on X, x C. The poles z(e) have limits as ¢ — 0 equal
to either 0, z; or oo, where the numbers z]2- are the eigenvalues of a one-
dimensional Laplacian RN(A) on [—1,1] with boundary conditions deter-

mined by scattering data on M.

This is proved in section 6. Indeed we extend the result in section 7 to the
full resolvent which includes the resolvent away from the spectrum at e = 0
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as in Part I. From this we calculate the heat kernel by a contour integral.
With II, now denoting the (finite rank) projection onto eigenfunctions with
‘very small’ eigenvalues \%(¢) = o((ias€)?), we have

Theorem 1.2. On XEHS, the projection of the heat kernel off the eigen-
modes with very small eigenvalues, e~**<(Id —II.) is the product of t~™/2
with a smooth density for t near zero and is smooth up to t = oo; e tA<II,
itself is smooth except possibly up to t = oo.

In both cases we give the leading terms at each boundary face. In prin-
ciple it is possible to calculate the Taylor series at every face at ¢ = 0 to
arbitrarily high order. From these results the behaviour of the eta invariant
can be read off.

Theorem 1.3. Let n¢q(€) be the signature of I1,. Then
n(3e) — nra(e) = o(Bnr,) + M(Dns_) + n(RN(D)) + (iase)r(iase),
where r is smooth.

Thus we get, in comparison with the case when 0y is invertible, an extra
contribution 7(RN(9)) coming from the very small eigenvalues. An explicit
formula for this extra contribution in terms of the scattering matrix is given
in proposition 5.2.

This ‘gluing formula’ for the eta invariant may also be derived by com-
bining the results of Bunke [6], [7] and Miiller [26], at least for metrics which
develop long product cylinders around H, for which the Dirac operators on
M, M, and M_ have no nullspace, and without the explicit estimate of the
error term above.

Let us now describe this connection more precisely. Bunke considers two
odd dimensional manifolds My, with boundaries isometric to H and —H,
respectively. He forms the manifold M by taking the union of these pieces
with a cylinder [—r,7] x H joining the two pieces. His formula relates the
eta invariant for the Dirac operator on the compact manifold M with the
eta invariants for the Dirac operators on the two manifolds with boundary
M. These latter two eta invariants are for the Dirac operators 957, with
certain self-adjoint boundary conditions on H. The usual Atiyah-Patodi-
Singer boundary operator would be the projector II_ onto spinors over H
in the eigenspaces with negative eigenvalues for d; for the other boundary,
—H, with Dirac operator —0p, this should be replaced by the projector
I, = I —T1I_. When the nullspace Ker(dg) is nontrivial, we choose La-
grangian subspaces Ay C (dp) for the natural symplectic structure on this
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space. The boundary operators are then given by Il + II, , where II5,
are the projections off A.. These give self-adjoint boundary conditions, and
hence determine corresponding eta invariants 7(0az, , A+ ).

There are additional correction terms in Bunke’s formula. The most
important of these is the eta invariant for the Dirac operator on H X [—r,7]
with its product metric and with boundary conditions given by II_ + Il
at the two ends. This term is denoted m(A4,A_). Bunke’s formula then
takes the form

n(©Oum) = nOm,, A+) +n(Onm_, A-) + m(Ay, A_) + I(Py, P_) + dimker O
—dimker (07, ,A+) — dimker(da7_,A_) +dimA; NA_.

Here I(P;,P-) is the index of a Fredholm pair of subspaces which arise in
his construction.

To relate this formula to ours, we first use the result from [7]. This
states that if the Ay happen to correspond to the Lagrangians determined
by the limiting values of solutions of Jp, (which we call AD later), and
it is assumed that Ay and A_ intersect only trivially and dps, Opr, have
only trivial nullspace, then for r is sufficiently large, the relative index term
I(P4, P_) vanishes. Furthermore, by the result of Miiller [26], for these same
special choices for AL, the eta invariants 7(0ar,, A+) converge to the b-eta
invariants 7(0ar, ). However, with these hypotheses, the finite dimensional
term 7¢4(€) in our formula is also trivial. Finally, the final term m(A,A_)
agrees with our term 7(RN(3)). Thus the formulas correspond in this special
case.

1.4. Outline of the proof.

We may take as starting point for the considerations in this paper the
fact that the eigenfunctions with eigenvalues tending to zero in the surgery
limit are not always smooth on the ‘single surgery space’

X, = [M x [0, eole; H x {0}]

of Part I; indeed they are not even continuous. One can easily see this
in the case of surgery on an interval, or circle. Then the eigenfunctions
of A, are of the form e2"%7/L¢ where r = sinh™!(x/e) is the arclength
and 2L, is the length of the interval or circle with respect to g.. On Xj,
this eigenfunction is equal to 1 on one of the boundaries at ¢ = 0 (the
lift of H x {0}) and (—1)* on another adjacent boundary. The oscillations
disappear into the intersection of these faces. To resolve these oscillations
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we replace, in section 3, the single space X by a new space, X1s, on which
the scaled distance r/L, is a smooth function. Xy is a blown up version of
X involving the operation of logarithmic blowup described in section 2.5.
We then modify, in a methodical way, all constructions in Part I to reflect
this change. The Lie algebra Vs of Part I lifts to V5 on Xis. The properties
of Vig, including its normal operators, are discussed in section 3.

We microlocalize the Lie algebra Vi according to the general principles
set forth in [25]. This means we construct the following objects. First, we
need a double space X2, to carry Schwartz kernels of ‘logarithmic surgery
pseudodifferential operators’, or Ls-1pdos. The diagonal submanifold Ay of
Xﬁs is such that kernels of Vi s-differential operators are identified precisely
with all distributions on X7, supported on Ars and smooth along it. The
Fourier transform in directions transverse to Arg of these distributions are
therefore polynomials. By replacing polynomial symbols with arbitrary clas-
sical symbols, we obtain the ‘small calculus’. The double space has natural
maps down to the single space X1,s which are b-fibrations (see section 2); this
means that the kernels induce operators on appropriate space of conormal
distributions on Xi,s. Thirdly, there is a triple space X7 with b-fibrations to
ng; this is used to analyze to composition properties of Ls-iydos. Finally,
the normal operators on Vs extend to ‘model operator maps’ on Ls-1dos
given by restriction of the kernel to faces at ¢ = 0. Operators, such as the
resolvent family, are constructed by taking as parametrices elements of the
operator calculus with appropriate model operators and then using iteration
in the calculus to remove the errors. Geometric lemmas to help construct
the spaces are given in the second half of section 2 and the surgery pseu-
dodifferential calculus is set up in section 4.

In view of the Pushforward theorem of [24], discussed here in section 2.3,
the fact that there are b-fibrations X$, — X2, — Xis means that we can
work within the class of polyhomogeneous conormal functions throughout.
This has the virtue of almost eliminating estimates from the analysis, as it is
easy to read off the decay rate of a function from the index set specifying its
(poly)homogeneities. This comes at the cost of fairly complicated spaces and
geometric machinery but we are able to obtain detailed information about
the resolvent, heat kernel and small eigenvalues with this method. Because
of the logarithmic blowups we are able to work with ‘integral’ index sets
(see section 2.3) and show that our final objects, the resolvent, heat kernel
and eta invariant, are smooth in the blown-up coordinates.

In section 5 we analyze the model problem coming from the reduced
normal operator introduced in section 3. This is a new model operator,
not appearing in Part I, and Proposition 3.8 indicates that the eigenvalues
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of this model control the leading behaviour of small eigenvalues of A.. We
show that the resolvent of this model problem is well-behaved on the double
space; this indicates that Xﬁs is the ‘correct’ space to use; the resolvent
of the model is used heavily in section 6 in the construction of the actual
resolvent.

In sections 6 and 7 the problem of analyzing (AE - )\2)-1 as A approaches
the spectrum is attacked. We construct the resolvent near the bottom of
the continuous spectrum, 0. To do so submanifolds at A = 0 are blown up,
introducing the rescaled parameter z = Asinh™!(1/¢) which captures the
scaling of the small eigenvalues. To construct a parametrix we need to solve
not only for the symbol at the diagonal singularity but also solve a number
of model problems at each boundary face. Compatibility conditions at the
intersections of faces give boundary conditions for these model operators,
which enable them to be solved uniquely; the interaction between the models
on different faces and of different orders is fairly complicated.

Once the resolvent is shown to be an element of the appropriate calculus
the Schwartz kernel of a function of the Laplacian can be analyzed using the
functional calculus. We construct the heat kernel in this way in section 8.
More precisely, we obtain it by performing the contour integral

(1.2) emthe = L / e ™ (A — A2)T'22dA.
2T T

Then we obtain the eta invariant by performing the integral (1.1). This inte-
gral is more correctly to be thought of as a pushforward, since the integrand
is defined on a blown-up version of its space of parameters. We construct
spaces so that the integral becomes a pushforward under a b-fibration. This
allows us to conclude that the result is polyhomogeneous, and a simple extra
argument shows that it is actually smooth. We compute the leading terms
of the heat kernel at ¢ = oco. Finally, in section 9 we apply this machinery
to the eta invariant, obtaining Theorem 1.3.

2. Manifolds with corners, blowups and b-fibrations.

In this section we present material on the geometry of manifolds with
corners that is needed in this paper. We will assume some familiarity with
[24], but also recall some of this material in the first three subsections,
sometimes with slightly different presentation. We then go on to describe
two ‘new’ blowup operations, of logarithmic blowup and total boundary
blowup, which are used heavily in the sequel.
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2.1. Manifolds with corners.

We refer to [24] for a discussion of manifolds with corners, the b-tangent
space, b-maps, and b-fibrations. The set of boundary hypersurfaces of a
manifold with corners X is denoted M;(X), the set of all boundary faces is
denoted M (X) and the set of proper faces, that is excluding only X itself, is
denoted M'(X). A boundary defining function p for a boundary hypersurface
H of a manifold with corners Y is a smooth nonnegative function on Y such
that H = {p =0} and dp # 0 on H. A smooth map between manifolds with
corners f : X — Y is an (interior) b-map if for every boundary defining
function py for an element M € M;(Y),

(2.1) ffpr=a- H pef(GH) 0<aeC®X)
GeM(X)

where the (uniquely determined) collection of natural numbers ef(G, H),
are the ‘boundary exponents’ of f. A total boundary defining function for
X is the product of boundary defining functions for all the boundary hyper-

surfaces
Py = H PH-
HeM (Y)

We will be particuarly interested in the special b-maps called b-
fibrations. The map f above is a b-fibration if f,, acting on the b-tangent
bundle, is surjective on each fibre, and the image of each boundary hypersur-
face in X is either Y or one boundary hypersurface H C Y. (This definition
is different from, but equivalent to, the definition given in [24].) Such b-
fibrations have good mapping properties on M (X); the image of any face
F e M(X) is a face in M(Y), and f [ F is a b-fibration onto its image.

Most of the b-fibrations, f : X — Y, we consider below have an addi-
tional property, namely

(2.2) ffpy =a-px, 0 < a € C®(X).

In terms of the boundary exponents this amounts to requiring that ef(G, H)
=0or 1 for each G € M;(X) and H € M;(Y) and that for each G € M;(X)
there exists precisely one H € M;(Y) with e;(G, H) = 1. The assumption
that f is a b-fibration means that there can be at most one such H for each
G.

Definition 1. We say that a b-fibration is simple if it satisfies (2.2).
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p-submanifolds  There are various possible definitions of a submanifold
in a manifold with corners; we will use a very strong definition.

A subset S C Y is a p-submanifold if locally, in some coordinate system
Ty ey Thas Ylo- - > Ypy gy With 7 > 0, and ¢ € (—4,4), S is given by the
vanishing of some subset of them:

SZ{.'L',:1 =....’l:;;u =y"jl=---=y‘;ml :0}

Then if S is connected it has a tubular neighbourhood which is a bundle over
S, the fibre being a neighbourhood of 0 € ]Ri' xRV K -m' e say S is an
interior p-submanifold if I’ = 0 in this definition. If f is a b-fibration and S is
an interior p-submanifold then f~!S is a p-submanifold. If S is not interior,
then in general f15 is a union of p-submanifolds of X. This can be seen in
local coordinates as follows. If coordinates in Y are chosen so that S has the
form above it is then possible to choose coordinates.zi,...zg, 1, - Yn—k,
in X with z; > 0, y; € (—4,0) so that locally f has the form

f(a:l,...xk,yl,...,yn_k) = ( H Ly, -- H x‘l‘iylv'--yn’—k’)'

rel; TEIkl

Then f~'S is locally a union of the p-submanifolds {z,, = --- = z,, =
Yj, = ---=vyj_, =0}, withr; € I;.

Degrees and density bundles It is convenient to introduce the notion
of the ‘degree’ of a boundary hypersurface H of a manifold with corners X.
This is simply an assignment of an integer, d(H), to H. Such an assignment
to each boundary hyersurface of a manifold with corners, d : M;(X) — Z,
is intended to indicate the ‘basic’ order of growth of densities allowed at the
boundary hypersurfaces H. The degree density bundle is defined by

0wX)= [I ea®Pu@x = [ o7 ex.
HeM;(X) HeM;(X)

In general d is fixed once and for all for a given manifold with corners.
Observe that b-densities, corresponding to all degrees being zero, have the
pleasant property that dpg/pg is a canonical factor at H, so dividing by
|dpr/pH| gives a canonical identification of the restriction of Q4(X) to H
and Qp(H). With general D-densities, restriction defined by division by
|dpr/ p‘,i}H)Hl depends on the choice of boundary defining function. How-
ever, in this paper we will have a canonical total boundary defining function
R for many of our spaces. When this is so, if the degrees of boundary hyper-
surfaces HNK (K € M;(X)) of H are defined by d(HNK) = d(K) —d(H),
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then division by |[R~*H)dpy /py| gives a canonical restriction

C®(X;92p(X)) = C*(H; Qp(H)).

2.2. Blowups.

If S CY is a p-submanifold, the blowup of Y at S, denoted [Y; 5], is a
manifold with corners, given as a point set by (Y \ S) U (SNT S), the union
of the complement of S in Y with the (inward-pointing) unit sphere bundle
over S, and with the unique minimal C* structure such that the lifts of
C® functions on Y and polar coordinates at S are smooth. There is a
unique smooth map [Y;S] = Y extending the identity on Y \ S, called the
blowdown map. The lift of a p-submanifold 7" C Y to [Y’; S] is defined if (i)
T C S, in which case the lift is defined to be the inverse image of 7" under
the blowdown map or (ii) 7"\ S is dense in T, in which case the lift is defined
as the closure of T'\ S in [Y;S]. In either of these cases we can define an
iterated blow-up [Y;S;T] = [[Y; S]; T] where, by an abuse of notation, the
T on the right is actually the lift of T to [Y;S], and is by implication a
p-submanifold.

We will often perform sequences of blowups to create new spaces in this
paper, and it is important to know when one can exchange the order of
blowup. We use the following elementary result.

Lemma 2.1. If S, T are p-submanifolds of Y and either (i) S and T are
transverse or (ii) T C S then [Y;S;T) =[Y;T;S].

Proof. The proof of (i) is immediate because then NS and NT are indepen-
dent and so the blowups occur in two disjoint sets of variables.

To prove (ii), it is sufficient to consider the case T = {0}, § = R}, x R™,
Y =Rt xR, k > 1, n > m. Define R2 = Zf__:lm? +Z;~‘:1y§ and R% =
S T+ > i=m19;- In both [Y;S;T] and [Y;T; 5] the lift of T and
S have boundary defining functions (the lifts of) Ry and Rg respectively,
and a superset of coordinates on the lift of T is given by z;/(z; + Rr),
yj/(y; + Rr) for i,j > 1 and on the lift of S by z;/(z; + Rs), y;/(y; + Rs)
fori > 1+ 1,7 > m+ 1 on both spaces. This means that the identity map
on Y \ S extends to a smooth map [Y;S;T] < [Y;T;S] in both directions.
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Each extension is therefore a canonical diffeomorphism. a

2.3. Operations on conormal functions.

The principal function spaces used in this paper are spaces of polyhomo-
geneous conormal functions, conormal either at a boundary hypersurface or
an interior p-submanifold (e.g., the diagonal). We refer the reader to [24]
for the definitions of and notation for multiweights, index sets and families
and of various spaces of conormal distributions.

In this paper we will mostly work with special types of polyhomogeneous
distributions which are close to being smooth:

Definition 2. An index set F is natural (respectively integral) if all its
powers are natural numbers (resp. integers), that is, (z,k) € E = z € N
(resp Z). An index family is natural (resp.integral) if all its index sets are
natural (resp. integral).

We will use the abbreviation ‘I’ for the integral index set {(n,0);n > }.

The Pullback and Pushforward Theorems, proved in [24] guarantee that
polyhomogeneity is preserved under pullbacks and pushforwards by b-fibra-
tions. We now recast these results in the language of D-densities and also
discuss the interior p-submanifold case. Let f : X — Y be a b-fibration
between manifolds with corners with degrees and define the ‘excess’ of any
boundary hypersurface (with respect to f) by ex(G) = d(G) — d(H) for
G e Mi(X) if f(G) = H € M1(Y), ex(G) = d(G) if f(G) =Y. The defines
an integral index family ex on X.

Theorem 2.2 (Pullback theorem). Any b-fibration, f, induces a pull-
back map on functions

1AL (Y) = AT (X)

where f#(J)(G) = 0if f(G) =Y, or f#(J)(G) = {(e(G, H)z+q,k); (2, k) €
J(H),q € N} if f(G) = H € My(Y).

Theorem 2.3 (Pushforward theorem). If ReK(G) > d(G) for all G
such that f(G) =Y, then the pushforward by a b-fibration f, that is, inte-
gration over the fibres of f, of smooth compactly supported densities extends
to a map

(2.3) fr : A (X3 9 (X)) = AL (v p (1))
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where, for any index family £, f#(é’)(H) = {(2,p);3 G1 ... Gk mapping to H
andp; ...pk such that (z/e(G;, H), p;) € £(G;) andp = p1+- - +pr+(k—1)}.

Note that if f is a simple b-fibration, then the operators f# and fy
preserve naturality and integrality.

The assumption on the index sets, that Re X(G) > d(G) for bound-
ary hypersurfaces mapped onto Y, ensures the integrability of u €
Aghg (X;Qp(X)) over fibres f~1(p) for p in the interior of Y, and hence
that the pushforward is defined. In fact this condition can be dropped at
the expense of considering a Hadamard-regularized pushforward. To define
this regularization, we first define a regularized integral, which we call the ‘b-
integral’. Consider a manifold with corners with hypersurfaces Hy,..., Hy
and boundary defining functions ps, ..., px; then the integral

(2.4 I oo = [y u € A (4:2(X))
Pi>€E;

is polyhomogeneous in €;,...,€,. The b-integral of u, denoted bf u, is by
definition the coefficient of the constant term €J...e) in the asymptotic
expansion of I(ej,...,€;). In general it depends on the choice of boundary
defining functions but in case u is integrable it reduces to the ordinary
integral. The b-pushforward (under any C*° map) can then be defined by

duality:

(2.5) fod) = [(w*6) ¥ $ € ()

The proof of the pushfoward theorem given in [24] extends easily to show
that this b-pushforward still satisfies (2.3).

It is useful to have an explicit expression for bf u, when u is not absolutely
integrable. We do so only for u a polyhomogeneous distribution on R* since
the result extends easily to the general case. It is also sufficient to define
the b-integral for just a single term of the expansion of u multiplied by a
cut-off function ¢(z), where ¢(:1;)b= 1 near zero and has compact support.

The general term to be defined is [ z?(log z)*¢(z)dz/z. We shall only need
the case kK = 0. Consider the integral from e to infinity, and integrate by
parts to get

[P P(a) L = — [P Lo (1)L — € 2 #£0;
[E $@) 5 = = [ (loga)ad/ () F — loge.
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Since ¢' is supported away from zero, the integral on the right in either case
is convergent for any z. The other term on the right is polyhomogeneous in €
with no constant term, so does not contribute to the answer. The b-integral
is therefore given by

b ¥4
[ (a) & = - [ Lagl(a)Le 2 £ 0,

(2.6) b )
[ d(@) % = — [*(log z)z¢' (z) L.
There are similar expressions when &k # 0.

The two Theorems above give the exponents in the asymptotic expan-
sion of a pullback or pushforward. Next we discuss the coefficients. The
coefficient functions in the expansion of the pullback f*h at a boundary
hypersurface G in the first theorem are given by the pullbacks of the coef-
ficients for the expansion of h at H = f(G), provided f*(pu) = pg. For a
pushforward, the relationship between the coefficients in the expansions for
u and f,u can be rather complicated. We shall compute the coefficients in
the expansions of a pushforward f.u, at a hypersurface H under the assump-
tion that u is a polyhomogeneous D-density on X with C* index family
and f : X — Y is a b-fibration under which either one or two boundary
hypersurfaces of X map to H.

We start with the ‘trivial’ case. Thus suppose first that H € M;(Y)
and there is a unique G € M;(X) with f(G) = H. Furthermore, suppose
that ef(G, H) = 1. Let r be a boundary defining function for H, so z = f*r
is a boundary defining function for G. Take a product decomposition of
Y near H. Then there is a unique product decomposition of X near G in
terms of which f becomes a fixed b-fibration, fg, from one factor of this
decomposition on X to one factor of the decomposition on Y. Consider
u € AR (X;Q(X)) where the index family K = | = {(4,0);4 > [}, at G

phg
and suppose initially that ex(G) = d(H) = 0. The expansion of u at G takes

the form
u ~ Z a;ia,-
i>l

phg

df( , ai € Ap (X; (X))

where IC(G) is the induced index family on G. By assumption in Theorem 2.3
the elements a; are integrable on the fibres of fg. Then the expansion of u
at H, in terms of the chosen product decomposition is

(2.7) fru~ Y ri(fe)e(ai):

i>l
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In this case the coeflicients of f,u are obtained by pushforward of the coeffi-
cients of u. In the interior of H the pushforward under fg is just an integral
over a compact manifold with corners.

Next consider the less trivial case in which f : X — Y is a b-fibration,
H e M;(Y) and

(2.8)
fIH =G1UG,, e;(G1,H) =ef(G2,H) =1, G1N G2 = K € My(X).

Let r be a boundary defining function for H, and, for ¢ = 1,2, let z; be
boundary defining functions for G; with f*r = zyz9. There are product
neighbourhoods in X near G, of the form [0,6)z, % [0,6);, x K and in Y of
H, of the form [0,4’) x H with d,6' > 0, such that f is locally the product
map

(2.9) f(z1,22,9) = (2172, fK (9)),

where fx : K — H is a fibration. Now consider an index family for X
with K(G;) for j = 1,2 the integral index sets {(k,0);k > I;}. As before,
Wlthout loss of generality, we can assume that ex(G;) = d(G;) = 0. If u €
(X; 2% (X)) then the expansions for u at G; and G2 in terms of this

phg
product decomposition may be written
(2.10)
U~ Z Z1Z2) a] -—1 at G1, where a; ~ Z a:g_jcjk at Go;
j>h k>l
k d$2 d.'B
U~ Z z1%2)" by |—| at Gg, where by ~ Z ml c]k at G.
k>la ji>h

Here the c;; € ARK (K3 Q4 (K)) with Kx the induced index family for K.

phg
Lemma 2.4. Under the assumptions of the preceding paragraph, if
u € .Aphg (X; (X)) where K satisfies the integrability conditions of The-
orem 2.3 and has support in the product neighbourhood of K = G1 N Ga,
then the expansion of f.u at H is

(2.11) fiu~ Z’I‘J %fey).ai | — dr

izl

d dr

+ 3 rF ¥fay) b || —

k>l2

Z rilogr ¥(fx),cij |—

j>maxly,l2
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where fg,, fa, and fx are, respectively, the b-fibrations with range H
obtained by restricting f to G, G2 and K.

Proof. Theorem 2.3 shows that there is an expansion of the form (2.11). It
suffices therefore to compute the coefficients up to a given order, i.e. the
coefficients of r? logr and rP for p < N. Multiplying u by r~V = (z,z5)~N
we may assume N = 0, at the expense of changing /; and l5. Since /; and [,
are arbitrary it is enough to compute the coefficients of r? and 7P logr for
p <0.

Suppose first that [ is large, say Iy > |l3]. Then all terms are integrable at
G1. It follows by continuity from (2.7) that f,u is given by 22=12 *(fG,) bk +
o(1), which verifies (2.11) in this case. Thus it is enough to consider an
individual term in the expansion at G; in (2.10)

(2.12) u = (z132)’ a,gb(:zl) dz,

- dz
where Aphg 1) (G1;%) 2 a5 ~ Z z, ’c,k
k>l2

at Go

and ¢(z;) has compact support and is identically equal to 1 near z; = 0.
The same continuity argument applies to the terms in the expansion for a;
in (2.12) beyond the point of integrability at G3. Thus in fact it is enough
to consider a single term of the form

d:l:ld.'L‘z
T1T2

(2.13) u = 2l zk cjx d(z1)d(22)

where cji, € 'Aphg (G1)

and by assumption the induced index family K is such that c;j, is integrable
on K = G1NGs.

By symmetry it can be assumed that j > & in (2.13). Then the integral
forr >0is
~kdT1

(2.14) / Hon) (-  C() cin)-

If j > k then integration by parts changes the z; integral in (2.14) to

Jj— J—k d:::l

Vi—k oz

7 dl‘l

—r / g @) )t / Ho1)z10 4 ) 7L
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For r small, ¢(r/z1) = 1 on the support of z;¢'(z;) and similarly ¢(z;) = 1
on the support of d;,¢(r/z1). Changing the variable of integration in the
second integral to xo gives

/x ¢($1)1J kd;?—r /$2¢ :z:z) d:z:2.

]HI

If j = k then the same integration by parts can be used, starting from
1 = z,0/0z; log 71, can be used to reduce (2.14) to

k[ 21 (1) () log oy 2L — T dzy
* [ o @b Syogam Tt r* [ glaren (0002 ) 1ogmi e
‘ o0 dz
— k(= — ! 1
=r ( logr 2/0 z1¢'(z1) log 1 o )

In either case, comparing with (2.6), we get the appropriate coefficients in
(2.11). This completes the proof of the lemma. |

Finally let us write out the result of Lemma 2.4 when d(H) = d and
ex(G1) = e; and ex(Gq) = ey are arbitrary integers. In this case, u has an
expansion of the form

d.’L'l
u ~ z122)a; | ——————| at G
Z 122)’a; 71(z132)0te L
i>h
k—j dzs
where a; ~ E Ty “Cjk —_x1+ez—61 at Gag;
k>l2 2
u Z z172)kb dz> atG
~ 1T2) Ok —w 2,
k>l2 .’L'2(fL']_$2)
where bk ~ Z C]k m at Gp.
i>h
and then the result of pushing forward by f is
(2.15)
jb dr kb dr
f*u ~ Z T (fGI)*aj+61 rl-l—d + Z T (sz)*bk+e2 ;'m
jzlhi—e k>la—e2
dr

- Z rd logr b(fK)*Cj+€1,J'+32 s

j>maxl;—ej,l2—e2



Analytic surgery and the accumulation of eigenvalues 133

Although the b-integral depends, mildly, on the choice of boundary defin-
ing functions used in its definition we will work below with explicit boundary
defining functions so this dependence will not be indicated in the notation.
If the b-integral formally computes the trace of a smoothing operator A,
then the regularized integral is denoted b-Tr(A). The b-eta invariant is de-
fined in terms of the b-Trace of the operator =" (see (9.2)). For this
operator, we will show in section 9 that the Schwartz kernel of the pointwise
trace of this operator vanishes on the boundary, so the integral actually con-
verges. Hence, the b-eta invariant is well defined, independent of any choice
of boundary defining function.

The pushforward theorem from [24], discussed above, can be extended
to densities on X which have interior conormal singularities along a p-
submanifold S transverse to all boundary hypersurfaces of X and to f.
We denote the space of such densities with conormal order m at S by
ImA',pChg (X;Qp(X);S). To see why this modification is permissible, first
note that by a standard result about wavefront sets (see [16] for exam-
ple) fiu is smooth in the interior of Y. To understand the situation at the
boundary, consider the proof of the pushforward theorem in [24]. The idea
there is to remove terms in the asymptotic expansion of v at each bound-
ary hypersurface G of X up to any given finite order using test differential
operators B(K,s) which are appropriate combinations of compositions of
any given nonvanishing b-vector field 7g normal to G. Since both f and any
G € M;(X) are transverse to S, if G intersects S nontrivially and f(G) = H,
any normal vector field rg is f-related to a normal vector field rg on X tan-
gent to S. Using this r¢ in B(K,s) shows that this test differential operator
removes the leading terms in the asymptotic expansion of u at G while pre-
serving the order of conormality at S. This shows the image space is the
same as in Theorem 2.3.

2.4. Two Blowup Lemmas.

The important properties of b-fibrations have been discussed in sec-
tion 1.4. In modifying the spaces of Part I we often face the situation
where we have a b-fibration f : X — Y and we perform blowups on X
or Y, obtaining new spaces X , Y. We would like f to lift to a b-fibration
f: X — Y. The first and second lemmas below give conditions under which
one can regain a b-fibration after such a blowup in X and Y respectively.

Lemma 2.5. Let f: X — Y be a b-fibration between compact manifolds
with corners and suppose that T C Y is a closed p-submanifold such that for
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each boundary hypersurface H C Y intersecting T, and each G € M;(X),
either e;(G,H) = 0 or e;(G, H) = 1. Then, with S the minimal collection of
p-submanifolds of X into which the lift of T' under f decomposes, f extends
from the complement of f~!(T) to a b-fibration

(2.16) fr:[X,8] — [V, T]

for any order of blow up of the elements of S.

Proof. The result is local in nature, so we may restrict attention to neigh-
bourhoods of ¢ € T and p € X such that f(p) = ¢. Choose coordinates
Ty Thy Yy e Yoy Dear g, such that ¢ = (0,...,0), the z; are non-
negative, the y; take values in (—¢,¢) and in terms of which T = {z} =
e =gy =1y; =--- =y, = 0}. Because of the assumption on the boundary
exponents of f, it is possible to choose coordinates zi,...,Zk, Y1,- .-, Yn—k
near p € X so that

(2.17)
frai=[lar 1<i<land ffyf=y; 1<i<n' - ¥
rel;
with the I; C {1...k} nonempty and disjoint.

Since f is a b-fibration, necessarily k' > k and n' — k' <n — k.
In these coordinates

AT =S [[2r=01<i<landy;=0,1<j<m
rel;

Thus an element of S, the collection of p-submanifolds into which f=1(T')
decomposes, is determined by the choice of a single index from each of the
I;. Choice of an ordering Si,..., Sy of the elements of S gives

Sk={xkl=---=$kl=y1=---=ym:0}

with k; € I;. Thus N is the product over ¢ of the number of elements in I;
and for each k with 1 < k < N, k; is the unique element of I; such that zy,
vanishes on Sk.

Consider the action of blowing up S;. This replaces S; by its inward
pointing spherical normal bundle. The function Ry = z1, +---+ 21, + (v +
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R y,zn)l/ 2 defines the new boundary hypersurface so introduced. Now
consider the functions

x' . . _ . .
HONDE if i = 1; for some j
x; otherwise

a _ %%iflﬁiﬁm
Y y; otherwise.

Observe that mﬁ) +t ws) + ((ygi))2 + W)2)1/2 = 1 and that de) #0

unless x(lf) = 1 and similarly, dy§1) # 0 unless yJ(-l) ==1if1 <j < m. Away
from the front face of [X;S1] nothing has changed and near each point of
m

this new boundary hypersurface R; and some n — 1 of the n functions z;’,
y](-l) form a coordinate system, the one function excluded being non-zero.
The lifts to [X, S]] of the submanifolds Si, £ > 2 are therefore given by
the vanishing of the functions wg), . ,wg), ygl), e ,yg), which, since they
vanish there, must be amongst the coordinates at each point of the lifted
submanifold.

Thus, after the first blowup the combinatorial arrangement is as before,
with one less submanifold S;. We can therefore proceed to blow up Ss,

S3,..., SN and define successive functions

N

Re=af D a0 (6524 )

25D

wzgk) _ —*(E) if i = k; for some j
z, otherwise
(k-1)
® )i —ifi1<i<m
ui =93 # -
Y; otherwise.

Then the Ry for k = 1,..., N are defining functions for the blown up sur-
faces.
Consider the map

(2.18) fr:[X,8] =Y, fr=fopx

where Bx : [X,S] — X is the total blowdown map. The coordinates pull
back to be of the form

(e, = [ Bz = [[ 2™ ] Bl =R R [

rel; rel; ks.t.ki=r rel;
N
(f1)*ys = RiRp -+~ Ryyi™).
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12

Thus, R' =z} + - + 2} + (42 + --- + /%) /2 lifts to

l m
Ry - "RN<; (TIEIIing)) n (g(y]{m)z)l/z).

The right factor does not vanish. Indeed, it would vanish only at a point

where some mﬁfv) , ; € I, for each %, and each yJ(.N) vanished. But the choice

{ri} corresponds to some submanifold Sy, and after Si is blown up, > x£{“) +
(E(ygk))z) Y2 _ 1. Thus

(fr}v)*R’ =a- R1 . RN,

* m,
(F1) 5 =ai- [[ o™ and
rel;
* y,' N
(1) 3 = a5 -9
where a, a; and a;- are smooth positive functions. This shows that the map
(2.18) lifts to a map (2.16) which is a b-fibration. O

Following the proof of Lemma, 2.5 we have also shown:

Corollary 2.6. Under the conditions of Lemma 2.5, if f is simple then so
is fr in (2.16).

For the next lemma, consider the relative b-tangent space of a p-submani-
fold. For a p-submanifold S, of a manifold with corners, X, the (relative)
b-tangent space °T, (S, X) C T, X at p € S is the linear space of values
at p of those elements of V,(X) which are tangent to S. Its dimension is
dim S + k where k is the codimension of the smallest boundary face, Fa(S),
containing S (so k = 0 if S is an interior p-submanifold). These spaces form
a bundle ®T (S, X) over S and the quotient by °N Fa(S), the b-normal space
to Fa(S), is canonically isomorphic to the (intrinsic) b-tangent bundle to S :

(2.19) 5T (S, X) /°Ns Fa(S) = °T'S.

Lemma 2.7. Let f : X — Y be a b-fibration of compact manifolds with
corners and suppose that S C X is a closed p-submanifold to which f is
b-transversal, in the sense that

(2.20) Ker(*fulor, x) + 75 (S, X) ="T,X Vp € S,
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and such that f(S) is not contained in any boundary face of Y of codimension
2. Then the composition of the blowdown map f: [X,S] — X with f is a
b-fibration

(2.21) fl:[X,8] — Y.

Proof. The b-tangent map of the blowdown map  maps onto ng(p) (S, X)
for each point p € B71S. The b-transversality condition implies that compo-
sition with °f, maps onto be(ﬂ(p))X , 80 f' is a b-submersion. The condition
on f(S) means that f(S) is a boundary face of codimension 1 or 0, so that
f' is actually a b-fibration. O

In view of (2.19) the condition of b-transversality in (2.20) is equivalent
to the b-transversality of f|pa(S), as a b-fibration onto f(Fa(S)), to S as
a submanifold of Fa(S). This can also be restated as the condition that f
restricts to S to a b-fibration onto f(S), which is often simple to check.

2.5. Logarithmic blow up.

To handle the logarithmic behaviour of the surgery problem, when the
boundary operator is not invertible, we introduce the notion of logarithmic
blow up. If X is a compact manifold with corners and pg € C*°(X) defines
H € M;(X), then consider

(2.22)
C™®([X, Hhog) = {9(ilg pr, f1,-- -, fp); g € C(RPTY), fi € C=(X)}

. 1
where ilgpyg = m.

This is a new C* structure on X, albeit diffeomorphic to the original one.
In fact this C* structure is independent of the choice of defining function
pH, and so defines [X, H]jog. Since py is a C* function of ilg pgr, namely

1
2.23 — exo [ —- ,
(2.23) PH p < 1lng>

the identity map on X is smooth as a map fiog : [X, H]iog — X. Clearly the
operations of logarithmic blow up of two or more hypersurfaces commute.

This allows us to define unambiguously the ‘total logarithmic blow-up’ Xjog
of X by blowing up each of the boundary hypersurfaces.
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Perhaps surprisingly, an appropriate combination of the non-algebraic
notion of logarithmic blowup with certain (ordinary) blow ups behaves well
with respect to certain b-fibrations. To illustrate this we give a simple
example.

Example 1. Consider the b-fibration g : X — ¥ where X = [0,00)%, Y =
[0,00) and g(z1,z2) = Z1z2. In terms of the boundary defining functions
r =ilgz, p; =ilgz; and py = ilgxy, we have, in the interior of X

« 1 1 1 _ _Pip2

log% —Iogmll—m2 —log—ml—1+log51; Cpitpe

g'r=g

Thus g does not lift to a smooth map from Xjog to Yiog. If we further blow
up X by defining X = [Xog;(0,0)] then boundary defining functions for

~

X are p; = ;;B_ﬁz,,@ = ‘—,;%2, and p3 = p; + p2 for the new face. Thus
g*r = p1P2P3, so it follows that g lifts to a b-fibration g : X — Yiog-

We generalize this result in the next lemma. Before it is stated we need
to introduce the notion of ‘total boundary blow up’.

2.6. Total boundary blow up.

The total boundary blow up, Xip, of a compact manifold with corners,
X, is defined by blowing up (in the radial sense) all the boundary faces,
in order of increasing dimension. Blowing up all faces of dimension < k
separates the lifts of the faces of dimension k, so there are no ambiguities of
order in this definition. The boundary hypersurfaces of Xy, are parametrized
by M'(X), the set of proper boundary faces of X. In the next lemma we
consider the effect of the combined operations of logarithmic blowup and
total boundary blowup on simple b-fibrations. Since this combination occurs
quite frequently in the sequel we introduce the following notation for the
‘logarithmic total boundary blowup’ of a compact manifold with corners X

(2.24) Xy = (Xiog)yp,

Lemma 2.8. Let f : X — Y be a simple b-fibration of compact manifolds
with corners. Then f lifts from the interior to a simple b-fibration fi :
Xy — Y.

This result is applied in subsequent subsections to the surgery spaces of Part
I to obtain new ‘logarithmic surgery spaces’.
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Proof. Again this is a local result. Using Section 2 of [24], we can assume
that f takes the following form in local coordinates

($1,---$ksy1,- . 'yn—k) — (H Liyeeey 1__[ xiayl,"'yn’—k’)'
iel i€l
The condition (2.2) implies that the I; form a partition of {1,...,k}. If
g: X' — Y’ is a fibration of manifolds without boundary then the result
holds for f x g if it holds for f. Thus the factors of R*~* in the domain and
R™ ~* in the rangé can be dropped and it suffices to prove the result for
maps of the form

(2.25) (:L‘l,...a:k)———)(H:I:il,..., H :L‘ik).

el i€l

The composite of two simple b-fibrations is again a simple b-fibration
and, the same operations being applied in domain and range, the result holds
for the composite if it holds for the factors. The map (2.25) decomposes into
the composite of simple b-fibrations of the form

f:Rﬁ_-——)R’j__l

2.26
( ) (931,---3%) — (31,---,%-2,%—1%)

with appropriate permutation of the coordinates, so we only need to
prove the lemma for maps, f, of the form (2.26).

With X = RE and Y = RE™! let f be as in (2.26). Using the Lemma 2.4,
or the example preceeding that result, we see that f lifts to a b-fibration
f: [X10g; K] — Yiog where K is the lift to the logarithmic space of {zg-—1 =
zx = 0}. Denote by K the new boundary hypersurface produced by the
blowup of K. To lift to X};, we use Lemma 2.5. Thus Yj; is produced from
Yiog by blowing up all codimension [ hypersurfaces for [ = (k — 1),...,1
successively. Denote the lift to X} of the hypersurface z; = 0 by H;, and
denote by H; the sequence of blowups H;,; followed by H,; » followed by H,; 3
where

H;,1 = all [-fold intersections of Hy ... Hg_o
Hi 2 = all [-fold intersections of H; ... Hy_5 and K involving K
H; 3 = all [-fold intersections of H; ... Hy involving

exactly one of {Hy_q,Hy}.

Then by Lemma 2.5, f lifts to a map
X = [Xiog; K; Hi-1y- .., Ha] — Y.
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To show that X = Xj; we proceed inductively to show that

X =[Xiog; all faces of codimension >+ 1;

(2.27) _
Hig; Hiss K; Hi1. .. Hal

For | = k this space is X, for [ = 2 it is Xj;. So we assume that the
statement is true for some [, 2 < [ < k. To show that it is true for [ — 1 we
will use Lemma 2.1 and the following separation result:

Lemma 2.9. If all boundary faces Hy, I C {1,...,n}, of X = Rk of codi-
mension > m have been blown up (in increasing order of dimension) then
the lifts of Hyqy N --- N Hyp4y) and Hy) N -2 N Hypy5) where o is a
permutation and s > r are disjoint provided p + s > m.

Proof. The indicated surfaces are separated when H,) N -+ N Hypps) iS
blown up. O

We now commute the K blowup past the #;_1 = {#;_1,1, Hi—1,2, Hi—1,3}
blowups. Applying this lemma to [Xiog; Gi41] where Gj1 is the set of all faces
of codimension at least [ + 1, K is disjoint from all faces in H;_1,; so the K
blowup commutes with the #;_; ; blowups. Again by Lemma 2.9, any two
faces in H;_1 2 are disjoint, and they are all contained in K, so by Lemma 2.1
we may do the H;_; 2 blowups first. They are then, by Lemma, 2.9, disjoint
from the #,;_;; faces, so can be commuted past these too. When we do this,
they yield with the H;; and #,;3 blowups all the codimension [ faces, so we
get

X = [Xiog; all faces of codimension > I; Hj_11; K; Hi—13; Hi—2...Ha].

Again by applying Lemma 2.9, K is disjoint from all #;_; 3 faces so
we obtain (2.27) for [ — 1. This completes the induction, so we have shown
that f lifts to fit : X1y — Y- Finally, both the result of the example and
Lemma 2.5 preserve (2.2) so fj; is simple. O

Let us define degrees (see section 2.1) for spaces of the form Zj; for a
manifold with corners Z. We fix a degree function by letting the degree
d(H) of a hypersurface H of Zj; be the codimension of the face of Z of
which it is the blowup. We also define the cusp density bundle Q.(X) for
any manifold with corners X to be []xer, (x) Pz (X); in other words, the
degree density bundle where all degrees are equal to 1. Then the following
results hold:
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Lemma 2.10. For any manifold with corners X

(2.28) ﬁﬁ)gﬂb(X) = Qc(Xlog)
(2.29) BiQe(Xiog) = Qb (Xi)-

Proof. Since dp/p = d(ilg p)/(ilg p)?, (2.28) follows. To prove (2.29), first
observe that for any H € M;(Xog), with boundary defining function py,

ﬂ:pr = H Tr,

FCH

where, if F is a face of codimension k in Xjog then rr denotes the boundary
defining function for the boundary hypersurface of Xj; corresponding to F.

Under blowup of a boundary face, the b-density bundle lifts to the b-
density bundle. Hence,

Bib H p;IIQb(XIOg) = H H TEIQb(Xlt)
HeM:(X) HeM;(X)FCH
— H TECOdimFQb(Xlt). .
FeM'(X)

O

If S C M is a p-submanifold, let [Zy, x M; M;(Zy) x S| be the manifold
with corners obtained from Zj; x M by blowing up the submanifolds H x S,
for all H € M;(Zy), in order of decreasing degree; i.e. the codimension of
the face F' € M'(Z) from which H arises. There are no ordering ambiguities
because all hypersurfaces of Z); of a given degree are disjoint.

Lemma 2.11. Let f : X — Y be a simple b-fibration and S C M a p-
submanifold. Then the map fi; X Id : Xy x M — Y}y, x M lifts to a simple
b-fibration

[X1w x M; My (Xy) x S] — [Yig x M; My (Yy) x S].

Proof. We can argue as in the proof of Lemma 2.8 to reduce the proof to
the case where f is of the form (2.26). Now applying Lemma 2.5 to the
M;(Y) x S blowups allows the b-fibration to be lifted and so gives the
result.
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Consider the inverse images of all the submanifolds H x S for all hy-
persurfaces H of Y of fixed degree d. Each such submanifold has as inverse
image a union of submanifolds G x S, which are disjoint if they correspond
to different H. Since fi; is a b-fibration and dim X}y = dim Y}, + 1, we
have d(G) = d(H) or d(H) + 1. Hence in Xj; X M we can choose the or-
der of blowup so that the G x S are also blown up in order of decreasing
d(G). Condition (2.2) for fi; means that as H runs through all hypersur-
faces of Yj;, G runs through all hypersurfaces of X}, so we obtain precisely
[Xit x M; M;(X) x S] as the new domain. O

3. The Single Space.

In section 1.4 we noted that the surgery spaces of Part I will not suffice
to construct the resolvent of A when the boundary Dirac operator is not
invertible. Instead, consideration of the eigenfunctions on an interval under
surgery suggests that the resolvent will be a smooth (conormal) function of
y, ¥' and the ‘rescaled distance’

arclength arcsinh?  ilge

total length 2arcsinh% ~ ilg £

€
as — — 0.
T

3.1. Definition.

This suggests working on a space on which these functions are smooth.
We therefore make the following definition in terms of the blow up notation
introduced in the previous section.

Definition 3. The logarithmic single surgery space is:

(3.1) Xis = (X = ((Xoiog),, -

Here the single surgery space defined in [21] and Part I is obtained by blow
upof Hate=0:
(3.2) Xs =[M x [0,€0]; H x {0}].

By Lemma 2.8, the b-fibration X; — [0,¢p] lifts to a b-fibration
X1s — [0,ilg €gliige. Therefore ilge is a smooth function on Xis, vanishing
to first order on all boundary faces (at € = 0). We will understand X7,
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‘zero space’, to mean [0,ilgegligc below. The space Xis has four types of
boundary hypersurfaces, cf. Figure 1. The lift of the boundary € = 0 will be
denoted By(Xys); it is the surgery boundary. The lift of the surgery front
face will be denoted Bj(Xps) and again called the surgery front face. The
new hypersurfaces constructed in the last, total boundary, blow up in (3.1)
will be called the logarithmic surgery faces and denoted Bg(X1s). Defining
functions for these space will sometimes be denoted pg, p1, and pg, respec-
tively. There is also a ‘trivial’ boundary hypersurface at € = ¢p. Under
the general assumption that H separates, both By(X1s) and By(Xys) have
two components; these will be denoted B1o(XLs), B+2(X1s) with the sign
corresponding to the local orientation of H.

The diffeomorphism types of these boundary hypersurfaces are easily
identified. Clearly

(3.3) Bo(XLs) = Mg

is just the manifold with boundary, M, obtained by cutting M along H with
its boundary blown up logarithmically. The front face of X, is the radial
compactification of the normal bundle to H in M; this compactification is
denoted H. Lifted to (X))o this becomes Hiog. The final blow up does not
change the structure of this face so

(3.4) Bi(X1s) = Hiog-

The essentially new faces introduced by the passage from X to Xi are
the boundaries of the radial compactifications of the normal bundles to the
corners of (Xj),,, . These are interval bundles over H. The two functions
ilg z and ilg(e/z) can be taken as defining functions for the corner, in the
closure of the region € < %a: < %. Thus the limiting value

(3.5) 4 L
_ ilgz _ lge
3 limyg 2 ig(c/a)10 ilgz +ilg(e/z) —  ilg(e/x) z>0
R — ilg(~2) _ e z<0
lg—zilg(-¢/aN0 o(T7) rilg(—e/z)  ilg(—€/z)

is a global variable along the fibres. If z is replaced by another defining
function for H, z’ = a(z,y)z with a > 0, then

(3.6)

ilgr' =ilgz -

1 +ilg(e/z) - loga

1
—_—, il =il
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ilge
A

Ba Bro ilgz

Figure 1.

Thus the limiting value of s in (3.5) is unchanged. It follows that By(XLs) is
a canonically trivial bundle over H. Occasionally we will use the notation H
for SM = H U H, the disjoint union of two copies of H, and write H x [0, 1];
for H x ([-1,0]5 U[0,1],).

3.2. Densities.

The Riemannian density of g is of the form v, = (z? +€2)_%V where 0 <
v € C®(M x [0, €g); 2(M)). We shall adopt a slightly different normalization
of densities from that used in Part I and consider the (trivial) bundle, Qx,
over M x [0, €g]c which has as generating section v, ® |de|/e. This bundle is
just the density bundle over M X (0, ¢o] and lifts to X to

(3.7) (B[X,{0} x H])*Qx = ((X).

Notice that if the extra factor of =1 is omitted, as it is in the normalization
of Part I, then one simply gets the density bundle in (3.7) instead of the

b-density bundle.
The advantage of the extra factor of e~! is that Qx lifts to be simple on
X15- By Lemma 2.10, we have

(3.8) Bi* U (Xs) = Up(Xis) = py 203 o7 U X1s)-

Note that the two functions iase (see section 1.3) and ilge are smooth
functions of each other and equal to first order. In view of the behaviour of
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the ‘reduced normal operator’ of section 5, it will often be advantageous to
use iase, and we shall frequently do this from now on.

3.3. Lift of V,(X).

In Part I it is shown that the Laplacian associated to a surgery metric
lifts to X, to an element of Diff2(X), which is the enveloping algebra of
Vs(X;). Here Vs(X;) is the Lie subalgebra of V,(X;) consisting of those
vector fields which are tangent to the fibres {¢ = const}, it may also be
described as consisting of the C* vector fields on X, tangent to the fibres
and of finite length with respect to ge. We need to consider the lift of V,(X)
to Xprs-

As noted in section 3.1, ilge lifts to a C*® function on Xpg which is a
total boundary defining function for all the boundary hypersurfaces above
€ = 0. Consider the Lie algebra

Vis(X1s) = {V € Vp(X1s);V -ilge = 0 and

3.9
(39) V is tangent to the fibres of Ba(Xys) over [—1, 1]}

As with V;, Vi is the space of C™ sections of a vector bundle. To de-
scribe this bundle directly on Xz, let bTX£S C T X1 be the subbundle of
codimension one given by

STX! = Ker(*dilge) : T Xps — PTXL,.

Since the map ilge : X1s — X7, is a b-fibration, Ker(®dilge) has codimen-
sion one at every point. Let F C ®Tp, X! be the subbundle of vectors
tangent to the fibres of the fibration By — [—1,1]. Then Vi, is the space
of smooth sections of bTX£S that take values in F' over By. As explained in
[22], section 8, this means that there is a bundle T X1s = F(*TX{,) (in
the notation of [22]) such that Vi is precisely the space of smooth sections
of 13T X7 . The metric lifts to a non-degenerate fibre metric on 'ST Xy.
Following the approach outlined in [25], the bundle "ST X1 is taken as
the replacement for the usual tangent bundle T X} in surgery geometry.
We define surgery form bundles, surgery Clifford bundles, surgery frame
bundles and surgery spinor bundles using ST X1,. Thus the surgery cotan-
gent bundle, UST*X; is defined to be the dual of T Xys. The surgery
form bundle "A* X1 is the exterior bundle of the surgery cotangent bun-
dle. The surgery Clifford bundle Cl X[ is the fibrewise Clifford algebra. of
the surgery cotangent bundle with respect to the fibre metric g (defined on
LsT* X1¢ by duality). If M™ is spin, then the bundle of orthonormal frames
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of I8T* X1 lifts to a Spin(n) bundle Spin(Xts), which reduces over B; and
By to have structure group Spin(n — 1). The surgery spinor bundle is the
associated bundle

S(XLS) = Spin(XLs) X Spin(n) S,

where S is the spin representation of Spin(n). If M is odd-dimensional then
the spin representation is irreducible on C?* with n = 2k + 1 and over
By, S(X1s) has a natural splitting S(Xrs) = ST(H) & S~ (H) given by the
+1 eigenspaces for homomorphism given by multiplication by the surgery
Clifford element dz/(v/z2? + €2). Restricted to each of the leaves of By on
which s is constant they are the plus and minus spinor spaces, associated
with the induced spin structure on H, on which the Dirac operator 05 acts.

The space of Ls-differential operators, Diff] ;(Xis; E, F'), (where we write
Diff] (X1s; E, E) = Diff{(X1s; E)) consists of those differential operators
from sections of E to sections of F' which are sums of products of vector
fields in Vi, acting via some connection, and smooth bundle maps (in other
words, the enveloping algebra of Vi tensored with bundle maps).

Lemma 3.1. If ¢ is the adjoint of d with respect to ge, then
d + 6 € Diff} (Xps; “SA* X1s)

and

A = (d+6)? € Diff? (X1s; B A* X1s).

The Dirac operator for a Hermitian Clifford connection on an Hermitan
Ls7* X1 o-Clifford module, E, is an element 3, € Diﬁ’is(XLs; E).

Proof. We may write 8, = ), cl(e;)V;, for an orthonormal frame e; of the
surgery cotangent bundle; directly from the definition this shows ¢ to be a
first order Ls-differential operator. Similarly, we may write d = ) .(e;A)V;
and 0 = —) . V;(e;), and (e;A) and e;u are smooth bundle maps on
LsA* X1s. Hence, A, = (d + 6)? is also a Ls-differential operator. O

In particular this applies to ‘the’ Dirac operator on spinors if M is spin.
The next result identifies Vi in terms of the Lie algebra V; of Part I:

Lemma 3.2. The Lie algebra Vs(X;) lifts to Xps to span, over C*°(XLs),
the boundary-fibration structure Vis(Xys) given by (3.9).
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Proof. Away from the blown up submanifolds this is obviously so. Moreover
it is certainly local over open sets of M so it suffices to consider the product
case M = H x (—1,1) where H is just an open set in Euclidean space. The
blow-ups then preserve the product structure so it suffices to consider the
case that H is a point. Thus we only need consider the lift of the vector
field

(3.10) Vo = (o +62)%53—$-.

Near the corner of X, the projective coordinates k¥ = €/z and z are valid
and in terms of these

_ anif 0 _ 9
Vo—(1+k)2(a:6$ kak)'

Under the logarithmic blow up of both boundary hypersurfaces this in turn

lifts to .
= (1) (€5 - 5)

where ¢ = ilgz and x = ilgk. Finally under the radial blow upof ¢ =k =0
this becomes

(NI

2(1 = po) ) ( Y 9 )
3.11 Vo=1{1 _ —_—— —_—
(3.11) 0 ( + exp( p ) Prg, ~ PoP2 90

or

1
2 \2 0 0
3.12 Vo=1(1+ — 2 7 - )
(3.12) 0 ( exp( pz)) (Pzap2 g

in terms of the coordinates p; = € and pp = k/(k +&) = (1 —s) or pp =&
and p; = €/(k + &) = s which together cover the new face. It is now easy to
check that Vj spans the algebra Vis(Xis) in this case, so proving the result
in general. |

This Lemma also shows that 1T X1s = B;* (°TX,), where T X, is the
surgery tangent space of Part I.

Consider the normal operators for the structure Vi 5(Xis). At the level of
the Lie algebra these correspond to freezing the coefficients of Vis(X1s) at
the various integral submanifolds. Each level surface of € on which it is non-
zero forms such an integral submanifold and Vis(X1;s) restricts to the space
of all smooth vector fields on these surfaces. The more interesting integral



148 Andrew Hassell, Rafe Mazzeo and Richard B. Melrose

submanifolds are those lying over € = 0. There are three essentially different
cases. Consider first the restriction algebras. Let us use the notation V¢(Y')
for the subalgebra of V,(Y') consisting of those vector fields tangent to the
leaves of a b-fibration f and V.(X) for the cusp algebra, determined by
a choice of boundary defining function p on a compact manifold X with
boundary Y :

Ve(X) = C*(X)-span {p22— _8_}

Op’ Oy;

Lemma 3.3. Restriction to the three types of boundary hypersurfaces
above € = 0 gives surjective Lie algebra homomorphisms

(3.13) Ry = Ny : Vis(X) — Ve(Miog)
(3.14) Ry : Vis(X) — Vi(H x [0,1])
(3.15) Ry = N1 : Vis(X) — Ve(Hiog)

where f : H x.[0,1] —» [0, 1] is the projection.

Proof. As in the proof of Lemma 3.2 it suffices to consider the special case
where M is an interval. Then (3.13) just arises as the restriction of Vj in
(3.11) to s = 0, giving £20/0¢, which, with the vector fields on H, generates
the cusp algebra with distinguished boundary defining function £. The other
two restriction maps can be analyzed in the same way, with (3.14) arising
from the fact that Vj in (3.12) vanishes at ps = 0. O

The notation Ny and Nj in (3.13) and (3.15) is justified by the fact that
the null spaces of these maps are precisely the Lie ideals Z - Vis(X) where
Z is the ideal of functions defining the boundary hypersurface in question;
thus these maps are indeed the normal operators in the sense of [23] and the
range spaces can be identified with C®°(H; T X1;) for the corresponding
boundary hypersurface in M (Xps).

This is not the case for restriction to Bs(X1s). Rather, the null space of
the restriction map

(3.16) O (Ba(X1s); T X1s) — Vy(H x [0,1])

is a one-dimensional Lie algebra over Ba(Xtis). This line bundle is impor-
tant since it generates the reduced normal operator, the properties of which
largely determine the behaviour of the small eigenvalues of the Dirac oper-
ator and Laplacian. In fact
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Lemma 3.4. IfV € Vi5(X) has Ry(V) = 0 then V/ilge is smooth up to
the interior of Bo(Xys) and, by projecting off any term in V;(H x [0,1]),
defines a vector field

RN(V) = m(V)D;, with rn(V) € C*(B3),

on the fibres of By(X1;) over H; this vector field is smooth up to the bound-
ary (but not necessarily vanishing there) and is such that rn(V') = 0 if and
only V € Z(Bz) - Vis(X).

Proof. Again this is just a matter of examining the behaviour of the vector
field Vg, in (3.11). Using the coordinates of (3.11), in the interior of By (XLs)
ilge = p1p2 so the restriction of (ilge) V5 to & = 0 is just

0
. N = —.
(3.17) RN(Vo) =
This shows it to be smooth and non-vanishing up to both boundaries of
Bs. O

Thus the two maps Ry and RN together capture the full normal operator
at Bz (Xis)-

Let us now calculate quite explicitly the form of the Dirac operator and
the Laplacian in local coordinates near the boundary hypersurfaces of Xp.
Choose a product decomposition of a neighbourhood of H C M and let
(z,y) be corresponding coordinates, where y denotes local coordinates on
H. Write p for local coordinates on M.

Lemma 3.5. We have the following expressions in coordinates for the Dirac
operator and the Laplacian near the boundary hypersurfaces of Xy :

(i) Near B;, and away from By, using coordinates y, 7 = sinh™(z/e)
and iase€, we have

Oe = 7(‘ivr) +0g +v-Q,

3.18
(3.18) A= (V)2 +Ag+v-Q

where v is a function vanishing to infinite order at this face and Q, Q' are
Ls-differential operators of order at most one, respectively two.

(ii) Near B, using coordinates y, s = iase - sinh™(z/¢) and iase, we
have

0 =iase-y(—iVs) + 0y +v- Q,

(3.19) A= —(iase)®(V,)? + Ag +v- Q'
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with v, a function vanishing to infinite order at B2 and Q, Q' as above.
(iii) Near By, using coordinates p and iase,

0 =00+v-Q,

3.20
( ) A6=A0+'U’QI

with v a function vanishing to infinite order at By and Q, Q' as above.

Proof. If h in the definition of the surgery metric is a product metric in
|z| < d for some defining function z for H, then (3.18), (3.19) follow easily
from (3.10) — (3.12). So write

h = hij(0,y)dy'dy’ + x - hi;(z,y)dy’dy’ + hf(z,y)dzdy; + h" (z,y)ds?
= hij(0,y)dy'dy’ + x - hi;(z,y)dy'dy’

2
+ V22 + € h(z,y \/deyJ + (2% + ez)h"’(:v,y)($2d+€2)
giving the metric in terms of the smooth surgery form dz/v/z% + €2. The lifts
to X5 of z, V2 + €2 and (22 + €2) vanish to infinite order at B; and B3 so
only contribute to d or A a term of the form v - Q or v - Q'. The first term
is a product metric in a collar neighbourhood of H so gives the principal
terms. Hence (3.18) and (3.19) are established. (3.20) follows because in
the interior of By, the surgery metric g = go+v- ¢’ with v vanishing rapidly
on By and g’ smooth on Xp. ]

3.4. Models.

The Lie algebra homomorphisms in (3.13) — (3.15) extend to homo-
morphisms of the enveloping algebras and define three of the four (closely
related) ‘model problems’ we need to discuss in order to invert the original
operator.

Proposition 3.6. For the Dirac operator (Laplacian) of the metric g, the
normal operator Ro(8c) (Ro(A)) is the lift to My, of the Dirac operator
(Laplacian), 8y (Ao), of M for the exact b-metric go; the normal operator
R1(8) (R1(A)) is the lift to Hyog of the indicial operator of 8y (Ag) as
an R*-invariant operator in H, the normal bundle to H in X; and the
restriction operator Rs(3¢) (R2(A¢)) is 0y (Ap), acting on the leaves of
B (X1s)-
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Thus the first three model problems are just the Laplacian on M and its
indicial operator (in two guises). The fourth model problem arises from the
reduced normal operator of Lemma 3.4.

Proposition 3.7. Let II be the orthogonal projection onto the null space
of 8y and let s be the coordinate in (3.5). If u € C*®°(By(XLs)) is in the
range of II and 4 is any smooth extension of u to X1, then

(3.21) RN(8)u = II ((ias€)7'8@ | By(Xys)) = vDsu,

independent of the choice of extension. Similarly, let II be the orthogonal
projection on the null space of Ay, and let W be a vector field normal to
B, tangent to s = y = constant. If u € C*®(By(Xys)) is in the range of II
and 4 is an extension of u to C*®°(Xy;s) such that Ag(Wd | By) = 0, then
A vanishes to second order at By and

(3.22) RN(A)u = I ((ias €) "2 Ad| g, (X1s)) = D2u,

independent of the choice of extension.

Proof. In the interior of By, we can use s, y and ias € as coordinates. Then,
writing @ as a Taylor series in iase off By and using the coordinate repre-
sentations of 0 and A in (3.19), the proposition follows. a

The fourth model operator is therefore the ordinary differential operator
vD; (D?) acting on smooth functions on [—1,0]U[0, 1] with values in the null
space of 0y (Ap). In fact this operator comes with boundary conditions
which turn it into an unbounded self-adjoint operator on the interval [—1, 1].
To discuss these we need to recall, from [22], some properties of the ‘extended
L? null space’ of an elliptic operator. Here the cases of the Dirac operator
and the Laplacian are somewhat different, so we discuss them separately.
Let us treat the Laplacian first, as it is the more complicated case. Consider
the null space of Az; on the weighted L? space z7°L2(My), for § small.
Each element v of this null space has an asymptotic expansion

(3.23) Azv=0,ve€ t L2 (M) = v = vy logz + vp + v’
near H, Ag(v;) =0, v’ € z°L.

These generalized boundary values define a map into Ker(Ag) @ Ker(Ag);
the range will be written At. It is necessarily a Lagrangian subspace
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of Ker(Ag) @ Ker(Ap), so in particular has dimension equal to that of
Ker(Apg). For § > 0 small enough this gives a short exact sequence

(3.24) 0— {’u € 2 L2(My); Agv = 0} —
— {v € 2703 (My); Agw = o} —5 Ay — 0.

This Lagrangian subspace defines the boundary condition for the reduced
normal operator. From these Lagrangian spaces we define two subspaces of
Ker(A H) :

(3.25) AR = {u' € Ker(Ag); («/,0) € A}
' AY = {u" € Ker(Ag);3 (v, u") € A}.

Clearly the sum of the dimensions of AP and AY, is equal, for either sign,
to the dimension of Ker(Ag). It was also shown in [22] that AP and AY are
the £1 eigenspaces of the scattering matrix associated to Apz, at A =0, so
the boundary conditions are determined by the scattering matrix.

To understand the boundary conditions associated to the fourth model
operator, we prove a lemma concerning approximate small eigenfunctions u,

1

by which we will mean u € C°°(XLs; 2% (X1s)) such that (A — (iase€)?2?)u €

1
Pep?p3C™®(X1s; 3 (X1s)). Here, ‘small’ refers to the fact that the eigenvalue
goes to zero with iase. We shall see in section 6 that each such u is indeed
a good approximation to a surgery eigenfunction. For such u we have by
Proposition 3.7, Ay (v | B3) =0, so u [ By can be regarded as a Ker(Ag)-
valued function @ on [—1,0], U [0, 1],.

1
Proposition 3.8. Suppose u € C%°(XLs; 2} (X1s)) satisfies

1
(3.26) (A — (ias€)*z*)u € p3piP3C™(Xis; 2} (X1s))-
Then @ is C™ on [—1,1]s, with

(3.27) (D% - 2%)a =0,

(3.28) g Hle=-1y € A2, Doty €A%,
al{S:"‘l} € AE’ Dsﬁl{s=+1} € Aﬂ\_’.

Conversely, if u satisfies (3.27) and (3.28) then there is an extension u sat-
isfying (3.26).
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Proof. We first show that & and O;2 match across s = 0. Using the local
coordinates iase, r = sinh™}(z/e) and y near B;, we have by (3.18) (A —
(iase)?2?) = -—(%)2 + Apg plus terms of second order. On By, u [ B is
bounded, and (Ax — (£)?)(u | By) = 0, so u | B; must be constant in
r; hence the values of 4 [ By match across s = 0. We also have (AH —
(33;)2) ((Biaseu) I B1) =0, and (Biaset) [ By =1+ (8p,u) € 7 - C®(B1). Thus
Oias e 18 linear in r so can be written ((fiaseu) [ B1) = a + Br. It should be
noted here that we are taking the derivative Oas¢ keeping r and y fixed, not
lifting Oja5¢ from Xﬂs. Hence
1 BuanBi=f=9 [ B,nBy.

Thus d;u also matches across s = 0.

A similar argument on By and By shows (3.28). Since u | By € Ker(Azz)
and is bounded, the boundary value u [ By N By € A2. Near By N By we
can use coordinates ¢ = ilg z, iase and y. Then by (3.20) (A — (ias€)?2?) =
- (52 6%)2 + Az7 up to terms of second order. We therefore have Azz (aias cu |
By) =0, and (Biaseu) | Bo = £71(85u) € £71C®(By), so

ou ou
55 TBi2ﬂBo=E-m

This establishes (3.28). Finally, we show the smoothness of @. Near the
interior of By, using s, iase and y we have, by (3.19) (A — (iase)?2?) =
(iase€)?- (D? —2%) + Ay up to terms of infinite order. Since (A — (ias €)?22)u
vanishes to third order on By,

[ BoN By € AY.

0
d(ias€)
The left hand side is in Ker(Ap) and the right hand side is orthogonal to
the null space, so each must vanish. This gives (3.27). Since % satisfies a
second order ordinary differential equation and @ and its derivative match
at s = 0, @ extends smoothly across s = 0. This yields the necessity of (3.27)
and (3.28).

To prove the sufficiency, we reverse the argument. The discussion above
yields the unique first and second terms in the Taylor series off By and Bj,
which are compatible with the given % and are annihilated by the normal
operators Ro(A), R1(A). These are also compatible with taking dp,u [ By =
0. Then, by Propositions 3.6 and 3.7, u satisfies (3.26). O

(D - 2)a = A (( )2u 1 By).

The argument to establish the boundary conditions for the Dirac opera-
tor is similar, but less complicated since it is a first order operator. In this
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case, we have as with A that if § > 0 is small enough each element of the
null space of 3y on the weighted L? space z7°L2(My.) has a decomposition
near the boundary

Jov =0, v €z OLI(My) =
’U(.’B, y) = UO(y) + 'U,(Z‘, y)1 aH(UO) = 07 U, € zaLg(Mﬂ:)

The boundary value vy defines a map into Ker(dp); let us call the range
Ajz+. It is a Lagrangian subspace of Ker(d ;) with respect to the symplectic
structure on Ker(d;) given by the operator v = cl(dz/(vz? + €2). Then we
have for the Dirac operator a result analogous to Proposition 3.8:

Proposition 3.9. Supposeu € C*°(Xy;) satisfies (0. — (ias€)z)u = 0. Then
@ is C*™ on [—1,1];, with
(3.29) (vDs — 2)u =0,

Ul{s=—1} € A5-

(3.30) and _
Ul{s=+1} € Ao+

The proof proceeds completely analogously to the first part of the proof
of Proposition 3.8, so it is omitted.

4. The double space and the pseudodifferential calculus.

4.1. Preliminary remarks.

In the previous section, Ls-differential operators were defined. In this sec-
tion, we set up a calculus of pseudodifferential operators adapted to ‘surgery
geometry’, in the expectation, justified below, that the generalized inverses
of elliptic Ls-differential operators will lie in the calculus.

Our strategy for constructing the resolvent of A, is:

(i) Construct a parametrix G such that

(4.1) (Ae—X?) G =1d—R,

where R is a ‘small’ remainder (residual operator).
(ii) Invert Id —R using the Neumann series:

(Id—R)™'=1d+R+R*+---=1d+ 8.
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(iii) Write the resolvent as
(A= X' =G (1d+S).

To carry out this program, we need to identify a space (an ideal) of
residual operators which ‘iterate away’, that is, such that the Neumann
series makes sense, is summable and sums to an element of our calculus. We
also need to understand the compositions A, - G, although this is easy since
A, is a differential operator, and G- S. In the rest of this section we proceed
to set up this machinery to carry through these computations.

4.2. Logarithmic Double space.

By analogy with the logarithmic single space, define

: 2 _ (v2) — 2
(4’2) XLS - (Xs)]t - ((Xs)]og)tb :
Recall that the surgery double space of Part I is

(4.3)
X2 =[X?x[0,e0); H* x {0}; X x H x {0}; H x X x {0}].

By Lemma 2.8, the b-fibrations Wf’L and 1r§, r:X 2 — X, lift to b-
fibrations 77, ; and 7f p : X{; — Xis, such that the following diagram
commutes:

2
Ls,R

Wzs s
Xps <= X2, —> Xis
X.
The lifted diagonal Aps C st is a closed p-submanifold which is canoni-
cally diffeomorphic to X1 s; indeed, both projections 7‘(?, I 7rf, g Testrict to give
the same diffeomorphism from Apg to Xis. The structure algebra Vis(X)
lifts from either factor to a Lie algebra of smooth vector fields transversal
to ALs.
We shall label the new boundary hypersurfaces of X2 as Bj;(X?2), aris-
ing from the first blowup of (4.3), Bo;(X2) arising from the second blowup

and Bjo(X?2) arising from the third blowup. The lift of the boundary at
€ = 0 will be denoted Bgo(X?2); the boundary over ¢ = ¢y will generally

X =——X2




156 Andrew Hassell, Rafe Mazzeo and Richard B. Melrose

be ignored. We use the same notation for the boundary hypersurfaces of
(Xs)10g and for the boundary hypersurfaces of Xﬁs to which they lift. The
remaining boundary hypersurfaces arise from the blow up of both codi-
mension three and codimension two faces in the final step of the definition
(4.2). The boundary hypersurfaces arising from codimension three faces will
be denoted Bjy(X?,), those arising from the codimension two faces will be
denoted By (XZ,), Bi2(XZ,), Bss(XE,), Bao(X{,) and Boa(XE,) according
to whether the face blown up comes from Bj;(X?2) N Boy(X2), Bi1(X2) N
Blo(Xf), Bll(X‘?) ﬂBoo(st), BIO(X,?) ﬂBgo(Xf) or Bol(XSZ) ﬂBoo(X?). As
usual the connectedness properties of these faces depend on the orientation
and separation properties of H.

We next discuss the structure of these faces. Recall that By(X1s) =
Mlog, B (XLS) = Hlog-

Proposition 4.1. There are canonical diffeomorphisms:

(4.4) Boo (X2,) = (Mip) = [(B)w; H2 0 {2/ /z = +1}],
(4.5) Bio (X{) = (B1 % Bo)y
(4.6) Bo1 (X7s) = (Bo x B1)y
(4.7) By (X2) = )i = [(BY)w; A2 N {a'/z = £1}],
(4.8) Baa (X2s) = [(B3)w; Asb, Agy ],
(4.9) Bo1 (X2) = By x By,
(4.10)
Biz (X)) = B1 x By,
(4.11)
By (X2,) = B2 x By,
(4.12)
Boz (X?,) = By x By,
(4.13)

333 (st) = (32)2.

In (4.8) Agp (Ag) is the fibre diagonal (anti-diagonal) of B3, for the fibra-
tion over [0,1], lifted to (B3),, and z, =’ are the original boundary defining
functions for H on the left and right factors of X respectively.

Proof. The maps nf ; and Tis p Testricted to Bpms map to Bp and By
respectively, for (mn) # (33). In fact (WES, I wﬁs’ g) lifts from the interior of
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Byn to map diffeomorphically to the spaces indicated. The space Bss is
canonically diffeomorphic to H% x H? x [0,1]? so (4.13) follows. O

4.3. Densities.

Lifting the canonical isomorphism
7" Q (M x [0,€0)) ® mr*Qp (M x [0, €]) = Qp (M? x [0, )]) ® 2 ([0, €0))
to the (original) surgery spaces one obtains a canonical isomorphism
(4.14)
(m50)" Qs (Xs) ® (75 )" R (Xs) = D (X7) ® Qs ([0, €0)) -

By Lemma 2.10, the lift of these density bundles to the logarithmic
surgery spaces gives the canonical isomorphism

(4.15)
(mfs,0)* Q0 XLs ® (15 )" VD X1s = Vp(X7) ® Qe (XLy) -

The square root of this density bundle equation,

(4.16)
1 1 1 1
(mfs,0) "B (X1s) ® (fs £) QB (X1s) = QJ(XE,) ® Q2 (XLs) ,

will be used in subsection 4.5.
4.4. Logarithmic Surgery Pseudodifferential Operators.

The purpose of the logarithmic double space is to carry the Schwartz ker-
nels of logarithmic surgery pseudodifferential operators (Ls-1pdos for short).
These will be defined directly in terms of the regularity properties of their
kernels. An Ls-pseudodifferential operator acting on half-densities on M
(and giving a half-ldensity depending on €) will be defined to be a distribu-

tional section of Q2 (X2,), conormal to Ars and with specified behaviour at
the boundary of st. As motivation we first examine a simple example.

Example 2. The kernel of the identity operator acting on multiples of the
metric half-density bundle on M is, in the original coordinates (z,y) near
HCM,

1
Id = 6,(z) - 6,(y)) - |dz - dz’ - dy - dyf |2 .
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1
2

. 1
Let us multiply this by the formal factor \%’llgi:)); = I%P and analyze

the resulting half density on XES. Near Byo N Bss, using coordinates z’/z,
p33 = ilgz, and pgo = ilge/pss3, a short computation gives

=

d(ilge) |2 z d(z'/z) dpss dpoo 2
Id- =22 =§(=-=1)-6,(¢)- . . cdy - dy'
d (ilge)? ( z y(v) z' [T P§3 Pgo W W
and near Bsz N By, with p33 = ilg(e/z) and p11 = ailge/pss,
(4.17)
1 1
d(ilge) |2 (.'1:’ ) n |d(@'/z) dpss dpnn |2
Id. - =6 —-—1 .5 y . . . .dy.dy
(ilg ¢)? T AN Ps Ph

Thus the kernel of the identity is, in these regions and hence everywhere,
a distribution supported on and conormal to Ayg; it is clearly elliptic as a
D-density on X2..

Since Vi lifts from the left factor of st to be transversal to Arg, Ls-
differential operators correspond precisely to D-densities supported on the
diagonal with arbitrary polynomial symbol.

We define the set of Ls-1bdos of order k& and index family K (formally)
acting from sections of E to sections of F' to be the sum of two pieces, the
small calculus of order £ and the boundary terms of index family K :

(4.18)
URK (X, B, F) = UF, o) (X5 B, F) + UK 1oy (XGEL F).

When the bundles E and F are equal or trivial (or clear from the context),
we simplify the notation to \Illf"slc (X;E) or ‘Ilf’S’C(X )-

The first part of (4.18), the small calculus, is the ‘microlocalization’ of
the space of Ls-differential operators. To take care of the density and bundle
factors consider the following bundle (the kernel density bundle) over X7 :

(4.19) KD(E,F) = " Hom(E, F) ®
(2, ) (05 (X1a)) ® (12, 1)* (U (X1)) ® U3(XE,)

— -1 1
= (1fs,r ® Tis,0)" (Hom(E @ Qp’ (X1s)), F ® 0’ (X1s)) ® Qp(X{y)-

Here, on the first line £ and F' can be either bundles over M or bundles
over X or bundles over X1,s with (3 interpreted appropriately, in all cases the
lift of the homomorphism bundle can be interpreted as a bundle over XES.
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1

On the second line E and F are bundles over Xis. In case E = F = Q},
1

is isomorphic to the lift to Xrs of 2} from X; the kernel density bundle

1
reduces canonically to 22 (X7, as is to be expected from (4.17). Then the
operators in the small calculus, defined directly as kernels, are

1
(420) Ufgom (XGE, F) = {K € I" % (X{; ALs; KD(E, F));
K vanishes rapidly at all boundaries disjoint from ALS}.

This notation means that K is ‘classical’ conormal (1-step polyhomoge-
neous) to Arg of order k — 1/4, with values in the kernel density bundle.
The ‘—1/4’ in the order comes from the the extra e dimension; this space of
kernels corresponds to operators of order k in the usual sense.

The kernels in the boundary part of (4.18) are smooth in the interior
of X2, (i.e. have no diagonal singularities) and are polyhomogeneous at all
boundaries, with index set X(Bgf) at Byt :

(4.21) UL vay (X E, F) = A% (X2; KD(E, F))) .

The fully residual space, ‘I’(Io,s,b dy(X ), is the case where all entries of K are
empty, corresponding to rapid decay at all boundary faces over € = 0, in
powers of ilge. Notice that 70 | (X; B, F) = \Iffs,bdy (X;E, F) where K is
the index family corresponding to smoothness up to all boundary hypersur-

faces meeting Ay and rapid decay at all others.
4.5. Action on Distributions.

In general the action of A € \Ilf’slC (X;E,F) on u € C™®(X1 E) is
defined by a generalization of the formula ‘(Au)(z) = [ A(z, y)u(y)dy’:
d(ilge)

(ilge) ) '

Here p € C®(X1s; 2p) is a non-vanishing section. Equation (4.15) and the
definition of the kernel density bundle imply that the argument of (nf, ;).
may be taken to be an F-valued (distributional) density. Pushing forward
yields an F-valued density on X5, which when divided by p is a distribu-
tional section of F' independent of the choice of p. The Pushforward the-
orem, Theorem 2.3, implies that ‘I'fs,sml (X; E,F) maps Af,rhg (X1s; E) to

(4.22)

Au-p= (WES)L)* (A . (WIZ..S,L)*F‘ . (WI?,S,R)*'U' :
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A.gjlg (Xvis; F) and that U, (X; B, F) maps A% (X1 E) to A% (Xis;
F') where G is determined by K and F. These results are not essential here,
so the details are omitted.

4.6. The Triple Space.

The purpose of the triple space is to allow the direct analysis of the
composite of two Ls-pdos. Composition of integral kernels requires three
sets of variables, one of which is integrated out. To integrate in the context
of Ls-1pdos we need a ‘triple space’ with three b-fibrations back to the double
space; by the Pushforward theorem the pushforwards under these maps will
preserve polyhomogeneity at the boundaries.

The triple logarithmic space is defined by exact analogy with the single
and double logarithmic spaces. It is obtained by further blowup from the
triple space X3 considered in Part I and [21]:

(4.23) X3 = (x3), = ((Xf)log)tb.

Another application of Lemma, 2.8 shows that there is a commutative
diagram:

(4.24) Xt — X2

where the maps 7} p, 7}, o and 7}, 5 are simple b-fibrations.

The degrees of boundary hypersurfaces of XES are defined as for the
double space, i.e. d(H) is the codimension of the boundary face of X3 from
which H arises by blowup. Lemma 2.10 gives

Qp(X3,) = m* QX3

for the lift of the b-density bundle of X3 to XES, and this in turn gives a
canonical isomorphism

(“%S,F)*QD (XI2,s) ® (W%S,C)*QD(‘X%S) ® (W%S,S)*QD(XIZJS) =
= (p(XE))” ® T* QXY
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The square root of this density bundle equation
1 1 1
(4.25) (nfs p) " Qp(XEs) ® (mi,0) Qp(XEs) ® (s )" Qp(XE) =
1
=Qp (XES) ® Qe ng
is used below in the composition formula.
4.7. Composition.

The composition of two Ls-1dos is in general defined by a formula similar
to, and arising from, (4.22) for the action on a distribution
_1
2 )

Here, v is a nonvanishing Ls-half density on st. Assuming A € \Ilﬁgc (X E,
G) and B € \Ilif (X; G, F) the terms in the kernel bundle arising from ho-
momorphism bundles compose appropriately, so the expression in the large
parentheses is, by (4.25), a section of the bundle

(4.26)

* * d(ilge
AB v = (nfy0)s ((wis,c> v (el A (es) B | TS

_1 -1 1
(nfs,0)* Hom(E @ p* (X1s), F ® 0 (X1s)) ® Q2 (X,)-

Therefore it can be pushed forward, at least over the interior, to st as
v - (AB) where AB is a section of the kernel bundle KD(E, F).

Theorem 4.2. The composition of logarthmic surgery pseudodifferential
operators is well defined and

421)  UPC(XE,G) o ¥rf (X;G,F) C UM (X; B, G)

S S

where the dependence of R on K and L is determined by the combinatorial
properties of the maps “Es,o for O = F, S, C; namely for each hypersurface

H' € My(X2,)

(4.28) R(H') C

U (K(rfs,s(H)) + L(nis p (H)) — (d(H) - d(H")))
{HeMy(XE )i}, o(H)=H'}
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The ‘extended union’ in (4.28) is defined by

GUH=6UHU{(z,p) |3(2,q1) €G
and (z,¢q2) € Hsuchthat p=¢q1 + g2 +1};

the operation is commutative so extends uniquely to any number of index
sets. Notice that the degrees d(H) and d(H') are actually the codimensions
of the boundary faces in X2 and X2 from which the hypersurfaces H and H’
arise. To prove this result some information on the combinatorial properties
of the stretched projections is needed, so we start with

Lemma 4.3. If H disconnects M then any Q € M;(X?) is determined by
its images in My(X;) under the two stretched projections and any R € M,

(X3) is determined by its three images in M;(X;) under the three stretched
projections; furthermore any element of M'(X?) (respectively M'(X3)) is
determined by its ‘hull’ in My(X2) (resp. My(X2)), this being the set of
boundary hypersurfaces which meet a neighbourhood of any one of its inte-
rior points.

Proof. The fact that a boundary hypersurface of X2 or X2 is determined
by its projections is easily seen from the definitions of the spaces and maps.
The assumption that H disconnects M also shows that any intersection of
boundary hypersurfaces of one of these spaces is either empty or consists of
exactly one boundary face, proving the second part of the lemma. O

Proof of Theorem 4.2. The composition formula (4.27) is readily derived
from adjoint symmetry and the three special cases

(4.29)

\I'llis,sml (X5 E, G) ° \I'£s,sml (X;G, F) - qlﬁ;éml (X; E, F) s
(4.30)

\Ilfs,sml (Xa Ea G) ° \I’fs,bdy (Xa G7 F) - \I’fs,bdy (Xa E7 F) )
(4.31)

Ulobay (X E,G) 0 Ul pgy (X;G, F) C UF 14y (X E, F),

where R is given by (4.28).
The first of these results shows that the small calculus is closed under
composition. Now (4.29) follows easily from the pullback and pushforward
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theorems (with the extension discussed at the end of section 2.3) and the
following combinatorial fact concerning the boundary hypersurfaces at which
an element of the small calculus can have a non-trivial expansion.

(4.32)
If Q € My(X3,) is such that the interiors of ﬂis’ 7(Q) and W%S,S(Q)

both meet A then 71%S,F(Q) = 71%5,.5’(Q) = 7"'%,S,C(Q)'

Indeed if J is the index family on st corresponding to the small calculus
then it follows from (4.32) that

(4.33) JD (W%S,C)# ((ﬂ%S,F)#j. (ﬂis’s)#j) '

To see (4.32) recall that M;(X?,) = M'(X3), My(XZ,) = M'(X2) and
M;(XLs) = M'(X;) and that the stretched projections between these spaces
induce the same maps (e.g. the map induced by 7},  from M;(X3,) to
M, (XZ;) is the same as that induced by =3  from M'(X3) to M'(X2)).
An element S € M;(X?,) has interior meeting the diagonal if and only if
the same is true of the element B € M’(X?) from which it arises by blow
up. The interior of B meets the diagonal if and only if each element of its
hull in M;(X?) has the same property. Thus if @ € M;(X3,) is to have
the stated property that its projections under ﬂ%s’ F and 71’%5’ s should both
have interiors meeting the diagonal then the element Q' € M’'(X?) from
which it arises must have hull in M;(X2) each element, P, of which has
projections under 73  and 73 ¢ into M;(X?) with this same property. It is
shown in Part I (and in any case is easy to see) that this implies that the
two projections of P into M;(X;) must be the same. Thus any element of
the hull of Q' must have all three projections into M;(X;) the same, hence
the three projections of the hull of Q' into M’(X;) must be the same. Since
a b-fibration is open, the hull of the projection is the projection of the hull,
hence all three projections of @ as elements of M'(X;) are the same; this
proves (4.32) and hence (4.29).

The second result shows that the boundary terms, for any index family,
form an ideal over the small calculus. Again this is a direct consequence of
the pullback and pushforward theorems together with a combinatorial fact
generalizing (4.32), namely

(4.34)
Given S € M;(XZ,) there is exactly one Q € M;(X{,) such that
wﬁs, 5(®Q) =S and wﬁs’ 7(Q) has interior meeting Arg
and then W%S,C(Q) =S
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This also follows by using an argument with hulls justified by Lemma 4.3.
Thus if Q) has the stated property then so does an element of the hull, in
M;(X3) of the element Q' € M'(X?2) from which it arises, i.e. each element
of this hull has image under WE,F having its two projections into M;j(Xj)
equal. It follows that the projections of Q' into M’(X?) under 7(‘3, g and ”g,c
must have the same hulls, and therefore must be equal. Thus the projections
of Q into M (XZ;) under 7{  and 7{ - must be equal, which is the content
of (4.34).

The third result, that the boundary terms themselves compose with the
index families controlled by (4.28) is a direct translation of the pullback and
pushforward theorems. O

This theorem includes all the composition results listed in section 4.1.
Of these, the identification of A - G for G € ‘I'E: 0 (X; E), is in any case
easy to understand, since composition on the left by an Ls-differential oper-
ator has an alternative description in terms of lifting Ls-vector fields using
s 1 ¢ Xfs — Xis, and letting them act on G. It is then immediate that
composition with A, gives a map

U2 (X, E) — U (X E).

4.8. An iteratively-residual ideal.

We shall only explicitly construct the leading terms of the parametrix
for the resolvent of A.. The remainder term from this construction will be
a harmless ‘error term’ provided it can be iterated away. Thus we look for
an index family £ which defines an iteratively-residual ideal Zg in the sense
that

Igr = \I!fs,bdy (X;E) satisfies T§ C Qlfg’bdy (X;E)

(4.35)
where & C £ and & > rp, = 00 as k — oo.

Lemma 4.4. There is a natural index family, £, satisfying (4.35) and such
that

(4.36)

ifd(H) =1, then (n,0) € E(H) forn > 1 and (1,k) € E(H) = k = 0;
ifd(H) > 2, then (n,0) € E(H) forn > 2 and (2,k) € E(H) = k= 0;
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Proof. Consider the smallest index family for which (4.36) holds, and denote
it by F. Thus F(H) is the index sets {(n,0)} where n > 1 if d(H) =1 and
n > 2if d(H) > 1. Let F; be the index family given by (4.31) for the square
of the space \Il{s,bdy (X; E) . Since the b-fibrations involved are all simple this
is an integral index family. From (4.31) in order to have (n,k) € Fao(H')
then must exist elements (n',0) € F(Hp) and (n",0) € F(Hs) such that
n > n' +n” — d(H) + d(H') where H', Hr and Hg are the images of
H € My (X3,) under the three stretched projections.

Now for any hypersurfaces H € M;(X},) and H' € M;(X%,) with
Wﬁs,o (H) = H' there are corresponding boundary faces h € M'(X2)
and &' € M'(X?2), from which they arise by blowup, which must satisfy
73 o(h) = I'. Under this map the codimension can decrease by at most 1.
Thus the difference of degrees d(H)—d(H') is at most 1. Furthermore, if this
difference is 1 then under one of the other two projections the image must
have codimension at least 2. On the other hand if d(H') > 2 then all three
image of H must have degree at least 2. Combining these combinatorial facts
with the definition of F it follows that F2 — 1, also satisfies (4.36). In fact
this argument shows that if K and £ are two index families satisfying (4.36)
then the index family R obtained from (4.28) is such that R —1 also satisfies
(4.36). Let Fi be the index family arising from F by k-fold composition.
Then the minimum order in Fj, is F + k, so

(4.37) | £=Jx
k

is an index family satisfying the conditions of the lemma. O

Thus we can consider an iteratively-residual ideal Zg as in (4.35). For
such an ideal it is natural to expect behaviour similar to that of a Volterra
operator.

Lemma 4.5. IfR € Tg asin (4.35) then ine < €y for some ¢y > 0 depending
on R

(4.38) (Id-R)"!=1d-S, S € Ip.

Proof. If R is an element of the residual space \Ilgs’bdy (X; E) then R is sim-
ply a smoothing operator on M depending smoothly on ilge and vanishing
rapidly as ilge — 0. It then follows that (Id —R)~! = Id —S with S an oper-
ator of the same type in € < ¢y. If R € Tg then the formal Neumann series
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for the inverse of Id — R :
(4.39) Id+R+R?*+---+RF 4+ ...

converges asymptotically, in view of (4.35). Thus the series can be asymptot-
ically summed to an element Id —5’, with S’ € Zg such that (Id —R)(Id —5’)
= Id —R’ with R’ residual. Thus (Id —R')~! = Id —S” with S” residual so
S=9+8"~-5 08" € Ig, proving the lemma. O

4.9. Symbol Map.

In the ordinary pseudodifferential operator calculus, the symbol map is
used as a tool to invert elliptic operators (see [16], Chapter 18). In the log-
arithmic surgery calculus, we have an analogous symbol map on the small
calculus. The symbol of A € \Il’ﬁs,sml(X ) is the leading part of the Fourier
transform of the kernel of A transverse to Arg; this Fourier transform is, by

definition of \Ilfs,sml(X ), a classical symbol. To make the density factors work

. 1/2
out, we should divide A by the formal half density factor |ﬂ(i%f)2; / , multi-
ply by the half-density exp~i(¢log(@'/z)+n-(y' ~v)) Idf—,ldy’dfdnll/ 2 and integrate
over ' and ¥, obtaining a half-density. Thus o (A)(p,& ,n)|4xﬁdyd§dn|1/ 2 s
given by

/ o—ilElog(@! /)1 —w) 4 (p’ ?x" v - y)

1

dx’ dx 2
P (Iy -]+ ;,—dy’ — dydédn

'
log —

Here p € ALs, 7 is a cutoff function and we use log(z'/z), y' — y for coordi-
nates transverse to Ars. The half-density written here is a canonical factor
on N*Ays, so can be cancelled; the symbol then is a function on N*Ayg,
which is polyhomogeneous on the fibres. As is to be expected it is the same
as the lift of the symbol defined in Part I on Ay, lifted to Ars. The princi-
pal symbol o (A) is homogeneous of degree k and is independent of choice
of coordinates. There is a quantization map from symbols of order k to
@fs,sml(X ) given by inverse Fourier transform of the symbol in the (¢,7)
directions. Thus the symbol map may be used, as in the usual case, to
solve operator equations P-G =1d, P € \Ilfs,sml(X ) elliptic, up to errors in

% . .
\IJLS,Sml(X ). However, such errors are not uniformly compact as € | 0, since
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elements of \Ilgsfml(X ) do not vanish at the boundaries Bgg, B;1 or Bss.
To construct parametrices for elliptic operators one therefore also needs to

solve model problems at these boundary faces.

Lemma 4.6. A, is an elliptic Ls-ido.

Proof. Away from B; and B this is true because the metric is non-
degenerate. At B; and B; we have, up to a symbol of at most second
order vanishing to infinite order (in Taylor series) at H :

o2(A) (€ m) = [€[* + Inf*. w

4.10. Model Operators.

In this subsection we define model operators for A € \II (X )- The model
operator Ny, at face By, is in principle just the restrlctlon of A to By
The restrictions are defined as at the end of section 2.1, that is, by division
by the canonical factor Idpmn /(Pmn (ilg €)? I 12, ; this maps into the degree
half density bundle as described in section 2.1.

These model operators have different characters. The first of them,
Nyp, maps into a blown up version of the cusp pseudodifferential calcu-
lus, f’o(ﬁlog). This set of operators (Schwartz kernels) is, by definition,
the space of D-half densities on the cusp double space

(Mg B B2 0 {32 = 1}]

conormal to the diagonal. Equation (4.4) shows that Byp is canonically this
space with the boundary of the ‘anti-diagonals’ also blown up. It also shows
that it is a blowup of the b-stretched product M? of [22]. Under this blowup,
b-pseudodifferential operators lift to cusp pseudodifferential operators; all
the models considered in this paper will be lifts of b-pseudodifferential op-
erators. The model N7; behaves analogously for H.

The model operator N33 maps ¥¥, . \(X) to a family of operators in
\Il’c“’sml(ﬁ) parameterized smoothly by s, the coordinate in (3.5) along ArsN
Bg33. This is because the lifts of Vi ¢ from both the left and right are tangent to
the leaves s = constant (= s’). The operator on each leaf acts by convolution
on H. For an operator B lifted from \I/Ls sm1(X), N33(B) will be the indicial
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operator of B (in the terminology of [22] and Part I) on each leaf on which
s takes a constant value, but in general the N33(A) will depend on s.
The other models Ny;, Nig, Ni2, Noi, No2, Nog and Ny map \IJE’SO(X)

to the space Cw(Nmn;QlD/zan), since these faces are disjoint from the

diagonal.

To construct the resolvent of A we will need to know the model operators
of A-G.

Lemma 4.7. In the notation of Proposition 3.4 we have

(4.40) Nmn(A - G) = R (A) - Na(G), (mn) # (33);
(4.41) N33(A - G) = Ry (A) - N33(G).

Il

Proof. Lemma, 4.1 identifies the various boundary hypersurfaces B, # Bss
as blown up products of boundary hypersurfaces of Xjs. Since A acts on G
by products of Vi s-vector fields lifted from the left, which are tangent to the
boundary, (4.40) follows. On Bsg, using coordinates s, 7 = log(z'/z), y, ¥/,
the vector field Vp lifts from the left to be g;, so (4.41) follows. O

Finally, we discuss the reduced normal operator RN(A). The following
is a double space version of Lemma 3.7.

Lemma 4.8. Suppose No,(AG) = 0, that is, Ag(Non(G)) = 0. Let W be
a normal vector field to By, tangent to the leaves {s,y = constant } and
tangent to the right stretched projection to Xis. If Ag(W(G) | Ban) =0
then AG vanishes to second order at By, and

(4.42) Non ( (iif)z) = D2(Nan(G)).

The result follows from Lemma 3.7.
5. One-dimensional surgery resolvent.
We return to the reduced normal operator of section 3.4. This model

operator does not appear in Part I and is precisely the new ingredient which
allows us to construct the surgery parametrix down to A = 0.
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5.1. Scaling property.

Let K (s, s',2)|ds - ds'|'/? be the Schwartz kernel of D2 — 22 on the in-
terval [—1, 1]s, acting on functions u taking values in the vector space
V = Ker(Ag), with boundary conditions as in (3.28). To illustrate
the scaling property of this operator, let K - |dgedg!|'/? be the kernel of
(A — (ias€)222) " on V-valued functions defined on [~1,1], with surgery
metric g = dz?/(z? + €2) and with boundary conditions as in Proposi-
tion 3.8. Arclength is

7 dz
z R
’I'—/ _ = sinh 12
0 VIZ+ e €

so the length of the interval with respect to g, is 2sinh™!(1/e) = 2L..
Consider the function iase = 1/sinh~!(1/¢) = L. Then

fase = ilg 2¢ + O((ilg €)®) = ilge(1 + (log 2) ilge) ™! + 0((ilg €)™)

is a C*° function of ilge, equal to it to first order; however as the discussion
above shows, iase is a more natural function to use than ilge in this setting.
Let s be the rescaled arclength, s = r/L, so s € [-1,1] for all e. Then
A = D? = (iase€)2D2, so
(iase€)?(D? — 2*)K = 6(r — 1)
= (ias€)d(s — &').

Hence, using coordinates s, s', K scales in € as (iase)™! :
(5.1) - K(s,s',¢,2) = (iase) 'K (s, 5, 2).

Let us now multiply K by the canonical half density factor

v = |dgedgld(ilge)/ (g €)2[ "/

and lift to the logarithmic double space X7 ([—1,1]5).

Lemma 5.1. The lift of K-v to st X C, is a D-half-density meromorphic in
z, conormal to Arg and (ias€) ™! x smooth up to all boundary hypersurfaces;
that is, K is a meromorphic family of Ls-iydos with index family —1. The
restriction of (iase€)K - v to By is the resolvent (D% — 2%)~1.
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Proof. All these assertions follow easily from (5.1). Meromorphy in z follows
from meromorphy of the resolvent K = (A — 22)~1. To show that it lifts
to be conormal to Arg, observe that K(s,s',z) = —(3)|s — ¢'| + K’ with
K' a smooth function of (s,s’,2). Since s is a smooth function on Xpg,
(lase)1K'(s, s, z) lifts to be (iase) ! x smooth on X7,. We need only show
that (iase)~1(3)|s — /| lifts to be conormal on XZ,. This is clear away from
€ = 0, so we need only check this in Taylor series at ¢ = 0. Near the interior
of Byy, (ias€)~!|s — s'| = |sinh~(z/€) — sinh~!(z'/€)|. Since /e, ' /e are
coordinates on the interior of Bji, this is conormal to Ars = {z/e = z'/€}.
Near 333 and Boo,

(iase) (s — s') = (log(z/e) — log2 — log(z'/€) + log 2 + O(p3353))

so (iase€) s — §'| = |log(z/z")| + O(p¥p$3) which is conormal to Ars =
{log(z/z') = 0}. The last assertion follows immediately from (5.1). O

5.2. Scattering Matrix.

Let us calculate the scattering matrix, as defined in [22], Chapter 6, and
in section 6.2 below, for the two one-dimensional Laplacians Ny(A) = Ag
on My = [~1,0]; and [0,1];. On [-1,0] and [0,1] Ag = —(zD;)? is a b-
Laplacian near z = 0, and looks like —D?2 at z = +1, with mixed boundary
conditions as above. The scattering solutions of (Ag — z2)u = 0 are defined
by analytic continuation from Im z > 0 by

(A = 22)8(¢,2) =0, with S(,2) = ¢ + 1 near z =0,$ € V, ¢ € L%
To satisfy the boundary conditions, S(¢, z) must be a linear combination of
{(.’L‘iz + 7%, (#% — 7 ¥)wyv € AR, we Ag} .

The scattering matrix Sy (z) is the linear transformation that maps the
coefficient of z7%* to the coefficient of 2**; thus S (z)(v — w) = v + w and
hence Si(z)v = v for v € AR and S5(2)w = —w for w € AY. Hence

S4(z) = proj AR — proj AY,

independently of z. We also see from this that the smooth and logarithmi-
cally growing null spaces of A are precisely AY and AY. It follows that the
reduced normal operator of A, — (ias€)?22 on [~1, 1], with boundary condi-

tions as above is the operator D2 — 2? with the same boundary conditions.
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In this model case, the reduced normal operator ‘reproduces’ the original
operator.

5.3. Properties at the boundary.

The boundary conditions associated to A imply that
K(+£1,s',2) € Hom(V,AD),
d,K(+1,s',z) € Hom(V, AY).
Because A is self-adjoint, we also have
K(s,%1,z) € Hom(A2, V),
8y K (s, £1,z) € Hom(AY, V).

Therefore, K (+1,£1,z) € Hom(A2,AP) and K (+1,F1, 2) € Hom(A2, AD).
Also, since (A —22) - K = §(s — §'),

lim 8K (s, s',2z) = Id + lim 8, K (s, 8, ).
s'ts s'ls

Hence
N . T 1 IF ] —\\*
Hom(AY,V) 3 ;l_lﬁ 9y K(s,1,2) = s1'1—»m1 (0:K(1,5,%))
= —1Id+lim (8:;K (s,1,%))"
s—1

and limy 1 (8,K(s,1,7))" € Hom(V, AY). It follows that

(5.2) 9yK(1-0,1,2) = —proj AY + A(2)
(5.3) 8;K(1—-0,1,z) = projA? + A*(z)
(5.4) 9yK(1,1-0,2) = projA? + A(z)
(5.5) 9sK (1,1 -0,2) = —proj AY + A*(z).

where A(z) € Hom(A_,]Y , Af )

Similar results hold at s = s’ = —1.
5.4. Eigenvalues.

The spectrum of RN(A) is, by standard elliptic theory, a discrete se-
quence 0 < z§ < 2} < --- with each 27 of finite multiplicity. The kernel
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K(s,s',z) of (RN(A) — 22)—1 is meromorphic in z with poles only at the
+z;. These poles are simple for all z; # 0 with residue equal to (2z;)! times
the projection onto the jth eigenspace and has a double pole at 0 if zp = 0,
with residue zero and coefficient of 272 equal to the projection onto the null
space. This different behaviour at 0 is just the result of using z2 rather than
z as the spectral parameter.

We next discuss the eigenvalues of the reduced normal Dirac opera-
tor, since these contribute to our formula for the limit of the eta invari-
ant. Recall from section 3 that the reduced normal operator of 0. at By
is 7D; acting on Ker(0p)-valued functions % on the interval [—1,1], where
v = cl(dz/Vz? + €?) is the matrix (3_‘;) with respect to the splitting of
the spinor bundle S = S & S~ at B;. This model operator has boundary
conditions @ [ £1 € Az +, where the Az 4+ are the spaces of C* solutions ¢
to Oar, ¢ = 0. Of course, As + are the same as AP.

Notice that if @ is an eigenfunction of 7D, with eigenvalue z then © =
Ae'*® + Be™%*5 where YA = A and yB = —B. This satisfies the boundary
conditions only if A + Be?? € AP and A + Be=%# € AP. But notice that
Aet#tk3)s 4 (_1)k Be=H(2+k3)s 350 satisfies the equation and these boundary
conditions, and so is an eigenfunction of vD; with eigenvalue z + ’—czﬂ Hence
the eigenvalues of yD; are periodic with period 7. By Weyl’s law, there
must be precisely dim Ker(dyy) eigenvalues in the interval [0, 7).

5.5. Heat kernel and large |z| asymptotics of K.

One can write down an explicit formula for the heat kernel e *RN(4)

using the reflection principle. This is a convenient way to obtain the large
|2| asymptotics of K(s,s’,z) and to compute the eta invariant of RN(J).

When reflecting ¢ € V at s = £1, one should take +¢ if ¢ € AY
and —¢ if ¢ € AY; that is, in general one should take Si¢, where Sy =
proj AP — proj AY is the scattering matrix for Ay, at zero energy. There
are four ‘series’ of reflections, originating from ¢ at s’ : they are

(548_.)kS, ¢ at 4k+2-4,

(S_S.)*S_¢ at —4k—2—4,
(S+S_)*¢ at 4k + s and
(S_Sy)%¢ at —4k+5'.

(5.6)
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Thus e tRN(A) (5 s') is given by

1 { —|s—s'|2/4t = —|4k+s"—s|2 /4t k
e’® Id+E e s'=slP /a5, g )k 4
Vart pard [

(5.7) +e—|—-4k+s'_s|2/4t(S_S+)k + e—|4k+2—s—3l|2/4t(S+S_)kS+

+e—|—4k—2—s_31|2/4t(S_S+)ks_] }

From this one can use the transform
[0 o]
(5.8) (A-2)"1= / e~tBet? gt
0

to obtain an infinite sum for the model resolvent K from which large |z|
asymptotics (Imz < 0) are easy to determine. Choosing a contour of in-
tegration for (5.8) so that Ret > 0 and Retz? < 0 consider the transform
applied to a term

1 jase—sp/ae g

—_—

VAt

of (5.7). If |A+ s —s'| #0 then
/ © 1 -

0 Vdnt 2iz
is rapidly decreasing as |z| = oo, uniformly in any sector —7w + § < argz <
—6. Hence, for (s, s’) away from (1,1) and (—1,—1) the only term that con-
tributes to (polynomial) asymptotics in z is the first, (4zt)~1/ 2¢-ls—s'I?/4t.1q
and for (s, s’) near (+1,=1), the only terms that contribute are
1

vt

Thus, performing the integral (5.8), we get, uniformly in any sector as above
and for (s,s’) in a closed set disjoint from (—1,—1) and (1,1),

e—lAis—s'|2/4tet22dt — 1 1z|Ats—s'|

(e—ls—s'|2/4t Id +e—|:}:2—s—s'|2/4t S:t) .

_ , B e—izls—s| _cl
(5.9) K(s,s',2z) = 5 Id+0 (e )

and for (s, s') near the corners (1, +1),

(5.10)

—_— 1 . ! : !
K(s,s',z) = %2 (e_”'s's | 4 gmtelt2—s=s |) proj A2
1

+_2i_z(e—iz|s—s'| _ e—iz|:l:2—s—s’|) DPIOj Aﬁ +0 (e—C|z|) )
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Comparing these formulae with (5.2), we see that A(z) is exponentially
decreasing as |z| — oo in this sector.

5.6. Eta invariant.

We now explicitly evaluate the eta invariant of RN(3) in terms of the
subspaces AP, AY which determine RN(8). To state this result, decompose
the vector space V into an orthogonal direct sum V =V, @ V,, where

Vi=A2nAP oAV nAY o AR nAY @ AP nAY
Va=Veoewn.

V1 is a ‘trivial’ subspace, a sum of vector spaces in which the boundary
conditions are either Dirichlet or Neumann at each end. With respect to
this direct sum, y and the scattering matrices Sy = proj AY —proj AY split;
write v", ST for v [ V2, S+[ V2. The Dirac operator RN(3) therefore splits

into a direct sum RN(3) = RN(3); ®RN(d)2, with RN(8); acting on sections

( A1)

of V;. Define the ‘superdeterminant’ Sdet of an operator A = (' 4-1)) on

Vs, diagonal with respect to 4", by
Sdet A = det A (det ACY)~!, assuming det AV £ 0.

Proposition 5.2. The eta invariant of RN(9) is given by

n(RN(3)) = %log Sdet(Id —S7.57).

Proof. Since RN(8) = RN(3); & RN(J)2, n(RN(@)) = n(RN(3);) +
n(RN(3)2). But RN(0); is spectrally symmetric, so n(RN(8);) = 0. Hence
we just need to calculate n(RN(8)2). To simplify notation, assume that
V1 = {0}, so that RN(d)2 is just RN(9).

Recall that the eigenvalues of RN(3) are periodic with period 7/2. It is
well known that the eta invariant of an operator with eigenvalues k7/2 + «
is 1-— 4—0‘ for o # 0. Observe that dimA? = dimAY = 1 5dimV. For if
not, then the sum of the dimensions of some two of these subspaces would
be bigger than dimV and then they would have to intersect nontrivially.
Thus RN(0) has no zero eigenvalues, because the multiplicity of 0 as an
eigenvalue is precisely dim AE N AD. Therefore the eta invariant is the sum

(5.11) Zz (1- ‘—191
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over eigenvalues a; € (0, ).
If o € (0,7/2) is an eigenvalue of RN(3), then we can write the corre-
sponding eigenfunction as

eias¢ + e—ias,(p
where v¢ = ¢ and v = —1p. The boundary conditions imply that
—2 D
d+e e Ay
¢+ 62101,()[) e A?-
Projecting off A and applying v yields the two sets of equations
— projux ¢ = — projyx e 2% projp ¢ = projap € %%
projyn ¢ = — projyn €1  projyp ¢ = projyo €%y
whence

Sip=e""  Sigp=e"
S-p=e"p  S_p=e M,

and so finally
(I—-5S¢8-)p=(1—e")p,  (I—8.5)p=(1—e ")y

By Weyl’s Law and the m/2-periodicity of eigenvalues of RN(9), it follows
that a € (0, 7/2) is an eigenvalue of RN(J) if and only if e*** are eigenvalues
of S4S_ on the +1 eigenspaces of 7.

Finally,
1— 6410_,
log Sdet(Id —S45_) = log H T —ry
= log H eildai—m) _ Z Z(4aj — ).
j )

Here we are using the standard branch of the logarithm. Multiplying by %
yields (5.11), so (5.2) is established. O

This calculation has also been done by Lesch and Wojciechowski [19].
Their formula, which they denote m(A;,A_), has a somewhat different
form than ours, but it is easy to check that the two agree. Bunke [5] relates
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this term to the Maslov index: it may also be calculated by averaging the
Maslov index 7(A4,A_,gA) as g ranges over the group of symplectomor-
phisms fixing -y, where A is any fixed Lagrangian in V.

6. Resolvent with scaled spectral parameter.

In section 4.1 a brief outline of the construction of the resolvent of A was
given. In this section we carry out the details of this construction, and prove
Theorem 1.1. Here, as in the one-dimensional example, we write the spectral
parameter A = (ias€)z to capture the behaviour of small eigenvalues, and
treat z as a parameter. In the next section we will construct the ‘full’
resolvent on a bigger space with contains both the region X2 x C, and
X2, x (C\R), and unifies the resolvent constructed in this section with that
constructed in Part I.

As the construction is rather lengthy, we begin by outlining the strategy
in more detail.

6.1. Strategy of the Construction.

The first step in the construction is to build a parametrix G(z) for (A, —
(ias e)2z2)_1; this means that we need to solve the operator equation

(6.1) (Ac — (ias€)?2?)G(z) = Id +R(=2),

with the ‘error term’ R(z) in the iteratively-residual ideal of Lemma 4.4.
Initially (in subsections 6.2 — 6.7) we shall work under two simplifying re-
strictions: that 22 lies away from the discrete spectrum of RN(A) and that
A¢ = Az has no L? null space. Under those restrictions we will construct
a holomorphic family G(z) in the space \Ili:sz ~1(X) satisfying (6.1); in fact,
it will be a two-sided parametrix, with G(2) (A, — (ias€)?22) —Id also in the
iteratively-residual ideal. The index family —1 is motivated by Lemma 5.1.
Equation (6.1) involves satisfying three types of conditions: the full symbol
equations across Arg, as always in the pseudodifferential approach to elliptic
equations; model equations at each boundary hypersurface at € = 0, as de-
scribed in section 4 and compatibility conditions for models at intersections
of adjacent boundary hypersurfaces. The compatibility conditions are those
for compatibility of Taylor series at a corner. In section 6.2 we list the model
equations that need to be solved, write down the compatibility condition be-
tween models at adjacent faces, and summarize results about b-Laplacians
from [22]. Then in the following three sections we define models, order by
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order, and check compatibility conditions.

The key to solving for the model operators is to identify the top term
(growing as (iase€)™!) at Boy. This is shown in subsection 6.3 to be uniquely
determined by the model equations and compatibility conditions, and is
given, exactly as in Lemma 5.1, by the resolvent (RN(A) —2?) =, Once this
term is identified, the solutions to the other models are defined.

In sections 6.6 and 6.7 we perform steps (ii) and (iii) of section 4.1,
obtaining the resolvent (A, — (ias €)22%) " subject to the two restrictions
noted above. In the following two subsections we remove these restrictions,
first extending the construction to z near spec RN(A) and then treating the
case that Ao does have L2 null space. Finally we show that the ‘very small
eigenvalues’, corresponding to z = 0, are actually exponentially decreasing
in (ias€), i.e. vanish as a power of €.

6.2. Preliminaries.

Model Operator Equations at each face To construct the parametrix it
is necessary to construct several terms in the Taylor series at each boundary
hypersurface of st. To specify this precisely we need to discuss coordinate
choices near each hypersurface. Fix coordinates (z,y) near H corresponding
to a product decomposition of a neighbourhood of H C M. Let p denote
any coordinate system on Mo, and define r = sinh™!(z/e), s = (iase)r,
¢ = ilgz as before. Denote the metric density on H by dh and the surgery

metric density dg. l%&g—:ﬂ on Xig by p. On Xis, denote the set of functions

r,y by C1, s,y by C2, and p by Cyp. Then the functions in C; are coordinates
on the interior of B;. Denote

H1 = dr - dh
U2 =ds-dh
Ko = dgo.

Lemma 6.1. The density y can be written

d(ilge)
(ilge)?

On XES recall that every face By, # Bs3 is canonically isomorphic to
a blown up version of By, X By,. Using primes to denote coordinates lifted
from the right stretched projection Xﬁs — XLs, denote the collection of
functions C,, U C}, by Cpn, write Ca3 = {s,log(z'/z),y,'}, and write v

(ias )BT 1 O(p).

(3
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d(ilge)
ilg €)
coordinates in the interior of B,,. Define vpmn = pm @ ui,, and vz =
ds(log(z'/z))~2dlog(z' /z)dhdh'; then vy, is a smooth D-density on B,
and, corresponding to the above lemma, at each boundary hypersurface

for the canonical density dg. - dg. . Then the functions in C,, are

d(ilge)
(ilge)?

near B,,,. We shall use these coordinates and density extension results to
extend models, defined initially on one boundary hypersurface By,y, to a
neighbourhood of st.

The models of G are D-half densities on B,,; the top order models we
denote

= Vmn

(ias ) Bmn)"1 1 O(p7%,)

GGY = Ny ((iase€)G),

since G is postulated to have growth of order —1 at each boundary hypersur-
face. Here Ny, is the restriction, or normal operator, defined in section 4.10.
If Ay is a D-half-density on B,,,, then write

1
Amn = a(Cmn) - Vi,

where this notation means that the function a is written in terms of the
functions in C,;,;,. Then

fimn = a(cmn) . V%

is an extension to a smooth D-half density in a neighbourhood of B,,,. We
then define inductively

j—1
(6.2) GY) = Npp ((la.s €)~7 [G - E (ias e)kéﬁ,’:,)t]) .
k=-1
We emphasize that the higher order models depend on the choice of coordi-

nates Cp,n. At each boundary hypersurface G has a ‘Taylor series’ in iase,
using the coordinates Cp,, in the interior of each boundary hypersurface:

0
G= Z (ias€)!GY), + O(iase) near Byy ,d(Bmn) = 1;
j=1

1
G =) (iase)/GY), + O((ias €)?) near By ,d(Bmn) > 2.
j=-1
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This is not a true Taylor series, since (iase) is a valid boundary defin-
ing function only in the interior of each face, thus, for G € \Il_o “Nx )s

the model G(] ) may have growth of order ppg ! at an adjacent boundary
hypersurfaceB,,. These are the only models we need to consider, as the
higher order models are already error terms in (6.1).

Lemmas 3.5, 4.7 and 4.8 shows how the Laplacian acts on models B,,,,, #
Bs3. For Bsj in terms of coordinates y, y, log(z'/z), s the Laplacian looks
like

A=1(A)+v-Q=—(Vieg(a'/a))’ + A +v-Q

where v vanishes to infinite order at Bss and @ is a Ls-1do of order at most
two. The model equations involving the identity operator are

(6.3) A5G = GO Az = T1d;
(6.4) AzGY) = 60 Ay = 1dg
(6.5) AzGY = ¢QAg =1d5.
The other equations for j = —1 or 0 are

(6.6) Ry(A)GY), = GULRa(A) =0

for all mn when j = —1, and for mn # 00, 11, 33 when j = 0. The equations
for j =1 are a little more complicated. They are

A5G = 2657,
ARGl =26l
AgGl) = 265",
Glo Ar = #°Gly s
Gy A = 2G5
AnGhn = —(D} - 2)Giy, ;

GO)an =-(D% - A6,

The last two equations contain even more information. As A HG%)L is or-
thogonal to Ker Ay and (D? — )G( Y is in Ker Apg, both must be zero.
A similar statement holds for an)z So we get

ApGY) = GO AL =0;

o0 (D2 - 2G5, = (DY - )G =0
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Note that the reduced normal operator only appears at order j = —1 because
it acts two terms down in the Taylor series.

Let us make a simplifying observation about the models G() and
ng). The only requirement for these models is that they be smooth
and Ker(Ap) ® Ker(Agy)-valued. It is possible to define such a model,
compatible with all adjacent faces, if and only if the adjacent faces are
Ker(Ag) ® Ker(Ap)-valued and compatible between themselves at the in-
tersection with Byy. This condition is always satisfied below, so we will
ignore these models from now on.

Compatibility between models on adjacent faces If the model operators
are continuous functions, it is sufficient to check compatibility between mod-
els on adjacent faces in the interior of the intersection. Suppose B, and
Bypq intersect, and suppose that pp, and pp, are boundary defining func-
tions, valid in the interior of By, N Bpg, such that pmnppq = iase. On each
face G has a ‘Taylor series’

(ias€)!GY or (ias€)) GU),
Pq

i>—1 j>=1

and at By N By, G, (resp. GY)) has a Taylor series in Ppq (T€SP. Pmn),
which we write

Z Pl Gi)) m 1 (resp Z pi- (g) mn,i_j)_

j>-1 i>-1

Comparing, we see

(6.8) (G i = ()

is a necessary and sufficient condition for these models to be compatible.
It is useful to observe here that the sections ®U) defined below have
expansions of the form
. j
e) = "(logz)*br(y) + O(z?)
k=0

at z = 0; they have no terms in their Taylor series in ilgz vanishing faster
than a constant. Many of the (ng‘l))mn,i—j will therefore turn out to be zero,
for 7 > j. This simplifies the checking of compatibility.

Resolvent of a b-Laplacian Let us start by considering the model equa-
tion (6.3):

A5G = GO A =Td57 .
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Let us recall some facts from [22] regarding the resolvent (Az; — A?)~L.
In Chapter 6 of [22], it is shown that Ag; — A? is invertible in the b-
pseudodifferential calculus for ImA < 0 with the inverse extending mero-
morphically to a neighbourhood of 0 in Cy. Provided Az; has no L?-null
space, there is only a simple pole at A = 0, and the residue there is the
projection onto the bounded null space of Agz. Thus at A = 0, (Ag7 — A2)~!
has a Laurent series

(6.9) (Azr—22)71= 5 M Res?,
jz-1

with Re ;;1) = —iprojC*®Ker. Applying (A - )\2) to (6.9) shows that

Az Res%) = Id, so that Res-(A%) is an inverse to Az; (though not of course a

bounded operator on L?), and for j > 1, Agz Res%) = Res%_” . If Ag7 does
have L? null space, then the series (6.9) must be replaced with one starting
at A = —2, with Res%m = —projz2 Ker. Then we have Azz - Res%)f-) =
Id — projz2 Ker. Similar results hold for A; but, since H has a product
metric, A never has L? null space.

We shall also need the notion of scattering solutions and scattering ma-
trix. For definiteness we will describe these just for M. Let {¢;} be an
orthonormal basis for V, which splits into {¢;}, 1 <7 < dim Af , a basis for
AP, and {¢a}, dimA? +1 < @ < dimV, a basis for AY. We will use, in
the summation convention, the form of the index — capital, small roman or
small greek — to determine whether the sum is over a basis of V, A_|D_ or A_,IY .
The scattering solutions ®;(\), with A near 0, Im A < 0, are the solutions to

(6.10) (A-X)g,(\) =0

with the boundary behaviour ®()\) ~ z~*¢;(y) + v, with v € L? near H.
They have an expansion

28,(\) = z72¢, (y) + 25 (V) e (v) + O(2%),

with § > 0 uniformly near A = 0. Here S is the scattering matrix; it
is meromorphic near A = 0, symmetric, unitary for A real, and satisfies
S(A)S(=A) = Id. From this this it follows that S(0) = (f)d_lg) and 9,.5(0)
is block diagonal with respect to the splitting V = AP @ A%.

Let us denote (1/k!)(:3)*®, (M=o by &, and (1/&!)(Z)*Six(A) tr=o
by S(JIQ By differentiating (6.10) with respect to A, we obtain

(6.11) Ay = A@) = 0 and A& = &)
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We conclude that <I>$,°) = 0, <I>§.l) = S](-,lc)@f), and @;O) (respectively i@&l))
form the bounded (resp. logarithmically growing) null space of A;.

We need to compute the top terms in the (polyhomogeneous) expansion
of (Ag7 — A?)~! at the faces of By, that is, those terms with exponent
tending to zero as A — 0. At the ‘front face’, £ = 2’ = 0, corresponding to
Bgo N B3z, we have

_ 1 )
(6.12) (Mg =) ~ = ((@'/a) P b))+
. : wl
+3%0 (1) SN 0)) , T S1
At the left boundary z/z’ = 0, corresponding to Bgg N By, we have

(613) (A= )7 ~ 2 (s, (0)2 )

and at the right boundary z'/z = 0, corresponding to By N Byz, we have

(6.14) (A7 =)~ o= (42, ()0 )

The ‘X’ notation In defining models and checking compatibility we will
exploit as much as possible the models KT(,{% of the reduced normal operator
studied in section 5. The space Ker Ay has been viewed in two different
ways: as a subspace of smooth sections over H, and as an abstract vector
space V. In the latter guise it has played the role of a trivial vector bundle
over [—1, 1], sections of which are acted on by the reduced normal operator.
If ¢ € V then denote the section over H to which it corresponds by T(¢),
the ‘transfer’ of ¢. We transfer continuous sections on B; and Bs from the
logarithmic single space corresponding to [—1, 1] to X1s(M) according to

T(a;(r)¢h) = a(r)S(cr)(y) on By;
T(b(s)dr) = b(s)Z(¢4)(y) on Bo.

On Bo(X1s([~1,1])) the sections <I>(Jk) are given by

a%) =

{o if k is odd;
J

1/k!¢;(log z)* otherwise

(k) _ JOifk is even;
“ 1/k'$o (log z)* otherwise.
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Define the transfer on the C -span of these sections by

e k) —
i) - {15 =0
&) (M., ) otherwise.

Thus T(&")) has the same leading behaviour as & at the boundary but
may have lower order terms depending on derivatives of S;x at A = 0.

We also want the transfer defined on sections over boundary hypersur-
faces of X2,. Recall that By, # Bass is a blowup of By, X By,. Let w1z, Tg be
the stretched projections to B,, and B,. We define the transfer on sections
of B, which are sums of products of sections on B,,, and B, on which T
is defined above. It is defined by

T(D_ mivr @ wryor) = Y 7 %(r) @ TS (Yr)-
On Bjss, define
T(ars (s, log(z' /)y ® &) = ars(s,1og(a'/z))T () (¥) () (v)-

The transfer is not defined on sections which are not of the above form.
It will be applied to certain models of the reduced normal operator in the
construction of models for our parametrix G.

6.3. Terms of order (iase)™!.

Consider equations (6.6) and (6.7) for j = —1. One might at first guess
that these models should be zero, because there are no nonzero terms on
the right hand side of these equations. Surprisingly, perhaps, this is not the
case. Recall that in the one dimensional case, K3, Y is actually the resolvent
of the model problem (RN(A) — z2)"1 (See Lemma 5.1). The general case
behaves in the same way:

Proposition 6.2. The model equations (6.6), (6.7) for Gg;l) and the com-
patibility conditions (6.8) have the unique solution

6V = (k5.

Proof. Equation (6.6) shows we can regard G’g;l) as a one-dimensional ker-

nel with values in End(V'), where V' = Ker(Ag). Consider the boundary
conditions given by compatibility conditions with adjacent faces.
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On B3 and By, the left model operator is Az, given in local coordinates

by (3.18). Since G( Y and Gﬁl) are bounded, they are constant in r =
sinh_l(m /€), the varlable across Bjs and Bjj, so they give trivial matching

conditions across s = 0 for G( 2 , as in the proof of Proposition 3.8. We
similarly get trivial matchmg condltions across Bo1, Bi1 at s’ = 0 and across
Bs3 at s = s'. Hence G( is continuous on [—1,1]; X [-1,1]y. At s =
+1, G( Y matches with G((]2 D which is bounded and Ker(Azz) x Ker(Ag)-
valued; hence G( b I s = %1 takes values in A ® V = Hom(V,A?D) and
similarly G( D 1 s' = £1 takes values in V ® A2 = Hom(AZ,V).

In the interior the derivatives 9, G'( b , Ogt Gg;l) match across Big, Boai.
The derivative Js G( D at s = 41 matches, as in the proof of Proposition 3.8,
with the ¢! term ofG’ at £ =0, so BG( D 's = 1 € Hom(V,AY)
and similarly Oy G’( 2 I's' = £1 € Hom(AY, V). Across Bs3, compatibility
between G'( D and G( ) requires that at the intersection of By and Bss,
(05t — 0, )G( 1) matches the log(z’/z) coefficient of G:(,,g) . The model equation
for G 3) is A——G(D) = Idg, so G 3) is given by

%0, a;|log(«' /)|
(6.15) G =32~

=1

rojy. —
20j P JVJ

/

1 z' ) z
- —2-| log ;IprOJ V + A(s) + B(s) log;

where Vj is the j-th nonzero eigenspace of Ay with eigenvalue a;‘-’, and A(s),
B(s) are End(V')-valued functions of s. There is a jump of Id € End(V') in the

coefficient of log(z'/z) between the two sides of Bs3. Hence (9y — BS)G( 2
has a jump of Id across s = s’. These conditions on G5, ) uniquely determine

that G( - ‘I(K (s,8 ,z)), the kernel of the one—dlmensional resolvent
studled in section 5. O

Indeed, not only does this argument yield GSQ it gives us all the G,

Compatibility of GoP with Gg; ) requires that G( D = gk, 1)) for all
mn. The compatibility of these terms itself follows from the compatibility
on X2, ([-1,1)).
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6.4. Terms of order (iase)’.

To find the next term in the Taylor series at each face, we start with the
faces Byo, B11 and B3z whose normal equations, (6.3) — (6.5) have ‘forcing

terms’ on the right hand side. Let us begin with G((,%) . By (6.3) and the
discussion in section 6.2, this term takes the form

(6.16) G((,?,) = Res%) + terms in Ker(Az7) ® Ker(Azy).

The regular part of the resolvent can be calculated from (6.12) - (6.14). Its
leading behaviour is, at the front face:

(6.17)

1 z' .
3 (—l log —|1d +(log = + log ') Sy (0) s (4) e (4') — iy (ym(y')s‘},z)
_ [~logzproj AY +loga’ proj AP — L4 (u)¢ (v') S, T <1
logzproj AP — loga’proj AY — $s (W) (W) SR, £ >1,

at the left boundary:

% (108 0¢s (1) &7 (@) i (1) 25"
=2 (l0826;1)20 0') i8IV &) ~ igs W)SP W)

and at the right boundary:

5 (log =8 (0) ) - ¥V, (v))
=3 (280 ()g;(4) ~ 3P Pgals) — iSO W55 ) -

The relation between these expressions at the front face and at the left
and right boundaries is perhaps not immediately evident since there only

appears SV with small roman indices, in the last two. The reason is that

ik
the Sg ) piece is contained in the <I>,(11) term, which may have a part bounded
up to the boundary ‘beneath’ the principal, logarithmically increasing one.
Since 0)S;k(0) is block diagonal with respect to the splitting V' = AE GBA_,IY ,

the other pieces Sz(a), S'(l) are zero. The null space terms in (6.16) are
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determined by compatibility with G( . The one-dimensional model is

Kég) = (iase)™! (K (s, s',2z) — K(1,1,2)) | Boo
= (iase)™! ((s —1)0,K(1,1,2) + (s' — 1)K (1,1,2)) | Boo
=logz d,K(1,1,z) +logz' 0y K (1,1, 2)
_ {logz (—proj AY + A*(2)) +log ' (proj AR + A(z)) "‘;' <1
log z (proj AR + A*(2)) +logz’ (—proj AY + A(2)) Z >1

for z, £’ > 0; (5.2) has been used in the last two lines. The projection terms
already appear in (6.17) and the A(z) terms take values in the null space

terms which give compatibility with Ké.; b, Hence, defining

(6.18)
G(()%) = Reg7(0) + % (log z A(2) + log 2’ A*(z)) .
= Regy7(0) + 40j ()83 ()85 (1) + A7a(2)¢i ()20 (),

G(O) and G(_ ) are compatible. The same argument shows that G( ) and
G( b G( 1) G( D are compatible.

We can use similar reasoning for G( ) and G(l[i). Using coordinates
log(z'/x), s, ias € near B33, we have

(6.19)
K?E3) =(iase) ™" (K(s,s + iaselog(z'/z),2) — K(s,s,2)) | Buy
=log(z'/z)0y K (s, s, 2)

=~ 31108 2 I )b /) + log =D (5, )b ()b (8

where this defines D, ;. Note that D;,(£1,z) = 3 ( proj AN —proj AR ) +A*(Z).

By construction, the transfer of this term is compatible with G( b G’gfl)

and G( b . Referring to (6.15) and (6.17), we should also add a term to give
compatlbllity with the 0,5 terms in G(()%). So define

!
GSY = Resl?) +1og =D, (s, 2) (4) s (')
(6.20) . T

— 5% = 5= e g () SR (8.

Here 1) is a cutoff function, with support near 0. The factor e~*(2=5=5') may
appear somewhat mysterious; it will be needed in the next section when
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we join these models with those constructed in Part I. The 1 term ensures
compatibility of G’gg) with G’S%) and does not affect the compatibility with
any terms of order (iase)™!, since it has no part growing as p;ql at any
adjacent face.

The G’gq) term may be defined similarly except that no extra term is
required as Bj; is disjoint from Byg. Using coordinates 7, r', y, ¢/, we have
KD =(iase)™! (K ((ias o)r, (ias €)r’, z) — K(0,0,2)) | Bny

=r8,K(0,0,z) + 04K (0,0, 2)
=(r' — )0 K(0,0,z) +r9;K (0,0, z)
1 —
=— 5" = rl&@)d W) + (' = 1)Dis(0,2) (W) (v') + s K (0,0, 2).
With

G = Res® +(+' — 1), (0, )4 () (/) + T (rO, K (0,0, 2)),

this model is compatible with all G! n), and with G( )

Next consider G’(()g) and G((ﬁ). To satisfy compatibility with Gs,:nl ), we
must take

GO — (kD) € C®([-1,1]4; C® Ker(Agp) ® V).

To make this term compatible with G'((,%), let us define

(6.21)
32’—%(K33’)——¢(1 se#1=80 (p)SP (o).

This is now compatible with all models defined above. Since the ‘extra’ term

in G( ) is supported away from G((ﬁ), we can define

GoY = T(KGY)

and then G((ﬁ) is compatible with all terms already defined.
The model Gg;) must be of the form

GO = (kW) + ¢ ([0, £1],; End(V))

to satisfy its model equation and be compatible with all models of order
(ias€)~!. We also require compatibility with G(O) and Gg). T(KY,) is given
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by
‘I(K((,?)) = ‘I((iase) (K(l — ¢ (iase), (ias €)', z) — K (1,0, z)) [Bm)
=%(—logzd;K(1,0,z) +1r'0sK(1,0,2)).

So G’gi) has the form

Car®D D) (v') + ' Eis® (p) ey (')

Recall that <I>S,1) ~ —tlogzdy + S((llﬂ)qﬁﬁ at £ = 0. We therefore define
G5 = (KRY) +9(1 - 9)e ™ =Car S ba(m)d ()

this now matches G((ﬁ) at Bg1 N B and is compatible with Gg(i). The other
models Gg%), Gg%) and G(lg) are defined similarly.

6.5. Terms of order (iase).

These terms are only required for those faces By, with e(Bp,) = 2 (that

is, for d(Bmy) > 2) and, as observed above, not for Byy. Let us start with

G( ). To satisfy compatibility with Gg;nl ), we must have

G — (kD) € ¢™([-1,0]y U0, 1]¢; Ker™ (Agp) ® V*),

where Ker™ (Azy) is the direct sum of the bounded and logarithmically grow-

ing null space of Azz. For compatibility with G, ©) and Ggi), we may take the
null space term to be zero; however let us add a term which will be required
in the next section:

z —iz(1—s'
Gl = T(ES) + Z(1 = e 0D (p)¢a(y)

(Recall that 32 has zero leading, (log z)? term. Hence there is no compat-
ibility required between the last term and G’g;l)
We define Ggo) similarly. The G( ) term may, in the same way, be taken to
be ‘I(K§3)) but again we add a term required in the next section:

as might at first appear.)

(6.22)
G = S(KR) + (2 — s = ) =g, () SR (v).
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Finally we define
G = T(KY), mn =12, 21.

Checking compatibility of these terms is rather simple. As all the boundary
hypersurfaces for which models of order (iase¢)! need be defined are disjoint,
they must be checked only against models of lower order. Then the comment
made in the paragraph below (6.8) applies; it is straightforward to show that
the models defined in this subsection are compatible with all those previously
defined.

6.6. Compatibility with the symbol.

The diagonal singularity of (A — (ias€)222), is equal to that of A, +
O((ias €)?). In our chosen coordinates, A, is constant, to infinite order at the
boundary, so compatibility requires that terms Gﬁ;"ll) and Gg? are smooth,

and the singularity of Gﬁ,‘iln is the symbolic inverse of that of A Bmm.
This indeed holds because the restriction of A, to By (respectively Bii,
Bz3) is Agf (resp. Ag) and G(()%) (resp. Gg(i), Gg%) ) are chosen to be, up to
smoothing operators, the inverses of Ay (resp. Ag).

It follows that one can construct a holomorphic family of Ls-1bdos
G(z) € \Ilff ~1(X) restricting to the models which we have defined and
having the correct diagonal singularity. This completes our construction of
the parametrix.

6.7. From parametrix to resolvent.

We have outlined already, in section 4.1, the process of getting the ac-
tual resolvent from our parametrix G(z). We have now, for z € C\ Rt, a
holomorphic family G(z) such that (6.1) holds. Let —R = AG —1Id € Tp.
Then by Lemma 4.5, we have

(Id—R)"! =1d+S, S € Ip.

Hence
(A - (ias€)?2?)G(z)(1d +S(2)) = 1d

so by Theorem 4.2,

(6.23)
(A —(lase)?2®) " =@+ G- S € U2 X) + .7 (X)

where F is natural (see Definition 2).
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In fact all coefficients of elements of the index family F with nonzero
logarithmic behaviour are zero. To see this suppose that there is a nonzero
logarithmic term g, log pf,m - a, where a is a section defined on B,,,, oc-
curring at power j, with 7 minimal. Since there is no other terms lower in
the Taylor series with logarithmic behaviour, a must be annihilated by the
reduced normal operators of A :

Rn(A)-a=a-Ry(A)=0.

But the solutions to the model problems on each face have the property
(with one exception) that they are either bounded up to each boundary
Byn N Byg of the face or blow up like 1/p,q there. The only exception is
B33, which has this property with respect to Bz but not By or Bji. In
any case, there is some face B,y # B33 at which a is nonzero, we have, by
compatibility of Taylor series, a term on Bj,q which behaves as log pmy. This
contradicts the assertion above that solutions to models problems do not
have logarithmic behaviour at the boundary. Therefore no such term exists.
It follows then that (A, — (ias€)?2%) ™" € U271 (X).

6.8. Near the discrete spectrum of RN(A).

Recall from Section 5 that K(s,s',z) = (D? — 22)~! is meromorphic in
z with poles at the spectrum 0 < z% < 2?--- . We have already constructed
the resolvent away from the discrete spectrum. In this subsection, we will
construct the resolvent in a neighbourhood of one of the z;; at first, we shall
take z; # 0.

Near z; the kernel K of section 5 has the behaviour

proj V;

(624) -K(S,S,,Z) = W——z)_

+F0(37 sla Z)

where V is the jth eigenspace of RN(A) and K| is holomorphic near z;. We
have

zZj+z

(6.25) (D% - 22)Ko(s,s',2) = 1d — >

proj V;
Zj

so Ky is an inverse up to finite rank near z;.
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Let us examine this on [—1, 1], with surgery metric g. = dz?/(z? + €2).
With s = (ias€) sinh™!(z/e) as in section 5, and defining

KO(S’ Sl’ z, ias 6) (las E) IKO(S S Z)'deS (dllg)6 Il
' 1 : , dilge 1
E(S,S,lase):laSeprOJ IdeS 3,

(ilge)?

we have (A, — (ias€)?22) Ko = Id —(zj+2)/2z; E on X7,([~1,1]). Returning
to our manifold M, by Proposition 3.8 we can construct from € € V; an
approximate small eigenfunction e on X7, such that (A — (iase)?zf)e €

popuogC‘”(XLs,Q2 (X1s))- Let {&;};2; i be an orthonormal basis of Vj, Nj =
dimVj, and define

1
d(ilge) |2 —00,0
iagE| € vRh 0.

(6.26) = jase Z ei(p

Thus W is a uniformly finite rank operator of rank N;, with
Wi =T(ER)

for £ < 1.

The first step in the construction of our parametrix near z; is analogous
to the construction of Ky, an inverse for D2 — 22 orthogonal to the trouble-
some terms e;. Here, we define the G(J ) as before, but using Ky instead of
K. Then we have, by comparing G with K,

zZj+z
Zj

(6.27) (Ac — (ias€)?’2?)G(z) = Id +-=—W — R(z)

with W as above and R € Zg. Inverting Id —R as before, we get

zjt+z
2z;

(Ac — (las€)?2?) (G(2)1d +S(z))) =Id+ W(Id+S5(z)) =1d -=W'(z)

where Id +S = (Id —R)~!. We now have an inverse up to the uniformly rank
N; error term W' = (z; + 2)/(22;)W (Id +S). The null space of Id —W' is
contained in range W = span {e;}. Let

W' (2)e; = aix(2)ex



Analytic surgery and the accumulation of eigenvalues 193

where each a;;(z) is a holomorphic map from a neighbourhood of z; to
phg ([0,d]) , where G is natural. The function
q(iase, z) = det(dix, — aik(2))
is holomorphic in z and polyhomogeneous conormal in iase with natural
index set, and such that

(6.28) (0, 2) = (z — % )Nj .

2zj

For small ias ¢, g has exactly N; zeroes near z; and does not vanish in some
small annulus around z;. Hence ¢ vanishes precisely at the eigenvalues of
A corresponding to z]2~ € spec RN(A). The inverse (Id —W’ )_1 =I1d+F is
therefore meromorphic in z, in the sense that g-(Id +F) is holomorphic, and
conormal in ias e with natural index set. The resolvent is

(A - (ias€)’2?) ™' = G(2)(1d +5()) (1A +F) € (ias ) U (X)

and is meromorphic in the same sense as F, with G’ natural.

As in the last subsection we can show that actually we can take G’ to
be the C*® index family. Indeed, we already know this is so in any region
away from z;. Also we may calculate the projector onto small eigenfunctions
corresponding to z; by the contour integral

II; = 27rz/(A — (iase€)?z 2) 2zdz

where C is a small circle that encloses all the zeroes of g, for small iase,
and stays away from all eigenvalues corresponding to other zx. The value
is, by the results of the previous subsection, in \11582 ’I(X ). Moreover, the full
symbol of the Laplacian is holomorphic near z], so the singularity at Agg
is removed and the result is actually in U " 1(X). Hence we have shown
that the projector onto small eigenvalues corresponding to one z; is smooth
on the space X7, and that the resolvent itself, (A — (ias e)2z2)_1, is smooth
on Xlz,s and meromorphic in z.

If 29 = 0, the argument is the same, but some of the formulae must be
modified to accommodate the presence of a double pole at z = 0. Equation
(6.24) should be replaced by

K(s,s',z) = proj V}(l + z_z) + Ko(s, s, 2).
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In equation (6.27), we must replace (z;+2)/2z; by (1+22%). Finally, equation
(6.28) is replaced by
q(0,2) = 22N,

6.9. In the presence of L? null space.

Let {¢;} be an orthonormal basis for the L7-null space of Az; on My U
M_ (on half-densities). Lift the ¢; to smooth half-densities on Xis, also
denoted ¢;, which vanish to infinite order at B; and B,. This is possible
since on the space M, ¢; decays at least as some positive power at the
boundary, so on Mlog it vanishes to infinite order. We can then form the
finite rank operator IIz> = Y. ¢;(p)¢i(p') ﬂ(iilgi:)é &
to the projector onto the L? null space of A.

We have, near A =0,

which restricts at By

(A = 22)7! = Reg7(0) — A~ 2,

with Reg;;(0) regular near A = 0. Since A2 = (iase) 2272, we expect a
term looking like (iase€)™22z72II;2 in our resolvent. Hence, we will get a

nonzero term G( 2 of order (ias€)~2; since I vanishes to infinite order at
all other faces th1s should be the only term of order (iase)™2.

Define G( 2 - = II;2 | Boo, and let the other G(J) terms be as above.

The G'( 2 term is not a good approximation to the term in the resolvent
we expect but it is a holomorphic term which has approximate range the
projection onto the expected null space, which is what we need for the
construction to work. Then instead of (6.27), we get

(A¢ — (ias€)?2?)G = Id —(1 + 2%)(W + II12) — R,

with R in the parametrix-residual space, and W the approximate projection
onto small eigenvalues corresponding to 0 € RN(A). The z?II;> term comes

from —(ias€)222 acting on GSO 2 and 1d —TI 12 1s produced from A acting on
Ggo) = Reg;(0). Inverting (Id —R), we get

(Ae — (ias€)®2%) G (Id+S) =1d —(1 + 2%)(W + 12)(Id +5),

where (Id +R)™! = Id+8. Then (1 + 2z2)(W + IIz2)(Id +S) = Y’ is a finite
rank operator which we treat like W' in the last subsection. The range of
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Y’ is spanned by e; and ¢;. Let g — ag; be the matrix of Id —Y’ relatlve to
the basis above. Then

q(iase, z) = det(dr — ari(2))

is holomorphic in z and polyhomogeneous conormal in iase with natural

index set, and such that
Q(O, z) = z2N’

where N here is the sum of the dimensions of the L? null space of Azr
and the null space of RN(A). The inverse (Id —Y’ )_1 = Id +F' is therefore
meromorphic in z, in the sense that ¢-(Id +F”) is holomorphic, and conormal
in ias € with natural index set. The resolvent is

(A; — (ias€)22?) ™" = G(2)(1d +5(2)) (1d +F') € T 272(X)

and ‘is meromorphic in the same sense as F’.

The results of this subsection and the previous one show that as € = 0,
the small eigenvalues approach 0 or one of the eigenvalues of RN(A) or
infinity, as claimed in Theorem 1.1.

6.10. Very small eigenvalues.

The projectors II; onto the eigenspace corresponding to z; are smooth,
that is, have a complete asymptotic expansion in powers of iase at each
boundary hypersurface of Xis. For the eigenvalues corresponding to z =
0, which will be referred to as ‘very small eigenvalues’, this expansion is
particularly simple. Let o7 be the first nonzero eigenvalue of Ag. Then

Proposition 6.3. The very small eigenvalues \; vanish as a power of € :
(6.29) Ai(€) = o(€") for all T < max(o1,1),

so in particular are rapidly vanishing in iase.

Proof. Cappell, Lee and Miller prove a very similar estimate in [8]. As the
notations of the two papers are rather different, we sketch the proof here.

By the min-max principle, it is sufficient to construct an independent set
of surgery ‘test functions’ ¥;, equal to the number of very small eigenvalues,
satisfying the estimate

lAapill < o((€) Il for all 7 < max (o1, 1).
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Let {xJ}£_, be a basis of L2 Ker Ag; and let {$?}£v=°k +1 be abasis of APNAD,
Let {¢?}£V=°k 41 be the corresponding elements of the bounded null space of
Az7. Then, by the results of of [22],

X} € A, (M) and ¢) € C°(M) + A, (M)

where inf ReX? > 0;. Hence, x?, #? extend to xi, ¢ € Aghg (Xs), on the

original surgery space (3.2), such that x; | By =0, ¢; | By = 5? and with
index family K(B;) = K° or 0+K° and K(By) = 0. Then the model operators
of A, kill the top terms at By and Bj so therefore Ay, Ac; € .Athg (Xs),
with index family J satisfying inf Re J(B;) > o1, infRe J(Bg) > 1. The
estimate (6.29) follows. O

7. Full Resolvent.

7.1. Resolvent spaces.

In this section we will unify the resolvent (A, — (ias e)2z2) ‘1, constructed
in the last section, with the resolvent (A — A?)~1, A € C\ R, constructed in
Part L.

At the level of parameters, iase and z (or A = ziase), these regions are
united in the space

Xisr = [XDs x Ca; {0}ige x {O}1],

the ‘zero-resolvent space’. We use C, the complex numbers compactified with
a circle at infinity, to stay in the class of compact manifolds with corners. At
ilge = 0 there are two boundary hypersurfaces, B¢ = [C; 0]», a punctured
complex plane and BY = C,, where z = )\/iase, a disc (hemisphere). We
define single, double and triple spaces analogous to XﬁsR :

Xrer = [X1s X Ca; M1 (X1s) % {0}1]
(7.1) XESR = [st X EA;MI(XES) X {O}A]
XESR = [XI:js x E)\;MI(XES) 2 {0})\]‘
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Then, by Lemma 2.11, we have a commutative diagram of simple b-
fibrations:

3 2 0
XLsR — XLsR —> X —> XLsR

N

Xﬁs XES Xis ng’

Each boundary hypersurface By, of X2 lifts to two hypersurfaces in XESR,
one a blown up version of By, x C,, which we will denote BY, and the
other a blown up version of By, x Cy, which will be denoted B;(.,:m. For
X2 we define the degree of B, (X2.z) and BS,,(X2.R) to be the same as
that of Byn(X2,). The next Lemma indicates the form of the degree density
bundles of the resolvent spaces. Suppose that Y is a manifold with corners
with degrees, let H be a collection of boundary hypersurfaces of Y and let
R be a product of defining functions over all elements of . Form the space
Z = [Y xC; H x{0}], and let 7 be the stretched projection down to Y. Define
degrees for Z by setting d(7~ (K xC)) = d(K) and d(n~!(H x {0})) = d(H)
for H € H.

Lemma 7.1. There is an isomorphism

(7.2) Qp([Y x Cx;H x {0}]) = *Qp(Y) ® %‘%L

Proof. The result is clear away from A = 0, so suppose we are near A = 0
and near a corner of codimension k in Y x C. Let Hy,... Hi be the bound-
ary hypersurfaces forming the corner, with Hy ... H; € H let r1,...7 be
boundary defining functions and suppose that H;...H; are blown up in
that order, creating new hypersurfaces HY ... H, lo . Then the new boundary
defining functions are p?, 1 < 7 < where these are defined inductively by

(pg)2 = rz~2 + |>\i_1|2, where

=X A= ’\igl.

i

Let p¥ = r;/p? = (1 + |Ai—1/?)~'/2 be a boundary defining function for the
lift HT of H; x C, 1 <4 <. Notice that p* =1 on the lift of H; x {0} for
j > 4. We first check (7.2) at HYN---NHYN---N Hg x C and then at an
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intersection HY N--- N HY N HSL N.... Ignoring the y factors in Y, which
are irrelevant here, the right hand side of (7.2) is

. _
dr; dAd\
(7.3) H (r;i(Hi)+l) A2+ (ry...1%)%

i=

After blowup of H; x {0}, we get

ﬁ dr; 1 dri dAdX
rpdHITL [ (0RpT) 4D 1y [N+ (ry .. omg)?

=2 i
_ ﬁ dr; 1 dpd (09)2dA1dN; at HO
s \r 2L ] (00pT)dHD) pd (0)2(IM[? + (pfra . . 7x)?) !

_ ﬁ dr; dp? 1 dhdh;
i \pJEHL | (pQ)dHIL (pF)AH) [\ 2 + (pSr2 ... i)

This is an expression of essentially the same form as (7.3) near (the lifts of)
Hjy x {0}, ... Hy x {0} since pT = 1 there. Hence applying this reasoning !
times gives

ﬁ ( dp} > ﬁ dr; d\d,
i=1 (Pg)d(Hi)+l (ps:)d(Hl) i=l+1 rg(Hi)_H I/\l|2(p‘$ e p;CTH_l e ’I‘k)2 )

which is explicitly a D-density near HY N--- N HY N--- N Hy x C since all
the p;-C, 1 <i <l are equal to 1 there.

We also need to check (7.2) near intersections H, N HS. To do this, we
only need to blow up H; x {0}... H,, x {0}, since all other blowups lie away
from HS. Thus we can assume m = . Then we have the boundary defining
functions p‘lc or ﬁf =17/ for Hl‘c, p? or A for Hlo and
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w = X_1/|\-1| as angular coordinate. We have
ﬁ ( dp? ) ﬁ dri d\_1dN_1
i3 \(p)dHI+L (pE)dH:) J L\ pdHDFL J N2 + (of - . o)
T )
- 0\d(H);+1( ,C\d(H;
k ~
N H dr; N_1dpf |Ni—1]dN—1 dw
L\ ST | Gen @t RSP+ 6F - o8, 707)
n g
- 0)d(H:)+1 (,C)d(H:)

y H dr; dﬁ}cd/\z—l wdw
imien \rZEDTL ] (PN _1)4HO 1+ (oF . 11

Again, this is explicitly a D-density, so we have proved the lemma. a
Taking Y = X{_, H = M;(X},), Lemma 7.1 yields

dAdX

7.2. Operator Calculus.

To carry out the constructions of the previous section for the full resol-
vent space, we need the ingredients of that section — small pseudodifferential
calculus, boundary terms, an iteratively-residual ideal — all extended to the
‘full resolvent’ setting. Here we can take advantage of the functorial na-
ture of the constructions of section 4, and simply observe that we obtain all
these things from that section by replacing the spaces Xﬂ with X]]JSR We
will denote the resulting spaces of LsR-pseudodifferential operators by

ins,sml (X) ) \P{s,bdy (X) and ‘I’ﬂ’r]{:(X)

The composition properties of these operators are almost exactly as in
section 4. Indeed, the combinatorics of the maps mPp o : Xfip = Xfeg
are easy to describe. For each boundary hypersurface G (respectively H) of
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X3, (resp. X2,) there are two boundary hypersurfaces, G* and G° (resp.
HC, H) of X} (resp. X2R) and if “Es,oG = H then

ﬂﬁsR,oGC = H® and w%SR’OGO = H°.

Thus the mappipg properties of the stretched projections on XI];SR are the
‘same’ as for X]’Js. It follows that all the composition formulae in section 4
hold in the logarithmic resolvent calculus, and there is an iteratively-residual
ideal Zg defined as in Lemma. 4.4 which satisfies Lemma, 4.5.

7.3. Full Parametrix.

We will look for a parametrix G in the space A~ 2\IlLstfr(X ) such that
(A-X)G-Id=ReIg

away from the continuous spectrum, that is, in the set X2z \ {A € R,z =
oo}. This includes the region where z is finite, down to iase = 0, and joins
the region |z| large, d < |arg(z)| < m —d with A small, § < |arg(\)| < 7 —4.

We will construct the parametrix G as before, as a finite Taylor series
off the boundary hypersurfaces at iase = 0. We will continue to write GS%
for the term at By, of order (iase)’ and write G for the term at BS,, of
order 0 (there will be no other nonzero terms on the faces with A # 0).

As in Chapter 6, we need to specify coordinates in order to define the
higher order models. Let o denote the canonical density on XZ.;. Recall the
densities vy, defined in section 6.2. If A, (2) (Amn(X)) is a D-half-density
on Bp,(XZ,) depending holomorphically on z (A), then write Apn(z) =
a(Cmn, z)u,%% or Amn(A) = a(Con, A)Vrln,/'r% , that is, express these half densities
in terms of the coordinates comprising Cp,,, and the half density V,ln/,% . Then

AD), = a(Cpun, 2)0% or
A© = a(Coyn, N)o?

represents an extension of A,,, to a neighbourhood of By, (B;‘,zm) C XEsR.
We then define higher order models according to (6.2).

The appropriate models for nonzero A can be read off from the
parametrix constructed in Part I. Lifting their results to stR, we have

G = (A - 297!
(7.5) G\9 = (ag -2y~
G = (ag— )~
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and all others are zero. Indeed, it is shown in Part I that the error in
this parametrix is conormal of positive order on the original surgery space
X2, and so after logarithmic blowup vanishes to infinite order at all other
boundary hypersurfaces. One can also derive these models directly on the
logarithmic resolvent space, but that would conceal the simplicity of the
results. We have defined the G’s% in the previous section, so as to satisfy
the model operator equations and compatibility amongst themselves. We
need to check that the two sets of models are compatible. As explained in
section 6, for G( ) and Gglz) we only need to check that adjacent faces are
Ker(Ag) ® Ker(A—)-va.lued and compatible amongst themselves; it is not
necessary to write down explicit models for these terms.

Compatibility with G\ The face BS, intersects BY), BY), B, B and
B}Y,. Consider compatibility with G( D In the interior of the intersection,
we may take boundary defining functlons X for BY, and 1/z for B, and
coordinates Alog z, ilg(z'/z)/ ilg z, y and y' along the intersection. We refer
back to (6. 8) for the compatibility condition. We calculate from (6.12) that

( (C))22 1
Lo v \+ix N 4 giAg! !
= ((m J2)E g () s () + & (y) Sk (0) e (y )) ,

and from (5.10), (Gg;l)) is given by

00,C,1

e—izls—s'| + e—izls—(2-5")| e—izls—s'| _ g—iz|s—(2-5)|

) AN
5 projAy + 5 projAy.

These agree since S(0) = proj AP — proj AY and e=*#Is=%'| = (z//z)** and
e—izls—(2=¢)| = .'L'i)‘.'l}'u.

Next consider compatibility with G(()Jz). We may use boundary defining
functions A for BY, and 1/z for BY,, and coordinates Alogz’, ilgz, y and
y' along the intersection. Let us do the calculation at s = s’ = 1. The
calculation for the compatibility of G(C) and G( Vs very similar to that
above, so we omit it. To check compatibility of G| ( ) and Ggg), we compute
from (6.14)

i lonat
(G%O))zz,d =3¢ Hoes ‘I)Sl)($>y)¢1(y'),
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and from (5.10) and (6.21)

(@)ons = SO + 59001 = )/2)e 000D )5V

=T(0:K(1,1-0,2)) + ‘“‘(1 sl)q’(l)(p)S(l)qS @)

1 . —iz(1—
— §e 1z(1 s)<1>£,1)¢a+§e iz(1 s)‘I‘§~l)(P)SJ(’Ilc)¢k(y,),

which agree. To check compatibility of G’(C) and Gglz) , we compute

1 . /
(66) 201 = 565" F (D) (),

1 s
(68)o0c-1 = FED) ot + 562D (P)ay)

= 2 0D )i (0/) + e DD (p)galy),
using (5.10) again, which agrees.

Checking the compatibility of Ggg) and Gg]:,,) requires calculations very
similar to those above, so we omit the details. Let us check the compatibility
of G(? and G((JJO). Again we.use )\ and 1/z as boundary defining functions.
Then

(G(C)) = Res(v_l) = —iproj{v | Azzv = 0,v bounded }

00,~1
as remarked after (6.9), and
(G5 )00c = TR, L, 2)o0c1) = T~ iproj AR)

by (5.10), which agrees. For j = 0 we have

( _ (0)
(G C)) 00,0 = Res—ﬁ
and from (6.18)
(0) _ (0)
(Goo )oo,c,o = Resyy

since A(z) is rapidly decreasing in z.
Compatibility with Ggg) The face BS; intersects BY, and BY;. In the
interior of B N BY, we may use boundary defining functions A,1/z and
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coordinates Alog(z'/z), (s + s')/2, y, y'. We need check compatibility only
with Gg; )

For Gg3) we have an explicit expression in terms of the eigenvalues o;
and eigenspaces V; of Ay (where o9 =0 and V = V):

- L& gmyer ¥ logla! )]
(76) G =(ag-N)T =)

projy; .
i0 2/ol = ’

Hence Allog(a’ /2)
e—iA|log(z'/z
(G(C) ) 22,-1 2% projy
and by (5.10) and (5.9)
—iz|s—s'|
1 € .
(652")as,c1 = —;— Prolv

which agree. (Note that, in (5.10), e~%(2=5=%') and e~**(-2+s+s) gre rapidly
vanishing at B$.)

We next check compatibility of G( 9 and Gg]:;). Again we use boundary
defining functions A, 1/z. Then from (7 6) we calculate

© _ brojy
(G )33 -17 9
C
(7.7) (G3) 35,0 = Rest?
(log('/z))* .
(G§?)33,1 == 42-/ projy

From (5.10) and (5.9), again observing that e~*(2=5=5") ig rapidly vanishing
at BS,, we see that the first one agrees with (Gl3 1))33 ¢+ From (6.20), since

D(s, z) vanishes rapidly as |z| — oo, the second line agrees with (G:(,,%)) 33,C0°

Finally we calculate (Gi('}i))?,a c,_1- Using coordinates as in (6.19), we have

(G(l))33c 1 z(('[{(1))33([: 1)
and
—iz(ias €) log(z' /z)
(Kéé))%,c,l = (e 5 projV + 0(|z|—°°))33,c,1

_ ! 2.
_ (log(:: [2) roiV
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which checks with the third line of (7.7).

Compatibility with G © The checking of these compatibility conditions
follows the same lines, but is considerably simpler; we leave these as an
exercise for the reader.

Compatibility with the diagonal singularity We showed in the last section
that the models Ggmn) were compatible with the diagonal singularity. On
the faces Bgm, the singularities of A¢| By = Az; and A are equal to
infinite order after logarithmic blowup, so these models are consistent with
the singularity too. This is just lifting the compatibility result from Part I
to this space.

It follows that one can construct a parametrix G restricting to all the
given models and compatible with diagonal singularity.

7.4. Full Parametrix to Full Resolvent.

This is done in exactly the same way as in section 6. We may also argue
as before to show that the resolvent is smooth away from the diagonal. Let
us summarize the results of sections 6 and 7:

Theorem 7.2. The resolvent family Res()) = (A —)?) 1 lifts to the resol-

vent double space to an element of \11531{) (X)+ A‘2\IIE$’O(X ) away from the

continuous spectrum {\ real, |z| = co}. The leading terms at each boundary
hypersurface are:

Res(,D) = T((RN(A) - 22)71)
Res(()g2) = projre
Reslo) = (Agp — A%) 7L
Resy) = (Ag — %)
Res(Y = (A — A2)~! and

Resﬁf,)l = 0 otherwise.

Proof. The statement about smoothness follows from the argument given in
section 6.7. The models Res(’ ) are given by G(J ) (G-S )5%2; By Theorem 4.2,
G - S has no order —1 terms up to the boundary, so the ResS,fnl) terms
are given by Go) = T((RN(A) — 22)71). At BS,, the parametrix is good
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to infinite order so the models of the resolvent agree with those of our
parametrix. O

8. Heat Kernel.

In this section we will define the logarithmic heat space and associated
spaces, and prove Theorem 1.2. The heat kernel e A< is given by the
operator valued contour integral

(8.1) = [ e (A — A2)"'22dA
27 r

where I' € C is a contour that encloses (in a suitable sense) spec A, C [0, 00).
In the spirit of this paper, we will perform the integral as a pushforward
under a b-fibration between appropriate spaces. Then the Pushforward the-
orem will tell us that the result is polyhomogeneous and will give us the top
order terms explicitly at each face. In the next subsection we will define
the ‘heat-resolvent space’, lying above both the heat space and the resolvent
space on which the integrand of (8.1) lies.

8.1. The Heat Space and the Heat-Resolvent Space.

The heat kernel for finite time [0, C?] has been treated in Part I. There
are no changes that need to be made to treat the case when Ay has null
space; the heat space Xﬁs defined in Part I is a suitable space to carry
the heat kernel in general. It is in the behaviour of the heat kernel for
large times that the situation is very different; in Part I the heat kernel was
rapidly decreasing as ¢ — oo uniformly in € (up to finite rank) but here this
is no longer the case. In fact, the structure of the heat kernel near ¢t = oo
has the same degree of complexity as the resolvent near A = 0.

To define the heat space for large times t > C2, let 7 = v/t and denote
by [C, o], the compactification of the interval {C' < 7 < oo} with boundary
defining function 7! at infinity. Then we define the logarithmic heat space
to be, in the notation of Lemma 2.11,

2,[C,
XLI'[IS ) = [XES X [Ca OO]T;MI(ng) X {’T = OO}] .
Denote the lifts of B x [C, 0] by an(Xf’}[,f’“]) or just By, if this is

unambiguous in context, and denote the result of blowing up By, X {co}

by BS.. Let the degrees of an(XEiIS’w]) and B%. be the same as that of
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By, and define the degree of (the lift of) X2, x {oo} to be 0 and the degree
of X2, x {C} to be —1. This means that the densities are smooth up to
T = C, reflecting the fact that this is an artificial, and ignorable, boundary.
The heat-resolvent space is a space which maps down to both the heat
space and the resolvent space, ie, it has both ¢ and A variables. It is not
quite the space on which the integrand of (8.1) lies, since we also have to
restrict to a contour of integration; this is done in the next subsection. To
define the heat-resolvent space, let B; (B5°) be the set of By (Bpy,) for
XEHS of degree j, for j = 1,2, 3. The heat-resolvent space is defined to be

(8.2)
X PGl _ [x2[00) 5 Ty B x {0}2; B3 x {0} B x {0}x; Bz x {0};
B$° x {0}x; By x {0},].

The B$° x {0} blowup separates the B3 x {0} faces from the B$° x {0} and
the B§°® x {0} faces, and the B x {0} blowup separates the By x {0} faces
from the B{°® x {0} faces. Hence, the heat-resolvent space is also given by

(8:3) XpdSee = [XPAS®) x Ty; B x {0}2; B x {0}x; B x {0}
Bs x {0})\;32 X {0})‘;31 X {0})‘].

We shall use both descriptions in order to lift maps to Xﬁ’s[}%{’o]. Let us

denote the lifts of By (X25) x {0}, By (X2 x T, B, (X16%)) x

{0}, and Bﬁn(XE’I[{f’m]) x C by BY_, BS . B and BEC respectively.
Denoting the stretched projection X E;Eﬁw] — XE’I_[IS’M] by 7, define degrees
for the hypersurfaces of Xfégﬁw] by letting d(H) = d(w(H)) for all H €
Mi(XEagi ).

These spaces have been defined with good mapping properties in mind.
By Lemma 2.7, the b-fibration X7, x [C,00]; — X7 lifts to a b-fibration
np : X350 4 X2 and the b-fibration X235 x Ty — X0 lifts

2,[C,00] o XZ,[C’,oo]

to a b-fibration mheat : Xiur Lus - By Lemma 2.5, the b-fibration

X210 « T — X2, x T lifts to a b-fibration e : Xpige™ — X2 5.

We then have the bundle isomorphisms:
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[\

e
/ \ }—
N S ANR
Figure 3.
Lemma 8.1.
2,[C, ok dr
Qp (XLP[IS OO]) =myQp (XI%S) ®|—
Ic, s dr
Qp (Xl%s[HROO]) = TMres{2D (X%sR) ®|—
2,[C, _ _* 2)[C, didXx
o (%5 = mhto (XEH) @ |5 i

Proof. The first two follow easily from the fact that the b-density bundle
lifts to the b-density bundle when a boundary face is blown up. The third
equation follows from Lemma 7.1. O
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8.2. Contour spaces.

The contour of integration, I', with which we perform the integral (8.1)
is a p-submanifold of X?; of codimension one as illustrated in Figure 3. It
should have the following properties:

(i) T lies in the right half plane;

(ii) For |2| > 1,

I' = closure {argz = :I:%};

(iii) For |2| < 2, " is given by a relation {Re z = f(Im z)}, with f smooth,
such that for |z| > 1 this relation is given by (ii) above and f(0) = a, where
a > 0 is real and a? is strictly less than the smallest nonzero eigenvalue of
RN(A);

(iv) T is disjoint from the poles of (A — A2)~1) for ilg e small.

Condition (iv) is possible and compatible with (iii) by the results of
section 6.

It follows that I" ‘encloses’ all of the spectrum of A except that cor-
responding to L? null space of Az; and z € spec RN(A), if zp = 0. We
denote I'N B? by C, a contour in the right half z-plane enclosing all positive
spectrum of RN(A), and I'N B by vy, U~y_, where v+ = {arg A = £7/6}.

Since I is an interior p-submanifold of X of codimension one, the
2,[C,00]

inverse images of ' in X2 and X[ .7n " are also interior p-submanifolds
of codimension one, which we will denote XLsC and XI%sHC respectively, the
‘double contour space’ and the ‘double heat-contour space’. Moreover the
maps stHC — ngc — I are simple b-fibrations. Since these spaces are
interior p-submanifolds of the respective resolvent space, their boundary
hypersurfaces are given by their intersection with boundary hypersurfaces
of the ambient space. We will use the same notation for maps between
the resolvent spaces and their restrictions to the contour spaces. The map
X? fsuc — I will be denoted mp,,. We also use the same notation for the
boundary hypersurface of the contour spaces as for the corresponding resol-
vent space, and assign the same degree. With these degrees,

Idlase d/\I
(iase€)? A

is a nonzero smooth section of Qp(T"). Similarly, we have
Qp(Xisc) = 7 Qp(Xy) ®| l

. A d\
Qp(Xfeuo) E QD(XEiEIEOO]) ® l_)\—l
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It will be convenient in the proof of Proposition 8.2 to have the densities
written in this product form.

We need one more space before carrying out the integral (8.1). This is
a space to carry the function e~t\*. Note that this is smooth, everywhere
away from {|\| = co,Re \? < 0}, on the space

(8.4) [T, 00)r x Cx; {7 = 00, A = 0}].
Hence by Lemma 2.1, this lifts to a smooth function on the space

(8.5) Xlsur
= [XPs % [T,00], x Cy; {ilge = 0,7 = 00,A = 0}; {T = 00, A = 0};
{ilge =0, = 0}; {ilge = 0,7 = oo}]
= [XDs X [T, 0], x Cy; {ilge = 0,7 = oo}; {ilge = 0,7 = 00, A = 0};
{ilg€=0,/\=0};{7'=00,/\=0}].

Indeed, by Lemmas 2.1, 2.5 and 2.7, this space maps down to both the
space (8.4) and X with b-fibrations. Lifting I' C X2z to X2 yr, we
obtain the ‘zero-heat-contour space’ XBsHC = 7~ 1. This is an appropriate
space to carry the function e_t’\2, which is now smooth everywhere since
I' ¢ {Re)X > 0}. Now observe that, in fact, 77! does not meet the face
{7 = 00, A = 0}, the last face to be blown up above, and so for the purpose
of defining XEsHC this blowup could be omitted. Let us define the ‘zero-
heat-resolvent space’ X yr (without tilde) to be the space in (8.5) with

this blowup omitted:

Xhr = [XES x [C, 00]; x C; {ilge = 0,7 = oo}; {ilge = 0,7 = 00, A = 0};
{ilge =0, A = 0}].
Then, by Lemma 2.5, and using the second description (8.3) of Xi’s[gﬁw], the
map _ _
X2 x [C,00]; x C— XD x [C,00], x C
lifts to a b-fibration

2,[C,o0] y x0
X LsHR XLsHR

and so
X2 XO
LsHC ? LsHC

is also a b-fibration. The point of this discussion of X9z and X? r is to
show that e~** lifts to be smooth on X% e, although it is not smooth on
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X E’S[gﬁoo]. Finally we have the bundle isomorphism which we need to perform

the integral (8.1):
d(ilge) |72

1 1 3 5¢)
Qp (XEuc) = Q3 (XEg) © Q2 (Xfi[{i’“’]) ® 2 (Xlsuc) ® (ilge)?

8.3. Behaviour as ¢t — oo.

The contour I' does not enclose the eigenvalues of A¢ corresponding to
L? zero modes of Az or the value 0 € spec RN(A). Hence, the integral
(8.1) will yield the heat kernel projected off these modes. We will denote
this by e~tA+ . Similarly, RN(A)* and AJ'M denote these operators projected
off their L? zero modes. Also let IIy denote projection onto the 0 eigenvalue
of RN(A). In the previous subsection, spaces and maps were constructed as
follows:

(8.6) Xfsnc
Tres
Theat Tpar
3 C’
XESC X]%I'[IS ] XBSHC'
tA

Explicitly, including density factors, e~ ¢ s given by

(8.7) e~tAL . k3

1
-1 1 _p2 1, | d(ilge) |72
= Theat * (ﬂ:es (Ae - )‘2) : 71'1‘;eat"‘;2 ' W;ar(Z’\2e A “-’2) ' (ilg 6)2 )
where k is the canonical density on Xﬁ’l[{g’w], and w is the D-density

l dt (.iil €

t ilge

2| on X2 c- The ‘2)? arises because the measure in (8.1) is 2AdA and
there is are formal factors of A~1/2 in both the resolvent and in w'/2 to
be cancelled. Since (A, — /\2)_1 € A"20729(X), the product in (8.7) is a
smooth D-density on XﬁsHC. Note that mpe,t has the property that every
boundary hypersurface in X? ;- maps to a boundary hypersurface of the
same degree, and each boundary hypersurface of XE’}[E"”] is the image of
exactly two boundary hypersurfaces of X7, which intersect. Hence, by
the pushforward theorem,

_tAd u] 2,[C,
e~tAF € A (X 0p),
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where 0UO is the natural index family which assigns to each boundary hy-
persurface the index set

{(n,O),(n, 1);n € N}.

To calculate the coefficients of these terms, we shall use Lemma 2.4. Note
that the index set allows logarithmic terms at every boundary hypersurface.
We show below that in fact the logarithmic terms do not appear. If e 1AL s

in pGC°°( IZJIEICSJ o, Ql/ 2) at a boundary hypersurface G write the restriction

of (iase)™* ¢ | G as H-(®)(G). The following proposition contains the
‘long time information’ of Theorem 1.2 and more:

Proposition 8.2. The heat kernel projected off null modes, e~tAT , Is a
smooth D-density on the long-time heat space Xngs ] The top models at

each face are given by:

_ 1
HYO(B7) =% (e TNAT 1 BR)
H*0)(Byoo) = 0 for all j
)

)

)=
H*O)(Bog) = &40
)

)

)

Proof. First consider the faces B, The boundary hypersurfaces in X?
that map to B, are By, ? and B?,f’nc At B&C the function e~ lifted to
XEuos vamshes to 1nﬁmte order so there is no contrlbutlon to the asymptotic
expansion at B, from BX;L, and moreover, (2.15) shows that there are no
logarlthmlc terms at Boy,

At By % the top term in the integrand (8.7) is

272 proje |d1/d1/'%|e_T7‘22>\d>\
dt
=2"2 proj;» |dudu'7 |f3_Tzz 2zdz.

This is integrated over a contour which encloses no poles of the integrand,

and which vanishes rapidly as z — oco. Hence, this integral gives zero; there

is no contribution to the face B§S of order (iase)°.
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The top order contribution from each other face an , is

‘3:( (_l)) diase dt
1(1 e —t)\2
HM)(B® ) = (iase)” /c t T2AdA|d vdy '( 1 |

diase dtl

— —T2? (- 1) /
/ce T(Kan))22dz|dvdy (as? 1

= (W 1B,

since the integral encloses all points of the spectrum of RN(A) except 0.

At Bio, e~ vanishes to infinite order so e~ ?A¢ = 0 to all orders at
Btoo-

Next consider the faces By, The boundary hypersurfaces that map to
B are BY and BS . Recall that, by Theorem 7.2, the resolvent has just
one term in the full Taylor series at B, BS, BS;, namely (Azr — /\2)—1
(Ag—A%) ! and (Ag— )\2)_1 respectively, and vanishes to infinite order at
the other faces BE,,. At the faces BY,, the top terms are, for BY,, G((,EZ) =

~2 proj;2, and for the other faces, GG =g ( ,(n_nl)). The integrand in (8.7)
also contains the factor A2, which increases the power at which the terms on
the faces BY,, appear by two. Therefore, by (2.15), the only possibility for
a logarithmic term is at BOO(XE’}[IS’W]), at order zero. This term comes from
the corner BY, N B, which consists of two copies of Bgo(X 1%1[12 ). The
integrand is, at this corner, equal to 2proj2 -]dudl/' dilge/ilg edt/t| Note
that the direction of integration is opposite on the two copies: at one the
contour is coming in from infinity, and at the other the contour is going
out to infinity. Since the contour integral is a directed integral, these two

contributions cancel, giving no logarithmic term on Xﬁlf o0l

The smooth term at BOO is, by Lemma 2.4, given by the sum of the
b-integrals on BY, and BS,. The regularized integral on B, is

(8.9)

_ d\
lim / A - )2 1e_t’\22)\2— 4+ log d projrz2 |.
5.],0[ ’Y:l:ﬁ|)\>5|( ) A eoP JLz]

The logd term is zero after summing over =+, as also follows from the van-
ishing of the term coming from the corner. Expanding the integrand,

((A- )\2)_16_”22)\2%) = proj: (d—/\>‘2e_t)‘2) + )\(A% - /\2)_126_”209\

the second term is holomorphic near zero, and so is absolutely integrable.
—tAL .
Letting § — 0 we obtain e A% from the integral. For the first term we may



Analytic surgery and the accumulation of eigenvalues 213

write

(8.10)

projyz / 27— =
Y£N[A>4| A

1 dx _ [eoet/e dA
/ . 2¢~* proj» ~F / 2¢~* proj» ~ andso
detin/6

dX d\
lim roj 2/ 2e _”‘2— = lim / 2projrz —-.
510 ;p i yENA>4] 510 Z setin/6 D

Now consider BY,. This regularized integral is

dz
lim 2 proj;» / —1-
810 L [ cna<1/s) # ]

By changing variable of integration from z to 1/z in this integral, one finds
that the sum of this term and (8.10) is zero. Therefore the total contribution
to H-(0)(By) is e~ t0T,

The top term at B;; and Bsj is given by

20) _ _iag

HJ_(O)(BH)=HJ_(0)(B33)=/ (A = A2)"Tet¥g) -

Y+

Finally, let us calculate the H-(1) term at each face By, for (mn) #
(00), (11), (33). This comes from the top term at BS,,:

HO)(B / T((RN(A) — 22)71)22dz.

From (5.9) it follows that on these faces (RN(A) — 22)~! is exponentially
decreasing as |z| — oo, arg z = £7/6. Hence, by dominated convergence we
can calculate this integral as

. T2 —
O (B ) = lim /c e TP T((RN(A) — 22)122dz)

_1; —TRN(A) _
171‘1% T(e Iy)

= —%(Ip)
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on these faces. This completes the proof of the proposition. O

8.4. Very small eigenvalues.

In the last subsection we split off from A, the projection onto eigenfunc-
tions corresponding to very small eigenvalues. We will denote by Il the
projection onto these eigenfunctions, and write II;2 (respectively IIy) for
the projection onto eigenvalues corresponding to L? zero modes (resp zero
modes of RN(A)). Let us analyze the behaviour of e,

Proposition 8.3. The operator Il.e~*'e is a uniformly finite rank operator,
with Schwartz kernel smooth on Xgi[{g’m] everywhere except possibly up to

Bioo. The top terms at each face # By oo are
(Tee™) (Boo) = (TLee™™) (BE) = iz
(Tee™™) " (Bran) = (TLo)
(Tee™1) P (B,) = T(Io).

Proof. The operator IT.e~ ¢ is given by a contour integral

Me e = - / (A —22)Te ™ 2xan
2T |z|=c

for ¢ small enough that the contour excludes all points of spec RN(A) apart
from zero. By the results of section 6, the contour encloses precisely those
eigenfunctions corresponding to II¢ and no others, for e sufficiently small.
The problem with this integral is that the function e~ is growing rapidly
on the (appropriate) heat-contour space. To fix this, weight both sides with
a factor small enough to kill this growth:

et (s [ ~tTle _ 5% / (A = N2) et a9’ e~ tN g\ g,
Jol=e

By the pushforward theorem this is smooth on Xfi[{g’w]. The added factor
e~t¢*(185€)* jg smooth and nonzero on all faces except B; o, Where it vanishes
rapidly. Hence II.e !¢ itself is smooth everywhere except possibly at B .
O

Notice that there is no reason to believe that II,e *¢ is in fact smooth
up to this face, since in principle the small eigenvalues of 8, could cross zero
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infinitely often as € — 0.
8.5. Full Heat Kernel.

To obtain the full heat kernel we need to discuss the heat kernel for small
time [0, C?] and combine it with the long time heat kernel constructed above.
This is a simple matter of lifting the result from Part I to our logarithmic
spaces.

In Part I, the heat kernel was constructed on the space

XE = [X2 x [0,00]; (As x {t =0}),{dt}].

Here A is the diagonal p-submanifold in X? and the blowup is performed
parabolically, with the extra argument, dt, giving the directions in which
the homogeneity is two. (See [22], chapter 7). For our purpose we just need
this space restricted to {¢ < C?}. The heat kernel for finite time lifts to the
space

XER T = [XE % 10,0755 (Avs x {t = 0}), {dt)].

In fact, since Ay is transverse to the boundary of X2, the logarithmic and
total blowups that turn X2 into Xf:s commute with the diagonal blowup.
Thus there is a blow-down map XE’I[{OS’C] — X2 N {t < C?} and we lift the
heat kernel by pulling back under this map. (We must also multiply the heat
kernel by (te)~'/2 to correct for different normalization of densities used in
Part 1.) Then the heat kernel lifts to be a D-half-density on XE’IEIOS’C], with
the models

HO)(By) = e 4%
HO(By) =e A7
HO)(Bg) = e~t4x
and all other models are identically zero. The two heat spaces XE’IEI(;’C] and

XE’}[Ig’w] are both just a product of Xﬁs with a time interval (canonically)
away from ¢ = 0 and infinity. Hence the spaces can be identified at t = C? to
produce the full heat space XfHS. Since the heat kernel is unique, it extends
smoothly across t = C? to be the full heat kernel of this space. Let us

summarize the properties of the full heat kernel:

Theorem 8.4. The heat kernel is a D-density on the heat space X7,
t~™2x smooth near t = 0, and smooth everywhere else except (possibly) at
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the face By . The top terms at each face # By are given by:
HO(BR) =1,
HY(BX ) = T(e”TRNA)), T = t(iase)? for other BY,;
HO(By) = ™47
HO(B,,) = e~ to7
H)(Bss) = 7?7 and
HY(Bp,) =0 for other By,

9. Limit of Eta Invariant.

9.1. Eta invariant.

The eta invariant of O, is given for each € > 0 by the formula (1.1):

1 ® 2\ dt
9.1 )=—[ t2Tr(de™)—.
(0.1 180 == [ @
At € = 0, the b-eta invariant is defined by
1 [*.a —t32, \ dt
2 = — t2b6-Tr Mi)—
(9 ) nb(aMi) \/7-1:/0 2 (aMie ) :’

where b-Tr is defined in section 2.3. We will show below that this is in-
dependent of the choice of boundary defining function in the definition of
b-Tr.

As in the previous section we split the operator 3, into two pieces, 37,
orthogonal to the finite number of eigenfunctions corresponding to the L?
null space of 8y and 0 € specRN(3), and the projection II. onto these
eigenfunctions. Then

(9.3) n(3e) = n(dF) + n(Ie) = n(F) + neale),

where 7¢q(€) is just the signature of II, that is, the dimension of the
space of eigenfunctions with positive eigenvalue minus the dimension of the
space of eigenfunctions with negative eigenvalue. Hence 7¢q takes values in
{0,#1,...,

+N}, where N is the rank of II.. The 3 part of (9.3) we calculate by apply-
ing the Pushforward theorem to the integral (9.1), replacing 3, with 3. As
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this involves the trace of 8.e~% we first consider the diagonal submanifold
of X2

9.2. The diagonal of the Logarithmic heat space.

The diagonal Apns of X2, is the lift of A X [0,00], C X2, to Xy,.
It is transversal to all boundaries and has the form

Arns = [Ars % [0,00]r; (Bsg N Arg) X {1 = 00}; (Boo N Apg) X {7 = 00};
(Bu N ALs) X {7’ = OO}]

We define the degrees of boundary hypersurfaces of Apps to be those of
the corresponding hypersurfaces of X2;;.. On a compact manifold without
boundary, N, one has the canonical density bundle isomorphism

Qz(N x N)[ A = Q(A).

This means that, given a half-density on N x N representing the Schwartz

kernel of a (suitable) operator, one can restrict to the diagonal and inte-

grate the resulting density to obtain the trace. Here, our version of this
isomorphism is, from (4.16),

1

d(ilge) |2

(ilge)?

Hence, if ¢ is the inclusion Apps < XEHS and p is the map X12.Hs —
[0,ilg €o)itg e, We can express the eta invariant for 0t as

1
QzD(XI%Hs)r Apps ® ‘ = QD(ALHs)-

9.4)

1
i -1

d(ilge)
(ilge)?

0002) = . (iF (1 32 ) |

J

9.3. Asymptotic expansion of  as ¢ — 0.

Consider the integral (9.4). To apply the Pushforward Theorem (Theo-
rem 2.3), we must check the integrability condition K£(G) > d(G) for all G
such that p(G) = [0,ilgeo], that is, for G = By, Byoo. Proposition 8.2 as-
serts that the integrand is rapidly vanishing at By . At Byt it is well known
that the heat kernel has growth of order t~™/2. However after taking the
pointwise trace, Patodi in [27] showed that extensive cancellations occur in
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the integrand and the growth is of order ¢'/2, making (9.4) integrable. This
also follows rather simply using Getzler’s rescaling (see [13]).

The structure of the integrand on the double heat space follows readily
from Theorem 8.2.

1
Proposition 9.1. On X7, the integrand I in (9.4) is in C®(X}?y; Q23)
and the leading terms at each diagonal face at iase = 0 are

Q) (BX,) = Lﬂ_f{(T% tr RN(ae)e—TRN(Ei,V)
IO (By) = ——1—t% tr Sve'tazﬁ

7
I(O) 1 1 —t32_

(Bll) = ﬁ’lﬂ tr Bﬁe H
1O(By;) = —l;t% tr Sﬁe_wzﬁ.

Proof. The last three lines are immediate from Theorem 8.2. The first line
follows for BSS since there 8 = 8y + (ias€) RN(3) + O((ias€)?) and t1/2 =
(ias €)~1T'/2. This determines the other top terms on B, by compatibility.
O

Of the six boundary faces at iase = 0, four, Bgg, Bi1, By and B{Y
have degree one and the other two, Bs3, B33 have degree two. Using the
Pushforward theorem and the result above, we see that for small e

n(0e) € Aﬁhg ([0, ilg eoJiigee)
where £ is the index set
£ ={(-1,00} U {(n,0),(n,1);n € N},
that is, asymptotically

n@) ~ Y ank(iase)"(log(iase)) .
(n,k)eE

There are exactly two terms in this expansion that could prevent 7(d.) from
having a limit as € = 0, a_10 and ag,;. The (—1,0) term comes from Bs3
and the (0,1) term comes from By N B$S and By N B$3. Let us compute
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these coefficients. The term a_; g is the integral of I ©) (Bss). Consider the
pointwise trace

tr 5-ge_tazﬁ = tr (O + YD (10g z:/z))e_m%f e~ I(og ' /)4t 1 AL

Note that e~*%% is diagonal with respect to the grading of the spinor bundle
S = St @ S, while 35 is the sum of a piece which is off diagonal with
respect to the grading of S and a piece which kills e~1(0g/@)I?/4t ot A =
{(log 2’ /z) = 0}. Hence this term is identically zero, and therefore a_; o = 0.
This also proves the remark above that (9.2) is independent of the choice
of boundary defining function. In fact, after taking the pointwise trace, the
integral is absolutely convergent.

Next, ap, is an integral over By; N B33 and By N B33. The integrand is
the restriction of

IM(BY) = T(T7 RN(3,)LeTRNE)*?)
to each corner. To compute this, refer to the explicit formula (5.7) for
e"TRN(A) | The integral is at T' = 0, so the only terms that contribute are

1
VAarT

As noted in section 5, try = trySy = 0. Hence ag,; is also zero.
It follows that n(0.) does have a limit as ¢ — 0. As the (0,0) term is
constant up to € = 0 and all other terms vanish at € = 0, the limiting value

is
1 ® 1 —t02_
agp = ﬁ/o t 2dt/Mtr(6He M)

b / by / tr (37e0F)
VT Jo H "

+ i/wT-%dT/l ds tr T(RN(J)e T RNG)?)
VT Jo

-1

(e—|s—s’|2/4T Id+e—|2—s—s’|2/4TS+ + e-|-2-s-s'|2/4TS_)_

The first integral gives n,(377), the second gives zero, since I(1)(Bs3) = 0
and the third is the eta invariant of RN(8). Hence we have shown

lei¢161 n(87) = ms(Bar,.) + mo(3ns_) + n(RN(D))

and therefore

(9.5)
n(8e) = np(dnr,) + np(Bar_) + nga(e) + n(RN(8)) + O((iase) log(iase)).
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In fact, it is not hard to see that all logarithmic terms a1, n > 0 vanish. By
(2.15), there are no contributions to a,; from the faces at finite time becuase
they have no terms in their Taylor series at order n. So, a logarithmic term
can only come from the corners B N B$S or B N BS;. On B§S, 2 + A,
has the model operator (ias e)% + Ag7. Hence H (1)(Bg3) takes values in
C>°([0, 00], 77; Ker Azz ® Ker Azz) and inductively it follows that

H™(B) € ¢=([0, 00] /7 [span 3O . pr-1)2),

where the & are defined in section 6.2. Hence, H(™ has, at this corner, an
expansion of the form Y 7_ 3732 c;k(ilg z) 7/ (1 —s)* with only nonnegative
powers of (1 — s) and only nonpositive powers of (ilgz). As ex(BS3) = 1
and ex(B§§) = 0, the result follows from (2.15). This improves the error
estimate in (9.5) to O(iase).

An explicit formula for n(RN(3)) in terms of the scattering matrix is
given by Proposition 5.2.

References..

[1] M.F. Atiyah, VK. Patodi and I.M. Singer, Spectral asymmetry and Rieman-
nian geometry I, Math. Proc. Camb. Phil. Soc., 77(1975), 43-69.

[2] N. Berline, E. Getzler and M. Vergne, Heat kernels and Dirac Operators,
Springer-Verlag 1991.

[3] J.-M. Bismut and J. Cheeger, n-Invariants and their adiabatic limits, Jour. of
the Amer. Math. Soc., 2(1989), 33-70.

[4] J. Briining and M. Lesch, In preparation.

[5] U. Bunke, n-invariants for manifolds with boundary, Humboldt SFB 288
preprint no. 52, 1993.

[6] U. Bunke, On the gluing formula for the n invariant, Jour. Diff. Geom., 41
(1995) no. 2, 397-448.

[7] , Splitting the spectral flow, Humboldt SFB 288 preprint no. 63,
1993.

[8] S.E. Cappell, R. Lee and E.Y. Miller, Self-adjoint operators and manifold
decomposition Part I: Low eigenmodes and stretching, preprint, 1993.

[9] J. Cheeger, Spectral Geometry of Singular Riemannian spaces, Jour. Diff.
Geom., 18(1983), 575-657.



Analytic surgery and the accumulation of eigenvalues 221
[10] , N-invariants, the adiabatic approzimation and conical singular-
ities, Jour. Diff. Geom., 26(1987), 175-221.
[11] X. Dai, Eta invariants for manifolds with boundary, preprint, 1993.

[12] R. D. Douglas and K. P. Wojciechowski, Adiabatic limits of the n-invariants.
The odd dimensional Atiyah-Patodi-Singer problem, Commun. Math. Phys.,
142(1991), 139-168.

[13] E. Getzler, A short proof of the Atiyah-Singer index theorem, Topology,
25(1986), 111-117. -

[14] A. Hassell, Analytic surgery and analytic torsion, Preprint, 1995.

[15] A. Hassell, R. Mazzeo and R.B. Melrose, A signature theorem on manifolds
with corners, Preprint, 1995.

[16] L. Hormander, The analysis of linear partial differential operators III, Springer
Verlag 1985.

[17] L. Ji, Spectral Degeneration of Hyperbolic Riemann Surfaces, J. Diff. Geom.,
38(1993), 263-313.

(18] H.B. Lawson Jr. and M.-L. Michelson, Spin Geometry, Princeton Mathemat-
ical Series 38, Princeton Univ. Press 1989.

[19] M. Lesch and K.P. Wojciechowski, On the n-invariant of generalized Atiyah-
Patodi-Singer boundary value problems, To appear, Ill. Math. J.

[20] R. R. Mazzeo and R. B. Melrose, Analytic surgery and the eta invariant,
Geom. Funct. Anal., 5 (1995), no. 1, 14-75.

[21] P. McDonald, The Laplacian on spaces with conic singularities, Thesis, MIT
(1990).

[22] R.B. Melrose, The Atiyah-Patodi-Singer index theorem, A. K. Peters 1993.
[23] , Differential analysis on manifolds with corners, In preparation.

[24] , Calculus of conormal distributions on manifolds with corners,
International Mathematics Research Notices 1992 No.3, 51-61.

[25] , Pseudodifferential Operators, Corners and Singular Limits,
Proceedings of the International Congress of Mathematicians (Kyoto, 1990),
Math. Soc. Japan 1991, 217-234.

[26] W. Miiller, Eta Invariants and Manifolds with Boundary, Jour. Diff. Geom.,
40 no. 2(1994), 311-378.



222 Andrew Hassell, Rafe Mazzeo and Richard B. Melrose

[27) V.K. Patodi, Curvature and the eigenforms of the Laplace operator, Jour. Diff.
Geom., 5(1971), 233-249.

[28] R.T. Seeley and L.M. Singer, Extending 0 to singular Riemann surfaces, Jour.
Geom. Phys., 5 no. 1(1988), 121-136.

[29] K. P. Wojciechowski, On the additivity of the n-invariant. The case of a sin-
gular tangential operator, Preprint, 1993.

[30] S. Wolpert Spectral limits of hyperbolic surfaces LII, Invent. Math., 108
(1992), 67-89, 91-129.

MIT
CAMBRIDGE, MA 02139
E-MAIL: RBM@MATH.MIT.EDU

AND

STANFORD UNIVERSITY

STANFORD, CA 94305

E-MAIL: MAZZEO@QMATH.STANFORD.EDU
AND

E-MAIL: HASSELLA@QMATH.STANFORD.EDU

RECEIVED JANUARY 18TH, 1995.



